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A MIXED FINITE ELEMENT METHOD CLOSE TO THE EQUILIBRIUM
MODEL

(Preliminary communication)

J. HASLINGER, I. HLAVACEK, Praha

_ Abstract: A new type of mixed finite element method is
derived which gives approximate solutions to the Dirichlet
Boundary value problems for one elliptic equation and fer the
system of equations, governing the plane elasticity, The Gaw
lerkin approximations are vector functions converging to the
chosen components of the cogradient (or of the siress tenser)
‘and to the solution itself. :
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3., -Variationgl formulation and a mixed finite element model

Let us consider the following problem
%u :
(1.1) -a:,, — = £ in. 2 ,
*E  Oxy 0%

w =0 on I' ,

where £ e L, (), a;;=comt form & symmetric positive de-

finite matrix m>x m .

Let us introduce

% = [WH2I™, IAly= (Z, 12;507)
and the bilinear form B (A, ) on # x X as followa:

(1a2) B, @)= (g, Ay, @)= F (i -ty Ay, A=ty g0
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where 27 are antries af the matrix i_nxwtn..(.a,_‘;a-) s

&L= Cob,,,-.-, c¢, ) ia & conatant non-zero. vector,

. oN
g‘-:a,‘-'é'm_i_cc?' ) dw A = —'5:— .

We have shown in [1] the connection between the solu-
tion of (1.1) and the solution of the following problem:

3 N &
to find A e # auch that

L3 BA,p)= ¢ lifdva-x;ey) Yee® .

The connection is given by the

Theorem 1. Let the weak solution u of (1.1) belong
te W¥2(0)NWSh2(Q) forany feL,(0) and
dwly < Clell

Then (1.3) has precisely one solution 2e P14 and it
holds

A ow .
(1.4) Ay = a,_éé( o +ccé‘.u.), v=4,2,0.,m ,
(1a4) w =Ny Ay - dir X -£)
(1.5) Inly, € clel ,

where ¢ ia a constant independent of £ .

On the basis of {1.3) the Galerkin approximations can
be defined. For simplicity let us restrict ourselves only

to the following model problem:

{1.6) -QAu =f¢f in 2 cE,
Let us set wo=0 on I' .
(1-7) ﬁ,‘ = wna ree = “’m-‘l = 0 ’

%m = o 1" C (M el0,1, x>0, e>0).
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Introducing
Am = ™12 Z =4
m = Ap, @Em=-% Hn

into B (A, w) we obtain another bilinear Totfm

(1.8) By, Ay oy fhgoeos Unts @n)= By s (g oes— oy )+

Tt is readily seen that the problem to find Lex such
that

(1.9) B, @)= (£,§(4.?-,5_- ao(pm’m+oca'(am) Yz e®
is equivalent to (1.3).

In order to define Galerkin approximations, we introdu~
ce two families of finite-dimensional subspaces 'Vh, Yo,
(0<h 21, 0< Mo, 1) which satisfy the following
assumptions:

(4) (Contormity) W, c W2, Y%,_c¥W o),
m

0,2

(ii) (Approximability) 3e =22, YweW "(Q)3yxe Yo :
lar - g By £ Ch’e‘élmfl” ;
3w, 22, Yre¥ ™) Q) 3y e,

ho-wl, € CH™ Mol , G=040,

(iii) (Inverse inequality) A constant (  exists, inge-
pendent of 5 and % such that for sufficiently amall A
and any 3 € Vy,

igl, e Caligh -
Denote Y, M) = ()" x Vo, = & -

We say that an element A% e Yk, h,) is a Galerkin
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s : 3 = a =
approximation’ to the solution A = (A, ,.., 4, ' of the
problem {1.3) if

(1.10) B(I* @)= e ”‘é' i -, 27 ) Yz eVin, )
C s’ = X » T4 T T Ty @we 2%/

The following rate of convergence is proved for the

Galerkin approximations

Theorem 2. Let the solution s of the problem (1.6)
belong to W¥(Q) where g =Zmax (e +1,6,) and to
¥»%(0) forany fel,(N)

Then for sufficiently small % the Galerkin approxi=
mations' are defined uniquely by (1.10) and it holds

m=1 ¥ Tedd
S S du _ 8An - ]
i-=24 ﬂm—ﬁ-’-_ |l+l———axm' -——axmll+lu-.?1,,bﬂ =

-4 .
£ COA™ ™ e e 05 ™ v ™ 1 Haslly,

2. A mixed finite element method for plane clgat.ieitz

As a model problem of elliptic systems +the Dirichletx

problem for linear plane elasticity was chosen [2], i.é:-

(2.1) (Aot @oluy i+ @0 @i st F. =0 in QcE, ,

M—_"=° QILI‘, (»L=4,2),

. 310‘ .
whoram{a-'=—a-§,7to>0 nnd_(a,a>0 are Lamé’ s con-
stants and F; the body force components. A repeared in-

dex implies summation over 1,2.

QL is a bounded domain with Lipachitz boundesry I' .
Applying the same idea as in Section 1, we define:

A = (A‘!’AZ’AB)

)
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and transforming 2,2, inte A,,7A, properly, the
Galerkin approximations R can be defined on the ba-
sis of a new variational formulation of (2.1) similarly

to those of Section 1 and an error estimate analogous'to
that of Theorem 2 holds. As a result, .7‘;):’ .converge to the
shear stress in L, ({L) , whereas 5.‘:’." and 73 ; con-

verge in L, (1) to «; and 4«;; , respectively.

3. Application of curved elements

In [3] the application of two types of curved ele-
ments is shown, namely (i) of elements which describe the
boundary arcs exactly, analyzed by Zldmal [5] and (ii) of
elements, 'nterpolating the boundary arcs, the theory of

which was given e.g. by Ciarlet and Raviart [61].

We studied the convergence of Galerkin approximations
to the solution of the model problem (1.6) in E, with
TeC®.

Using (ii) for the case that the boundary is approxi-
mated piecewise by parabolas and the basic space of func-
tions on the reference element consists of quadratic poly-
nomials we obtain the rate of convergence of the Galerkin

spproximations as follows in.

Theorem 4. Let the solution &4 of (3.1) belong to
whi(0), p=3 . Then
S 'S du oA -
i Ty X, "“-h+ ll—a?l———&axn g + M= 2y ha, <

£CLA Ml o+ 27 Ouly o+ 11T,
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where d'=min(1,e) for p=3, S=min(2,e) far fo=4 ,

t=min(1+g,2) and N, is the region bounded by

the parsbolas.
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