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Let A be an irrational number and let (&,;4,,&,...)
its (simple) continued fraction expansion. A number A’ =
- (lr;; ab;",#;,...) will be called equivalent to B (nota-
tion A~ A and B' £ B otherwise) if there exists
integral numbers % and m, such that Y, = &} .. for
all natural numbers m > m, . We shall use a standard no-
tation for the period of a continued fraction; e.g.
(4;4,2)=(4;4,2,4,2,...) = V3 . For realt = 4
let

¥,(t) = 1‘%‘ leB~-nl .
l< g%t
It is well known that 0 < ¢ ¥, (t) < 41 for everyt = 1.
Let

= A (t) .
wB) = lim pup b, (¢

We have, of course, w ()= @ ((3’) whenever 3 ~ 3 .,

We can easily see that w () can be also equivalently

defined by means of the following property:

I. For each ¢ >0 there exists a sequence of positi-
+ @ . 3 )

ve real numbers £ ti—}éno with »}%@t? = 4+ 00 8uch

that

1) the system of inequalities

e p—— - - o e - -
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16 x & (@@ +elt s Ixpgl< —

has for each real t > t, at least one solution in
integral numbers X, ,

2) none of the systems of inequalities

1 x & (@w(pr-glt; ,up-@utié  4=1,2,3,...

has any solutions in integral numbers x, a4 .
Equally easily we can see that the value w(pB) can
be fully characterized by the following, seemingly diffe-
rent property:
II. For each ¢ > 0 there exists a sequence of natu-
ral numbers { "'5’;:’0 _with é%"é- + co such that
1) the system of inequalities 4
léx&(wiPl+e)r, lxp-gl< +
has for each natural number A > x, at least one solu-
tion in integral numbers x, 4 ,
2) none of the systems of inequalities
16 xé(@Pr-eln ; Ixp-gl< -:-' , G=4,2,3,..
has any solutions in integral numbers X, a -

Possible values of w ((3) were studied already in a

series of papers. It is useful to express the results in

«(B)
terms of RD = m ( Rﬂs 4+ 00 when w(f3)=

= 4 ). Here (see e.g.[2],[5])

Ro = ﬂw (%’%-4’";"’;)'(&443 ‘b'h...g.o'")'

4 1
G. Szekeres [6] proved that w(B3) 2 -2--0- W for

all irrationals (3 (in his work another formulation was
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used).

Let oy = 1 for all 4 = 4, S. Morimoto [5] has shown

that

1) for B~ ox, = (1) or B oc,=(25¢,¢,.,¢, )
for some m 2= 1 wehave]{p<2+b’§,
2) 2+ M?' is the smallest accumulation point of the

set WM = %J{Rni .

3) there are only countably many B with Rn < 2 +/§,
J. Lesca [4] has shown that the condition 3 ~ &,
for some m = 0 is also necessary for the inequality
Ro < 2+ Y5 . The authors [2] also proved some theo-
rems which characterize the set 291 , We could, of cour-
se, reformulate each of these results in terms of diophan-
tine approximations according to I. and II. The object of
this paper is to prove two theorems concerning the solva-

bility of the system

1&xa@(@r,lxp-yl<i

in certain particular cases.
From what was said above it follows that the system

of inequalities (@ (B3) = 1%’—{ Gy 1,,- 2+vV5)

1) 1bx& 4:'@-/;,1;/5-,,,1‘%

has a solution in integral numbers x ) 4 for all suf-
ficiently large natural numbers x , whenever there ex-
ists an integral number m Z 0 such that 3 ~ o, . A
natural question arises, namely, if there is a_lso some

B*ex, (m=0,4,2...) with this property.
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The answer is as follows.

Theorem ). There exist uncountably many numbers /3

(thus, also transcendental) such that for every natural
number % > 4

the syatem of inequalities (1) has at
least one solution in integral numbers x, 4 -

