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THE EXISTENCE OF POLAR NON-DEGENERATE FUNCTIONS ON &
TOPOLOGICAL MANIFOLD

D.D. FAUST, St.Louis

1. In this note we prove

Theorem 1.1. If F 1is a non-degenerate function om
a connected /.~ -dimensional topological manifold M
with m  eritical points, w + 1 ceritical points of
index zero and 2 + { critical points of index m ,
there exists a polar non-degenerate function F‘ with
m — 24 ~ 2%  eritical points suech that F* 1s iden
tical with F  in some neighborhood of each of F* ‘s

eritical points. If m > 2 , the funetion F*  as de-

’
fined, will have 4« fewer eritical points of index one
than F and 2 fewer of index m - 1 .

Morse [2]1 and Smale [4] have proved the differenti-
able version of this theorem which is of great importance
in the study of (% manifolds. In 1959 [3]1, Morse sta-
tes the topological theorem and claims an unpublished di-
rect topological proof. We are unable to prove the theo~
rem by direet topological methods but have redueced it to

the differentiable case and then applied the differenti-
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able theorem. (The theorem is of considerable interest
owing to the discovery of a non-triangulable topological
manifold.)

Briefly (see 2. Definitions), we first isolate a
eritieal point L of index one at level ¢ such that
£°1¢r0,c]) 1s connected but £=1¢C0,c)) 1s not.
We next construct a homeomorphism H mapping a connec-
ted, closed, differentiable manifold U , a subset of
R™ , into a subset of M containing C and two eri-
tical points A, and A,_ of index zero so that
£ o H is a C® non-degenerate function with eriti-
cal points a, amd a, (A, =H(a,) ,i=4,2) of in-
dex zero and critieal point 0 (C = H (0)) of index
one. By the differentiable ease (Morse [2]) there exists
F* , agreeing with f o H except in a neighborhood
of an are joining a, to 0 to a, ,
tical point of index zero and no other eritical points.
Derining £%(x) = F* « H'(x)  for x in
How) and §#*(x) = £ (x) otherwise, one has re-

with only one cri-

duced by one the number of critical points of index zero
and of index one. ‘

Theorem 1.1 then follows easily.

2, Definitions. Let M be a compact, connected,
m =dimensional topological manifold and f be a conti-
mious real-valued function on M ., The following defini-
tions are adapted from [1] and [3]. For z = (x,..., %,)

in R™ ,let 1 = (%yyeeey )y D=2y yerey 2y,
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2 = (n,n) for 0 = h £ m ,

Il = (x: ...+ zi yi/2 with similar defini-

tions of |n| and Izl ., For & =0,..,m and e >
>0,let N, =fi%in R™:!xl< e and |nl<e}.
’
In particular, for & = 41 , let Ne = Ne '
’
A point x in M is a topological regular point of
f 1if there exists e > 0 and an associated homeo=~

morphism # mapping Ne into M such that & (N, )
is an open neighborhood of x and f o h (x) = f(x) +

+ 2z, if z=(z,,») 1sin N, . A point x 1in
M is a topological critical point of £ 4if it is not

a topological regular point, and f (x) is said to be

a critical value for f ., Apoint x in M is a to-
pological critical point of index &k , 0 £ h = m ,
if there exists e > ( and an associated homeomorphism
h mapping th into M such that ""(Ne,:.,) is
an open neighborhood of X and £o o (x)= f(x)=1nli+ Inl?
for z in Ne,u . Clearly topological critical points
of index f are topological eritical points. In both of
the above cases i 18 called an £ —coordinate funetion
and M ( N._’ “) an f =-neighborhood. If every critical
point of £ is a topological critical point of index 4fe
forsome M, 0 € h £ m , £ 1is said to be a
topological non-degenerate function. Entirely similar de-
finitions apply in the differentiable case.

A topological (or (% ) non-degenerate function
clearly has isolated critical points, and if the mani-
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fold M 1is compact (our case) they are finite in num—
ber. The set -7 (¢) is called £ -level ¢t , and if
f(x) € ¢ |, x is said to lie below £ -level t .
Similar definitions for strictly below, above, and strict-
ly above £ =level t are immediate.

From now on we shall suppose f 1s a non—-negative
topological non-degenerate function on a closed, connec-
ted topological manifold M as above, and for each f -
coordinate function M associated with some x in M,
A (0) = x, The £ =neighborhoods of the eritiecal
points will be disjoint and the £ —neighborhoods of the
regular points will contain no critical points.

