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REMARK ON THE FREDHOLM ALTERNATIVE FOR NONLINEAR OPERATORS
WITH APPLICATION TO NONLINEAR INTEGRAL EQUATIONS OF
GENERALIZED HAMMBRSTEIN TYPE

Jind¥ich NEGAS, Praha

§ 1. Introductiopn. Let B  be a reflexive Banach spa-
ce and T a bounded, demicontinuous mapping from B to
its dual B* . Defime T, (u) = T(w) - tT(-u)
and suppose that T, satisfies for every 0 £ t £ 1
the condition (S):

1) w, — « (weak convergence) and

(Tysm - Ty yasty —)—> 0, then wu, —> u« (strong

convergence, where ( , ) denotes the natural pairing be-
tween B* and B ; if, for some f in B , we have
alse

(1.2) Tow - (1-t)f % 0 for lull=R >0 and
0 £t £ 4 , then there exists « in B such that
il <R and Tu = £ .

Suppose T 1is an od&€ mapping and g -homogeneous
(T(tw) = t*T(uw), t >0, > 0) satisfying (1.1).
The consequence of the above statement is the follewing al-
kernative: if S is a completely continuous mapping from
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B to B* such that

1Sal
wlsoo lul

and if Ty = 0 implies w4 = 0 , then (T + S)(B)=B"
Furthermore, every solution of (T + S)w =f satisfies the
inequality

4
(1.4) lwl € c 4+ 01072y .

Conversely, if (1.4) 1s true for every solution of
(T+S)u =f ,then Tu = 0 implies « = 0 .

The first statement is a genera‘lization of a result of
D.G. de Figueiredo, Ch.P. Gupta (4] and the alternative is
a generalization of a result of S.I. PochoZajev [10] and F.
E. Browder [2], and it is another version of the author’s
Fredholm alternative [9]; see also M. KuZera [7] and the
forthecoming papers of S. Fu¥fk [5] and M. Kulera ([8]. For
T 1linear, we obtain a generalization of a result of M.A,
Krasnoselskij [6] .

Application: Let M  be a measurable set in R,
with men (M) < o and £ an odd positive inte-
gere For i = 4,2,...,m , let X, (x,qg) be ker-
nels on M x M, , with M, = MxMx...xM
£ =times, such that

(1.5) / f X, (.x,:y.)l“‘ dxdy < o .
"

Let f, (4, «) Dbe functions defined on My xR, ,
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satisfying the Caratheodory condition and the growth condi-
tion

(1.6) If; (g, u)l £ clul®+d; () where d eL, ,, (M,).

The generalized Hammerstein’s type integral equation
is:

m
(1.7 ,u,L(aO—?t_Z‘ [ Ky Cx, ) £, (e () )y = g (),
1= Ml

where u (g4) = (w (y,), u (y,),..., 4 (4y,)) and the solu-

tion is supposed to be in [ (M) . If the asympto-

L+1
tic condition: for t —

(1.8) 1475, (g, tu) - = af (qu™l £ ¢, (D1l d (g, 1)

with c; (t)— 0 end d,(t) — 0 in L14-4/£ (Mt)

o, o
where u™ = w ' ... u t and

for t — o , ” P

a,; € L,(M;) , then the equation (1.7) has a solution if
A is not an eigenvalue for the asymptotie homogeneous equa-
tion

L it < x
a = , . ddy = 0.
(1.9) L) -2 5 = {‘x_,cx,,pa,wcn,) W) dy

Every solution of (1.7) satisfies

(1.10) Hall

and, conversely, if (1.10) is satisfied for every solution,
then A is not an eigenvalue of (1.9).
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§ 2. Abstract Theorems

Iheorem l. Let B be a real, reflexive Banach space
and T a mapping from B to B* , bounded and demi-
continuous (w, —> u => Tu, — Tw) . Let T sa-
tisfy the ocondition (1.1) and (1.2). Then there exists a
solution « , Nwa l < R of Tu = f .

Proof: Let F be a subspace of B and let Ve
be the injection of F to B ama its duality

x*
mapping. Let T'r - Y T‘l’p o

(1) There exists F with dim F < o such
that T, () -tT,(-a) = (1=t)yXf + 0 for
lul =R, wuePFo5F,0=t=1,dmF < o,

we prove a little more: there exists dJd~ > 0 such that
IT, (w) - tT,(~a) = (1-t)yXf12J for the u inm

question. Of course, for w e F* | lawl = sup Sur, ) .
w40 [P |
uaeF

Let us prove first this statement for ¢ fixed. Let us

suppose the contrary. Then, for every F with dim F <

< o , there exists a sequence I, , Fc F, c F, e...
eee dim F, < oo ad w, eF , lul =R ,

: *
such that“&ﬂ:;lTFw(wM)—tT%(-u“) - (4—t)qrswfl| = d;o .

