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SUBSEQUENTIAL LIMITS OF FIXED POINT SETS

Barada K. RAY, Durgapur

Abstract: In this paper a sequence of functions {T,3
that map a complete metric space (X,d) into itself and
that converge uniformly to T, : X— X is considered.
If F(T,) denotes the set of fixed points of T, and for
all x & F(T,) and all m, T, satisfies

ATy x, P(Ty ) £ x (e (x,F(Ty )N d (x,P(Tn))

+ B(A (X, F(Ty N d (X, Tmx)
where o«:(0,0) — [0, 1)  ang B:C0,0) —>[0,1) are
monotonically decreasing functions and « (d (x, FeT. M) +

+ 2B(¢d(x, F(Tp )N)) < 4 5 then conditions are gi-
ven that insure that P(T,) 'is nonempty and compact. The

work generalizes the result of Bruce Hillam [1] and Diaz
and Metcalf [3].

Keywords and hrases: Metric space, complete metric
space, contraction and strict contraction mappings, uniform
convergence, compact.

AMS: Primary 54H25 Ref. Z.: 3.966.3

Secondary 54B20

Introduction. Throughout this paper, (X,d) will
denote a complete metric space.

Q.1. Definition. Let (X,d) be a metric space. 4
function T:X—> X is said to be strictly contractive
if there exists a constant 4, 04 k<4 such that
d(Tx,Tn;,)ékd.(x,qH for all X and g in X .
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0.2. Definition. Let (X,d) be a metric space. 4
function T:X— X is said to be a contraction if
d(Tx, Ty) < d(x,4) for all x and o in X with x4 4.

0.3. Definition. Let (X,od) be a metric space and

€ >0 . Then the sets of the form Sg (x)=4n: d(x,y)<=€?
are called spheres in X . The sphere Ss (x) has x for
its center, and ¢ for a radius.

0.4. Definition. Let X be a metric space, and

T:X—>X be a function. F(T) is defined to be the set
of all fixed points of T .

0.5. Definition. Let (X,cd) be a metric space and for
m=4,2,3,4,... let X, € X be a sequence of non--
empty sets. We define L (4K, }) to be the set of all pos-
sible subsequential limit points of all possible sequences
{ &y}  where Ky eKy, de.

LUK, = dx e LAY Vid, t, by eK %

In other words, of ({X,3) is the upper limit L X, . (See
Kuratowski [4], chapt. 2, § 29, III).
0.6. Definition. H is defined to be the family of

all functions o :(0,00)~—> [0,4) such that o is mono-
tonically decreasing.

Bruce Parks Hillam [1] proved:

Theorem. For ma=4,2,,., 1let Tpn3sX—X be a se-
quence of functions each of which has at least one fixed
point a, . Let To: X—> X be a function with a unique
fixed point @, such that for all x in X

(1) ol.(To.x,a,o)éx(d(x,ao))d(m,a,o), « €H . Then, if

'I,‘n—>TD uniformly on X, a, —» a, .
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Metcalf and Diaz [3] have considered functions where
d (Tx ,F(T)) < d(x,F(T)) y where F(T) ig the fi-
xed point set of the function T ,
Bruce has shown by an example that if (1) ig replaced by
o (Tox, P(To))- € o (ol (z, F(T, ) oL(x,F(To))
then the sequence of fixed points might not converge but the

subsequential limit points are fixed points.

In our present baper we extend a few theorems of Bruce
(1] and a theorem of Diaz and Metcalf [3].

If for m = 432, win there is & sequence of func-
tions T, : X—>X such that F(T,) is nonempty and e ,
feH then o, (x), B, (x) will denote the functions
%, (x) = (oL(.x,P(T,,,))), Balx)= f(d (x,F(T, )))
and
x (T, x,F(T,)) <« X, (x) el (%, F(T,))+ B (x)el (x,T, %)
will be written instead of

da(T, X, F(T,)) € « (d(x, P(T“)))ol(x,P(Tm)) +

+ (B(d(x,F(Tm)))aL(x, Tpx)

for each m , The following lemma is due to Bruce [1].
Lemma 1.1. For m =4,2,3,.. let Tp: X=X be

& sequence of functions such that F (T,) is nonempty.
Let T,: X—X bpe continuous and suppose Ta—T, uni-
formly. If -{q..i?.§ is a sequence where @3 € F(Ty) and such

that Qig~> X,  then x, € F(T,) ang Lg F(T,) € F(T,) .