It is easy to show that, as in the differentiable ca-
se (see [3], Lemma 2.1,p. 253), it is no loss of genera-
lity to suppose f has distinet critical values and we
shall do so.

3. Isolating a critical polnt of index ope. Suppose
A and B are any two critical points of index 0 ,
f(A) < £(B) .Let ¢ = <nf{c'sA and B 1lie in
the same are-component of £-7 (L 0,c'])3} . Since A
and B are arc-connected in M , ¢ exists and c =
zZ£(B).let X, ,,..., Kﬂ be the are-components
of £-1¢(C0,c)) ana CL£(K;) be the closure of X_.

Lemma 3.1. CL(K,) N C»L(K‘) is empty or
a eritical point of index ome at level c, 4 # 7 .

Broof. (1) If x 4s im CECK ) N CL(K;) ,
f(x) = c , forif £(x) > c, x 1s not in CUX,)



for sny 1 ,8nd if f(x)<c, x 1is in K, , some &k,
and some open neighborhood of x is in Ky 80 X is
not in CACK.) , 3 # & .

(11) I x 4s in CLCK;) n CA(K;), «x is a
eritical point of index one, for if x 1is either regular
or a critical point of index greater than one, there exist
s and g ere-connected below f -level ¢ 1in an are-
connected f =neighborhood of x .

(141) Since f 4is non-degenerate, x 1is then a cri-
tiecal point of index one, of which there are only a fini-
te number in M , and f(x) =c¢ > £(B) .

Let C be such a critical point of index one at f -
level ¢, M, the f —coordinate function associated with
C end kK, (N ) the f§f -neighborhood such that &, (D)=
= C .

4. Redquctjopn to the differentiable case. Our method is
to inductively construct a homeomorphism H mapping a

connected, closed, differentiable manifold U , a subset
of R™ , into a subset of M containing C and two

eritical points, A,' and A of index zero, so that

L}
foHd 1sa C¥ non-deg:nerate function with eritical
points a, and a, (A,‘-' = H(a;)) of index zero and
eritical point 0 of index one.

Our inductive process: is relatively straightforward.
We must make sure it starts and ends smoothly ( o ,c and
d ) end that it does not get hung up at a regular level

or at a critical point of index greater than zero (b).

- 153 =



a) H 1in a neighborhood of O . Let e be such that
d >max (Ve + @/4, Ve/2) , and let

Uy =4x in R™: 0 € x & V& and Inl< V&/21,
U= {x in U, : 0= x = V& - & and Inl £
= B(e)} ,where

0 < n< Vers2 and

B(e) = (1/2)min(Ve/2-n,V e/8 ,V 8e -e? ),

W,’ = {x in u'ox-e/4-<-.x:'+lml"} i

v bea C® mapof R into R , strictly increasing
on [0,1] , such that, if t < 0, +»(t) = 0, and

i€ t=z4, vt) =4 ,
lx) = x, =V e/4+lml§ 5

dx) =V e/2 -V el + (512 ,and g, map U,

into N, so that

Yo Xy y») = (LA~ (L (x)/d(x)] X, +

+ v (/A xNDV X, + Ial? 6.

lenma 4.1. g, is a C® dJdiffeomorphism on U

Proof. (1) g, 1s one to one on U, . It suffices
to prove g, (x) % g,(x') where x = (x

ol ‘ ¢
Xm (X yune, X0

ar°e0y Xn ) s

y X, %" n Uy, xg = xh
excopt X < x; , & (& (x)/d(x)) <4,
But if g, (Xx) = ¢, (x') , then 0 < x;-\x =

1
= v (l(x)Vdlx))(V x,-o-lali —x,,)-
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-~ v L (xD/d(x")) Vx4 (sl? - x) <

< v lx)/d (x"))(x/-x )% -x, s contradiction.

(11) The Jacobian of @, 1s easily seen to be non-
zero in U, .

Define H mapping u; into M by H(x) =
=M, ©g,(x), s0 0 is a critical point of index one
for £ ¢ H with g, and ¥, for its f o H =-coor-
dinate function and neighborhood, and f o H is regular
on the rest of U, ., Note, then,that f o H s C*

and non-degenerate on uo 5

b) A sequence of regular points in M accumulating at a
eritical point, A, , of index zero, and H defined a-
round the corresponding sequence in R™ . We shall first
discuss the general choice of points £, in M , and then
show how to avoid the two problems of accumulation at a
regular level or at a critical point of index greater
than zero.

