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ON CERTAIN CLASSES OF p-VALENT FUNCTIONS

SHIGEYOsHI Owa, Osaka

(Received September 10, 1984)

Summary. We introduce the classes T7*(n+ p — 1, «) of analytic p-valent functions with
negative coefficients by using the symbol D"*P~! f(z) defined by {z°/(1 — 2)"*P} % f(2). The
object of the present paper is to show distortion theorems and some closure theorems for functions
f(2) belonging to the class T*(n+ p — 1, «). Further, we consider the modified Hadamard
product of functions f(z) in T*(n+ p — 1, ®).

Keywords: analytic function, p-valent function, distortion theorem, closure theorem, Hadamard
product.
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1. INTRODUCTION
Let A(p) denote the class of functions f(z) of the form
(1.1) f@) =2+ a,,2"** (peN={1,2,3,..})
k=1

which are analytic in the unit disk U = {z: |z| < 1}. Further, let f(z) € A(p) and
g(z) € A(p). Then we denote by f* g(z) the Hadamard product of f(z) and g(z),
that is, if f(z) is given by (1.1) and g(z) is given by

(1.2) g(z) =22 + Y. b,.,.2""* (peN),
k=1
then
(1.3) fxg(z) = z2F +kZlap+kbp+kz’+k .
With the aid of the Hadamard product, we introduce the symbol
p
14 Drifr) = —2 Lug(z
(14) 16) = {1

for n, where n is any integer greater than — p. Then we can observe that

zp(zn—l f(z))(n+p— 1)

) M CE
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In particular, the symbol D" f(z) was introduced by Ruscheweyh [7] and was named
the nth order Ruscheweyh derivative of f(z) by Al-Amiri [1].
Now, we introduce the following classes by using the symbol D"*?~! f(z).

Definition. We say that f(z) is in the class T*(n + p — 1, &), if f(2) defined by

(1'6) f(z) = 2P —kzlapﬂzp” (ap+k = 0)
satisfies the condition
(1.7) Re D7) >u (zeU)

: Dn+p—1f(z)

forpeN,n> —pand0 < a < 1.

Particularly, T*(n + p — 1, &) is a subclass of T(n, «) which was studied by Goel
and Sohi [3]. Further, by using the symbol D"*?~! f(z), other classes were studied
by Goel and Sohi [4], [5], Sohi [8], Fukui and Sakaguchi [2] and Owa [6].

2. DISTORTION THEOREMS

Theorem 1. Let the function f(z) be defined by (1.6). Then f(z) is in the class
T*(n + p — 1, ) if and only if

(2.1) éﬁ"+P+k—UHg+pﬂl—@+k}

apie <(n + p) (1 — ).

Equality holds for the function f(z) given by

- l—o opH1
22) 1) == n+p)(1—a)+1 .

Proof. Suppose that the inequality (2.1) holds and let |z| = 1. Then we obtain

n+
Dn+p—lf(z)

;p+p+k—n@+p+k—@mmﬂﬂ

= k= <
n+pl—(m+pYX+p+k—-1)n+p+k—-2)..(k+1)a,,z
k=1

Z(n +p+k—-10D(n+p+k-— 2);..kap+k|z|"

S k=1 . é

- (n+p—(n +p)k§1(n +p+k—=1)(m+p+k—2)...(k+1)a,,lz[
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kzl(n+ p+k—1)(n+p+k—2). kay.,

A
IIA

=(n +p)!-—(n+p)k§1(n+p+k— Dn+p+k—2)...(k+1)a,

1 —o.

IIA

Hence we can see that the values of D"*? f(z)/D"*?~! f(z) lie in a circle centered
at w = 1 whose radius is (1 — a). Consequently, we can observe that the function
f(2) satisfies the condition (1.7), hence f(z) belongs to the class T*(n + p — 1, ).

For the converse, suppose that the function f(z) belongs to the class T*(n +
+ p — 1, ). Then we get

(2.4) Re {_—DD+:{ ;Z()Z)} =

(n+p)'—2(n+p+k)(n+p+k—1 (k4 1) ap 2t
= Re

(n +p)!—(n+p)kgl(n+p+k— )(n+p+k—=2)...(k+1)a,

for z € U. Choose values of z on the real axis so that D"*? f(z)/D"*P~! f(z) is real.
Clearing the denominator in (2.4) and letting z — 1~ through real values, we have

25  (n+ ) —é:l(n+ PR+ ptk—1) ..kt Dap

gtx{(n+p)!—(n+p)k§l(n+p+k— D+ p+ k=2 (k+ 1) ay)

which implies (2.1).

Finally, we can see that the function f (z) given by (2.2) is an extreme one for the
theorem. This completes the proof of the theorem.

Corollary 1. Let the function f(z) defined by (1.6) be in the class T*(n + p — 1, a).
Then

(2.6) a, ' k!'(n + p)! (1 — )
(n+p+k—1) {(n+p)(1 -0+ k}

for k = 1. The equality holds for the function f(z) of the form

Do RGen(-9)
N P [ R

Theorem 2. Let the function f(z) defined by (1.6) be in the class T*(n + p — 1, a).
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Then

1 — o
2.8 > |z|P — zlesd
@9 6 2 o - A
and
@ < Jele + et 2

(n+p)(1 —a)+1
for ze U. The results are sharp.

