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ASYMPTOTIC DISTRIBUTION OF RANK STATISTICS USED FOR
MULTIVARIATE TESTING SYMMETRY

(Preliminary communication)

Marie HUSKOVA, Praha

This preliminary communication contains assertions
on asymptotic distributions of statistics used for the
nonparametric multivariate testing symmetry. The results
are proved under the hypothesis of symmetry, a near alter-
native and a general alternative. The proofs are based on
the corresponding theorems for univariate case and the
theorem on convergence in distribution for vectors (see .
Theorem V.2.1 in [5]).

Let 1; = (X, X, )

217°°°? Tgn H
pendent o -dimensional random variables and let R;}

1€ 4 &€ N , be inde-

be the rank of |xﬁ: in the sequence of absolute va-

lues 1X,.1,..., |x~4| . Put

1
9, = (540 2000r Spe V',
N

s; =4_24c.é4a.~%(12;4)b94;1~-, 1€ < & p

with c;; Dbeing regression constants, a,'u (#) scores

7
and
1i¢ xa0 ,
bgm«.x = -{
1if x<O0 .
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By Z we denote the conditional matrix of $

fre c
ven 10 L gL e N, 144 2p
given | 44 mxé" ’ =7 = » = ’
under (1) given below and by Z;_c the generalized in-

verse of £ (see [41).

ne

We are interested in an investigation of the asympto-
ti.c distribution of the statistics

' -
&, = S, E,. 8

under various systems of conditions.
The problem was solved for example in the papers of Puri
and Sen [3], Patel [2] and Adichie [1]. The attention has
been devoted to the case Cji = 1 or x3'4= xﬂ: v = xéﬁ.

At first let us consider the following system of con-
ditions for the distribution of X ,..., XN

a) X XN

PR are independent;
B) Pz =R vk, 124, R £ 0
¢) F(x)=4-FGx), 1£4 £n;
(1) d) F; are continuous;
e) Plsgm X = ;,..., sgn Xop = vp) =
=Plwgw X;y = -, ..., sgm X0, = =ite, ¥ 4
1€ 4 £ N,

where Fi o and F; , 1€ J &N, 1 &4 & 1,
are the distribution functions of (Xéi 5 Xé& )

and X’.‘.‘ , respectively.
These conditions are fulfilled when X , .., X, satis-
fy the multivariate hypothesis of symmetry (definition see

[3D.
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Let us denote by Dc = (d,u.) the diagonal

= Ayeey v
matrix with

N 4
o= (G G 4 9fcwrdur™™

Further we shall suppose the covariance matrix =° of
Sc under (1) satiafies:

If {Dc,, =C» Dc,, ’};"_4 has a limit £ for (4)

(2)

given below with c¢.. = ¢;

Sl i » then £ is regu-

lar.
On the asymptotic distribution of @&, under (1) we
can state:

Theorem 1. Let (1),(2) and
() fCay, A+ LuND - g w)iPdu — 0, 14 i & 1,

where @. is squared integrable and [wN1J] is the lar-

gest integer not exceeding N . Then the statistics Qc

are for
2
max C4.
(4) 1N —— —— ), 1 4i £ p ,
= ci.
=1 3%

asymptotically zz -distributed with .2 -degrees of free-

dom.
Now we turn to another case. Under (6) given below the

following conditions ensure that . 14 gree ey X "nearly"

N
satiasfy the hypothesis of symmetry:

a) X“_,,, XN are independent;

b) X’.‘.' has a density £, (x, 6;;) where
(5) 95‘-' is an unknown parameter;

) f, (x, @) is absolutely continuous at
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© for almost all x, 1 £ 4+ £ p

£ (x,00% (£, (x, 0%
a)  Sum — ) o f T = 3
Ao d %, 00 25 fﬁ;(x,m du= I(%),
, ot (x, 8)
where F{(.x,e)— ;G , £ 4 £ p
. 4 .
e) G%E(ﬁ(x,e)—ﬁ(x,o))z £, (x,0) for

almost all x ,

£f) f; (x, 0) are symmetric about 0, 1€ 4 £ p;

g E, (x,n, 99-4 91._,‘_) is continuous at. € =

'9;'&.’0 forall x, 4, 1 & 4, h £ pn,

with f:th (x, 4, 9,1.' 93:*‘) being the distri-
bution function of(x‘-‘.' ;

x,‘k) respectively.
Under (5) it can be stated about &, ( F; (x, 6;;)
denotes the distribution function of X}»; )s
Theorem 2. Let (5), (3) with ®: 164 £ n being
squared integrable, (2) with Z‘,_ being the covariance
matrix of Sc» under (1) with 9?-1-‘ =0, 1£ < & p ,

1% 4 € N, and

2 N 2 2 .
(6)“““8“._-; 0 555 TAH) & 87, 0<f'<+,1&i % p,

hold. Then for (4) it holda.

/,‘g.pchac < Xx) = G (X5 mpe &g wy ) —> 0,
where the components of wo = (@ ;... ©ocn Y are
given by

N
o0s =355 &1 .S ogmx g (F, (Ix1,0)-F, 11,00 4; (x,0)dx
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and where un (x, d) is the distribution function of
noncentral {2 -distribution with s, degrees of freedom
and noncentrality parameter d" .

At the end the case of a general alternative will be
considered. We shall suppose that X,..., X, satisfy
only the following:

a) X,,..., Xy _ are independent;

(7)
b) the distribution function of X’-_‘: is conti-

nuous.
o (]
Let us denote by &_ or B, = (G o )iy he m Ageeny 4o
the covariance matrix under (7) or the expectation of gﬁ-c
under (7) respectively. Here we shall need also the follo-

wing notation
o [
Do = (g Vismm s

o ((4is if g, satisfies (12), < = 4 ,

dl, = 4 van’ S; ) if g, satisfies (13) but not (12),

0 if 1+ R,

where w~ax® denotes wax  under (7).
Further we shall auppase that !: satisfies:

I1f there exists a matrix ¥ = (G{b )«L,Ic..d,.,.,ﬂ-

with the property, for every € > 0 and n >

> 0 there exist an N“'L and d; > 0 such

that the conditions

163 &N

N > Ney o war 3,0 >Ny max c"',«, if @,
(9) satisfies (13) but not (12)

(8)
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0 -1 2 2 .
L sic = d; 144 & N O’"y' if ?1,
satisfies (12)
entail
-] [ o
ldi; des Che ~ Cn!< ®
then & is regular.
‘The condition (7) is weaker than (1) and (5). On the other

side we restrict ourselves to scores of the form either

(10) @y, (F)=Equy), 165 &N, 1£4i £p

2

or
: < ; .
(11) wNi(g-)sqi(m),4é3éN,464,£4z-,

with u,;':’ denoting the < -th order statistics in a
sample of size N from the uniform distribution on

and with ?; defined on (0,1 ) that either

(12) has a bounded second derivative on (0,1)
or
(13) has a forn ¢, =@, = @,, , where @, . is

nondecreasing square iqtegrable and absolutely continuous
inside (0, 1) .

Theorem 3. Let (7) and (8) be satisfied, let the sco-
res be given by (10) or (11) and Gz 16 i £ pn, defi-
ned on (0, 1) , satisfy the condition (12) or (13). Then
for every ¢ > 0 and 7 > 0 there exist an Ney and
& d > 0 such that (9) entails

»;opi?(d‘;‘x)-l’(ll; :,;Uq<.x)l < € ,

where U, = (u“,_, ey uM )’ has the normal distribu-
tion (ES,, £)).
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