#3D
VAL 7

—/

Werk

Label: Article
Jahr: 1972
PURL: https://resolver.sub.uni-goettingen.de/purl?316342866_0013|log12

Kontakt/Contact

Digizeitschriften e.V.
SUB Géttingen

Platz der Gottinger Sieben 1
37073 Gottingen

& info@digizeitschriften.de


http://www.digizeitschriften.de
mailto:info@digizeitschriften.de

Commentationes Mathematicae Universitatis Carolinae

13, 1 (1972)

PROJECTIVE PURITIES

Ladislav BICAN, Praha

In this note we shall give a necessary and sufficient
condition for a projectively closed purity to be projective.
Further, two dual criteria for the projectivity or the in-
Jjectivity of a purity w are proved. Finally, one of the

possible solutions of Problem 55 from [2] is given.

Throughout this paper, A stands for an associative
ring with unity and all the modules are assumed to be unitary
A -modules. Concerning the terminology and notation, we re-
fer to [4] and [5] or [1]. For the sake of simplicity we
shall write Ext (B,6A) instead of Ext) (B,A) .
Further, if E: 0—> A—> X—>» B —» [ is a short
exact sequence then there is no danger of confusions in wri-
ting E € Ext (B, A) ., Recall that for a purity @
we denote w Ext (B, A) the subset of Ext (B,A) for-
med by all short exact sequences o—bA—i'»X—b.B —> 0
with 4 € 5, . Finally, a homomor;hism 3 : P—> B
induces the homomorphism Ext (B, A) —> Ext (P, A)
which we denote £* (see [3]).
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Lemma 1. Let o be a projectively closed purity. Then

(1) wExt (B,A) = Nker £*
where § ranges all over the {: P—» B for all
Pe g, .

Proof. Consider the commutative diagram

¢
Ei*: 0= A—eY—>P—>0

(2) L

with exact rows and P e 7, . If E e w Ext (B,A) ,
then j} e .5”, @ being triangular. Therefore E f£*
splits and wExt (B,A) € NKex £* . Converaely,
for Ef* = 0 let 6°: P—>Y be a homomorphism with
6'¢ = 1, . Then (6'9p)wr=06'6f = f and the asser-
tion follows by the definition of the projectively closed pu-
rity.

From (1) it immediately’ follows that to any pair A, B

of modules there exists a subset LN of P, such that

(3) wExt (B,A) = N Ket £* .
f€& Hom (P, B)

Pe W, o

Lemma 2. Let A, B be two modules and let w be a

projectively closed purity. Then Po caontains a.module
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such that

(4) @ Ext (B,A) = a Ker £% .
h $ 6 Hom (P, B)
Proof. Putting P'= = P we get (4), since
Pe WL

U Hom (P,B) & Hom (P',B) . Here P'e P,
Pe W ,p

by (1.5) from [11.

Lemma 3. Let A, B be two modules and let @ be a
projectively closed purity. Then there exist P e T

and 7':P—> B auch that

(5) @ Ext (B,A) = Kev 9/* .
Proof. Let P’ e P, be a module satisfying (4).
Now we put P = S ?; , where ?f' = P’ for any
£ & Hom (P',B)
f € Hom (P’ B) and we define the homomorphism 7  :

4

tP—> B by the formula {fi 37/ ()£

= 3
6 Hom (P} B)

(this can be made since only a finite number of 4»; 's. is
non-gero). let _E : 0 —> A—b—— X—lr-" B— 0 be an
exact sequence. Supposing Eq’* = 0 , we have the

commutative diagram
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En'*: 00— A% »p i P> P—= 0
(6) ¥ %

E : 00— A—2—2 X——>» B —=>

with exact rows. Now for an arbitrary homomorphism § : P’'—

—> B wae conesider the following diagram

2

¥ &’ ’
0——=A—>A4P — P > (

(7 L 4 f

00— A—=X—>»B——> 0
with exact rows and {a,p'ty = fa,0,... 0,4,0,... 19 ,
where p’ is on the f -th place. We have {fa, p'? y o =
= 4a,0,...,0,0°,0,... 397 =4a,0,...,0, 1, 0,... 36 9'= p'f = fa,n't6’f
and the right square of (7) commutes. Further, a 'y =

={a,0}y = 1a,0,0,...39p =ajg=a< and the left square

of (7) commutes. Since P e P, (by (4.5) from [11), we
have Xexq™ & N Kex £*= wExt (B,A) € Kev 9'*  ana

fe Hom (P B)

we are ready.
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Lemma 4. Let A, B be two modules and let @ be a
projectively closed purity. Then there exist P e T,

and an epimorphism ” P —> B such that

(8) @ Ext (B,A) = Kev ¥

4

Proof. Let P’ be a module and a homomorphism the
» M

existence of which was stated in the preceding lemma and let

n' : F—> B be an epimorphism of a free module F

on B, Putting P = P’ 4+ F and defining ¢ :P—> B
by the formula {p',qtn = #'7" + q7n" , p'e P’, ¢ eF,
we can apply the same method as in the proof of the preceding
lemma for obtaining (8).