Proof. Since f(z) belongs to the class T*(n + p — 1, ), in view of Theorem 1
we obtain

(2.10) (4 Do+ D=2+ 1) T a3

p+k é

S m+p+k—D{n+p—-a+k
ékgl k! .
Sh+p)(1-a

which gives

= < 1 -«
@1 kglap+k - (n +p)(1 —a)+1 .

Consequently, we see that

an O 2 o~ [+ S 2
2 [ - e
(n+p)(1—a)+1
and
213) A S 4 + P 5y <
S e+
(n+p)(1—a)+1
for zeU.
Further, by taking the function f(z) given by
(2.14) f(z) = zF — -« L+ 1

(n+p)(1 — o) + 1

we can observe that the results of the theorem are sharp.

Corollary 2. Let the function f(z) defined by (1.6) be in the class T*(n + p — 1, a).
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Then f(z) is included in a disk with its center at the origin and radius r given by

r_(n+p+1)(1—oc)+1
By B (n+p(1 —a)+1

Theorem 3. Let the function f(z) defined by (1.6) be in the class T*(n + p — 1, a).
Then

Oz ot - EEDO=0)
(219 @) 2 gl - 2RO

and

’ < plzlr-1 _(P+1)(1—“) P14
@) ) s bt 4 D0y

for ze U. The results are sharp.

Proof. Since f(z) is in the class T*(n + p — 1, a), by virtue of Theorem 1 we have

(2.18) s s U=t §f S e
p+1 k=1
<Flte+t k-GG pll-9+ 8,
K=1 k!

s(n+p)(1 -«
which implies

o y < (D1 -0
(2.19) D T T

Hence, by using (2.19), we obtain

(220 N2 e~ ~ [P 5+ By 2

> plzlp-t — (p+1)(1 -0 z|P
2 plz| (n-l—p)(l—oc)+1Il

and ‘ ‘

(2.21) 7@ =l + P X (P + k) apee <
= plzlp—l n (r+ 1)1 -0 Izlp
- n+p(1—a)+1

for zeU.

Further, we can see that the results of the theorem are sharp for the function f (2)
given by (2.14).
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Corollary 3. Let the function f(z) defined by (1.6) be in the class T*(n + p — 1, ).
Then f'(z) is included in a disk with its center at the origin and radius R given by
2 —
(222) R:(np+p +p+ (1 W+p
(n+p)(1 —a)+1

3. CLOSURE THEOREMS

Theorem 4. Let the functions
(3.1) filz) = 2° —kzxapu.izp“ (apsi,i 2 0)

be in the class T*(n + p — 1, «) for every i = 1,2, 3, ..., m. Then the function h(z)
defined by

(3.2) h(z) =Y ciflz) (c;=0)
i=1
is also in the same class T*(n + p — 1, ), where
(3.3) Y e=1.
i=1

Proof. By means of the definition of h(z), we can write

0

(3.4) h(z) = 2P = Y (Y ciap4r,1) 275
k=1 i=1
Now, since f(z) e T*(n + p — 1, a) forevery i = 1, 2,3, ..., m, we obtain
© c — 1) _
(3.5) y (n+p+k 1)-(:"" p) (1 “)"‘k}a
k=1 !

kS (’1 + P)! (1 — )

for every i = 1,2, 3, ..., m, by virtue of Theorem 1. Consequently, with the aid of
(3.5) we can see that

(36) é (n+p+k—1) {5: +p) (1 — o) + k} (éciam,f) =

IA

i

ici {ké m+p+k—=0D{n+p (1 —a)+k} a”k‘i}

=1 k!
< (Zlc-,-)(n +p(l—a)=(n+p'(1-0a.
This proves that the function h(z) belongs to the class T*(n + p — 1, a).
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Theorem 5. Let

() 1) = 2
and
(8 ) =2 - it )

m+p+k—=10)1{(n+p(1—0a)+k}

for peN, n> —p, keN and 0 < « < 1/2. Then f(z) is in the class T*(n +
+ p — 1, ) if and only if it can be expressed in the form

(39) 16) = 3 dpuadpi®),
where A,., = O and
(3.10) izm =1,
k=0
Proof. Assume that
(3.11) /() =k§0/1p+kfp+k(2) =
- g @ k! (n + p)' (1 - (X) ip+k2p+k )
Ein+p+k—10){(n+p) (1 —a)+ k)

Then we get

2 (n+p+k—1){n+p(l—o)+k
(3.12) 3 { - j

k!'(n + p)' (1 — «) B

(ntp+hk—1D{(n+p)(l—a)+k ”“}é(” ot -9,

By virtue of Theorem 1 this shows that f(z) is in the class T*(n + p — 1, «).
Conversely, assume that f(z) belongs to the class T*(n + p — 1, ). Again, by
virtue of Theorem 1, we have

. k!'(n + p)! (1 — «)
(3.13) p+k—(n+p+k_1)'{(n+p)(1—“)+k}

forpeN,n > —p, keN and 0 < « < 1/2. Next, setting

(m+p+k—=1){n+p)(—a+k
k!(n + p)! (1 — )
forpeN,n> —p,keNand 0 < « < 1/2, and

(3.15) Iy =1 =% dper

(3.14) j’p-f-k =

ptk

we have the representation (3.9). This completes the proof of the theorem.
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