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CONCERNING THE CHARACTERIZATION
OF GENERATORS OF DISTRIBUTION SEMIGROUPS

MirosLAV Sova, Praha

(Received August 8, 1974, in revised form November 23, 1978)

In the first part of this paper we prove a new characteristic property of generators
of distribution semigroups of operators using only the behavior of their revolvents
on the real halfaxis. It is similar to that of OHARU [1] but does not involve the graph
spaces of powers of the generator (Theorem 1.2).

In the second part, we prove the necessity of the above mentioned property directly
from Chazarain’s condition [2] on the behavior of the resolvent in a logarithmic
domain of the complex plane (Theorem 2.5 and 2.7).

In the sequel, E will be an arbitrary Banach space over the real R or complex C
field (real in the first and complex in the second part).

If A is an arbitrary linear operator from E into E, we define formally A° = I,
I being the identity operator.

1. SEMIGROUPS AND RESOLVENTS

1.1. Lemma. For every A > 1,re{1,2,...} and pe {0, 1, ...} we have

o :
dir i

. B
== 1

Proofis easy.

1.2. Theorem. Let A be a linear operator from E into E. Then the following two
statements are equivalent:

(O) there exists a constant x = 0 such that
(@) (x, ) = (4),
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(IT) for every T > 0 there exisrk €{0,1,...} and K- 0 such that
K -

@ = 4)™" x| = Z |4%x| for every nef1,2,..}, A > _nf + %

(A -
and x e D(4"),

(C) there exists a constant w = 0 such that
(1) (@, ) < e(4),
or euery.T>. there exist 1 €40, 1, ...} and M = 0 such that
II) f 0th 1e{0,1 d 0 h th
_ Mpt
( — o)t

) for every pe{O 1,...} and

”di” A
u— + .

Proof. For the sake of simplicity we shall write R(4) = (A — 4)~' for every
Aeo(A).
It is well-known that

(1) AR(x) = p R(p) = I for every peg(A),

p
(2 :;l; R() = (—1)? p! R(u)?** for every peo(A) and pe{0,1,...}.
K :

Now we begin by proving (O) = (C).
Using (1) we easily obtain by induction on s that

(3) 3 R = R RGY - aRD)Y. -

s

Rlay*t—r =% %R(a)‘“” for every

r=1

\,l,_.

ieg(A), 2 0, aepo(4) and se{1,2,...}.

Let us now choose » = 0 so that (O) holds.

Let T > 0O be fixed. : :

For this T > 0 we can find ke {O 1,...} and K = 0 such that (O) (II) holds.
The case k = 0 is trivial according to (2) and therefore we suppose k € {1, 2,.. }

k
We write [|x]| = ¥ [47x]| for x € D(4").
j=0 .
Then we have according to (2) that

—R(l)( )| =

(4)

lem for every pe{0,1,...}, 4 > + % and

( )p+ 1
x € D(4¥). D
Using (4) we get by means of Lemma 1.1 that

(5) l—— ) (x)] = =0<P )ﬂl T ry )<

dAP A7 q/dA? A" dArT1
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%(P\ a9 Ke-a)t . _
s 5 (Dt g i

_x% q! (P=—a)! -
B qgo( )(,1 — e — 1)1 (2 — 30 — 1)P0*! Il
= (-1rK z()* et o B

dAA —%—1dAP792

- (-1rK

- p!
dz (,1_~—1)2 I+ AN TR—— =]

for every xe D(4%), re{1,2,:..}, pe{0,1,. }andl>p;: . + % + 2.

Let us now fix an arbitrary « € o(A).
It follows from (1) that there exists a K, = 0 such that
(7) |IR(x) x|| < Ko|x] for every x € E and j € {0, 1, ..., k}.
It is clear that (7) also implies
(8) ||R(x) x| £ Kol|x| for every x e E and je{0, 1, ..., k}.
Now by (3), (4), (5) and (7) (8) and by Lemma 1.1

a1 Kp!
W) = 5 R(A) = ” = (—,1 —)pn’ Kof[x[ + “kao”x” +
! K + akK + k) Kop!
* k()_ __pl)p+1 K""x“ é( (A i ® — 2)2”1017 "x"

for every xe E,pe {0, 1,...} and A >P—;:—1— + % + 2.

Taking = % + 2, | = k, M = (K + akK + k) K, we see that (9) proves (C)
because T > 0 was arbitrary.

We return to the verification of (C) = (O).

1t follows from (1) that

(10) R(2) 2 %R(A) A - iI for every Aeg(A4), A + 0.

Using (10) we prov‘eieas-ily by induction on s that
(11) R(2) 2 %SR(A) 4-3 %A’"l for every A eQ(A)I, A%0 and se{l,2,...}.

r=1

Let w = 0 be such that (C) holds. ' ot
Now we fixa T > 0. t ~
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For this T > 0 we can find /€ {0, 1, ...} and M 2 0 such that (C) (II) holds. We
omit the case I = 0 which is trivial according to (2) and therefore we suppose
le{1,2,. .

It follows from (1) and (11) by means of Lemma 1.1 that

o 1 ]
_ 1 gr-1 . 1 M(n — 1)! L
(""‘ 1)" dir~ IR(A) “ é(n— 1)![(,1_60)" ”A ” +
(n AT 1 M ! j
Ty B | = B o ey e 2

A>%+w+1andxeD(A').

Taking x = @ + 1, k = [ and K = M we see that (12) proves (O) because T > 0
was arbitrary.

1.3. First Characterization Theorem. Let A be a linear operator from E into E.
Then the operator A is the generator of a regular distribution semigroup if and only
if it is densely defined and possesses the property (C) from the preceding theorem.

Proof. Immediate consequence of Theorem 1.2 and Oharu’s results from [1].

1.4. Remark. The advantage of the property (C) from the above theorems con-
sists in the possibility to extend it to a characteristic property of the correctness of
the Cauchy problem for abstract higher order equations — see Part 2 and compare
[2]- The Oharu method in this case brmgs about certain hardly surmountable dif-
ficutlies.

2. RESOLVENTS IN COMPLEX AND REAL DOMAINS

2.1. Sublemma. 1/(1 — £) < e* for every 0 < ¢ < 4.

Proof. The function e”2%(1/(1 — &)) has the value 1 at the point ¢ = 0 and the
value 2¢ ! < 1 at the point ¢ = 4. Hence it suffices to prove that it is nondecreasing
in the interval (0, ). But this is c__lear because its derivative is nonnegative.

1+c¢

exp(—2€ log )
¢ <1 forevery ¢>0 and ¢ =1%.

2.2. Sublemma. <
1-26+(1+c¢)&?
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Proof. Let ¢ > 0 be fixed. The roots of the polynomial 1 — 2¢ + (1 + c) &* are

1 1 \? 1 1 . 1 1 1
-|_- — = 1 — = i—
1+¢ 1+¢ l+c¢/ 1+4c¢ 1+4c¢ (1+¢?) 1+4¢

£i°

1+c

H

Consequently, the function 1 — 2¢ + (1 + c¢) & is positive on R and

(1+C)(¢‘—1ic‘i1\fc)(_1ic“lfc)
s el e _

l1+cl+c 1+4c¢

1-26+(1+¢)& =

v

for every £€eR.

Thus we have

(1) 1 < 1+
1-284+(1+¢)& c
On the other hand,

2¢ 25-1
(2) exp( — 2¢ log1 il = [—£ ¢ < °_ for every
c 1+¢ 1+c¢ 1+4c¢ 1+4c¢

P
Now (1) and (2) give the desired estimate.

¢ for every ¢ e R.

2.3. Lemma.

1 p+1
< e(z+ log(1+a?))Rez

z
p+1

for every a > 0 and Re z = 0 such that
1
|Im z| =-Rez
a

and for every pe{0,1,...}.

Proof. Let a > 0.
We can write

Ilp+1 1 (p+1)/2

1
g TR (R [y
p+1 p+1 p+1

for everya, fe Rand pe {0, 1,...}.
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Taking & = a(p + 1) in Sublemma 2.1 we see from (1) that

p+1 r+1
(2) - S N éez“forevery0§a=<__&1-, BeR
a+1ﬂ o - . 2

p+1 p+1

and pe{0,1,...}.
On the other hand, we havev

2 2 2 2
@(1-—=—) + BN oo ) 41« Y1 4
p+1 p+1 p+1 a?\p+1 p+1
2 2 2
+ 2 >+i2( = = = 1+—1— 2 for every
p+1 a’\p+1 _ p+1 a’)\p + 1

o = 0 and B € R such that |B| —a and for every pe {0, 1, ...}.

It follows from (1) and (3) that

1 (R 1 (p+1)/2
__'ﬂ < forevery o = 0,
a+i

a 1 o
1 - +(1+=
p+1 p+1 a’?)\p + 1?

B € R such that |ﬂ| = g « and for every pe {0, 1,...}.
a

)

Now we obtain from (4), taking ¢ = «/(p + 1) and ¢ = 1/a* in Sublemma 2.2,
that
p+1
(5) < e84 for every o = p L |8l 2 loz and pe{0,1,...}.
_o+ 1ﬂ 2 a

p+1

Summing up (2) and (5) we get at once
1 p+1
o+ ip

< eZHlos(1+a")a for every o > 0, |ﬂ| > loz and pe{0,1,...},
1 - a
p+1

which is the desired result if we take Re z = o, Im z = .

2.4. Proposition. Let A be an oﬁen subset of C and R a mapping of A into E.
If the function R is analytic in A and if there exista 20,b =2 0,K 2 0andv = 0
so that

(@) {z:zeC,Rez > alog(l + |Imz|)+b} c A,
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(B) |R(z)| = K(1 + |2|)" for every z € C such that Re z > alog(l + [Imz|) + b,
then there exist M 20, ® 20, y€{0,1,...} and me {0, 1, ...} such that

(3) (@ oo)cA

®) |5

'
,l)” < ——Aigi“forevery Te{l,2,..},A>wand pe{0,1,...}

T (4 - wpt!

p+1

d/lp le+m

such that 1 = + o

Note. If the constants a 2 0, b =20, K 2 0 and v = 0 are given so that the
assumptions (o), (B) hold, then the constants M 20, w 2 0, x€{0,1,...} and
me {0, 1, ...} can be chosen, for example, in the following way:
2K(1 + a)_

2 ’

M = =b+2, y—1<4a+2log(l +a*) <y,

m-—-1<v+2=<m.
Proof. Let us first fix constants a = 0, b 2 0, K = 0 and v = 0 so that the as-
sumptions (o) and (B) hold.
For the sake of simplicity we shall denote
(1) @={z:Rez > alog(l + [Imz|) + b},
(@ r={z:Rez=ualog(l + |[Imz|) + b + 2},
B)w=0>b+2
Further, we need the function
(4) z(&) = alog(1 + Iél + b+ 2+ié for £eR.
It is clear from (1), (2) and (4) that
(5) r={z(¢):¢eR} = Q,
(6) z'(¢) = I—_:_M + i for every e R.'
Regarding (1) we can rewrite the assumptions of Proposmon 2.4 in the form
(7) the function R is analytic in €,
(8) [|R(z)| = K(1 + |2|)” for every z € Q.
It is easy to prove from (1)—(3), (7) and (8) by means of Cauchy’s integral theorem

that
L | _p! R(z)
@; JiHv2 R()‘) = RJ‘rszz(Z _ ).)p+l dz

for every A > w, 1€{0,1,...} and pe{0, 1, ...}.
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This identity can by written in the following form used below:

— )Pt gr
o) (A—opttd 1 R(,l)—L. _R(2) ( — O\piry,
P! dﬂ.p AH-H'Z 2ri . Zl+v+2 7z — ;L

forevery A > o, 1€{0,1,...} and pe {0, 1, ...}.
Let us recall that, as is well known,

Further, (4) and (6) immediately imply
(11) 1_-4-(];)(_6)[ <2, |z(5)| 2 /(2 + ¢, |z’(£)| <14 a forevery éeR.
z

Let us now consider the case a = 0.
In this case we have

A—w.= A—w _ A—w |= A—ow <1
-0 [2)-0-(G-0) [E-@G-0) [(A-op+e]2"

for every A > w and £ € R and consequently

p+1
<1 forevery A > w and ¢ eR.

(12)

z(é) -
Let us denote by m an integer such that
MB)ym-1<v+2=m
It is clear from (11) and (13) that

(14)

< 1 for every EeR

EG (5)|'" T

It follows from (4), (5) and (8)—(14) that

o [ 8 - [ B0 o

p! dar im

J‘ (1+ |z(f)| 2nJ' Ldé =

e lz(€)|v+2 e 2 4 62

2K (® 1 2K
< dé £ for every A > w and pe{0,1,...}.
2n j_w 1+¢& 2 g pef )

Now we suppose a > 0.

336



We easily see from (3), (4) and (6) that under this hypothesis
(16) Re z(¢) — @ 2 0 and [Im (z(¢) — »)| 2 ! Re (z(¢) — ) for every &eR.
a

Using Lemma 2.3 we obtain from (16) that

(17)’A—w|"+1= - p+1=—»-_1———p+1=
2(¢) - 4| () -0 - (- o) ) -
A—®
| 1 Y en on(l 44 Re (z(¢) - @)
} (p+nA)=e = p[(2+lg(1+ L e ]
| - A— o
| p+1 |

for every £€R, A > w and pe{0,1,...}.
For the sake of brevity let us now denote by y an integer such that

(18) x — 1 < 2{[2 + log (1 + a?)] a} < x.
It follows from (4), (6), (17 and (18) that

i | _S_expli(Z + log (1 + a?) (p + I)M] =
- o

(19)

z(&) — 2

= (1 + |¢|)@D@*+DIG=0) for every € R, A > wand pe {0, 1,...}.
Finally, let us recall two elementary facts:

(20) ;—+I§2[ <1 for every (e R;
+

(21) T(i+ ! )§ 1 forevery T> 0, A > w and pe{0,1,...} such that
)

Using (4), (5), (8)—(11), (13), (14) and (18)—(21) we obtain

_ p+1 P
() A= & L g -
p!  dap pxTHm

AR
*5e_por o o —d POl

T 2n
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1 K(+ IZ(é)l) U 1ENE @ DI (1 4
< 1+ [¢])* (1 d¢ =
j o (\/(2 + 52))1T+2| (al |f|) 4+ a) ¢

K(l + a) 1 + |z(§)l (1 & lél)(l/z)((p+l)/(1 o '1 3
’f ( z(§)| ) W2+ T 2482 d_é =

< K( + a)J' 2v(1 +|g)erper birG-en o
@+ 1+

2"K(1 K(1+a)(* (1L+ ¢y 1
f_m(z + 62)1T/2 1 4 EZ

B 2"1((1 + a)J' _2K(L+ 2)

d¢ =

ol + 52 2

foreveryTe{lZ J,A>wand pe{0,1,...} suchthat A = (p + 1)/T + w.

The statement of our proposition follows from (1) ) (6), (13), (14), (17) and (20)
if we take M = 2" K(1 + a)|2. ' S

2.5. Theorem. Let A be a linear operator from E into E. If there exist a = 0,
b=0,K = 0andv = 0 such that
(@) {z:zeC, Rez > alog(l + |Imz|) + b} < Q(A)

(B) ||(z1 — 4)~ 1|| < K(1 + |z|)" forevery z € C such that Re z > a log (1 + |Im z|
+ b, . .

then the following condition is fulfilled: :
(D) there exist M 2 0,0 2 0, xe{0,1,...} and mg {0, 1, ...} such that
(a) (@, ) = e(4),

® |7

| :
‘é-&_% for' every Te{l,2,.:.},A>w and

At = A)

d}.p 11T+m

pe{0,1,...} such that 1 2 E—%l + .

Proof. Let us denote A4 = g(A4) = the résolvent set of the operator A and R(z) =

= (zI — A)™" for z e o(A). It is well known that the set A is open and the funclion R
is in this case analytic on A. Thus our theorem immediately follows from Proposi-
tion 2.4.

2.6. Remark. The converse of Theorem 2.5, provided the operator A is densely
defined, follows from Oharu’s results in [1] and from Theorem 1.2. A direct proof
of this converse is not known to the author. It would be desirable to construct a proof
not involving sufficiently “smoth” elements, i.e., elements of higher powers of the
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operator 4, which is not convenient in particular if we consider the Cauchy problem
for equations of higher degrees (cf. [2] and the following Theorem 2.9) because in
this case great difficulties arise connected with the use of “smooth” elements produced
by many noncommutative unbounded operators.

2.7. Second Characterisation Theorem. Let A be a linear operator from E into E.
Then the operator A is the generator of regular distribution semigroup if and
only if it is densely defined and possesses the property (D) from the preceding
theorem.

Proof. Immediate consequ,enc.e of Theorems 1.3 and 2.5 and of O.haru’s results
from [1]. '

2.8. Remark. For régulaf distribution semigroups it is possible to prove the
following growth property (D), similar and closely related to the property (D)
from Theorem 2.5.

Let D(R) be the linear space of infinitely differentiable real-valued functions on R
with compact support.

If 7, as.a mapping of D(R) into L(E), is a regular distribution semigroup, then
(D’) there exist M 2 0, w 2 0, y€{0,1,...} and me {0, 1,...} such that

|[70)] = Me"" sup (Jo'e™(e))

for every Te{l,2, } and ¢ € D(R) satisfying support (¢) < (— oo, T].

2.9. Theorem. Let A, Aj,..., A, ne{l,2,...}, be linear operators from E
into E. If the operators A,, A,, ..., A, are closed and if there exist a 2 0, b = 0,
K = 0and v = 0 such that

(@) z"I + z""'A; + ... + A, is a one-to-one operator and its inverse is everywhere
defined and bounded for every Rez > alog(l + |Im z|) + b,

(B) [Adz"T + 2" 'A4; + ... + A,)7| S K(1 + |2|)" for every ie{1,2,...,n} and
for every z € C such that Re z > alog (1 + |Im zl) + b,

then there exist M 2 0, w 2 0, xe {0, 1, ...} and me {0, 1, ...} such that

(@) AT + A""'A; + ... + A, is a one-to-one operator and its inverse is every-
where defined and bounded for every A > w,

dar 1

E}Tp JxT+m

Mp!
<—-—— for every Te
=G oy i y
€{1,2,..}, A>w «nd pe{0,1,...} such that 4> (p + 1)|[T + w and for
every ie{l,2,...,n}.

(b)

AT+ A 'A 4+ .+ A)7!

Proof. Let us denote by A the set of all z e C such that z"I + 2"~ 14, + ... + 4,

339



is a one-to-one operator and its inverse is everywhere defined and bounded. More-
over, let us write Ry(z) = (2" + z""'4; + ... + 4,)”" for every z € A. As proved
in [3], the set A is open and the functions Ry, ARy, ..., 4,R, are analytic in A.
Taking now R = A;R, for a fixed i € {1, 2, ..., n} we can apply Proposition 2.4 and
our theorem follows.

2.10. Remark. The author does not know whether the converse of the preceding
Theorem 2.9 holds in any form

2.11. Remark. The definitions of the so called logarithmic domain — cf. (1)
in the proof of 2.4 — vary in [1], [2] and in the present paper. It seems that our defini-
tion is the simplest one nad it is possible to verify that all three are essentially equi-
valent, i.e., a logarithmic domain of one type can be immersed into that of another
type with an unimportant change of parameters.
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FIXED POINT THEOREMS FOR CONTRACTIVE MAPPINGS
IN METRIC SPACES

JANUsz MATKOWSKI, Bielsko-Biala

(Received March 17, 1975)

1. In this paper we extend Banach’s and Kannan’s fixed point theorems as well
as some results of D. W. BoyDp and J. S. W. WONG, A. MER and E. KEELER, S. REICH
and C. S. WonG.

