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In this paper we generalize the concepts of projectively
or inductively generated closure space, of proximity spsce
and that of the uniform space. These concepts occur in the
second edition of the Cech’s book *Popological spaces” [1]

(to appear this year). These concepts may be considered as
generalizations of the product or the sum of objects being

specisl cases of the limit of presheaves at the same time.

We start by giving some known definitions and less known
designations.

Let X be e category. We shall write X 29 , Y=
*8y it ge Hm,(x, V). i, 1s the identity morph-
ism of the object X of % .

The pair (Y, ¢ ~ 1s a gubobject of an object X of
X ir 9 € Hom, (Y, X) 1is a monomorphism and if in every. -
decomposition ¢ = @, e ¢, » where ¢, 1is a monomorph-
lem and ¢, is @ bimorphism, ¢, is inversible (i.e.
there 18 & g, in X such that g +9 = Yy, 1

’

929 = i@q‘ )o If X hes the inversion property
(1.,e. if each bimorphism is inversible) then evidently

(Y, 9> 18 a subobject of X if and only if g€ Houbr(Y,x)-
is a monomorphism.

4

Dually the factor-object of an object X of KX is de-
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Now, let X' be a subcategory of ¥ . We shall say that the

pair {X,{%;l1 e I}> 4is the upper modification of the class
{X;1 416 I}of objects of X in X'if X dis an object of X
g; € Hom, (X;, X) for each i 6 I and if for any peir
{Y¥,{w¢l 1 IYsuch that Y 1s an object in X' end

¥: € Homy (Xg, ¥) for all ie I there is exactly one morph-
ism ¢ of the category X' such that Yy = ¢ ¢ @P; for
each ie¢ I .

Duslly, the lower modificetion in X'is defined.

The upper modification of the cless {X; |1 € I} in X is
called the sum of these objects (sign Z {X,li € I} ) ond the
lower modification of this class in X is called the product
(sign T {x;11i e 13).

For the upper modification or for the lower modification
only the first member of the competent peir is sometimes taken.

The preshesf in X with carrier < J,@? is the family

{q’;a- KKi, J )cg)} of morphisms of KX , vhere @ is en order
on the nonvoid set J (i.e. a transitive and reflexive relation
on J ), which fulfils the equalities ga.h ° q;a‘ = Yih
whenever (i, 3ep , <J,k>e9> and such that

‘!1'.{ = 1991',1'. for each i € I . (Hence every presheaf is
uniquely determined by some covariant functor F : J{a -> 5( .
Renl*y, JS. is a cetegory where the class of objects is the
set J and the class of morphisms is ® .The functor F 1is
obvious. We shall not make difference between these definitions.)

If F is & presheaf in X with the carrier < J, p >

(i.e. an object of the funckor category x:f’ ) then the lower
modification (sign iin F ), the upper modification (sign lig F)
resp., of F in X 1is called the projective limit of F , the
inductive limit of F resp. (The definition is correct, as X

is isomorphic in an obvious way to the subcategory of JC'}'.
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This isomorphism assigns to every object X of X +the cons-
tant functor F which maps every ¢ i, 3 )cf onto :lx .)

Now, we shell define some basic concepts. They all may be
illustrated e.g. by taking for X the category of topological
spaces and for € the category of sets. Other important ex-
amples (the generslized proximity spaces and the generalized
uniform spaces) will be given in my next peper in CMUC 5,2
or 5,3.

Refinition 1. A category X  is called an S-category
over a category ‘€ with respect to a functor (coverispt or
contravarient) T 4if T : X — € and if the following con-
ditions are fulfilled:

WV I1f Tg =Ty mad Vg =2y , £9 =2Ey then
9=y .

