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ON THE EXISTENCE OF SCHAUDER BASES IN SOBOLEV SPACES

Svatopluk FUZIK, OldFich JOHN, JindFich NESAS, Praha

1. Introduction. Let ) be a domain in Ey o We

denote, as usually, « = (a,,..., o) , a, =0 ,
integer, 4 = 9250009 N and

« o'l

D =3_.xf“ 3:?’... 5.x~'T
where || = 4.._{'4 o«; . We define the Sobolev apace
W:(I).) (for g = 0 y integer, f = 41 ) as a sub-
space of L, (()l) consisting of all functions £ for
which D*f e L, (02) ifonly lec|l &« & , normea
by

det A
VElyw = (.5, [ID%¢1"ds)

( D*f nmeans the derivative in the sense of distribu-
tiom;)

Further, denoting by DC(Sl) the set of all infi-
nitely differentiable functions on )  with compact sup-
O s
ports in ) , we define Wo () e acloswe of

D) 1 W) .
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In many papers the existence of Schauder bases of
Sobolev spaces (and their subspaces) is desired for the
purpose of the demonstration of the existence of solutions
of non-linear boundary value problems. There was proved
in [3] that for N c 54 the apaces W: () and
VOI; (2) have the Schauder bases. Their elements are
constructed as primitive functions of elements of the
Haar s orthogonal systems

The existence of Schauder bases of W: (E,) end
}:/: C(E\) (pn > 1) follows immediately from the
sssertion that W, ¥(E,) 1s lsomorphic with L, (E,)
(see [13]) ana WX (E,) = WR(E,) (see [12]).

Let us note that before we have been able to prove the
existence of Schauder bases of W:‘(n)’ W:(n) (L -
bounded with S) suffieiently smooth), we defined the
concept of the "space with the usual structure” ([5]). This
concept which is closely eonnected with the existence of
Schatider basis has been useful for some eonsiderations in
the existence theory of non-linear boundary value problems.
At the same time we proved that for O JSL  sufficiently
smooth both W,::' () and \7/4':" (fl) are the spaces
with the usual structure.

We thank Prof. P. Wojtasezyk from the Mathematiecal In—
stitute of the Polish Academy of Sciences in Warsaw for the
oral communication of the results obtained by W.B. Johnson,
H.P. Rosenthal and M. Zippin.

We also thank Prof. M. Zippin from the University of
Berkeley for sending us his non-published article contain—-
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ing the result on which the proof of the existence of Schau-
der bases in Sobolev spaces is based.

An Section 2 we give the definitions of the spaces
with the usual structure, Schauder basis and (ar)k -pro-
perty and we study the connections between spaces with the-
se properties. In Section 3 we give the proof of the asser-
tion that for ()l  bounded, .. sufficiently smooth,
the spaces W: (), 1:'4:" (£) (and some other spaces)
have Schauder bases. Finally, in Section 4, some open pro-

blems are formulated.

2. Banach spaces with the usual structure

In the sequel we will uae the following properties of
Banach spaces:

Defipition 1. A Banach space X 1s said to have the
usual strueture if there exists a sequence 9 Pni of ope-
rators of X 4into X sueh that
(1) P, 1s contimuous (m = 4,2,...) ,

(11) P, (-x) = -P_(x) foreach x e X and all
m ,

(111) F, (X ) ia contained in some finite dimensional
subspace of X |,

(iv) Xp—> X =>P X -~ x for each ix,} c X end
all x @ X (the symbol "™ —> ™ denotes the weak conver—
gence in X ).

Definition 2. A Banach space X 1is said to have the
linear usual structure if there exists a sequence 1 P, #

of linear operators of X inmto X such that (i) - (iv)
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from the definition 1 are valid.

Definition 3. Let & = 1. A Banach space X 41s said
to have a property (a)h if there exists a sequence {Xﬂj
of finite dimensional subspaces of X and a sequence {P }
of linear projectors (i.e. linear operators such that P,:-
=P, )from X omo X,
following conditions are valid:

W X, cX (m=4,2,...) ,

n+1

for each m such that the

. X, =X,

(111 1B, xll & s Nl for each m = 1,2,...
and all x € X .

Defipition 4. A sequence fe,3 of elements of a real
Banach space is called a Sechauder basis if each x e X has

0

a unique representation x = Z a; e,

where ., are
4=z &

’
real numbers.
Proposition 1. A Banach space with the usual structure
is separable.
Proof. For arbitrary integer m  denote by x“ a fi-
nite dimensional subspaece of X such that P, (X)c X, .
-
Condition (1iv) implies that U X, is weakly dense in
4
-
X and it is obviously separable. But ~, X, 1e & clo-
sed convex subset of X and thus it is weakly closed (see
-
[1), Chapt.V, § 3). Thus ,,,_U., Xp = X and the proposition
t 3
is proved.
Propoasition 2. Let X be a reflexive Banach space with
the usual structure. Then any sequence { P % from Defini-

tion 1 is bounded, i.e. for each bounded set M c X  there
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exists X > 0 such that [P, x|=X for each inte-
ger m and all X € M .