Our main result is the following

Theorem 1. Let (X, d) be a complete metric space and let T: X — X. Suppose
that for every ¢ > 0 and x, ye X,

(1) 0 < d(Tx, x), d(y, Ty), d(x, ), d(Tx, y) + d(x, Ty)

2
If for every ¢ > O there is a 6 > 0 such that for x, y e X,

Se=>d(Tx, Ty)<e.

e<d(x,y)<e+9é

d(Tx, y) + d(x, Ty)
2

=d(Tx, Ty) < ¢,

) 0 < d(Tx, x), Se,dy, Ty)<e+ 6

then for every x € X, the sequence {T"x} converges. If, moreover, T is continuous or,
given e > 0, thereisa u, 0 < p < & such that for x, ye X

d(Tx, y) + d(x, Ty) _
) 0 < d(Tx, x), 5 =8 =d(Tx, Ty) < ¢ —u,
0<d(x,y), dy, Ty)<p

then T has a unique fixed point p € X and for every x € X, lim T"x = p.

n—o

Proof. Take an xe X and put x, = T"x, n =0,1,.... We can assume that
d(xy, X,—1) > 0, n = 1,2, .... Note that
(4) A(Xpt15 Xn) < d(Xp. Xpeq), N =1,2,....
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For an indirect proof of (4) suppose that d(x,,'x,) = d(x,, x,-,) for some n > 1.
Assuming X = X,, ¥ = X,—y, & =d(X,4+,%,) we have d(Tx,x) =¢, d(x,y) =
=d(y, Ty) < ¢ and

d(Tx, y) + d(x, Ty) = d(Xp41, Xp—1) S A(Xps1, %) + d(Xp X,—) S 26

Hence, using (1), we get d(Tx, Ty) = d(x,+,, x,) < &. This contradiction proves (4)
and, consequently, the sequence {d(x, ., x,)} converges. We shall show that
(5) R © o re=limd(%,e.%,)=0."

Suppose that ¢ > 0. Then there is n, such that
¢ <d(xp+1,%,) <c+(c), n=ng.

Using (2) for x = x,., y = x, we hence obtain d(x,+,, X,4+1) < ¢, n = n,. This
contradicts the previous inequality and proves (5).
Let us fix an ¢ > 0. Without loss of generality we can assume

(6) d=20() <e.

By (5) there is a k such that

(7) d(Xp41, %) <36, n2k.
We shall prove that .
(8) d(Xpsm X,) <€+ 30, n2k,

for m = 1,2, .... By (7), this is the case for m = 1. Suppose that the inequalities
(8) hold for some m = 1. If d(x, 4, X,) < &, then by (7)

d(X, 4 m+15 Xn) S d(Xpsmt 1> Xntm) + d(Xpims X,) <€+ 6.
If & < d(X,4+m X,) < & + 10 then, by (7), we have for x = X,4,, ¥ = X,,
e<d(x,y)<e+ 35, d(Tx,x) <45, d(y,Ty) <16,
0 < d(Tx, y) + d(x, Ty) £ d(Tx, x) + 2d(x, y) + d(y, Ty) < 2(¢ + 9).
Now (2) yields d(TX, Ty) = d(Xp4m+1> Xn+1) < & Thus
A(rrme 1s %) S Qs 1o Fs1) + A %) < 6 + 33,

and induction completes the proof of (8).

Now (8) and (6) imply that {x,} is a Cauchy sequence and, since X is complete,
{x,} converges to a point p € X.

Suppose that the condition (3) holds and ¢ = d(Tp; p) > 0. By the preceding part
of the proof we can find n, such that d(p, x,) < 3u, d(x,+1, X,) < 3 for n = n,.
Hence, assuming x = p, y = x,, we have d(Tx, x) = ¢, d(x, y) < p, d(y, Ty) < pand

d(Tx, y) + d(x, Ty) < d(Tp, p) + d(p,x;) + d(p, x,-1) S € + p < 2¢.
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Using (3) we obtain d(Tx, Ty) = d(Tp, Tx,) < & — pu. This implies
d(Tp, p) < d(Tp, Tx,) + d(x,41, p) <& — p + In <e,

which is a contradiction and therefore Tp = p.
The uniqueness of the fixed point follows from (1).

Remark 1. Suppose that for every ¢ > 0 thereisa 6 > 0 such that ¢ < d(x, y) <
< &+ 0 implies d(Tx, Ty) < &, x, ye X. Then (1) and (2) are fulfilled and T is
continuous. Thus Theorem 1 generalizes the result of Meir. and Keeler [2].

2. We apply theorem 1 to obtain a fixed point theorem which generalizes some
results of Boyd and Wong [1], Reich [3] and Wong [4]. '

Theorem 2. Let (X, d) be a complete metric space and let T:X — X. Suppose
that there exists a function « : <0, 00)* — <0, ) such that

9) d(Tx, T) < a (d(x, ) dlx, T5), d(y, 1), 22 T)L A T”) L xyeX;
(10) a(t, sy, S3, 53) s increasing with respect to sy, s,, 3 ;
(11) O0<tZs=oftss5)<s;
(12) ‘ : limsup a(t, u,u,u) <s for s>0.
tu—s+

Then for every x € X, the sequence {T"x} converges. If, moreover,

(13) limsup a(t, s, u,s) <s for s>0,
t,u—0+

then T has a unique fixed point pe X and lim T"x = p for x e X.
Proof. Take an ¢ > 0 and note that_
(14) 0<t;<e(i=1,234)=at,t,)tst) <e.
In fact, if #; > max (1,, 13, t,) then by (10)—(11) we have
oty, 12, b3, tg) S afty, ty, ty, 1) < 8y S &
If £, < 5 = max(t,, 15 f,,) then by (10)—(11) we have

a(ty, ty, 13, 1) S ofty, s,5,5) <s S e

which proves (14).
It follows from (12) that for every ¢ > 0 thereis a § > 0 such that

e<u, s<e+do=>aus,ss)<e.
Hence and from (10)—(11) we easily obtain

(15) e<ty<e+0d, 0<tytyty<e+d=aty,tyts1t) <t.
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Finally, the condition (13) implies that for every ¢ > 0 thereis a u, 0 < u < ¢, such
that

-

(16) 0<t1,t3<u=a(t1,8,t3,8)<8—[,l.

To prove (16) we put s = lim sup a(t,, &, 13, €). By (13) there is a g > 0
t1,t3—0
such that for 0 < t;, 1, < i we have a(ty, ¢, t3,€) < ¢ — 3(e — s5). Evidently,
u = min (i, (e — s) satisfies the condition (16).
Now, setting t, = d(x, y), t, = d(x, Tx), t3 = d(y, Ty), t, = ¥(d(x, Ty) +
+ d(Tx, y)) and taking into account (9) and (14)—(16) we see that all the assumptions
of Theorem 1 are fulfilled. This completes the proof.

Remark 2. If « does not depend on t,, t5, t, then the condition (9) takes the form
d(Tx, Ty) < y(d(x, ), x, y € X. Suppose that y(t) <t for ¢t > 0 and y is upper
semicontinuous from the right. Then the conditions (10)—(13) are fulfilled, and,
consequently, Theorem 2 implies the result of Boyd and Wong [1]

Theorem 2 generalizes also the results of S. Reich ([3], Th. 1) and C. S. Wong

([4], Th. 1).

Remark 3. In this paper “increasing’ means nondecreasing. Note that in Theorem
2 the function a need not be increasing with respect to the first variable (cf. Remark 2).
The author thanks the referee for his valuable remarks.
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EXPRESSING RATIONALS AS A SUM OF A SMALL NUMBER
OF UNIT FRACTIONS

WiLLiaAM A. WEBB, Pullman

(Received May 11, 1977)

I. INTRODUCTION

For a given rational number a / b, we wish to consider the solvability of the equation

(1) gt 3 + L

b x; x, Xp
where the x; are integers (not necessarily positive). For a fixed positive integer a,
let L = L(a) be the smallest value of n for which (1) is solvable for all sufficiently
large integers b.

Even if the x; are required to be positive, it is clear that L £ a. Although a well-
known conjecture of SCHINZEL [2] is that L = 3 for all a 2 3, no one has succeeded
in finding an improvement on the trivial estimate for even one value of a.

A similar result is conjectured for the case under discussion, where the x; may be
negative. This problem has proved to be somewhat easier, and it is known that L = 3
for 3 < a £ 35. This result can be used to show that

wor(])

where [ ] is the greatest integer function. Also, some minor improvements of this
estimate are fairly easy to obtain.

The principal objective of this paper is to obtain a significantly better upper bound
for L; namely one of order log a.

II. APPROXIMATIONS USING SMALL NUMERATORS
Before proving the estimate meniioned above, we will need some preliminary

results. These results, concerning Farey fractions and approximations using small
numerators, are also interesting in their own right.
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Most problems in rational approximation involve the existence of a good approxi-
mation c¢/d to some number, where d is small. We will be interested in approximating,
or more precisely, in decomposing a given rational, using fractions with small numer-
ators. .

Let a/b be a reduced rational number, 0 < a/b < 1. We will approximate a/b
using a sequence of fractions ao/by, = afb, a,[b,, a,[b, ..., to be defined below.

Let &, denote the Farey series of order n. We will also use the following special
notation. Write the triple T = (i j k) to mean a;/b; < a;[b; < a;[b, are three con-
secutive elements of &,,. Note that this implies a; + a;, = a; and b; + b, = b,
Also, write the five-tuple F = (ij k : x y) to mean T = (ij k) and a = xa; + ya,.
b = xb; + yb,.

We now define the sequence {ai/bi} by specifying successive triples T,,.Let T, =
= (102), so that a,/b; < ao[by < a,|b, are consecutive elements of F,, = Fp-
Note that F; = (102: 11).

Now, given a triple T,,_, = (i j k) we define T,,_, by choosing a,,/b,, such that

(ikm) if bi<bk’
Ty = . :
(mlk) if bi>bk‘
Note that the only case in which b; = b, is when (i j k) represents 2 } 1, at which
point the sequence must terminate anyway. The fraction a,,/b,, is the next term in
the sequence.

Lemmal. If F,_,=(ijk: xy) then F,_y =(mik: xx+y) or Fp_, =
(ikm: x +yy).

Proof. By definition of the sequence {a;/b;} we know that either T,,_, = (m i k)
or T,_, =(ikm). In the former case a = xa; + ya; = x(a, + a;) + ya, =
= xa, + (x + y) a. In the later case a = xa; + ya, = xa; + y(a, + a,) =
= (x + y) a; + ya,, Similar calculations hold for b.

Lemma 2. If F, = (i j k: x y) then ab; — ba; = y and ab, — ba, = —x.

Proof. Use induction on n. F; = (102:11) and ab, — ba, = 1, ab, — ba, =
= —1 by the well-known property of &;. [1, Theorem 28]

Now suppose the result is true for F,,_, = (ijk:x y). If F,,_; = (mik:xx + y)
then ab,, — ba,, = a(b; — by) — b(a; — a,) = (ab; — ba;) — (ab, — bay) =y + x
by the induction hypothesis. (ab, — ba, = —x following immediately from the
induction hypothesis.) A similar calculation holds if F,_, = (ikm:x + yy).
Note that the conclusion of Lemma 2 can be witten as:

a;
=—+ , —=— = —,
b; ;

(S IR
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In the above procedure it is clear that x + y is monotonically increasing, and the
sequence does not terminate until x + y = b > a. Thus, for any real number 4,
1 < A < a, we eventually encounter an F,, where x < A, y <A, and x + y = A.
When this occurs we must have either a; < afA or a, < aA, for the following reasons.
Assume a; 2 afA and a, 2 afA. Then a = xa; + ya; 2 (x + y)a[A 2 a with
strict inequality (and hence a contradiction) if a; > afA or a, > a[A or x + y > A.
Also,if a; = a; = afAand x + y = Athen by Lemma 2, A=x + y = ba, — ab, +
+ ab; — ba; = a(b; — by). So b; — b, = Ala and thus A/a and a2 are both integers
which implies a = A contradicting the fact that A < a.

Theorem 1. For 0 < a/b < 1 and every integer n > 1, there exist integers x,, z,
such that

n
¢ = Y Xt and |xi| < a'/™.
b =1z

Proof. Let A = a'/”. By the above remarks

g . 41 where |xi| < a'* and A; < afi =a®""V",
b z; B
Similarly,
= W + Az where |x,| < a'™ and A, < 4;[A < a[A* = a®~ P/,
B, z; B,

Proceeding in this manner, we obtain in general

X1

A
+ «.. + X,z, + — where lx,-l < a'™ and
zl Br

4, < A.-_lll <o < a/},’ < q—nin
Letting r = n — 1, we obtain the desired result.

Professor M. J. KNIGHT, in a private communication, has noted that Theorem 1
can also be proved using geometry of numbers.

[S NS

III. AN ESTIMATE FOR L

We are now ready to state and prove our principal result.

Theorem 2. For a given positive integer a and all integers b sufficiently large,
the equation (1) is solvable in integers x;, where n < 3 log aflog 36 + 3.

Proof. Following the same procedure as in the proof of Theorem 1, with A = 36,
we obtain

s
i=1 2Z;

S|

)

where |y;| <36 and 4, < af36°.

SR
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Choose s so that 36° £ a < 36°*1. Then

+

s+1
E=ZX5 where Iy,|<36.
b =1z

By [3, Theorem 4] each

1 1 1
v_t 11

zi xil xiz xl'g

so L < 3(s + 1). The condition that b is sufficiently large guarantees that the z; are
sufficiently large also. We now note that s < log aflog 36, which completes the proof
of the theorem. We also note that for large values of a, n < 3logaflog 36 + 3 <
< log a where log denotes the natural logarithm.

IV. CONCLUDING REMARKS

The bound on L given in Theorem 2 is still a long way from the conjectured result,
so an improved estimate would be of interest. The same conjecture suggests that the
result in Theorem 1 is probably not the best possible when n = 3. However, we do
have the following result when n = 2.

Theorem. 3 For 0 < a[b < 1 there exist integers Xy, X,, 2y, z such that

S, % gpg |x:| < a.
b z; =z,

Moreover, the bound on the Ix,l is the best possible.

Proof. By Theorem 1, we need only prove the last statement.

Leta = (n + 1)* — 1 = n*® + 2nandlet b be a prime such that b = n + 1 (mod a).
Infinitely many such primes exist since (n + 1, a)=1.

By Theorem 1

©)

Xt 4 %2 ghere x| < n.

Zy 2,

SR

Now, assume (2) holds where |x;| < n — 1. Then by Theorem 1’ of [4] there exist
dy, d, | b such that x,d, + x,d, = ka for some integer k =% 0. Since b is prime, its
only divisors are +1, +b. If |d,d,| = 1 or b® then x,d; + x,d, = ka is possible
only for k = 0, which is the excluded case.
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Thus it suffices to show that x; + bx, = x; + (n + 1) x, £ 0 (mod n? + 2n)

for all |x,| < n — 1 except x; = x, = 0. But this follows immediately from the fact
that

28 xy +(n+1)x;| S n?+n-2.

It would still be quite interesting to know if Theorem 1 can be improved for
n = 3.
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HEKOTOPBIE TUO®AHTOBBI YVPABHEHUS TPETBEN CTEINEHU

1. 1. MUXAWJIOB, ViBanoBO

(IToctynuno B pemakuuro 10/IX. 1977 r.)

PaccMoTpuM ypaBHEHHUE
§)) X3+ +2324+23=0

B IEJBIX YHCIIaX, TaKMX, 4TO (X, , 2z, t) = 1.

SIcHO, YTO cpeou Tpex 4HcCel X, Y,z ABa — OIMHAKoBOW u€THocTH. Ilycth s
ONpeeICHHOCTH TAaKOBBIMH SBJIAIOTCA duciaa x u p. IlonoxumM x =a+ b, y =
=a— b, roe a, b — nensie uucia. B pe3dynbTaTre moacraHoBku ypaBHenue (1)
IIpUMET BUA:

) 2a® + 6ab® + z> + 23 = 0.
IMycts B (2) t = —a, Toraa z> = —6ab?, oTkyna sAcHO, 4TO z = 6¢ (¢ — Iemnoe),
nocye 4yero mMeeM: 36¢® = —ab?. IlorpebyeM, uTo6HI B manbHeimem (a, b) = 1,

Tak Kak B IPOTHBHOM ciydae (X, y, z, t) + 1. Ilycte a = mu®, b = nv® (u, v — ne-
Jete, npuyeM (4, v) = 1, m, n — HaTypanbHBIe, ipUYeM (m, n) = 1, U, KpOMe TOrO,
(m,v) =1, (n,u) = 1). Torma ¢ = —uv?, mn?® = 36. Ina HaTypaJbHLIX m H A,
Takux, 410 (m, n) = 1, IMeeM, Kak JIerkO BHAETH, YeTHIPe BO3MOXHOCTH: (M1, n) =
= (1, 6), (4, 3), (9, 2), (36, 1). CoOTBETCTBEHHO NOJIyYaeM YeThIpE TOXIECTBA:

3) (36> + v3)® + (36> — v3)? + (—6uw?)? + 2(-36u*)3 =0,
rae (2,0) = 1,(u,v) = 1,3,0) = 1, '

) 9u® + 20%)3 + (u® — 20%)® + (—6uv?)® + 2(-9%)3 =0,
rae (G, o) =1, 2, u) =1, u0v) =1,

) (4u® + 3v%)° + (4u® = 30°)° + (—6w?)® + 2(—4u®)* =0,
roe 2,0)=1,G,u) =1, (u,v) = 1,

(6) @® + 60%)° + (W — 60%)° + (—6w?)? + 2(—u’)* =0,

roe Q,u)=1,u,v)=1,3,u) = 1.
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ToxnaectBa (3)—(6) Jerko 0ObEAUHSAIOTCS B OJHO:
(A%u® + Bv3)3 + (4%u® — Bv3)? + (—6uv?)® + 2(-4%u®)3 =0,

roe (4, B) = (6, 1), (3, 2), (2,3), (1, 6), uu, yto TO Xe, AB = 6 (A, B — uensre),
A,v)=1,B,u) =1, (u,v) = 1.

OTMeTHM IIOMYTHO, YTO TOXaecTBO (5) mosy4eHo Takxe B pabote [1]. [Ipu u = 1
ToXAecTBO (6) maeT M3BECTHOE IpEACTaBJICHHE YHCJAa 2 B BHIE CYMMBI Tpex Ky6oB
uesabix umcen [2], cTp. 37.

Kaxmoe u3 ToxmectB (3)—(6) mpH BBHIMOJIHEHUMM COOTBETCTBYIOLIUX YCJIOBHH
OTIUCHIBAET CBOE MHOXECTBO pellieHuit ypaBHeHus (1) B LeNbIX YUCIaX, Hemepecekaro-
1eecs ¢ TpeMs APYTUMHU.

WIrHOpHPYS 3TH YCJIOBHS, T.€. HE MCKJIFOYasi BO3MOXHOCTH (X, V, z, t) + 1 (cuutas,
oaHako, yto (4, v) = 1), Jerko Aoka3aTth, YTO pemnieHus ypaBHeHusi (1) B IebIX
YuCIaX MOTYT OBITH ONKCAHBI JIMIUL ONHUM TOXAECTBOM. B kayecTBe Ga3ucHOro
MOXET OBITh BbIOpaHO Jir060oe M3 HuX. B yacTHOCcTH, Hampumep, ToxaecTBo (6).
B camoM nene, nycth B (6) u = 61 (i — Lenoe YKCIIO), TOrAa MOJYy4UM TOXIECTBO
Buga (3). Ecnmu u = 3u, To monysaem ToxnectBo Buaa (4). Ilpu u = 2i umeem
TOXaecTBO Buaa (5).

Taxum obpa3om, noka3aHa

Teopema 1. Vpasuenue (1) umeem GeckoneuHoe MHONCECMBO peuleHUll 8 YeablxX
83AUMHO NPOCMBIX YuCAAX X, Y, Z,t, npu smom wx = u> + 603, wy = u® — 6v3,
wz = —6uv?, wt = —u3, 20e w, u, v — yeavie yucaa, npuuem (u, v) = 1, w = (u, 6).