(2) For each morphism & of € is T [l 4 & . More-
over, if TX=A, TY=B, ae Hom, (A, B), then there
ere morphisms < € 2 [x] y y e -1 [x) such thst
either 9 =X, €% =Y ir T 1is covarient or Eg =x,
Dy =y 1t T 18 contravariant. g

(3) Ir ¢ 1e a morphism of X eand TQ = X then
there are morphisms g, e 't v G € T"'l‘/&J such
that either o =2 g, o 9, if T is coveriant or ¢ =
2qg, 9, if T 1is contravariant. )

(4) For each object A of ¢ the class T '[A] is a
set which is éompleto with respect to the order

Ry= {<x, 021 19 a i, foreome o4 Hom, (X,1)}
(i.e. each subset of T-7[A] hes its sup and inf), '

(5) 1 { g 116 I} 1s e nonvoid family of morphisme

of X such that T, *Tg; foreach <4, Jde IxI
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then there are mrphisms
@ 6 Hmy (sup { Dy, 11 1, sup { Eg;lie I}
Ve Hom, (inf {99, 116 1}, it { Eg;11e ID

such that ?g =Ty =Tg, for 16 I.

Remark 1. If X is an S-cstegory over ¢ with res-
pect to T then it is clesr that the dual category X * is
an S~category over ¥ with respect to the dusl functor T
In this sense every term and theorem in X hes its dual ome
in X* ,

Next, let the category * be an S-category over the
category ‘€ with respeot to the covariant functor T .

(Hence @ is a monomorphism, an epimorphism, a bimorphism
resp., of X 1f and only if Tg has the same property in
€ . A simple proof of this is carried out by ueing (1), (2)
and (4) in definition 1.) ' \

In this case there are subcategoriea x, ’ 7(; of X
both isomorphic to .¢  with isomorphisms T, = r/Jt,1 ) Ty =
a r/x‘ (hence there is an isomorphism T°: Xy - X, such
thet T, ¢ T'= T, ) such that each object X of % has its
upper modification < X, ,¢,? in X, ed its lower mo-
dificetion < X, ,,> in X, . There s T'X, = X, ,

1'91 =2 Tq, = 11‘X « It is possible to define the S-c?tegory
by this property.

Theorem 1. Let X' be a subcategory of % , T[X‘]=¢’
and Homy,(X, Y) = Hom, (X, ¥) A 2-' [ Hom,,(TX, TO] (1.e.X"
ias the full subcategory of T-'[¢’] . If each object X of
e has either the upper modificstion ¢ X, 14,2 in
X' with Tq, = i, or the lower modification € X,,q,>
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in X' with 7@, =1,, then X' is the S-category over
€' with respect to T/y. °

Proof. It is sufficient to notice that for I f X =
=sup, {X; 14 ¢ I} of objects of XK' 1is either an object
of X' (here R =UfR\IA 1s en object of € § ) and in this
case X =sup, { X;/16 I} where R =R~ (('.!/x,)A[TXJ =
= (T /o " LX) or X hes its upper modificstion X, in
X'ena X, = sup,, { X;I4 « I}. Similerly for inf,

Definition 2. We shall say that an object X of X is
projectively generated by

f ey Hom,, (Xg, ¥ ) 1 €1} (sign X =pim £ )
or by a family {filie I} (sign X =%._1_§{r il1e1p)
if I4 0 and

X = max {X°| there is & @; ¢ Hom,. (X", ¥;) for each
16 I suchthat Tg, =T£ 1} .

(X exists if and only if T X; = T Xy for all <1, jY€Ix1.)

- Dually we define thet an object Y 4s inductively genersted by
? (sign Y=1Ligf or z-m{rilu If). (Tee Y =
= min {Y°| there 18 a @; € Hom (X4, Y°) for each 1€ I
such that Tg; =T £ 1}; Y exists if and only if T Y; =
TY forall <1, ide Ix¥.)

