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Abstract: This note gives 2 structural characteriza-
tion of torsion-free abelian groups H of finite rank n ha-
ving the property: if G is = mixed group with G/T & H then
every pure subgroup of G of rank n splits if and only if G
satisfies Conditioms (e¢),(9~).
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By the word "group" we shall always mean an additively
written abelian group. The symbol & will denote the set of
all primes, If T is & torsion group, then;rp will denote the
p-primary component of T and similarly if o’s & then T,
is defined by 1y, = ,ﬂ‘z;:", '.Ep. If G is a mixed group, M & sub~-
set of G, w'c ¥ and T, = O then S, = {ge G| mg € 1 }3
for some non-zero integer m divisible by the primes from ar’
only 3 is the ar’-pure closure of M in G.

In the sequel, we shall deal with mixed groups G with
the torsion part T = T(G), © will denote the factar-group
G/T and & = a + T for all a€G. If B is a torsionfree group
then the set of all elements g of H having infinite p-height
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igs a subgroup of H which will be denoted by HLp*“ ] . Any
maximal 1mear1y independent set of elements of ﬁ torsion=
free group H 1s called basis. It is well-known (see [7])
that if H is a tore:.onfree group and K its free subgroup of
the same rank then the number rp(H) of summends C(p%) in
H/K does noct depend on the particular choice of K and this
mumber is called the p-rank of H. A subgroup K of a torsion=-
free group H is called regular if every element of K has in
K the seme type as in H and it is called generalized regu-
lar if for every g€ K the characteristic of g in K and in H
differ only in finitely many places. Other notation and ter-
minology is essentially that of [4] and we shall freely use
the results of (1] and [31.

Now we shell formulate Conditions (ac), (9) (see [11).
Condition (e¢): A mixed group G with the torsion part T sa=-
tisfies Condition (=) if to any geG=T there exists an in-
teger m such that mg has in G the same type as g in G.
Condition (9~): We say that a mixed group G with the tor-
sion part T satisfies Condition () if it holds: If T = G/T
containe a non-zero element of infinite p-height, then Tp is
a direct sum of a divisible and a bounded groups.

Iemma 1: Let G be a mixed group of the form G =

2 {b;3 @ H, where {b;} isa cyclic group of order

,p_.
PY 5, 13<154q i=1,2,... ahd H is a torsionfree group of

renk n such that H [p 1= 0 . Then G contains a non-split-
ting pure subgroup of rank n.

Proof: let {a hz,...,hn'} be a basis of H such that
a is of infinite p-height. Put K = 'i"hz""'hn}ﬂ—{'rﬂ
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+ 4 ha,...,%lg and let a;€ H be asuch elements that
p’e"" a; = a . Obviously, H=4 K,al,az,...E . Put 8; = 8; +
+ by, i= 1,2,000, U = 4 K,sl,sz,...} and S = iu03¢ TP
First, we shall prove the purity of S in G, It suffi-
ces to show that any equatiom p x = u, ue U, soly able in G
is solvable in U, since the equation p x = 8, S€S is sol~
vable in G then p Fox = ms, mse U for a suitable non-zero
integer m prlme to p. Hence D u = ms for some ue U and
the equal:.typso +m6 = 1y1e1dss-p(§as+6“u) s+

+ 6u’e s, So, let the equation pkx = u, ueU, be solvable

A
in G, 2 (3by + he Then pkx= k(,z (“3Ps +h) =
=u=h" +Z a.lsl,heK,hencep*l(JL —pfa-)and
pkh =hn" + 2 A i85 Thus there are integers Yy i=1,
23 £
2,400,1, with 2j - g o Rut v Z Yy
P Tw
SmceheK,h —h1+h2, where mhl g0a+i_2q>
for somemprme ‘t.opamiph2 2 B’h.Hencemkrh—
p 4
pg;a+p z, gah.+m2 6’h.+pm.'§l-’/\.a.8ince
prso a+pm ‘S’{.ﬁ. ;8; is of infinite p-height, P k+r =
= 5.5 2 %, 6, £
“P£~=2? gt m =y Py veK. Put u’ =m =, @;8; *
+p2 ""(mﬁ‘rgo)s +velU, £>k.Ncwforpo<.+mG
L
-lwehaveh + Z ﬁ.lsl°peo(h §4 ls)+

