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ON THE COMMON FIXED POINT FOR COMMUTING LIPSCHITZ FUNCTIONS

Milo3 ZAHRADNfK, Praha

Introduction. This note deals with the existence of so-
lution of the equation £ (x) = g (x) = x , where £,6 ¢
are commuting and lipschitz functions.

Let £ be a real-valued function defined on the set
McE, and o« Z 0 . £ is said to be a lipschitz
function on M with the conatant o , if the inequality

l£(x)-£(gy)| & & Ix-4l
holds for each X, 4 € M .

Let £, g be two real-valued functions defined on
the interval I c¢ E, with values in I. £ and g are
said to be the commuting functions (we abbreviate £ og =
=qgof ) if

£(g(x)) = g (£ (x))
holds for each x e I .
In [1] there was proved

Theorem A. Let £ and g be two commuting lipschitz
functions with the constants o¢ and {3 , respectively, de-
fined on <0,4) with values in <0,4)> .

Suppose that one of the following conditions holds:
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o< + 1

a) «x>1, p< = — 1

b) « &1, 3 =0 .

Then there exists X, € <0,1? such that
£fixg) = g(x))=x .
In this note, the previous theorem will be proved for

x + 1
« >1, {3-;—7— .

Preliminary lemmas.

Lemma 1. Let £ be the real-valued lipschitz mapping
on an interval I c E, with a constant « = 0 ., If the-
re exist two points x,,4, € I, X, < 4, such that

12(x,) -~ £f(q)| = ¢ lx, ~4,| then £ is a linear func-

tion on <%, 24 > .,
Lemma 2. Let £, g be the real-valued functions de-

fined on the interval I with valuea in I , Let a e
X ~-a
Vg

e (~oc0,00), & €(0,00). Denote »*w = Tx for

x €] and set
£* = To£e T ,g*=TogeT' on 1*= T(I) .

The following assertions hold:
(1) $(x) > x ife £P(x™) > x*

(I11) £(x) > g (x)  ire £*(x*) > g* (x™) ,

(111) £ 0o g = gof onl iff £%¥0 g* = g* o #* on 1*,
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£(x)-£(y) £® (x*) = £7 (™)
V) - .
(1 .- T —— for x + o

(Proofs are obvious.)

Main theorem.

Theorem. Let £, q be two commuting mappings of any

compact interval I into itself. Suppose that £ and 9
are lipschitz functions with the constants o« and R,
respectively, on 1 .-

x +1
Let &« > 1, f = =1

Then there exists x, € 1 such that
X, = i(.xo) = g,(ato) F

Proof. I. (This part of the proof and the next one are
the same as a part of the proof from [1].) Suppose fz2x
and let £, g have not a common fixed point in.I . Let
N?. 1x6 19¢g(x)= x1 and N, = {x 6 L;£(x)=x3.

It is obvious that _M9 /0, _N# % J . Using the
commutativity property of functions, we have l(N’) c N9_
and ¢ (N,) c N, .
Denote a = <imf N’_ , &r= ““’f"-"" Then @ < & and sin-
ce No is closed, a, & e NS' . This fact implies £(a)>a
and £ (&) < & ,

Denote
uanw{chs_',f(x)>x3 ’
X, minf {x eNgjx>x, #(x)<x}.
Then x,, X, c'N? and
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(1) (XgyXq) 'NS' =4 .

Evidently

(2) £(.x°)>x°, f(x4)< X,
According to (1) we can suppose that

o (x)>x for xe(x,, X)) .

Since £(x,) € Ng - (X,, x,), £(X,) & Ny = (X, %)
we have

(3) £(x,) & x,, £(x) 2 x,

(1,),(2) and (3) imply that the set

M=ixelx,, ), £(x)=x1 is not empty and

denote 4 = Aufr M . Then X, < b < X, and £(A) = A .
Let g(»)=t. Then t e N, t >»

and t > X, .
II. The next relations are valid:

1

t-x,=g(»r)-g(x,) & Blr=-X,) ,

/b—.xoé»—f(x4)=£(b)-£(.x,,)éw(x,-/w ;

o«
/b-xon_—-+—4-_(x1-xa) .
t-x, & £(¢) -£(x,) € x(t-x) ,

oC
w7 (X -X%) & t-x,,
= m—(.x,,—xo)ét—.xc .