Any couple (P, 7) satisfying (8), where P € P,
and  : P—> B is an epimorphism, we call the characte-

ristic couple of the pair A , B of modules and we denote

it (P,n )AB = (PAB ,n“) . It may happen that there ex-

ists a couple (P, ) which is characteristic of the pair
A,B for all modulea A . In this case we say that
(P, ) is the characteristic couple of B .

Theorem l. A projectively closed purity w is projec-

tive if and only if any module has a characteristic couple.

Proof. Let the condition be satisfied and let B be an
arbitrary module. If (P, 7)) is a characteristic couple
of B , then the exact sequence 0 —> Ats PZoB—a0
clearly belongs to o« Ext (B,A) .

Conversely, if @ is projective and B an arbitrary
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module, then there exists an exact sequence
0—» K22 P %o B—»0 with jc P, end
P e P, . We are going to show that (P, n) is the charac-

teristic couple of B , It clearly suffices to show that
Xevr p* € w Ext (B, A) for any module A , Let E :
1 0—» A~»X-T» B—> 0 be an exact sequence satis-

fying Eq* =0 and let P’ ¢ Po be an arbitrary mo-
dule eand f : P/ —> B an arbitrary homomorphism. From
Eq* = 0 it follows the existence of ¢ : P—> X
with g = g , Further, there éxists a homomorphism
vy: P —> P with y9 = £ | since 4 € J .
Therefore (y@)ar = 79 = f and E € & Ext (B,A) .

Lemma 5. Let @ be a projectively closed purity, m
a cardinal and B an arbitrary module. Then there exists a
couple (P,7n) , where Pe P, @ad :P—> B is

an epimorphism such that

(9) @ Ext (B,A) = Ken 9* for eny A of power £ m .

Proof. Let @M be the set of all pair-wise non-iso-

morphic modules of powers £ q , By Lemma 4, to any

AeWd there exista a characteriatic couple
’ 4 = 4
(P ,9'),, . Letusput P = A‘Zm Pas and let us

define the homomorphism n: P—> B by the formula

$ppin = Zp,, 1,, - Now the proof runs on the seame lines
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as that of Lemma 3 and we therefore omit it.

Let us note that all the above results can be easily
dualised for injectively closed purities. In {5) we have in-
troduced the notion of a basis (a J§ -basis) of an injecti-
vely (projectively) closed purity. In the present paper, we
shall deal with purities that are both projectively and in-
jectively closed. We shall therefore use the words injective
(projective) basis for the basis of ¢ considered as the

injectively (projectively) closed purity.

Theorem 2. Let w be a projectively closed purity.
If w is injective with a set as an injective basis, then

@ is projective.

Proof. By Theorem 15 from [5) there exists a module G,
which forms an injective basis for «w . If the power of @
is m , then let (P, m ) Dbe the couple the existence of
which is guaranteed by Lemma 5. Thus we have an exact sequen-
ce
(10) 0 —> K—>=P—>B—>0
and we are going to show 41 e .5“, . 7 induces the
homomorphism g* : Ext (B,8) —> Ext (P, Q)

the kernel of which is <« Ext (B, Q) ., Since @ is
@ -injective, we have o Ext (B, @) = 0 and

L3

1

duces the exact sequence

< %
Hom (P, &)——> Hom (K, &)—» Ext (B, @)—Y> Ext (P, Q) .

is a monomorphism. Furthermore, the sequence (10) in-
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Since "L* is a monomorphism, one easily gets that ¥

~ is an epimorphism. Hence <{ e .50. since (A is the

2
injective basis of @ and we are ready.
The proof of the following theorem is dual and we the-

refore omit it.

Theorem 3. Let ¢ be an injectively closed purity.
If @ is projective with a set a projective basis, then

@ is injective.

Now we are going to give one of the possible solutions
of Problem 55 from (2], namely a characterization of
Ext (B, A, m) ., For a cardinal m  we denote by

o™ the purity having the set of all pair-wise non-

isomorphic modules of powera < m as a projective basis.
The corresponding class of monomorphisms we denote by A"

(see [1],[4),(51). Instead of ™ Ext (B,A) we shall

write Ext (B, A, m) . By Theorem 4 from [5] the
purity ™ is projective. Therefore Theorem 1 yields
that to any module B there exists a characteristic oaup-

le (P, m) . Ve have therefore proved:

Theorem 4. Let m be a cardinal. Then

Ext (B, A, m) = Kev q* , where (P,n ) isa

characteristic coupleof B .
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