OueBUIHBI U TaKUe YTBEPXKICHUS

Teopema 2. Ypasuenue x° + y* = z> + 2t3 umeem bGeckoneunoe MHONCECMGO
pewenuii 6 namypaabubix uucaax (83auMHO npocmwlx), npu mom wx = u> + 6v3,
wy = u® — 603, wz = 6uv?, wt = u®, 20e u, v, w-namypaavnvie, npuyem (u,v) = 1,
w = (u,6), u>v3/6

Teopema 3. Ypasuenue x° = y* + z° + 2t3 umeem 6eckoHeunHoe MHONCECHIBO
pewienuil 6 HAMYpabHbLX 63AUMHO NPOCMBIX YuUCAQX, npu mom wx = 6v° + u?,
wy = 60° — u?, wz = 6uv?, wt = u®, 20e w, u, v-namypavnvie, npuuesn (u, v) = 1,
w = (u, 6), vi/(6) > u.

M3 toxnaect (3)—(6) BEITEKAeT TaKxke
Teopema 4. Cucmema ypasHeHuii ,
2=x*+y +280=x+y} +28=x3+y3+23=x3+y3 +283
umeem 6eCKOHEUHO MHO20 peuleHuil 8 yeablX YUcAax:
@) z=6u?, x=ut+60>, y=u*-60>, t=—-u?,

X, =4ud+ 303, y, =4 -33, t;, = -, x,=9%+ 203,
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Yoo =9 — 203, 1, = -9%, x;=236u+ 03,
vy =36u® — v, t3= -36u°,

20e u, v — yeavle yucia.

Jlerko BMOETH, YTO TeopeMa 4 B H3BECTHOM CMbICJIe 00001IaeT OOUH U3 pe3yJib-
TaToB paboTsl [1].

3aMeTUM Haliee, YTO COTJIACHO IOJIy4eHHBIM (POpMyJiaM BBITIOJIHSETCS YCJIOBHE:
X + y = —2t ¥ T.IL, U3 4ero BBITEKAET

Caencrsue 1. Cucmema ypasneruii
A’2* =B(x + ) (x — »)* = B(x, + ) (x; — y)? =
= B(x; + 1) (x3 — ¥2)* = B(x3 + y3) (x5 — y3)?

20e A, B — yeavie uucaa, makue, umo AB = 6, umeem GeckoHeuno MHO20 pewieHuil
6 yeavix yucaax, npu smom z = 2Buv?; u x,y,X,, Y1, X3, Y2, X3, Y3 Onpedessomcs
6 coomeemcmeuu ¢ gopmyaramu (7).

IMonaras B (6) u = p* (p — uenoe), umMeem

Caencreue 2. Vpaswenue x> + y* + z° + 2t°* = 0 paspewumo 01 aw0bozo
yen020 t, npuuem npu aobom HamypaavHom k umeem bGeckoHewHoe MHONCECMEO
YeA0uUCAeHHbIX peteHuil.

Jlerko moxa3bIBaeTCS TAKXE U

Caencreue 3. Ypasuenue x> + y3 + 2t3 = z% ymeem 6ecxoneunoe mmoxncecmeo
YeaouUCAeHHbIX peuleHuil 04A a106020 Hamypaavhoz2o k u paspewumo 048 A06020
yen020 z, Kpamnozo 6.

B camom nene, nycth B (6) u = 6p?, a 3ateM 6vp = ¢* (p, ¢ — uenvie, k — HaTy-
PaJIbHOE), YTO BO3MOXHO, Hampumep, Tipu v = 2¥7 /% p = 3%~ 1k (r, 5 — nenmpre)
M T.IL :

3amevanue. Ucxoas U3 TPUBHAJILHO KOHCTPYHPYEMOIO TOXIECTBA
(6)) (@+ b)*+ (a— b)?® + (—6ab?) + 2(—a)®* =0,

rae a, b — uenvie 4ucia, HETPYOHO NOKa3aTh CHPAaBEeUIMBOCTH CIIEAYIOIIUX pe-
3yJIbTaTOB.

Vreepxkaenne 1. Vpasuenue x* + y3 + 2t°4*+D — 2% yyeem Geckoneunoe
MHONCECMBO YENOUUCAEHHbIX peweHull 048 mobozo yerozo k = 0, 1,2, 3, ... u paspe-
WUMO npu A1060M YeaoM t, AGAAIOUeMCA YUleCmepeHHbIM BUK8aopamom yeaozo.

HeiicTButenbHo, nycts B (8) a = 6¢? (¢ — uenoe), a 3aTeM 6bc = d? (d — nenoe),
rae b = a?, ¢ = 6B (a, B — nensie). Momoxnm nanee f = y> (y — nesoe), u moTpe-
6yem, 4T0GHI 6y* = £™ (¢ — mexnoe), Torna & = 65 (5 — menoe), otkyna y* = 6™ 15"
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(m — natypanbHoe). Ilycte m = 4k + 1 (k = 0,1,2,3,...), Torna, eciu & = g*
(0 — uenoe), TO ¥ TMONYYaeEM TOXHECTBO, AOKa3biBarouiee cHOpMYJIHPOBAHHOE
YTBEpXICHHUE.

Vreepxknenne 2. Ypasuenue x> + y3 4 2t3 = pz* umeem beckoneuno mmozo
YeA0YUCAEHHbIX peleHUll npu Al060M YeaoM |L U paspeuumo npu aAb6om yeiom z,
KpamHom 6.

Hoka3satenbcTBo. Ilycth B (8) @ = 6¢%, npu 3ToM B ycnosuu 6bc = d? mo-
noxum: b = Aa’u, ¢ = BB*u(a, B, u, A, B — nenvie, npudyeM AB = 6), B pe3yJb-
TaTe MOJIy4iaeM TOXIECTBO

(6B?B*u + Ax?)® + (6B**n — Ax®)® + 2(—6B>B*n)* = p(6ap)*,

KOTOPO€ U NOKa3bIBACT YTBEPXIACHHUE.

WU, HakoHel, OTMETUM, YTO T.K. X + y = —2f, TO U3 YTBEPXKICHUS 2 OYE€BUAHBIM
00pa3oM BbITEKaeT

Cnencreue 4. Ypasnenue 3(x + y) (x — y)? = 4uz* 0aa aobozo yerozo p umeem
beckoneuHo MHO20 pewleHuil 6 YeablX HUCAAX U PA3PeUUMO npu A06oM yeaom z,
Kpamuom 6.
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DISCRETE ANALOGUES OF WIRTINGER'’S
INEQUALITY FOR A TWO-DIMENSIONAL ARRAY

JARMILA NOVOTNA, Praha

(Received December 20, 1977)

In [4], G. POLYA and G. SzEGO studied the inequality

(%) ﬂ(fj+f,2)dxdygAZHf2dxdy,
D D

where f = 0 on the boundary C of the domain of integration D. In [2], H. D. BLock
dealt with the corresponding discrete problem. The inequality is given for the two-
-dimensional array

{xij}i=l,...,m .
Jj=1,...,n

In [3] we have shown a new, simpler proof of the discrete analogues of Wirtinger's
inequality in case of n numbers x4, ..., x,. The proof was based on the use of trigono-
metric polynomials (see [1], pp. 13—20). The paper contains also some sharpenings
of the inequalities obtained.

In the present paper, we establish the two-dimensional analogues of trigonometric
polynomials. Using them we prove the discrete variations of (x) in a similar way as
in [3]. To simplify the proofs, the inequalities are studied for arrays of the form
{x:;}1;=1. The results for

could be proved in the same way.
Using the results established in [3] we prove some inequalities for the “‘asym-
metrical” case, i.e. inequalities involving the series

Z lezl and izl Zl(xu - le’j)z .
=1 j=

i=1 j=1

1. LIST OF THEOREMS FROM [3]1 USED IN THE PAPER
Theorem 1.1. Let x,, ..., x, be n real numbers such that
n
(1'1) Z X = 0.
i=1
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Let us define x,,., = x,. Then
(1.2) Y (x; — Xi44)* 2 4sin? I Y % .
i=1 ni=t

The equality in (1.2) holds if and only if
(1.3) x,-=Acos@+Bsin@, i=1,...,n, A, B= const.
n n

Theorem 1.2. If x, ..., x, are n real numbers and x; = 0, then

n—1 n
1.4 X, — Xpp ) = dsin® — T2,
(14) 1;1( %iv1)' 2 2(2n — 1) 1;2

The equality in (1.4) holds if and only if

(1.5) xi=AsinM, i=1,...,n, A = const.
n

Theorem 1.3. If x,, ..., x, are n real numbers, then

1.6 S X; — X; 224sin2Lnxz,

(1.8) i;o( 1) Z 2(n + 1) igo !

where xo = X,.,; = 0. The equality in (1.6) holds if and only if

(1.7) x; = Asin £ , i=1,...,n, A= const.

n+1
Theorem 1.4. Let x, ..., X, be n real numbers satisfying (1.1). Then

n—1 n

(1.8) Y (% — Xi44)* 2 45sin? bl Y x}.
=4 2n i=1

The equality in (1.8) holds if and only if

(1.9) X, = Acos(zl—;l)—n , i=1,...,n, A= const.

n

2. SYMMETRICAL CASE

Notation. To simplify the form of inequalities, we shall write szu instead of
(xij = Xir1,5)* + (xij = Xi501)%

The basic theorem in this article is Theorem 2.1, the two-dimensional analogue
of Theorem 1.1. Theorems 2.2 through 2.4 are analogues of Theorems 1.2 through
1.4. Theorem 2.5 is a sharpening of Theorem 2.1 and Theorem 2.6 is a sharpening
of Theorem 2.4.

Theorem 2.1. Let {x,;}} ;-1 be n® real numbers such that

(2.1)

Ma
Ma

xu=0.

L}
[}

1j=1
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Let us define x; 511 = Xiy, Xp41,i = X35 8 = 1,...,n. Then

M:
M:

(2'2) : szu _Z_ 4Sil’]2lr Z lezj :
ni=1j=1

1

i=1j

The equality in (2.2) holds if and only if

(2.3) xij=Acos@+Bsin2t—'+Ccos£1H+Dsingl,
n n n n

ihj=1,...,n, A,B,C, D = const.

The proof of Theorem 2.1 will be given in Section 4.

Theorem 2.2. Let {x;;}];_, be n® real numbers such that x;; = x,;, =0, i =

= 1,...,n. Then (putting x,11 ; = Xpjs Xjn+1 = Xjn)
(2.4) Y D*x;; = 4 sin?
i=1 j=1

The equality in (2.4) holds if and only if

™=

(2.5) X;;=A sinzt(l;l) + BsinE(J———-l),
2n — 1 2n — 1

i,j=1,..,n, A, B = const.

Proof. We apply Theorem 2.1 to a new array {y,}i{=; " (analogously to the

proof of Theorem 2 in [3]) defined as follows (schematically written in the form of
a matrix):

x“, seey xl,,, xl,,, ceey xlz, —xu, sy —xl,,, —xl,,, ceey _xlz

x,.l, ooy xnn’ X,,,,, “seey ,x,,;, —x,,l, sy —x,,,,, —-x,,,,, seny —xnz
Xn1s soes  Xpns Xpns +oos Xp2s —Xpps eoos —Xpps —Xpps o005 —Xp2

X2gseees X2ps Xops coes X225 — X215 cc05 — X2, —Xaps seey —X22
—x“, ooy ‘_xl", —Xl,,,..., —xlz, x“,..., xl,,, xl,,,..., x12

—Xp1s vo0s —Xppy —Xpps o005 —Xp2s Xnts ++os  Xpno Xpns +o0s  Xp2
—Xpts oo =Xpms —Xums cos —=Xn2s  Xnts covr  Xmms  Xpms eevs  Xnz

—le, ey "'xz,,, "'xzn, PR —xzz, x21, ooy xz,,, xz,,, ceey X21 Py
Yan-1,1= Yi,an-1 = 0.

(2.5) follows from (2.3) for y,; and from the equalities
Y11 = Y2na5 Y11 = V1,2
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Theorem 2.3. Let {x;;}7 ;- be n® real numbers such that Xo; = X,41,; = Xjo =
= Xjn41 =0,j=1,...,n Then

2.6 3B sz,.-.>_85in2—n— Sy x% .

) 1;0 j;o S 2(n + 1)i=ZO j=ZO !

The equality in (2.6) holds if and only if

(2.7) x;; = A sin LI L i,j=1,..,n, A = const.

n+l n+1’

Remark. 1. (2.6) is a discrete analogue of (*) for a special case D = (0, m) x (0; =),
A? = 2. This inequality can be derived from (2.6).

2. Using the method of the proof of Theorem 2.2 with {y,,}7 =" defined as follows
(analogously to the proof of Theorem 3 in [3]):

0,0, ...,0, 0, 0 .. 0
0, X1 o Xgm 0, 0, ..., O

0, Xptp corXem 0 O, .., O
0,0 ..0, 0 0 .. O
0, O, seey O, 0, —x“, esey —xl,,
0,0, .00, 0, —Xpisoeey —Xuns

Van+3a = Yi2n+3 = 0, we could derive an inequality similar to (2.6) with the con-
stant 4 instead of 8 at the right hand side and with the equality achieved only for x;; =
=0,i,j=1,...,n. .

Proof. Choosing i fix, 1 £ i < n, we can apply Theorem 1.3 to the numbers x;,
j=1,...,n. Adding these inequalities for i, 1 < i < n, and applying similarly

Theorem 1.3 to the numbers x;;, i = 1,...,n, for j fix, 1 £ j < n, we obtain (2.6),

2.7).

Theorem 2.4. Let {xi;}7j=1 be n? real numbers satisfying (2.1). Then (putting
Xn+1,j = Xnjp Xjn+1 = xjn)

(2.8) Y ¥ D3xy; = 4sin?
The equality in (2.8) holds if and only if

2.9 x,-=AcosQl—_—1)—n+Bcos(2j——l)ﬂ, i,j=1,...,n, A, B = const.
! 2n 2n
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Proof. Let us apply Theorem 2.1 to a new array {yk,}ff',=1 defined as follows
(analogously to the proof of Theorem 4 in [3]):

xu, ey xl,,, xl,,, ooy x“

Xn1s s Xpns Xpns ++ o> Xy
Xnts +oos Xpns Xpns =5 Xp1

Xy #ivis Xiags Kedms: ¥ 50 X4 .5

Yan+1.4 = Vian+1 = Vi, Which also satisfies (2.1). Then (2.8), (2.9) follow from
(2.2), (2.3).

Theorem' 2.5 (sharpening of Theorem 2.1 for n even). Let n = 2m, n 2 4. Let
{xi;}1.;=1 be n* real numbers satisfying (2.1). Let us define X,4;n4; = Xij, i,j =
=1,...,m. Then

(210) ¥ Y Dx; 2 3sin2Z Y Y (xy; + Xiamem) + 4sin2 = Y Y x%.
i=1j=1 ni=1j=1 ni=1j=1
The equality in (2.10) holds if and only if x,; satisfy (2.3).
The proof of Theorem 2.5 will be given in Section 4.

3. ASYMMETRICAL CASE

n n n n
Here we shall study inequalities involving Y Y x7, and Y Y (x;; — X;44,)%
i=1j=1 i=1 j=1

To simplify the form of inequalities, we shall denote A%x;; = (x;; — X;4, ;)% To
derive these inequalities we shall use Theorems 1.1 through 1.4.

Theorem 3.1. Let n = 2m. Let {x;;}] ;=1 be n® real numbers such that x; =
=Xim+1 =6 i=1,..,n, and ’

o 5 $ey-0.

Let us define x,41,; = X1, j =1,...,n. Then
m

(3.2) Y Y A%, 2 4sin?Z Y Y x% + 4n2c?sin? =,
i=1j=1 ‘ ni=1j=1 n

The equality in (3.2) holds if and only if
c+ A,-sin(i;llﬂ-:, i=1..
(3) xy= "

¢+ Band oMo UT

m

j=m+1,..,n, i=1,...,n,
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where the numbers A;, B; do not depend on j and satisfy the relation
(3.4) n + cotg = Y (4, + B) =0.
ni=1

Proof. Take i fix, 1 <i < n. Let us define one-dimensional arrays {y}i-o,
{zi}i=o as follows: y, = X;441 — € Z = Xym+r+1 — €. Then yg = y, = zo =
= z,, = 0; applying Theorem 1.3 to the arrays {y,Jr<1, {z}ic: and adding the

obtained relations for i, 1 < i £ n, we obtain the statement of Theorem 3.1.

Theorem 3.2. Let {x;;}} ;- be n® real numbers satisfying (3.1) and such that
Xy =c¢ i=1,...,n Then

n n—1 n n
3.5 Ax;, = 4sin? — 2 4 dn?c?sin? —
(3:3) igl jgl = 2(2n — l)igl j=21x ¢ 22n - 1)

The equality in (3.5) holds if and only if
(3.6) x,-j = + Ai SlngﬂIt )
2n — 1
where the numbers A; do not depend on j and satisfy the relation

3.7 m2c + cotg— " Y A4, = 0.
o) g2(2n - 1) igl

Proof is similar to the previous one, but we apply Theorem 1.2 to the one-
-dimensional array {y}r-1, ¥k = Xy — ¢, i fixed .

Theorem 3.3. Let {xij}’,-’,j=1 satisfy the assumption of Theorem 3.2. Let us define
Xp41,; =X1;j=2¢ j=1,...,n Then

(3-8) Y Y A%x;; 2 4sin? = Y Y x} + 4n%c? sin? =,
i=1 j=1 2n i=1 j=1 2n

The equality in (3.8) holds if and only if

(3.9) XU=C+A"SinM, i,j=1,...,n,

n
where the numbers A; do not depend on j and satisfy the relation
(3.10) n%c + cotg — YA4;=0.
2n i=1
Proof. Theorem 3.3 follows from Theorem 1.3 in a similar way as the previous
two theorems or from Theorem 3.1 when defining the two-dimensional array

{Vi}ih=1 as follows:
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x“, ceey xl,,, x“, ceey xl"

. Xpgs ++os Xams Xns ++s Xnn
X113 ¢+ o5 Xpns Xigs #0535 Xn

Konfis +» o3 Xy, Xt siemy Xngy s

In the previous three theorems the assumption (3.1) was very important. Now we
shall show two more theorems without using this assumption. However, we have
to assume that the constant ¢ = 0. Theorems follow from Thorem 3.1 in a way
analogous to the proofs in Section 2. We shall only define new arrays in the schematic
form of a matrix.

Theorem 3.4. Let {x;}} -, be n® real numbers such that x;; =0, i =1,...,n
Then

n n—1 n n
3.11 A%x;; = 4sin? ————— e
(3.11) igl jgl = 2(2 -1) ;Zl ;sz o

The equality in (3.11) holds if and only if
(3.12) x;; = A;sin (‘{2—_1¥ , Lj=1,...,n, A;donotdependon j.
% i
Proof. {y 2

x“,..., xl,,, Xl,,,..., xlz, —xu, cney —xl", —xl,,,..., _‘xlz

Xnts «++s Xy Xpps =+05 Xn2s —Xpgs ooy T Xppy T Xppy cees T Xp2
0,
Yan-1,4 = Y15 then ¢ = 0, ny, = 2(2n — 1).

Theorem 3.5. Let {x;}7;-y be n® real numbers such that x5 = X;,.y =0,
i=1,...,n. Then

= T
; Xy 2 4sin? ——— Y Y xi.