Proof. 1. We shall seek /3

in the form
A= (b5 by, Ay, ee. )= (25¢ ‘z'“"‘"m,-4 s
(2)
2,e,C5,0000 Camy-1 2,c,c
where

yisy Cope gt 25 Cppeeeds
2 2ng-q

( ’ { l L
3) 4= m, < m.2< m,3<... and c.,_s 1 for 2 4
Hence, we have 2 = 4 = l.qu- b;‘a-... , where

o

. &1 3 i
5-7:1/'»’_ (ke ),and &y = 1 otherwise. For
each integral number m 2 0

we denote by e
Ln
= (&, ;s 4, 4,.., &, ), where (fp,,9,)=1 and
Qn =1 the m-th convergent of 3 . For m = 4
we put %, = (A, ; &, . ,...) . It is well known that
Pom + P _
then 3 = Xineq Tom m=d for m = 1
Xmeg Am + Xm-y

and hence,

1
12 B =ty | =

for m = 4 .1t fol-
xﬂlv"'l q‘ﬂb*’ gﬂl-‘f
lows that for m = 4

the numbers x = Qn+ % = 1y
are a solution of the system (1) for

(4) (6“4)Qn"”<zu+4‘1m+ﬁm-4 C

2. Now, we show that (VE—-'I')Q“H <

Zpe1 A+ -4
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for m 24 and m *N~—4(LZ4).‘NehaVe,

namely, Qu. ™ Qm + Qu-4 end A4, , = 4 for

such m and hence

?

(V?—")Q,n,...,,“ zﬂ#‘fq'”lf—q’""'q =

- (VE"f)Qmu-q' ‘m+4 Lo = Lmas ¥ Qm =

= (VF=-2)Qmus= Xy =11 Qp =

1 Q-ou-»t
= Qﬂvczﬂﬁ"”(ﬁ'Z)(xM,-'f T—)’
= g Zmpg =D (E = 2)(my,, 2251 “““ -VF-2) .

Ln
It suffices to show that
gnw’
Tnps g = B3 Ly eois ) Uy s M) < 2 4+ V5

This is clear for 4, ., = 41, Thus, let Yo

m.sNz—Z for some £ = 2 ., We have then

-2,19

L4

zﬂH-Q. Qm = (‘6;4‘.4 ’ b&.g ] ‘e,‘; )(‘b;&; %‘w, geee ) <
<85 By b s By By i By, )

£ (cy5 Cpyerny Comp-1 2)(25¢,,¢5,0, Comg-1 1,1) =

@, Q. e, =2
2my + 1 2my+d 2mg+
L mer T M ) S
az”'zﬁ RQamy+a Qomg 2
-+
<2 42 +1 = 245

where a,o=a, =1, Qo"+2g q,’.+4+a,.,_ for 3 =0
(Fibonacci numbers).

3. In order to finish the proof of Theorem 1, it
remains for us to show that there are (uncountably many)
sequences 1 = mg < m, <my< ... such that be-
tween the numbers (Vf-ﬁg"‘ ) BNy UNgo1¥ Gz (R Z 1)
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does not lie any natural number. We can easily see that
the initial choice m = 1 was good. For, we have
N1-2 and thus gz -3,g1-Q0-4 and
z, > 2 , from which follows (\/?'_4)Qz < 4 and
Ry %4t % = 3.
Let us suppose now that we have already suitably
chosen numbers m, , m,,..., m, (o 2 1) and we show

»
ly many ways). Firstly, we shall considér the difference

that also m 4 can be suitably chosen (in infinite-

(V% - 4);,,"4- B g © B . Using again the

rq loea= 2

notation a.’:‘ for Fibonacci numbers, we can easily ve-

rify that

+1 QN,, * “’zw”,, N1 ’

= Q
q’”a-m 2, »

¢ 22
= Q, + Q, = -
C Y 2m,, -4 N, am,, ~2 ‘lq, 1

(5) Un 2=y " 2‘3»'4»4-4 = Q-2 W a3 -1

9 Do 49

25-1 -24+44 .
afzév/?-cr.a’-rauo‘ (z =20) ,

24+2 -24-2 .,
02"1V-5-- xo -“a (;20) 9

1+V5

where o, = (1) = 2 .

By means of (5), we can write:

(- 4)g~ - 2,
o1

Aed

q’"&u“ - q"ﬁu”' = Cﬁ-2>g’4"4 -

~ 21 >e
Coy B, 0 = %% g e -, gy +

- 556 -



LW L -am

2 -1
+ (“o + o, D44 >g~g"'J-

4

. 1 .2
241, ar.,%”)g," + (o, By o 21
n

1 1
- or,," 14 [(e, N1 l-

-1

1 -1 -5, =AMy,
- (et - o5, ) (Ru,= % Qyon) = (2, ~ =100y -
1 1 -5y -2m,
< 7 (g -a’) «, atia (g,,,‘- % Ln-1)
since z"ow > &, + 1.
Hence, we have the following result:

-2my .,

6) (VE-4)qy -2y _, W,,,~2 < Co %5 ’

A+q 22

where the positive constant

1 - -
Cb = W (“'04- d‘ ‘)(QN.- “‘0 Q~._4 )

depends only on Mgy My yoee, My .

