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ON THE CANONICAL SUBDIRECT DECOMPOSITION OF A JOIN SEMI-

LATTICE
'

Juhani NIEMINEN, Tampere

1. Introduction. By a subdireet union of the algebras
A@ (pne P) a aubalgebra R of the direct union

TI’(A@', n e€P) fa meant, having the property that £1‘—(R)‘
= A, for every decomposition homomorphism £,',, of

T (A»ﬂ.'v £ €P) ., It is said that the algebra A can be

represented as the subdireet union of the algebras Aﬂ, i
A 1s isomorphic to a subdirect union of the A, ; this

subdirect union is called the subdirect decomposition of A
with factors Af» . An algebra 1s called subdirectly decom—
posable or subdirectly reducible if A  has a subdirect

decomposition, no decomposition homomorphism of which is an
isomorphism. Further let A Dbe an algebra and P a set
of indices. The algebra A can be represented as a subdi-
rect union of some algebras A, , 1 € P, if and only if

A has congruence relations (Bﬂ ; phelP) such that

N 6,; 1 € P) =0, the equality relation (see e.g. [1,
Cor. 1, p. 140]).
Let the algebra A be a lattice I, or a join semi-
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lattice Lu , amd O (A) the lattice or all congruen—
ce relations on A , For any element O € O (A) there ex-~
iste in B8 (A) and element % cealled the pseudocomple-
ment of © , The correspondence & —> B**  is a elosu-
re operation on Q(A) and the cleseé elements 8*™ = O
form a complete boolean algebra 6* (A)  on which the join
operation is givenby O v d = (A u $)** (when A=1,
see [4, Thm.4]).

Let {6, ; neP? beasubset of 6, (A) sucn that
e;-n<ez;%.P,g+ ) for all s & P, then
f\feﬁ;plP)-epr\Gf’: = 0 and thus the set
{64,-,41 e P} generates a subdirect decomposition of A . Sueh
s decomposition is called canonical by F. Maeda [31. In order
that the set 4 94,_ s heP} generates a ecanonical subdi~-

rect decomposition of an algebra A , it is necessary and

sufficient that 64‘ € 6, (A) for every n &P,

ﬁ(eﬂ-,q;c?).o’am ezv9¢-4(/p,+q_).’l'heproor
for A= L, 1s obvious according to the proof of F. Maeda
in the case A = 1 (see [3, Thm. 2.1]),

As pointed out by T. Tanaka [5, Remark 1], if 6} =

=MN(8,;96P,q%p)=0, then 91,-9:*-4 and the

factor corresponding to 6p can be omitted.

2. On the canonical subdirect decomposition of a semi~
lattice with finite pumber of factors. In the following we
shall consider the structure of a semilattice 1L, having
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a canonical subdirect decomposition with finite number of
simple factors L, , i.e., every @ (Lpy) contains
exactly two elements. Thus every factor L“_ o correa-

ponds to a maximal congruence relation 9:“ on L ,

According to D. Papert [4, Thm. 1], every maximal con-
gruence relation 9° on Lu is given by an ideal I of

L, such that xe;g_ if and only if x, 4 €1, ar x,

w4l
The notation a — &,a,% & L, , means that if the~
re is an element c ¢ L such that ¢ > a and ¢ s
comparable with & , then ¢ 2 & . One calls £ an immedia-
te successor of @ , We denote by b (a) the set of imme~
diate successors of a . |45 (@)l implies the number of

the elements in the set 4in (a) .

Lemmg 1. If a semilattice L is finite and C a
set of elements of L_  having the property c € C ,

lis (e)l = 1 , then every maximal congruence relation 92@3 ,

ae€C,on L, has a complement (9‘(’41)' in 8 (L),
where (a ] is a principal ideal of L, generated by a .

Proof. Let 19 and 0, be the greatest and the least
element of the lattice O (L) , respectively. We shall

show that (9‘(’@])'- n(efc] ;cel,cska), where a6 C .

At first we show that N (6% ,; c e C) = 0, The

relation before is valid if (1) for every & « L, ,

b*4eLu,b—c(cJ for some c € C and (2) if for

’
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every two disjoint elements 2, ”i €L, 4, 4 + 1, the-
re 1s an element ¢ & C such that &, e (c] and

&, ¢ (c1 . The condition (1) follows immediately from
the fact that for every element h e L, b~ 1,16 (k)l=1.