Lemna 1.2. For m =4,2,.. , let Tp : X—sX be

8 sequence of functions such that F(T,) is nonempty.
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Suppose there are functions « and @ in H such that
for all x e X|F(T,) ,

(1.2.1) ol (T, x,F(T,N £ ot (x)d (x,F(T,)) +
+ B () (X, T, %) p ()4 23, (x) <1 .

Let T,s X—X be a continuous function and suppose
Tn—> T, uniformly. Then for every <, > 0 there exists

and integer ID with the property that for each a; EF(TI.,)

0
the following hold .

(i) There exists a convergent sequence {aq'a_} with

@y = %y, and @i, € F(T_‘;?,) ;

(ii) d.(a/.;,é_, a,,;&,) < g, for all positive integers j, & .
E

Proof: Let g, > 0 be arbitrary. Set €, = % and

/

— _<e, AM(g ) —1 T2 12 |
choose €, such that 1_.2,(54)< 19 1 1-pB(e,)

Since T,,,,;—-»T; uniformly, there exists a positive integer

N, such that for all 3, A =N, d(Tpx, T, x) < e,’, .

Let I, =N @, €F (TI ) be arbitrary and set
(-] Q

"1
Q:, =
‘v‘l a‘Ia .
Claim 1. For every A& zN1 > d.(a.,;1 yF(Te)) <e, = —21 .

If not, then there exists a Jk, = N, such that

da,: , F(T)) = ¢ But then
el Ay

4 .
a (a,d"q, P(Tk‘o)) < d (T_,;1 Xl Tk’aaq'q)*-d(T"'aa'{"l ’F(Tb,))'

Now
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d(Ty a; , F(Ta)
£ ocko(a,;,q) d.(a,,;,‘,,F(Tho)) + By, (a,.;,1)d(a.;,1, Ta, a..,;1)
& c‘“o(a"‘ﬁ) aL(a,4,4 ,P(Tha)_) + ﬁho(a,_;_l )d.(a..;,1 ,F(Tg,_o))

+ ﬁh°(¢-£1)d(P(Th,) ,T,..o(a.,;q)) .
Or

ccko(a«.;_q)+ /34,0 (a..,‘,ﬂ)

d (Tkoa"iot ,P_(Tka)) & d(a.,;q ’P(Tl‘a) .

1- B, (ai,)
Therefore

cu%1 ,F(Tg N < s;+zk°(a._._4)¢(%4 , F(Tg )
where ‘a'k'(a’-i,') = [“ko(a‘%,) + ﬂlzo(a'i,,”/“ -ﬁ‘% (q,‘;1)J .

This, combined with the fact that « and (3 are monotone

Gecreasing, implies
& €
a (aq' ,P('IL ) < - £
1 ° 1-Ap (@) 1-2(e,)

which is a contradiction.

€
Let g = —% and choose €’ such that
2 29. 2

4
f81/1_ A(ez)J < €, and let N, = N, be chosen so that
for all 4,k =z N, , d(Ty x yTyx) < €y . Let a;i, €
€ F(Ty ) where 1, = N, Dbe chosen such that
2

odla; ,a; )<e, which is possible by Claim 1.

1 2
By an argument similar to Claim 1, oL(a,,,-,z ,F(Tg)) < g,
for all k = N2 + Suppose that for a finite increasing se-

quence of integers {N§ };t,, there corresponds a sequen-
ce of points {a; 37 such that
+ ¥=1
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(1) w".'?‘SP(TNé) where Né= 'Lé, ?= 4,2,--.,!7)4 3

E‘o
(ii) d.(a,,;'é,a%é*) <& =S5

(1i1) d(a; ,F(TyN<e,=¢,|2™ forall k2N, .

2 80
Then N/n.+4,q"i«,,+,, are found by setting Cmaq = g

’

/
m4+q Such that [a""” /1..3,(5

<choosing ¢ fn+4)] < €nyy -

By the uniform convergence of {Tgp3 there exists a positi-

ve integer N, . > N, such that for all k,4 = N

n+Aa4
’
dch"‘:Tb‘*)<€m+4 .
Let 4,,., = N, ., . By (iii) there is an Clpyq iR
sO
F(T,;WM) such that ol.(a«,%,a,&mﬂ) <€, = —2— . Also
for all ¢ 2 N, ., , oL(a;,;,m+4,P(Té_))<em+4 .