4. Now, we shall consider the expression

(V?—-Hg,,”‘ = UNpps ™ INays-2

Again, by means of the formula (5), we can write:

(V-s-—A)iub*‘- 2“ et gN

(5-2) - g =
ot 4+4"2- i'fuq Ly 2

b4+q

. m +2 - <2 2 1 2 =1,
= a.:V_;_—[(do BRI ,%M )Qp‘."' (“'o%“"'xo e )QN.-‘IJ-

1 my,, 1 ~Am, 44
o A o A+
|7g [ ( (] t 0 )

1 -5y =am, -2
- -VT(«:O-I- o Ve, ot (qw‘— «, ‘in,‘-q)'- C:oco N

wm, ~2 -am +2
o, * (%, *+ -, et )g,,‘_1 l=

1
where the positive constant C:- E (¢,+xf)(g~a- «, 2,‘_1’
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depends only on the numbers m, , m,,..; My -
5. As to My oy we may choose any natural number

satisfying the conditions m,

s 1 > m, and

-2 .
CC+ c:)“'o i 4 or, since C,,-O-C:BQN‘- ,Q%_q ’

the inequalities

»
(7 m >m, ., m .
» »? T heA
+1 2 o9 x,
Any such chosen L will be suitable in the sense

that no natural number fe¢ will satisfy

V5 - 4)9'"n+4< Ak < PNypg INppg=1 T RNy, -2

This follows from (6), from an equality derived in Part
4 of this proof and from the condition (7). Since this
construction can be indefinitely continued, Theorem 1 is
proved.

Remark. It is almost trivial that not all irration-

B+d
4

al numbers (B with ‘«.({5) = have the pro-

perty pointed out in Theorem 1. This follows immediately

from the relatidn

(5 - pes™ Zpes In~L4™ (ﬁ'z)gnﬁ (= L) n"

=202y = by Yo (22 2, - VB -2
mn

We can take 3 of the form (2), 5MM" = + oo

2400 7 g DUt

not monotonically. By suitable "decreases" in the sequen-

ce My, My, My,y.on we can arrange that between
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(V§F - 1) 2 meq and Zy ., Qm + Qmoy there will

be for infinitely many m. a natural number.

Remark. From a related result of B. Divi¥ ([1], Theo-

rem 2) it follows that there does not exist any irratio-

nal number 3 with Kﬂ =2+ V5§ such that the sys-
tem of inequalities
1+ V8 1
4éxé-—T—t; |X/3—fy_|< —*-

has for each real t = z-er.? - V?— 1 a solution in in-

tegral numbers X, o .

Theorem 2. If € ias a quadratic irrationality
then for all sufficiently large natural numbers s the

system of inequalities
® Méx b wl@n, Ix0-yl<+

has at least one solution in integral numbers x, 4 .

Proef. 1. We can write 6 = (d,;d,,d,,...) =

= (dy s cyyeiry Ay, €,,€5,0,€,), where m 2 4 and o 2 2 is

e&n even number. We introduce the following notation:

a’,' = ceﬂ', ez’lll’ cﬁ)’ a’ﬂ. = (cn’ ¢”nao, 'eﬁ, '€4 )’oao ?

An=(e,5¢,¢,,..,¢,,), = (e,;€,,¢n. 405 ¢)

e, =(e,5¢,¢,,2 )., ,=(e, ;e .., e).

Without loss of generality we may suppose that 3‘= .ﬂ,‘agﬂ_
and thus .ﬂ;ﬁ %, &0, forgimd .. pn-1. So-
metimes we shall use the symbel A, , where m > n.
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This will mean A, = A; , where m = i (mod f2) and
1 &4 & . Analogously are the symbols %e, , €,
with m > . to be understood. For m = 41 we denote

by % = (d,3d,,d,,..., dy, ), where (n,, 8m )= 1

and g, = 1, the m -th convergent ef the number © .

