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NON-EXISTENCE OF CARTESIAN GROUPS OF ORDER 2pm

Ivan STUDNIGKA, Brno

By a cartesian group there is meant an algebraic sys-
tem (S5,+,+,0,1) vhere (S, +, 0) is an additive group
(with a neutral element 0 ), (S,+) a multiplicative
groupoid, further 0. .x=x.0m=0, 1 - x=x-1 = x hold
for Yxe S and fimally the following "planarity" condi-

tions are valid:
(A) Ve,m,teS,n4nr 3IlxeS x-x=x-hr+t,
(B) Yo, m,teS,ndn lyeS -nigo-by+t .
S termed the order of (S,+,.,0,1) .

Cartesian groups are just Hall planar ternary rings
of flag (A, @) -transitive planes providea a 1is the im-
proper line and A the improper point of /y,-axis. Thus the
existence or non-existence of any prescribed order m ex-
presses the existence or non-existence flag (a ,a-7;tranf
gitive planes of order m ., The purpose of the present no-
te is to give a contribution to the open problem of finding
all integers m for which there exists a flag (A, a) -tran-

gitive plane of order m .
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The aim of this note is to prove that there is no car-
tesian group of order 24;,""‘ (4;. odd prime, m =4 ). ]_Zn
the sequel (S,+, -, 0,1) will denote a fixed cartesian
group of finite order m + 4 . Obviously (S\ 103,-,1)
is a loop so that

(1) the multiplication table of it is a Latin square
of order m .

First we affirm that

(2) for distinct rows (Xqyeee9Xm )y (Yyyeeey g )
of this Latin square the m differences Xy=Upgyores Xmy= Wm,
are always exactly all the elements of S\ 4£0% .

Froof. Suppose that the Latin square mentioned above

is of the form

k) i S Qm,

o, | aya,, QuQpy ey Ay
@zl %20y, @ay,, @,

. .
.

Om|UmQs  QpQpy ey Gy Ay

where fay, .y am¥=S5N01, a,=1.

Thus the i-th and j-th rows are
(agray, agca,y.ee,ayray) ,

(agray, az:ay,...,ay: ay )

‘and 1t suffices to show thet ay . wg~ag Ay *ay.ay-~
—aj.auVi,j, ke leid,....,m3, i ki, Aalt,
Suppose on the contrary q,,i.c*-a‘-a,.- a;rap-ayray for
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scme i,4,%,L e{4,...,m}, i 44, b2 . Putting
@ cQpta -ap=ay-aptasay=t we get a; cay =
=a;- Q.L.q-t’ Qg = a,}.a,t.ft . Tow (A) impliez a; =
-aj;,a contradiction,

Now we shall uge the elementary facts: G a group,
G, its commutant == G/G, Abelian and G a group, H
its normal subgroup, G/H Abelian ==> G, & H .

(3) Let G ©be a finite group (additive) with commu-

"tant G such that Gg, Gq,.v09 Gy are precisdly
2ll elements of @/ G, ., If Ky+...4+K, e G;  for some
F€40,1,000y Y with K ..., Ky @ G then eech sum

of JC,‘ P independently of the order belongs to
G; .

In fact, for 4 €44,..., # # there isa An; €
€40,1,...,»% such that X; e G"«L ., Thus G',.“-o...-r G,ns Gy,
The required conclusion follows at once because G / G,

must be Abelian,

(4) Let ¢(S,+,+,0,4% be a finite cartesian group
of order m +4 , Then every sum K ,+ ... +K, with
pairwise distinct summands K,4,...,Kn @ S\{0% belongs

to the commutant of the group (S, +,0) .

Proof, Let (Xgyeer s Xp) o (ggnene, By ) Dbe dis-
tinct rows of the Latin square considered in (2). Thus
first {Xqseevy Xm?¥ = L 4q,.00y %m ¥ = S\40} , Further,
by (2), My = g000y Xy - pm aTe pairwise distinct and

non zero, Now remerk that Xq-— Wi, + Re= +onet =, = 0



(which belongs to the commutant of additive group.conside-
red) for Yiy = Xqyeee) Ui, = Xm 80 that, by (3), x;- 4, +
+Xg =Yg *oeoi+ Xy - Ym also belongs to the mentioned
commutant, The members X,=a44j+c:y9 Xp = 44, are non-zero,

Repeating use of (3) gives the conclusion of (4).

(5) If ¢ 1is a group (additive) of even order and N
its normal subgroup of odd order such that G /N is of
order 2 , then no sum of all elements of & belongs to

Gy (commutant of G ).

Proof. Since G /N is Abelian it suffices to show that

the sum considered does not belong to N ., As G/N has
order 2 (with elements N = Ny, N; ), it must be N,'..-N,'.
o No. Let X ,.00, Ky, be all the elements of G (2n =
order of G ) denoted in such a manner that K ,..., Xy ,
respectively Klu-q’“" Kax are all the elements of N, or
of Ny , respectively. Then K +...+ Ky e Ny, Kpyq +...
eoo 4Ky € Ny because Ny + Ny = N, and because N, has

an odd order.

For the proof of our main result we need still two e~
lementary facts about solvable groups, namely that no sum
of all elements of any solvable finite group of even order
belongs to its commutant and that every finite group with
order ,f;"g'/‘ (4»,% prime, x, 3 integers) is necessari-
ly solvable, The first assertion follows at once because
‘every group of odd order 2m has at least one subgroup
of order m  and consequently of index 2 . This subgroup

must be normal and we can apply (5).
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After these remarks, assertion (4) gives the non-exis-
tence of cartesian groups of order 241“’ (41 odd prime,

mz=21 ).

Using the Bruck-Ryser theorem we see that for odd m
and £ =3 (mod 4 ) we get nothing new but the remaining

cases seem to give a result which is not yet known,
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