2(n + 1) i=1 =0
The equality in (3.13) holds if and only if

(3.13)

lIM:

(3.14) x;; = A;sin ]nl’ i,j=1,...,n, A;do notdependonj.
n +

Proof. {yu}ays:
0, x“ ...,_.xl,,, 0, —xll,: 289 —xln

0, Xpts oo Xpms 05 —Xp1y eeey — Xm
0,

Van+3, = Vg5 then ¢ =0, ny = 2(n + 1).
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4. PROOFS OF THEOREMS 2.1 AND 2.5

In a way analogous to the introduction of trigonometric polynomials in [1] we can
show that for any array {x;;}} ;—; there exist such numbers &, &,, &5, 1, 13, P =
=1,...,m,8, 8%, t,, pr,s,t = 1,..., m, that

- 2 o .2 .2
(4.1) xy =& + ), (é,, cos pi & + &y sin pi .4 1, €os pj - 5
p=1 n n n

2r . .2
+ 7, sin pj >+ Y Z (SS,cos si L sin tj - +
n

s=1t=1 n

x . L2W .2 .27 .2
+ 3¢, sin si — cos tj — + p,, cos si—cos tj — +
n n n n

x . .2 . .2m ..
+ pgsinsi—sinti—), i,j=1,...,n,
n n

n n n2 m
(42) T Xxy=nl+ SN (GG A )+
i=1j= p=

m

n m
'—'Z Z(‘gft + ‘9::2 s I'lst + ﬂsr)

i=1j=1 p=1

(4.3) b3 3, D*x;; = 2n* Y (&2 + &2 + n) + ny?) sin? pL—E +

+n? Y T (%% + 0+ e+ )

s=11t=1
.(sinz s 4 sin?t E) .
n n
From (2.1) it follows that

(4.4) éo = 0 .
Theorem 2.1 follows immediately from (4.1)—(4.4).
Using (4.1) and (4.2) we derive

(4.5) Z": i(xii + Xivimgam) =

i=1j=1

TE+ gtk )+ (1T +

n

2
2m m

T ROk + 9 k) [+ (<1 + (1) + (ST
s=11t=

Theorem 2.5 is a consequence of (4.1)—(4.5) in an analogous way as in [3] (the proof
of Theorem 2.5).
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EINE ISOPERIMETRISCHE UNGLEICHUNG FUR DIE PAARE
DER RAUMKURVEN

ZBYNEK NADENIK, Praha

(Eingegangen am 5. Mai 1978)

Es seien k und K zwei geschlossene einfache rektifizierbare Kurven, welche in
derselben euklidischen Ebene liegen. Wir bezeichnen mit / und Lihre Lingen und mit f
und F die Flacheninhalte der durch k und K begrenzten Bereiche. Sind diese Bereiche
konvex, so kann man ihren Minkowskischen gemischten Flacheninhalt M einfiihren.
Es gilt bekanntlich M2 — fF > 0 mit der Gleichheit dann und nur dann, wenn k
und K homothetisch sind (im Sinne aus [3], S. 12). Ist k der Einheitskreis, so reduziert
sich diese Beziehung auf alte isoperimetrische Ungleichung

(1) I? —4nF 20,

in der das Gleichheitszeichen nur beim Kreis eintritt.

Es seien [x(s), y(s)] mit s € <0, I> (bzw. [X(s), Y(s)] mit S e<0, L)) die Ortho-
gonalkoordinaten der Punkte von k (bzw. K); dabei ist s (bzw. S) der von einem
Punkt pek (bzw. P eK) gemessene Bogen von k (bzw. K). Durch s:S =1[:L
wird zwischen k und K eine bijektive Abbildung A definiert. Fiir die Bogen s und S
der zugeordneten Punkte setzen wir

(2) t = (2n/l)s = (2n/L) S € €0, 2x) .

Das Funktional (stets (+)’ = d()/dr und die Integration versteht sich im Lebesgue-
schen Sinne; vgl. den Anfang des Abschn. 3)

1
3 =2

2n
J' (xY + Xy — x'Y - X'y)dz |,
0

welches sich fiir zusammenfallende Kurven k, K und identische Abbildung A4 auf f
oder F reduziert, ist bewegungsinvariant und dndert sich nicht, wenn eine der Kur-
ven k und K verschoben wird. Es hiangt aber von der Wahl der Punkte p und P ab,
von denen die Bogen s und S in der Abbildung A gemessen werden, und auch vom
Sinn dieser Messung auf k und K. Es seien g € k und Q € K zwei in 4 zugeordnete
Punkte. Wenn der Punkt

Aq + AQ = [Ax(r) + 4X(z), 2 y(x) + 4 Y(7)]
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mit A, A = konst. = 0,1 + A =1 fiir 7 € {0, 2n) eine einfache Kurve erzeugt, so
begrenzt diese den Bereich mit dem Flacheninhalt

IIA

% J‘zn{(ﬂ.‘x + AX) (Ay + AY) — (Ax + AX) (Ay + AY)} dr

< A*f + 2AAd + APF.

In diesem formalen Sinne ist @ ein Seitenstiick zum Minkowskischen gemischten
Flacheninhalt M.
Fiir die Langen / und Lder Kurven k und K und fiir ihr Funktional & gilt

(@) 32 + I?) — 420 2 0

mit der Gleichheit genau dann, wenn k und K kongruente Kreise sind und die Ab-
bildung A entweder die k in K iiberfiithrende Verschiebung V ist oder aus ¥ und der
Symmetrie in bezug auf den Mittelpunkt eines der Kreise k, K besteht.

Diese Behauptung, welche sich aus dem nachfolgenden Satz (*) ergibt, liefert fiir
k = K und fiir die identische Abbildung A die Ungleichung (1) einschliesslich der
Gleichheitsbedingung.

Wir gehen zum dreidimensionalen euklidischen Raum iiber. Es seien wieder k
und K zwei geschlossene rektifizierbare Kurven mit den Langen / und Lund mit den
Bogen s und S. Durch (2) definieren wir wiederum die Abbildung A4 und fiihren
den Parameter 7 ein. Es seien

%) x(1), X(r); ©e€<0,2n)
die Ortsvektoren der Punkte von k und K; zugrunde gelegt wird ein orthogonales
Koordinatensystem.

Wir definieren das vektorielle Funktional @ durch

0

2n
(6) ¢=‘—iJ‘ (x x X'+ X x x')dr

(vgl. wieder den Anfang des Abschn. 3). Seine geometrische Bedeutung folgt aus der
Bedeutung von & in (3). :

(*) Es sei c ein beliebiger fester Einheitsvektor mit nichtnegativen Koordinaten.
Fiir die Lingen | und Lder Kurven k und K und fiir ihr vektorielles Funktional @
gilt die Ungleichung '

7 (P +L)—d4nc.®20;

das Gleichheitszeichen tritt hier dann und nur dann ein, wenn k, K kongruente
Kreise in den zum Vektor c orthogonalen Ebenen sind und die Abbildung A ent-
weder die k und K identifizierende Verschiebung V ist oder aus V und der Sym-
metrie in bezug auf den Mittelpunkt eines der Kreise k, K besteht.
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Liegen die einfachen Kurven k und K in einer Ebene, nehmen wir diese fiir die
durch das Verschwinden der dritten Orthogonalkoordinate bestimmte Koordinaten-
ebene, und wahlen wir den Vektor ¢ orthogonal zu dieser Ebene, so ergibt sich aus (x)
die Ungleichung (4) einschliesslich der Gleichheitsbedingung.

Falls die Kurven k und K zusammenfallen und die Abbildung A4 identisch ist, so
schreiben wir F statt @. Nach (x) ist dann

(8) I? —4nc.F=20

mit der Gleichheit genau dann, wenn K ein Kreis in der zu ¢ orthogonalen Ebene ist.
Es sei iiberdies die Kurve k = K eben und einfach. Wahlen wir den Vektor ¢
orthogonal zu ihrer Ebene, so ist ¢. F = F und aus (8) ergibt sich die urspriingliche
isoperimetrische Ungleichung (1).
Nach W. BLAscHKE und K. LeicHTwEss ([1], S. 77) ist

©) I — 4n|F| 2 0

L. Bo¢ek [2] hat diese Ungleichung in den n-dimensionalen Raum iibertragen,
indem er sie erstens auf Grund der Fourier-Reihen und zweitens sehr kurz auf Grund
der Ungleichung von W. WIRTINGER bewiesen hat. L. Bo&ek [2] hat zugleich bemerkt,
dass mit Riicksicht auf die Cauchysche Ungleichung |F| 2= c. F die Ungleichung
(8) eine unmittelbare Folge von (9) ist.

Fiir das vierdimensionale Analogon zu (8), in dem |¢| > 1, siehe [4].

In den Abschn. 1 und 2 ist eine Ungleichung bewiesen, aus der in den Abschn. 3
und 4 der Satz () hergeleitet ist.

1. Zu den Voraussetzungen, welche die Ortsvektoren (5) befriedigen, kehren wir
erst im Abschn. 3 zuriick. Zuerst beweisen wir diese Hilfsbehauptung:

Es seien

(L.1) x(x), X()

zwei Vektoren, deren Koordinaten diese Eigenschaften haben: Sie sind fiir alle 7
definiert; periodisch mit der Periode 2x; absolut stetig; ihre Ableitungen sind quadra-
tisch integrierbar. Weiter sei a ein beliebiger fester Einheitsvektor. Dann gilt die
Ungleichung

2n 2n 2n
(1,2) J x’.x’dr+J X.Xdr—a.| (xxX +Xxx)dr20.
0 0

0o

Das Gleichheitszeichen tritt dann und nur dann ein, wenn
(1,3) x(t) = 4a, + acost + a*sint, X(r) = 1A, + Acost + A*sint;

hier sind a,, a, a*, A,, A, A* konstante Vektoren, welche diesen Bedingungen unter-
worfen sind:

(1,4) A= —axa*, A*=axa,
(1’5) G.ﬂ:o, a.a* =
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Zum Beweis benutzen wir die Fourier-Reihen von (1,1):

(1,7) x(t) = 1a, + ¥ (a; cos jr + aj sin j1),
- j=1
X(z) = 1A, + Y (A; cos jt + Af sin jr).
=1
Aus der Periodizitit folgt
x'(t) ~ ¥ j(a} cos jt — a;sinjz), X'(1) ~ Y j(A} cos jt — A;sin jr).
j=1 j=1
Die Parsevalsche Gleichung liefert folglich diese Reihen fiir die Integrale in (1, 2):
2n ™
(19) [l as = 5 $ (o + [, j Xt as = n 5 AT + AT,
2n
J. (xxX’+Xxx)dr—-21t21(aij*+A x af).
2. Nach (1,8) ist die durch = dividierte linke Seite in (1,2) gleich
2.1) L0* =) {laf* + |af[* + |A)" + |AF]} +
i<
+ Y i{layf? + |af[* + [A)* + |AF[* — 2a.(a; x AT + A; x af)}.
j=1

Unter Zuhilfenahme der elementaren Regeln fiir das Skalar- und Vektorprodukt
bestdtigt man, dass der Ausdruck in den eckigen Klammern in der letzten Zeile
in (2.1) auf diese Form gebracht werden kann:

(2.2) |Aj +a x aﬂz + [Af —a X °i|2 + (x.a))* + (x.a})?.

Indem wir so (2,1) — also bis auf den Faktor 1/r die linke Seite in (1,2) — als
Summe von nichtnegativen Gliedern ausgedriickt haben, ist (1,2) bewiesen.
Nach (2,1) mit (2,2) gilt in (1,2) das Gleichheitszeichen genau dann, wenn

(2,3) a,=0, a8=0, A,=0, A*=0 (j=23,..)

und wenn iiberdies noch — mit ausgelassenen Indizen 1 — die Beziehungen (1,4)
und (1,5) gelten. Fiir (2,3) reduziert sich (1,7) — wieder mit weggelassenen Indizen 1 —
auf (1,3). .

3. Um den Beweis des Satzes (*) zu beendigen, kehren wir zu den Voraussetzungen
iiber die Raumkurven aus der Einleitung zuriick.

Es seien ¢, und g, zwei Punkte von k mit den Parametern t,, 7, € <0, 27) und mit
den Bogen sy, s, € 0, I). Nach (2) gllt fiir eine der Orthogonalkoordinatenfunktionen
von x(z) in (5)

|x(zy) — x(z,)| = 4442 < sy — 55| = (211: 1) |e1 = 72| »

so dass sie die Lipschitz-Bedingung erfiillt. Folglich ist sie absolut stetig und besitzt
fast iiberall die Ableitung x'(t) = (dx(z)/ds) (I/2).
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Nach L. ToNELLI (s. [5], S. 61) ist fast iiberall |dx/ds| = 1; also fast iiberall
(3.1) x'.x = (2n)*, X' .X' = (L[2m)*.

Die vektoriellen Funktionen (5) erfiillen also die Voraussetzungen der Hilfsbehaup-
tung aus dem Anfang des Abschn. 1.

Wir bezeichnen mit ¢; (i = 1, 2, 3) Signum des Integrals aus der i-ten Koordinate
von @ in (6). Zur i-ten Koordinate c¢; von ¢ wihlen wir die Zahl «; derart, dass
¢; = &u;. In Hinsicht auf (3,1) ist dann die durch = dividierte linke Seite in (7) gleich
der linken Seite in (1,2). Aus (1,2) folgt also (7).

4. Es bleibt noch iiber die Gleichheit in (7) zu entscheiden. Nach dem Hilfssatz
aus dem Abschn. 1 sind die Extremalkurven durch (1,3) mit (1,4) und (1,5) dargestellt.

Aus (1,4) folgt «. A = 0, . A* = 0, was zusammen mit (1,5) bedeutet, dass die
Extremalkurven in den zum Vektor « orthogonalen Ebenen liegen.

Der Bogen s der durch (1,3) gegebenen Kurve k ist durch

Wi
s=J (a.asin®t — 2a.a*sintcost + a*.a*cos® 7)'/2dt
0

gegeben. Nach (2) ist er dem Parameter t € {0, 2n) proportionell; das ist genau
dann der Fall, wenn |a| = |a*| > 0, a. a* = 0; dhnlich ist |A| = |A*| > 0, A. A* =
= 0. Die durch (1,3) bestimmten Extremalkurven sind also Kreise.

Nach (1,5) ist « = ga x a* mit ¢ = konst. % 0, also 1 = |g| |a*|%. Nach (1,4)
ergibt sich folglich A = —g(a x a*) x a* = g|a*|* @, also A = (sign ¢) a. Ahnlich
erhalt man A* = (sign ¢) a*. Das bedeutet erstens, dass die Kreise k, K denselben
Durchmesser haben; und zweitens, dass in (1,3) entweder X(t) — x(r) oder X(z) +
+ x() ein fester Vektor ist. Daraus ergibt sich schon die in () angefiihrte Gleich-
heitsbedingung.
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EXISTENCE OF GENERALIZED SYMMETRIC RIEMANNIAN
SPACES WITH SOLVABLE ISOMETRY GROUP*)

MiLo$ BoZek, Bratislava

(Received June 23, 1978)

The first existence theorem on generalized symmetric Riemannian spaces was
proved by LEDGER and OBATA in [8].

Theorem A. For every integer k = 3 there is a compact generalized symmetric
Riemannian space admitting a regular s-structure of order k and not admitting
a regular s-structure of order 2.

This result was strengthened by KowALsKI, see [4].

Theorem B. For every integer k = 2 there is a compact generalized symmetiic
Riemannian space of order k such that the identity component of its full isometry
group is semi-simple. In particular, if k = 3, then such a space does not admit
regular s-structures of orders | = 2,...,k — 1.

The main result of this paper is in a sense dual to that of Kowalski.

Main Theorem. For every even integer m = 4 there is an irreducible generalized
symmetric Riemannian space of order m diffeomorphic to R"~! and such that the
identity component of its full isometry group is solvable.

1. GENERALIZED SYMMETRIC RIEMANNIAN SPACES
We shall make use of the terminology of the paper [3]. All differentiable manifolds,
mappings, tensor fields, etc. are of the class C*.

Let a connected Riemannian manifold (M, g) be given and let xe M. A sym-
metry at x is any isometry s, of (M, g) such that x is an isolated fixed point of s,.

*) I am grateful to Dr. O. KowaALsklI for his valuable hints and comments.
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A regular s-structure on (M, g) is a family {s, | x € M} of symmetries of (M, g)
briefly denoted by {s,}, for which the following condition is fulfilled:

(R) For every x, ye M we have s, 0 s, = s, o 5,, Where z = s5.().

Any regular s-structure {s,} on (M, g) determines a tensor field S of type (1,1)
defined by S, = (s,)« . for all x e M. The tensor field S is called the symmetry tensor
field of {s.}; this tensor field is differentiable, see [3], Theorem 1.

A regular s-structure {s,} on (M, g) is said to be of order k, if k is the least integer
for which (s,)* = id for all xe M.

A Riemannian manifold is called a generalized symmetric Riemannian space,
shortly a g.s. space, if it admits at least one regular s-structure. Theorem 2 in [3]
says that there is a regular s-structure of finite order on every g.s. space. The order
of a g.s. space (M, g) is the least integer k such that (M, g) admits a regular s-structure
of order k.

Finally, a regular s-manifold is a triple (M, g, {s,}), where (M, g) is a g.s. space
and {s,} is a fixed regular s-structure on (M, g).

2. THE ISOMETRY GROUPS OF A CERTAIN CLASS OF G.S. SPACES

Let (M, g) be a g.s. space and let o be a fixed point of M. We are going to use the
following notation: V is the tangent vector space T,(M), I(M) is the full isometry
group of (M, g) and I(M, o) its isotropy subgroup at o, I(M)° is the identity com-
ponent of I(M). It is known that the group I(M) acts transitively on M, see [8],
Theorem 1. Hence every g.s. space is a Riemannian homogeneous space. Particularly,
the mapping = : I(M)® - M defined by n(a) = a(o) is surjective and locally trivial.
Finally, let A denote the image of the linear isotropy representation of I(M, o) in V
and | its Lie algebra. H is a group of linear transformations of ¥ which is naturally
isomorphic to I(M, o).

In this section and in the next one, we shall investigate g.s. spaces with a finite
group I(M, o). We shall call such spaces g.s. spaces with a finite isometry group at
a point. The following assertions are equivalent: The group H is finite; f) = 0;
n:1(M)° > M is a covering; my ; : Ty(I(M)°) > V is a vector space isomorphism.

Throughout this section, (M, g) always denotes a g.s. space with finite isometry
group at a point. .

There is exactly one Lie algebra structure on V such that n, , is an algebra isomor-
phism. Recall that there is a scalar product g, on the algebra V. Let us denote by L
the group of all isometric autoﬁlorphisms of the algebra Vandput L = {4 e L l Av *
+ v for v % 0}.

The main purpose of the present section is to prove the following two theorems.

Theorem 1. The identity component 1(M)° of the full isometry group I(M) of
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(M, g) is a solvable group. If M is simply connected, then I(M)° is diffeomorphic
to M.

Theorem 2. For (M, g) simply connected, the map {sx} — S, is a bijection between
the set of all regular s-structures on (M, g) and the set L.

First we shall need some preliminary results.

Lemma 2.1. For a simply connected (M, g), the projection m:1(M)° - M is
a diffeomorphism.

Proof. The projection = is a covering. This covering is trivial, because M is
simply connected. Our assertion follows now from the connectedness of both spaces
I(M)° and ‘M.

Proposition 2.1. A < L. A = Lif M is simply connected.

Proof. Clearly, every element of H is an isometry of the vector space V. To prove
that it is also an automorphism of the algebra V, let us consider a transformation f
of I(M)° for every feI(M, o) defined by f(a) = foaof~! for each a e [(M)°. fis
an automorphism of the group I(M)° and n o f = f o m, therefore fy , = Ty 3 o fu1
o (m4,1)"" is an automorphism of the algebra ¥, and A < L.

Now, let M be simply connected and let F be an arbitrary element of L. The map-
ping F = (ny,) "' o F oy, is an automorphism of the Lie algebra V. By Lemma
2.1, the group I(M)° is simply connected, therefore there is an automorphism f
of I(M)° such that f, ; = F. Since F preserves the scalar product g,, f preserves the
left-invariant metric n*g. Hence [ is an isometry of (I(M)°, n*g) and the map f =
=nofon"!is an isometry of (M, g). Clearly f, , = F,i.e. Fe H.

