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AN EXAMPLE CONCERNING SET-FUNCTORS

Jan REITERMAN, Praha

In her paper [2], V. Trnkovéd studied set-functors
preserving limits of certain diagrams, leaving open the
problem of the existence of a big set-functor preserving
finite limits. The aim of this note is to construct a big
set-functor preserving finite limits and colimits up to
a given cardinal (see Definition 4). The existence of a
proper class of measurable cardinals is assumed (see De-
finition 2).

First we shall recall some well-known definitions:

Definition 1 . Let ¥ be an ultrafilter on a set A.
Let « be a cardinal. Then. ¥ is said to be o -com-
plete if for every collection { X, ; v € J ?  of sets

of F, cand J < oo implies hQ,xbe?.

Definition 2. A cardinal o« 1is said to be measur-
able if there exists an o -complete ultrafilter on o .
Convention 1. Throughout this note, the word func-
tor denotes a wovariant functor from the category of sets

into itself.

Definition 3. A functor F is said to be small if
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there exists a set A such that for every set X + 4
F(x)= U F(#)LF(A)] .
f:A X

A functor F is said to be big if it is not small.

Definition 4. Let D: 2 — S be a diagram ( §
is the category of sets). Let (X {W_  ;d e D°%1) be its
limit (or colimit resp.). Let F be a functor. We shall
say that F  preserves limit of D if (F(X), {F(T ) ;
d e D% 1) is a limit (or colimit resp.) of Fo 1.

We shall say that F  preserves limits (or colimite
resp.) up to a cardinal o« if it preserves limit of any
diagram D: ® — S8 such that cand D™ < o« . ( Q™
is the set of all morphisms of & .)

We shall say that F  preserves finite limits if it
preserves limits up to #, -

Convention 2. Let F, G be functora. Denote F c
c G if
(1) F(X) e G(X) ,

(2) x &€ F(X) =» F(f)(x) = G(f)(x)

holds for every X and every f: X — Y .
Definition 5. Let J be a directed class. Let a func-

tor F,  be given for every L e J. Assume

3) v «J =>F cF,

?

(4) "L‘JJE‘_(X) is a set for every set X .

Define a functar F by

F(X)',L,’; F_(X) for every set X ,

F(f)(x)= E_(£)(x) for every x ¢ F(X), f: X—> Y,
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«x e J is arbitrary with x e E (X).
(The correctness of the definition of F(+f) is gua-
ranted by (3).)

We shall call F the union of F:. L e J and

?

we shall write

Lemma 1. Let Fuv; L e J, F - U Fo be as in

Definition 5. If Fuv ; v € J preserve finite limits,
so does F .

Proof. I. It is well-known [1] that a functor preser-
ving equalisers and products of any two sets preserves all
finite limits.

II. F preserves equalisers. Really, if f,g: X —
—> Y are arbitrary, E={x; f(x)=g (x)}, 4: E— X

is the inclusion then
{x e F(X); P(#)(x) = F(g)(x)} = U {x; F (£ (x) =
[ 4 L

=F (g)x)} = U F (F)LF(E)] = FG)FLED.

III. F preservea products of any two sets: Let X,‘ .
Xz be sets, let T, : X, x xz — X, (i=A1, 2 ) be the
canonical projections. We have to prove that for every
x, e F(X), x, € F (X,) there is exactly one z e
e F(X x X,) with F(TM,)(2) =x, , £ =4,2.

The existence of z : Choose ¢ € J with x; €
e (X)), 1 =1,2; as F. preserves products, the-
re is exactly one 2z € F (X, x X,) with
FE(M)(2) = x,, 4=4,2 . As F c F, the last

equalities are equivalent to those which we had to prove.
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The unicity of z : Assume that F(T,)(z’) = x;,
4<=1,2 for some 2' € F(X x X,) . Choose L
with 2z, 2’ e F (X, x X, ) . Thus we have
FAM)(2') = x,, F(m)(z) = x,; which implies
2z = 2" .

Lemma 2. Let FL;LGJ,F-J:}J F be as in

Definition 5. If J 1is & linear ordered proper class and
if for any ¢ &€ J there is L’ € J such that ¢ < (’
and F # F, , then F is big.