Proof. Let there exist a bounded sequence {x,% c X
such that { 1P X, l}  is unbounded. Then for some

@ a«©
i.x,,hl-h“c 'C.x“}“" it 1s K g™ .xocx and

'Pﬂa“m'—’  .Set

{"‘m. for m = my,
=
b X, 1in other case,

Then 74y, —~ X, and thus (iv), and P, 4, —~ x, and
therefore {IF, 4, I} is a bounded sequence.
This is a contradiction.

In the next propositions we shall give the connection
between various properties of Banach spaces., It is obvious
that if any Banach space X has a Schauder basis {e, ¥
then the operators { P, } ‘defined by B, (,é-., a;e;) ";%“4‘—:
are bounded and X has the property ( n)h . The exie~
tence of a Schauder basis follows under certain conditions
from the property c’”& (for instance d¢ = 41 and
d-bm,x,,b-m. -see [11] —or % > 1, dim X, = m
ed B e Py =By, B=F, ).

Eroposgition 3. A reflexive Banach space X with a pro-
perty ()s  has a linear usual structure if and only if
Prx¥ —> x*  for ecach x* € X* (P} denotes the
adjoint operator to P and X¥* the adjoint space).
(For a proof see [4].)

Proposition 4. A reflexive Banach space with a Schauder

basis has a linear usual structure. (For proof see [4],Theo-

- 167 -



rem 4 and Proposition 2 .)

Definition 5. The Banach spaces X and Y  are cal-
led isomorphic if there exists a bounded linear operator T
from X onte Y ,

A closed linear subspace Y of a Banach apace X is
said to be a complemented subspace of X if there exists
a linear bounded projection frem X onto Y .

Proposjtion 5, Let X ©be a Banach space with the usu-
al structure and Y its ecomplemented subspace. Then Y 1is
a Banach space with the usual structure. (The proof is obvi-
ous.)

Corollary 1. Complemented subspace of a reflexive Banaech

space with a Schauder basis has a linear usual structure.

3. Dages ip some spaces coppected with the boundary el-
liptic problem

Definition 6 (see [8]). Let 1 € L = o ., We denote
by L;: the space of all m -tuples o = (&, X,,..., &y )
of numbers with the norm

~n
lel =(Z |«_;|'*)* it lép<o

and |« -4M»lx¢l if p= o .

let 41 & A =< o . A Banach space X ia said to
be an .C‘m a. space if for every finite dimensional subspa—-
ce B of X there is a finite dimensional subspace C of
X sueh that v

) B e C ,

(11) dist (C, L7 ) € A, where m = cim C and
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we define M(C,l:) as the imf (ATNUT-'1),
the imf is taken over all invertible operators T
from € onto 2: .

A Banach space is said to be an .C” space, 1 &« n &

<€ o , if it is an Lﬂ’u space for some A & {1, ).

Proposition 6 (see [9, Theorem 2.1]). Each complemented
subspace of L”CO, 4) which is not isomorphie to a Hil-
bert space, is an .C‘, space.

Proposition 7 (see [6,Theorem 5.11). Each separable
space has a Schauder basis.

The next proposition based on the results of the theory
of partial differential equations gives us the possibility to
Judge whether Sobolev spaces and some of their subspaees are
isomorphic with some .C“ space. First, following [15] , we
give some necessary notations and definitions. In the follo-
wing we still suppose f € (1, @) .

Let S be a bounded domain, £ ¢ E with the boun-
dary 0.0l « C® (this assumption can be properly weake-
ned). We define

(1) Eu,,nr] SJ{ “zh'l”‘“@“

2 (X) D% DB d x
a bilinear form with the: coefficients of C® (L) .

Let for some h, O‘h‘h, c1,c1,nt', Ch be
a normal set of boundary differential operators of the order
< R . (It means that their erders are distinet amd 38 .01
is not characteristic to any of them at any point. In the

case M = ( we suppose the set of operators being empty.)
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Set

(2) U, =4ueC*(TM)ICu=0on 00, 4=1,2,.,H}

(In the case h = 0 we define £, a8 c®cmIay) )

Definition 7. The form [u,nr] is said to be coer—
cive on ‘ZL” if there exists M > 0 suech that for
each u ¢ %h s

e 2
(3) lu,llw;.m) £ M(Re ey ] + ﬂuﬂ,_zc_m) .

