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ON THE CATEGORY OF FILTERS

Véclav KOUBEK, Jan REITERMAN, Praha

In the present note the category of filters is
studied. Denote by F, the category, the objects pf
which are ordered pairs [ A §] , where A is a set
and % & filter on A . The morphiems from [ A, ¥]
to [B, 9.] are all mappings o€: A— B with
«'(G)e § for every G € G . Denote by F the

category which we obtained from F,

> by identifica-

tions of those mappings <, o’ which are equal on a set
Fe . Exact definition c.f. below. The note has four
parts. The first contains the basic conventions and e-
xact definition of the category ’F-o. The second part
contains the characterization of epimorphism and mono-
morphisms in F , In the third part the concretizabili-
ty of the category F is proved. The fourth part con-
tains some examples of categories the concretizability
of which follows immediately from the concretizability

of the category F.

1. Conventions from the set theory

If A,B are sets, f a mapping f: A — B,
and C o subset of A then £/C denotes the res-

triction of ¢ to the domain C .

- 19 -



If A,B are sets and &, is given for everya ¢ A ,
then the set of all £ @ € A is denoted by

{45‘;; a € A} ; the mapping @ —» 4 is denoted by
{flaeAl.

Conventions from the category theory. If K is
a category, then lK‘r denotes the class of all its

objects and K™  the class of all its morphisms. If
o, e K? then K (a, &) denotes the set of all
morphisms from @ into &, If

a, X, ce K7, feKla,#) geKb,c),
then the ccmposition of + and g- is denoted by
gof.

We recall the following definition: A category
K is said to be concretizable if and only if there*
exists an isofunctor from K into 5, where $ is
the category of all sets and their mappings. It is well
known that a category K is concretizable if and only
if there exists a faithful functor from K into %.

Definition cf the category F . Let C be the
class f all ordered peirs [A, ¥ 1 , where A is a
set and § is a filter on A . A triple <%, (%, x >
will be called a morphism from [A, F] into [B ,G ]
if and only if ot is @ mapping, « : A — B such that

Ge G = xt(ere s .

We define composition of two morphisms as follows:

G, ®, B3 <F,G,a>=(F K, Box) .
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Denote by [, the category such that Fo‘r = C ana
IF:W is the class of all morphisms described above
with the composition defined above. We define an equi-

valence on [ as follows:

<%,G,6>~4% .G, x = F=5)&
%(Gg=G,) & (IFe F) (e, /F=ex,/F) .

It is easy to see that ~~ is a congruence on F;'""
and consequently it defines a factorcategory F , morph-
isms of which are equivalence-classes of morphisms of
F° with respect to ~ , We shall denote the morph-
isms of the category F vy £, 4,4 ... .

We shall write ot € f , whenever (¥, g, x> € f
and we shall say that the mapping o designates the

morphism f .

2.

Lemma 1: A morphiem fe& F ([A, F] [B,G])is an
epimorphism if and only if the following holds:
(1) (Vee$)(VFe F)(x(Fle G ) .

Remark: The condition (1) is equivalent to

the condition (1°):
1) (Bacef')(VFef)(aC(F)eg.) .

Proof of the remark is evident.

Proof of Lemma 1: Let us assume that the condi-

tion holds and f is not an epimorphism, i.e.

(3LC,%le F")(3 ¥, heF([B,G1,[C,21)(g+h,gf=hot).
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The last equality implies
(Ve ef)(VBeg VY eh)IAFe F)(Bock/F=e/F).
It means that 3/« (F) = ¥/ (F), consequently h=
= @  which is a contradiction.

Let us assume that the condition (1) does not
hold. Then there exists F & & such that o« (F) ¢
€ G . On the other hand the set B ~ o (F) is not
a member of g, because (a&'4(B—oc(F)))n F=0.

Denote:

G, =4Gna(F); Gegl,

Q«l- {6A(B-x(F); Ge G} .
It is easy to see that gﬁ (or G, ) is a filter on
a set  (F) (or 3~ (F) respectively). Let C =

= C1 v Cz v C,’ , where C; are disjoint sets
such that
cand C, = card & (F),

cand C, = caxd C; = caxd (B - o (F)
Letaw:a (F)=> C, , T :(B-x (FN>C, T : (B-x(F)>C,

be arbitrary bijective mappings.

