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TWO NOTES ON RADICALS OF ABELIAN GROUPS

B.J. GARDNER, Hobart

Introduction. Since its introAuction for rings anA sl-
gebras by Kurosh [15] amd Amitsur [l], the general theory .
of radicals has been extended to other algebraie structures,
notably groups and moAules. In this paper we shall work in
the class of abelian groups, whiech, as a setting for raaical
theory, is related to each of the foregoing, being the class
of moAules over a ring, a universal class of groups and, when
regardeA as the class of zerorings, a universal class of
rings as well. There is another connection with rings: if R
is a raftieal class of abelian groups, the rings whose arri-
tive groups belong to 2 form a ra*ical elass. Such clas-
ses (A =rafical classes) were introAuce~ in [13] anA a fur-
ther application is container in [141.

We begin by recslling the basiec terminology eoneerning
rafical classes (known elsewhere as torsion classes) of abe-
lien groups. The stantarA references are [161,[5],061,[17].
A radical class is a non-voiA homomorphically closed class B2
such that every abelian group G has a largest subgroup
R (G) ©belongingto R an* R(G/R(G)) =0 for
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each G . A non-empty class A  is a ratical class if
an? only if it is closeA unter formation of homomorphic
images, extensions an? Airect sums. If 2 is a rafical
class, a group G with R (G) =0 is sair tobe R -
gemi-gimple. Every non-empty class € 1is container in =
smallest radiecal class, namely

L(€) = {AILC,Bl1=0YVCe€ =»[A,B]l=01}

caller the lower raijcal clags ~eterminea by ¢ . (Here
[A,B] 4s the group of homomorphisms from A to B )

There is also a largest radical class with respect to which
all members of € are semi-simple: the upper raAdical class
AetermineA by ¢ ,

UW(CL) = {AILA,C]1=0YCe €} .
If € has a single member (C , we shall write L (C)
UCC) rather than L ({C¥), UC{CH)

2

The two sections of the paper are virtually Aisjoint.
in § 1 we prove that for every ravical class R ana every
abelisn group G , R (G) is a pure subgroup ani eon-
siter some implications. § 2 is Aevotes to an examination of
the behaviour gf rational groups as members of rafical clas-
ses. It has been shown (5] that any ratical class is the lo-
wer ratical class Aetermine? by its torsion am? torsion-free
members an? the behaviour of torsion groups in this context
is completely known. Thus the investigation carriea out in
this section is the logical next step in any attempt at a
classifiecation of radical classes.

We adopt the usual convention of using the worA "“group"”
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to mean "abelian group" an® our notation for groups fol-
lows (10] with the following exceptions: [A,B1 is the
group of homomorphisms from a group A to a group 3B ;

G, (resp. G‘, ) is the maximum torasion (reap. f -primas-
ry) subgroup of G 5 T(X) is the type of a rational group
X, T(x) the type of a group element x .,

1. The purity of resAjcals.

Proposition l.1. For every ratical class i an? every
group G, R(G) 4ia a pure subgroup.

Proof. Let 1 be a prime. If Z (1) & R ,then R (G)
is n -Aivisible ([5], Lemma 5.1) an” hemee R (G)n A™G "=
= A"R(G) for each m . The latter equatiom is also valid
when Z () e R , sinee then G/R (G) has no element
of order f ([5], Lemma 2.1). //

Corollery l.2. If A ant B are torsion-free groups
for whieh there exists an exact sequence

0»ASsB 00
with C a torsion group, then any ratical class which con—-
tains A also contains B .

Proof. Suppose a radical class R  contains A but
not B . Then R (B) 1s a proper pure subgroup of B con-
taining £ (A) and hence B/ R (B) is a non-zero tor-
sion-free homomorphic image of C , which clearly is impos-
sible. //

The last result enables us to exhibit another ‘closure

property for radical classes. Recall that two groups G apA
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H are gussi-igomorphic (G £ H) if they have sub-
groups G', H' respectively such that G/ G’ and

K /H are bounved amda G' = H’ .
Theorem l.3. Rafical classes are close” under quasi-
isomorphisms.

Proof. Let R be a ratical class an H ¥ G e« R .
Then G, , G/G, € R ({51, Theorem 5.2) an? it is easily
seen that H, £ G, an? H/H, £ G/G, . By are-
sult of Beaumont and Pierce [4], H, = G, for almost all
primes fr , an? for the others, H, % G, .If R contains
no non-zero fi =groups, the latter condition impliea G, =
=0 = Hy ; if R contains just the Aivisible . -groups,
then H, = G,‘, an? if R contains all f =-groups, it
contains H, . Since the class of p -groups in R must be
one of those mentionea ([5],[161) it follows that H, e R .
Another result of the same authors [3] implies the existence