We denote further
{N-fwc’ll.hl lu,v1=0 YvrelU,t?
(4)
Netuel ITv,ulald Voet,?
and set (%, ): = _'lqv in the topology of the space

®
W, 2.
Proposition 8 (see [15]). Let [u,2 ] be a coereive

bilinear form on %, . Then there exists an isomorphism
U, V¥ (U 1 4
(5) T:(ﬂ"'ﬁ/N)—) )"/N", E+4-.,_-4,%>0
defined as
def
(6) (TFw v )¢ued Plu) = [w,v] Yu e ‘th

Remark. The other theorems of the unique representation
of linear functionale ean be found in [10],[14] and others.
For our purpose, the Schechter’s formulation seemed us to be
very convenient.
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In the next partwe deal with the real functions and
the real spaces of functions only, if nothing else will
be said.

Lemma. Let C,,C,,...,Cp , 0 € h £ Ml , be
a normal set of boundary operators on &) . Then the
space (’IL“_ )::‘ , defined as above, is isomorphie with
some complemented subspace of Lﬁ (0,1) .

Eroof. We denote by [ L, (n)1% the Cartesi-
an product of 3¢ copies of |, - () , Where e¢ 18
the number of all multiindexes o« , |lx| <« % ., Eaeh

element (f_ )“‘ ik of [ L‘w (L)1% defines uni-

quely F ¢ ((‘ZLh):)"‘ as

7 F(») = 2{ D‘v.fx dx .

l4lzt [ )

We can extend this funetional in the natural manner on the
complex space. Let ?‘l be this extension.
According to Proposition 8 we have, using the bilinear

form

o
(8) Enr,u]:l{m‘t])nr])ud.u

that there exists the unique u = 4, + 4'.4,2 of (%,b)::

(complex) such that
(@9 [ =, Dr fdx= Few) = [ Zn D DT dx

for each «~ ¢ (’ZL”)‘; (complex).
It is easy to see that My = 0 , sueh thet we can
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return to (%h ): real. The relation (9) now gives us

the continuous projection of [ L, () 1%  onto l'(‘lth):],
where

(10) [CUy I8 T = 40ag, ), 0 €L, | 3u € (Y% 4 = D%

for lec| & ke § .
(There is a natural isomorphism J between (‘ZL‘D ): and
[y )y 1 o)

On the other hamd, [ L (Q) 1%  is isomorphie with

L,(C0,4) . We dencte this isomorphism by X (for the
details see [7].)

Thus we can write

Uy

31 TJ-'

[CUIr] «—F— [1,c0)7"%

b Ak

KLU ] «—— L, 0,1)

where ? 18 ¥ o P o H-1 , It is obvious that P
is the eontinuous projection of Lﬂ (0,4) onto

K¢ %h): ] which is the complemented subspace of
L?(O,'i) . As we have
o I o

the proof of the Lemma is finished.
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Iheorem. Let C,, C ,...;, (., 0= o % S , be
a normal set of boundary operators on O .l . Then the

space

(U Yy = fu e CoM)ICu=0, 4=4,2,.,h}

where the closure is in the topology of the space W:(.ﬁ.) .
has a Schauder basis.

Progf follows immediately from Proposition 6, Proposi-
tion 7 and the Lemma.

Repark. Changing the boundary conditions (C; , i =
= 4,...,M ), we obtain (from the Theorem) the assertions
about the existence of a Schauder basis for different spa-
ces connected with boundary value problems for elliptie
equations.

Corollary 2. The space W: ) has a Sehauder
basis. (Taking the empty set of boundary operators C;, ,we
obtain (U, Yy = We(Q) )

Corollary 3. The spaee h‘;‘: Q) has a Schauder

4-
basis. (Taking h = S, C. = %;;—; ,im=4,...,5 and

v

using (12, Théoreme 4.13] we get (‘IL”): - ﬂ': ) .)

4. Remarke and open problems

Problem 1. The existence of Schauder basis im 'W,““' ).
(Proposition 8 takes place only in the reflexive case - i.e.
tor € (4,+).)

Eroblem 2. The same for W, (fl) in the case that
0l is not suffieiently smooth, for example lipschitz-
ian only and for a class of closed subspaces of W: ().
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Problem 3. The same for f¢ which is not integer.
(In [10] the theory of representation relative to the propo-
sition 8 is proved which takes place for M being non—-in-
teger. But for such a case the representation does not gi-

ve us the projection

574 ~
[Lﬂ(.ﬂ.)] _ EW‘“ Q)1 ,

8o that we cannot use the results of Proposition 6 and Pro-
position 7.)

Problem 4. It would be useful to know how to comnstruct
any concrete basis for the space W’: () (or its sub-
space) in the case that () 1s some special domain.
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