Define the filter & on the set ( as follows:
(Xed®)=(0"(XnClegam'(xnc)e
€ G, & (XA Ceg,) -
The mappings €, Nk B — C defined by
£/ (F)= e/ (Fl=w, €/(B-a(F)=T, w/(B-a(F):T],

designate the morphisms g, b such that 9+ h,
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9, o ‘f = Mo 'f .
Consequently, f is not an epimorphism.
Lemms 2: A morphism fe F([LA,%]1,[(B,G]1) isa

monomorphism if and only if the following holds:

(2) (Ve £)(FFe FUVx,yeF)(xFp=> a(X)* k(7)) .

Remark: The condition (2) is equivalent to the

condition (2°):

2 ) (Aacef)(TFe FUVYX,ye FIx+y Dalx)Faly)).

Proof of the remark is evident.

Proof of lemma 2: Clearly, if (2) is satisfied
then ¥ is a monomorphism. Let us assume that the con-

dition (2) does not hold, i.e.

(3 ef)VFe f)(HaF,IJ;eF){aF-b?;.&da.F):a(b;) -
Put C={Ea,,_.,l’;l ; Fe F7. Let & be a filter on
the set ( a base of which is the set of all
{la_,8]; Fc Gi,where G € F .

The mappings € , w :C—> A defined by

€(la, , b N=a,., «la , b.1)= 6

designate the morphisms @ 4 of [C,¥# ] into
LA, #1 such that

9 + h > fo g = fo
Consequently, the morphism 4 is not a monomorphism.
Definition: Denote by % the full subcategory

of [F  the objects of which are all [A, F ] where ¥

is an ultrafilter.
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Convention: Let T de the class of all cardi-
nal numbers. For every t € T choose a set Xt
with card Xt = t . The sets Xf will be fixed in
the sequel.

Definition: For every object [A ,Fle F% put

r;m'/g ecard F =LA, FIN . The number 1L A, FJI
€

will be called essential cardinality of the filter ¥ .
Lemma 3: There exists a skeleton U of U
with the following property: if [A 3] € m;” then

A = Xlu,m

Proof is evident.

Lemma 4: The category 9 is concretizable.

Proof: It is sufficient to prove that U, is
concretizable.

1) First we prove thst:

[X,,91,0X,,61e U, t <su=>ULX,,F1[X, ,G1=F.

Assume that there exist fe %1CCX*,?J, [Xe,63) -
Ifowef,Fe F, then x(F)e G . For, G is an ul-
trafilter and 0(1-1()(“-@(’:)) n F =0 . Thus,
coarol w (F) = wu  while card F = t < 4 . That
is a contradiction.

2) Consequently,

U "u,,(a,,lr) =

veul 'u" (a,&) .

b‘;%:,llblé Nal

The right side hand is evidently a set, which implies

that '2&1 is concretizable because we can use the
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Mac-Lane ‘s representation for the category %1* dual

to"u.

1

Definition: Let [K  be arbitrary category.
Define the category H'< as follows. The object of
the category HK are all sets of objects of the ca-
tegory K . Let @, 4 be the objects of the cate-
gory W . Morphisms from @ to 4 are exactly all

collections {f, |lm €a} where £ ¢ Km,N, ),

Nme A . We define the composition:

{g, Im e £} -{fmlmea’3={9«~m°ﬁn|me af .

Remark: It is evident that H'< is a category.

Lemma 5: If the category [K is concretizable
then the category H‘K is concretizable.

Proof is evident.

Theorem: The category |F is concretizable.

Proof: 1) The category H% is concretizable.
2) Now we shall construct a functor ¥ : F—» H% .
For every [A #Fle¢ F? define ¥ [A, ] as the
set of all [A %], where % is an ultrafilter on

A and Fc H (ie. FeF=>Fe 2 ). 1t

feF(LA FI1LBGI),xef, [A 2]c¥[A F],

then the set {&x (H); He &} is a base of an ultra-
filter on B  which will be called +(3f) .(The ul-
trafilter £ (9€) does not depend on a choice of ot €
€ ¥ .) Define:

Y$) = {fu,“] ITA,3]e Y[A,F1}

’

- 25 -



where f“’“]e%(fA,%J,[B,'F(OC)]) such that

&« € ﬂ:A,uJ whenever of is a mappingoat: A= B
with oc € f .

