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ON THE CHARACTERIZATION OF BANACH SPACES WITH THE STRONG
KIRTZBRAUN-VALENTINE PROPERTY
Ji¥t VAN{EEK, Praha

Let X = (X,p) and Y =(Y,6 ) be metric spaces, If
g 1s a trensformation of X into Y , then ¢ 1is said to
be Lipschitzian with the constant A , provided

(g (x), ¢(y) #Ap(x, y)
for all x, y € X . A Lipschitzian transformation ¢ with
the constant A =1 1is called a contraction,

The problem of extending of a Lipschitziasn transforme-
tion A to Y (where A is a subspace of a space X ) to
a transformation of X to Y was studied by various authors.
The existence of such an extension for Y = El is proved by
Banach in [2]. As a consequence of the result of Aronszajn
and Panichpakdi [1] we get the existence of an extendi:on for
& hyperconvex space Y (i.e. spaces which have the following
property: If &= { N (x;, ry): 1 ¢ I} is a system of

6-metric cells in Y such that for each i e¢ I, j e I
there is 6‘"(11, xd) & ry + Ty, then NG + 9 ).

Mc Shane [5], Kirtzbreun [4] and Velentine [6], [7] show-
ed that this extension problem is associsted, with the follow-
ing intersection property.

A pair of metric spaces (X, ® ) and (Y, & ) is said
to have a Valentine intersection property provided that:

¥ §F= {0 (x,7y) 1161}
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is a system of @ =cells in X and
G = { N (y,ry):16cI}
a gsystem of £ =cells in Y such that for each i1 € I, Je1I
there is
@ (x4, xd) Z 6 (34, 73) 3
then
NF+b =>0%+0.

In this paper we shall discuss contractions only, since
the general Lipachitzian extension problem can be reduced to
an adequate contraction problem (see [7]p.93) if Y is a
normed linear space.

There ie proved in the paper of Valentine [ 7], that the
situation is the following one:

For any metric spaces X and Y the following two ste—
tements are equivalent:

(1) (X, Y) has the Valentine intersection property;

(2) for every AC X and every contraction £ of A
into Y there exists an extension P O f such that F is
& contraction mapping X into Y .

There is also proved in [7] that for each of the follow=
ing csses the Valentine intersection property is satisfied

(a) X is an arbitrary metric space, Y =E, ,

(b) X=Y=E ;

(¢) X=Y=H, H being a Hilbert space;

(@) X =Y =5 SP being en n-dimensional Euclidean
sphere.

In the cases (b) and (c) it may be proved that the extension
F of a contraction £ of Ac X into Y may be found in
such 8 way that

conv £(A) = Gomv F(X);
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vhere the symbol conv B denotes a closed convex hull of
the set B .

In connection with the results above we formulate the
following definitions:

A metric space X 1is said to bhave a Valentine inter-
section property if the pair (X, X) has the Valentine in-
tersection property.

A metric linear space X is said to have a stromg Va-
lentine intersection property provided that:

it F={N(x,7) :1€I}and G={0n (y5,r),
ie1} .
are systems of cells in X such that

@ (x4, xJ) 2 © (y4 yd) for each i, Jje I,
then
NF=p=> (NG)n ooy iy, 8.

It is easy to prove the following:

Let X be a Banach space. Then the following statements
are equivalent: |

(1) X has a strong Valentine intersection property;

(2) for each A c X and each contraction £ of A into
X there exists an extension F o> £ of f such that F is
& contraction of X into itself and conv f£(A) = Sonv F(X) .

The problem of characterization of all Banach spaces
with the Valentine intersection property is still unsolved.
The main result of this paper is the complete characterization
of all Banach spaces with the strong Valentine intersection
property. The situation is described by the following theorem:

Theorem: Let X be qreal Banach space. The following sta-
tements are equivalent:
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(1) X has a strong Valentine int;rcection property;

(2) for each A ¢ X and each contraction £ of A
into X there exists em extension ¥ 5o f such that F is a
contraction of X into X and conv f£(A) = conv F(X);

(3) for each A c X and each contraction £ of A& in-
to X there exists an extension F O f such that F is a
contraction of X into X and 8p f£(A) = sp F(X), where sp B
denotes the closed linear hull of the set Bc X ;

(4) either X 4is an inner product space (i.e. Euclide~-
an or Hilbert space) or X is & two-dimensional space l‘;’
whose unit sphere is a paralldogram.

Proof: Obvously (1)<¢=> (2) ==> (3). The stetement
(4) = (1) is proved in [7] for the case that X is am in-
ner product space. As an easy consequence of [1l] we get imme-
distely the validity of (1) in the space £% .

Hence it remains to prove
ihe implication (3) => (4). Let X -be a space with the pro-
perty (3) and X a two-dimensional subspace of X . It is
clear that % hms the property (3), too. Let S be a unit
cell in Z and let = be the unit sphere which is boundary
of S . We distinguish the following two cases:

A, let S be strictly convex (i.e. x,ye = ,0<2<
<1, 2 x+4(l=2)yeZ =>x=y), In this case we
shall prove that 2 is an ellipse.

Let X, and z, be different points of Z and let
4 and Ja be points lying in differemt half-planes with the
stright line X, X, as the common boundary and which have
the property

hxy =y 0 =lx, =51 ,llxl-y.‘,ll-lxz-:tll.
- 176 -



1
Let x, = ; (x, + x,) and let y, be the common point of

o, % amd §p, v, .

Let us sssume Yy, + X, . In this case exactly one of the
cells

xy+lx -x 1S, x2+lxz-.xoll s
contain a point y, . Let, e.g.,

Yo € xl+llxl-x°l S .

Therefore

hxy -x =0 x =x, 0l
() *h 3y = ¥l SIn(y, +ll3y =3, 1 S)Nn(xy +lx) - x [[S)gP
and (since S 1is strictly convex) we get
(33 *Nyy = 3,080 (3, +1 3, = ol S)n (x, +1x, - x, Il s) = o,
which fagt is a contradiction with the Valentine intersection
property of Z .

Therefore there is Jo =X, and we get that, if Xy X
are arbitrary points, then the centera of all cells containing
Xy, X, @are lying in the stright line. By means of elementary
geometric considerations it may he proved that ellipse is the
only one possible convex cell with this prdperty.

Bso Let S De not strictly convex. At first, let us mind
thet iho corollary of the Valentine intersection property of
Z 1s the following property of 2 :

(A) If there exists a cell with a radius r in Z such
that it contains the points X451 21, eeop, n and if

U A -x&l‘ = - xyl for each i, J =1,..., 1,
then there exists a cell with the radius r containing all
points x; , 1 =1, ..., n.

At first we shall prove thet S 1is a 2n-gon with si-
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-des of equal lentgh (in the sense of the norm in 2 ).

Let X;, X, be endpoints of some maximal (straight line)
segment of = . The cell x; + k. x, = x; [ S has a center
in the boundary of the cell = x + 2 S o Therefore the boun=
daries of these cells have two common points, one of these
points being X5 . Let us denote X3 the second one.

The points %, X, = X; &re contained in S ., The pro-
perty (A) of Z 4implies the existence of a cell of radius
1 , containing all points x;, X3y =X o Because S 1is the
unique cell of radius 1 , which contains both x; &nd -x, ,
there is x;€ S ; since | x3 - (- x)l = 2 , there is
x; € S o Obviously || é‘- (xy + %))l =1 and therefore
the whole segment ;J:,—x3 lies in = , i.e. ;;,—13 is a
part of some segment of = with a length at least f x, - xlﬂ .

As a consequence we get the fact that S is a 2n-gon
with sides of equal (Minkowski) length.

Now, we shall prove n =2, i.e., S is a parallelogram.
Let n>2 and let X X5y Xy be three consecutive vertices
of S . It is easy to show that

' hx) =x h<lix =xyll

Let us consider thé points

2z zhz_xl"(‘z“l)' SR ACRENE
S = Tol L
2lx, - x|l

Since Il 3, - x, Il < %-lxz-xll s the point
sl-;(xl-bxz)-(yz-xz)
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lies in the interior of the segment = X, =X, and therefore
llyz +%(x1+xz)"-llx2-z”=2= llx3-(-x2)”.
Further we are able to prove that the segments
¥y - -} (x; + xz) and X1, = %

have the same length. The points X9 = X, X3 8re contai-

ned in the cell of radius 1 , but the points Y1r Yoo

-% (xl + xz) are not conteined in any cell of radius 1 ;
which fact is a contradiction with the property (A) of the
space Z .

Meanwhile the following statement was proved:

Ir Z is a two-dimensional subspace of X and if X
has the strong Valentine intersection property, then the unit
cell in Z 1s either an ellipse, or a parallelogranm.

Let = be a unit sphere in a normed linear epaqs
with the strong Valentine property X . Let us denote by A
the set of all intersections of 2 with the two-dimensional
subspaces of X . Let (@ be the metric in X ; for Se¢ 4 ,
S’e A put

h(s, $7) = max (:;lg p (x, §°), ;%ps'P (x; S))e The
function h 41s a metric on A (so called Hausdorff metrie).
The mapping (f of = =2 into A , which to every
(1, J) € = = = consignates the intersection = with
the plene sp (i, j) is obviously continuous as the mapping
into the metric space ( A , h) . As the subsets

{1, ) eZ=Z : ¢ (1, j) 1is an ellipse § and
{4, de=x=: ¢ (4, j) is a parallelogrem }
are ev\idently open in = >« = , one of these sets must be
empty.
- 179 -



Then for all spaces satisfying the condition (3) only
one of the following situations can occur.

(k) The intersection <& with every plane containing the

origin is ellipse.

-(/3) The intersection Z with every plane containing the

origin is a parallelogram.

The situation (/3) can occur only if X is a two-dimen-
sional space X = £2,
If the (<) occurs, very two-dimensional subspace of

X 1s Euclidean and therefore in a consequence of [3] p.ll5

(JN]_) X 4is an inner product space.
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LA METHODE DU REPERAGE DES SYSTREMES DE SOUS - VARIATES
K. SVOBODA, V. HAVEL, I. KOLLR , Brmo

R.N. S%erbakov et ses collaborateurs (Tomsk, 1 U.R.S.S,.)
ont élaboré dans une série des cas concrets la méthode du re-
pérage de sous-variété dont la déacription générale est don-
née dans le travail [6]. Nous présentons certaine extension
resp. généralisation de cette méthode qui permet 4 étudier si-
multanément une groupe de sous-variétés de dimension quelcon-
que plongées dans une variété donnée. Un exemple de 1 appli-
cation concréte de notre méthode est montré dans la deuxiéme
partie du présent exposé.

1, La partie générale

Dans un espace projectif Pn & n dimensions considé-
rons un repére mobile R formé de n + 1 points analytiques
linéairement indépendants A,, ..., Ay o Le déplacement in-
finitésimal du repére R est défini par un systeme d éque~
tions différentielles qui expriment les différentielles dll
des points fondamentaux du repére R comme des combinaisons
linéaires de ces points. Les coefficients @ du systeme men—
tionné sont des formes de Pfaff en différentielles des para-
métres dont dépend la position du repére R dans 1°‘espace
P, « Les formes satisfont aux équations de structure
bien connues d’un espace projectif.

Fous entendons sous le nom figure fondamentale de 1°espace
Pn un ensemble formé par un nombre fini de sous-espaces liné-
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aires de dimension quelconque de Pn « Ncus admettons pour
plus de simplicité que la figure fondamentale ne soit pas trop
étendue en ce sens qu’ elle peut &tre complétement déterminée
par des points linéairement indépendents en nombre de h < n .

Les considérations suivantes sont consacrées & 1°étude gé-
nérale des variétés engendrées par les figures fondamentales
par la méthode du repere mobile. Pour cela, nous introduis-
sons d‘une manidre naturelle la notion de variété ’l/'p a
P dimensions de la classe 'fk de figures fondamentales.
En supposant que la figure fondamentale soit déterminée par
les points analytiqes Mj,..., M, la variété U se trou-
ve définie par un systime de fonctions M =M (u,..., oP),
ceey My =lh(u1,..., uP) de la classe ¢ ¥, soumises aux
conditions habituelles.

A chaque figure fondsmentale de Vp nous faisons cor-
respondre un repere mobile R de manidre que les points Al,
seey Ah du repére en question se confondent avec les points
My, ecey My . Les repéres attachés d‘une telle fagon 3 la va-
riété 'Vp dépendent de p paremétres principeux ul, sis ey
uP et dun certain nombre de paramdtres secondaireg [1]. La
condition qué la figure fondamentale reste fixe en position

par rapport au mouvement du repére correspondant R se tra-
duit par le fait qu un nombre convenable q de composantes
wl, ceey @ au repeére ne dépend que des différentielles
des parametres principaux. Donc, les formes en question sont
des formes principales de la variété ?/'p et le systeme
d"équations de Prafef

(1) wl=0, ..., =0
est complétement ﬁtégrable [3], parce qu'il s agit du systéme
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des équations d un sous-groupe stacionnaire de la figwe fon-
damentale.

La variété ’Vp étant @ p dimensions, ona q > p
et il en découle que les formes principales sont liées par

q - p rélations linéaires de la forme

= (x=1y0eey, p; S=p+l,...pq) .

Les équations (2) servent de point de départ 2 1 étude de la

2) wf=21?w

variété 'Vp . Les formes résiduelles, en nombre d¢ N -gq , °
od N désigne le nombre des composantes indépendantes d‘un
repere mobile général, peuvent s écrire sous la forme

(3) =1 0% +e¥ (y=q+l.., M,
les ef étant des formes secondaires dont dépend la position
du repéere R attaché a la figure fondamentale de la variété
’l/’p . En annulant les formes secondaires en vertu des choix
particuliers du repére R on réalise le passage successif
au repére canonique de la variété 'Vp . Ce procédé étant
terminé tous le coefficient L , LY  devient soit con-
stants soit invariants de la variété 'V'p [1].

.

Cela étent, considérons une "gous-variété" W a m

m
dimensions plongée dans la variété 'lfp et supposons qu’
elle soit définie par un systéme d équatioms de Pfaff de la

forme

= = 1
(4) ol=0,..., P®=0, LG 7eer @P
. =1 — p.m Sont des combinaisons linéaires ingmgwnks des formes)
OU QW™ jyeeey @ PP/0n dit que la sous-variété est

m

holonome, 8si le systéme (4) est compl'etement intégrable. La
solution du systéme en question détermine dans le cas consi-
déré un ensemble, dépendant de p - m parametres, de sous-
variétés 3 m dimensions contenues dans 'Vp « Au contrai-
re, la sous-variété W s’appelle anholonome, si le sys-

téme (4) n’est pas complétement intégrable; on peut trouver
- 185 -



per ex. dans [6] une déscription plus détaillée des variétés
anholonomes. Dans ce qui suit nous nous bornons au cas des
sous-variétés holonomes.

Le voisinage différentiel du premier ordre d’une sous-va-

riété W _ détermine certains objets géométriques en rela-

n
tion inveriante avec 1(/;‘ . Il y a aventage, pour 1°étude de
la sous-variété Wm, 2 choisir une partie convenable du re-

pére R dans les objets mentionnés. Le choix considéré du re-
pére mobile et ainei 1°adjonction du repére & ume sous-varié-
té concréte a pour conséquence que les formes secondaires in-
dépendantes ‘é’l,...,"ém', en nombre convenable m’ , s annul-
lent identiquement. Les annulations spéciales des formes se-
condaires en questien conduissent aux sous-variétés du type
spécial. Au contraire, si 1°on laisse de coté une annulation
quelconque de ces formes et si 1°on admet que les formes en
question sont tout & fait libres, on peut associer la partie
correspondante du repére R avec une sous-variété ’W; ar-
bitraire.

1a déscription géométrique générale de la construction
précédente est un peu indéterminée et elle dépend essentiel-
lement de la forme de la figure fondamentale. Pour cette rai-
son nous préféreons, dans des considérations suivantes, une
déscription analytique de la construction indiquée.

La sous-variété Wm de 'pr étant choisie d‘une me-
niére bien déterminée, nous pouvons supposer, sans restreind-
re la généralité, qu'il soit poseible de choisir le repere
mobile attaché a Wm de telle maniére que la sous-variété

Wn est donnée par les équations

(5) w™ =0,..., wP=0 .
Nous allons recherchgr 1°influence des changements des para-
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métres secondaires sur les équations (5) de Z(/;n by

Le systéme (1) étant compldtement intégrable les différen-
tielles extérieures des formes > (4 = 1, «sey q) prennent
la forme

(6) dwi=93'/\cod (1, §=1, veuy q)

( 4 est le symbole pour la différentielle extérieure), ou q’j
sont des formes de Pfaff convenables. On en obtient, en portant
des relations (2) dans les premiéres p équations (6), les
formules

x o’ < A o’ oc o’
(7) dw™ = gac,/\a) + S /\L‘,C) = 1&‘, Ao

(o ,x'=1,..., p; B=p+1,..0,q),
ou 1°on a posé 4}:= q;‘; + 9/3‘-14::' . I1 en rér-te, d apres

les formules bien connues

o o’
49;;, (a) @™ (d)

A% @) ()
et en vertu de @*(0) = 0, les équations suivantes
(8) dw*(d) = ¥= () w*ld) .

Supposons que les formes secondaires 19': (o) soient liné-

dw =2 aw*(d) - Jw*(d), B5Ac%a

airement indépendantes. Cela étant, le systéme des équations
(5) est invariante, si les varistions des formes o m+1, cee
ceey w?P peuvent &tre exprimées comme des combinaisons liné-
aires des mémes formes, c’est-d-dire si J:(J) =0 (6 =
1, eeeym; T=m+1, ..., p). Les formes secondaires
en question, en nombre de m° = m (p - m) , jouent le rdle des
formes Ae'l, ecey —;m' dont nous avons parlé auparavant.

Considérons maintenant un syst eme ¢ de sous-variétés

1
uf;n, oy wm.t dont les dimensions satisfont & la relation

o+ ...+ m, = p . Supposons qu’il soit possible de choisir
le repere mobile R attaché 3 la variété 7. de manidre

P
- 187 =~



L J
que les sous-variétés particulisres 1Wm1, - "Ufm

sont exprimées par les équations différentielles suivantes
1Wml: a)nh*l 20, eesy wP=20

z7/‘/’11:2: co4= 0y eee, WM=20, o H4* m, +1

seny @P

0y see
0

l'W'mC: wl=0, .., @™ Dt et 420,

.

En eppliquent la considération précédente a chaque des sous-
variétés du systeme Y on obtient un systeme de M = m]'_ +

+ ... + m° formes secondaires indépendantes. Si 1 on annule
toutes les formes en question, les objets déterminées par le
voisinage différentiel du premier ordre de toutes les sous-
variétés du systeme devient fixés en position. L ensemble des
formes secondaires ayant la propriété précédente s appelle
systéme caractéristique de & et le repire mobile R qui
s “obtient en faisant toutes les autres formes secondaires soit
nulles soit des combinaisons linéaires de formes du systéme
caréctéristique a'appelle rggére semicanonique de la variété

'Z/’p r rapport au systéme de sous-variétés ¥ .

La construction du repere semicanonique de la variété ”;)
se réalise par la méthode du prolongement successif du systeme
d‘équations différentielles (2). On obtient ainsi les équa -
tions de la forme

(9) By =1, (Bp) o,
les BJ,, étant des coefficients de w®* qul se produisent au
cours du prolongement mentionné. En construisant le repere se- -
micanonique il faut séparer des relations (9) des combinaisons

4
Q1 ne dépendent pas easenti;llement des formes ’e‘” du
- 8 -



systeme caractéristique, cela veut dire les combinalsons qui
ont la forme -

(10)  d'gs (Bp) = £ (Bp) &7 + 2,,(Bp) 57",

= Py B s
les ¥7" étant des formes qui n’appeartient pas au systéme
caractéristique. En partant de ces formes on peut réaliser
les choix particuliers du reppre attaché & la variété ’lfp
Jusqu'ax moment ou toutes les formes secondaires 8”"” sont
ol nulles ou des combinaisons linéaires de formes du systéme
caractéristique. Dans ce cas, on peut ajouter les perametres
secondaires, en nombre de M , au nombre des fonctions incon-
nues dont dépend la variété 'Vp avec le systeme de sous-
variétés J et considérer toutes les formes du syet‘eme ca-
ractéristique comme nulles. Les relations (2),(3) prennent en-
suite la forme ‘

(11) a)”aL: w® (x=21, eooy, p; =p+

+ 1, eeey N

et elles forment, avec les conditions 4 intégrabilité corres-
pondantes, le systeme d équations différentielles qui définie
la variété ’l/'p en commun avec le systéme de sous-variétés
Y . Nous appellerons le systeme en question systéme fonda-
mental d’équations différentielles de la variété 7/, rap-
portée au systeme & . Le degré de généralité de la solution
du systeme fondamental est plus grand de All fonctions arbi-
traires de p arguments que le degré de généralité de la va-
riété 'lf'p .

