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ON SEQUENCES OF CONTRACTIVE-LIKE MAPPINGS AND FIXED POINTS

C.M. LEE, Milwaukee

Let (E,d ) be a complete metric space, and & a
positive integer. Recently, Kedkié ([2]) investigates se-
quences of mappings £, : E"’—* E satisfying the contra-
ctive-like condition:

(1) d(f, (u, ,u

21t M) s Emyg (g g yoes s 4ligy 1))

é;‘E qid (g, uy, ) for all wg,aby,.c., Mgy, s € E

EN

where q 1,:12,.,,, Q4% 8re non-negative conatants with
. Z‘lq‘; < 4 . On the other hand, in unifying both Banach’s
4=

contraction’ principle and Kannan’s fixed point theorem,
Reich ([ 4]) considers a single self-mapping f of E sa-
tisfying the condition:

(2) d(£f(x),£(y)) £ ad (x,£(x))+d(y,f(y))+cd(x,y)
for all X,4 € E ,

where aq 5 lr, ¢ are non-negative constants with a + &r4+¢ <

< 41 . The purpose of this note is to consider a combined
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conditien of (1) and (2), and obtain a result which con-
tains both Ke¥kié¢’s and Reich’s results as partiecular ca-
ses, In fact, we prove

Theoreg. Let (E,d) be a complete metric space, &
a positive integer, £, a mapping from E"’ to £ for
m=4,2,3,... . Suppose that

(3)  d (£ (s thgyereydhyy)y Emyq (g thgyeen s ligyyq )

,.,.,uk))+pid(d 1, Uy, thgye sty )

i1 B4

Ao
éﬂ,'?‘.'{oc‘,_d,(ui,fﬂ(u,’,uz

+x£d.(u£,u_‘.’”)} + d, for m =41,2,3,...,

and for u,,4y,..., g, , €L ,

where oc',', [51.' ; 3:.‘ . d;v are non-negative constants and
+co

o
JELR-ia Do +p)r ) <4, S <4 -

Define X, o = £, (Xp, Xy, seers¥p g q) fOT M= 1,2, 3,...,

where X, X,,..., Xg @re chosen arbitrerily from E . Then

(1) {X,,p % converges in E ;

(1) if £, (w u,..., ) —=> £(uw,u,..., &) asa m—>+ o
for each w € E , then £(w a,,..,«4) = « has x as

a solution, where x = &im x
my+a

mete if, furthermore,

. £
oc; = “‘k-&;1 ’ (3-6 = /‘z’k-ii-f for 1 = 1_72; 3:"‘:[11:

then X is unique to satisfy £ (w,i,...,4) = «
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(i1i) if f and «;, 3. and x are as in (ii), and
fn Y s Ymyeers 4y V= oy, for m=4,2.3,... ,then n, > X ,
the unique solution of £ (W, 4,..., )= w .

Proof. To show that §x, . ? converges in E ,
it suffices to show that {Xp, 0§ 1is a Cauchy sequence

in E since E is compleie. To thia end, let D,, =
=d(Xy, ,Xpm,,) for m=4,2,3,... . Thee > m =

=1,2,3,... ,using (3) and the triangle inequality, one
has

fo
ek <, 2 o d (X s g %mite) * B (Xpyis Xnptsq) +

+ YA Xy gy ¥my )+ Iy

|
5;%‘“‘; EDnyica*Dngitoot Dnte g1+ B0, s+ Dnyiy,

+oo ¥ Dﬂ.+b]+ &Dﬂ«bi-*i} + d;l. "

Hence by simple ecalculations one has
= > z b5
< .
ME’ D iite —-biﬁ‘::' D; + b“=1Dﬂ+h + = I

|
where ”’a?&“"""* 4)(o;i+(5‘.‘) +x1.']< 41 ., Therefore

+

m 4 o m 41 o @
ZD, Sy s e ShIeT s D, +

-5 In 3 s

Mms1

of which the right hand side is independent of m . Thus,

00
we conclude that m§1 Dnu-k is a convergent seriea.
m
Now, for m > m, d(Xn,e, xm+h)£;§,,pi+h — 0 as
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m —» + o , proving that § X4 de 1 is a Cauchy sequence.

To show that £(X,x,...,X) = X where

b

Xx= Um x let us denote

My MR
<
Mb-frm....i.(“MH’xMOii-d"""xﬂd-b-‘l"x’ X,u., X )

for m = 4,2,3,..., +¢=0,1,2,..., & . Note that, in
3 0
particular, X, o = £, (X X\ gy0ees Xmoge_g) = Xomste
|
X te™ Eon g (X,%,00., %) . Then for m = 4,2,3,... , we

have

(A) d(x, £(x,%,..., %))
Se1 Se
£ d(x, x:,“_,,)+ d (.xfm,g., M:n,.n.,)t.. + d(xm4_,,_,->‘m+k)
+ d(im,’,u(x,x,n., X), f(x,x, vesy x ))

by the triangle inequality. Using (3) and then the triangle
inequality, if we denote

B bEad @,y BN tor 4= 0,4,2,0, k-1,
then we obtain .