(1) Let n = h,(V e/2 ,0,...,0) , aregular
point in M with f -coordinate function 4, and f -neigh-
borhood b, (Ng,) . Choose fr, = h, (~e'/2,0,...,0)
and define & (%  homeomorphism ¢, mapping Ne‘ into
R™ %7 gy (xg,5) = (=, + £(CY = £(p), n) .
Let 11.1- ua uvix in %(Ne,):f(C)— f(414) = X, < f(C)—f(nz)
and |a| = B(e’)} and extend H over U, by H(x) =
= h,, ° 9-;4 (x) .

From now on, having chosen e , the succeding choise,

¢, will be referred to simply as e =- in the end it will
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be possible to choose such a common e for the entire
argument. Therefore B (e), B(e’), ete. will be called
simply B .

Having chosen n,._, = h, ,(-e/2,0,...,0)
for m 2 3, and extended H over

Upog = Up o USxin g, , (N ) s £(C) = £f(p,_,) €

€ x %= £(C) - fipn,,) and Inl €« BY by

HOX) m My p 0 gt (X)= By o (= x, + £(C) = Flp, ), 5)

where h, _, and &, , (N_ ) are the £ -coordinate fune-

tion and neighborhood for . ) let

n= M, ,(-¢/2,0,...,0) eand extend H over
Upg=Upn.g Uix in g, (N ): £CC)=~F(p, ) €x & £(C)=
-fn, ) +e/2 amd [H|£B} by

Hix) = My, o g, () .

Clearly £ ¢ H 1a C® and non-degenerate on U
for any 4 .

(11) Suppose the g, aceumulate at a regular level « .,
Let . be an accumulation poimt - f£(fn) = & < f(pn;)
for every i . Let /o and #72(N,) be the f ~coordinate
function and neighborhood for i and choose 5, in

a(Ng). It h"‘(fym) = (o, ,.cep %, ) , suppose
%-G/Q.Lﬁt Pomeg = W (-72 045,00, 4,) , §
be the C® homeomorphism mapping R™ into R™ such
that g,(x4,...,xn) = (e/2 +£(C) - £(p,, )~ Xy o9

Xg + Mg geoey Xy + 2, ) amd

- 156 =



U= U, ,Uix in g‘(N‘); £0C) - £(p,,) s x, &« £CC)-£(p,, )
and |npl « B}, and extend H over U, by H(x) =
= M oqg(x).Note fCp, . ) < n .
(111) Suppose the Moy accumulate at a eritical point
£ of £ of index S > 0 with f —coordinate funetion
/. and neighborhood & (Ne,b) , 80 that f(pn) = s,
Select f,, in h (Ne,u) . Suppose 4" (o ) =
= (0,.s , o""bﬂ' ¢re5 Xp )+ fi, 18 regular and has f -
coordinate function %, and neighborhood Mg (Ng) o Let
fomaq =W (~€/2,,) such that % "Cp . ) s not

on the axis. Without loss of genera-

xﬁ-'l-'l""’ X
lity suppose £flppyo ) — n < e/4 . Define 9,;:_

mapping g, (N,) into N, by g (x) = q',',,':b(x‘,/a)=
s(=x +£(C)=-£(p,,), n+a, ((xy= £0C) + £Cp, N/ ) -£0p, )
for x in g, (N,), and let U, = WU, Uixin g, (N, ):

:£(C)=£lp,) & x, & £(C)-£(n )+ e/2 ana (n| «B%,

Extend H to Y, by H(x) = L og.;l(a() + Clear-
ly £ o § 18 C® and non-degenerate on Uy -

Ir %' (n,) = (Xyy0009 Xpp)  and x; % 0 for
some i < f , idenmtify qn  and Pman

Let g =f o4, t be anelement of R, x' be an
element of R™ and R (x'; 0) = x’  and consider the

dR _ _Vvg
differential equation ot lV‘;l" . Since
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k4

—d'—%—x;)-z 1, g e R(x'yt) = t+ ¢

or since g ° R(x';0)=q(x)=ec,goR(xyt)=t +q(x").
For X = (X,,..., X, ) define

H(x) = a0 R~ e H(£(C) = £Cq,,), X,y 000y Xy ) 3

£C)-f(fp,)~%,) on U - U,, where

méedq

Uppoqg = U, Ulx = (X, ,5): £(C)= £y, ) € %, & £(C) =

~-f(fip,,)+e/2 and Inl<B} endlet p,. ,

= H(£CC) - #(pp,, ) + ©72,0,...,0) so that
foHlnpmeg) =£f(hp,,)~-e/2 < n

Clearly f o H is C%®  and non-degenerate on
w

m+4 *

(1v) Continuing to choose i, ‘s and extend H so
that the n,, do not aceumulate at a regular level or at
a critical point of index & > (0 , it is then clear, sin-
ce M is compact, that the Ny accumulate at a eritical
point A,, of index zero.