Proof of Theorem 1. Let {s,} be a regular s-structure on (M, g). By Proposition
2.1, the corresponding S, is an automorphism of the algebra V, thus the Lie algebra V'
admits an automorphism of finite order with no non-zero fixed vector. According
to [7] or [9], the algebra Vis solvable. The algebra of the Lie group I(M)° is isomor-
phic to ¥, hence the group I(M)° is solvable. The second assertion of Theorem 1
is Lemma 2.1.

Lemma 2.2, Let G be a connected Lie group with a left-invariant metric g and
let s, be an isometric automorphism of G such that the neutral element e of G is an
isolated fixed point of s,. Then the family {s, = L, os, o L;'} is a regular s-struc-
ture on (G, g).

Proof. It is clear every transformation s,, x € G is a symmetry of (G, g) at x. An
easy calculation shows that {s,} satisfies the condition (R).

For every Riemannian s-manifold (M, g, {s}) let us denote by CI({s,}) the closure
of the subgroup of I(M) algebraically generated by the set {s}. It is shown, see [3]
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Theorem A, that the group CI({s,}) is a transitive Lie group of isometries of (M, g).
For the identity component of Cl({s,}) we have

Proposition 2.2. CI({s,})° = I(M)° for every regular s-structure {s.} on (M, g).

Proof. The group Cl({s,})° is a connected subgroup of I(M)° and both the groups
cover M. Therefore Cl({s,})° is an open subgroup of I(M)°, thus CI({s.})° = I(M)°.
If {s,} is a regular s-structure on (M, g), then according to [3] we have

Sy =foS,0f ! for every x e M and every fe Cl({s,})° such that f(o) = x .

Hence Proposition 2.2 has the following

Corollary. Let (M, g) and {s,} be as in Propositon 2.2. Then s, = fos,of '
for all x e M and for all f € (M)° such that (o) = x.

Proof of Theorem 2. The map {s,} > S, is a composition of two maps, namely
{5} > 5, and s, > S, = (s,)x,,- The first map is injective by the foregoing Corollary
and the second is injective because it is the linear isotropy representation of an iso-
metry group. In virtue of Proposition 2.1, S, is an element of the group L, moreover,
it is an element of the set L, because it has no non-zero fixed vector. Thus the map
{s.} — S, is an injection from the set of all regular s-structures on (M, g) into the
set L.

To prove that this map is also surjective, let us consider an arbitrary element F
of L. As in the proof of Proposition 2.1, there is an isometric automorphism 5 of the
group I(M)° such that §, ; = (74,1) "' o F o 4 ;. It is easy to see that § is a symmetry
of (I(M)°, n*g) at theidentity 1. The family {s, = mo L,0 50 L;' o n™ '}, where a =
= n~!(x), is a regular s-structure on (M, g) by Lemmas 2.1 and 2.2. We have S, =
= (So)4.0 = Tx,1 0 5,1 o (74,1) "' = F, thus the map in question is surjective, which
concludes the proof of Theorem 2.

3. CANONICAL CONNECTION ON G.S. SPACES WITH FINITE
ISOMETRY GROUP AT A POINT

Let (M, g, {s,}) be a Riemannian s-manifold, V the Riemannian connection of
(M, g) and S the symmetry tensor field of {s,}. Following A. J. Ledger [1], we intro-
duce a new connection V by the formulas

VxY = Vy;Y — D(Y,X), D(Y,X)=(VS)(S"'Y, (I - S)"'X),

where X and Y are arbitrary vector fields on M. The connection V is called the cano-
nical connection of the Riemannian s-manifold (M, g, {s.}). O. Kowalski has shown
in [6] that the connection V depends only on the regular s-structure {s,} and not on
the Riemannian connection V:
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Theorem C. The canonical connection V of (M, g, {s,}) is the only connection
on M, for which the following conditions hold:

(i) All symmetfies s,, x € M are affine transformations of the affine manifold
M, 9).

(i) vs = 0.

Thus, we can speak about the canonical connection of the regular s-structure {s.}.

To obtain some further properties of the canonical connection we shall start with

Proposition 3.1. Let M = G[H be a reductive homogeneous space with respect to a
decomposition g = b + m, and let f be an automorphism of G such that f(H) = H
and f, [(m) = m. Then the induced map f : G/H — G[H defined by f(aH) = f(a) H
for all a€'G is an affine transformation of M with respect to the canonical con-
nection of the second kind V.

Proof. The subspace m of g is supposed to be identified in the natural way with
the tangent vector space T,(M) of M = G/H at the origin o = H.

The transformation f induces a transformation f, of the set of all vector fields
on M via

(f*X)p =f*,q(Xq) , Where g = f_l(p) >

and a transformation f* of the set of all affine connections on M via

(F*V)x Y = fi ' (VyaxSaY).

Our assertion is equivalent to the equality f*V = V. By [2], Corollary X.2.2 we have
to prove that the connection f*V is invariant and that

((f*v)x Y)o = [X~’ Y]a

for all vectors X € T,(M) and all vector fields Y on M, where X is an extension of the
vector X to a vector field on M defined by

X, =4 (exptX)(p) forall peM.

dt|;=0
The first statement is equivalent to

a*(f*V) = f*V forall aeG
and follows from the relations f o a = f(a) o f and a*(f*V) = (f - a)* V. The second
~ /\/ o~ ~

statement is a consequence of the identities f, X = f, (X)and fi[X, Y) = [fiX, fs Y]
which hold for every vector X € T,(M) and every vector field Y on M.

Proposition 3.2. Let M = G/H be a reductive homogeneous space with the decom-
position g = b + m, let g be a Riemannian metric on M. Let {sx} be a regular s-
structure on (M, g) such that s, is an affine transformation of M with respect to
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the canonical connection of the second kind V and such that s, = fos,of ! for
all x e M and f € G with f(0) = x. Then the canonical connection V of the regular
s-structure {s,} coincides with the connection V.

Proof. The assumptions about {s,} imply that all symmetries s,, x € M are affine
transformations of (M, V) and that the symmetry tensor field S of {s,} is G-invariant.
By [2], Proposition X.2.7, S is V-parallel. Our assertion follows from Theorem C.

Any g.s. space (M, g) with a finite isometry group at a point is a reductive homo-
geneous space M = G/H where G = I(M)° and m = g. For every symmetry s of M
at the origin o the induced map §: G - G, a+>soa o s ! is an automorphism of G
preserving H and m and such that s(aH) = §(a) H for all a € G. This fact together
with Propositions 3.1, 3.2 and with Corollary of Proposition 3.2 implies the first
part of the next theorem. The second part of the theorem follows then from Theorem
X.2.6 of [2].

Theorem 3. All regular s-structures on a g.s. space (M, g) with a finite isometry
group at a point have the same canonical connection V, namely the projection of the
Cartan (—)-connection of the group I(M)° via the covering map n : 1(M)° - M.
For its torsion and curvature we have

T.(X,Y)= —[X, Y] forevery X,YeT,(M)(=g), and R=0.

As an immediate consequence of Propositions 3.1, 3.2 and Proposition X.2.12 of
[2] we obtain

Proposition 3.3. Let (G, g) be a connected Lie group with a left-invariant Rie-
mannian metric. Let s, be an isometrical automorphism of (G, g) which has the
neutral element e € G as an isolated fixed point. Then the canonical connection V
of the regular s-structure {s, = L,os,oL;'} is the Cartan (—)-connection. For
its torsion and curvature we have

T(X,Y)= —[X,Y] forall X,YeT(G)=g, and R=0.

4. RIEMANNIAN S-MANIFOLD (G,, g, {s,})

Let n = 1 be an integer. Let us consider a matrix group G, consisting of all matrices
of the form ‘

e 0 ...0 x,

0 ¢ ...0 x

0 0 ...e"x,
0O 0 ...0 1,
where (Xg, X1, ...y Xp, Uy, ..., U,) € R*"*1is an arbitrary element and uy = —u; — .
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. — u,. Thus, the group G, is a Lie group diffeomorphic to the cartesian space
R?"*X(xq, Xy, ..., Xy, Uy, ..., U,). Suppose that the points of G, are identified with the
corresponding (2n ~+ 1)-tuples. Particularly, for the neutral element e of G, we have
e=(0,...,0). '

Let us consider a Riemannian metric g on G, defined by

=Y e *(dx;)* +a Y du,du;, a>0.
i=0 af=1

The metric g is left-invariant. For n = 1 or 2, the corresponding manifolds are known
from the complete list of g.s. spaces in dimensions 3 or 5, see [5], § 4, 12.
Finally, let s, be a transformation of G, given by

(1) . Se(X0s K15 c0s Xy Uy ouey Uy) =

= (—-x,,, Xy Xq15 o009 Xp—1> —Ugs Ugs <2y u,,_l) )

where u, = —u,; — ... — u, again. The transformation s, is an automorphism of
the Lie group G, and also a symmetry of (G,, g) at e. By Lemma 2.2, the family
(2) {Sx = onseoL;l}

is a regular s-structure on (G,, g). Thus, we have defined a Riemannian s-manifold
(G,, g, {s,}) for all n = 1. All the symmetries s,, x € G, are of order 2n + 2, hence
the g.s. space (G,, g) is of order at most 2n + 2. In fact, it is exactly of order 2n + 2
as will be shown in § 6.

In the rest of the present section some coordinate expressions will be given. Let
us denote

3 X,=e"

U, =

9
a
i a=1,...,n.
ou

A direct calculation shows that the vector fields X,, X,,...,X,, Uy, ..., U, form
a basis of the Lie algebra g, of the Lie group G, and that the bracket operation in g,
is given by the formulas

4) [X: X;] = [Us U] =0,

[Xo, U,] =Xy, [XoUs] = —0,4X,
for all i,j=0,1,...,n, &, =1,...,n. The coordinate expressions of the Rie-

mannian metric g and the symmetry tensor field S of the regular s-structure {s,}
with respect to the basis (3) are given by

©) 9(X, X)) =6y,
g(Xb Ua) =0,
g(U,,, Uﬂ)' = a(l + 5aﬂ) s
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foralli,j=0,1,...,n,0, 8 =1,...,n,

(6) _ Xi+l fOl‘ i=0,1,...,n_],
(X)) = -X, for i=n,
_ U1 — U, for a=1,..,n—-1,
S(U,) = {—Ul for a=n

5. THE GROUP I(G,, e) IS FINITE

We shall continue our study of the Riemannian s-manifolds (G,, g, {s,}). The
tangent vector space T,(G,) which is supposed to be identified with the Lie algebra g,
will be denoted by V. Let V or V be the canonical connection of {s,} or the Rie-
mannian connection of (G,, g), respectively. The Riemannian metric g and the
Riemannian curvature R, the tensor field S, the torsion T and the curvature R of the
canonical connection V, and also the difference tensor field D = V — V, are invariant
with respect to the left translations of G,. Thus we can replace these tensor fields by
their evaluations at the point e € G,. The corresponding tensors on V = Te(G,,) will
be denoted by the same letters, for the sake of brevity. Tensors g and S are given
by formulas (5) and (6), respectively, tensor T and R by Proposition 3.3. Tensors D
and R can be calculated from the formulas

(7) 2g(D(X,Y), 2) =g(T(X,Y), Z2) + g(T(X, Z), Y) + g(T(Y, T), X),
(8) R(X,Y)Z = R(X,Y)Z + D(D(Z, Y), X) — D(D(Z, X), Y) +

+ D(z, (X, Y)),
which hold for all vectors X, Y, Ze V, see [3] Lemma 4 and [1] Lemma 4.8. In
order to calculate the tensors D and R it is convenient to consider the complexification
V¢ = V®g C and to choose a basis of V* consisting of eigenvectors of the trans-

formation S.
The characteristic equation of S is

P+ )"+ x"'+ .. +x+1)=0.

Hence the eigenvalues of the transformation S are the complex numbers

2j+1 2a . —
z , 2%, j=0,1,...,n, a=1,...,n,

where

+1i.sin -
n+1 n+1

= COS

For the corresponding eigenvectors we can choose the complex vectors
n

) Y, =) gy, § =01, ..n,
i=0
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n
V=Y 2***U,, a=1,...n,
B=1

where X, Xy, ..., X,,, Uy, ..., U, are given by (3). The vectors (9) form a basis of
the vector space V*, because all eigenvalues of S are mutually different. .

From now on, we shall identify the index set {0, f [ n} with the additive grou
Z,., in the natural way and denote

i=—i—1 forevery i =0,1,...,n,
= —o forevery a=1,...,n.

Thus, for the complex conjugate vectors to those in (9) we have

(10) Y=Y, V,=V, foralliand«.

Let us extend the tensors g, S, T, R, D and R to the complex vector space V¢
without any change of the notation. From (5), (9), from Proposition 3.3 and from
(4) and (9) we obtain
(1) 9(Y, V) = (n + 1) 5y,

g(Yi’ Va) =0,
9V V) = (n + 1) adyy,

forall i,j=0,1,...,n, 0, f=1,...,n,

(12) (%, Y) =T(V.. V) =0, T(Y, V) = Yiu,
foralli,j=0,1,..,n,0,=1,...,n,
(13) R=0.
Relations (7), (11) and (12) imply
0 if i=j,
(14) D(Y;, Y)) = {1

~Vigjer if i3],
a

D(Y,V,) = D(V, V) =0, D(V,,Y)=—Yi,.
Finally, from the relations (8), (12), (13) and (14) we obtain
(15) 1

irjrker A PFj, k=1,

RY,‘,}"}’== ]. 5 . . -
( i) Y ;Yi+j+k+l if i+j, k=],

|0 ifi=j or i+k=*],

if i+j+oa+1=0,

R(Y,V,) Y; = e
(¥, V) ¥; Viejrars If i+j+a+1%£0,

Ql= o -
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R(Yiv Va) Vﬁ = = ¥i+a+ﬂ ’
R(Y. Y) V.= R(V V) ¥;=R(V,. V)V, = 0.

The purpose of the present section is to prove the assertion announced in the title:

Proposition 5.1. The isometry group 1(G,, e) at the point e is finite for all n = 1.

This proposition can be reformulated. The group I(G,, e) is isomorphic to the

linear isotropy group H. By [5] Proposition 13.2, the Lie algebra § of the Lie group A
is given by

b ={4egl(V)| Alg) = A(DR) =0, k =0,1,2,...} .

Therefore Proposition 5.1 is a consequence of the following

Proposition 5.2. 4(g) = A(R) = A(D(R)) =0=4 = 0.

Proof. Let A€ gI(V) be an arbitrary endomorphism of the vector space V. The
linear extension of A onto the complexification V* of V will be denoted by the same
symbol. With respect to the basis (9) we have

(16) A(Y) = SAY, + SV,

j [

A(V) = CY, + S8V,

j p
It remains to show that our assumptions on A yield 4 = B = C/ = Df = 0 for
all i, j and a, .

Condition A(g) = 0 is equivalent to

(17) g(A(X), Y) + g(X, A(Y)) =0 forall X,YeV".

Let us substitute successively X =Y, Y=17Y; then X =Y, Y = Vs and finally
X =V, Y = Vyinto (17). Using (10), (11) and (16) we get

(18a) Al = -4,
L
(18b) B! = - -Cj,
; a
(18¢c) Di = -D;.

Condition A(R) = 0 is equivalent to
(19)  A(R(X, Y) Z) — R(A(X), Y) Z — R(X, A(Y)) Z — R(X, Y) A(Z) = 0

forall X, Y, Z € V°. As a rule, we shall apply the following procedure: After replacing
X, Y, Z in (19) by suitable vectors of the basis (9) and making use of (15) and (16),
the left hand side of (19) will be expressed as a linear combination of the basic vectors
(9). So we get a system of linear homogeneous equations in A4, B!, C} and D%. Let

3n



us start with the substitution X = Y., Y= Vﬂ, Z = Y, for arbitrary i and B.
Comparing the coefficients at the vector Y;,,, we get

: - Bl + lc;’, =10.
a
Using in addition (18b), we get
(20) Bl =C; =0 foralliand§.

Now, for every i,j =0,1,...,n we define a map f} : Z,,, - C putting fi(k) =
= AiTk — 4l, keZ,,,. Our next aim is to prove that all these mappings are
homomorphisms of additive groups. It will be done in a series of lemmas.

Lemma 5.1. For every i,j,k =0,1,...,nand a, B = 1, ..., n we have
() fi(k) = DZ*U=D + DIZ3*U D if akj—i, ek k+j— i, a %k
(ii) Aiyy = A" if nz 2.

(iii) fi(k) = DE*Y ™ if n22 and k + 0, k i —j, i +j.
(iv) filk)y=0if n=22and k=0 or k=i —j.
(v) filk) = D; + D% if k =+ a.

Proof.(i)PutX = Y, Y= V,, Z = V,_,in(19), and calculate the coefficient at the
vector Y;,, on the left hand side.

(ii) For given i, k put j = i — k. Because n = 2, there is an index « € {1, ..., n}
such that o + i — j, consequently a # k, a + k + j — i. Hence, by (i) and (18c)
we have

A= ATM = Altk— 4l = DI+ DG, =0,

(iii) Put X = Y;, Y= V;, Z = V;_; in (19). In the same way as in the proof of (i)
we get
Aitk — A’J;_'—(i—n = Dk*U-D
Now, in virtue of (ii),
A7 = Aoy = Al

and (iii) holds.
(iv) The first case k = 0 is evident. The second is a simple consequence of (ii).

(v) This follows from (i) for j = i.

Lemma 5.2. Let n 2 2 and let i, j, r,s€{0, 1, ..., n} be indices such that j — i =
=s —r. Thenf] = f:. ‘

Proof. Because n = 2, to evety k = 0, 1, ..., n there is an index a, more precisely
a(k), such that k =% a(k). Our assertion follows from Lemma 5.1 (iii), (iv), (v).
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Lemma 5.3. If n = 2, then all the mappings f!:Z,,, - C, i,j=0,1,...,n
are homomorphisms of additive groups.

Proof. We have to prove fi(u — v) = fi(u) — fi(v) for all i,j,u,veZ,,,.
By Lemma 5.2 we get f/ = fi=?, therefore

Fllw = 0) = AL — Af = AQTRE — AT — AYTRYS — ALY = FIN)
= fiZv) = fl(w) - fl(v) -
Corollary. fj(k) = O for every i, j, k€ Z,,,, n = 2.
Let us continue the proof of Proposition 5.2. By the foregoing Corollary we have
ASZk = A} forevery i,j,k=0,1,...,n, n=2.
Particularly, for k = —i — j — 1 it follows
Al = A} forevery i,j=0,1,...,n, n2x2.

Combining this result with (18a), we get

(21) Al =0 forevery i,j=0,1,...,n, n2>2.

Further, by Lemma 5.1 (iii) and (v) and by Corollary of Lemma 5.3, we have

(22) D=0 forall a,f=1,....,n, n=2.

Therefore, Proposition 5.2 for n = 2 is a consequence of (20), (21) and (22).
Fromnowonletn = 1. Then 1 = 1. From (18¢) we have D} = —D%, thus

(23) D!=0 for n=1.

Further, put X =Z =Y, and Y =Y, in (19). Comparing the coefficient at the
vector Y; we get Ag = 0. Since 0 = 1 and T = 0 for n = 1, the formula (18a) yields

(24) Ay =A] =0 for n=1.
In the same way we obtain
(25) Al + A3 =0 for n=1.