3) Now we prove that ¥ is an isofunctor from [F
into H‘u . The mapping 'Q'/Fr is one-to-one becau-

F=N

LA, 216 W (A,F]

for each filter % on A . We shall prove that for
- :

each o, e F", a=[A,FlL =BGl Y, 4)is

one-to-one. Let #, 9 be two morphisms from Q@ to Ir,

# # g. Choose ooe{-',ﬁeq, and set
C=4xeAj; w(x)+ B(x)}i.

Since f + g, Cn F ¥ £ holds for each F e %,
Consequently, {C A F; Fe '} is a base of a filter O
on A, Let 2 Dbe an ultrafilter on A with 2 >

D.since X 0 F, X e¥Y[A, FI, it is easy
to see that HA C + # for every H € 3 . Therefore

+ consequently ¥ (+) # ¥(g) .

lA,ﬂJ* 9’1’A,3¢J ?
4) The assertion of the theorem follows now immediately

from 3) and 1).

4. Some examples
1) We re;:allz a directed set is an ordered pair
[A,n1, where A is a set and n a partial order on
A such that
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(Va e AXV&eA)NIceA)anck rne) .

Let [A1, l(-,'], L'Az, le be two directed sets. A trip-

le <n1,

[A_”IL,,J into [A,, £, ] if end only if ov is a

"y, %t > will be called a morphism from

X%, - #, compatible mapping, ot: A1 - Az ,i.e. o€ is
a mapping from A1 into A2 such that

@, eA ,anb=a(a)ncl) .

We define the composition of two morphisms as follows:

<,b29 ”'37,3>°<”517”‘27“')= ('&1,/‘3,/3005 > .

It is clear that directed sets as objects with morph-
isms just described form a category. Denote this cate-
gory by R° . Denote by IR the factorcategory of Ra
with respect to the congruence ~~ where ~~ is defi-

ned as follows:
Sy, ey 00,5 R, (CA 1w 1A 1D, ©=1,2 ,
Ky, My, 00, 5~ w1, &, =

=(3xe AN Vye A )V xny => o (y)=o0x,(y)).

2) Denote by P the class of all triples [t, T, T
where ['T', T'] is a topological space and t € T . A
continuous mapping £ from [T,7 ] into [S,] will
be called a marphism from [(t, T,7 1 into [4, 5,8 ] -
if and only if +£(t)= A . The composition of morphisms
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is the usual composition of mappings. Clearly, elements
of P as objects and morphisms Jjust described form a
category. Denote by T, this category. Denote by T
the factorcategory of 'l"° with respect to the congru-

ence ~v 5 where ~~ is defined as follows:
o«,3 €T, ([t,T,71,[s,591) ,
w~ B =(3Ue% Ne/U = B/U) .

( ‘u: denote the system of all neighborhoods of the
point t in the topology 7~ . )

3) Let O, be the class of all ordered pairs (M, tl,
where M is a set and (* @ non-trivial measure on
M. 1 [M«le G , let us denote by D (or
D, N ) the system of all « -measurable sets (or

the system of a1l N ¢ M  such that @w(N)= 0, res-

7
pectively). A mapping oL : M, —> M2 will be called
a morphism from [Mﬂ w, ] into [Mz’ ©, ] if and on-

ly if
(Ne Dty => () e D ) &(N D, => o (NDe D, ).

The composition of morphisms is the usual composition of
mappings. It is easy to see that elements of &4 and
morphisme just deacribed form a category. Denote this
category by Ml . Denote by M  the functorcatego-
ry of [Ml, with respect to congruence ~~ , where ~~
is defined as follows:

[M,w],[N,»le@®, «,Be M, ([M ] IN»]),
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(k~vB)=(k=B w-almost everywher) .
Proposition: The categories ]L, 1', Ml are
concretizable. It follows almost immediately from the
fact that the category JF is concretizable. The ca-
tegories R, TT’ Ml can be represented as subca-

tegories of the category [F .
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