¢e) H in a neighborhood of A1 . Let A,, have £ -coor-
dinate function and neighborhood 4, and A, (Ne_,a )

such that, having ‘chosen 1, , E;(pn)ﬂ (V' e/2 ,0,...,0)
in Ng o, £(C) - £(A ) > e and H-'(p,,) =
= (£(C) -f(A,,) - e/2,0,..., 0) . Let
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a, = (£(C) - £CA),0,...,0) ,
Vo= {x=Cx,,0): £(C) - £Cp,) & x, < £(C) —

-£A) + V e/8 - 1n1*  ana

1»1? < min(e/8,8e - e?) 1},

W,‘-{xink"“slx-awlnie/&} ’

w be a C¥ function, strictly decreasing on
L0,1] , suchthat w(t)m 41 if t £ 0 and w(t)=
-0 1t t 24 ,

d(x) =V es8~1nl? -£)+£(AD+e/4,

F(x) = x, - €CC) + £(A ) + e/4 , and define g,
mapping V, into R™ by g, (x) = g, Coyy ) =
= (xq-f(C)+f(A1),/b) it £(C)-£(A)) -~ e/8 £ X, ,

and G (%4, A) = (L4 - ar (& (x)/d(x)1x, +

+ar e (o) [ (N LECC) = A4V £(C) - £(A ) = x, = Inl?]

—f(c,‘)+f’(A1),.b) if x,<£(C)-£(A)-e/8.

As in the case of ¢, , 9, 18 a C® Qiffeomorph-
ism on V, . Extend H omto V, by H(x) =k, o ¢, (x).

Then £ o H is C® and non-degenerate in particular

on U,  =1U,U{xin V‘,:.x,‘ = £f(C)-£CA)) +

+C1/72)YV e/8 ~1nl2 and |»| &£€B} and a

1
is a critical point of £ o H of index zero with

£ o H ~-coordinate function g,;‘:' and neighborhood % ¢
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d) H and U . Returning to N, (see p.153), define a
function similar to g, for x, < 0 , and let ¢, =

= M, (- /T/z,o, +2s5 0) . Choose a sequence of q,,
similar to the o and sets W, similar to the U, ,
again bypassing critical points of index greater than ze~
ro and accumulation at a regular level, until the g, ae-
cumulate at Az , a critical point of index zero. Extend
H 1in a neighborhood of the X, axis from 0  ‘hrough
negative values of X, past X, = :“A,z) - £C¢C) .
Let a, = (£(A,) ~ f(F.‘),O,...,O) .

Then £ o H is C%® and non-degenerate on U =
= u',;...., v W,wM containing the pointyof the X, -axis
from a, through 0 to a, as interior points, where

Wnn is the set corrssponding to um‘”’ as above.

Since M is closed, there are a finite number of
fv; 8snd q; , and so a suitably small e may be chosen
and used all through the argument. Then U 1is a connee—
ted closed differentiable manifold on whiech £ o H is &
C® non-degenerate function with two critieal points of

index zero and one of index one.

5. Proof of Theorem l.l. Let £f c H = F , Then, as
in [2], there exists P , C® and non-degenerate on U,
agreeing with I exeept in some small neighborhood, N ,
of the X4 -axis from @, to @, , with only one critical
point in U =~ a critical point of index zero - in some
neighborhood of which it agrees with F , Let £%(x) =

= F¥ o H™1(x) for x in H(U) so that, exeept
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in H(N) , $#(x) = £(x) . Then f% 4s a topolo-
gical non-degenerate function on M with one less cri-
tical point of index zero and one less of index one than
£ . Continuing in this fashion, there exists a non-dege-
nerate topological function on M  with only one critieal
point of index zero, and since critical points of index

m for f are critical points of index zere for -~ f ,

there exists a polar non-degenerate function on M
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