By a direct calculation it can be seen that the conditions A(g) = A(R) = 0 do not
imply A} = A3 = 0 for n = 1.
To conclude the proof of Proposition 5.2 for n = 1, it is enough to prove

A(Dw(R)) =0 forall WeVe=A43=0.
Here the endomorphism Dy, of the vector space V* defined by
Dy(X) = D(X, W) forall XeV*

acts on the tensor algebra J(V°) as a derivation.
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- Let us substitute X =Z = W=1Y,, Y=Y, into (A(Dy(R)))(X, Y, Z) = 0 and
let us develop the term on the left hand side making use of (14), (15) and (16). As
a consequence of (23), (24) and (25) we get 4 AJa~2V, = 0, therefore

A3 =0 for n=1.

6. THE ORDER OF THE G.S. SPACE (G, 9)

The manifold G, introduced in § 4 is a simply connected Lie group with a finite
isometry group I(G,, ) at the neutral element e. By Lemma 2.1 the natural projection
n:1(G,)° - G, is a diffeomorphism. Moreover, it is a Lie group isomorphism,
because the metric g is left-invariant. The corresponding Lie algebras will be identified
via the induced isomorphism n, ;. Now, by Theorem 2, the set of all regular s-struc-
tures on (G,, g) is equivalent to the set L consisting of all isometric automorphisms
of the algebra g, without any non-zero fixed vector.

Our aim is to calculate the orders of all elements of L. First we shall determine
explicitly the group Lof all isometric automorphisms of the algebra g,. We shall start
with some properties of the algebra g,,.

The following is immediate from (4):

Lemma 6.1. The centre of the algebra g, is trivial.

Let g, and g, denote the vector subspaces of the algebra g, generated by the sets
{Xo, Xy, ..., X,} and {Uy, ..., U,}, respectively. Clearly, the vector space g, is a direct
sum of its mutually orthogonal subspaces g, and g,. The formulas (4) yield

(26) [8m 8.] = g5

Lemma 6.2. For every non-zero vector X €g, there is an index a€{l,..., n}
such that [X,U,] 0.

Proof. Let X = Y ¢;X;, X #+ 0 be an arbitrary element of g,. If ¢, + 0, then
i
[X,U,] = coXo — ¢, X, += 0 for all ae{l, ..., n}. If ¢, = 0, then there is an index
ae{l,...,n} with ¢, # 0, hence [X,U,] = —c,X, 0.

It is obvious that all the 1-dimensional subspaces (X,), (X,), ..., (X,) generated
by the vectors X, X4, ..., X,, are ideals of g,,.

Lemma 6.3. The ideals (Xo), (X1), ---, (X,) are the only 1-dimensional ideals of
the algebra g,

Proof. Suppose (X) to be a 1-dimensional ideal of g,. Take the decomposition
X=X +X" X€eg,, X"eg, By Lemma 6.1, there is a non-zero vector Zeg,
such that [Z, X] # 0. Further, there is a real number k # 0 such that [Z, X] =
= kX = kX’ + kX". Formula (26) yields kX" = 0, so X" = 0. Therefore X € g,
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X = Yc;X;. By Lemma 6.2, there is an index « € {1, ..., n} such that [X, U,] # 0.

Because (X) is an ideal, there is a real number ! such that [X, U,] = IX. This implies
le;=0foralli%0, a and (I + 1)¢co = (I — 1) ¢, =0, I # 0. It means that at
most one of the numbers ¢, ¢y, ..., ¢, is non-zero, namely ¢, or c,. Because X # 0,
exactly one of the numbers co, ¢y, ..., ¢, does not vanish, thus (X) = (X;) for some
ie{0,1,...,n}.

Now, let us consider the multiplicative group (Z,)"** = {&¢ = (gq, &1, ..., &) | & =
= +1} and the permutation group S,;, of the set {0, 1, ..., n}. Their semi-direct
product will be defined via (g, 0). (5, 7) = (e %, 0o 7), where (e*5); = &, . ;
for all (g, o), (6, 1) €(Z,)"*" x S,4; and i =0, 1,..., n. It will be proved that the
groups (Z,)"*! x S, and Lare isomorphic. In order to do it let us define a map
@ :(Z,)*" x S,,; — GL(g,) by the formulas

¢(8, U)Xi = siXa(i) N

n+1

Ud(a) if 0(0) =0 ’
¢(8, 6) Ua = Ua(a) - UO‘(O) if G(O) 4: 0 s O'(a) * 0 ’
—U, ) if o(0)*0, o(a)=0

foralli=0,1,..,nanda =1, ..., n.
Proposition 6.1. The map ® is an injective group homomorphism and im & = L.

Proof. Clearly, @ is injective. An easy calculation shows that @ is a group homo-
morphism. The inclusion im @ < Lfollows from the formulas (4) and (5). It remains
only to prove the converse inclusion.

Let B e L be an arbitrary element. The automorphism B of the algebra g, maps
every 1-dimensional ideal (X ,-), i=0,1,...,n into a 1-dimensional ideal of g,.
Thus, Lemma 6.3 yields that there is a permutation ¢ €S,,,; and a function ¢ :
:{0, 1, ..., n} > R, (i) = ¢; such that

(27) BX; = ¢X,; forall i.

Since the transformation B preserves the scalar product g and since all the vectors
X0, X4, ..., X, are of the same length, we have ¢; = +1 for all i, thatise = (so, £y .-
- &) €(Z) 1.
Another consequence of Lemma 6.3 says that the subspace g, is invariant by L.
Therefore, the orthogonal complement g, to g;, is invariant by L, too. It follows
that there is a real matrix (Bf), a, f =1, ..., n such that BU, = ZB"U, for all

« = 1, ..., n. Because B is an automorphism of the algebra g, it is B[X -1 U ] =
= [BX,, 1y BU,] for all a, B. Using formulas (4) we get

1 if B=od(),
Bf =< 0 if B+ o(x),
~1 if B=00).
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Comparing this result and the relation (27) on the one hand with the definition of
the mapping & on the other we get B = &(g, o).

Corollary. If two transformations B, B’ € L agree at all the vectors X4, X4, ..., X,,
then they coincide.

Recall that the transformation S of the vector space T,(G,) = g, has been intro-
duced in § 4 (see formulas (6)).

Proposition 6.2. An element B € L belongs to the set L if and only if it is conjugated
to the transformation S.

Proof. The part ,,if”’ is evident. To prove the converse implication we shall need
the following.

Lemma 6.4. Let B = &(¢, 0) € L be an element of L. Then ¢ is a full cycle and
B*Y(X,) = —X,.

Proof. Let k be the least positive integer for which ¢%(0) = 0 holds. Suppose
k < n + 1. Denote U, = U,,, where «' = ¢*(0) for all ae {1, ...,k — 1} (this set
may be empty), and denote the elements of the set {U,, ..., U,} — {Uj, ..., Uy}
by Uy, ..., U,. Vector ’

k-1 n
(n—k+1)YU,— k) U

a=1 B=k
is a fixed non-zero vector of the transformation B. This contradicts the assumption
Be L. Thus k = n + 1. Therefore, o is a full cycle and B"*!(X,) = +X,. It remains
to get rid of the sign plus. But if B**!(X,) = +X,, then the non-zero vector X, +
+ B(X,) + ... + B'(X,) is preserved under the transformation Be L, which is
a contradiction. '

Let us return to the proof of Proposition 6.2. By the foregoing lemma, every element

B = &(¢, 0) e L determines a couple (6, 7)e(Z,)"*' x S,;; such that Bi(X,) =
= 6, X, for all i. Put 4 = &(, 7). Then we have

Bo A(X,) = B(5,X,(,)) = Bi+1(X0) = ¢(5, T) Xi+l = A ] S(X,)
foralli =0,1,...,n — 1. In virtue of the second part of Lemma 6.4 we have
Bo A(X,) = B"Y(X,) = —Xo = 8(3,7) (= Xo) = A« S(X,).

Therefore, by Corollary of Propo§ition 6.1, we obtain Bo A = A, S.
Because the transfotmation S is of order 2n + 2, Proposition 6.2 and Theorem 2
imply the following

Proposition 6.3. Every regular s-structure on (G, g) is of order 2n + 2.
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7. IRREDUCIBILITY

Let G, = G x GV x ... x G” be the de Rham decomposition of the Rie-
mannian manifold (G,, g). By a result of HANO, see Theorem VI.3.5 in [ 2], the identity
component I(G,)® of the full isometry group of (G,, g) satisfies

1(G,)° = I(G®)° x I([GP)° x ... x [([G")°.

Recall that, according to the first part of § 5, we identify the Lie algebra of the Lie
group I(G,)° with the algebra g,.

Proposition 7.1. The Riemannian manifold (G,, g) is irreducible for all n 2 1.

Proof. If n = 1 then dim G, = 3 and, by Proposition 6.3, the g.s. space (G, g)
is of order 4. Therefore, by Proposition 14.1 in [5], the g.s. space (G, g) is ir-
reducible.

Let n = 2. Suppose that G, is reducible, G, = G* x G?. Then the Lie algebra g,
is a direct sum of some non-trivial ideals g' and g. For every X € g, denote by X*
and X2 the g!- and g?-components of X, respectively.

Lemma 7.1. X;eg' u g® foralli =0,1, ..., n.
Proof. According to formulas (4) we have
(28) Xt = (X410,
(29) X; = —[X., U]

for all @ = 1, ..., n. By formulas (29) and (26), there are real numbers c;;, i, j =
= 0,1, ..., n such that

(30) X} =Y c;X; forall i.
j=o

From (28), (30) and (4) we obtain

™M=

Xo = [ co;Xj Ug] = c00Xo — CouXa
J

0

]

for all a. Because n = 2, this yields ¢,, = Oforallaand Xg = c5oXo = coo(Xs + X3)
hence (cop — 1) X§ + cooX5 = 0. It follows cop = 1 or coo = 0, which is equivalent
to X, eg' U g® In the same way, using formulas (29), (30) and (4) we get X, €
egtug’foralla =1,...,n

Lemma 7.2. X,eg*=>U,eg’ foralla =1,...,nand ¢ = 1, 2.

Proof. Let ae{l,...,n} be arbitrary but fixed. Let us suppose e.g. X, eg'.
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From (4) we have
[Ua, Up] =0,

[Uz, Xp] = 0,5Xs = 6,5X,
for all B. Putting U} = Y'x;X; + Y.y,U, and substituting it into the foregoing iden-
i %

tities we get x; = 0 and y; = d,, for all i and B, thus U, e g.

Let us return to the proof of Proposition 7.1. By Lemmas 7.1 and 7.2, every element
of the basis X, X;,...,X,, Uy, ..., U, of g, is an element of g' or g2. Because
[Xo, U,] = X, # O for all a, all the vectors X,, Uy, ..., U, lie in the same summand
g°. Now, according to Lemma 7.2, all the vectors X,, X, ..., X,, Uy, ..., U, belong
to the same non trivial ideal g° — a contradiction.

We conclude: For every even integer m = 4, the space (G, -,),, ) satisfies all
requirements of Main Theorem.
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FUNDAMENTAL SOLUTIONS OF THE DIFFERENTIAL OPERATOR
(=1)" DID3 + a(iD,)" + b(iD,)" + ¢

VErRA HoLANOVA-RADOCHOVA, Brno

(Received September 4, 1978)

This paper is concerned with fundamental solutions of the partial differential
operator

(1) (=1 DiD3 + a(iD,)" + b(iD,)" + ¢,

where D, = —i(0/dx,), D, = —i(d/0x,), in the space of generalized functions
[1], [2]- Conditions of existence of temperate fundamental solutions are derived
for the operator with constant coefficients and for arbitrary n.

INTRODUCTION
Let G be an open convex set in the real two dimensional space R,. We denote by
C*G), 0 < k < oo the set of all functions defined in G whose partial derivatives of
@
order < k all exist and are continuous. We define C*(G) = () C*(G). The set of all
k=0

functions ¢ € C*(G) with compact support in G is denoted by C§'(G). A distribution u

in G is a continuous linear functional on C§(G). The set of all distributions in G is

denoted by 2'(G), the space of all distributions with compact support in G by &'(G).
Further, we denote by & (R,) the set of all functions ¢ € C*(R,) such that

sup |x#D* p(x)| < oo
x

for all multiindices « and B, where D* = &"[0x]' 0x%, oy + oy = ‘a|. A continuous
linear functional u on & is called a temperate distribution. The set of all temperate
distributions is denoted by &".

The Fourier transform F[f] of a function fe L,(R;) is defined by

FL1(9) = j j eIt £ ) dx, dy
R2
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If u € &', the Fourier transform F[u] is defined by

’ F[u](¢) = u(F[¢]), ¢e¥.

Adistribution E € 2'(R,) s called a fundamental solution of the differential opera-
tor P(D)if P(D)E = ¢, where ¢ is the Dirac distribution.

We denote by P(&) the polynomial which we obtain by replacing the D; in the
operator P(D) by &;. We say that an operator Q(D) is weaker than P(D), when

0(¢)[B(&) < C if &is real
where ﬁ(ﬁ) = [|a|§0|P(a)(§)lz]m , Q(C) — [laéolg(a)(é)lz]l/z ,

P®(E) = d*IPlogy 083, Q(E) = d™lQfoEs 0%, ay + oy = [a].

Let X be the set of positive functions k defined in R, for which there exist positive
constants C and N such that

KE+n) S (L+ClE)Vk(n), &neR,.

If ke X and 0 < p < oo, we denote by &, the set of all distributions u € &’
such that F[u] is a function and

Jul = (@%flk(é) FLu] Q)P dc)”"< o

In the case p = oo we shall interpret ||u, , as ess. sup k(&) F[u] (¢)

1. THE OPERATOR (—1)" D}DY% + a(iDy)" + b(iD,)" + ¢ WITH CONSTANT
COEFFICIENTS

Let us consider the differential operator (1) with constant coefficients and abc > 0.
Then the following theorem holds.

Theorem 1. Letn =2m + 1,m =0, 1, 2, ... . Then there exists only one temperate
fundamental solution E of the differential operator (1) which is in the space #,, p.
This fundamental solution is proper in the sense of the denition of L. Hérmander.

Proof. The differential operator (1) can be written in the form
2 P(D) = —D{D} + iaD} + ibD} + c,

where the sign + holds if m is even and — if m is odd.
The corresponding polynomial is

(3) P(¢) = —¢&1&5 + iaé} +ibE + c.
P(&) + 0, if £ is real.
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Since |P(¢)| = [(—¢1&5 + ¢)* + (a&} + b&3)*]"/? + 0if & is real and 1/|P(¢)| - 0
if £ = oo, there always exist K > 0 and N > 0 such that l/IP(E)I = 1[5 +
+ %" + b + ¢ + 2(ab — ) E185]Y* < k(1 + |¢[))N. Thus it follows from
results of L. Hérmander ([3], p. 36) that there exists one and only one temperate
fundamental solution E of the differential operator P(D) for which we have

F[E] = 1/(—&1& + ial} + ib&} + ).
Since

[ X |o*I(— &35 + iall + ibE + c)focy aex:|*]'
B(&) F[E] (¢)| = ~1=I=0 <
IP(¢) FLE () | &3¢ + iag] + ibé5 + (|
the fundamental solution of the operator (2) is in the space % p.
As in [4], we call the linear manifold

A(P) = {n :n is real and P(¢ + tn) = P(&) for any & and t}

the lineality space of the polynomial P, and we say that a polynomial P is complete
if its lineality space consists of the origin only.

It is evident that the polynomial (3) is complete. Since P®()[P(&) — 0 if ¢ is real
and — oo for every a with |a| % 0, the operator (2) is of local type (see [4], p. 222).

Since every fundamental solution of the operator P(D), being complete and of
local type, is proper in the sense of L. Hormander’s definition, the fundamental
solution of the differential operator (2) is proper.

It means that Q(D)(E * f) € LY holds for fe L, with compact support and for
every differential polynomial Q weaker than P.

Consider the special case whenn =1, ab=c¢=0,a >0, b > 0. Then

FLE](¢) = =1/(¢, — ib) (& — ia).

As F[g(x,)f(x2)] = F[g](¢,) . F[f](¢;) and F[O(x;)e™] = —i[(¢; — ia) if
a >0, F[O(x,) e *] = —i/(¢, — ib)if b > 0, we have the temperate fundamental
solution of the differential operator

P(D) = —D,D, +iaD; + ibD, + ¢
in the form
E(xl, x2) — @(xla xz) e—(bx|+axz) s
Whel‘e @(xl, x2) = 1 if xl > 0, x2 > 0, @(xl, x2) = 0 if xl < 0, x2 < 0.
The support of this fundamental solution is the convex angle
A = {(x4, x;) : x; > 0, x, > 0}, with vertex at the origin.

Let n be even. Then we have for the differential operator (1) with constant co=
efficients and abc > 0 the following

Theorem 2. Let n = 2m, m = 1,2,3,.... Then there exists only one temperate
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fundamental solution E of the differential operator (1) if m is odd and a < 0,
b<O0 or if mis even and a > 0, b > 0. This fundamental solution is in the
space &, p and it is proper.

If we assume that ab — ¢ = 0, then we can write

F[E](¢) = 1/(&" + B*) (& + «?),
wherea = o®,b = p*ifa>0,b>0and —a =a* —b =B%ifa<0,b <0.
Proof. The corresponding polynomial is
P(¢) = & & ali™ + bE" + ¢,

where the sign + is for the even m and the sign — is for the odd m.
Itis P(£) # Oif ¢ is real. We prove analogously to Theorem 1 that P(£) is complete

and of local type.
In particular, for n =2 and ab — ¢ = 0 we have the differential operator

P(D) = D}D; — aD} — bD} + ab, a<0, b<0
and
F[E] = 1/(&% + B*) (&3 + @),
so that the temperate fundamental solution is

E=ie—a]le‘ﬂ|xl| , o> 0, ﬁ >0.

4af

The support of this temperate solution is the whole plane (x;, x,).

2. THE OPERATOR —D D, + iaD; + ibD, + ¢ WITH VARIABLE COEFFICIENTS

Consider now the case n = 2 and the differential operator
4) P(D, x) = —D,D, + ia(xy, x;) Dy + ib(xy, x;) D, + ¢(x4, x,),

where a(x,, x,), b(xy, x,), ¢(x;, x,) € C*(R,).
We say that a distribution u(x,, x,) € 2'(R,) is a generalized solution of the dif-
ferential equation

(5) P(D,x)u = f
in the domain G = R,, if the relation
J.f (=DyDyu + iaDyu + ibD,u + cu) ¢ dx, dx, =II fo dx; dx,
G G
holds for all ¢ € C3(G), supp ¢ € G, f € 2(G).
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Let G = {(xy,x;):0; < Xy < By, @y < X; < B3, ¥y, %3, By, B
are real and positive constants}
and assume that

(6) 98 4 ab—c=0.
0x4

Then the differential equation (5) may be replaced by the system

(7 £ +au=z,
0x,

(8) % bz=f.
0x,

For the generalized solution of the differential equation (8) we have

Lemma 1. Let f e 8'(G) and let K € 2'(G) be an arbitrary distribution which is
independent of x, (see [2], p. 55). Then the generalized solution of the differential
equation (8) in G is given by

z(x4, x,) = K exp [ —B(x,, x,)] +

+ exp [—B(xy, x,)] J‘f(xl, x,) exp [ B(xy, x,)] dx, ,

where B(xy, x,) = [b(xy, x,) dx;.
Similarly, for the differential equation (7) we obtain

Lemma 2. Let H € 9'(G) be an arbitrary distribution independent of x, and let
z(x,, x,) € &'(G). Then
u(xy, x,) = Hexp [—A(xy, x,)] +

+ exp [ —A(xy, x5)] | 2(xy, x,) exp [A(x,, x,)] dx, ,

where A(xy, x,) = [a(xy, x,) dx,, is a generalized solution of the differential
equation (7).
Hence under the condition (6) we have

Theorem 3. Let G = {(x;, x;) 10y < Xy < By; 2, < X3 < By, &3, %y, By, B, are
real positive constants}; let fe &'(G), let K € 9'(G) be an arbitrary distribution
which is independent of x,, H € 9'(G) an arbitrary distribution which is inde-
pendent of x,. Let O(xy, x;) = 1 if (xy, X,) € G, O(xy, x,) = 0 if (x,, x,) € CG.