Les coefficients L: des équations (11) sont des inva-
riants du repere semicanonique, ainsi que des_invariants du
gystéme Y de sous-variétés de la variété ?/'p « Chaque
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relstion entre les invarients L: peut etre régardée comme
"une déscription naturelle" d’une classe de systemes & . Il
se pose la queation d examiner 1 existence et le degré de géné-
ralité de certaines classes spéciales de systemes S et de
"construire les reperes semicanoniques correspondants. En out-
re, quelques clesses spéciales de systemes 4 n existent

que sur les variétés V' spéciales de sorte qu’il est pos-

P
sible de caractériser quelques classes particulieres de vari-
V *
&tés P

Nous dirigerons notre attention sur deux types importants
du systéme Y sur la variété ’I/; .

Soit my = ... *m =1 et alors £ =p . Dans le cas
considéré le systeme Y  se compose de p s8sous-variétés in-
dépendantes de dimension 1 . Parce qu’un systéme de p -1
équations de Pfaff linéairement indépendantes en différentiel-
les de p variables est nécessairement completement intégrab-
le, i1 s agit donc de la construction d'un repére semicanoni-
que de la variété Vp rapportée & p systemes indépendants
& p -1 paramétres de sous-variétés & une dimension de figu-
res fondamentales.

Seit m; *m, m, *p -m et alors A =2, Le cas en
question eat une généralisation immédiate de la construction
décrite par R.N. S%erbakov (6], qui étudie une seule sous-va-

n
possible, en partant du voisinage de premier ordre de la sous—

rié6té W  plongée dans une variété 'Vp donnée. Il est

variété W. , d“attacher une partie convenable du repsre R°

a la variété 'llf‘ en annullant certaines formes secondaires
en nombre de m(p - m) . La construction du repere semicenoni-
que de la variété 1V par rapport & la sous-variété U

P n
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se réalise de cette maniere que les formes secondaires men-
tionnées restent tout & fait indéterminées tandis que toutes
les autres formes secondaires s annullent identiquement au
cours du prolongement successif du systeme initiasl de la forme
(2). Cela exige, naturellement, d attacher la seconde partie
du repere mobile considéré & une sous-variété iﬂ;_m conve-
nable qui n’est pas choisie d une maniére quelconque mais, au
contraire, qui est "conjuguée" avec la sous-variété 'ufi « Le
systtme ¢ formé de deux sous-variétés Wy » u_;p—m et
considéré par R.N. Serbakov par voie indirecte eat donc spé-
cial - "conjuguée”, tandis que la méthode que nous avons expo-
sée dans les considérations précédentes permet d’étudier un
tel systeme dans le cas tout & fait général. D’ailleurs, la
construction du repere semicanonique d‘une surface par rapport
& un réseau général dans un espace projectif & trois dimensi-
ons, qui fait 1 objet de 1°étude dans la seconde partie de

cet article, est réalisée de telle manisre que le repére géné-
ral en question passe, dans le cas spécial d un réseau conju-

gué, dens le repére considéré par R.N. S&erbakov dans son Mé-
moire [5].

2. Repere semicanonigue d’une surface par rapport 8 un ré-

seau de courbes (par J. Kolé¥)

Dans ce qui suit, nous nous proposons d effectusr des cal-
culs concrets dans un des cas les plus simples. Plus précise-
ment, nous allons construire, dans un espace projectif P3 a
trois dimensions, le repere semicanonique d “une surface 1f;
par rapport & un réseau général S de courbes. La figure
fondamentale est donc formée par un seul sous-espace liné-

- 191 -



aire de dimension O et il s'agit ducas ol n =3, p =2 ,
1‘2’ ‘1'm2‘10

Considérons, dans I espace Py en question, un repere mo-
bile R formé de points A  , A, &, , A3 linéairement in-
‘ dépendants et supposons que les coordonnées homogénes de ces
points soient normalisées de telle fagon que [A6L112A3J =),

On a alors les équations

(1 ay = @fay (1, 3=0,1,2,3)
dont les coefficients satisfont aux équations de structure
(2) dwi= wof Awd, (1,5,k=0,1,2,3

et & la condition suivante
[ 1 2 3
(3) Wo*wyrwy+ @3=0.
Attachons & chaque point P (ul, u?) de la surface 9}
les repéres R tels que le point ‘o ee confond avec le
point P . Les repéres en question dépendent de deux para-

métres principaux ul, u2 et de 12 parametres secondaires

v 1, ceey v o Au cours de la construction du repére cano-
nique de la surface tous les parsmétres secondaires devient
des fonctions des.perametres principaux. En construisant le
repere semicanonique de la surface par rapport au réseau de
courbes nous procédons par la méthode expliquée dans les
considérations précédentes.

Le point A, étant fixe, les formes c)% ’ w% ’ wg
s ennullent en vertu de dul = du? = 0 . Il en résulte que
les formes en question ne dépendent que des différentielles
des parsmetres principaux et qu’elles apparaissent ainsi
‘ comme formes principales de -la surface. En choisissant les

points Al, ‘2 dans le plan tangent de la surface au point

4

o on a
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(4) w3l=o0
1 1 2 2
et les formes principales W™ = w1 W™ T W, sont
linéairement indépendantes.
Cela étant, appliquons les équeations de structure & la
formule (4). On en obtient ensuite, en vertu de lemme de Car-
tan, les relat ions

1

(5) w§=aa) +ba)2, a)g=i>a;1

+cuzl

En répdtant le procédé précédant nous obtenons les équations

o 2 l 2
da+a(a:°+og-2a)i)-2bw,1=eu +faw”,

o 3_ ooy o 1_ 2 1
(6) db + blw  + @3 = @3 w3) -aw; ~ecw] = fw +
*85’2'
o 3 2 1 1 2
dc+c(w°+a3-zwz)-2bwz=gw +hawt,
qui donnent, en désignant par J le symbole de différentia-
tion obtenue en laissant ul, u2 fixes, les formules suivan- .

tes

da+aled+e3-2e)-2bela0

(7) d'b*b(eg*eg-ei—eg)-ae%—cei=.o

de+ c(eg + eg -2 eg) -2b e% 20,

Le voiasinage différentiel du premier ordre d ‘une courbe
sur la surface détermine une droite située dans le plan tan-
gent de la surface, & savoir sa tangente. Nous dirons que le
repere R est attaché au réseau & situé sur la surface si,
dans une position quelconque du point ‘o sur la surface, les
arétes [4A,], [A A,] du repére R se confondent avec les
tangentes correspondantes des courbes formant le réseau <&f

en question. Or, on a

FlaA, ] = (2 + o) [A A ] + e [AA,]
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FLAR,] = eF [AR,] + (e + €2) [AA,]

et 11 en découle que les formes ei, e% forment le systéme ca-
ractéristique de formes secondaires. En annullant les formes
mentionnées on attache le repére R & -un réseau concret. Au
Icontraire, au cours de la consatruction du repére semicanonique
de la surface par rapport & un réseau ¢ arbitraire les for—
mes ei, e% doivent rester tout & fait indéterminées.

En multipliant les équations (6) successivement par -c,

2 b, -a et en faisant 1a somme des équations ainsi obtenues

on a
8)  att? - ac) +21? - ac) (w 2+ @3 -wl- @)=
22Fwl+2cw?,
ok '
(9) 2F=2bf-ag-ce, 2G=2bg=-ah=-cf.

Il en résulte que
2 _ 2 _ o 3.2
d(v° - ac) + 2(v ac) (eg + e3 - ey - e3) =0
et on a b2 - ac a= 0 pour des pcints non-paraboliques de sor-
te que, en nous bornant. sux points en question, on peut poeer
(10) ¥ -ac=1.
Nous avons ensuite, d apres (8) et (10),
o 3 1 2 1l 2
(11) Wot@3-wy - @Wy2Fw +CGw

et en prolongeant 1 équation précédente nous obtenons les rela-

tions
F P -w] -twls20)-20w] 2008
22gwle+2xw?
(12)
G#G(wg-wg)-rw;+zw‘z’-z bw%-z ea.»;-
22rwls2ra?,.
On a alors
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dF + F(eg - ei) -G ei +2 eg -2 a e% -2b eg 20

d’G+G(eg-e§)-re%+2e§-zbe§-zce§=o

et on en voit qu’il est possible de poser

(13) F=0, G=0,
En vertu de (13) les équations (3) et (11) donnent
(14) @+ wi=o, wl+@2=0,

et les formules (12) prennent la forme suivante

o 1l 2 1 2
wl-awz-bw3=ﬂd) + Ko

(15)
o 1l 2 1l 2
wz-bw3-cw3=xw + Lo .
Le prolongement ultérieur fournit les relations
o 1l 2 o 1 2 _
dH + 2 Hlwg - w)) ~2Kw] +2 awy-ew3y-fws3=

1l 2

2 M *Nw

dx+zxwg-mw%-1.w§+2bw§-fa§-gm§=nwl+ra2
[} 2 1 o 1l 2 1
cn.#zL(wo-wz)-zxwz+2 cw3 - gw3 - ha3 = Po™ +
+Qw? .
Il en résultent les formules
dH+2 H(eg - ei) -2K ei +2a eg -e e% -7 eg =20

dSK+2K eg - g‘e% -L ei +20b eg -f e% -ge3=0

2
3
o 2 1
a‘L+aL(e°-e2)-2xez+2ceg-geg-heg-o
qui permettent, en excluant les surfaces réglées, de poser
(a7) EH=0, K=0, L=0,
Cela étant, les équations (15) et(16) ont, en vertu de
(17), la forme suivante

o 1l 2
(18) Qlaaa3+bw3
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o 1 2
wz = bco3 + 003

et

1

0 2 o 1 2
2 aw, - ey = ftJ3 Mw™ + Ko

(19) 2 bw - fcu% - gw§ Neol + pe?

1 2

o 1
2 cw3 - 8wy hw3 Pw

+Qw? .

Les particularisations précédentes entrainent que les for-
mes secondaires uniques qui restent encore non-nulles sont
eg = - e% s e% = - eg , ei . e% . En changeant les paramet-
res secondaires qui restent & notre disposition les arétes
(&°A3J y [A)4,] et le sommet Ay du repére sont fixes en po-
sition. Nous déduirons leurs signification géométrique en com-
parant le repére considéré avec le repere canonique de la sur-
face. Pour cela, nous pouvons annuler les formes secondaires en
posant, d“aprés (7) et (20), a=0, ¢=20, e=2=-2, h=
= =2 . Un calcul facile montre que le repere ainsi obtenu se
confond avec le repére canonique de la surface [5]. Or, on sait
que [A°A3J et [Allzl sont les directrices de Wilczynski et
A3 le point d intersection de la premiére directrice avec la
quadrique de Lie. Mais, les objets en question ne se chengent
pas au cours de la particularisetion auxiliaire et les considé-
rations précédentes donnent alors leurs signification géométri-
que.

Pour faire suite & nos recherches précédentes nous allons
normaliser les coordonnées du point ‘o de la méme manidre
qQue dans le cas du repére cazonique. Pour cela, nous déduirons
tout d abord les variations des fonctions e, £y g, h et nous

obtiendrons, en vertu de (6), les relations
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de + e(eg -3 el) -3f ei =0

(20)
or + f(eg - ei) -e e% -2g ei =0
g + g(eg > e%) -2°f e% -h ei =0
d'h+h(eg*3ei)-33e%=0.
En posant

(1) v=er’ -3 +4eq+4m-6efgh
on obtient, d sprés (20), JV + 4 eg V = 0 . Les surfaces
reglées étant exclues on a V = 0 et on peut normaliser le
point A et méme le point Aq de maniére que V = 16 ce
qui donne ensuite eg = 0 . Remarguons que cette normalisation
ne différe pas de la normalisation employée & la construction
du repére canonique de la surface.

En vertu de la particularisation précédente les formes
secondaires ei, e%, ei 2 - eg restent libres et elles dé-
terminent la position des points Al, ‘2’ Al + A2 sur la
droite [Alkzl fixe. Le repére construit est un repére semi-
canonique de la surface par rapport 8 une trois-couche-des
courbes. Une telle trois-couche de courbes sur la surface é-
tant donnée nous pouvons, & 1 aide des paramétres secondaires
réstants, fixer les points Ay, A5, A) + A, sur les tangentes
des courbes contenues dans les couches particuliéres. En propo-
sant d‘examiner une trois-couche arbitraire sur la surfacet on
peut considérer les parameétres secondaires en question comme
fonctions arbitrairement choisie . Cels étant, les formes se-
condaires résiduelles s annullent, toutes les formes du repe-

Te sont formes principaks et tous les coefficients sont des
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inveriants de la trois-couche de courbes sur la surface.

En considérant la construction du repére cenonique du ré-
seau  sur la surface il nous faut choisir encore le pera-
métre secondaire qui correspond 3 la forme ei +« Pour ce but
nous allons procéder psr la voie géométrique.

Les courbes asymptotiques sur la surface satisfont & 174~
quation différentielle

(22) [a 28,8 4 ) =a(@)? +2 bl w?+ c(@?)? =0
tandie que le réseau & est donné per 1°équstion wiw 2 =
= 0 ., Considérons le réseau de courbes qui sépare harmonique-
ment le réseau J et le réseau agymptotique et qui est dé-
terminé par 1°équation '

1 2

a®w "+ b 1 2

'bG) *tew

= a(al)z - c:(c.)z)2 = 0,

(23)
w? @t

Supposant en outre qu’aucune des deux couches du réseaun

ne soit pas engendrée par les courbes asymptotiques de sorte

que a$0, ¢$0. Il est aiaé de voir que 1°on peut choisir

le point Al + Az sur la tangente d une couche du réseau en

question et que le choix considéré peut étre réalisé en posant
(24) c=¢ga, g=ly

suivant que le réseau (23) est réel ou imaginaire.

On a ensuite, en vertu de (7) et (14) ei -} g (e e;‘ -

- ei) et ils ne restent que deux formes secondaires libres

oi ’ ei . Un réseau  étant choisi sur la surface en ques-

tion on peut ennuler ces deux formes en choisissant les peints

‘1' ‘2 sur les tangentes des courbes du résesu & . Si 1°on

annulle les formes o2, o;' d’une maniére tout & fait arbit-,

raire, on obtient le Tepére semicanonique de la surface par ‘
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rapport & un réseau  quelconque. Les équations différenti-

elles correspondantes sont

= . 0 l
A, =@ A v

2
() Al*"‘Z

1 2 1 2
(aw3+bw3) Ay + w7l A+ WT A, +

a,

+ (awl + b ?) Ay

(25)

1 2 1 1
(b‘:.:3 + ;am3) Ag+ @y A -y, +

aa,

+ (bl + e aw?) Ay
R A A AR
ou, d“aprés (10) et (24),

(26) b -ee? =1,

Pour abréger, nous omettons les conditions d intégrabili-
té des équations (25).

Pour b= 0, c’est-d-dire dans le cas spécial d’un réseau
conjugué le repere (25) se confond avec le repére C considéré
par R.N. 3&erbakov [5].

Tous les coefficients des équations (25) sont des invariants
du réseau de courbes sur la surface. Nous donnerons leurs signi-
fication géométrique dans les cas les plus dmples et nous pose-
rons pour cela c)i = ai a)l + bi a)z .

Les coefficients a, b lidespar larélation précédente (26),
déterminent 1°équation (22) et ils correspondent donc au rap-
port anharmonique des tangentes du réseau < et des tangentes
asymptotiques.

La signification géométrique des coefficients ai, t::zL ’

!% ’ hz]' est la suivante: Le plen tangent au point
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bi A, = Ay , Tesp. a% A, = A, de la surface réglée , quil est

engendrée par les tangentes (A A;] , resp. [AOAZJ le long d’u~-
ne des courbes de la couche a)l = 0 , resp. wz = 0 , passe
par la premiére directrice de Wilczynski. Le point (b ai -
-abf) A, + aa; , resp. (ebh%-aa%) A, + a A, estle
second foyer de la congruence [A A;], resp. [AoAzl .

Les coefficients aé, b% ont la signification géométrique
suivante: Le plan tangent au point a% Ao - A3 s Tesp. b§ Ao -
- A3 de la surface réglée engendrée par ls premiere directri-

ce de Wilczynksi le long d une de courbes de la couche a)z

= 0, resp. wl = 0 passe par la droite [A°A2] s Tesp.
[A°A1] .

L étude plus détaillée du réseasu de courbes sur la sur—

face, fondée sur la méthode conaidérée dens ce travail, fait
le contenu de 1 article [7].
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OB OHOSHAWHOR OMNPEIENEHHOCTH HEKOTOPHX [MPOM3BOJEHO MCKPUBIEH-
HHX [TOBEPXHOCTER

K.K. MOKPUMIEB, Poctows Ha MOHy -

§ 1. PacCMOTDMM DeryJspHyD NPBEpXHOCTH F
=i, at), (Wwhatred .

OGosHauMM eIMHMUENE BexTOp HOpMaaM, mnepsuil (MeTpuweckuit) u BrO-
polt TeHSODH M CPEIRDD KDMEMSHY 3TORt MOBEPXHOCTK COOPBETCTBEHHO
aepee t, 9 Boas H.

Oyers F ecrs momepxmocrs, msomerpwumas F = orHecen-
Hes K TeM Xe KOODIMHATaM u.", 4? (ycrenapaxpaewsM mo msomer—
puu). Amazorwamme ¢ [~ chweaHmNe BemwwwMN 0GosHAuUM

§x7 ik » be ) HX .
Ecanx B xaxgo#t Touxe ( a,", w?)e D Gyner
Bk = B

Torza no ocmomHO# Teopeme Teopwu mosepxmocret [1] F u F
GyZyT MAK KOHIDYSHTHN, UM CHMMETDNIHH.

OGosrauum <

Aiw = Bin = Bt
CnpapesamBa cxeXyvmpsi, nprHanaexamps K.P. I'poreseftepy [2]
Jemma: ecau B xaxpofl mape COOTBETCTBEHHHX TOYEK MBOMETDHUHMX
msepxuocre F x F” umeer mecro pamemcrso H = H™ | wo
COpaBeAAMEO COOTHOMEHME :
] A;_ k < 0
x us pasencrsa A g = 0 cxemyer A ;p = 0 .
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Ecw F x F* Oymyr seuxHyTsMu poje HyAb, TO MMEET MECTO

dopuyaa I's r‘%.no-rua [3 ], _KOTOPYD MOXHO pNeNCTaBuTh B BHAe
//-—-’-—”A; L pug = J/H d6* - [ Hds
F F> F

TAS 9"9’41911'9':2.’0) P=('T;.)) d6=de™ -
COOTBGTCTBEHFHE dJeMenTH miomamu He F x4 F ™ .

§ 2, Byzmem paccMaTpUBATHL OT'DBHMUEHHYD 38MKHYTYD, Deryasp-
HyD DOBEDXHOCTB BpAmeHMS F , Mepuamasr KOTopofi mepecexaeT OCh
BpaUWeHns TOJNbKO B JBYX TOUKax S  (omuwii moanc) ¥ N (cesep=
Hut pospc) M ofpasyeT ¢ HeD B 3TUX TOUKax pnsuoft yroax.