We continue the above procedure and let fa; ¢ denote the
4
resulting subsequence.

Claim 2. -(a,,;‘é} is a Cauchy sequence. Let £ >0 be

arbitrary. Let N denote the positive integer such that
(8°/2N+")<s . Thus for all &, 4 = N
Reg-A
dia.: . ) & Sb dla. .
( b?")a'»ok + = al"’p’--i-ﬂ’a""g:-bt{—'l)

2

A
< B fper) o (Bo/pany < o

Thus {a,_;a.} is a Cauchy. So Lemma 1.2 follows. Combining
Lemma 1.1 and Lemma 1.2 the following fixed point theorem is

obtained.
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Theorem 1.3. For m = 4,2, 3, .- , let T, : X—X be
a sequence of functions such that F (T,) is nonempty.
Suppose there are o ané R in H such that for all e
€ X-F(T,) (1.2.1) holds. Let T, :X—>X be a continu-
ous function and suppose To—> T, uniformly, then
Lg F(T,) is nonempty. Furthermore, L¢F(T,) = F(T,)
and F(T,) = Lim {F(T,)% .

Proof: By Lemma 1.2, there exists at least one Cauchy

subsequence o.._;,i and since (X, d) is a complete met-

ric space, {q,ié? converges to some element of X say «, -
By Lemma 1.1, w, e F(T,) and Ly F(T,) € F(T,) .
To show that F(T,) = LgF(T,) it suffices to show that
for every g > ( and for arbitrary but fixed a, € F(T,),

d & positive integer N  such that for all & = N ,

o (a,,F(Ty) < e . Let &’ be so choden that
/’
€ < (e)+ (3(e)
—— ()s ——
T-acey ~ ¢ A= =T

By the uniform convergence of {T, % there is a positive in-
teger N’ such that d(Tyx,T,x) < g’ for all k2N’
Claim. For all A 2 N', odla,, FM(Ta)) < ¢ .

If not, then there is a 4 = N’ such that d(ag, F(Ty)2ze.
But then

d (a,,F(T,))

€ d(T,a,, Tj ) + d (T4 @y, F(T3))

< e+ Ay (ag) o (@, F(TZ)) .

Or ,
d(ap, F(Ty) & [¥/4- 2 (a)] .

But =x<, ﬁ are monotone decreasing, so the above implies’, :by
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4

the choice of 9', d("'wP(Ti)) € 4-52.@) =¢

is a contradiction. Therefore F(T,) € LgF(T, ) . Finally,
PeT.) is the limit of {F(T,)} . Indeed, as Ye > 0 f
3NYh zN, d(a,,F(Tg)) <¢ it follows

Ximd(a,o,F(Th))=0 ; i.ec a, €L, F(Ty)

" which

As LsP(T“) € F(T,) , we have

LyF(T,) £ F(T,) SL,F(Ty)) SL F(T,) ,

i.e. F(T) =L, F(T,) = LoF(T,) ,
so that F(T,) = LF(T,) .
(For notation L, L; see Kuratowski [4].)

For the special case that for every integer m ,
F(T,)=4a,? and «,3eH are defined to be < (t)=te, ,
B(t) = S, such that Ak, +24k, <1, T, need not be

continuous, which is the import of the following theorem.

orem l1.4. For m =4,2,3,.., , letT, : X—X
be a sequence of functions such that F(T,) = ia,3% . Suppose
there exist strictly positive Ak, and 4, with &+ 2k, <1

such that for all xe X - {a, % and for all m
(1.4.1)  d(T x,a,) £ Ay d(x, @)+ ko (x,T, x) .

Then if T,: X— X 1is a function such that Tp— T,
uniformly, then F(T,) is nonempty.

Proof: Let € >0 be arbitrary. Since Tpn— T, uni-
formly, there is a positive integer N  such that for all

#.m 2N , ‘we have
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dTyx, Tox) < (4= )5, #'= Gy s o) /-ty .
i-
Let x, e« X be such that d(x,,a,, )<( h )c .