Then the generalized solution u(x,, x,) of the differential equation (5) in G is
given by

u(xy, x,) = Hexp [—A(xy, x2)] +

+ exp [—A(x4, x,)] I@K exp [—B(xy, x3) + A(xy, x,)] dx, +
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4 exp [~ dlxg, %] f { exp [= B(x1, x3) + A(x, x3)] -
‘ .Jf(xl, X,) exp B(xy, X;) dxl}dxz .

This is a simple consequence of Lemma 1 and Lemma 2. If we put f = J, where &
is the Dirac distribution, we obtain the fundamental solution E of the differential
operator P(D, x).

In the case a; =a, =0, By = f, = 00, a =const., b =const.,, H =
=} O(xy, x;) e, K = 1 be™®* we obtain the temperate fundamental solution
which has been derived in the first section.

Let us assume the relation (0b/dx,) + ab — ¢ = 0 to be valid instead of (6).
Then we have the fundamental solution of the differential operator P(D, x) in the
form '

E(x,, x;) = K exp [ - B(x, x5)] +

+ exp [ —B(x4, xz)]f OH exp [ — A(xy, x;) + B(xq, x5)]dx; +

+ exp [~ B(xy, x,)] f{ exp — A(x;, ;) + B(x,, x;)Jé exp A(xy, x,) dxz}dxl .
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In this note, the theory of generalized linear differential equations will be applied
to some linear systems of ordinary differential equations with interface conditions.

1. INTERFACE PROBLEMS AND GENERALIZED LINEAR
DIFFERENTIAL EQUATIONS

Let us consider the ordinary linear differential system
(1.1) x=F(t)x + g(t), te[0,1]

where F:[0,1] - L(R,) is an n x n-matrix valued function and g:[0,1] — R,.
Both F and g are assumed to be Lebesgue integrable on [0, 1].
We consider the system (1.1) together with interface conditions

(1.2) M;x(t;—) + N;x(t;+)=¢;, j=1,2,..,k

where 0 = t, < t; <1, <... <t < tiyy =1, M;, N;e L(R,, R,,) are real m x n-
matrices and ¢;eR,, j =1,..., k.

1.1. Definition. A function x : [a, b] > R,, [a, b] = [0, 1] is called a solution
of the interface problem (1.1), (1.2) on [a, b] if

a) x is absolutely continuous on every interval of the form [a, b] N (t;_;, t)),
j=1,..k+1,

b) x satisfies (1.1) almost everywhere in [a, b],

c) for every t;e(a, b), j = 1,..., k the interface condition (1.2) is satisfied.

Remark. Interface problems of this type are described and studied in various

papers, see e.g. [1], [2], [3], [4], [7], [8]- The discontinuity of solutions of interface
problems is caused by the nature of the conditions (1.2). The generalized linear
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differential equations have also the property that they admit discontinuous solutions,
see e.g. [6]. This leads to the natural question about the connection between interface
problems and generalized differential equations. The first question concerns the
possibility of describing the interface problem (1.1), (1.2) by a generalized linear
differential equation. If this is possible then we can ask for the counterpart of the
results on generalized linear differential equations in the theory of interface problems.

We consider the interface problem (1.1), (1.2) for which the solution can be con-
tinued from the left to the right, i.e. we require that, given x(1—), it is possible to
determine x(¢+) (not uniquely in general). This requirement transfer to the interface
conditions (1.2) in the sense that the solvability of the linear algebraic equation
in x(t;+)

N x(t;+) =¢; — M;x(t;—), j=1,...k
will be assumed for every given x(tj—) € R,. This means that we have 10 assume that
¢;— Mx*eR(N)), j=1,..,k

holds for any x* € R,, where R(N) < R,, stands for the range of an m x n-matrix N,
i.e. R(N) s the linear span of all column vectors of the matrix N. Hence we have the
inclusion

c;+RM)<=R(N), j=1,...k

which is clearly equivalent to
(1.3) c;eR(N), j=1,....k
(1.4) R(M)) < R(N)), j=1,..,k.

If the conditions (1.3) and (1.4) are not satisfied, then there exists a value x(t;,—)
such that x(t;+) cannot be determined in such a way that (1.2) holds.

1.1. Lemma. The condition (1.3) holds if and only if there exist d;eR,, j =
=1,..., k such that
(1.5) Nd, =c;,, j=1,..k.

The condition (1.4) holds if and only if there exist D;eL(R,),j=1,..., k such
that

(1.6) M;+ND,=0, j=1,..k.

Proof. The first assertion is trivial. In order to prove the second statement, let us
mention that the matrix equation M; + N;X = 0 has a solution X e L(R,) if and
only if rank N; = rank (N;, M)), i.e. every column of the matrix M; depends linearly
on the columns of the matrix N;. Hence the mentioned matrix equation has a solution
D, e L(R,) if and only if R(M,;) = R(N)).
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In the sequel we assume that the interface conditions (1.2) satisfy (1.3) and (1.4)
(or the equivalent conditions given by Lemma 1.1).

Remark. Let us mention that if the continuability conditions (1.3) and (1.4) are
satisfied then for any (X, 7) e R, x [0, 1] and integrable g : [0, 1] — R, there exists
a solution x(¢) of the interface problem (1.1), (1.2) on the interval [%, 1] such that
x(%) = x. On the other hand if the conditions (1.3) and (1.4) are not satisfied then it is
possible to show that there exists an initial point (X, ¥) € R, x [0, 1] and an integrable
function g : [0, 1] — R, such that the interface problem (1.1), (1.2) has no solution x
defined on the whole interval [#, 1] and such that x(¥) = X.

Further, it is easy to see that if m = n and det N; + 0, j =1, ..., k then (1.3)
and (1.4) are satisfied. According to Lemma 1.1 we have in this case d; = Nj“cj
and D; = —N;j'M;,j=1,.., k.

Let us now define, for t € [0, 1],
t k
(17) A(l) = J F#) de + 3. (B, = ) 3(0)
5 0 J=
and

(19) f() = J 'g(x) de +J_§1d,. 0

where i, (t) = 0if t < o, Y, (t) = 1if t > @, d;, D;, j = 1, ..., k are determined by
(1.5), (1.6), respectively, and I is the unit matrix in L(R,).

Evidently A : [0, 1] - L(R,), f: [0, 1] - R, are functions of bounded variation,
left continuous on [0, 1],i.e. A”A(f) = A(t) — A(t—) = 0, Af(¢) = f(t) — f(t—) =
= 0 for every te(0,1], A*A(t) = A(t+) — A(t) = 0, A*f(t) = f(t+) — f(r) = 0
for te[0,1), t + t; and

(1.9) A+A(tj) = Dj K ', A+f(tj) = dj ’ j = 1, eney k .
We consider the generalized linear differential equation
(1.10) dx = d[A] x + df

(see [5], [6]). Letx : [a, b] = R,, [a, b] = [0, 1] be a solution of (1.10). By defini-
tion we have

(L11) x(s) = x(} + f d[A(@)] x(¢) + f(x) — f(o)

for every 7, 0 € [a, b] (the integral used in (1.11) is the Perron-Stieltjes integral).
Using (1.7) and (1.8) we have by (1.11) for 7,6 € [a, b] n [t;-1, t;], = 1, ..., k

x(z) = x(0) + f "Fo)x(e) do + f glo)de

o

and a straightforward argument shows that the solution x : [a, b] —= R, of (1.10)
satisfies a) and b) from Definition 1.1.
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Using the results known for generalized linear differential equations (see [6],
III.1) we have

x(t—) = [1 - A~A@)]x(1) — A~f(t) = x(i), te(a, b]

x(t+) = [+ A*AQ] () + A*F(), te[ab),

ie. x(t+)=x(t) if te[a,b), t £1; and x(t;+) = D;x(t;) + d; for t;€[a,b).
(The onesided limits of the solution x(t) exist, because every solution of (1.10) is of
bounded variation.)
Hence by (1.5) and (1.6) we get
M;x(t;—) + N;x(t;) = M;x(t;) + N,(D; (1)) + d;) =
=(M; + N;D))x(t;) + Nd; = ¢;

and

forallt;e(a, b),j = 1, ..., k and the solution x of (1.10) satisfies also c) from Defini-
tion 1.1. In this way we can conclude that every solution of (1.10) is also a solution
of the interface problem (1.1), (1.2).

Assume conversely that x : [a, b] = R, is a solution of the interface problem (1.1),
(1.2) which is left continuous on [a, b]. Then we have

M;x(t;—) + Nyx(t;+) = M;x(t;) + N;x(t;+) = ¢; = Nid; =
= (M; + N;,D))x(t;) + Nd;
for every t; e (a, b),j =1, ..., k, where d;, D; are given in Lemma 1.1. Hence

N; x(t; +) = N;D; x(t)) + Nyd;,
i.e.
x(t;+) — D; x(t;) — d;e N(N,))

where N(N;) denotes the null-space of the matrix N;. This yields for every t;e
€ (a, b) the equality :
x(t;+) = D; x(t;)) + d; + 2

with some z; € R, such that N;z; = 0 (z;e N(N;)).
Ifwesetd, =d, +z;,j=1,...,kand define
t k
f() = f g0 de + T i), tefat]
0 i=

then it can be easily shown that for any o, 7 € [a, b] we have

x(®) = (o) = j "F(0) x(0) do + j s)de+ ¥ [(D, - )x(t) + ;] =

tselo,t)

- J" d[A()] x(0) + F(z) - F(0)
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and consequently x : [a, b] —» R, is a solution of the generalized linear differential
equation

dx = d[A] x + df

which is of the form (1.10). The only difference is the form of f which differs from f
given by (1.8) in the second term. In this way we have obtained the following

1.1. Theorem. If the interface conditions (1.2) satisfy (1.3) and (1.4) then every
solution of the generalized linear differential equation (1.10) with A, f given by
(1.7), (1.8), respectively, is a solution of the interface problem (1.1), (1.2). Con-
versely, every left continuous solution of the interface problem (1.1), (1.2) is a solu-
tion of (1.10) with A, f given by (1.7), (1.8) where D;, d;, j = 1, ..., k satisfy (1.6),

(1.5).

Remark. Let us mention that if the conditions (1.3) and (1.4) are satisfied then
for every initial point X € R, and g integrable on [0, 1] it is possible to construct
a “train” composed of k + 1 pieces of Carathéodory solutions of the differential
equation (1.1) on [0, t,], [#,, 1], ..., [#, 1] in the sense of CoNTI [2] such that the
solution x(¢) on [0, t,] satisfies x(0) = x.

The left continuity of solutions of the interface problem (1.1), (1.2) is a requirement
which can be easily satisfied for an arbitrary solution by changing its values at every
point of discontinuity.

The class of generalized linear differential equations (1.10) corresponding to the
problem (1.1), (1.2) depends on the null-space N(N;) of the matrices N; (see Lemma
1.1 and the definition of A(¢) and f(t) given in (1.7) and (1.8)). For example, the
difference of any two functions f(t), f(f) corresponding to the problem (1.1), (1.2)

k

is of the form Y z; ¥, (t) where z; e N(N;); similarly for the matrices A(f) of the
system (1.10). =1

1.2. Theorem. Assume that the interface conditions satisfy (1.3) and (1.4). Let
x, y be two solutions of the interface problem (1.1), (1.2) defined on [a, b] < [0, 1],
left continuous on [a, b]. Then the difference z(t) = x(t) — y(t), t € [a, b] satisfies
the generalized linear differential equation

(1.12) dz = d[A] z + dh
where A is given by (1.7) and h : [0, 1] - R, is a function of the form
k .
(1.13) h(r) = -lej v, tefo,1]
=

With ZjGN(Nj), i.e. szj = o,j = 1, ey k.

Proof. Let D;,j = 1, ..., k be given as in Lemma 1.1 and let A be defined by (1.7).
By Theorem 1.1 the functions x, y satisfy the equations dx = d[A] x + df, dy =
= d[A] y + dfwhere
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0 - [[#04+ X440, 10 = [ s ae+ 4v30,

te[0,1] with N, =c¢;, Nd;=c;, j=1,....,k. Hence z; = d; — d;e N(N,),
j=1,...,k and

k
h(t) = (1) — f(1) =_=le,. vi(), tef0,1].
The difference z(t) = x(t) — y(t) evidently satisfies the equation
dz = d[A]z + d(f - f)

and this yields the statement of the theorem.

1.1. Corollary. If the conditions (1.3), (1.4) are satisfied and x :[a, b] - R,
is a fixed left continuous solution of the interface problem (1.1), (1.2) on [a, b]
then an arbitrary left continuous solution of the interface problem (1.1), (1.2)

is of the form x + z, where z : [a, b] — R, is a solution of the generalized linear
differential equation (1.12).

The proof of this statement easily follows from Theorems 1.1 and 1.2.
Let us now assume that instead of (1.4) the stronger condition

(1.14) R(M,) = R(N,), j=1,...k

is satisfied. This condition ensures the continuability of a solution of the interface
problem from the left to the right as well as in the opposite direction.

1.2. Lemma. Assume that M, N are m x n-matrices. Then the equality R(M) =

= R(N) holds for their ranges if and only if there exists a regular n x n-matrix D
such that

(1.15) M+ ND=0.

Proof. Assume that R(M) = R(N). This is equivalent to the fact that the linear
spans of the columns of M and N coincide. Let us write M = (M,, ..., M,) and
similarly N = (N, ..., N,) where M,, N, denote the I-th columns of M, N, respec-
tively. It is known from linear algebra that there exists a regular n x n-matrix R
such that

MR = (M,, ..., M,,0, ..., 0)

where M, ..., M, are linearly independent columns of M, k = rank M and similarly
there is a regular n x n-matrix § such that

NS =(N,,...,N,,0,...,0)

where N, N,,..., N, are linearly independent columns of N, k = rank N =
= rank M. Since R(M) = R(N), the linear spans of the vectors M,, ..., M, and
N,, ..., N, are the same and consequently there is a regular k x k-matrix U such
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that (My, ..., M) U = (N, ..., N,). If we set

U, 0
ity

then MRT = (M, .., M,,0,...,0)T = (N,,...,N,,0,...,0) = NS and Tis a regu-
lar n x n-matrix. If we set D = —ST !R™! then D is a regular n x n-matrix such
such that M = — ND and this proves the “only if* part of the lemma. The second
implication is evident.

Lemma 1.2 yields immediately

1.3. Lemma. The condition (1.14) holds if and only if there exist regular n x n-
matrices D; e L(R,) such that

(1.16) M,+ND,=0, j=1,.. k.

Let us now consider the generalized linear differential equations (1.10) with A(r)
given by the relation (1.7) where the matrix A(r) is constructed by means of the regular
n x n-matrices D;, j=1,..., k given by Lemma 1.3. In this case we have
det (I + A*A(t)) + 0 for every t € [0, 1) (see (1.9)) and also det (I — A™A(t)) =
= detl = 1 for t€(0, 1]. Hence by Theorem III.1.4 in [6], to every (X, ) e R, x
x [0, 1] and f: [0, 1] > R, of bounded variation on [0, 1] there exists a unique
solution of (1.10) defined on [0, 1] such that x(¥) = x. This yields the following
result.

1.4. Theorem. If the interface conditions (1.2) satisfy (1.3) and (1.14) then the
conclusions of theorem 1.1 hold. Moreover, to the interface problem (1.1), (1.2)
there exists a generalized linear differential equation (1.10) which is uniquely
solvable on the interval [0, 1] for every initial point (x, )€ R, x [0, 1] and every
right hand side f of bounded variation on [0, 1].

Every solution of a generalized linear differential equation of the form (1.10),
where the matrices D, j = 1, ..., k occuring in the definition (1.7) of the matrix A
are regular can be given by the variation-of-constants formula (see 111.2.14 in [6]),
i.e.

117 x(t) = X()e - x(t)j' 4[X ()] £s) + (), te[0,1]

0
where X : [0, 1] - L(R,) is the uniquely determined solution of the matrix equation
(1.18) X() =1+ J.td[A(r)] X(r), te[o,1]

0

called the fundamental matrix and c € R, is arbitrary.
For our purposes it is more convenient to have a formula for the solution using
the conventional fundamental matrix of the differential equation (1.1).
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Assume that te(t;, t;+,],j = 1, ..., k. Then by (1.18) we have

© X0 =X + [ ] X0

and taking into account the definition of A(r) from (1.7) we get

x)= x0) + [ o[ ['Ferae + £.0, ~ w30 x0) -

tj 0

= X(1)) + ﬂr(r) X(r)dr + (D; — 1) X(t)) =

t
= D; X(t;) +J' .F(r) X(r)dr.
1)
Hence for t € (tj, tj“],j = 1, ..., k the fundamental matrix X(¢) satisfies
(1.19) X(1) = U(1, t;) D; X(1))

where U(t, 7) is the fundamental matrix corresponding to the equation (1.1), i.e. for
every t, T€ [0, 1] we have

Ut =1+ fF(r) U(r,7)dr.
Using (1.19) we have
(1.20) X(t) = U(1,0) for tel0,1t,],
X(t) = U(t, ;) D; X(t;) =
= U(t,t;) D; U(t;, t;_) D;_; ... Dy U(,,0) for te(t; t;4q]-
Integrating by parts in the integral in (1.17) (see 1.4.33 in [6]) we get
x(t) = X(t) e + f(t) - X(t)[—J‘;X“(s) df(s) + X~'(¢) f(r) — X~1(0) f(0) —
_og«yx-l(r)yf(t)] _

= X() < + X() f X)) + X0, T AKX A,
The definition (1.8) of f yields further
(120) x()= X< + X0 [ X0 g) s + X0) T (X7'6)4*F(0) +
+ AT M) =
= X+ X0) [ X ) s + X0 T X6+ 271(0) =
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= X(1) ¢ + X(1) J:)X"(s) g(s)ds + X(I?KZ X~Y(t;) D} 'd;

tj<t

because A*f(t) =0 for v+ t;, j = 1,...,k, A*f(t;) = d; and X(t;+) = D; X(t;),
j=1, ..., k(see(1.19)).

It is a matter of routine to insert (1.20) into (1.21) and to derive the following
result, which describes the solution of (1.10) in terms of the interface problem

(1.1), (1.2).

1.4. Theorem. If the n x n-matrices D;, j = 1, ..., k occuring in the definition
(1.7) of A(t) are regular, then every solution x :[0,1] > R, of the generalized
linear differential equation (1.10) is given by the formula (c € R, is arbitrary)

(1.22) x(1) = U(t,0)c + U(1, O)J;U(O, s)g(s)ds for te[0,¢,],
x(t) = U(1,1;) D; U(1,t;_,) D;_, ... D, U(t, 0) <c +Itlu(0, s) g(s) ds) +

Jj—1 ti+1
+I"‘Zl U(t,1;) D; U(t), t;_q) ... Dyyy U(tyyy, t,)(d, +J. U(t,, s) g(s) ds) +

3]

+ U(1, t,)(dj +f u(t;, s) g(s)ds) Jor te(t,tjy].i=1...k (ties=1).
tj .