1. TpeamosoxuM, 4TO MEPMIMEH UMeeT TOJBKO ABe TOYKM Depe-
ruéa A u B . Iyry AB  uepumuama, oGpameHHEYD BHIYKJIOCTBHD
X OCM BpauleHus, CyAeM HASHBATH YIACTKOM BOIHYTOCTM MEpPULMAHA.
Ha 3TOM yuacTKe KpHBMaHA NOBEpXHOCTM [ =oTpuuareabHa, Ha ma=-
paarexsx, ONKCHBAEMHX TOTKAMA A x B - pasna myam, a B0
BCEeX OCTAJBHHX TOUKAX = OOJNOXUTENbHA.

MoryT npeACTaBUTBCH TPU CayuUaH.

1) Hacaresrnne @ u 4 X MEeDMAMAHY COOTBETCTEEHHO B TOuKax A
u B nepecexsnr ocs Bpauenus B TOUKax A, x By rax, uro
A1EA u B, EB yrae (= ax= A , acumsor A, EA
osnauaer, uro rouxa C aexur mexzy A, = A (puc. 1).

2) Kacareasune @ u A rnepeceKapT OCh BpAlleHHWS B TOUKAX /‘\,,
u By ek, uro C ;\‘1 A x C 545 (puc. 2).

3) A=B=C ,r-e Celz.

B mepBOM ¥3 3THX CAydaeB o0uyD wacTh orpesxos A, B,

x S N  oGosrduun yepes a),, M HasOBeM OTPEe3KOM rJoGaabHol

xecTkocTM, 8 moBepxnocTh I uwepes F; . Bce BHyTemHue Toumu
oTpeska W, O0OI8KSWT TeM cpotcTEou, uTO ANGOR Ayu, mcxonsupik
u8 Taxoll TOYKM M BCTpewavuuii MepuAMEH, NepeceKkHeT ero TOXbKO B
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omuo#t Touke m ofpasyeT C COOTBeTCTByDmell HOpMANLD K E, s yrox
@ » ynoBreTBOpADMMl MMM TONBEO YCJIOBUD 0=g= ‘71—"- y HAH
TOJBLKO YCJHOBUD % = g € TT.

Teopema 1. Ecak nBe Tpummu nenpepuero muddepenitupyemue nso-
MeTpuyeckue mnosepxmocTs g x F ™ UMeDT B COOTBETCTBEHHNX MO
naoMeTpuk Toukax H, = H™ , TOPZA 3TH NOBEPXHOCTH WMJM KOHIDY=
eHTHH, MJH CAMMETDHYHH.

CucreMy Koopau=HaT 0 x Yyz BuGepeM Tak, uTobn O € @y
u oce 0Oz cosnamaza c ocbD BpameHMsS ODOBepxHOCTH Fq o OrHe-
cem momepxmoctn F, x F *  k vexum o6mm xoopmumaraw «7, «?,
aro w' = const : 6yayr naparnexsus ma F; , a 4= const.
- ee MepunuaHaMmu,. [IycTs

Tt (!, u?)
ects ypasrenue F4q o [IpeAmOXORMM, 9TO HENpABJAEHMS HO JUHMAX w’!
w u? BHOpARH TaK, UTO eAMHNYANE BEKTOD HODMAJIK ? k F; na-
npaBAeH BHYTpb 3Tof moBepXHOCTEM. Toraa

P=(t§r <0
BO BCeX TOYKEX MOBEPXHOCTK F., « dopuyxa lepraoTna HemocpeacrT-
BeHHO naerT

j/l';_:ﬂ pdé =0 .
F

Orcoma, B cuxy zewm cxexyer Ap =0 ,r-e B:k‘ B, p *
Teopema zoxasaHAa.

9ry TeopeMy (K&K K BCe IOCAeNyDHME) MOXHC DECCMATDMBATH
KaK TeopeMy O rxo6axbHoli XeCTKOCTN [4], KJK OonxHEOsHauHOR ompene~
aermmocrx [ 5] nosepxmocex Fq .

iI. Ilpq‘ﬁoxom Tepep, W0 MEDMIMAH NOBEPXHOCTH F  umeer
He OZNH, & M yuackoB BOrHyTOCTM X Kaxmui us HuX o6zazaer OT-

Peskom raoGaxsmoft xecrrocTn G, , (k= 4,2,.:.ym ). Ecax
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ofuas acTb BCeX 3THX OTPE3KOB 6CTb OTPEBOK &), (oTauunmlt or
HyJXeBoro), Torze mosepxHocTs F  Gynem oGosmeuaTs uepes Fn -

Teopema II. Ecam aBe TpUXIH HewpepHBHO muddepeHuURpyeMe H80-
MeTpuueckue nosepxHocTd I, u F™ umenr » coorBerTcTEEHEEX mO
" meomerpmw Touxax Hy = H™ | worza ers mafepxwocrn mwam xom-
PDYEHTHH, WIM CHMMETDHYHH.

JllokasaTeabCTBO SHANOT'MYHO BOKASATEABCTEY TeopeMu I,

III. MlpennosoxuM, YTO MEePHMIUAH MOBEPXHOCTM F  MMeeT TOJBLKO
OZHY TOUKy neperxCa ¥ “BMaT"™ DO HanNpaBJeHUD OCHM, T-e uMeeT (op-
My, R300DeXeHHYD Ha pMCyHKe 3 .

3necs ;yre ABS , xak x xyra NA - punyxaas.

Toura B - Touxa maxcumyma, A = Touka meperuGa.

B cayuae, Xorza KacaTexbHS Q K MEpUIOMAHYy B Touke A B-
crpeuser orpesok SN Bo pHyTpenelt Touxe A4, Torza mo-
Bepxnocts F  oGosnawsem F' . Orpesox A, S Gyner orpes-
KOM mmo0asbHOt XeCTKOCTH. VMeeT MecTO

Teopema III. Ecau nBe TDUXAN HenpepHBHO aubdepeRUMpYeMHe
msoMerpuaeckue mosepxHoctn F' m  F’ umeor p coorTmercrmenEmX
mo msomerpmu rouxax H' e H” | worpa orm momepxmocTx wau xom-
FPYEeHTHN, MAM CHMMETDHYEN.

IV. PacceMoTpmM moBepxHOCh F  mepumuen xoTopoll mmeeT nse
TOUKN Heperxta, HO "EMAT" y OCOMX NOJNCOB, T-e KMeeT BN, MS0=
- OpaxeRHN% Ha puc. 4 .

Ecan o6mas qaé-n orpessos A, S x B, N ecrs orpesox, or-
amquuik or Hyaeeoro, rorma F , oGosmaweem F” . Cnpasensusa

Teopems IV.Ecam nBe TPMXZE HenpepwBHO muddepeMuupyemue
msoMerpiuecxue mopepxnocrs F" w F ™ uueor B coormercrmenmmEx
mo msoMeTpMM Toykax, H = H™ s TOPZA 8TH MOBEPXHMOCTH MJIM KOH=—
TPYSHTHH XM CMMMETDHMUHH.
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Y. KouMbunupysa Hagzexaumpu o6pasoM DACCMOTDEHHHE BHIE CXy-
wan npuxosuu X mosepxHocTw F ° , MepuameH KoTOpoRl MMeeT, HempM=-
Mep, Bmz, usoGpaxeHHudl Ha puc. 5 . Herpymso BuzmeTn, uTO ecam,
ADOYD BHyTpeRMX® TOuKy orpeska B, C  mpumare sa Havazo xoop-
zunaT, Toraa ¢ysxmms P aam Bcex Towex momepxmHoctTH F° Gymer
¥MeTb 3HAYEHHMS OJHOIO BHAKA M NOTOMYy BepHE

Teopema Y. Ecau zse TpuxmH HenpepHeHO aupdepeEmupyemue
MsOueTpHUeCKMe mopepXHoCTH F° M F” umepr B coorTmeTcr BenmEX
no usomerpuu Toukax H’= H* , TOrj@ 9TH MOBEPXHOCTH WM KOH-
IDYeHTHH, HJIM CHMMETDUUHH.

OTMeTMM, H8KOHEN, UTO €CJAM BMECTO OTPEsKOB raobazbHoR
XeCTKOCTH BBECTH HazJexauuM O6Da3OM TpeXMepHHe O6JAacTH, TO Npea-
Iyupe TeOpeMM MOXHO DACTPOCTPAHMTH HE HEKOTODHe MOBEPXHOCTH He
ABASNUHECS NOBEPXHOCTSMN BpAUECHMUA o
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Commentationes Mathematicae Universitatis Carolinae
.5, 4(1964)
x)
SUR LE PRODUIT SIMPLE DE DEUX DISTRIBUTIONS
J. JELINEK, Praha

Nous considérons les distributions réelles définies sur
une partie ouverte G de 1°espace euclidienne ET ., D’aprés
(1] nous prenons une distribution £ comme une forme linéai-
re continue sur QG_ . Mous désignons la valsur de cette far-
me dans le point g & 2’6 par S £(x) @ (x) ax ou
f fg . Dans [2] le produit simple de deux distributions
£, g sur une partie ouverte G de E° est défini de la me-
niére qui ne differe pas essentiellement de celle-ci:

£(x) g(x) = 1im £(x) g (x)
x) glx vt x) g (x

ou g, est une suite réguliére convergente & g , si cette 1li-
mite existe indépendente au choix de la suite régulisre &, -

La distribution g =g x @ , , ol P est une suite
réguliere convergente & 0 , n'y est pas définie sur 1‘ensemb-
le G , mais seulement sur un ouvert G,< G . Mais ce ne fait
aucune difficulté parce que tout compact K< G est contenu
dans presque tous les Gn .

On peut facilement prouver que le produit simple ne dif-
fere pas de celui d’apres les définitions usuelles dans ces

cas-ci:

l. £ est de la forme Dpfw ou Voas est une mesure,

x) Le texte complet sera publié dans Jech.mat.Z.
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P20 (un systéme d’entiers), g est une fonction aux déri+
vées DI g continues pour tous les q& p, q&0.

2. £ est une fonction mesurable et bornée, g est une
fonction localement intégrable.

3. £ et g sont des fonctions intégrebles qui sont des
éléments d espaces d°0rli¥ duals.

4. x = (y, 2), £(x) tfliy), g(x) = gl(z). £(x) g(x)
est alors le produit direct fl(y) > gl(z) . .

Remargue ). L exemple cité & la fin de cette note montre
que le produit simple de deux fonctions localement intégrables
peut 8tre une distribution qui n’est pas une fonction. Méme le
produit dans leé sens usuel des fonctions en question est une
fonction intégrable.

Le contenu de cette note est formé par deux caractérisati-
ons du produit simple de deux distributions (les théoremes 1
et 2). A la fin de cette note, il y a quelques remarques sur
1°associativité du produit simple.

zhéor‘gg l. Soient f, g deux distributions définies (au
moins) sur une partie ouverte G de 1 espace EF . Pour 1’ ex-
istence du produit simple fg sur G , il est nécessaire et
suffisant qu’il y & un ouvert H dans 1 espace (x’)xx (!r)y -
): ) (G)xx oy , de sorte que f£(x) g (x = y) est une distri-
bution qui ea@ s H une fonctiom localement intégrable par
rapport @ la varisble y continue dans le point y = 0 . Dams
ce cas f(x) g(x) est la section de la distribution
f(x) g(x = y) sur G dans le point y =0 .

Remarque 2. Le produit simple de la forme f£(x) g (x - y)
est défini pour des distributions quelconques £, g ; on peut
le 4éfinir de la maniére classique par la formule:
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_/ fx)g(x-y)glx,y)axay=
'/t(x) [fg(x-y)g(x, yayglax
ear pour ¢ (x, yle (5)3’y on a fg(x -Vg(x,y)dye
e(D), .

Regerque 3. L énoncé "une distribution F(x, y) (définie
au moins sur H ) est sur H une fonction localement inté-
grable par rapport & y " signifie que pour tout g € (9 )
f F(x, y) ¢ (x) d x est une distribution qui est sur 1’ensem-
ble { y ; support ¢ x< (y)c H} une fonction localement inté-
grable. De mime on peut définir cet énoncé pour une fonction
distributionnelle P’(x) ou pour tout y pour lequel 1°en-
semble {x ; (x, y) ¢ H} n’est pas vide, Fy(x) est une dis-
stribution sur cet ensemble. L équivalence de cette définition
a celle qui est citée dans [3] est montrée dens [4]. De la fa-
¢on analogique on définit la continuité de F(x, y) par rap-
port & y et a'Kutres propriétés.

Remarque 4. Par un calcul facil on peut vérifier que, dans
le cas ou P, est une suite régulidre convergente & o, on
& pour ¢ € 3
fft(x) gx=-y)g(x)dax p(y)ays=

= [[gx) £(x)] ¢ (x) ax,
ou 8, =g % P est une suite régulisre convergente & g .

:h‘og‘mg 2. Soient f, g, h des distributions sur une par-
tie ouverte G de E' . Pour qu'on ait h = fg s 11 est néces-
saire et suffisant qu’ & chaque intervale compact K dans G
(int X4 @) et a chaque voisinage du zéro U dans ﬁ'x 11
existe A > O de sorte que ‘Vl(x) ’ 1}’2(:) € @f‘x PN
Y20, ¥,%0, f1r1 = fryz *1l=ph-(Exy))gxy,le
«U (nasturellement ’on prend les distributions du second mem—
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bre seulement sur K ).

Pour démontrer le théeréme 1 J ai usé les théorémes sui-
vanss concernant les distributions de deux variables.

Théoréme 3. Soit H un ouvert demns (EF), x(B’)’ ,. ot
soit f£(x, y) une distribution qui est sur 1 ensemble H une
fonction continue par rapport & la variable y . Alors il ex~-
iste une fonction distribution'nelle r’(x) sur H , continue
par rapport & y et telle quon & f,(x) = £(x, y) sur H.
Par ces conditions la fonction distributionnelle fy(x) est
bien déterminéde.

Remarque 5 . La derniére égalité signifie qu on & pour
tout g e D

ff(x, Ne(x,y)axay = f[ff’(x)q(x, y)daxlay.
(Dans le second membre 1°intégrale extérieure est celle d une
fonction continue dans le sens usuel).

Théoréme 4. Soit f£(x, y) une distrdbution sur Px Q
ou Pc (E")x y Qc (B')’ sont des intervalles compacts &
1’intérieur non-vide. f(x, y) soit, par repport & y , une
fonction mesurable et bornée. Il existe alors une fonction di s-
tributionnelle fy(x) (xeP, ye Q) de manidre que
f’(x) = f(x, y) sur P = Q, 1l ensemble des distributions
{t’(x) ; 7€ Q} est borné dans 9'p et el pour n ¢ € $p
la fonction. lf £(x, y) @ (x) a x| est bornée par le
nomtre & sur un intervalle Q*c Q , int Q¥ 4 £ (dans le
sens de 1'6501#6 des fonctions et des distributions), on a le
méms pour la fonction |ff,(x) g(x)ax|.

Théoréme 5. Soit £ une distribution sur Px Q ou
Pc (l"")x s Qe (l'), sont des intervalles compacts & 1 in-
térieur non-vide, Yo € Q . Supposons qu’ & chaque g € -‘Dp
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il y eit un intervalle I(¢g) étant un voisinage du point y,,
dans Q de sorte que sur I(g) , J x, 3) g (x) ax est
une fonction mesurable et .ontinue dans le point y,. I1 y a
adlors un intervalle I étant un voisinage du point Y, dans

Q de sorte que sur P x I , f£(x, y) est égal 2 une fonction
distributionnelle fy(x) qui est, par rapport 2 la variable

y , bornée et continue dans le point y = 0 .

Théoréme 6. Solent f, g des distributions telles qu’il
existe fg sur un ouvert G c E* ., Soit (& une mesure qui
est une fonction infiniment dérivable ssuf le point O de sor-
te qu“il existe le produit de composition g x (o sur G .
Alors 1l existe sussi f.(g * ) sur G.

Remarque 6 . La loi d’associativité n’est pas valable
pour le produit simple de distributions, c‘est-a-dire on n’a
pes nécessairement (fg)h = f£(gh) méme que les deux membres
ont un sens, comme le montre un exemple classique sur El s £ =
= d, g(x) ax, h(x) =-]x* (une pseudofonction). Mais dans
1° exemple cité, il n’existe pas fh . Le travail [2] contient
des conditions suffisantes fondées sur les ordres des distribu=-
tions f, g, h, pour la validité de la loi 4 associativité.
Mais il en résulte aussi 1’existence fh , 11 pourrait donc
sembler que 1 existence fh seule £Ut une condition suffisan-
te pour la validité de la loi d associativité. Meis ce n’est
Pas vrai comme le montre 1'exemp1e suivant.

Exemple, Soit f, g des fonctions sur Et déterminées
par les formules-ci:

1 8’1l y a un entier n & 2 pair
£(x) = x . (1-log x) de sorte que x € (% , néf')
Y pour les autres x ,
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8’11 y & un entier n = 2

pair de sorte que xe (% ,%)

1
glx) = { Vx . (1-Tog x)
0 pour les autres x .
Alors, si nous prenons V£ dens le sens usuel, on a vt .
« V=g, VE.g=0 dens le sens usuel et aussi d’ap-
rés la définition du produit simple de distributions, mais on
a f.g= d. %log 2 ( 0" est la mesure de Dirac) d apres
la définition du produit simple de distributions. On n’a pas
donc
(VE. VB .g= VE.(VT.g)
Méme pour des mesures & Y quelconques, le produit simple
[(\/?*(a,) (VE x v )] .g aun sens; cela signifie
que la supposition si forte ne suffit pas & la validité de la
loi d’associativité.
Théoréme 7. Soient f, g, h des distributions sur E* ,
G un ouvert dans Er « Supposons que pour chagque mesure o~
au support contenu dans un voisinage du point O suffisament
petit 1l existe [(f x w) . gl.h sur G et qu'il exis-
te gh sur G . Soit i une fonction intégrable sur EX , in-
finiment dérivable sauf le point O de sorte qu’il existe
fi=f %1 . 0n a alors (tlg) +h=f .(gh) sur G.
Travaux cités:
(1] SCHWARTZ, Théorie des distributions, Paris 1950.
[2) llIDJSINSkI, Criteria of the existence and of the asso=-
ciativity of the product of distributions,
Studia Mathematica XXI, p.253=259.
[3]  LOJASIEWICZ, Sur la fixation des variables dans une dis-
tribution, Studia Mathematica XVII,p.l-64.
[4] JELINEK, Les fonctions distributionnelles localement in-

tégrables,Cech.l;i.!.?.lZ(B?),No 4,P.4T7-485.
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O METOIE PELVKIMHA
D.¥. I'PMEAHOB, KA3AHb

B macrosme}t 3aMeTKe YKASHBADTCHS YCAOBMS DA3PEMMMOCTH METONOM
pexyrmumm [1] GecxomewHMX cHCTeM XMHeRHHX ypaBHeHull o .
Mycrs E -GeckomewHas eIMHWUHAf AMArOAbHES MATpMLA, R, =

MaTpuna, moxyuewmes Ms E  semenmoft mepeNX m  exununm raasHoR
muaronams, u B, = E - R, . OGosmaumm uepes £ xoopamearHOe
mpocrpencreo x wepes A* -gyaremoe x memy xoopammarmoe mpocrpan-
creo [2]. Ecam sexrop X € £ , To mpm ambou m =42,... BexTop
B.Xeld = IR Xl X « Bexuoft xapaxTepmcTuKOf mpoc-
rpencrsa £ sBasercs ero xoopausarHoe mozmpoctpamcrso [£]
npencrasasbmee coGofi saMuKaHue B Merpure npocrpamcrea {4  wmomecT
B BCeX BEKTODOB C KOHEUHNM UHCIOM OTAMYHHX OT HyJi KOOpAMHAT. He-
TpyaHo moxasars, uro sexrop X € [ £] worze x roasxo rorze, xorza
“% IR, XNl = 0 ., Hocrenopareasnocrs sexropos {Xn}c £ ma-
supaerca cxa6o cxomsmefics 8. £ x mexropy Xe £ , ecau mpx ao-

GoM BeKkTOpe y = {’yﬂ.‘ € 1*
& 0

bm = a::”/ykg > T, Yp *

Mmoo fesd Jo=1

N8 cxomumocTH no HOpMe BHTEKAET cxabas CXOAMMOCTb. Js caabolt cxo~
AMMOCTH IDCXENOBATEALHOCTM BEKTODOB BHTEKAET MX INOKOODAKHATHES
cxommmocts. Ecu £ 4 [ L] y TO > aBageTcs cobcTBeHHOR uacThHD
conpaxernoro ¢ £ mpocrpamcrsa. [losToMy B aTOM cxyuae caabes CxXoO-
zuuoers B £ ormmuma OT caaGoft CXOMMMOCTH B CMHCXE TEOPKM HOpMH-
POBaHHEX MPOCTDAHCTB.