Then
d.(a,m,q,?.)

€ (T x,,2,)+ AT, X, Tyxo) + d(Tyx,,24)

£ &'l (xy,am) + o (Tyxy, Tyx,) + Rd(x,,a,)
£ 2h'c (xy,0p,) + Hd (e, ,ay) + d(Tpxy, Tyx,)

Hence
247
1%’
Thus {a,% is Cauchy.

Since (X, o) is complete, there exists an a, € X

such that ,um wm = q‘o 8

dC@,0) £ 7o () o ol (T, Tytg) < €

Claim. T a,=a, . Let ¢ >0 be arbitrary and let
N” be a positive integer such that for all 3 = N”

wlo o

d.(aa.,',,a.o)<% and for all x, d(T x,Tox)<

Then
dla,,Toa) & dlay,a)+d(a;, Tia,)+d(Tia,,T,0,)

<—§-+h'd(a’1~,ao)+% <e ,

which implies ay= T, @, . Thus a, & P(T,) .
In Theorems 1.3 and 1.4 conditions were given that insured

that the limit function To hag at least one fixed point

Theorem 1.5 below gives conditions that insure that
F(T,) is compact.
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Theoren 1.5. For m =4, 2,3,... , let T, :X —
— X be a sequence of functions such that F(T,) is
nonempty and compact. Suppose there are o, 3 in H such
that for all m and for all x € X -F(T,)

(1.5.1) & (T, x, F(T,))

£ ot (x)d (5, F(T ) + 3, (x)dl (X, Ty )00 (x)+ 23, (X)< 1 .

Let T, :X~—>X be a continuous function and suppose that
Tm—> T, uniformly. Then F(T,) is nonempty and com-
pact.

Proof: By Theorem 1.3, F(T,) is nonempty, thus it
is sufficient to show that F(T,) is compact. Now, a set
in a metric space is compact if and only if it is both com-
plete in itself and totally bounded. Clearly, since T, is
.continous, F'(T,) is complete in itself.

-Let{a,, 1S F(T,) be a Cauchy sequence with 4, as its
limit. Thus 4, = %mam = Um Toa, = T, i, i.e.

4, € F(Ty) . We wish to show now that P(T,) is total-
ly bounded. So let € > 0 be arbitrary. Let &’ be chosen
such that [e;q_a(e_g)] < ®/y . By the uniform con-

vergence of the {Tmi s there exists a positive integer
N such that for all 4 zN, d(Tex, T,x) < g .

Clain 1. For all e, € F(T,), dla,,F(T, )< e/;:

for all & = N . If not, then there exists a e zN and
an a, € F(T,) such that o (a,,F(Ty)) = E’/:;c + Thus

dlay, F(T,)) ¢ d(Tya,,T,a,) + d(Tya,,F(T,)) <
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! | (@y) + By (a, )
<€+ %‘%’dfa'a,l“c'l‘;.)), Ny (@) = °‘A4‘:'oﬂ +th) 2,
R~ %o

which implies that 4
cL(a,a,F(Tk)) <

1- ﬂ.&(a/,,)
But g and ﬁ’h are monotone decreasing, this coupled

with the choice of e’ gives

d(ay,F(T,)) <

84

1- (%)

which is g con'l:.radiction.
Now from Claim 1 there follows at once:

If S is an s/?r net for F(T,) ,then S is an
25/? net for F(T,) 8o that F(T,) is totally boun-
ded. This completes the proof.

Theorem 1.6. Let Tm' X— X be a sequence of map-
pings with fixed point @y for each m =41,2,,.. and
let Tp:X—> X be a strict contraction mapping with fi-

xed point a, , If the sequence 17T, } converges uniformly

to T, and if a subsequence -{az,;é? of fa,} converges to a
point X, € X  then Xo = a, .

Proof: Let € > 0 , There is a positive integer N

such that 2 > N  implies d—(q’_’:,,xo)< 6/2 . Therefore
?

d (a,,‘-'?_ , Ta.xo) = d.(TL?,a._.p_ 5T a,,"?,) +aL(T,¢44,Toxo) <e

for all 4 = N ,
ThHus £fa; .} converges to ToX, + Thus X, =T, %, and
k4

since the fixed point a, of T, is unique, X, = @y .
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