of an exact sequence

0—G/G6, = H/H, > B >0

where B is boun~ed, whence it follows from Corollary l.2
that H/H, e R .Thus H € R an? the theorem is pro-
veA. //
A question suggesteA by Proposition l.1 is: For which
radical classes R is R (G) always a Airect summand ?
Proposition l.4. A non trivial ratical class R is
such thet R (G) 1is a Airect summan” for every group G
if an? only if R & & , the class of Aivisible groups
(anA thus R =9 or the class of Aivisible groups of the
form @G, , nsP for some set P of primes).
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Proof. If B ¢ D , then Z(p)e & for some
prime f , whence so are all f =-groups ([5]1,[161). As R
is non-trivial, Z 18 R -semi-simple (see Proposition
2.4 below) as 18 TZ, ,mn=1,2,...; 2, ¥ Z . By
a theorem of Baer [21, ErAcs [81 anA Sgsiada (see [9] p.
190) there exists a non-split exact sequence

0+ A3 TE, —0
where A 1is a re“uced unbounded n -group, and hence be=
longs to R . It follows that R (B) = £(A) 4is not'a
Airect summand, Thus R € O if R (G) is always a
Airect summan?, The converse is clear. (That D haa no
proper radical cubclasses which contain torsion=free groups

follows from Corollary 2.3 below.) //

2, Ration A_rad 1 .

The following result is an immeAiate consequence of
Proposition 1.1:

Propogition 2.1. Let X ©be a rational group and R
a radical class. Then R(X)=X or 0. //

Proposition 2,2. Let X anA Y ©be rational groups.
Then Y € L (X) 4f anA only if T(X) £ T(Y) .

Proof. If T(X) £ TC(Y) then [X,Y14 0,80 Y
is not L (X ) =-semi-simple, an? hence by Proposition 2.1,
Y e L(X) . Conversely, if Y € L(X) , there is a
non-zero homomorphism (necessarily an injection) from X
to ¥, so T(X)& TC(Y).//

Corollary 2,3. Any radical class R which containa

torsion-free groups must contain @ . Hence D = L (Q)
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is the unique smallest radical class with torsion-free
members.

Proof. If R contaips a torsion-free group G = 0,
it contains any rational homomorphic image X of G ; hen-
ce G el(X)g R . The proof that & = L (@)
follows that of [5], Proposition 4.1. //

On the other hanA any radical class whiah contains Z
must contain all free groups anA hence all groups. Thus we
obtain

Proposjtion 2.,4. W (Z) , the class of groups with-
out free Airect summands, is the largest non-trivial radi-
cal class. //

Definition 2.5. An pet. radical class is the lower ra-
Aical oléaa Agtermine®? by a collection of torsion anA ratio=-
nal groups.

Definition 2,6. The type set of a radical class R 1is
the set of types in rational groupa in A .

We now proceed to classify the r.t. radical classes by
their type sets an? torsion members.

Ppropogition 2.7. A non-empty set I' of types is the
type set of a.ratical class if anA only if it satisfies

(x) Tel', x2y¢=>yel .

Proof. Let R be a ratical class with type set T' .
If X,Y @are rational groups with T(X) € T(Y) am
X € L , then by Proposition 2.2, Ye L(X) e R .
Thus T° satisfies (% ). Conversely, if T 1a a non-em-
pty set of types satisfying (x ), let
R = L ({X rational | T(X)eT13}).
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If Y is rational end belongs to R , then [X,Y1s4 0
for some rational X th T(X)eT, 80 T(Y) =
2 T(X) an? hence .Y) €I, Thus T 41s the type
set of R .//

Defipition 2,8. Let T° be a set of types satisfying
(x), P a set of primes such that every rational group X
with T(X)e T’ is f -4ivisible for all p € P .
ALr, P] is the ratical class

L(§X rational | T(X) el3viZ(p)lpeP3).

Theorem 2,9. A radical class is an r.t. radical class
if anA only if it has the form A [ I', P1 . Such a repre-
sentation is unique.

Proof. If R is an r.t. ratical class, then by [5],

Theorem 2.6 we may assume

R=LUX,li el uiZp)lp €ePIviZ(n®)lpneRy3)
where P, , Pz are Aisjoint sets of primes snA the x‘., are
rationsl groups. Let T be the type set of & and

P ={p e P, 1X rational, X e B = pX=X1§ .

We shall prove that R = A (T, P1

Since L ({'X; |4 € I3) contains all Aivisible groups
(Corollery 2.3), Z(fn) (anA hence all .u -groups) for
n e P, - P [ 51, we have

{E2(p)IpeP -Piluf{Z(p®)lpeP}eslifX;liecld)

whence

ResLUX;lield)uviZ‘n)lpnePi)c R .
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That = AL, P] anA the representation is unique can
now readily be AeduceA from the characterization of the lo=
wer radical class given in the introAuction. //

Example 2.10. A non-r.t. radical class: Let G be in-
Aecomposable, torsion-free with rank =>4 and homogeneous
of type @ ., Any rational homomorphic image X of G has
type 2« and equality is impossible by a result of Baer
(see [9] p.163). But then [X,G] = 0 . It follows that
L(G) 4s not an r.t. radical class.