B paMgax mpocTpascTsa £ PaCCMOTPDHM GOCKOHEUHYD CHCTEMy
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JmEelimNXx ypasHemmuil
(I) TX=F(E-A)X=H: x, Z b g = A, (m=4,2,...).
970 sHauMr, Wro MarpwumHElt omeparop A OrPaHN4YEH B NPOCTPRHCTBE
A , wosecrmnht mexrop H € £ u B pacwer npummmapTes ToABEO
npnrenxe empme mpocrpancrey AL  pememma X oaroft cucTemy ypasme-
mult. B nexsrefimeM GyzeT npeanoXaraThCs, WTO Cu cTeMa ypaBHeumk (I)
onmosHawHO paspemuma B £ (mpu awGou H € £ ), 4T0 B cuay
Teopems C. Bamaxa 06 o6paTHOM omepaTope SKBMBAAGHTHO HpPeANOAOXe—
HED O CymECTEOBEHMM OFpAHUUEHHOro ofpaTHoro omeparopa T ~7 . Ha-
pamy ¢ cucrewmolt ypapHenm#t (I) paccuo'rpm( yceqermyn cucreMmy ypap-

HeRult x Z a‘m*. x"_ =' m m =4, 2,...,’"')

@) T X =(E-ADX = ,
acf,,".:=0 (m >n)

Ecam npm BCeX AOCTATOYHO GOABIMX 71 CMCTeMa ypaBHeHut (2)
NMeeT eXNHCTBEHHO® DemeHMe X, M IOCAGNOBATEALHOCTH BEKTODOB Xn
CXOAMTCS NMOKOODAMHATHO K HexoropoMy Bekropy X € £ , sBxaomesy-
cq pemenweM cucTemy ypaeneHult (I), 0 rosopar, uro cucrefia ypam-
Hemult (I) paspemuma B 4 wMeronom peayxuuu. Ecau KpOMe TOro
Xn=—> X 1o mopwe upoérpancraa £  (coorB. cxabo cxomurca B
£ ), To Gymem rosopmTH, UTO METOA POXYKLNK CXOZMTCE IO HODME
npocrpancrsa £ (coors. casbo cxozurcs B £ ).

B nexsmeftmen wepes X m X, oGosHauawrcs pemenus cucTeM y-
paererm®t (I) u (2) coorserTcTBeHHO.

Teopeua 1. ‘nn TOro WTOOM OzHOSHEWHO paspemmMas B £ cucre-
Ma ypaeHemuit (I) OHAa paspemmMa METOXZOM DEAYKIMM, CXOASIMMCH MO
Hopue mpocrpancrsa £ , HeobxomuMo u JOCTATOYHO, YTOOH HAmAOCH

Taxoe YUCAO N s 9TO ompeneanTeab

(3) \f “I’ rﬂ” * 0 mpu aosomw mn 2 N
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® YTOOH M% IR, CAX +H)I =0 o CHpapeJuBH ONEHKN

I X=Xp € AT URp (AXm+HIl # ITX,=HI= IR, (AX, +H)II

Ecu [All< 41 , mo ycaosue (3) sasemomo sumoansercs. Op-
Hexo naxe B oroM cayuae npy AL #[£] cucrema ypapmenwt (I) mo=-
xeT ONTh HepaspemMMO} MeTONOM PenyKUuM, CXONAUMMCS [0 HOpMe Mpo=-
crpancrsa £ . B camou mexe, copasezauBa

Teopeua 2. Ecxm B All<4 , o cucrema ypapmemst (I) pas- .
penmmMMa MEeTOZOM DeAyKIMX, CXOZSUMMCH MO HOpMe IIPOCTpaHCTBa L,
rorga u Toaeko rorza, xorza X € [£] mm, aro axeusazenTHO
m IR, (AX,,‘-t-.H)I(f-' 0.

Taxum o6pasom, ecxx £« [L] , w0 /mGas cucrema ypasmennit
I)e NAll<1 paspemmMa MeTOZOM DeIyKIUDL, CXOLAIMMCE IO
Hopue mpocrpancrsa A o B wacTHOCTH, 9TO COPABEAIMBEO AAY NPOCT=
percrs 4, (p 2 1) . Ecam L+ [L], IAN<1 s A{lje (L],
TO, K&K 9TO BHTEKaeT M3 npeaunymelt Teopemi, cucrema ypabHerult (I)
paspelMMa METONOM PeXyKIK, CXoismuMcs no mopue mpoctpaxcrsa L,
mmme rorpma, xorza wssecrmult mexrop H e [£1

MaTpuurnit oneparop A nmasupaercs £ —HeOpepHBHHM [2], ecan
m HA-B All=0 . o JmGoRt oaf~HempepHBHEHIl omepaTop BIOJHE
HempepHBeR X o6aacTb ero smaveHm®t pacnoxoxena B [£J] . Cucrema
ypaemenm#t (I) nesHBaeTcs of -mempepmBHo#t, ecazu A  aBasercs

o{ —HENpepHBHHM ONepaTOpPOM.

Teopema 3. OnHOsnewHO pas3pemmMas B L ~HeNnpepHBHasS CHC=
TeMa ypapPHeHu] paspemMa MeTOZOM DeAyKUMM, CXOISUPMCH [O HOpME
npocrpancrea £ , roraa m roarko Torza, xorma He [£]

Orcona BHTEKaeT MSBECTHHA pesyabTaT O BHOJHE HENPEePHBHEHX CHC-
TeMax ypeBHeHull B r'mab6epTOBOM MPOCTPAHCTBE «52 ([3], rx. II,

§ 3 wm [4], ra. XTIV, § 3). YacTHuM cxyvaex npexmzy.mell TeopeMs
ABJAeTCH TaKEe OCHOBHO% pesyasrar padors [5] 06 G’ -HenpepHBHEX
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cucremax ypaemenmht. Ecax £ = [L] , To xaacc smoame HempepHEHHX
onepaTopoB B £ COBNAJAET C KAACCOM o ~HENPEpHBRNX ONepaTopoB.
Taxuu o6pasom, ecax L=[L] » TO ap0asg OZHOSHAUHO paspemmMas B
A Bhnoxne HempepHBHAS CHCTeMa yDABHEHMA DASDONMMA METOAOM DeLyK-
' IMM, CXONAWMMCS 0O HOpMe mpocrpancTBa £ .

Teopesa 4. Jizg TOro 4ToCH OXHOSHAYHO paspemmMad B £ cuc-
TeMa ypapHenu#t (I) OHaa paspemmMa MeTONOM PeXyKIMM, CIQ60 CXOZA—
muMes B mpocrpancrse £ s HeOGXOIMMO M NOCTATOYHO, UTOOH BHIIOA=
uaxocs ycaosue (3) ; R,AX, —> 0 caebo B mpocrpancree £ .

OrueT™MM pAX YaCTHHX cJayuaeB aTo#t ofmefk TeopeMH, ecTeCTBEHHO
nonoxasoueli Teopemy I.

Teopema 5. Ecom cmcrema ypaenenult (I) ozmosmauHO paspemmua
s 4 , sunommsercs ycxosme (3),IAX IS C<c0 x £¥= [L*1 ,
TO 3TA CMCTEeMa ypaBHeHw/l paspemMMa MeTOLOM DeXyKuuu, Caa60 CXO-
ISAUMMCS C NMPOCTPAHCTBEe £ s

Caegcreme. Ecxm NAll< 4 wx £*=[L*], 2o cucrema ypes-
menmt (I) paspemmMa METOAOM PeXyKUuNM, CA860 CXOASIMMCH B OPOCTPaH-
cree £ .

Tax xax m™*= 1., - [11] s TO. B YaCTHOCTH, JpOES BOOJHe pe=-
ryadapHas CUCTeMa ypaBHeHult paspemmMMa MeTOAOM DexyKuuM, caaGo c-
XOZAUMMCH B NPOCTPAHCTBE M o OTO SBALETCE YTOYHEHUEM H3BeCT=—
HOrO YTBEDRIEHKMS O DASPEIMMOCTK METOINOM PeXyKOMM BIOXHEe peryJasp-
uoli cucremn ypasmemu#t ([6], crp. 41).

Teopema 6'. Onmosrauno paspemumas B 4  Of -HenpepHBHAs CMC=-
TeMa ypapHeHM! paspelmMMa METOAOM DeAyENNK, CA8060 CXOASUMMCH B
nmpocTpaHcTBe £ .

' Marpwunufi omeparop A  HasuBaercs )G —Henpe pHBHHM, ECJXK
m IIA -A 8 =0 » JinGoft ﬁ =HeNpepHBHHA OImepaTop BITOJ~
He HenpepNBeH. CucreMy ypapremuit (I) Gyzem Hasusath ﬂ -HeIpepuE-
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HoRt, ecax A aBameres ﬁ ~HeNpepHBHHM ON@PaTOpPOM.
Teopema 7. OpmosHaunO paspemmMes B Z /I —HeNnpepHBHAS CMC~
TeMa ypaBHeRHR paspemmuMa METOLOM DeLYKIMM, CI860 CXOASUMMCH B
npocrpencree £ . MeTOX peXyKmMM CXOZMTCH MO HODME OpOCTDAHCTBE
4 ® Tox u roasxo Toum cayuse, xorsa X € [£] wam, uro sxemBa-
JeHTHO, “»&_'ﬂ’n;’ IR, CAX + H)ll=0
Mocxennas TeopeMa yTOUHSeT ORHO MMenmeecg B [7] yrBepxmenxe
o 'G-Heupepsamix cucTemMax ypepHeHult. B npocrpancrTBe M amGoit ‘
BnoxRe HempepwsHuft wmarpuumuli omeparop sBafercs (3 -HempepHBHHM
oneparopoM, [Io8TOMy ADGAS ONHOZHAWHO pASpeIMMas B 771 BOOJHE He-
NpepHBHAA CHMCTEM& ypABHEHNN paspemuMa MeTOXOM DeXyXuuM, Calo e-
XOASIMMCH B OPOCTPAHCTBE M o
lixrupoBaHRAs JHTEpaTypa
(1] B. HELLINGER, O. TOEPLITZ, Integral-gleichungwn und Glei-
chungen mit unendlich vielen Unbekannten,
Enzyklopddie d.Math.Wiss.,II,C 13,Leipzig,
(2] D M. PUBAHOB, HMsB.RysoB,MaremaTura,® 3(1963) 1928
[3)  7.B. KAHTOPOBMU, YMH,3,E 6(28)(1948)

(4]  1.B. KAHTOPOBNY, I'.l. AKWIOB, dymxusoHexsphmii eEAINS B HOp-
. MNDOBAHHKX OPOCTpaHCTBaX,PNsMaTrus, 1;959
[5)  D.M. I'PUEAHOB, WsB.mysos, Maremarxxa,B I (1962) '
(6]  N.B. KAHTOPOBMY, B.H. KPWIOB, [IpNCANXeHNNe MOTOIM BHCEErO

sRaxxsa, dmemarrxs, 1962
(7]  D.n. CPUBAHOB, JAH CCCP, 129,R 6 (1959)
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O KPAEBO 3AIAUE PYMAHA C HENPEPHBHEM KO3$@MIMEHTOK
AJJl, KYSEMJHA , KASAHD

Nyers C - sauxmyres xopnemopa xpusas, D¥ - puyrpemnas
% BHemmas x Helt oGxacrTu.

B o6melt nocraroBxe kpaeBas sazava Pumana umoxeT GHTBH cq)op;q-
ANDOB&HA CISAYyDIMM OCpasoM:

Heltrh Kycoumo amexmrTueckyD qyRxmu» ¢ (X) , ymosaereo-
pEXgyD B xaxom-amGo camucze Ha [ ycaosup
(1) d¥(t)eG(t)P-(t)+g(t), tel,
rae &(t) - xospgmmment sameun x @ (t) - ee cmoGommuit wiem, sa~
news ma C , ¢:L' (t) - yraomwe rpaEuuEHe SHAYeRMK QYHEIMM
®@) usuyrpm m msmre C .

- B npexnoJioxeHyuM, dYTO C - xpusas Jamynopa, ¢ynxmus G(t)
mempepupna n murge na C He obpamsercs B Hyxs, g(t)e LP ¢c) ,
p>1 , saneva pemazack B kxacce qymKuult, NPeACTEBUMNX KHTerpa-
xow Tuma Kown ¢ yraosuwu rpemsumi shevemumwn $-(£)€ Lp(C),
p>1 , xoropse mourx scoxy ma C ymosxersopsmr ycxosxn (1)
(emo[1],[2]).

B arolt sameTke MM manvu pemenue KpaeBoft sanauu Pumana ¢ He=
IPepHBHNM KO®(GQMUMEHTOM fAad caydes, xoraa ( - raegkes kpuses,
¥ xoropolt yrox O(8) nmakmua xacarexsmolt x ocw abcummcc, Rax
¢ymxmms pawsw zyrx S ma ( , mMeer moxyas HenmpepHBHOCTH
@(h) raxok#, wro

[
(2) /—QL,?—L-)- n’hdh < o .
0
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OGosHauKM wepes X = 1;1‘(10') - (YyEEIMD, OXHOJIMCTHO B KOH-
+
dopsro orobpaxamyp kpyr |w”[< 1 ma otzacts D' .
Tax xe, Kax cxexano C.f. Axsnepom(cus[3], crp. 424-426) B

cxyuae, xorma <(h) ynoexersopser ycaoBx®

4
w)
bf B [nhidh < co , MOXHO NIOK@8saTh, 9T0 QyEKmMS wl(w')

mempepusna B |w|/€1 x
@) ') -y sw*6-01), 0586, 8's 2,

roe (M)  raxoma, uro

/c‘ﬁ’_:i’-‘l/bnmdh <o .

0

= w'eut?®
06, /<2 ,08n<1,nx r=e®, 0s622m,
GyneM HMeTh?

ly'(w) - y'(w')| = Ko* (w -w'l)

B cuxy (3) pas AOOHX Touex W< u"s

@) ly'aw) - vl & K, &% Clw-21),

rore K x K1 = HOKOTOpHe HNOCTOSHENe, (QyHRINS wf(h) yAOBAET—

BOpAET YCAOBND

(5) j f_’:fy dh < c0 .
A
O'rue-rn,‘u-ro AAS ROX&BaTOABCTBA BTOPOr'0 M3 9THX HEepDABEHCTB
EOCTaTOYHO noxasarhb, 4T
@*((1-2)%)
1=-1

P ,0<x <, were'd Osnet,

Mcnoaseys mepasemcrsa (4) x vo, wre Y (W)l m >0 »

|w| € 1 , merpyamo zoxasars, uro
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‘() 1
®) | X - ldzl< M, lul<s 1
m-‘/; ya)-yw) r-w d ¢

rze mocrosHHas M wHe aaBucuT oT W .

PaccmorTpuM uETerpaa tuna Komm ¢ HenpepmsHo#t maorHocrst £ (E) 3

(7) FCz)=51'17{74:(% at .

B uacrnocrM, xorna (C - oxpymmocrs [Z [« 1 , mo Qyux-
ws FT(x) e Hp npu scex p >0 =, caemosarersno,
F=(t) e LP npn BCex p > 0 . éro BHTEKEET U8 PesyJbTaToB

Bl CuupuoBa (cMe[5], cTpe 94 u 116) m B.B. Xmegmemuase (cu.[6],
CTOe 19).
lMoxaxem, uTo (yHKIMI

‘= A [£8L gt zep*
F¢x) 2i &f t-z d g

ecom xpusas C  yzoerereopser ycsosun (2) mpmuapaexur kaaccy EP

npu BCeX p >0 .

B camoMm gmeJse
! 1 fly ()
Ff(‘lf’(u/‘))"z—"ﬁiliq T -w ar +

y'l(t) 1

1 - ldz

+ g f fapenl YT yar)  Tw ’
ITles lwl< 1,

(8)

3aeck nepeuit uHTErpax, kak OHJO OTMEYeHO, ecTb (yHKIMA Kxac-
ca HP npu scex p >0 , propolt - dymkuua xracca B B cm-
a1y (6) um HenpepHBHOCTH QYHKIMM -F('lr (z )) « CaxezoBaTesrHO
tynxuua FT(y w)) e Hp npx scex P >0 . Tax xax QyRE-
wz y'(w) wempepusna B [wl4 4 , mo dymama FT(x)e€ Ep
mpu scex P >0 , Ee yrioewe rpenuumme smewemus [ *Ct) cywe-
cTEyor mourn eeoxy va C = FY(t)e LP cC) Oopu BCex P>0 o

B cnay ocroeHok semmm V.. lpusazosa (cMe[5], crp. 190)
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dynxma F (X) yzoexersopser mouru semmy ma (  ycxosmp
(9) F*(¢)-F~(t)= ¢ (C¢t).

Ouesuzmo, wro F~(t) € Lp(C) mpmscex p >0 .

B Tou cayuee, xorna f(t) € Lp(C) , p>1 , gynxuma
F(x) umeer mouTu BCOLZY yriaoENe IDaHMYHHe SHAYCHUS [~ t(‘é) "
mpuaen FI(t)eE Lp (e) » P >1 , m ynosxersopavr yeso-
eup (9) (cm.[7], crp. 273).

CaenyeT OTMETHTB, UTO B kAacce QyHKmMA, NDeNCTABMMHX MHTErpa-
zoM Tuna Ko, OOpELADIEXCK B Hy b HE CeCKOHEUHOCTH M YLORIETEO=
paoupx noutu seoxy Ha C  ycaosup (9), dymxmus (7) eamncrsemna
(cue[6], cTpe 66).

llpucrynas x msydyeHuD KpaeBoft saneum Pumana, yTouHuM ee dopmy=
XMPOBKY o

Oycrs C - rasgkes KpuBas, ynosieTBOpsvmas ycaosud (2), QyHR-
ms G(t) menpepusna u He oGpampercs B Hyab Ha C , Gymkuma
gtlelp(C), p>1.

TpeGyeTcs HafiTH Kycouwo eHamuTmdeckyo dymxmmo & () ,
® (c0)= 0, npeacramumyp unrerpazou Tuma Kom ¢ yruossuu rpa-
muammun srevemwtx @+ (t) us mexoroporo xaacca Lp ) ,

P >1 , M yHOBXeTBOPSDIYD moutk Bcogy Ha (  ycaommp (1).

T[IoCKOABPKY ORHODOZHAA M HEONHODORHAS BaAAYM PuMana pemaprcs
Mo usBecTHO! cCXeue, TO HeT HEOOXOMUMOCTH NPMBOLWUTH 8LeCh BCE BH—
KABOKH . ,

Tycts 88 = ind G(E)=0

Tax Kax QYHKOMS  im GCt) HenpepusHa Ea ( , TO KaHo-
Hryeckas ¢yHEmus opmopoaHolt sezaum Pumanra

X(z)=e"®)

n € 4
t-z

rne

PCZ)'2%[ é/
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Henoavays nas r"(z) npexncraBaenue (8), HeTPYyAHO IOKASaTh, YTO
E 1

oyuewes X'G)e Ep x XZC6) x gmes € Lp ()

npx BCex p >0 .

PemeHnue HeoZHOD JMAHO 3anady PumaHa, Kax UsBeCTHO, NpeNCTABU-

MO B BHOE:

(10) $)=XR)y (),

rae 1 get) dt ‘
WCz)'z:tr—té/' XTt) t-z

(t)
Tax Kak el -€ «) £ - xonGoe Mance NOJOEUTEAL=
x*@) -~ P ' #

HOe UMCJIO, TO YrJOBHE I'DAHMYHHE BHAYEHMS 1[/"(*) € LP-E @) .