Suppose Ay —>~ 0 , & e%LIJ4 Fa d‘-f BF . We have
M(T(uﬂ‘_)—'rt(u),um-u)sﬁ% (Ty () =Ty ()

o=, ) . Lo (Ty (i) = (A=t)YE £, M=) = O ,
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where 4, —> u, 4, € F, . Hence u, —> wu
and for every ~ € B : (T, (w) - (4~-t)f, 2r) = 0,

hence T, (u) - (4—t)flls,. = 0 . In this way,
(-]

we constructed for every F € B , with dim F < oo -

a separable subspace BF o> F such that there exists

u B ,lul =R for which IT*(a,)-(4-t)fIIB:=0.

Let M be the set of such u corresponding to

F
F ., The set of MF has clearly the finite intersection
property. Let HF be the closure of M_  in the weak
topology. There exists I e QHF . Let F  with
dim F < oo Dbe chosen such that w e F, @ € F .
(Compare, for example, F.E. Browder [3] .) There exists
My € Mo such that «, —~ I ) fm (Tg () - T (),

sy =T ) = Hom (T, () = A=tV E , - ) = 0 ,

hence Mm —> & . This implies (T, (Z)-(4-t) f,w)=

= 0 and Nl =R which is a contradietion to
(1.2). It follows that there exists, for every t, from

the interval < 0, 1> , a set P"a with dimf'to< 00

and J*o > 0, such that if lul=R and xeF' ,

dinwf'to< o ,F' > Fto , them IT,, (u)= ¢t T, (~u) -
S U=ty £z g

Because of the boundedness of T . the same is true
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with F"o and d;alz forlt-to|<sto

Hence there exists t; , i =1,2,...,m, ¢, » F, , d%.
L3

i
m
such that v

=4

r %, ¥
S = mon ( 7 ) and P = »i-LuJ‘i Ft‘ ’ then for

F'SF, lul =R, weP': ITF,(w)-(4—t)1rF,
~MU -y, fll 2, 0=t £ 1,
which is the assertion.

(11) F  chosen in (1), for F' o F, dim F' < o,

and t = 4 , by virtue of the Borsuk-Ulam theorem, the
degree (T_, (wu)- T, (-«) , B(O,R), 0) is

an odd integer. (Compare M.A. Krasnoselskij (6&].) By homo-
topy, this is also true for t = 0 ; hence, there exists
4., € F' | I“‘F' I < R , such that TF' (ug,) -

-yhf=0 . L&t M, = fu,, ,F'5F'} .

MF' has the finite intersection property, hence u ¢
e N M_, , where M , is the closure in the weak to-
g F F
pology.
Let w € B, w4, w e P’ . Then there exists
My € Mgy, ) iy —= u . lim (Tuy - Tit ) sy - u) =

= fim (Tu

i, n,wm-u)sm(f,u”—u)—o.
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Hence w, —> u and 0 = (Tu, - f,w ) —

— (Tw-f,w) , g.e.d.

Theorem 2. Let S be a completely continuous map-
ping from B to B* satisfying (1.3) and T an
odd, bounded, demicontinuous and e¢ =-homogeneous map-
ping from B to B* . Let T satisfy the condi-
tion (1.1). Then there exists a solution of (T + S )u =
= f and every solution satisfies the inequality (1.4)
if andonly if Tu = 0 =pu = 0 .

Broof

exists u, =+ 0 such that Tu, = 0 . We have

(1) Let (1.4) be true. Let us suppose there

)

4
hagt 2 c (3 +d0stu ™50 tor t — o,

which is impossible.
(14) If Tw = 0 = w = 0 , then for every
solution (1.4) is true. If not, then there exists

1 i Suw,, |
Ay € B M, — oo such that E-o-——’"h-

a0
7 “
> P ", —_—
HT( l“m",.)ll.Putting W, = ll“;,,l , we can

suppose

m, —

. Because Tw, — 0 , we
obtain from the condition (1.1) that &, — 2 an4,

therefore, Tw = 0 and larll = 4 which is
contradictory.