Bemark 2. It is evident that if
< e'lT{Ho-x(x‘- y Y )l1exp, g e T{Hom (x? , ¥; )i e I}
and TLfi=Tg4i for each i€ I then :hnf‘k_i_n;g ir
either gaot or: iimgexists. It follows that Lim f =
=inf{lin £ 1|i¢ I} 1f edther BEE or inf{ [im £ il1€ 1§
exists. Similarly for inductively generated objects.

Theorem 2. Let X=2Lim {g;lt e I}, € Hom (12, TX).
Then there 18 & ¥ € Hom (2, X)n T™'Ca] if and only if
there s a g ¢ ﬂ{ac-x(z,ea_y.-ﬁi_e I{ suchthet Tgi=



-

=Ty e .
Duelly for g_gu,z{cy,- Il 1€ 1} .

Proof. The necessity is obvious. We shall prove the suf=-
ficiency. Let g fulfil the con.dition of pur theorem, By de-
finition 1 (3) there sre morphisms 1y € ?~c] end

Qe T [Ta; ] suchthet gi=gie¥; forell ie I.
Hence there are morphisms %’ € Homx(z, & ‘!".' )n T-"[x]
and by definition 1(5) there is a morphism

y e Homy (2, inf{lim g; 11 €1} )n 77" [«] . By remark
2 €y =Xx.

Remerk 3. It is almost self-evident that g._m {g;11e 1},
}ig {q,;’f ie I} resp., is by theorem 2 completely characteri-
zed.

Theorem 3. Let £ € T { Hom, (X;, ¥;)lie 1}, for
each i e I be g, eT{Hom, (¥, 2Z5)1J€ J;} and ¥; =
=pimgg . Let for each <1, J>eX{J;(1e€I} ve
h<i, §2 =g;[jler 1 (d.e. thr{nomxm,. » 230 1<1, I
¢Z{y;li e1}}) . Then Limf = Lim h if either dint or

im h exists., _

Dually for inductively generated objects.

Froof. Evidently, the existence of Pi_m f 1s equivalent
to the ‘eXistence of Q_:I_.x_g h . It is sufficient to prove

Honfi=lin{h<4i, §>1je ;¢ foreach 1€1I.

But by remark 2 for any i€ I

po{n <1, 321 5e gi= inf{lim h <1, §P1j e 3¢
al the equality y_mf i= 1nf{£._gh <i, o1 € B p is
obvious,.

Remark 4. If Y; & Ei_g g;  then we can prove only

4 a_ig_f, %Lm h> € Rrx;, , 1& I, if these objects A

- 42 -




.

exist, But if X3 ’k_ﬂ__.m_h for each 1€ I then #}_mf =%_i_n:h
holds also in this case.
Dually for inductively generoted objects.

Theorem 4. Let { gy |<1, J> €@} e a presheaf in
X with the cerrier < J,®> . Then <X, {11 6J}>=
= iin { 9:y1<1, §>€p} 1f and only if < ™X,{Tq,l1 €Ii>=
=%_12-(1'q,;5|<1, j>ép} md X =lim {9 1163% .
Especially this is true for the disgonal @ = AJ (then
in {9,;1<1, §>6p} = Ty, l1e3}).

Dually for inductive limits.

Proaf. let < X,{g; | 16Jf> =1un{qg K, >epef
end let hell{ Hom (A, D T ;)1 e J$ such that for each
{1, §7ep 1s nh j= TF;;° h 1 . Then by definition 1(2)

. there is such £ & TT{ Hom, (inf r°'Cal, 99;; )1 ie Jf§ thot
Tfi=hi for each 1€ J . It follows that

<, {Tq; | 16 d§> = %'_g{rqq 1<i, j>2ePf. It is
obvious that X = &E{?;‘ lie Jf « On the other hand the
sufficiency follows immediately from theorem 2 .

Corollary, Let f € Tr{ H°':5( (X, Yg )lie I . Let
CY¥,{h; 1 113> =Tq{ vlie I} end let g be such
a morphism that g, =f3i foreach i1€J.