Ouemupo, uto dynxmas ¢ (Z) umeer nournu mcony Ha ( yr-
roswe rpammunwe smawenns PI (%) , OPUHALTERauUMe KJAACCY
Lp-e (C) , € - aoGoe mBsOE MOJOXUTEABHOE UHCIO.
Wrak, ecan 8€' = 0 » TO KpaeBas 3azsua PumaHa uMeeT enMH-
creeHroe pemenue (10).
Cxyuealt, xorna 2¢ = 0 womer 6uTh Tak, KXax 3TO OGHUHO HeJa-
erca (cul.[8]).
TnreparTypa
[1] VBAHOB B.B., HexoTopue cpolicTBa 0COOGHX WHTerpanoB Thna Koum
n ux npuxoxeHus, JAH CCCP, 121,R 5 (1958),793-794.
£2J CVMOHEHKO M.B., Kpaepne sagmaum Pumana um Pumena-I'asemara ¢
HeNpepHBHHM Koo(puumenToM. JccrenoBanus mo ccepe=
MEHHHM npoCxeMaM Teopuu QyHKImMN KOMIJIEKCHOre me-
pesmernoro, M.Pusmarrus, 1961.
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CONCERNING UNIVERSAL CATEGORIES
A. PULTIR, Prsha

Introduction.

The present paper contains s definition of universsal cate-
gory and some results concerning this notion. In the § 1 we give
the definition snd two simple criteria which enables us to show
that some frequently discussed cetegories are not universal. At
the end of the parsgraph we prove that the qategory of commuta-
tive semi-groups and their homomorphisms is not universal, which
result is not an immediate consequence of the criteria.

The category R of sets with binary relations and their
compatible mapping is shown to be universal in the § 2 . A proof
of the fact was sketched in [2] using the constructions introdu-
ced in [1]. Here it is done in a more detailed way.

The main results of the paper are gi'ven in the § 3 . We ex~
amine some categories similar to R and state which of them are
universal. Every transformation ¢ : X — X may be considered
as = particular case of a relstion on X , namely {(¢p(x), x)|
|x e X} . Another particular kind of relations form multivalued
mappings 3 X—>X , i.e. such relations, that for every xe€ X
there is at least one y with y “x . Roughly speaking, the de-
finition of R: contains two kinds of relations: namely, relati-
ons in objects and morphisms, which are, in fact, a particu]far
kEind of compatible generalized relstions. To sugee st it, we write
R = R(r, ) .We may replace r by £ ,m or r and the
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same for f ( r mesns relations, m miltivalued mappings, f
meppings). In this way we obtain nine categories 72 (o, /).
Considering enother kin;l of compatibility, we shall define anot-
her nine categories M *(oc, ) . Exact definitions of the ca-
tegories R (x,B), R*(ox,pB ) aregiven in the begin-
ning of § 3 .

We remark that throughout the § 3 we work in a set theory
without inaccessible cardinals.

§ 1.

M(a, b) denotes, as usual, the set of all the maphisms from
an objct a to an object b (in a given category). A class ob-
tained by choicing a representsnt in every equivalence class (gi-
ven by isomarphism) of A , where A 1is a class of objects, is
called a skeleton of A ., Small category is a category such that
the class of 8ll its objects is & set.

1.1, Definition. A categgry & is cselled universal, if any
smgll category is isomorphic to @ full subcategory of £ .

The following statement is evident:

l.2. Theorem. The dual category of a universal category is
universal. If & is isomorphic to @ full subcategary of & , and
if & is universal, then & 1is universsl.

I.3. Remork. Since semigroups with unity elements (in particu-
lar,groups ) are small categories, the following holds: Let & be
a universal categary, S:|l any semigroup with unity element. Them
there exists sn object & in 4 such that S is isomarphic to
N(a, 8) .

l.4. Theorem. Let 4 have the following property: There ex-
ists a clase A of objects of & such that its skeleton is a
set #nd such that for every a € & N~ A there exists a be &
with M(a, b} @ += M(b, a) and such that a is not & direct
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summand of b X) . Then the categary £ 1s not universal.

Proof.let the category & be universal and let G be any
group; let us dencste 8(G) an obkct of & such that
Ga M(a(G), a(G)) . Cbvioualy, if G, G° are not isomorphic,
the objects a(G), a(G’) are not isomorphic. If a =a(G)¢ A,
there exist b, 9, ye&£ , ¢:a —~>b, 3 :b—> a, a
being not & direct summand of b . Therefore Yo has not
an inverse morphism and we lave a contradiction, for M(a, a) is
a group. Hence a(G)e A for any group. But there is a proper
class of mutually non-isomorphic groups.

1.5. Theorem . Let &€ have the following property: There
exists a class A of objects of & such that its skeleton is 8
set and such that for every b € £ there exists an a &€ A
such that M(s, b)s# @ # M(b, a) . Then the category & is not
universal.

Proof . We are going to obtain the statement by proving that

any object of any category has only a set of mutually non-isomorph-

ic direct summands. Let us have an object a , Let b, b° be its
non-isomorphic direct summends. Let o« : b —> a , B :a—>b,
«’:b’~> a, B’:a— b’ be morphisms such that S e ,
8’0’ are isomorphisms., o e = t’o B’ implies (B oeo’)o
o(/3’oa<, J=RexefB oox eami (B'oex Jo(Boak’) =
=@R'6et’o A0k’ , i.e. b isomorphic with b’ , in a contra-
diction with the assumption. The assertion cencerning the sét of
mutually non-isomorphic direct summands is therefare an in}mediate
consequence of the fact that M(a, a) is a set.
x] a is called a direct summand of b , if there exist morphisme

x:a—> b, A :b—>a such that 8 e is an isomorph:

ism,
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1.6. Corollary. If there is &an object a € £ such thst
both M(b, a) snd M(a, b) are non-void for any- b € A& ,in
particular, if & has = singleton resp. cosingleton, then &
is not a universal category.

1.7. The criteria 1.4 and 1.5 do not give an immediate ans-
vu;r to the question whether the category of semigroups (in gene-
ral, withouta unity element) is universal. We close this paragraph
by showing that at least the categary of commutstive semigroups
and the ir homomorphisme is not universal. The statement is an im-
mediate consequence of the following theorem:

Theorem. Let S be a semigroup, @ € S an element such
that a™ = a® for some m # n . Then there is an element be& S
with b . b =Db , Consequently, a commutative semigroup either con-
tains an element b with b -. b =b , or its endomorphism semi~-
group is infinite (more precisely,it contains en isomorphic image
of the semigroup of natural numbers with multiplication).

Proof. Let a™ = a® with n > m , Hence a" ™ , a® = a"

a‘Ii:(n-m) . a®

and consequently o™ = a , Let us take a k such that

k(n - m) m . Multiplying the both sides of the last equatiom by

ak(n—m)-nt weget b.b=8B far b = ak(n—-m)

» Now, let S Dbe
a commutati ve semigroup; Iet b . b b for every b € S , Hence
for sny a and sny m=% n° holds al %= a o Let us dencte N
the semigroup of natural numbers, The mapping ¢ : R — E(S) de-
fined by @ (n)(x) = 2™ is evidently & monomorphism.

§a.

2.1. Denotations. Let X, ¥ be sets, R, S binary rela-
tions on X, Y respectively. By a compatibIle (mare precisely,
RS-compatible) mapping f : (X, R) — (Y, S) we mean a mspping
£ : X— Y such that the implication x R x =3 f(x) S f(x")

- 230 -



holds. The sets with binary relations and their compatible mapp-
ings form obviously a categary, which will be denoted by 72 .
Let us dencte Ra (?{;' resp.) the full subcategary of 22 ge-
merated by objects (X, R) with antireflexive R such that for
every xe€ X there is a ye X with y R x (with either xR y
a yRx ).

Let A be a set. We denote by AR  the category, described
&3 follows: objects are systems (X ;{Ra} s 8 € A) where X is‘
@ set and every R, 1is @& binary relation on X , and the morphisms
from (X ; {R,} , a€ A) into (Y ;{S,f, @€ A) sre all the map-
pings f : X—> Y , which are I?la Sa -compatible for every a € A .
Let (X, R) be a set with a binary relation. We denote C(X, R)
the semigroup of all the compstible mappings of (X, R) into it-
self. The object (X, R) 1is said to be rigid, if C(X, R) is
trivial,

2.2+ Theorem. Any small category <& is isomorphic to a full
subcategory of some A# . The set &' o the morphisms of &
may be talen as the set A .

Proof. Let us denote by K the set of the objects of & .
Let us define ¢ (a) = (U[M(b,a)I b e K7 ;{R ]}, < € £’), whe-
Te BRey iff B=yoecx ;3 S(B)={yr—>Beyf.Obvi-
ously, $ is a 1-1 functor into £'72 .let £f: Pa) >
—> ® (b) be a morphism in &£ ‘%2 . Let us denote € the i~
dentity morphism of b . Since ot = £EeoC , we have oc R_E
and hence f(x) R, f(€) , i.es floc) = f(E) oox o Hence f =
= d(f(e)) .

2.3, Lemma. Let (X, R} € R . Then there exists a (Y, S)e
€%, with card Y » card X end C(X, R) ~ C(Y, S} , such that
the_Iength of any cycle x) in (Y, S) is divisible by either

x) Let (X,R}e R. A sequence x3 ’".]..‘8 (xiex) with the proper-
ty xRxy,, (1=I,...,n-1) x Rx;"1s" called a “eycle of the length n.
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2or 3.
Proof. Let us take ¥ =Xu Ru U , where U =Ty P , OF =
={ul, @}, 07 ={ul, u?, ] }. Let us define the relotion S
by
u’iSué ’ m%Su% s uﬁSui,l (1=1,2),u§3m§1 A
for every x€ X , 1=1,2,m§5:;
for every (x,y)e R xS(x,y) , (x,¥)Sy .
Ev:fdently, the length of any cycle in (Y, S) 1is divisible
by either 2 or 3 . Since the image of any cycle under a compa-
tible mapping is & cycle of the same length, we get immediately
g (W)c U (1 =1,2) for any compstible ¢ e (Y, S) . Now,
let us take an x € X . Since uin y Wwe have ¢ ung'x
end we easily obtain ¢ wj=uj and @ (X)c X . Let us take
(xy y)€ R . Since x S(x, y) and (x, y) Sy , we have
9xS g(x,y) and ¢ (x,¥)S g ¥ and we get ¢ (x,y) =
= (g x, #¥) Dby the fact that < (X)ec X .
Now, it is easy to see that the mapping ¢ : C(Y, S} — C(X,R)
defined by ¢ (g l(x) = @ x is an isomorphism.

2.4, Corollery. Let 4 be a cardinal less than the first
in=ccessible one. Them there is & rigid object (x, R} in 7(',
with ecard X » % , such that the length of any cycle in (X, R)
is divisible by either 2 or 23 .

Proof. By [1] there exists & rigid (X", R°) in 72 with
card X » ” , Without a Ioss of generality we may suppose <z > 1.
Then (x’,R°) ¢ ®’, , since if x R’ x

°
into x; is compatible, and, further, a point which is not in the

the ¢onstant mapping

relation with any other may be compatibly mepped everywhere. Now,
we get the statement using 2.3 .
2.5+ Theorem. In a set theory without inaceessible cardinals
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the cstegory 72, (and hence R , too) is universal.

Proof. By 2.2 it is sufficient to prove that, for card A
accessible, the category AR is isomorphic to a full subeca-
tegory of 22, . Let us tske a rigid object (B, S)e &, with
card B = card A + 1 with cycles of length divisible by either
2 a 3, Let Pys +=+» Py be mutually different primes, Py ¥
2,3 ,8nd let U; (f=1, ..., 4] consist of formal elements
8y(1), ceey uglpyg) 5 let, finelly, U =0Ty U .e.a v Uy - .

Since card A + I £ card B we may choose a 1-1 mapping
®: A— B such that there is @ b € B ~ o (A) . Let us define
By = {(a, 1)l 2e Bf, s; ={((a, 1), (2", 1)) (e, a") € S}
(£ =1,2) . Let us define &, : A—> B; by o;a=(cxa,i).
Let us, for an object X = (X ;{R,},a€A)€ AR denote
Ty ={(x, ¥y, 2)| (x,y)eR,f, Y=U{Y,|® &A} and define
Q(i) =(X;, By) ,where X =X uvYuUOUBuB, 2nd Ry is
defined as follows:

ws0d) By (I +1) (=1, ceey 4, J=1,000,py-1),

wy(py) Ry wy(1) (1 =1,..., 4) ;
for every (b, 1) € B, u;(1) Ry (b, 1) (1 =1,2) ;
for every (b, 2)e B,, w(1) Ry (b, 2) (1 =3,4);
(b, 1) Ry (b°, 1) iff bSbd’ (1 =1,2),
for every x e X , (b, i)"F._Ux (1 =1,2) ;

for every s€ A, (x,¥)e Ry, XBRy(x,y,8) Ry ¥ ,(x,y,2)R;Y,
A;aR (x,x,8) (1=1,2).
Now, let ¢ : (X; {R,§, ae A) = (X"; {R;7,acA) be

amrphism. $ (@) : P (X) —» P (X°) is defined as followe:

for x € X P (¢)lx = gx, Plglx,y,a) =

=(¢x, ¥y, a) ,
$ (¢ ) didentical ver UuwBju B, .
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Obviously, ¢ forms a 1-1 functor into R,
£: P ) — & (X°) be a morphism. Similarly as in 2.3 we get
flug(J)) = w(J) , f(By)c B; . By the rigidity of (B, S) imme-
distely f(b, i) = (b, i) for every be B . Since, particularly,
£eb,, 1)

. Now, let

(b, 1) , flxg 8) = %, &, we get f(X)c X* and
£7(Y,) e !; +By xRy (x,¥,8), (x,5,8) Ry ¥ we have
fx Ry f(x, y,a), f(x,y,a)R £y and hence f(x,y, a) =
= (fx, fy, a) . Hence, finally, f = § (¢p) , where ¢ : T %
is defined by g x =fx .

§3.

3.1, Denotations. Let X, Y, Z be sets, Ac ZxY , BcYx
» X . The set {(z, x) | there exists a yeY , (z,y)e A,
(y, x) € B 1is denoted by A o B . The categwry & (r, r)
( R*(r, r) respectively) is defined as follows: Its ocbjects are
couples (X, R) ,where X is a set, R&€ X=X , the morphisms
from (X, R} into (X°, R’) are triplets (S, (X, R) , (Xx°, R))
such that Sc X <X ad Se RcR’e S (So R=RS res-
pectively). The composition of morphisms is defined by the formula
s’y x’, Ry, X", R"))e(s, (X,R) , (X, RY)) =

=(s’e s, (X, R), (X", R")) .

We associate with every object (X, R) the adjoint morphism
a(x, R) = (R, (X, R} , (X, R)) .
A multivalued compatible mapping (strongly compstible mapping, res-
pectively) is s morphism (S, (X, R), (X°, R")) such that for eve-
ry xe€ X there exists 8 x° with (x°, x) € S . If there is al-
ways exactly one such x° , we call the morphism a compatible
(strongly compatible , resp.) mapping. If there is nc damger of mis-
understanding, we omit the wards (strongly) compatible . Sometimes,
we shall write simply S instead of (S, (X, R), (X°, R*)) .
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By R (m, r} (R (f, r) resp.) is dencted the full subca-
tegery of 93 (r, r) generated by the objectz (X, R) such that
@ (X, R} 1is a mrltivalued mapping (# mapping, resp.).

By R (r,m) ( R (r, f) resp.) is denoted the subcatego-
ry & R (r, r) consisting of the seme objects ss % (r, r)
and of oIl their multivalued mappings (mappimgs, resp.). (It is
easy to see that n(r, f) 1is isomorphic to the category
from the § 2 .)

R (m, m) (R (f, m) resp.) is the full subcategory of
MR (r, m) generated by the objects (X, R} such that ax, R)
is a multivelued mapping (a mapping, resp.).

Finally, ®R(m, f) (R (f, f), resp.) is the full subeca-
tegory of 71 (r, f) generated by the objects (X, R) such thst
QA (X, R) is a multivelued mapping (a mepping, resp.).

The categories R*(a, AY (x,B =r,m, f) are de-
fined =naloguously.

The categary 923 is evidently isoma phic to a full subce-
tegry of R (m, f) . Hence the categawriea X (m, f) and
MR (r, f) are universal ones. In present paragraph we shall pro-
ve that with exception of these two snd R ¥(m, f) and
3{*(1’, f) no category defined above is universal. On the other
hand, we shall rove that both R*(m, £f) snd R¥(r, £) ere
universal, Hence, the situstion for both R ( o ,3) and
R*(xt,f) (e ,f =r,m, £f) is described hy the follewing
table ( + means: the categary is universal, - : the category is

not universal):

&l 4 n r
4 - - -
m + - -
o + - -

3.4. Theorem. The categories R¥*(«,x) (X =r, m, f) are
not universale. -235 -



Proof . Let us consider the group P3 of the permuitations
of a three-point set. If X*(r, r) (R*(m, m) , KX, £)
resp.) were universal, there ought to be a relation R (multiva-
Ived mapping % , mapping & , resp.) on a set X such that 1=’3
were isomorphic to the semigroup of all the morphisms of (X, R)

( (X,«) , (X, <) resp.) into itself, i.e. to the semigroup
of the sets R’c X = X (multivalued mappings (a.': X—>x,
meppings ¢': X —» X , resp.) with R°e R=Ro R’ ((«.'o,u=
= ‘a,o(u.' - q'acf = @o ?I , Tesp.). Since R ((u., [«
resp.) itself is sn element of the semigroup, it has to corres-
pond to sn element of P3 , which commtes with any other one.
But only the unity element possesses in P3 this property, and,
on the other hand, the unity element obviously corresponds to the
&ia gonal A of XxX.We got a contradiction, since, except
of one-point X , the semigroup of all the morphisms from (X, A4 )
into (X, A ) 1is not a group.

3.3. Corollary. ®K*(m, r) , R*(f, r) and &R*(f, m)
are not universal.

3.4, Lemma, Let G be a group providéd by a (reflexive) par-
tial ordering < such that the following implication holds:

Xy Yy 2€ G, X3y = 25X <42y, XZ 372
Let for some g € G a&nd for every x€ G x g< g x ., Then
xg=gx forevery x€G .

Proof. Let x € G . Since xlg 4 gx'l , We get g x 3
4 x g (multiplying by x from both the right and the left),
and hence, mssuming x g 4 gx , gx =x g

35. Thepreme R (ot ,00) (o =r, m, f) are not univer-
sal. :

Proof. Let the scmigroup af morphisms be ardered by inclueion.
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Using the lemma 3.4 we may now repeat the proof of 3.2 .

3.6. Corollary., The categories # (m, r), #(f, r) and
R (£, m) are not universal.

3.7. Theorem, # (r, m) and #K™(r, m) are not universsl,

Prod’ . We prove, that m non-trivial group of_ all the morph-
isms of som (X, R) into itself contsins a non-trivial element,
commuting with every other eone. Really, (R u 4 , (X, R), (X, R))
is a multivalued mapping. If (S, (X, R), (X, R)) is another one,
we have '
So(RuA)=So RySoeAc( =resp.) Re SUAe S =

=(RuA)e s,

3.8. Theorem. The categary %a is isomorphic to a full
subcategory of HR¥(m, £) .

Proa?. let (X, R)e &, . Let us denote by X; (1 =1, 2)
the set {(x, ¥y, 1)| (x, y)e R}, by X; the set {(x, 3) |
| xe X? . Let us define a relation R on the set X =
=XV X Xu )I3 as follows:

for every x € X x R(x, 3) and (x, 3) Rx ,

for every (x,y)e R x R(x, y, 2) , y R(x, y, 2) ,

yR(x, ¥,1) and (x,y, )R (x,5,2) .