The last inequality implies

t - %, =qn) - q(ao)- Br-x,),
A= Xo= £(p) - £(x) = (X~ p) ,
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tox,m £(H)-2(x) m & (t=x ),

=

<
T (X=X )+ %, t = (x,=%,) + %, ,

t-X =2¢()-qg(x) = (x, - »).

o =1

Hence, using Lemma 1, we have:

(4) g (x) = Blx=%) + x, for x € {X,, A> ,
(5) Fx)= Blx, =x) + x, for x e <{n ,x,) ,
(6) £(xX) = x(h=-X) + A for xe</s,u,,>,
(M £&) = (x=-x) + %, for x e {x,,t> .

III. We can suppose (without loss of generality) -
see Lemma 2) that 4 = — o and x4-13 .

Then X, = - op"/& , t = %« and

(8) g(x) = [3(&4-0;’(3)-0&"/3 for x € <_&z{3’_‘)’

(9) gx)=pB(p-x)+7 for x e<-x, )

b

10) £(X) = X (—t =%X)= for xe<-a,f3 > ,

1) £ = x(x - B)-a?B for xe<fp, o,
Using (8), we have g (-2« - (3) =0,

The next relations are valiad:
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f(g(-2-3)) = -x?3 ,

(12) ¢(#(-2ax-pBN-g(-x) = £(g(-2x~-B3))-g(-) =

-_“2/3_/31“' ’
lg (f(~2ex =3)) =g (~)&Plf(-2a~B)+ x| .
Using f(-x) = - & |, we obtain
(13) 1£(-2x ~3) =£f(~x)| 2 «f3 + x* ,
But
(14) 1£(-2x-B)-£(-x)) &2 xlox+ 3] .

From (13) and (14) we obtain:
£ is a linear function on <-2« -@3,~oa ) and
1f(x)~£(-x) |l = x IX + x| .

After a simple calculation we obtain that v£ (-2 -f3) =
- - a’."p is not possible. Thus -

£(x) = (-t -%X)~ o for x€ {-2a-f3,-x > and
«m{

f-2«-fB)w P+ xfB~x

According to (12) we have
(16) af+ ple = -(g(x?+xfBf-ax)=gl-a) ,

and t

Qamn lglet+aft-x)-gl-x) & Bla?+ xp]) .



Hence, using Lemma 1, it is
(18) g (x) = p(-a-.x)-o-{s’bc for x€{~x,x?+aff - .
Similarly as in (15),(18), we obtain

(19) g(x) = -pB(x=-B)+f3 tor xe< 3,28 +x > ,
(20) $(xX)= < (B-x)-a?B for xe<-B*-ap+pa,p>.

IV. In the previous parts of this proof we proved un-
der assumption £ and g have not a common fixed point
that the relations (8) - (20) are valid. In the next step
we show that it is not possible.

Suppose, for example (3 > 3 .

Then f-xp-p?< -x2p and

(20)implies £(-x2@) = «’B+x3 - x2/3 ,

(19) implies g (23 + &) < - 23 ,

e(x®B+xf - «2p) = glf(~-x2B) =
=1(g(-?BN = *B + xff - a?f3
and thus

praf <(gla’®frxpf-alf)-g23+«x)) =

=pledfrap-a?p-28-xl ,
x(ax=-4) < lx?2=-21.

The last inequality is not true for 3 > 3 .
Suppose 2 &£ x £3, 243 & 3 , The relations (11)
and (18) imply

f(xtrafB-ax)m a?-axt-x3 ,
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9 la®~ -« m -+ Qp’ec + fa?- pad
Thus
f-aiP)=f(g (et af-aNmglf(c?+af-)a

- -fx + 2% + Bt - p’ ,
(21) 1£C-?P)-£(B-xPB-p) = Bec(a?+4 - =)
(22) 1£(-P)-£(B-axP-p)l % xla’B-axB+B -] .
From (11),(22) and Lemma 1 we have

o3y ECO T w (ke ap +p-p) + P

tor xe&<-x?B, p-ap-p?>
and similarly

glx) = A(x-ax?-xp +x) - 3
(24)

tor x€ <x?+xf~-a, > ,

It is easy to show that under assumption that the
relations (8),(9),(10),(11),(15),(18),(19),(20),(23),(24)
are valid, £, ¢ are not commuting.

The proof is completed.

Remarks: P. Huneke in [2] proved that in the case

x =3 >34+ G the problem about common fixed
point for the commuting and lipschitz functions has no
solution in general.

I wish to thank S. Fudfik for calling my attention to
this problem and for his help with the solution.
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