(2) & end & can be (1) comparable, or (ii) non-
comparable, (1) If % and A, are comparable, then we can
assume without any loss of generality, A < 2,5 . Aecording
to the finity of 1 , there is in L, a finite chain

&,s.xo-< x1—<xz—< voe =X Xy = A—z . If for some x; ,

P=0,.00ym=4, lin(xz)l = 1, the assertion
is immediately valid. If |4i» (.xé )I =2 2 , we can choose
an immediate successor 4, F X, for &, = x, , and if

145 (4, )| = 1, the assertion followa. If |in (g )" Z 2,
then, after a finite number of similar steps, we can reach

an element ¢ € C for which the assertion is valid, since
Ly 1a finite. In the case (ii), where & and &, are not
comparable, lr;' v ba > bj‘ , xrz . Then according to (i) abo-
ve we £ind an element ¢ € C  such that say A (c]l anmd
Ay v kg (el But then & ¢ (cl , since if & & (c1,

so & v & «(c] , which is a contradiction.

L .
Cl ?

Trivially, 4 & C . Then obviously a (N (O
¢ € C,cda)d where d = & (a) and thus 6% v
UuN(Oy,qg;c6C,c%a) =4y , Hence

(0% y) = N(By;ceC,c*a).

Theorem 1. Every finite semilattice L. has a canonical
subdirect decomposition with simple factors.
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The proof follows directly from Lemma 1 and its proef.

Theorem 1 shows that a canonical subdirect decomposition
of a semilattice L, with finite number of simple faectors
does not imply any structural properties for L, different
from the case of lattices (see Dilworth [2, Thm. 3.31).

3. An infinite constrmctiopn. In the following, we consi~-

der a class of infinite semilattices which has a canonieal
subdirect decomposition with simple factors., We shall call a
semilattice L, , for whieh 6(L ) is distributive, a
quasidistributive semilattice. D. Papert has proved [4 , Thm.
7] that a semilattice L 1s quasidistributive if and only
if any two noncomparable elements ¢ L, have no lower bound
in L, .

Lemmg 2. Let L, be a semilattice, a,Zel_,a* &,

and 6,, a binary relation on L, sueh that x 8,4 Af
and only if (1), or (i1) and (11i) are valid, where (i) x =
=4 ,{1) avlbux=avluxuy =sauvluy ;
(111) aUx =x or L UXx =X and avy=ay orrvy=uy,
Then 6,4 1is a minimsl congruence relation on L, eollap-
sing the elements a. and & of L_ .

The proof is obvious.

Following J. Varlet [6] we define a part of a semilsttice
Ly let a,%ely, , a + & . The part <a,® ) of
L, 1s a set-theoretical union of the elements of L, eon~
tained by the closed intervals [a,a u & ] and
,avt]l oo L, .
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We shall say that a congruence class ( modula € is
trivial if for any two elements x, 4 € C, xw gy .

Lemma 3. A semilattice 1L, 1s quasidistributive if end
only if the only nontrivial congruence class of the congruen—
ce relation 6, , 1s the part <a,&> of L, -

Brogf. 1° Let L, be a quasidistributive semilattice
and ¢, d,c,dg<a,&), a st and ¢ $ d , and
a,¥,c,d € L, . According to the definition of 6, o
only three cases ariee: (1) cud>auv & , (11)cvd<

<aud, and (1i1) cuvd and a v & are noncomparable.
(1) cBppd mp cBp cvd amd df,gp cud ,Thus

avevd wsecvd=mrveuvd ., But if ¢ (or d ) 1a
noncomparable with a v & , then a vec £ ¢ and Lruc ke
(avdd and #udsd ), since av & and ¢ (d)
have not a common lower bound in L (see [4, Thm 7]).
If for ¢ (ord ), e>a u &, thencvav&fauvlueuvd
lor dvav& gavirvevd ), since o s ¢ . Hence
c ﬂq_b d .

(11) If cvd <a v, then auvuc ke and culrs
% ¢ ,since if cua =¢ or cu& =¢,then ce6<a,d?,
which is a contradiction.

