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ON PROJECTIVE INTERVALS IN A MODULAR LATTICE
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Summary. In this paper a combinatorial result concerning pairs of projective intervals
of a modular lattice will be established.
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1. PRELIMINARIES

The recent papers dealing with combinatorial questions concerning partially or-
dered sets are rather frequent (cf., e.g., [2], [3], [4])-

Let L be a modular lattice. We denote by 2 the collection of all systems D =
(a1, a2, a3, u,v) of distinct elements of L such that

u=a;Aay =a; Aaz = a3 Aas, v=a;Vaz=a; Vaz=azVas.

An interval [a;, a;] of L will be said to be an m-interval if there is D € 2 such that
(under the above notation), [a;, a3] is projective to [u, a;].
Let a = [b1,b2] and B = [c1, ¢3] be distinct projective intervals of L. Assume that
« is nontrivial (i.e. b; # b3); then S is nontrivial as well.
There exists a least positive integer n such that for some ap, @y,...,an in L the
following conditions are satisfied:
(1) ap = a and ap = B;
(ii) for each i € {1,2,...,n}, the interval a; is tra.nspose& to the interval a;_;. We
denote yu(a, B) = n.
Let S(a) be the collection of all systems (yo,¥1,¥2,---,¥m) With b = go < y1 <
Y2 < ... < ym = ba. The collection S(B) is defined analogously. For each i €
{1,2,...,m} let k(3) be a positive integer.
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_ A system of distinct intervals
(1) Bi)i=1,2,...,m; j=1,2,...,k(i))

will be said to be a p-system for the intervals a and S if the following conditions are
satisfied: -
(i) there are Y = (yo,41,...,¥n) € S(a) and Z = (21, 23,...,2,) € S(B) such that

for each i € {1,2,...,m} we have Bi1 = [yi—1, 1] and B &, = [2i-1, zi];

(ii) for each i € {1,2,...,m} and each j € {1,2,...,k(i)} the interval §; ;_; is
transposed to B; ;. The collection of all p-systems for a and 8 will be denoted
by p(a, B). For A € P(a, ) (where A is as in (1)) let Ao be the of all §;; € A
such that §;; fails to be an m-interval. We put

v(A) = card Ao,
vo(a, f) = min{v(A): A € P(a,B)}.

In this note it will be proved that we always have

) vo(a, ) <3

and this estimate cannot be sharpened in general.
The estimate (2) is a consequence of the following result:

(A) Let a = [b1,bs] and B = [c1,¢2] be nontrivial intervals of a modular lattice L.
Assume that « is projective to . Then there exist elements zg, z1, ..., Tm, Yo,
Y1, - - Ym in L such that the following conditions are satisfied:

@) br=z0<z1<...<Zm=bs,¢c1 =y <y <...< Ym = ¢z and for each
i € {1,2,...,m} the interval [z;_,, z] is projective to [yi_1, ¥];

(ii) there is i(1) € {1,2,...,m} such that [z;_,,z;] is an m-interval for each i €
{1,2,...,m}\ {i(1)}, and either [#i(1)-1, Zi(1)] is an m-interval, or there is an
interval [t;,t3] C L such that [z;(1)-1,Zi(1)] is transposed to [t1,12]) and [t1,¢2)
is transposed to [yi(1)-1, ¥%i(1)]-

THE PROOF OF (A)

We will apply the notation from Section 1. Again, let a and 3 be distinct nontrivial
intervals of a modular lattice L. Assume that a and § are projective. A p-system
A for o and 8 will be said to be reduced if (under the notation as above), whenever
i€{1,2,...,m} and j € {1,2,...,k(5) — 1}, then f; ;_, fails to be transposed to
Bigar.

The following lemma is easy to verify.



2.1. Lemma. Let A € P(a,8). Then there exists A’ € P(a, f) such that A’ C A
and A’ is reduced.

Let [c1, ¢3] and [dy,d3] be transposed intervals of L; themrwe have either

(i) ca Ady = ¢y, c2 Vd, =ds,
or

(ii) daAcy =dy, daVe =e3.
If (i) is valid, then we write [c, ¢2] /* [d1, d3]; the validity of (ii) will be recorded by
writing [c1, ¢2] \| [d1, d3]. ‘

2.2. Lemma. Let A € P(a,) and assume that A is reduced. Let A be as in
(1). Ifi € {1,2,...,m}, j € {1,2,...,k(3) — 1}, aij-1 /" a;j, then a;; \, ai j41
(and dually).

The proof is trivial.

Let A € P(a,p) be as in (1). Let i € {1,2,...,m}, z;s € L, zi-11 < zaa <
zi1. We define elements 23, zs, ..., z () by induction as follows: if z; ;_, (7 €
{2,...,k(i)—1}) is already defined and if a; j_1 /" @; j, then we put z;; = 2 ;1 Vd;,
where d; is the least element of a; j; on the other hand, if a; -1 \, a; j, then we set
2ij = zi j—1 A d3, where d3 is the largest element of a;;.

Consider - the: system A’ which we obtain from the system A if the i-th row

(@i,1, 2, - - -, @, i(k)) of A is replaced by the rows
/ / [}
Qi1 @42y -- oy X (k)
”" " "
a.-'l, a"2, ceey a.'.n,
where

aj;={t€ajj:t< 2}, of;={t€ay:t2>z;}

Then we obviously have:

2.3. Lemma. A’ is a p-system for the intervals a and 8.

The system A’ will be said to be generated by the system A and by the element
Z41.