mele-1
Ne Tgﬁ T ‘_iylb‘+d-(x,x:”h)+d(.x,xm+h_,,)+d‘,,,, ]

(B)

. o1
Se 4—‘_(—5 (712 Dy + o (X, X yse) + & X st )+ Fome s

v (A% A'%...+ 4]
for 4 =4,2,3,...,%-1,

I
where [5-;‘2113;‘4 .
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Given ¢ > (0 , checese m  asec large that

mafe-t ¢ €
g§m13¢<—31-,d.(gm,,,cx,x,.,,,x), £, X, 00, %)) < L

d.(x,qu)<%-,d;<%‘- for all m = m ,where

c1-p)e s iGe1)
61=T—— '1thA-25.§‘o(4+ 0] ),

noting that such an m can be chosen since

+ g
E:,,I?z‘*”’in"’f;“‘nwu" x amd X dy <+ o0 .
Then from (B) we have

i_ & #G+1) fe-GG+1)_ § 3(3+1)
A<I(4+ 5 (1-p) €z 1+ =5—)

for 4 =0,4,2,..., &-1,
and hence we have from (A) that

g €
d(x,f(.x,.x,...,x))<—61-+ —31 + 8% A4, ¢ 2™

&

[ 4(3+1) & £
— s L) s 1 2 .
< 3 + o 1+ 7 ) 3 + 7 < E

>lo

As © 1is arbitrary, we conclude that £(x,x,...,x )= X.
Te prove the uniqueneas, suppose that
Yy =£C4,4,..., 4 ) . For convenience, let X, =

= f (XX, XY, Y ey ) TOT € = 0,4,2,..., 0,

m =4,2,3,..., where 4, =4, = .., = y; = 4 , neting
=0 =% )

that X, = £, (X, X,...,%), X, = £on 00 (4,%,...,%) .

Also, let A% 3% =d (X}, i) for ¢ =

=0,4,2,,..,,5~1 .Then by the triangle inequality,
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(c) Alx,)=d(£(X, X000y X), £0ap, afreer )
£ A(E(X, Xyary X)) £y (X)X y00eyx D)+ AlECy, 4,500y ),
f-1
h’ (qf”vf,aa-’ ly,))“‘ Zo"' Z“" Zﬂ+ s00 4= Z
Now, by (3) and then by the triangle inequality again, we
have '

0 % _ -1 0 0
) ézaz".‘x;_d.(\x,.x,,‘:,)ﬂ'-;:%[sifd(x,x,,,,,)4-_5J

+ P Ld (o, 52+ B4 B4 4B i d )+ o,

A
+, z Bl (x, %0+ A% 1 '+ (Bt P A g, 1B+ D 50t 57

- z,s,,u(x 0 3e B% "+ Py T To 3+ A% B3 42

+T&_4d(\x,'§¢) + d’

myq 3

- ‘ L —_ _
I 2« Cd (x, %50 + B0 T4 .. « B**

. &
+ 2 Ll (g, TR+ T4 3 pacy, %2 )

v=2
+ %A (X,0) + 0 ey

Hence, using the condition o; = oo ; 4> i = Pa-i+1

for i=4,2,.., [%]1 , vahe

2°+ 3" L P S VS PY O LI
8°+3'+ ...+ 4 Ty t Xy X

"'d’("b““”"'ﬂ""(“ﬂy” * 2d;h«+4-4 3, vhere
. &
“'4?‘1 o, ,p-iééi,'fziér& and trzz.',"(lu-&-r 4)(«; 4-/31.') “
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Hence from (C) we have

‘8

= :
1-(t-(x+ 3))

ld(x,y) £ Alm) ,

where A(m ) is an expression such that A(m)— 0

as m —> + oo -

Noting that 1 - (8 >0 by the condition

1-(t=(x+f3))

.

A
that 4,‘E'[(»0«&-424—4)(:::1_“:- B,)+ 7,1 =41 , we conclude

that d(x,4) = 0, so that x = 4 , proving the unique-
ness in part (ii).
With a slight modification in the proof of uniqueness,

one proves easily that d (4, x)—> 0 as m—>+o00 , s
that Yy —> X 88 m — to follows.

Remarks. (I) Reich’s result in [4] is obtained from our
theorem (part (ii)) by taking k=1, f = £ for m =
x 4,2,3,.. »

(I If ¢y =B; =0 for £=4,2,3,..., & , then

1

one sees that £, (u,a,..., ) — £ (u, 4,0, L) uni-

formly, so that our result (part (i) and (ii)) contains that
of Ke&kié¢’s in [2].

(III) Part (iii) gives some kind of sufficient condi-
tions for a sequence of fixed points of functions to conver-
ge to the fixed point of the convergent function. For other
kinds of sufficient conditions, we refer to Bonsall [1],
Nadler [3], and also Singh and Russell (51].

Acknowledgements. Thanks are due to Dr.P.R. Beesack,,
Department of Mathematics, Carleton University, Ottawa,
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Canada, for drawing my attention to the papers [2],[4],

and also giving me the idea of the problem considered in

this note.
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