Then we have for m > m

1

Qn Amyqs + Qmaq

1an® —ny,l =

From this equality it fellews that fer those natural num-

bers x for which
1
Qn ?9—)' ER<QnAneqg * Umag s

the pair (x,4 ) = (Q,,f1,,) is a selutien of the sys-
tem (8). It suffices to shew that for sufficiently large
natural numbers N there exists no natural number £

which would satisfy the relatien

1
(9) U au.m + QN-g 6L < N+a «(e) °

2. For 4 24  we have

Cmez = €5 Amajeqa ¥ emajgea
From the periodicity of the sequence {ea. 3;‘_’: (@5 —
= s T even) it follows that there exist nonzero
constants A . (see equation (11)), A, , B, (0 & 4o £
€ f-1 ) euch that g, . . = Ay A"+ B, A™™
forall m 20 and 0 £ M & nn-1 ., Moreover, we

have
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Am X 2y Ay = 2¢, 2, ...08,, > 1,

A.'- %e, o¢, ... ”“AO y o= 1,2,..., -1,
[ B,
m () ——— =12, ,-1.

Bh a‘a ‘2'3"' %41 ’ 2% »

The proof of these facts is a purely technical mat-
ter and may be left to the reader.
Semetimes we shall use the symbol A" alse when 3. >
> fo -4, This will mean A?- = Ag A™°  where
d=myp+M,0£ S -1, In a sinilar sense are
the symbels 3’-' for 4 > p-41 te be understoed.

3. New consider m 2 2 and S = 0, Since A

is a quadratic irrationality and .7\.1 )y %y, A are ele-

ments of the same quadratic number field, there exist two

rational constants C1 , Cz such that A, e, =
C C
-7\1-4- ﬁ . Then we have
-—4— = 1+ z ) =
Qmimpedsr «(8) Amemnemsa A, 9%,

C

m -m 2

w (Agy A"+ By K™ 4+ 5L+ 28 ) =

= Qm-wn.p +h 42 + (‘:1 gm-un-»ﬂfu-hfz & Cn. Qm(n-m»hu"

-m-2, 42 2
Further, let us censider the expressien

Cmenp rieeq Xso Amsmpe™ Snempebeat
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1
ahwg

+ Lmampninss ™ Amimnetnsa *

-+

A (Agess A% Brss A7) = Smemnetesa +
R+d

4 A.&ﬁ m - a -m
+ ak"'. ( —'_“"2 A. me2 e A. b i
If we have 9.._” e b0 < 3.4 %, , then fer suffi-

ciently large m we have

1
Lninps e (1+ vl )< Lmempnaisq aMn. T8 memnpeie

1%
and the inequality (9), obviously, has ne selutien fer
N=m+mp+,+41 with sufficiently large m ., The-
refore, it suffices to censider the case, when
Mery Baga = Ay %, -

Then we have

Qm+ot»fl-+h+4 ﬂ'h-o-n + Gmemnese = gM&ﬂlﬂ-&k‘fﬂ. +

1 o
+ 2. ¢ Ahara A*- %u.zA' S Qmimpartesra
1 n
e C : Cg ~
"'AhmA'(__A'L"'Az)'BumA“ =

= Qmsmnitese’ C, Qmsa-nnsmez T Colmecn-arnstess =

- 2
m B, A A2 C A,
4. Since A > 4 , i.¢c A"™™— 0 ,it will be suf-

ficient te shew that the expressiens C, Ats 61A+ Cz and
Cz./\."'-l- C,A+ 4 have the same sign. We have, obvieusly,
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1

) =
N8y

N AR+ CA+4) > A A%+ C A -
=GN+ C N -C A-Cpm (A=A 4+ CA+C,) =

- A1) (b ) .

Ay %y
Thus, it suffices only to show that
(10) c, > !
2
Nyve,

For this purpose we shall need the fellowing result, the
preof of which is a purely technical matter and can be
left again to the reader. For each even number 4+ there

exist four polynemials P,R, G,, @ with nennegati-

]
ve integral coefficients in the variables Qyy Qgqove

xy) QQw such that
AN-(P+Q)A+4 =0,
A-G A-G
(11) A = - —
4 a, ’a:°4»4 a, °
C == ——
L 8, 8, (PG -1)2 ’

12) A>P>024,06,=241, 6, 21

foer any system of natural numbers a,, a,,..., Q

19
Then, the inequality (10) can be written as
6,0, -1 _ 5 !
T atepg-n? T TA-@)F ¢
a8,

or (G2-1Y(A-8)%2 < (PG -1)2 .,

The proof of the last inequality by means ef the
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relatiens (11), (12) dees net represent any difficulty

and can be left to the reader.
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