Let y,z € L, by < y < b3, ¢; < z < ¢3. Suppose that [by,y) is pro_lectlve to [c1, 2]
and that [y, bo] is projective to [z, ¢3].

2.4. Lemma. Let A € p([b1,y], [c1,3]). (We apply the same notation as in (1)
with the distinction that we now have y and z instead of b; and c3.) Let fm41, (§ = 1,
.» k(m + 1)) be intervals of L such that fm41,1 = [¥, 53], Bms1,k(m+1) = [3,¢3]
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and for each i € {2,3,...,k(m + 1)} the interval B 41,1 is transposed to Pm41,i-
Let A’ be the system

(Bij(i=1,2,...,m+1;j=1,2,...,k(i)).

Then A’ € p(a, B).
Proof. This is an immediate consequence of the definition of p(a, 8).
The assertion dual to 2.4. is also valid. a

2.5. Lemma. Let z, y and z be elements of a modular lattice L. Assume that
the relations

[zAy,2] /[y,zVy] and [y,zVy\[yAz2]

are valid. Then the sublattice Ly of L generated by the elements z, y and z is a
homomorphic image of the lattice on Fig. 1.

.Z2Vy=yVz

Fig. 1

Proof. If we consider the free modular lattice with three free generators (cf.
e.g. [1], Chap. III, Theorem 8) z, y and 2, and if we take into account that in our
case we have zVy = y V z, then we obtain the assertion of the lemma. (o]

Theorem. Let o and 8 be nontrivial distinct intervals of a modular lattice L.
Assume that « is projective to 8. Then there is A € P(a,f) such that (under the
notation as in (1) the following condition is satisfied: there is i(1) € {1,2,...,m}



such that, whenever i € {1,2,...,m}\{i(1)} and j € {1,2,...,k(i)}, then i is an
m-interval; next, either B, is an m-interval, or k(i(1)) <3.

Proof. Under the notation as in Section 1, let u(a, 8) = n. We have n > 1. If
n = 1, then the assertion obviously holds (it suffices to consider the system (ao, @1)).
Suppose that n > 2 and let us apply induction with respect to n. First we consider
the system
(o) (k=0,1,2,...,n)

which obviously belongs to p(a, 8). Without loss of generality we may assume that
this system is reduced. Next, we can suppose that ap / a; \, a3 is valid (in the
case ag \, a; / az we apply a dual procedure).

Let z, y and z be the greatest element of ao, the least element of a; and the
greatest element of ay, respectively. (Cf. Fig. 1.) Then

a=[zAy,z), ar=[y,zVy), az=[zAz:z]
At the same time, zVy =y V z. Put 2’ = (z Ay) V (z A z). We have obviously
zAy<z' <z

From z A y < z we infer that either zAy <z’ or z' < z.
Let us distinguish the following cases.

(a) Let z Ay = 2'. Then a = ag = [z’,z]. In view of Fig. 1, ao is an m-interval;
therefore ay, a3, ..., an are m-intervals as well. Now it suffices to put a = (a;)
(i=0,1,2,...,n).

(b) Let z' = z. Then a = ap = [z Ay,z]. Next, az = [y A z,t], where t =
(z A2)V (yAz). Denote a} = [z AyA z,zAz]. We have (cf. Fig. 1)

ao \ a1 /a3
Thus the system A’ consisting of the intervals
ao, allr a2, Qg, ..., Qn

belongs to P(a,B). Since az / ds, according to 2.2 the system A’ fails to be
reduced. Thus in view of 2.1 there exists a system

ﬂos ﬂl) ceey ﬂl

which belongs to P(a, 8) such that I < n. Therefore by the induction hypothe-
sis, the assertion of the theorem is valid for a and 8.
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(c) Let z Ay < 2’ < z. Let A; be the system
(s) (1=0,1,2,...,n)

and let A; be the system generated by A; and the element z'. Then (under the
notation as in Lemma 2.3) the system A3 consists of intervals )

/ / /
Qg, Xy, ..., O,

" " "
Qyy Xyy ..., Oy,

where
ag=[zAy2)], a,=[yAzt],
ap = [2/,z), al = [t, z].
Since ag is an m-interval, all o (i = 1, 2, ..., n) must be m-intervals. Next,

by the same argument as in (b) we can verify that there exists a system As
consisting of intervals

ﬁo, ﬁl) ceey ﬂ'

with 1 < n such that A3 € p([z’, z],[t, 2]). Hence by the induction hypothesis,
the assertion of the theorem is valid for the intervals [z’, z] and [t,z]. Now it
suffices to apply Lemma 2.3. O

Theorem (A) in Section 1 is obviously a consequence of (in fact, equivalent to)
Theorem 2.6.

2.7. Example. Let L be as in Fig. 1 Consider the intervals a = [z A y,2'] and
B =[yAz1t]. It is easy to verify that po(a, ) = 3. Hence the estimate (2) cannot
be sharpened in general.

References

(1] G. Birkhoff: Lattice Theory. Third Edition, Providence, 1967.

[2] G. Behrendt: Multiposets and the convexity of posets, Ars combin. 23 (1987), 69-74.

[3] B. Bollobds, G. Brightwell, J. Nedetil: Random graphs and covering graphs of posets,
Order 3 (1986), 245-255.

[4] K. Engel, N.N. Kuzjurin: About the ration of the size of a maximum antichain to
the size of a maximum level in finite partially ordered sets., Combinatorica 5 (1985),
301-309.

' Author’s address: Matematicky iistav SAV, dislokované pracovisko Gresikova 6, 040 01
Kodice. j

208



	
	Article
	Table of literature references