2
+13m(h +2‘..ﬂ.isi)—p(;o(h + S N8y ) + fu’) €
MI
ep<U sm:e pu’ = m. Z Ai8; + @2 +.22 @b *

v =

+mh2~m(2 VP +h’). The purity of S in G is proved.
Suppose now that S splits, S=P®B. Thena =1t+Db,
: £,
teP, beB, since a = p 1 s,€S. aisof infinite p-height

in G, hence in S and hence t is of infinite p-height. How-
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ever, P ¢ 2‘. $£b;3 yields t = 0 end acB, The purity of

3 £
B in G guarantees the existence of cjc B with p° 7 c;-l = a,

All cj, J=1,2,... are of infinite p-height, hence L
-a;€ Z {b ? are of infinite p-height and consequent-
1y c; = aj J =1,2,.... In particular, we have a; = ¢4 ¢ Bs
€ S and hence by =8, - 8,€S,

By the definition of S, mble U for some integer m#%0
prime to p. Thua mby =V +, 2 Ay, V=g + vzelc where

’

mv:L‘Pa-"'-gz S’ihiforsonem prime to p andpv2=

m
= % &shi. From the equality mby = v "'4,5.14 Aiey *
2

1= Ayby, we get pt1 | m- 2 1) and consequently
(p, 9»1) =1, lloreover, As p’z'v J\, i=2,.00y1. Put-

+

ting A = .E A; end nmltlp]y:.ng by P £*% 0’ we obtain
0= pl’"”‘?a- + PL*”' 2, opy+ el E, ol
+ Apn’ a+ Ap £+ % u%s . Since {a,hy000,0 F is a ba-
sis, plf*"§>+ ﬂ.lprm +Adp P b , hencep (1, - a
contradiction showing that S does not split.

Lemma 2: Let H be a torsionfree group of finite rank
n satisfying the following two conditioms:

(a) rp(H) =r(h[p®]) for almost all primes and for
all primes p with r(H [p®]) =

(b) for ev;ry generalized regular subgroup K of H of
rank k<n, the torsion part of the factor-group H/:K has on-
1y a finite nnmhel; of non-zero primary components.
If a mixed group G with GXH satisfies Conditioms (ec),(g~)
then every pure subgroup of G of rank k splits.

Proof: Let S be a pure subgroup of G of rank k and P =
= TNS be its torsion part. By [1, lemm 6], S satisfies
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Condition (&) and s is isomorphic to some regular subgroup
of G. Moreover, by [1, Lemma 10], S satisfies Conditiom (2°).
1 U is a pure subgroup of H then by [ 7, Theorem 6] rp(H) =
=T, (u) + T, (H/U),which together with the obvious inequality
(H[p”] r(U[p”J) + p(HU[p®1) yields Ty (u) = )
r(@Lp®) ) for all those primes p for which rp(H)
= p(H [p®] ). It follows now easily that T, () = r(S[p®]
for almost all primes ani for all primes p w1th r(sCp®l1) =
= p(HCp®]) = O. So the set o’ ={ped; r(S)s 2
=T, (SLp®]) is cofinite and Py, p- is a d:.rect sum of &
dlnsible and a bounded group by the hypothesis. Hence S =
=Py, ® S'. Now$ ‘® R, splits, S ‘@ Ry, =P'® s’
since it clearly satisfies Condition (i) of [3, Theorem]. "
Moreover, S’ is Ry, -flat so that the map s’ 8'® Z «—>
cs S’® R=P’ +8” is monic. Since p’c 87, s’ splits as
desired.

TLemma 3: Iet H be & torsionfree group of finite rank

n, If O#r(H[p®] )<r (H) for every p from &n infinite set
gr’ of primes then H conta:.ns a regular subgroup K with
Hlp®le K for all p € o’ and H/K = Z ,C(@%®)e.

Proof: Obviously, there is a subgroup 1 of H such that
Hip®l€ Lfor e2.p €’ end H/L= 5'_‘.” crp®l . It
we order all the primes from Jr’ in a sequence PsPosece and
all the elements from H=L im a sequence &8),83,sc¢) then it
is easy to see that for every natural mteger m there is a
subgroup K with {iL, {a]} gio wioy {on} je Ky and H/K, =
= C(p“’ ) If we put K 84_51 Km then it is an easy exercise
to show that K has all the desired properties.
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Lemma 4: Let H be a torsionfree group of finite ramk
n containing a regular subgroup K with 0+H[p*®lc K for
e‘very prime from an infinite set ar” of primes, and H/K =
= Z C(p”). Then there is a mixed group G satisfying Con-
d:.t:l.ona (), (7) such that G&~H and G does not split.

