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ON FREDHOLM - STIELTJES INTEGRAL EQUATIONS

(Preliminary communication)

Stefan SCHWABIK,Praha

For a real & x £ -matrix A=(a..‘.’._),43= 1yees By G4y, £,

we denote by A’ its transpose. Let lAli.m é‘; la,é?.l .
Let R™ be the space of all m x 4 -matrices x, X' =
= (X, Xpyeee; Xy ), UXxU - for x € R™ is a norm in
R™ . By & (R™—> R™) the space of all m x m -mat-
rices is denoted, IAll for A € & (R™—> R™) is the
corresponding operator norm.

For a given bounded closed interval <a, & >c R ,

a < A we denote
V, = {x: <a, b >—>R", M’Zx<' +00f% .

The (total) variation m':.x on {a,t> for

x: {a,&>—> R™ is defined, as usual, by

Ay % Ix(t,) - x (t‘.‘_ﬂ)l , where the supremum is
taken over all finite decompositions of {a,# > (simi-
larly for /vwo‘g:A it Ar<a, &>— L(R™— R™ ).
Y,, forms a Banach space with the norm Jx llV =

b m
= lxCa)l + war, X .
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Let K(»,t): Ca, &P x<a, &)= J— L(R™—> R™)
be given. For J = S, B> x <,0'> c J we set
rm,K(})=K({&,d’)-K(fl,')’)—K(ac,d')+K(oc,g')ea‘£(R""—9.K"‘)
and define

Y% (K) = sup ZVm (g1,
where the supremum is taken over all finite systems of
i 0 ]

subintervals J. c J such that ' n }’, = f when
1% 4 ( y-: is the interior of . ). The number
vy (K) is a kind of a twodimensional variation of the
matrix function K(n»,t) in the interval ¥ , This no-
tion of the variation is considered e.g. in the book [1]
of T.H. Hildebrandt (for m =1 ).

We consider the operator X: Vm e d 'V” " which is

for X € Vm' defined by the relation
(1) KX =rn ,
where

(2) aw) = Lo, [K (5, £)Ix(¢) =

n & P m g
= (}.é {;,'xg’.(*)d'tE*ﬁé(/"t)‘.,"”’é,%‘/;xj.(ﬁdt[*'m.;'. (»,t)1) .

All integrals used in this communication are the
Perron-Stieltjes integrals. The following theorem holds:
Theorem 1. If K(s,t): J— &£ (R™—> R™) sa-

tisfies '

(3) rv‘;,(x)<+ao
and
(4) nrwp:]((a.,-)<+co »

then X:V, —> V from (1) is a completely continuous
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operator.
Remark. In (4) m:K (a,») means the variation of
K(s,t) in the second variable for fixed » = @ . Sin-

ce we have
wan K(h, <) & 4 (K)+ wvax? K(a, )

for any » € {a, &> , the integral [d*rxm,tn x(t)
exists for all s € (a,f) and any x € V,, . Further it
is
&
Ilevﬁé(45(]()+mbx(a.,-))lulv“ .

Theorem 1 yields immediately a Fredholm type theorem
for the Fredholm-Stieltjes integral equation (F.-S.i.e.)

(5)  x(s)= LUd, [K(s, )] x(t)m ¥(n), K €,

in the terms of the adjoint operator X* ; a— V), .
Unfortunately, we have no satisfactory description of the

dual V) to

~ which would make it possible to derive

the analytic form of K* , Nevertheless a Fredholm type
theorem for Eq. (5) can be proved, where the usual adjoint
equation is substituted by an other one whose analytic
form is known. This is based on the following

Proposition. Let X, Y .be normed spaces with duals
X’, ¥’ respectively, and let X: X —» X, L:Y— Y
be the completely continuous operators. Let <x,q > be
a bilinear formon X x Y which separates the points
of X and Y such that for x € X, ¢ € Y  the ine-
quality
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I<x, g2 & c.lxl, Iyl, (c = const)

holds and let
<Kx,4>= <x,Ly>
forany x € X , 4 « Y . Then we have
dim T-100) = clim T*-'(0) = clim S7(0) = dim 5*-1(0) = 1
and '

T 0 clYle X', s*0OclXx1c Y’

where x is a nonnegative integer, T = ]‘ -X,
S=1,-L, T*= I, -K* §*=1, -L*, X*,6 L*
are the adjoints to X, I respectively, 1 is the

X
identity operator in X (similarly Iy , 1 I

X y? )’-
T-1(0) is the null-space of T and [X ] is the im-
mersion of X into Y’ given by the bilinear form
(x,"y, > (eimilarly for (Y] ).
This proposition is used to derive the following

Theorem. Let X (»,t): J—> L(R™— R™), 45 (K)<
<+oc0, m:l((a.,-)g+ oo , m‘:]((-,a)< +00 .

Then either the F.-S.i.e. (5)\ad-its a unique solution
for any & € V,,  or the homogeneous F.-S.i.e.

&
(6) X(p) = Ld [K(h,t)1x(t) =D

admits s linearly independent solutions x", .xz, oo
vy X, € V

In the first case, the equation

' 4 ~ ~
(1) Plt) = [ XK' (m,t)dopa) = F(t), § & Y



has a solution for any ¢ a V'm_ (not necessarily uni-

que). In the second case, Eq. (5) has a solution in V,,
iff

s ) = 0
b () d g, (1) =

1

&
L Wdait) =

for any solution @ & V,, of the equation
v
Pt) =L K (p,)d@(n) =0
and symmetrically Eq. (7) has a solution iff

' ~
L x()dPt) =0

for any solution x e V, of Eq. (6).
Note that Eq. (7) is not the adjoint equation to (5).
The complete version of this work will appear in

lasopis pro p&stovdni matematiky, 1972.
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