(111) (T + $), satisfies clearly the condition
(1.1).
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(iv) Replace T by T + S  in Theorem l. For
R large enough and for every fixed f, T + S sa-
tisfies the condition (1.2), q.e.d.

§ 3. Application to the intesral eguatiom (1.7)
We submit the functions f£; (g, ) to the asymp-

totic condition (1.8). We have for lau IL oy > @
'L+4

. -2
!umllwllhz (M)I f Xy Cx,p) [ £y (g 0 (p)) =
+4 M‘

- Yt uScy) ldy I =0 .
|¢.z|-ta'°" »a"iy ¥ lgase

Therefore, the condition (1.3) is fulfilled for

df i < «

df = () ™y )]lday .
S(w) ‘{'; E.4 K, (x, ) [ £, Coyp e Cp)) m{.‘a’“ ylu"(y)ldy
The complete continuity of S follows from the well-known
fact that the operator f‘.’ ("h AL (4, )) is a continuous
operator from 1‘1.4-4 (M) to itself; compare, for ex-
smple, M.M. Vajnberg [11l], and from the fact that the li-

near operator f K, (x,g)ar (g)dgy is completely
L)

continuous from L1+4/} (M) to itself. If we

put
TCw) (x) = w43 [ K (xy) S @ () () d
W) (x) = W (x)+ 2 '{“;x,@m‘da&y “yldy ,

we obtaim a bounded, continuous odd and £ -homogeneous
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operator from L, , (M) — L (M) .

1¢4/2

By virtue of the complete continuity of the mapping

'w -

i o “(y)d 1t 1 h t
£§1 J;‘lK‘ (.x,q.)mét ay, (g)u (y)dy , s enough to
verify the condition (S) for the duality mapping  (x) —>

— u(x)t . But
f(w‘(x) ot x) (w(x) - (xDdx =
M
4
=2 [ [t (x V=2 (x)dt) (s () - v () x
0

Zec f(w(.x)—rv'(x))“" dx , where we used the ele-
M

1
mentary fact that j la + e 1%z =2 ¢ 417 for
0

6 = 0 . Hence we can use Theorem 2, and we obtain the
statement from § 1.

.

§ 4. Hammersteipn s equation

Using the result of the preceding paragraph, we ob—
tain L, (M) theory. By virtue of the linearity of *he

asymptotic equation and because of the form I + A of
the considered operator, where ] is the identity and
A  the completely continuous operator, we can base our
consideration on the well-known fact; compare, for examp-
le, M.A. Krasnoselskij [61:

Let B be a real Banach space and Tu ~ f =

= (I+A)u-f , where A 1is a completely continuous
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mapping. Let, for Nuwll = R: NTw-£f01 > 0

Then, if the degree (Tu-£f,BCO0,R),0) % 0 , there
exists « , luwl < R such that Twu = f . It
is also known (see M.A. Krasnoselskij [61) for X a li-

near completely continuous operator, that the existence of
= -1
(1 +X)"  implies for R > Il HCI+K) "1

that the degree ((I+X)w -f,B(R,0)0)= %1 , Hence,
by the homotopy argument, the same is true for R large

enough for the operator (I+ K + S)u -~ f
13wl

N =+ co Bacll

, where

0

Let us consider the equation

(4.1) 4 (x) = 2 41 KCx,4) f(yp,m (g)dy = g(x)
with s e L, (M)
1 £ p ¢ 0 and with

Mm,,—,%

)
mn» (M) < o, fﬁfl]((x,q.)i dxdy < o ,
M

1< p <00 , whichfor =1 or fo = oo would
be replaced by continuity on M x M of the kernel, M
assumed to be a compact set.

For t —> o0 , we suppose:

(4.2) | %f(ay,tw)-w(v)u« £ c(t)lul +d(y.t)
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with d(t) — 0 in LﬂCM) and c(t) — 0
for t —» @ .

We have the following result (very near to the cor—
responding Krasnoselskij’s result; compare his book [6]):

The integral equation (4.1) has a solution for eve-
ry g € Lﬂ (M) and every solution satisfies the
inequelity

(4.3) l“"l.,, éc(4+l9.lbﬁ) if and only if

A 4a not anm eigenvalue of the limear equatiom:

v (x) - .ﬂ.fK(.x,n*)a. (y)w (y)day = 0 .
M
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