Let us denote ¢ (X, R) = (X, R) . let ¢ : (X, R) = (Y, S)
be a compsti.ble mapping. The mpping @ (&) : é (X, R) >
- & (Y, S) 1is defined as follows:

for xe X dlg)x=qgzx, $(g)(x,3)=(gx, 3),

for (x,y)eR , 1=1.2 $(p)x, ¥y, 1) = (9x, @y, 1)
Evidently d(@)e Rc S o Plg) . We are going to prove the
converse inclusion. Let (a, ble So & (¢) . First, let b =
= (x, ¥y 2) j we have. & s (yx, ¢ ¥y, 2) end therefore the ele-
ment a must be equal to either (g x, ¢y, 1) or ¢gx or
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¢y . In any of these cases (a, b) € $ ()oR . Let b=
= (x, ¥, 1) ; then we have as (@ x, ¢ ¥y 1) and hence a =
=¢y,so that (a, b) €' P (g)e R, too. Similarly, in the
case of b =x (b =(x, 3) resp.), which I;ads to a = (¢x, 3)
. (a= ¢ x resp.). Hence, finally, é(q)o-§=§'o§ (@),
i.e. & (¢g) 1is a strongly compatible mapping, snd ¢ is an
(evidently 1-1 J functor into R*(m, £) . It remsins to move
that the image of & 1s a full subcategary of &R*(m, £) . Let
i (-)E, R) > (?, S) bes strongly compatible mapping. Since the-
re are no cycles in (i, E) and (‘-I, .-‘3) but cycles of a type
either x, (x, 3), X, vee, (x, 3) & (x, 3), x, (x, 3}, ees, X,
we have f({x, (x, 3)f})e{x"", (x"°, 3)} for every xe€ X .
Since, for every xe€ X , there is a ye X with yR x , the
eqality fx = (x°°, 3) 1leads (by x R (y, X,1) and x R(y, x, 2))
to the equalities f(y, x, 1) = f(y, x, 2) = x°® , in a contradic-
tion to f£(y, x, 1) S £(y, x, 2) .
*, f(x, 3) =(x"7, 3) .
Now, let us turn eur attention to f(x, y, 2) . If f(x, y, 2) is

Hence we have fx =x

equal to either x° e (x’, 3) or (x° y’, 1), we get

filx, y, 1) =fy , what i1s not possible. We have hence f(x,y,2) =
= (x°, ¥°,2) and f(x, y, 1) is equal to either (x’,y’, 1) a
x‘or y°. However, the second and the third case impliea fy =
=(x°, 3) ( =(y°, 3) resp.) in a contradiction with £y € ¥
proved sbove. Hence f(x, y,1) = (x°, y°, 1) and, consequently,
£y =y’ ,end £ x is either the x°or the y’ .But fx =y
implies S o f£x, ¥, 2) =S(x*, ¥°, 2) ={(x°, ¥, 1), x", 7’1,
md foR(x,y, 2)=£({(x,y, 1), x,5}) = {(x*,5°, 1), ¥7
only. We get f x = x° and we see that £ = & (¢f) , where

g :X—>Y is defined by ¢ x =fx .
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3.9. Corollary. The categories XR¥*(m, £) snd R*(r, )
are uniwersal.
References:
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submitted te Hoxx. AH CCCP.
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Commentationes Mathematicae Universitatis Carolinae
5, 4 (1964)

ALGEBRAIC DEPENDENCE STRUCTURES
(Preliminary commmicatiom)
Vlastimil DLAB, Praha

The present results - representing a generalization of some
ideas of the papers [1] and (5] - were, together with several a-
pplications to (non-commutative) groups, lsttices and modules, a
subjg ct of the suthor’s lecture read in the Conference on Gene-
ral Algebra in Warsaw, September 7-11, 1964.

Let S be a given set, £ S its powewset, F ¢ fI'S the
subfamily of all its finite subsets., x and X denote always am
element and a subset € S , respectively.

By a relatiom @ on S we understamd & sutset @ of the
cartesian product S x p. S . For a relation @ on S , define
the subfamily %, € £ S o (@-independent subsets bty

(;o—ydf,) lep > V x(xeI—= [x,INx)¢p).
Purther, define two mappings <p snd EDP“ of S ito XS by
(.‘q,) XefDP(x)t-—) [x,X]ep

and

(:D;) Xemff(x)HBI(stAlsas',A xéI A

Alx, I]ep.
Two relations 501 and 502 on S are said to be associated or
8imilar if

y5°1 = gfz

x¢X = ([x,X]ep & [x x]epz) s
respectively.
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A relatiom p on S satisfying the following twe condi-
tione
(*PMY [x, X]eper 3P (PSS XAPeFA [x,Plep ),
(®.) ICU‘DA [z g pA [x4s Iu(:zlJcp -

- ["2' Ivu (x1)Jcp ~

is said to be an A-dependence relation on S . It is said to bte
proper, or regular if, moreover,
) xeX — [x,X]ep
or
(R) X¢X A[x,X]ep—>ITI(ISXA I‘%a"f‘f Iep)
is satisfied, respectively.

If 0 is en A-dep. relatim on S, Iek and xgT,
thei
[x, X]ep ¢ Iy (x)¢ 7‘,. .
For a mapping C of £ S into # S , define the subfa-
mily 32 € £ S of C-independent subsets by
(c>3) chct-—»VX(XEIAIsc(x)—) X=1I).
If the conditions

(9/u) ey = U o),

FeS
(Ey) Ted, Ax €CIulx,)I\ CI)— x, € C(Iu(x)),
() xs c(x) ,

are fulfilled, then C 4is called an A-dependence closure opera-
tiom in S . For such a closure ope ration
c(I) = U I u(x)
Iuix 47,
holds fer every I € dc ~
A sadbfamily J o & S satisfying the conditiom
(t/a) Ie TP VP(FSIAFe & > FPeY )

is said to be an j-indepenience net of S .
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The following theorem describes the relation between any two
of the following concepts of an A-dependence structure (S,p ) ,
(s, C) and (S, J) ,where p ,C and J are A-dep. relation
on S, A-dep. closure operation. in S and A-imdep. net of S ,
respectively.

Theorem. To any A-dep. relation p on S there corres-
ponds & well-defined A-indep. net .i}, o S . On the other
hand, to any A-indep. net of S there corresponds a set of (as-
sociated) A-dep. relations on S which form, under the natural ‘
operations of join and meet, a lattice L with infinite joine
and O , The lattice J, spIits into convex sublattices of simi-
lar relations, the greatest element of each of these sublattices
being the coarresponding proper relation. The corresponderce im
which every element of such sublattice is mapped into the corres-
pending greatest element is a Tattice-homomorphism of L onte
the sublattice 'LP of all proper relations with the ideal of
all regular relations. Denoting by X , t’ﬂ and @ the grea-
test element of L. , the least element of sz and L , res-
pect., we have

Dyx) =P u (ST v ¢ x),
@op(x) =2*x) u ¥ x),
500 x) = 2* «x) ,
where ¢ (x) is the subfamily of all subsets X such that
xeX.
As a consequence, far any 4-indep, net o€ S , there is a
uniquely determined proper regular A-dep. relation en S .
To sny A-dep. closure operation C in S there corresponds
% well-defined A-indep. net dc of S . On the other hand, te
any A-indep., net of S there corresponds a lattice of A-dep.
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closure ocperations in S which is isomorphic to the correspon-
ding Iattice I, of all proper A-dep. relations. The least ele-
ment of this lattice is the corresponding Schmidt ‘s "mehrstufi-
ge Austsuschstrukture" (see [5]).

In what follows we consider a (fixed) A-indep. net J eof

S (with the closure operation C : C(I) =Iug,¢31 u (x) ).

Fo the purpose of establishing an invariant (rank or dimension)

of certain A-dep. structures, let us introduce the following

concept of a canonic subset af S . The family € €Y of all

canonic subsets is defined by

(€) Te€erIeIJAVX[Xed AXe ClI)A IcC(X]—
— C(I) e c(x)].

Also, define the family J* of all maximl subsets of S by

(J%) ITeJ*te>IeJ ACI) =5,
and the family Jf of all bases of S by
(%) & =€ny* .

A Gi-indep. net of S 1s an A-indep. net J of S such
that &% £ @ end
LeLaLet > et .
If, moreover, ¥ = ¥*, J is called a Li-indep. net of S .
Through the following generalizatiom of the Steinitz ‘s Ex-
change Theorem
XeJ A Ie€ AXeC(I)AIsC(X) >
> VxfxeX "I > JL(P+I,sI\xA XN(x)ul e T A
ATISCXN(x)ul) ,
one can prove the fundamental
Theorem, XeJ A Ief A X& C(I) —» card (X) & card (I) .
Then, the implicatiom
XeJ*A L et A I e s —y card(X) £ card (I,) = card (1,)
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is a simple corollary enabling us to define the rank of any GA-
dependence structure (i.e. any structure with a GA-indep.net).
The following theorem shows the relation with the results of
(2], [3],[4] and [6]:
Thegrem, For a given A-indep. net J , the following condi-
tions are equivalent:
Fe) InFes € ;
¢y J =%
(FN) TeTAF A IuxX)¢gT A Tu(y)égT Axpy >
> VsszeI—> INGRQuKxlu(y)ed ) ;
M) TeT AIux)eI AIU(TIET A Xy —>
2> Va(zeI INGIuxu(y)é¢ T ) ;
(Fu) Ile.’fnf’,\ L, eJnF A card (I;) < card (I, )—>
> 3dx(xel, A x¢I, A Lulx)eJ );
(¢//8)] I1€27A12¢7 Acard (I,) < card (1, ) >
= Ix(xel; A x¢I; A Lulxled ) ;
(5B) LeInFALeInFAaLscCI)A eI, ) —>
> Vx[xeInIndy (yeNAINXIu)ed)];
(B) LeJ ALedAL SCL)ALSCI) —>
> Vx[xe€ 11\12—93 ¥y (y GIz\L‘A I1\(x)u(y)¢
eJ 1.
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Commentationes Mathematicae Universitatis Carolinse

5, 4 (1964)

GENERALIZED PROXIMITY AND UNIFORM SPACES I.
M. HUSEK, Praha

In this paper, generalized proximity and uniformity are
introduced and studied. Filter is a fundamental concept of
our generalizations. A semi-uniformity for a set P is a fil-
ter in exp (PxP) intersection of which contains the diago-
nal Ap ; a proximity for a set P is given, if for each
XcP afilter in exp P is given such that its intersection
contains X . Of course, these or similer generalizations and
its characterizations occur in various papers e.g. by A. App-
ert, I. Konishi, D. Tamari, N.C. Jarutkin, W.J. Pervin (see
[(4]), C.H. Dowker (see [3]) (non-symmetric proximities and
uniformities), S. Leader, A. Goetz, V.S. Krishnan, V.A. Efre-
movi& and A.S. Svarc (see [2]) (cheracterizations of uniform
spaces by means of nets). We shall prove that the categories
of proximity and semi-uniform spaces and some their subcate-
gories are S-categories over the category of sets with res-
pect to the forgetful functors (for S-categories see [5]). Hen-
ce it is easy to characterize subobjects factor-objects, pro-
ducts and sums in these categories by means of theorems in [5].

Next, special properties of functors and subcategories are
introduced (e.g. to be projectivity-preserving, hereditary,
productive etc.). The purpose of these definitions will be seen
in the part II which is in preparation. In that part we shall
investigate properties of functors from the introduced cate-
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gories in other ones (e.g. to preserve sub-objects, sums etc.).

I thank Zden&k Frolik for help and valuable suggestiona.

We use the terminology of [5] and now we shall introduce
some symbols and terms more, used in sequel (not necessary in
part I).

The category of all sets will be denoted by M . We mark
éxp' P=exp P - (B) for every set P , DM = {xI(x,ydeM
for some y}, EM= D M1 for every relation M and si-
milarly ®f=x , £f=y for every pair f= {x,¥>. A
mapping is a single-valued relation unlike a morphism of a ca-
tegory of structs, e.g. of topological spaces, which is a trip-
le <f,<{P,u>, (Q, v>) where f is a continuous mapping
of (P, u > into <Q, v > (then £ = graph <f, <P, u),
Q, v>> ).

By ¢ (P) we denote the class of all nets ranging in a
set P . A subnet of a net M is anet M/A where A is a
right-cofinal subset of 9 M .

We do not define the concept of forgetful functor but it
will be clear in every sitv;xation. E.g. the forgetful functor
from the category of all topological spaces into M is the
covariant functor F for which F (P, u ) = P, graph Fg =
= graph g .

We shall write A ¢ v ¢—>{U IxePf if u is
8 glopure for 'a set P , if every U, is the peighborhood sys-
temof x in { P, u > (i.e. U, ={vlvucP, xeP-u
(P-U)}) end if A is the convergence class of (P, u >(i.
e A ={(M, x>IMe €(P), x€P, M is eventually in
each U & %, 3.

The following properties are cheracteristic for u, %, ,

b I
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up=0, XcuX forall XcP,

u(x1u xz) *uX vuX for all X;ec P (i =1,2);

every %x is a fi;ter in exp P intersection of which
contains x ;

(M, x)€A whenever E M= (x)c P,
if (M, x> @d if M° is a subnet of M then ( M°, xDe¢
€A ,1if (M, xP€e BE(P)x P-4 then A n (€ (€ M)
% (x)) =@ for some subnet M" of M . .

A closure u 1is called topological if wuuX = uX for all
X ¢ P . The category of all closure spaces with continuous map=-

pings will be denoted by C . C is an S-category over M
with respect to the forgetful functor.

1. Some special properties of functors in S—-categories

In this section, let & be an S-category over ¥ with
respect to a covariant functor T; (i =1,2) , F be a cova-
rient functor from A, in £, such thet T, =T, o F . The or-
der RA will be simply denoted by < .

Definition 1.1. We shaell say that F is projective (more
precisely projectivity-preserving), if for any nonvoid family
{9;11 e I{ of morphisms of 4, F [JE; - Lim {glie 1f]=
= ky - Lim {F ¢, | 1€ If provided the left side exists.

We shall say that F 1s hereditary if for any object X
of £y € ¥’y £7) is a subobject of FX in A, if and only if
Ff<¥'< FY , T, £’ = T, £ for some subobject { Y, £> of
X in &, .

We shell say that F 1is productive if for emny nonvoid fa-
mily {X; i€ I} of objects of X, F[&, - N{x/1e1i]=
=k, = N{FX;|1 € I} provided the left side exists.
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If ,ﬁ,' is a subcategory of ﬁ‘_ and if F 1is the iden-
tity functor from A, in Ak, then wé shall say that 4, is
projective (in &, ), hereditary (in ., ), productive (in
,ﬁz ) resp., provided F has the same property.

Dually inductive (more precisely inductivity-preserving),
cohereditary, coproductive functors and subcategories are de-
fined.

Theorem l,1. Let F be projective. Then F is heredita-
ry and productive. Dually for inductive functors.

Proof, Let { Y, £) be a subobject of X in /E, « Then
by theorem 5 in [5] (T, Y, T, £7 4is a subobject of T, X
in € and Y= A, -Limf . It follows that (T, F Y, T, P 1)
is & subobject of T, FX end F Y -,5,2 - Lin F £ . Hence
{(Ft , Ff > 1is a subobject of FX in 4, .

Let <Y’y £°)  be a subobject of FX in A&, . Then
<1'2 ¥, T, £°) 1is & subobject of T, FX in ¢ end Y’ =
= K - Lim £’ o There exists ( Y, £ » such that Y =
= k&, -Limf, E€f2Xx, T,£=T, 2 . <Y, £) isa
subobject of X in &, and by the first part of our proof
{FI, Ff > 1is a subobject of FX in A, . By remark 2 inm [5]
FY < Y’ < FY . The assertion about products follows at once
from a special case of theorem 4 in [5].

Theorem 1,2.Assume that X = &, - Lim {911 € If. Then
FX = ’5’1 - gi_m_ {F g; /1€ I} if and only if there are morph-
isms ; in 4k, such thet T, ¥; =T,9; , Ey; =€g; for
all 1eT andthet Dy=DyecF (A, -Ln( Fglie I
for all <1i, §> €IxI.

Dually for inductive limits.

Proof. The necessity is obvious. We shall prove the suffi-
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ciency. Evidently FX < &, -g&n_{r g; lie I? . By the as-
sumption there is an object Ye F [, -lim{F g;l1 € Ij]
and morphisms  y; € T:l (T, 1n Hon::m’ (Y, Eg;) for each
i€ I.Hence Y<X and consequently 4, - Q_i_m{r g&li € I
< FX .

Corollary. Let K, be a full subcategory of £, .
(a) ,51 is projective in ’62 if and only if for any nonvoid fa-
wily {g;lie€ I} of morphisms of K, 4 -Lim{glieIf .
is an object of ﬁq provided it exista.
(b) k, is projective in 'F‘z if each object X of ,ﬁz has its
upper modification (¥, ¢?> in E, such that 1‘zq = i‘ﬁx .
Dually for inductive subcategories.

2, Proximity spaces

Theorem 2,;_ Let P be a set, Consider the following condi-
tions for pc exp Pxexp P, So:‘c(P)xexp' P, #c exp Px
X exp exp P :
(1) (X, P ¢ pup_l forno Xc P ;
(2) <X, YD) e p whenever XuYc P, XA Tpf;
(3) ir T,uY,cP then {x, ¥, v T,>e p if md only if either
(X, ¥)ep or <X, %,0€p;
() (M, X>ep whenever E M= (x)cXcP;
(B) ir <M, X>e @ and if M° is a subnet of M then (NM°, Dep
(7)1 (M, X>e€(P)expP-p then @n (€(E U )x
» (X)) =@ for some subnet M of M ;

(a) 1 is a single_yalued relation :[nx | X e eip P?;

(v) n ”’X 2 X for each XcP, ﬂ’ = exp P ;

(e) ”X is a filter in exp P for each X « exp P .
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Then:
R, ={C(pyp>lp={{X, YTDIYc P and pn (€(0)x
» (X)+= PP = {<p,pdp= {(M X>| Me € (P) (X,EMUDe
€ p for each subnet M’ of M} is a one-to-one relation for
the class of all relstions p on exp P satisfying (1),(2),
(3) and the class of all relstions © c ¢ (P)x exp’ P sa-
tisfying (), (B), (¥);

R, = {<p,>Ip= {(X,¥> | YcP and P-Y¢ #,f=
= {<{p, 2N ={Y(YcP and (X, P-Y> ¢ p} for each
Xc P} '
is » one-to-one relation for the class of all relations p on
exp P satisfying (1),(2),(3) and the class of all relations
Y c exp P x exp exp P satisfying (3), (b)), (e);

R, = e, >lp ={<M, X>| Me© (P), M is
eventually in each  Ye %, {}={<p , 7>, = {Y|Yc P and

en(€(P-Y)x (X)) =p} for each Xc P}
is a one-to-one relation for the class of all relations
"@c € (P) = exp’ P satisfying (&), (B), (%) ad the class of
all relations 91 c exp P = exp exp P sstisfying @), (&), ).
We write © ¢ p «—> 3 provided (© ,p, ¥ fulfil
the above conditions and <{p,pP>e R, , <p,ND¢c R, (then
<@, ,N>6 Ry , because Ry =R, o R;l.. )e

Definition 2.1, Let ©¢—> pe¢> {2, [Xeexp P{. Then p 1is
called a proximity for P end the peir < P, p) 1is called a
proximity space. The relation ' ® is the gonvergence class of
(P, p> &nd every QZX is the neighborhood system of X in
(Pyp?

Definition 2,2. A proximity p , a proximity space < P, p >
resp., is called monotone if one of the followirg equivalent con-
'attions 1 fulfilled (P¢—>p ¢ {W, [XeP}):
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1) (X,¥>¢ p, Po>2>5X implies (Z, YD €p
2) (MyX>6p, P2ZOX implies ‘M, 2>€@
3) P5>X>Y implies X, ¢ %, .