(1i1) ave=c, & ve % ¢ , since the noncomparab=
le elements have not a eommon lower bound in L -

2° Let the only nontrivial congruence class module 90'1,,
be the part <(a ,&)> of L, for every two elements a ,
e Lu . Assume that two noncomparable elements ¢ and d

of L, have a common lower bound % in L, (see [4, Thm.
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71), and consider the congruence relation e+ cud,
since huvud=d, cvdvucec =cud , and du kuc =
=dvecuduce ., Bt d §<k,cd> = [f,c] , sinced
and ¢ are noncomparable; and du c ¢ [%,c] , since

c<due, Thus d 9,“,_ cud implies s contradiction.

Now we can prove a theorem concerning the complement
of 6,4 in 6C(L.,) .

Lemma 4. If L, 1is a quasidistributive semilattice,
then for any two elements a, & el,, a # &, 6,4 has a

complement 9., in 6(L,) .

’

Proof. Consider the congruence relation “QA 9‘}“1 =X

where A = <a, &> - au & , The congruence relation
exists, since 6(L ) is the complete lattice. If

(6,9 AX)u , where t+u4, z,ua«l,  then 26, pu
and according to Lemma 3, 2, w € {a, £ ) . This implies
ng] € {Ozu] it x €At for whiech zﬂg,‘” z o ,

which is a contradiction. Hence 8,9 N X = 0,

Conaider 6, , v X . Let x 4 4 be two elements of
Ly . We showthat w(8puX)zu w which implies

8o v X = 1y . The proof contains three cases: (i) « =

Z2avul ,(i1) w and @ U & are noncomparable, and (iii)

mw<auvld .,

(1)1f.u,2a.ub—,then “wuvzZaul and

we"(“:zuu_ for every x € A .

(11) If « and a U & are noncomparable, then z U u« &

£ aud, since w & au b, and thus zuvu g la,lr).

- 369 -



Then 4 63,72 v for every x € A .

(111) It wu < a v & ,then (1) v e (a, &> or (2) uc
<a (or u<t ), or (3) u<cavser and « 1is noncompa-
rable with @ and & . (1) If wu, zvu € {a,t?> ,
then w6, xvu amdif xvw € <a,&> then = Uu>

> a v &7 , aince two noncomparable elements have not a com~

mon lower bound in L , and thus 4 6,, a v & and a v
ube:ﬂz ua forevery x € A . (2) If w <a ,then

44,9?“]@ for every X € A , for # € (x] if and only
if a e (x] , since two noneomparable elements of L, have
not a common lower bound in L, . The last part of the procf
is eimilar to that of (1) (3) w <a v and 4 is noncom-
parable with a and £ , then & & <a,&> . Thus wu @44 U

v & or M,G‘o_u 4 v a for every x e A and further
wulBpavst (or mvabyyavd ). After this we can

continue as in the case (1), Hence X 1is the complement of
Oag in 6CL,) .

Theorem 2. Let L be a quasidistributive semilattice,
where for every element o € I..u ,ax4 , there exists an
element & € «v(a) . Them L has a canonical subdirect

decomposition with simple factors if and only if 1 & L -
Proof. 1° Let 4 &L, . Clearly N(85, ;x€C) =0y,

where C = L, -1 . It follows from the quasidistributivity
of L, that for every a % 41, & (adl =1 . Thus the
assumption of the theorem well defines the set 4»(a) . But

then @ (N(By;%xeC, xdaNl = la) which
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implies G‘C’a_] uﬁ(é?xj;.xcc, X% a)=1y , ana

the theorem follows.
2°, Let the set 4 9:“ s € P}  generate a canonical

subdirect decomposition of Lu with simple factors. Accord-
ing to Remerk 1 of T. Tanaka [5] L, ¢ 41, ;neP?, ana
thus the set D={d:d ¢ I, forany pneP,del,i 1s
nonempty. If |D| = 2 | then r\ce;’ﬂ.,,psp)+o, , which

is a contradiction. Hence D = {d3} , If L, contains an ele-
ment &, @ >d or a is noncomparable with d , then d ¢
€ 1, for some s P, since a € [p ,am avdel,,,

n,p'e€P ; acontradiction . Thus d Z a for every a €
€ Lu ’ whence 1 e LU .

Lemmas 2, 3 and 4 form a part of the work [7] .
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