Proof. Assume that F is small i.e. that there exists

a set A such that for every set X & /£
F(x) -':&J_*XP(G)[P(A)J .

As the ordering of J is linear, there is ot € J with
P(A)= F, (A) . Consequently,

F(X) = U FBELE (A)l c F (X)
for every X =# f . Choose B e J with F(f)=F, (@)
and put € = max {«, 33 . Thus, we have F(X) c
cEX)c R (X) e F(X) for v > € ; hence F, = F
for every L > & 'which is in contradiction with the as-
sumptions of the lemma.

Definition 6. Let FL; L & Chd be a system of
functors such that I ¢ F, for ¢ € COrd (1 is
the identical functor.) Define functora G , L & Gl

by the transfinite induction as follows:
(5) Go' 1’;, G‘.e F‘_ ° ,,E‘,Gn .

(Evidently, G{H B = form an increasing sequence
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and thus the definition of U G’,, is correct.) Let
p<L

us assume that

(6) for every set. X there is an ordinal « such that

B (G (X)) = G, (X) for every o > o .

Then G, , L @ Okd  satisfy the conditions (3),(4) from
Definition 5 and we can define a functor Supn F, by

wﬁ'-sgms" )

Remark 1. If F, € preserve finite limits, so does
FogG .,

Lemma 1°. Let F. , L € Oeel ,F= Supn F, be as in
Definition 6. If F_, L € Oxcl preserve finite limits,
8o does F .

Lemma 2°. Let F ,L e Oed , F e Supn F,  be as in
Definition 6. If for any L € Ohdl there is B > (
with Fﬂ # I, then F is big.

Proofs of the last two lemmas follow from the defini-
tion of Supn F, and from Lemma 1, Lemma 2, Remark 1.

Now, we recall the definition of a functor GA.'
where A is a set and ¥ a filter on A (see [2]): If
X is a set, then the elements of QA,'r (Xx) are equi-
valence-classes on the set of all f: A — X with res-
pect to the equivalence f~ ¢ = {x; f(x)=g(x)le &F.
For every £+ A — X define [(f] by felfle QA'?(X).
If §: X — Y 1is an arbitrary mapping then QA,}‘ ) lg1)=
=(fogl.For every X, x € X define X: A— X by
R(a) = x for everya € A and put @."(«)sEQJ.Evi—
dently, w is a monotransformation from 1 to @ :

A, F
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Hence there is a functor &A 7 and an isotransforma-
~ ?
3 . X x
tion e: @y —> @, ; such that g'e @™ (x)= X
for every set X and x € X . Thus, I ¢ 5", .

Remark 2. [2] 64 e preserves finite limits.
)

Remark 3. (a) If % is a filteron A and X a

set, then

card B, o (X) & (card X)*4

(b) If 3 is an o -complete ultrafilter and if X
is a set with canadl X < oo  then GA,(X)ax.
’

Proof of(a) is easy, (b) follows from the well-known
fact that every function f: A — X is (under our as-
sumptions on X and & ) constant on a set of the filter
F.

Theorem. For every cardinal o there exists a func-
tor preserving finite limits and colimits up to e .

Proof. Let f{m  ; L & Ord }  be a class of mea-

surable cardinals such that m, > o and m, < rm.,a..

whenever B < 7 .

For every ( € Ol choose a m -complete ultra-
filter J  on (m.b . Put F = am”,‘.' and define G
a8 in Definition 6.

Let X be a set with card X < m for some
L € Ord , As each measurable cardinal is unaccessible,
we can easily prove by the transfinite induction that

carcl G,, (X)< m for @ £ ( .In particu-

vC+1

lar, cand G (X)< m .
3(b)) that F, (6 )(X)) = G (X) for B > ( ,

which implies (see Remark
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Hence we can define T = Supn F, .

F is big by Lemma 2° and it preserves finite li-
mits by Remark 2 and Lemma 1° .

As & are o -complete ultrafilters, F_ defined

L
above preserve coproducts up to oc (see [2]). It may be
easily proved that F= Swuppn F_ also does.

There was proved in [2] that a functor preserving co-
products up to « , oL > so , preserves coequalisers and

thus preserves colimits up to o .
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