Definition 2,3. Let"r be a relation in exp’ P . Then
p={(X, Y>| either XA Y4 g or for each finite cover &

of ¥ there is 8 2 € O such that (X, 2°>e r when-

ever P> 2°5> Z{n (exp” Px exp’ P ) is a proximity which
is called generated by r . X

We shall say that a relation 6 c ¢ (P) < exp” P gene-

rates a convergence class o if P c ¥ (P)x exp”’ P amd
o 1is the smallest relation greater than & , satisfying
the conditions (), (B), (3") of theorem 2.1.
(P = {<M, X> (M e €(P) and 6" n (€ (€ M) = (X4
+@ for each submet M° of M} where 6 = {( M, X>| Me
€ £(P), Xc P and either E M=(x)c X or M is & sub-
net of anet N for which < N, X>e & 7).

Remark 2.1. (a) If r from definition 2.3 fulfils the con=
dition (2) of theorem 2.1 then p is the greatest proximity
smaller than r . The generating relations occurring in this
paper always satisfy (1),(25 and the part "if" of (3),(oc),(8)
resp. (i.e. &6 = 6’').

(b) In generating J7 we restrict ourselves on the well-
known concepts of sub-bases or bases of filtgra..

(c) We shell write usually X p Y instead of <X, Y D6 p
and X nonpY instead of (X, T2 p, XuYTc P.

Definition 2,4. Let f be a mapping of a proximity space
<P, p > 1into another one < Q, Q) and let Pe> P>
> {U IXcP},de> q e {f (XcP}.

(A) we say that f 1s ppper proximslly continuous if one of
the following equivalent conditions is fulfilled:
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(a) if Xp Y then f£[X]Jqf[Y];
(b) if (M, X )€ p then (fo M, £[X]> €d ;
-1

(c) if XecP, Ve V;L‘XJ then £ [V]e U, .
(B) We say that £ 1is lower proximally continuous if one of the
following equivalent conditions is fulfilled:

() if XuY e Q, £X[xJp£lCY] then Xq¥;

(b) if XcQ, <M, £1(XI>€@ then (fo M, X>€6 ;

-1

' (c) if Ve Uy then £"[V]e u{‘"tXJ
(C) We say that £ is proximelly gontinuoug if £ is both upper

and lower proximally continuous.

Remark 2.2. Evidently, the class of all proximity spaces

with upper proximally continuous mappings, lower proximally
continuous mappings, proximally eontinuous mappings resp.,
forms a category Pl - ol s, R resp.

Theorem 2,2. Let f be a mapping of a mroximity space
¢ P, p > into another one ¢ Q, q ) .

(a) Let £[(P]=Q or let q be monotone. Then if f is up~-
per proximally continuous it is also lower proximglly continu-
ous and hence proximally continuous.

(b) Let f ©be one-to-one or let p be monotone. Then if ¢
is lower proximelly continuous it is also u;;per proximally eon-
tinuous and hence proximally continuous.

Exapple 2.1, Let P=(g, b,e), Q=(e,Ad),
p={C(A, B>l AnB%f or A% (a, b)} N (exp” P x exp’P)
Q=4{X, TP XnY%P or £¢ X3n (exp” Q x exp" Q) .

Ifwpat fa=fb=e«, fc=/ y Bex=c,
gﬁ = Db then f is a lower proximally continuous mepping of
the proximity space < P, p > onto the monotone proximity spa=-
ce < Q q> which is not upper proximelly continuous and g
is an upper proximally continuous gn:-to—one mapping of the



monotone ‘proximity space < Q, q ) into the proximity space
(P, p > vwhich is not lower proximally continuous.
Definition 2.5. We say that a proximity p is finer than
a proximity q or that a proximity q ie coarser than a pro-
ximity p (sign p < q_) if p, q &re proximities for the
same set P and the identity mepping AP : <P, p>>CP, qQ
is proximally continuous (i.e. UPp = UL q &nd pc q ).
Theorem 2.3. The set of all proximities for a set P is .
complete in the order < . Let A4 @ and for each o« € A p
be a proxiﬁity for a set P and P >

<
18 4—-){%)‘[!:?].
Let
1
61 > aqq = sup {p“loceA}H‘I/;(Ix: Py,
' 2
6, >q,2inf {p, [x €A} >V |Xc P},
Then

1) q, =Ufp, lxeaf;
2) V;= n{u;lece A} for each Xc P ;
3) U{@lxe A} generates 0’1 ;
4) N{p_ lx € A} generates q
5) U{’u,;loce A% is a subbase of V:(z for each Xc P ;
6) 62 =n{g0°° lee A},
If {p, lceA} is left-directed then g, =N {paclocelf
and VA’,ZIU{?L;Iae A} for all Xc P, '
Theorem 2,4. The categories P , P are S-categories
over M with respect to the forgetful functors.
Proof. The proof of the conditions (1),(2),(5) of definition
1 in [5] is easy (notice that {(X, Y>| XuY¥c P, Xn Y+ B},
exp” P x exp’ P resp. is the finest, the coarsest resp., proxi-
mity for a set P ). (4) was proved in theorem 2.3 . It remsins
to prove (3). Let (f£,<P, p>, <Q, Q>) be a morphism of
P, P" resp. Let R beasetand g :P—>R, y: R
> Q mappings with the compositiol-x 2;; °_C! a £, WQ'want to



- s

define a'proximi—ty r for R such that @ 3 Y are upper
proximally continuous, lower proximally continuous resp. It
is sufficient to put

r={<X, ¥>IXuY¥cR, ¥I[X] qy[¥]} in the first
case and

r=§{X, ¥Y2IXuY¥YcR end either Xn Y+ @ or
o1 [x] p 9-1 [Y]}in the second case.

Remark 2.3. The category 7° fulfils all the conditions
of definition 1 in [5] except (3) as follows from the follow-
ing proposition.

Let <P, p)> be a non-monotone proximity space. Then
there is a proximity q for P and a proximally continuous
mapping £ : <P, p>» -5 < P, q> such that the mappings

g =f: <P,p>—}<f[P],r7l,
Y =Af[PJ : (£[P]l, ) = (P, q)>
are proximally continuous for no proximity r for f[P].

We shall give a short proof of this proposition. There
are subsets i{, M, N of P such thet Mp N , KnonpN,
KoM.Let £= Ap 0 (K =M x (m) vwhere m € M.
Then f is a proximally continuous mepping of < P, p)> in-
to (P, q) where q= {{X,Y)| XvYc P and either
XnY+ 0 or £ 2(x)petvlor £(A) =%, Apelry]
for some Ac P}. Now, let r be a proximity for £ ([P].
The proximal continuity of ¢ implies Mr N and the pro-
ximal continuity of % implies Mnonr N , {

Remerk 2.4. Let us denote by 3,  the full subcategory
of P generated by all monotone proximity spaces. It follows
from theora2.2 that ./f,?.‘ is a full subcategory both of

PY eama Pt
Lemma 2,1, For each proximity Po there exists a
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coarsest monotone proximity P, finer then p, and a fi-
nest monotone proximity p, coarger than p, . If
@ <> p > { W [XEPP, (1=0,1,2) then

1) {<X,¥>| Zp, Y whenever Z > X} generates Py 3

2) U{Uy, | Po>Y X} is a subbase of Zé; for each
Xc P ;

3). @ = {<(M, X>|Xeexp'P snd (M, YDep, when-
ever Xc YcP}; '
4) P, ={CX, Y>[ P> X and Zp, Y for some Zc X7 ;

5) ?L; = n{’lt;ltc X ¢ for each Xc P ;

6) {<M, X>IP>X and <M, 2Z>ep, for some Zc X}
generates PZ .

Theorem 2,5, Each object ( P, p,> of P has its
lower modification << P, p,> <4, , <Pyp, >, (P p
in ®;  and each object ¢ P, p,> of PY has its upper
modification (<P, P> €4, , <Pyp, > <P, pz») in

iﬁ, . Hence each object of P has its upper and lower mo=-
difications in ?,;’ .

Corollary 1. %, 4is an S-category over M with res-
pect to the forgetful functor. .

Proof. See theorem 1 in [5].

Corollary 2. %, is projective in Y and inductive
in P,

Proof. See corollary (h) of theorem 1.2.

Remerk 2,5. It follows from theorems 2.2, 2.4 and the fore-
going corollary that

P'-1ip {g; [1e 17= B, -Lip {g; | 1€ 17
if {glie I} is a nonvoid family of epimorphisms of P
and that

Pr-1in {glic1p= B - Lin {gli¢ 1
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irf {9 |1 e I} is a nonvoid family of monomorphisms of
Qw . Hence 9:1 is cohereditary in PY and hereditary in
?L
Lemma 2,2. Let & be sn S-category over a category ¢
"with respect to a covariant functor T , :i.' be a subcategory
of & ond an S-category over Y with respect to T/’ and
let £ have inversion property . Suppose that an object X of
A& has an upper modification in ﬁ' « If there is an object
Y’ of &' such thet < X, Y'> e B, (for R, see de-
finition 1 in [51) then there is & smallest object ¥ of &’
greater than X in the order R,, (then Tg =i_, for
some g € Hom . (X, ¥Y)) and < Y, ¢ > is an upper modifica-
tion of X in £ .
Proof. Let { Z, ¥ be an upper modification of X in
&' . Evidently ¢ = { ° ¥ for some x & Hom . , (Z, ).
Hence ¥ is a monomorphism. It is easy to see that y 1is al=-
80 an epimorphism and hence a bimorphism. Indeed, otherwise

”

yw'ey =1wy"e ¥ for some different morphisms 3 , ¥” of
&’ with €%’ = €y” and this contradicts our assumption
that < Z, ¥)> 1is an upper modification, As Ty is invertib-
le, there are isomorphisms {' y ¥' in £’ such that
Ty =Ty , y'eax’ =1, . It follows from the eqialities
A ey )=Tge?Py ' aTyroly=T(yoy)=1Tg L
My'ew )=TyeTy =Tg'cry’'=1,
that Py’ is an object of &  greater than X and smeller
then Y . Now, it is sufficient toput ¥ = Dy’ .
Iheorem 2,6. (a) The class of all objects of P having
the upper modifications in 3' is precisely the class of ob-
jects of R, . (b) Let us put for a moment
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x = {(p, q > [q is the coarsest monotone proximity finer
than p} and “q *® {<pyad>IKQ a)>, Hg) 1s a subobject
of {UD p, p? in ?Y1. A proximity space (P, p), a8 an
object of @Y , has its lower modificstion in [, if and only
if T @y P = Mg TP for all QP (i.e. if Q=P, q is
the coarsest monotone proximity finer than p n (exp Q x exp Q)
then X p N provided MqN, PoKoM).

Proof. (a) Let (P, p > be a non-monotone proximity space. |
There are subsets X, M, N of P such that Mp N , K non p N,
KoM.Put Q= (a,b,c), q=exp’ Q=exp’ Q- (< (a),(b)>),
£ a(Kx(a))u(Nx(b)) u ((P-(KuWN))x(c)) . Then < Q, q)
is a monotone proximity space, f 1is a lower proximally conti-
nuous mepping ( P, p) —» (Q, ¢ > but f is not lower proxi-
melly continuous of {P, p°>» into (Q, q)> where p’ is the
finest monotone proximity coarser than p . Hence { P, p)> has
no upper modification in -’/2, (see the foregoing lemma).

(b) Our assertion follows from the characterization of sut
objects expressed in theorem 5 of [5] and from the fact that a
mapping f of a monotone proximity space <( Q', q” ) into
{P, p>» 1is upper proximally continuous if and only if the
monotone proximity of PY - L_ig <f£, <Q°, > ,<£[QT ,

a3 $>)is finer than (“¢cq’] P (see theorem 2 of
[5] and remark 2.4.).

Exemple 2,2, Let P be a set, P> X,+P , card (P ='X)2
22, p={<{X, ¥)IXuYcP, either XnY#0 or X=
2 X,y Y@} <P,p? is a non-monotone proximity space
fulfilling the condition of theorem 2.6(b).

Remark 2,6. It was said in the introduction that we can
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construct’ products, subobjects etc. in .‘7’“ ’ _?L ’ 5‘;, Tesp.,
from those in M . It follows from theorems in [5] that for
this construction it is sufficient to know characterizations of
sup, inf in R, and of objects in 2PY , p*- s J4 rTesp.,
. projectively (inductively) generated by one morphism. Characte-
rizations of sup, inf are described in theorem 2.3 ; charac-

terizations of generated objects are left to the reader.

3. Semi-uniform spaces

Theorem 3.1, Let P be a set, Consider the following con-
ditions for U c exp (PxP), €Y c ¥ (Px P):

(a) U is a filter in exp(P x P) ;

(®)- N U > 4,

(<) M €€ vhenever €M=(<x, x> )c PxP;

(B) if M e €  and if 11° is a subnet of M then
M e £ $

() if M e € (PxP)- € then €n C(EN) =g
for some subnet I1!° of I .
Then R={C%U,€7I¢ ={MIM e € (P<P) , M is eventual-
ly ineach U e U}t ={<U,L>IU = {UIUc Px P , each
M e ¥ is eventually in U} { is a one-to-one relstion, for
* the class of all U c exp(Px= P) satisfying (a),(b) and the
closs of a1l Y c ¢ (P = F) setisfying (oc),(B),( ). ve
write U > provided %, ¥ fulfil the above conditions
and < U%,f>e R. .

Definition 3.1, Let U e~ ¢ ,P= PUU . Then we
call U a_semi-uniformity for P, < P,% > a gemi-uniform
space and ¢ the convergence class of ( P, U .

Definition 3.2, Let % «—> . The semi-uniformity %,
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the semi-uniform space ¢ P,% » resp. is called symmetric if
one of the following equivalent conditions is fulfilled:

1) if Ue¥% then U'eU ;

2) if Me € then {<a, CEM, , D M>>laeB Mel;
The semi-uniformity % , the semi-uniform spasce ( P, &% > resp.,
is called uniformity, uniform space resp., if one of the follow-
ing equivalent conditions is fulfilled:

1) each e U contains Vo V for some Ve % ;

2) if Me¥ , Ne¥ , Du=DN, EM, =3 N, for
all a € M, then f<a, <D M, , € Ng>>| a e D Mje ¥,

Remark 3.l. We shall use this notation:
if Me“¥ (P=~P) then «M={<Ca, I M,>| aed M},
AM={<a, £ M, > ae 2 M7 . Hence we cen assign in one-
to-one way to each €c? (P> P) the relation P, = {<c M,

B MW IMe€fon € (P) . If Uer¥ then p, is reflexive.
By definition 3.2 % is symmetric if and only if Pe is sym—
metric, ¥ 4is a uniformity if and only if £, is tremsitive. So
U is a symmetric uniformity if and only if f, is an equivalence.

Remark 3,2. Similarly as in definition 2.3 we shall say that
Dc€(P>< P) generates a convergence class ¢ if ¥ < ¥ (P> P)
is the smollest class containing & and satisfying the conditi-
ons (¢),(/3),(7") of theorem 3.1 . (€ = {M/Me ¥ (Px= P) ,
D'A€( E M )4 B for each subnet M° of M§, where D’=
=Qu {MIMe€ (PxP), €M=(<x,x>) forsome xf.

As a rule J'= D .)

Definition 3.3 . Let f be a mapping of a semi-uniform spa-
ce ( P, d) into another one < Q, > and let Ue> ¢
Ve>»D . We say that £ is uniformly continuous if
(£ £)71 [V]eU for each V € ¥ or equivalently if (fxf)o Me
€ for each M € ¥ .

1

Remark 3,3. Evidently, the s;xsni—unifom spaces with uni-



formly continuous mappings form a category' 9 . We denote by

Ug » ﬂu . ‘ﬂsu resp., the full subcategory of % genera-
ted by symmetric semi-uniform spaces, uniform spacés, symmetric
uniform spaces resp.

Definition 3.4. We say that a semi-uniformity % is fi-
ner than another one A4 or that % is goarser then % (sign
U< V)it U , ¥ are semi-uniformities for the same
set P and if the identity mepping Ap : (P, %> —> (P, ?)
is uniformly continuous (i.e. DUU =D UV , UV ),

Theorem 3.2. The set of all semi-uniformities for a set P
ig complete in the arder < . Let for each o € A (A #=9)
U, be a semi-uniformity for P and U, «> ‘4, . Suppose
that ¥y =sup{ U lx e A} > D, , 7 =inf {2 |« € Afes
«— 32,

Then

1) ‘If", = nfuoolcCGA?;

2) U{ ¥ l«x€e A} generates 2, ;

3) U{U,lxe A} is a subbase of ?{{ s

4) ﬂz = N{€, lc e A}.

If { Uglx & A}is left-directed then ¥ = U{Y lxe Af.

Theorem 3.3. U is an S-category over «{ with respect
to the forgetful functor.

Proof. We shall prove only the condition (3) of definition
1 in [5). ((4) wes proved in theorem 3.2 eand the remaining con=
ditions are trivially fulfilled; notice that (PxP) ,
{UIPxP>oUD> AP $ resp., is the coarsest, the finest
resp., semi-uniformity for P .) Let f be a uniformly conti-
nuous mepping of ¢ P, U > into < Q, ¥) , f = yveo,
Dy =R.Ifweput W= {WIRxRSW 2 (yxw)liy]
for some V e 7°¢, then the ;nagg%ngs g : < P,UYCR, W),



¥y t (R, W)>—>Q, > are uniformly continuous.
Lemma 3,1. For every semi-uniformity %

o ‘there exists

a coarsest symmetric semi-uniformity 1[1 finer than %

o o 8

finest symmetric semi-uniformity ¥, coarser than %, , a
finest uniformity. U, coerser then X, end a finest syrmet-
ric uniformity %, coerser then %, . If U,¢«=> ¢; for
ie (0,1,2,3,4) then

1) {UlU € U, or U'e %U,} 1s o subbase for X, ;
(MIMe£, ond {(a, (€ Ma,fblgg>>la5§DM}st:}=
=, ;

2) {UlUe U, and U"e U 7= U, ;
fMIM € ¥, or {<a, (M, Ly | a e M} e ¢ 7 generates € ;

3) {U | there is & sequence {U,}in «, such that U,c
¢V and U,,, o U,,, c U, foreach nj= %, ;

4) {U | there is a sequence’ {U,3in %, such that U, c
cU ena U, o U, c U, , Uy=U for esch nf= u, .

n

Theorem 3.4. Each object ( P, %,> of % has its lo-
wer modification <((P,U,> ,( AP 'SPy U >y < PaU, )
in MU, , its upper modification (¢ P, Uy > <8, <P U,
(P, U,>>> in Ug , its upper modification << P, Uy 7,
(8, < PyU,> ,<P,%y>>> in %, , its upper modification
«p, u,, ? <AP v $PyU, >y < PyUL>>) in %su and each
object (P, U,> of U, hos its lower modification (¢ P, %, )
CBpy <Py U >, (PUDY in U, . :

Proof follows from the foregoing lemma and for the upper mo-
difications from the fact that if f : ( P, U> —<Q, %> is a
uniformly continuous mapping then the semi-uniformity
{VIP<Pavo (£ f)'l[ W] for some We& W'} ie coarser
than % and it ie symmetric semi-uniformity, uniformity, symmet-
ric uniformity resp., provided % has the same property.
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The laét agsertion is the consequence of the fact that 2{7 is

a uniformity provided %, is & uniformity.
Corollsry. ’Ms ’ "lLu y U

(]
with respect to the fopgetful functors.

are S-categories over Wl

Proof. See theorem 1 in [5].

Corollary., @, is projective and inductive in U . %,
is projective in Y . U, is projective in U , U U,
and inductive in AU, .

Proof. See corollary” (b) of theorem 1l.2.

Remark 3.4. The upper modification of an object f‘ of ¢
in Ug, is the upper modification in U, of the upper mo-
dification of f in Ug .

Example 3.1, @) Let U = {U [ P=Po5U o> (X=~X) v
U (¥>Y)f where XuY=P, Xnt#+p0, X#P, Y*P.
The symmetric semi-uniformity % hss neither the coarsest sym-
metric uniformity finer than % nor the coarsest uniformity
finer than U . Indeed, sup { ¥ IV < %
ric uniformity § = % . because

y ¥ 1is a symmet-

U= {UIP=<PolUs@XxXud3n{UlPuPslos (Tmiu
vdsi.