Some other examples are furnisheA by the following re-
sult.

Theorem 2.11. For no redical class A Ao there exist
non-empty classes A , B of rational groups such that
L(A) =R =U(RB) .

Proof. Assume, on the contrary, that such classes A ,
D, R exist. By forollary 2.3 an? Proposit ion 2.4 we ha-
ve B €e A ent Z e B.. Let G be a torsion-free
group of rank >4 which is homogeneous of type T(Z) anA
for which all proper torsion-free homomorphic images are Ai=
visible. (The existence of such a group is guaranteed by [71,
Theorem 4,) [X,G1=0 for each X € A , s0 G 1is
R -semi-simple, but [G,Y1 =0 forall Ye B, so
G 1is R -radical. Hence there is no such R . //

We next consider r.t. radical classes with type sets I’
satisfying the a*7itional conition

(xx) 6, el =>6ntel ,

i.e. T' 1s a Aual i%eal in the lattice of all types. If T
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is such a set, then for every torsion-free group G , the
set

G(IM') ={x eGIT(x)eT}
is a pure subgroup, since if x, 4 € G(T) ¥e havae
T(x-4) 2 T(x)NT(y)eT (0 is regarde” as having
a type greater than all others) anda T(nx)= T(x) for
non-zero integers m . When T 1is the principal Aual iAe-
al generateA by a type © , G( l"‘) is the subgroup customa-
rily calleA G(z) . Clearly G(I') € RIT,PI(G) for
every torsion-free group G . The following theorem gives
some further information about these two subgroups.

Theorem 2.12. Let R = RI[T,P] be an r.t. radi-
cal class for which ' 4s a Aual i4eal in the lattige of
types an® for torsion-free groups G let

G(T)=fxeGIT(x)eT3 .
The following contitions are equivalent:
(1) The class € (I')= G torsion-free |G(T') =G }

is closeA undter extensions.

(11) (G/G(T'N(T)= 0 for all torsion-free groups
G . .

(111) G(I') = R (G) for all torsion-free groups G .

(iv) A 1is pure-hereditary (i.e. pure subgroups of
groups in #f belong to R )v.

(v) I is the prinecipal Aual i4eal generated by the
type of a height sequence (M, , #1,,... ) where A, te-
kes only the values 0 and@ o .

Progf. (1) ===> (ii): Por a torsion—free group G , le%

G’ be the subgroup Aefiner by the exact sequence
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0= G(I')—=> G'>(G/6(I'N(T)Y—> 0 .

Then by assumption G’ € €(I') . TIf x 1s an ele~
ment of G’ , its type in G 1is at least as great as
that in G’ ,80 G’ < G(T), 1.e. (G/G(IN(T)= 0.

(11) = (1ii): G(T) e R for any torsion-free
G am [X,G/G(T)]=20 for every rational group X
with T(X) e T . Since also [A,G/G(T?1=0 for
all torsion groups A e R, G/G(T) ia A -semi-
simple, so that G (T') = R (G) .

(111) = (dv): If G (I') = R (G) for every torsion-
free group G , then € (T') is the class of torsion-free
groups in f . Since Y (I') 1is pure-hereditary, so is
R , by [11], Theorem 3.2.

Av) => (1): If 0+ x € G € A2 which is pure-
hereAitary an? G is torsion free, then R contains [xJ* N
the smallest pure subgroup of G which contains x .
Thus T(x)= T(Cx1, )eT for all x € G , i.e.
G € €C(T).Thus €C(T) 1is the class of torsion-free
members of R an? is therefore close”® unier extensions.

(iv) ¢==> (v): [111, Theorem 4.2. //

Theorem 2.12 contains an extension of the theorem in
[12].

It is a consequence of Proposition 2.2 that L (X) =
= L (Y) for rational groupp X apm? Y 4if and only if
X = Y . The corresponding statement is false for groups
of equal higher rank. By Theorem 1.3, if G and H are
quasi-isomorphis torsion-free groups, then L (G) = L(H)
but the converse implication Aoes not holA, as the following
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example shows.

Example 2,13. Let Ch , Jbz,.. .) be a height-se-
quence for which 0 < hn < oo for infinitely many va-
lues of m, © the correeponﬂihg type, X a rational group
of type © . As shown in [12], there exists a torsion-free
group G of rank 2 such that G(z)S X = 6/G(z) .
Clearly

L(G) =LX)=L(X®Y)
for any rational group ¥ with T(Y) = « and for such ¥
the rank= 2 groups G and X @ Y are not quasi-iso-

morphic.
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