Proof: Let hl,hz,...,nn be a basis of K. If we order
all the primes from ar’ in a sequence Py;Ppjyece then for
every i, j =
péxh) gl h('])hr where (AQJ)) r= 1,2,...,n are p;-
adic integers. Let 8; be such that xil ,...,xéi)e K end

:;2‘1"" * E. ObViO\lﬂly' H= { K’xal i=1 2)00., j = 31 +

1,2,... there are elements X (1)5 H such that

+ 1,...1. If we denote fli')’-.z = p’,“l‘b“‘ xfii), j>s; then it is

easy to see that ugl) are of zero p;-height in K for all j =
= 1 42,400 o Further, for every i, = 1,25e00,

21 pqfi) (8;+3+1) (8:+3) 8.+ (s
LT ‘.’§1)",§4 (Agd - Aged  Ihr = pg '.(jns K
Define the groups

A PR €Y (1)_ 5 (i) 4 old),

- i af i) i i

U K@E‘ufﬁi' 3, X {vit'-psag t @5
i,§ = 1,2,..03

8.+l
v ={ixuit - pat?, 1=1,2,.003, w=ix Y

8:42 [
i 5
Then G = U/W is a mixed group with the torsion part T'= v/w
and G = G/'!— U/VSH, where the last isomorphism is induced
h (1) (1) & (1) (1)
by +24§49\.3 aj l——»h-b*‘z. EV'?L' zj_'_si,
(if the last term is zero then the multiplication tu=1:TT pl;i
gives p; | 9»;1)

hek
, 1=1,2,.0.,k and the induction yields -
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Ker S’ ¥). G satisfies Conditiorm (), (7) since K is

regular in H. Suppose that G splits, G =T ® S. Then S is

naturally isomorphic to H and it is easily seen that xgi) ’

.)>a- corresponds to the element y(l) of the form y(l)

(i) (x) (k)
asly, + 3 Am - patt) + W

Further, if we denote by &, the élements of S correponding

to then = + W, T =1,2,00040, vheremmaa\nt-
’ ng, » r) ’

able non-zero integer. Now consider the equality P:. yg 3,1

2z (8;+1)
= :;.Zs“{ a’iri &n (Pi,n) = 1., Multiplying by m we get
1

(s
m.
Pi (1) E A 1_L(k) (k)) = -ll.zz"ln h, +

ot (x)
+ E &x‘?k o e

It we put @ = 1 p:k , Oy = 94,;,., then multiplying

;a and comparing the coefficients we obtain

85+l (8 +1) _ (aiﬂ)
"E‘"‘k§°k‘7"n~ =n@ Ay
(8,+1) 8+l 8,2
s @ @t P 29 Mk T O O
(ei+1)
Hence p; | 4Py for all k and so p; | Ayn r=

= 1,2,.00,0, & contradiction finishing the proof.

Now we are ready to prove the main result.

Theorem 5: The following are equivaient for a torsion-
free group H of finite rank n:

(i) if G is a mixed group with GXH then every pure
subgroup of G of rank n splits if and only if G satisfies
Conditions (&), (),
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(i1) (a) rp(H) = p(ECp®]) for almost all primes
end for all primes p with r(H(p®]) =0,

(b) for every generalized regular subgroup K of
E of the same rank n the factor-group H/K has only a finite
number of non-zero primary components.

Proof: (i) implies (ii). If r(H (p%®l1) = O, then rp(H) =
=0 by [3, Lemms 2 ad its proof ] . Condition (a) follows
nor from Lemmes 3, 4. As for (b), it follows easily from L3,
Lemmas 3, 41 .

(ii) implies (i). Let G be a mixed group with G&H, If
G satisfies Conditiors (ec), (7~) then every pure sungroup
of G of rank n splits by Iemma 2. Conversely, if every pure
subgroup of G of rank n splits then G satisfies Condition
(<) by L1, Lemma 41 ., If G does not satisfy Condition (%)
then for some prime p it is r(H(p®)) =0 and Tp is not a
direct sum of a divisible and a bounded group. By the hypo-
thesis, G splits, G = T@ A. Write T, = T;@ D, D divisible,
Tl; reduced. T‘; is unbounded so that it has an unbounded ba-=
sic subgroup B ({1, Lemma 111). Hence G contains a pure sub-
group of the form of Lemma 1 and an application of this Iem=—
ma leads to a contradiction. Hence G satisfies Condition (%~)

and the proof is complete.
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