(b) The finest symmetric semi-uniformity coarser than the
uniformity {UIPx=xPo> U o5 (Px(a)) u 4p 7, vhere a
is an element of at least three-point set P s is not a unifor-
mity. Hence, the upper modification of an object § of % in

‘usu need. not be the upper modification in Ug of the upper
modification of § in U,

Iheorem 3.,5. Let < £, (P, %U,»> , CQU>>=22" be a
morphism of U . Put (P, U>= 0y -g}_mf' sy (QY)=
=U-Lip £°, Uge>t;, Ve D; (i=0,1). Then

1) U = {UlPx P:_U2.24(£>< )71V for some Ve U}



2) €, ={M[¥ ¢ € (PxP), (fxfloMe D, § ;

3) h={VIVoay, (=) [V]ekt= {VIiexQs
oV > Aﬂu (£x £)[U] for some U € U, ¥ ;

4) {MIMe €(QxQ), (fxf) o N=M for some
M € ¥, } generates D, .

Corollary. @4, is coproductive in U and %, is co-
productive in U , U, .

Proof. ¥; in theorem 3.5 is a uniformity provided %,
is a uniformity and f 1is one-to-one. Our corollary now fol=
lows from the following obvious statement:
if {Y. l«xe€ A} is a nonvoid set of uniformities for a set
P with the property
{ty,a'd>e AxA=- Dy , Vel , V., € Y., , implies
{x | card V‘;"[x] > 1} a{xlcard v, [x1 > 1{=0 then
sup { % lce A} is a uniformity.

Example 3.2. Let P = (a,b,c,d) , Q= (ax, 8, 9 ),

Uy = (8, b) > (a, b) u (cy, d)x(cy, d) , ¥ =C(oc,B )
x(ax, BlulB,r)x(p,7).

U = {UIPxP > U>U,}is a symmetric uniformity for
P, ¥={VvIiQ=QoVoV,} is a symmetric semi-unifor-
mity for Q which is not a uniformity, < Q, %) = U - l’.’f £
where f = ( (Ka, x>, (b,B> , e, B> , € 4,90,
P, UY L, (9 ¥y
It follows that q‘"su is not cohereditary in % , ‘us and
hence U, is not cohereditory in U .

Reference s:
1] E. CECH, Topological space (2nd edition, Prague, in pre-
paration).
(2] v.A. EFREMOVIB, A.S. SVARC, A new definition of uniform
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spaces, Metrization of proximity spaces.
Dokledy AN 89(1953),393-396.

[3] C.H. DOWKER, Mappings of proximity structures. Gen.Top.
and its Rel.to Mod.Anal.and Alg,(1962, Pre-
gue) 139-141,

[4] W.J. PERVIN, Quasi-uniformizstion of topological spaces.
Math.Ann.147(1962),316-317.

[5] M. HUSEK, S-categories, CMUC 5,1(1964),37-46.
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ON THE PROXIMITY GENERATED BY ENTIRE FUNCTIONS
M. xATETOV, J. VANIEEK, Praha

We examine the proximity structure of the complex plane
generated by the set of all entire functions. It 1s shown that °*
this structure coincides with the finest proximity compatible
with the ususl topology of the plane.’ -

In § 1, some fundamental concepts concerning proximity
spaces are recalled, and the problems under considerastion are
formulaeted in terms of projectively generating mappings (how-
ever, this formulation is not used in what follows). In § 2,
the problems in question are stated by means of current elemen=-
tary topological concepts, In § 3, main theorems are stated,
as well as some suxilisry propositions. Finally, § 4 contains
the proofs.

§1.

The simplest conceptas of the theory of topological and
uniform spaces asre assumed to be known; however, for cdnvenien-
ce, we recall certein concepts concerning proximity spaces (the
theory of these spaces 1s due mainly to Yu.M. Smirnov [aee, e.8e
5] ; a short survey of main concepts and results, as well as a
list of references, is contained, e.g., in [1].

If M is a set, then & binary relation 14 on the collec~
tion of all subsets of M is cslled a proximity structure (or
simply a proximity) on M if, for any subsets X, ¥, Z of N,

(1) X+ T =Y VX,

2) (XUY) $Z<mb (XBZ or YHZ),
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(3) XnYsf =X4HY,

(4) X9Y =X %0,

(5] if X non ¢ Y , then there exist X;c M, Y, c N
such that X, vY, =M and neither X4 Y, nor Y VX .

The pair (M, 1) is called a proximity space. If XY ,
we shall say that X and Y are near (under v ); if not,
they are said to be distant (under 1* ). A mapping f of a
proximity space (M, ¥ ) into another one, (M;, 4,) , is call-
ed proximally continuous if X Y implies f£(X) 2, £(Y) . If

% , ", are proximities on the same set M and X HY =
=> X %) Y, then we shall say that %, 1is coarser then
or that % 1is finer than %, . It is well known that if
is a proximity on M , then the formula x e X ¢=p (x) »X de-
fines a completely reguler topology on M ; we shell say that
this topology is induced by the proximity & .

We recall two simple insteances of proximity spaces. If
(M, ) 1is a metric space, then let 7% be determined as
follows: XYY if and only if for every € > O there are
points xe€ X, yeY with p(x, y)< € ; we shall say
that < 1s induced by the metric P . If M is a normal to-
pological space, put X4AY &> T Y+ 0 ; then ¥4 1s the
finest proximity inducing the prescribed topology of M .

We shall now introduce the concept of projective generation
(for topologicel, uniform, and proximity spaces). It will not
be used in what follows; however, its introduction may help to
" show the connection of problems considered here with certain
notions of a quité general character.

Let us say, for convenience, t-space, u-space, p-aspace in-
stead of topological (uniform, proximity) space. The terms t-,

U=, p-continuous mspping, t-, u-, p-structure will be used in
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an analoguous way. Finally, the letter ¢ will be used as a
"variable" to be replaced by t or u or p.

Now let X be a set; for any ae A , let ra be & mapp-
ing of X into & c-space Xy o It is easy to show that there
exists a coarsest c-structure on X under which every ,.‘.a
is c=-continuous; we shell say that this structure is projecti-
vely generated by the mappings fa o An important special ca-
se is obtained if f, are mappings into the real line R or
the complex plene € endowed with the usual structure (re- °
call that the proximity and uniform structure of R or C
are defined as follows: X-and Y are near ;I.fx.!}?s.ylx -yl =
=0; @& 1is a uniform covering if there is & number E>0
such that for every point x there exists a G e @ with .
lx-yl<€E=>y e G).

It appears that the characterization of projectively gene-
rated proximity and uniform structuwes is not quite trivial
even for some rather simple and natural sets of generators fa .
We shall consider the following two problems here.

Let H denote the set of all entire functions on € (4,
€. of those functions ¢ : € — C which are holomorphic
at every point x ¢ C ).

(I) To characterize the proximity on € projectively g‘e-
nerated by H ; in particular, to decide whether it coincides
with the finest proximity compatible with the usual topology of

€ (i.e. with the proximity under which X and Y are dis-
tant if end only if TAT =g ).

(II) To characterize the uniformity generated by H ; to

decide whether it coincides with the finest unif ormity compatib=
le with the usual topology of C
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The problem (I) is answered in the present note whereas
problem (II) remains unsolved.

Clearly, there arise similar queswons if we consider, in-
stead of H , the clau' of ell holomorphic meppings f : C—
—> E where E is locally convex topological complex linear
space.

Finally, the above-mentioned problems are closely connect-
ed with the theary of A =satructures introduced in [1] by
one of the present authors. However, we shall not go into the-
se questions here.

§2.

let ¢ and v denote, respectively, the proximity
and the uniformity generated by the set H of all entire fun-
ctions.

Clearly, the structwes J° and » may be deascribed as
follows:

Two sets X c € &and ¥ c C are near (under o )
# and only if, for any entire functions fl"“' fn and any

€ > 0, there exist point§ xe€e X, ye¥ with
I£p(x) - £,(3) ] < € for x=1,...,1n.

A collection § of subsets of € 4is & uniform covering
of the space ( C , v) if and only if there exist entire func-
tions f;,..., £, and & number € > 0 with the following
property: for every x € € there 1g a set G € g such
that - y € G whenever (f,(x) - £ (y)JI< € for kx=1,...,n.

Problems (I) and (II) may now be reformulated as follows.

Prodblem l. et Xc € , Yc ¢ be disjoint closed
sets. Todecide whether there exists a naturel n (which may

~Qepend on X and Y ) such that, for appropriste entire func-

tions f£,,..., £ s | £ (x) = 2 (y)) 1
SR Py PO N 4 = L gy



xeX, yet.

Problems 2 and 2°. Let G be an open covering (for Prob-
lem 2°: a finite open c;)vering) of € . To decide whether the~-
re exists a natural n (which may depend on & ) suc that,
for appropriate entire functions rl,..., rn , the following
holds: if x e € , y € € eand ,,‘“}f‘,n'fk(") -fy)l<1,
then there isaset G ¢ @ with x€ G, y €-G .

It is well known that, for any two distant sets X and Y
in a proximity space M , there exists a proximally continuous
function h which separates X and Y in the sense that
h(z) =0 for ze X, h(z) =1 for z e Y . It is also
clear that, in the case of the space € , h cannot be an en=
tire function, in general (not even for a far weaker condition
requiring that x ¢ X => | hix) |< € , ye€ Y= |h(y) =
-ll< € ). .

Therefore, the following question seems to be natural:

Problem 3. et X c € , Y €  be disjoint closed
sets, and let G c € , Hec C be disjoint open non-void.
To decide whether there exists a natural numbéer n (which may
depend on X, Y, G, H ) such that there exist entire functions
Tireee, fn with the folllowing property: for any x« X, y €
€ Y, there is a number k =1,..., n with f,(x) € G,
(y) e H. , :

To illustrate this problem, we are going to show that, for
certain sets X, ¥, G, H, n =2 1is not sufficient.

Example. Let {ocki be an increasing sequence of positi-
ve numbers, o, —» o0 . Denote by T, the set of all xe C
such that | x| = Ky ; let X and Y denote, respectively,
the union of all Tk with k odd, and with k even., Let
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‘@c € , Bc C be disjoint bounded open non-void.

Suppose that there are entire functions fl, rz such
that, for any xe X, ye€ Y, either f1(x) € G, r]_(y) € H
or tz(x) € G, fz(y) € H . We may suppose that f, , £, are
not constant. For k =1,3,5,..., let A, and B, denote the
_ set of those x e Ty for which fl(x) « G , respectively,
£,(x) € G . Cleerly, Tyc 4, uB, , k=1,3,5,... . There
exists an odd ko such that B, - “k + @ ; for otherwise
fl('.lrk) €@ for k=1,3,5,... which ia a contrediction since
G 1is bounded. Choose x e B"o - ‘ko « Forany yeY , we

obtain fl(xo) non € G, hence fz(xo) G, fz(y) € H;
thus fz(y) c H which is a contradiction since H 1s bounded.

§3.

We may now stete the main propositions, Observe that Theo-
rem 1 solves Problem 3 . As an immediate consequence, we obtain
Theorem 2, which solves Problem 1; Theorem 3(which solves Prob~
lem 2°) also follows from Theorem 1. However, the solutions are
not définitive; we do not know whether a smaller number of func-
tions is sufficient.

Theorem 1. et X c £ , Y c € be disjoint closed and
"let cC , Hec € be disjoint open non-void. Then there
exist entire functions Tyreee, f9 such that, for any xe X ,
rery, fiix)ec, f,(y) € H for some k =1,.00, 9.

Remark. The example above shows that we cannot replace 9
with 2 in this assertion.- On the other hand, we do not know
whether 9 can be replaced by some k = 3,..s, 8 &

Theorem 2. et Xc € , Y c €  be disjoint closed.
Then there exist entire functions Lyreeey f9 such that, for
my x€eX, ye¥Y, max |fy(x) - £,(3)1 2 1.

k=19
Remark, We do not know whether 9 can be replaced by
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some k = 1l,..0, 8‘ o = If we denote by @ the metric proxi-
mity on € (i.e. the proximity under which X and Y are
near if and only if x‘}fxf‘ylx - y/ =0 ), then Theorem 2 as-
serts thet, forany X ¢ € , Yc € with XA Y=9,
there exists a holomorphic mepping £ : € — (C , (u,)g such
that f£(X) and f£(Y) are distant.
Theorem 3. Let G be an open cover of € ; let &

consist of p sets. Then there exist entire functions fl""
eeey fgp such that the following holds: if x € C ,yeC

and h.#?yplfk(ﬂ - f,(y)l < 1 then there is a set G e G
with xeG, yeG. )

Remark. In contradistinction to the preceding theorems, the
number of functions given in this theorem depends on G- . We
do not know whether this dependence is substamtial or whether
there is a number q with the following property: for any fi-
nite open cover 9— of C y there exists a_holomorphic mapp-
ingof € into €9 such that, with en éppropriete E>0,
l£(x) - £(y)H < € implies the existence of 2 set G & 7%
such that x€G, ye G. )

The proof of Theorem 1 leans on two propositions from the
theory of functions of a complex variable. The first of them
is well Imown theorem of M.V. Keldysh [2] ; its proof is omitt-
ed. The second proposition is an easy consequence of the first
(and a special case of some general theorems due to M.V. Kel=
dysh and M.A. Lavrentiev [3] ; see also [4] ).

Proposition A . If Ec C is compact end € - E is
connected, then for any complex-valued function £ continuous
on E and holomorphic on Int E , and any € > 0, there
exists a polynomisl g such that [f£(z) - g(z)I< € for ze E .
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Proposition B. et E c € Dbe closed an suppose that the-
re exist compact sets By ¢ € , Xk =1,2,..., such that

1) v B=C€ , .

(2) for any k = 1,2,..., By 1is contained in Int B,
and does not intersect F - B ,

(3) the complement of E N Bl as well as of every Bk )
v(En Bk-rl) , k=12,,.., 1is connected.

Then, for any complex-valued f continuous on E and ho-
lomorphic on Int E and any monotome positive function % on
reals t & O , there exists an entire function g such that
lg(z) - £(z)| < 2% (lzl) for every z€E.

5 In the proof of Theorem 1, the following assertion will be
used.

Proposition C. If Dc € emd Sy c € , 1 =1,...,1n,
are convex compact seta’, and every two Sy » S.1 y 14 j, are
disjoint, then € - D - ig S; 1s connected.

This proposition (in an essentially more general form) is
well known. Its proof is omitted,

§4.

Broof of Proposition B. Let Ek denct e the greatest lower
bound of #(lzl) for z€B  .Then €, 2 €,, >0 for
k=1,2,... . Lt Jd, >0 besuch that igd; < & ,
k=1,2,000 « Put By =0 ; let gz) =0 forevery z 6 C.

By Proposition A , the;'e et:l'etg a polynomial & such that

lf(z)-gl(s)l<d; for -'zesnBl o

Now suppose that for a certain m = 1,2,... there are al-
ready chosen certain polynomials 8 3 833000y By such that

1£(s) - g (z)l« o] for se(2EnB) -B, _, and

(Xx) l&nénm, '

"n""‘n—l")""; for se€B _;, and 1#ngnm.
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As & matter of fact, this has been done for m = 1 . We
shall now construct a polynomisl 8n+l for which (%) holds
with m + 1 instead of‘ m .

Put g(z) =0 for ze By , @(z) =1r(e) - g (z) for
z€ (EnB,,) -B . Then ¢ is continuous on B v (En By,,)
and holomorphic in its interior. Since the complement of
Bpu (En Bn-#l) is connected, there exists, by Proposition A ,
a polynomiel h such thet | h(z)l< o,y for z € B ,
1£(z) - gm(z) -h(z)l<df,,; for ze(EnB ) -B .

Now put g ., = g + h . Then, clearly, (x) holds with '
m+ 1 instead of m . By induction, we obtain a sequence of
polynomials gy, & ... satisfying the inequalities (% ). Put
g(z) =.l;]-7'12 gk(z). It is easy to see that this sequence conve.r-
ges locally uniformly in C ; hence g 1s an entire function.

Clearly, if 2z € (En Bki =B, k=1,2,..., then
1£(z) - g(z) I‘i{ g < g , and therefore |£(z) - g(z)l <
< B (lzl) .

Proof of Theorem 1. For any >0 let S(J) deno-
te the collection of all squares with sides of length J~ and
vertices of the form pd + 1 q & where p, q are integers.
For n =1,2,... let D, denote the set of those z € C
for which - ng R(z)&n, -ns€ Y(z) £ n . Choose positive
numbers o7, , n = 0,1,2,... in such a way that o ° is an
integer greater thamn 2 , and

(1) for each n = 0,1,2,... , Jp =q Jd.,, where q,
is an integer greater than 1 , and

(2) if n=1,2,3,0eo , xeX N D,» Ye YA D, , then
(I R(x=-y)l, I (x=-3))>4 dpa1 *

Put bo =2 g and, for'_ n=1,2,..., denote by X, the

collection of those squares S e ¥ (d}) which sre contained
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in D, -Int D _; . Put X =UX, . Then X 1is a locally
finite collection of compact sets and the following condition

is fulfilled: if Si eX , l'i = l,eeey 4, and, -l'-'i?l Sy is

connected, then either X f\i&{l S =8 or ¥n 1(_.11 Sy =9.

We shall now construct three collections X ', XA, 2
of rectangles in the following way: X and X @' consist of
squares with sides parallel to the axes; a square belongs to
X’ 1¢ and only if, for some n , the length of its side is
equal to %d;" » and its center x 1is a vertex of some
S, € X, » but of no square S, € X,,; ; & square be-
longs to X' if ana only if, for some n , the length of
its side is equal to o - é— Inel and its centre coinci-
des with the centre of some S € X, ; finally, it may be

shown that the closure of € - UX® - U X may be ex-

pressed as the union of a disjoint collection of rectangles,
and this collection is taken as X ¢’ ,
Obviously, the collection J£* = )X?, X3! ¢ X ?) pag
the following properties: (1) UX*=C , (2) X* is lo-
cally finite, (3) each X9’ 4s a disjoint collection, (4)
every T ¢ X * is a compact convex set, (5) every Te X*

is contained in the star (with respect to X ) of some x¢€
eC .

For j =0,1,2 , denote by X9 ana yd’ the collect-
ion of those T € X which intersect the set X (respect-
ively, Y ); let xf-” denote the union of all ? e X! 5
end similarly for Y3 ; put xA=x(0), x(), y(2) = gx.
=0, ¥, ¥@) | mhen xex*, Tev*, XKrYr=p,
and xf” ’ t_('” are closed., Choose points ae G, be H ;
let €> 0 be suchthat [x-a|< € implies xe G,

ly=-bl< €& implies ye H ; put e‘-lb--l‘le
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To conclude the proof, it is now sufficient to find, for emny
given 1, J=0,1,2, &nd entire function g'= 815 such that
lg(z) < £' for ze x(1) , lglz) ='11< €' for ze¢ 9,
If such functions are constructed, then putting r3i+J+1(z) =2
=a+ (b-a) 513(2) we obtain functions f;,..., fg with pro-
perties described in the theorem.

Now let 1, § be given. Put E = x1y v(3) ang denote
by B, the union of D, end all those T e X'y y.("’ which
intersect D, . Then Proposition C implies that the assunptione
from proposition B are fulfilled. Put 1 (t) = €' for 0 g t ,
£(z ) =0 for ze x“) s £(z2) =1 for ze Y(J) « By Propo-
sition B, there exists an entire function g such that [ g(z) =
- f(z)l< €' for every z€ E , hence [g(z)l< €' for z.e
e xt) , lglz) —1l<€g' for ze Y9 .

Proof of Theorem 3. Let §. consist of ae':e Gyseoey Gp .
Choose open sets V; such that V, c Gy o gJ V= C . By
Theorem 2, there exist, for any i = l,ceey P , entire functions
fi’l, ey r,.,3 such that e n::xlglfi,k(x) - fi,k"“ 2 1
whenever x e Vi » e ¢ = G4 . Consider the functions
fl,l""' 1,90 ***» Tpo+If xe C, yeC eam
lf.i,J(x) - fi’d(y)l < 1 forall i{=1,..e,p, J=1l,...,9,
then, for some 1, xe Vy and therefore y does not belong to
C - Gy , hence y € G;. This concludes the proof.
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