Then 22 f£f= E._n_x g .
Dually for inductively generated objects.

Proof follows from theorem 3 and from the specisl case of
theorem 4 .

Theorem 5. ¢ Y, is a subobjset of an object X
of X if and only if ¢ T ¥, Tg> 1is o subobject of T X
in ¢ md ¥ =pimg .
Dually for factor-objects,



Proof. Let < Y,g>  be a subobject of X . Then evi-
dently Y=jing .If Tg 2ol e vhere B 1is a bi-
morphism in ¥ snd o is a monomorphism in ¥  then by
definition 1(3) Q@ =g, + 9 vwhere @, € T-CB] isa
bimorphism in X end @, € T-'fx) 1is e monomorphism in
X . Hence g, is inversible. It follows that A is in-
versible, too. So <K T Y, T@> 1is a subobject of T X
in € . Duslly for factor objects,

low, let < T Y, T@? be a subobject of T X and
Y=<1_._:}2cy « If Q= 0 &) vhere @, is a bimorph-
ism and C is a monomorphism then Tq‘ is inversible.
By dﬁfiniqtion 1(3) is 18% , =Y; oY, vhere
¥,€ 7T [Tq,] , Ye T L[(Tg )"] . But by remark 4
Y=1im ¢, and sothereisa ¥ & T [1,,] such that
Vo =%,V . How, it is clear that g, 1is inversib-
le and qz'q = Yy e Y, .

Corollary. If X is an object of X , < A, > a sub-
object, factor-object resp., of T X in ¢  then there is
a subobject, factor object resp., < Y,@? of X in x
such that T Y=., TQ =x ,

Corollary. If ¢ has the inversion property and if g
is o monomorphism of X then < ling, @ > is a sub-
object of E .

Theorem 6. A cnte ory X is an S-category over a ca-
tegory R4 with respect to a covariant functor T if and
on?l.y if the functor T : K —» ¥  fulfils the conditions
(1),(2),(3) from definition 1 and the condition (47): If F
4 is a presheaf in X  and if there is &T F, LigTF resp.,
in € then there exisis }_jﬂ F, yﬂn’l’, resp., in X such
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thet TMF=£ETF, Tl F=Li$TF respe.

Proof., The necessity follows from throrem 4. e shall
prove the sufficiency. Let (4°) be fulfilled. Let X be a
nonvoid subset of T~" [ A] for some object A of ¢ .

R¢ =Ry N (K = K) 4s the order on K . If

Ixy € Hom, (X, V) "1, for < X, Y>6€ Rg then
F={ dxy | < X, ¥>6 Rg} is a presheaf in X with
the carrier < K, Ry > o+ Clearly TF is the constant
presheaf and so it hes projective and inductive limit (this
limit is A ). By the condition (4 °) there exist dim P and
l_i_gF which ere elements of T~7CA] . It is almost self-evi-
dent that lm F = inf K, 1lig F = sup K . Hence (4) i3 true.
(5) follows from the proof of (4) and from the definition of
mofidications.

Remark 5. We have seen that 4 keeps many of proper-
ties of € . We cen give further examples.

If ¥ 4is an abelian category and if T fhom X, ¥) is
the group-homomorphism for esch psir < X, ¥ > of objects of
X then K 41s "almost abelian". Really, each morphism @
of KX has its kernel ond cokernel and ¢ Coim 9 , In@d€
€ R (for R see theorem 1, proof). But Coim ¢ and Im @
need not be isomorphic.

If € 1is o bicategory (see [2]) with S as the class
of ‘surjections end I as the class of 1n.jeci:iona then
<X , SprI,72, <KX , S, » L 7 are slso bicategories,
where

s, =1°'Cs], 1,=d{gl1rge1, 99 =yngf
Sy *{gltq e s, €¢ =1p9f, 1, =27"[1].
It is possible to find relstions between projective (or inject-
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ivé) objects of X end € .
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