1.5. Theorem. If the conditions (1.3) and (1.14) are satisfied for the interface
conditions (1.2) then the formula (1.22) yields a left continuous solution of the
interface problem (1.1), (1.2) provided D;, j =1,...,k are the regular n x n-
matrices from Lemma 1.3. Moreover, every left continuous solution of the interface
problem (1.1), (1.2) can be written in the form

(1.23) x(t) = U(1,0) c + U(1,0) Jt)U(O, s)g(s)ds for te[0,1t,],
x(t) = U(t,t;) D; U(t;, t;—y) D;_y ... D, U(t,, 0) (c + J-nU(O, s) 8(s) ds) &
+ YUt 1D, U(t) t;_1) ... Dy Ultyso, tl)(d, +z, +j"+'U(t,, 5) g(s) ds) +

t
+ U(t, tj)(d,- + z; +J- U(t, s) g(s)ds) for te(t,tq]i=1,...k,
1

where c€ R, is arbitrary, d;e R, are such that N;d; = c; and z;e N(N,), j =
=1,..,k. :

Proof. By Theorem 1.3 the function given by the formula (1.22) in Theorem 1.4
is a solution of the interface problem (1.1), (1.2). By Corollary 1.1 every left con-
tinuous solution of the interface problem (1.1), (1.2) can be expressed in the form of
the sum of the function from (1.22) and an arbitrary solution z of the equation
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(1.12). Using the variation-of-constants formula for the equation (1.12) we can
evaluate the function z (the procedure is the same as for the solution of the equation
(1.10) in Theorem J.4):

z(t) = U(t,0)c for te[0,t,],
z(t)j:—-l U(t,t;) D; U(t;, t;) D;—y ... D, U(t;, 0) c +
+lZlu(t, t)D; U(t), tiq) ... Dyyy U(tyhq, 1) 2, +
+ Ut t)z; for te(tj,t;nqg], j=1,..,k

where z;e N(N;), j = 1, ..., k and c € R, is arbitrary. Adding the function z to the
function from (1.22) we get (1.23). '

Remark. Let us assume in addition that the null-spaces of the matrices N;
satisfy

(1.24) N(N)={0}, j=1,...k.

Then the matrices D;, j = 1, ..., k are uniquely determined by (1.16). Indeed, if we
have M; + N;D; = 0 as well as M; + N,D; = 0 for some j, then N(D; — D;) = 0
and consequently D; = b ;- Hence also the matrix-valued function A(t) is uniquely
determined by (1.7). Moreover, to every ¢; € R(N;) there is a uniquely determined d;
such that N;d; = c; and consequently also the function f(t) is given uniquely by (1.8).

If the interface conditions (1.2) are such that (1.3), (1.14), (1.24) hold then evidently
there is a one-to-one correspondence between the interface problem (1.1), (1.2) and
the generalized linear differential equation (1.10) with A, f given by (1.7), (L.8),
respectively.

The situation when (1.3), (1.14), (1.24) are satisfied occurs for instance, when
m=n,det N; £ 0,det M; £ 0, j = 1, ..., k. Of this type are the so called “shock
conditions” x(t;—) — x(t;+) = ¢;, j = 1,..., k or conditions of the form x(t;—) +
+ N; x(t;+) = c;withdet N; £0,j = 1,..., k.

2. BOUNDARY VALUE PROBLEMS WITH INTERFACE CONDITIONS

In this section we turn our attention to the two-point boundary value problem for
interface problems, i.e. we consider the system

(2.1) x=F(t)x + g(t), te[0,1],
(2.2) M; x(t;)) + N;x(t;+)=¢;, j=1,..,k,
(23) M x(0) + N x(1) = r-

with F, g, M;, N;,c;, j = 1, ..., k given in Section 1 and M, Ne L(R,, R,), r€ R,
Let us assume that the interface conditions (2.2) satisfy (1.3), (1.14) and (1.24),
ie. c;eR(N;), RMM;) = R(N)), N(N))={0}, j=1,.... k.
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Under these conditions it is possible to associate with (2.1), (2.2) a generalized
linear differential equation

(24) dx = d[A] x + df

which is uniquely solvable for every initial point (x, ¥)e R, x [0, 1]. (See Theorem
1.3.) We consider the boundary value problem (2.4), (2.3). For problems of this
type some results are known (see [5], [6]). Our aim is to modify these results to the
problem (2.1), (2.2), (2.3).

Let us define

(2.5) B(1) = J:F(ﬂ dr +j§k:l(Dj - Ny (1), tel0,1]

where Y, (1) = 0if t <o, Y (1) =1if t 2 &, D;, j =1,..., k are determined by
(1.6) and are unique since (1.24) is assumed, (1.14) implies the regularity of D;
j=1,..,k. We have evidently B(t+) — A(t+) = B(t—) — A(t—) = 0 for all
1e(0,1), A(0) = B(0), A(1) = B(1), A*B(t) A*A(t) = A"B(t) A" A(¢) for all t € (0, 1)
and

det (I + A*A(t))det (I + A™B(t))det (I — A™A(t)) £ 0

since I+ A*A(t;))=1+ A"B(t;)=D;, j=1,...,k and D; are regular n x n-
matrices, A"A(f) = 0 for all te(0,1] and A*A(r) = A™B(t) = 0 for te(0, 1),
t *t;j =1,..., k. The matrix valued function A is given by (1.7) in Section 1.
Using the results from [6] (Theorem II1.5.5) we obtain the following result:
The boundary value problem (2.4), (2.3) possesses a solution if and only if

(9) P = ¥ £0) - [ a0 = 2+
for any solution (y, 4) of the homogeneous system

27) dy = —d[B*]y,

(2.8) y(0) + M*A =0, y(1)— N*A=0

(a star denotes the transpose to a matrix).
The properties of B : [0, 1] — L(R,) ensure that for every (¥, i) € R, x [0, 1] the
equation (2.7) has a uniquely determined solution y : [0, 1] — R, satisfying y(?) = y.
Let us consider a solution y : [0, 1] — R, of (2.7). Using the results of IIL.1 in [6]
we have :

y(t+) = [1 + AT (=B*(1))] y(t) = (I — A*B*(1)) y(1) = y(1), te[0,1)
=) = [1 = A= Y() = (1 + A°B*(0) Y() = ¥(0)
for te(0,1], t 1, j=1,....k
=) = (0 + ABR(0) Y1) = DY y(t). 4= L.k,

and
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i.e.

y(t;—) — D} y(1;) = 0.
Further it is evident that y is absolutely continuous on every interval of the form
(tj-1, ;). j = 1,...,k + 1 and y satisfies the ordinary differential equation '

y=—-F)y

almost everywhere in [0, 1]. This follows from the fact that we have by definition

x(9) = x(0) + [ A[-B*@N o) = xt0) - [ (@ ¥le) o

for any 7,0 €(t;_y, t;), j = 1, ..., k. Hence every solution y : [0, 1] —» R, of (2.7) is
a solution of the interface problem

(29) y=—-F@)y,

(2.10) y(t;—=) — D} y(t;) = 0.

It is easy to check that conversely every solution of the interface problem (2.9), (2.10)
is a solution of (2.7).

Taking this fact into account we reformulate the solvability condition (2.6) as
follows.

2.1. Theorem. Assume that the interface conditions (2.2) satisfy (1.3), (1.14)
and (1.24). Then the boundary value problem (2.1), (2.2), (2.3) has a solution if and

only if
(2.11) J.ly*(t) g(t) dr + i Y*(l_,') dj = A*r
1] F=1

Sor any solution (y, A) of the homogeneous problem (2.9), (2.10) with the parametric
boundary conditions
(2.12) y(0) = —M*A, y(1) = N*A.

Proof. Using the integration-by-parts formula (see Theorem 1.4.33 in [6]) and
taking into account the form of f given in (1.8) we have

PO = O £0) - [ O1£6) = [0 arfo)] -
- [roa[ [0+ Favi0] - [rosma+ Troe.

0

This together with (2.6) yields (2.11).

Remark. The parametric boundary value problem (2.9), (2.10), (2.12) plays the
role of an adjoint problem to the problem (2.1), (2.2), (2.3).
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If 0 < m < 2n and rank N = rank (M, N) = m then there exist uniquely deter-
mined matrices P, Q € L(R,,_,, R,) and P°, Q° e L(R,,, R,) such that

P, P
det| .. =0
.
and —MP° + NQ° =1, —MP + NQ = 0; P, Q are the so called adjoint matrices
associated with [M, N] and P, Q° the complementary adjoint matrices associated
with [M, N]. Using this concepts and the results from I1I1.5.18 in [6] we obtain the
following theorem.

2.2. Theorem. Let the assumptions of Theorem 2.1 be fulfilled. Then the boundary
value problem (2.1), (2.2), (2.3) has a solution if and only if

@) [y Ty )4 - rOF + el

for any solution of the system (2.9), (2.10) with the homogeneous boundary con-
dition
(2.14) P*y(0) + Q*y(1) = 0
where P, Q, P, Q° are the adjoint and the complementary adjoint matrices asso-
ciated with [M, N].

The interface problem (2.9), (2.10) together with the boundary condition (2.14)
represents the nonparametric form of the adjoint problem to (2.1), (2.2), (2.3).

Let us now assume that for the interface conditions (2.2) the assumption (1.24)
is not satisfied, i.e. N(N;) # {0} for some j = 1, ..., k. In this case, to the interface

problem (2.1), (2.2) there is a variety of generalized linear differential equations of
the form

(2.15) dx = d[A] x + d(f + h)
k
where h(t) = Y z;y;(t), te[0,1] and z;e N(N;), j =1,..., k are arbitrary. In
j=1

this case every solution of the interface problem (2.1), (2.2) is also a solution of an
equation of the form (2.15) (see Theorem 1.2).
This leads to

2.3. Theorem. Assume that the interface conditions (2.2) satisfy (1.3) and (1.14).
Then the boundary value problem (2.1), (2.2), (2.3) has a solution if and only if there
exist ;e N(N;), j = 1, ..., k such that

(2.16) j:y*(t) g(r)dt +,§1y*(t’) (d; + z;) = A*r

for any solution (y, 4) of the homogeneous problem (2.9), (2.10) with the boundary
conditions (2.12).
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Remark. A similar result can be derived if the nonparametric adjoint problem
(2.9), (2.10), (2.14) is used (see Theorem 2.2). The authors in [5] use a different ap-
proach to adjoint equations for the generalized linear differential equation (2.4).
The adjoint problem to (2.1), (2.2), (2.3) in the sense of [5] has the form (see Remark
3.9in [5])

(2.17) dz + d[A*z] — Ad[z] =0

(2.18) 2(0) = —M*i, z(1) = N*A

where (2.17) stands for the equation

(2.19) z(t) — z(s) + A*(1) z(t) — A*(s) z(s) —-ﬁA*(r) dz(r) = 0

which has to be satisfied for every s, t € [0, 1] provided z : [0, 1] — R, is a solution
of (2.17).
It can be shown by integration by parts that

JtA*(r) d[z(r)] = - de[A*(r)] z(r) + A*(t) z(1) — A*(s) z(s) _s§;<tA+A(T) A*z(7)

for every solution z : [0, 1] — R, and any s, t € [0, 1]. Hence (2.19) implies

z(t) — z(s) + J.d[A*(r)] z(r) + Z A*A*(1) A*z(r) = 0

S t<t

foralls, te [0, 1]. Hence we have in our case

t
z(t) = z(s) — fd[A*(r)] z(r) = z(s) - IF*(r) z(r) dr
forany s, te (t -1, 1 ,-) and the solution of ( 2.17) satisfies the differential equation
z=—-Ft)z

a.e. in [0, 1]. Moreover, the solution z is left continuous in [0,1] and

2(s + ) = z(s) — f dA*() () ~ T A*AR)A*2(E)

s t<S

foreveryse[0,1)andé > 0 such that s + 0 < 1. Passing to the limit & — 0+ we get
2(s+) = z(s) — ATA*(s) 2(s) — ATA¥(s) A" 2(s) = z(s) — ATA*(s) 2(s+).
Hence z(s+) = z(s) for s [0,1), s+ t;, j = 1, ..., k'and
2(t) = (1 + A*A%1) 2(t,+) = D] (,+)
forall j=1,..., k.
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This implies that the equation (2.17) is equivalent to the interface problem
z=-Fz,
z(t;) - DY z(t;+) =0, j=1,.. k.

If we compare this problem with the problem (2.9), (2.10) then we can observe
that the only difference is the fact that in the former case the solution is assumed to
be left continuous while in the latter one it is right continuous. The solvability condi-
tions given by Theorem 2.3 remain the same (see Remark 3.9 in [5]).

In [5] the authors derive also Green’s function for boundary value problems of the

form (2.4), (2.3). Using the results from [5] we obtain the following result.
Let X(¢) : [0, 1] - L(R,) be the fundamental matrix satisfying the matrix equation

t
X(r)=1 +I d[A(r)] X(r), te0,1].
0
Assume that m = n and det D % 0 where
D = M X(0) + N X(1).

Then for any g, M;, N;,c;, j=1,...,k and reR, the boundary value problem
(2.1), (2.2), (2.3) possesses a unique solution x : [0, 1] — R, and this solution is given
by

(2.20) x(t) = X(t) D~ 'r + ":d,[G(t, s)] f(s) on [0, 1]

where

—X(t)D"'M X(0) X" '(s), 0ss<tZ1,

e G(t, s) = { X() D~'N X(1) X~(s), 0St<s<1
is the corresponding Green’s function.

Example. Let y(t) denote the bending of a beam fixed at the endpoints, let h(t)
stand for the (piecewise continuous) load and let g be a point load in the middle of
the beam. The problem of determining y() can be described as follows.

Find solutions of the equation

(2.22) y9() = h(r), tef0,1], heL(0,1)

which possess continuous derivatives up to the order 3 on [0, 1] — {4} and satisfy
the conditions

(2.23) y3+) =y3-), y@+)=33-), JG+)=33-),

yE+)=y3-)+4q
and

(224) 9(0) = 5(0) = y(1) = 5(1) = 0.
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By means of the transformation x; =y, X, = J, x3 = j, x, = y the problem
(2.22), (2.23), (2.24) can be written in the form of the system

(2.25) - x=Fx+g,
(2.26) x(1)-) — x(D)+) =<4,
(2.27) M x(0) + N x(1) = 0
where
0,1, 0,0 0 0 1,000
0,0, 1,0 1o o 1o, 1,00
F=looo1]° E9=|o| <=|o|" M=lo 00 0|
0,0, 0, 0 h(t) q 0,000
0,0, 0,0
0,0, 0,0
N=110 00|
0,1,0,0

This is a boundary value problem for an interface problem of the form considered in
this paper. The interface condition (2.26) can be written in the form

M, x(}) =) + Ny x((}) +) = ¢

where M; = —N; = I e L(R,). Hence if we set D, = I, we have M; + N,D, = 0.
Moreover, N,d; = —d; = ¢,,i.e. d; = —c,. The fundamental matrix for the gener-
alized linear differential equation corresponding to the interface problem given
above is of the form

1, 1, 32, 4%
— Ft — 0’ 1, t9 %tz
X(t)=¢e" = 00 1 1| tef0,1].
0,0, 0, 1]
Further, it is easy to evaluate

‘ 1, 0, 0, 0
: 0,1,0,0
D = M X(0) + N X(1) = L1 4
0,1, 1, %

and det D = ;15 + 0. Hence we can construct Green’s function as was described
in the previous part of this section. It is a matter of routine to evaluate

, 0, 0, O
00 1, 0, 0
-6, —4, 6, —2|"
12, 6, —12, 6



A straightforward multiplication of matrices makes it possible to determine Green’s
function G(t, s) for the boundary value problem (see (2.21)) and to write

(2.28) x(1) = ﬁa,[a(:, S £(s)

for the solution. Since the solution y of the original problem (2.22), (2.23), (2.24)
satisfies y(f) = x,(t), we need to know only the first component of the vector x(t)

on the right hand side of (2.28). Since only the fourth component of f is different
from zero we get

) = () = [[ 461t 91146

where G, is the element in the first row and the fourth column of G(t, s). The deter-
mination of Green’s function by (2.21) gives in our situation

Gyt s) =  5°[6 — $*1%[2 + $°P[3 — 5%t[2 + s% — 5%8%)2
for 0s<t£1l,
Gia(t,s) = —1253[2 + 2% — 1352 + 13533 — 3s%[2 + £[6
for 0Zt<s=<1.
Further we have

W= [[al6u 9140 = - [ 610.99406) + Gl D A0) -
- Gu(1,0)£4(0) =

- _ ”:G14(t, s)d (J:h(‘r) dt — g ¥1)2(5)) + Ga(t, 1) (J;h(r) dr — q) _
— _ r':)G14(t, s) h(s)ds + Gya(t, 1) g — Gra(t, 1) g + G (2 I)J:h(T) dr =

= 0G14(t, s) h(s)ds + Gy4(t, ) g

where the integration-by-parts formula for Perron-Stieltjes integrals is used and the
equality G,4(t, 1) = 0 is taken into account. Substituting into this formula, we get

the following explicit expression for the solution of the problem (2.22), (2.23), (2.24),
te[0,1]:

y(t) = (—t3/3 + 1?2 — 1/6)J.;s3 h(s)ds + (]2 — * + t/Z)J‘;s2 h(s) ds +
+ (-3 + t2/2)fs3 h(s)ds + (/3 — th)J‘lsz h(s) ds + (tz/Z)Jqs h(s)ds —

1
- (t3/6)J‘ h(s)ds + K(t) q
t
where
1 1
—th + Hts for t é ‘} ’

K(t)={1 1

1. 1 342 143
= b+t =t for t> 1.
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&asopis pro péstovani matematiky, ro€. 105 (1980), Praha

STRUCNE CHARAKTERISTIKY CLANKU OTISTENYCH V TOMTO CISLE
V CIZIM JAZYKU

MIROSLAV SoVA, Praha: Concerning the characterization of generators distribution semigroups.
(Charakteristika generatoru distributivnich semigrup.)

Je poddna nové charakteristickd vlastnost generatorti distributivnich semigrup operatord,
opirajici se pouze o chovani resolvent na redlné polopfimce.

JANUSz MATKoOWsKI, Bielsko-Biala: Fixed point theorems for contractive mappings in metric
spaces. (Véty o pevném bodu pro kontraktivni zobrazeni v metrickych prostorech.)

Necht (X, d) je Giplny metricky prostor. Jsou dokazany dvé véty o pevném bodu pro kontrak-
tivni zobrazeni T: x — x, pro ktera je vzdalenost d(Tx, Ty) odhadnuta pomoci viech ostatnich
vzdalenosti bodu x, y, Tx, Ty.

U. . Muxaiinos, Visanoro: Hexomopsie duodanmossi ypasnenus mpemveii cmeneny. (N&které
diofantické rovaice tfetiho stupné.)

Je dokazéno, Ze existuje nekone&né mnoho parametrickych feSeni v celych &islech diofantické
rovnice x> + y* 4+ 234 23 =0 a soustavy diofantickych rovnic B2=x4+y 4+ 23=
=x}+y}+ 2] = x3+ y3+ 263 = x} + »3 + 213. V této pozndmce je dokazéano, Ze dio-
fantické rovnice x>+ >+ 203 =pz*, X+ 3+ 23=2% a B+ Y+ B3+ 2% =0
maji také nekoneén& mnoho fefeni v celych &islech.

JARMILA NOVOTNA, Praha: Discrete analogues of Wirtinger’s inequality for a two-dimensional
array. (Diskrétni analogie Wirtingerovy nerovnosti pro dvojdimensiondlni pole.)
V ¢ldnku jsou uvedeny nékteré nerovnosti pro koneéné soulty, v nichZ se vyskytuji x%j,

(x;;—Xi41,)% + (xij— x; j+1)? (,symetricky pipad*) a x3j, (x;; — x;41,,)* (,,nesymetricky
piipad*).

ZBYNEK NADENIK, Praha: Eine isoperimetrische Ungleichung fiir die Paare der Raumkurven.
(Izoperimetrickd nerovnost pro dvojice prostorovych k¥ivek.)

Pro délky téchto kfivek a pro analogie smiSenych plo$nych obsahu jejich projekci na tfi orto-
gonalni roviny plati nerovnost, kterd zahrnuje izoperimetrickou nerovnost.

MiLo§ BoZek, Bratislava: Existence of generalized symmetric Riemannian spaces with solvable
isometry group. (Existencia zovieobecnenych symetrickych Riemannovych priestorov s rieiteInou
grupou izometrii.)

Hlavny vysledok prace hovori, Ze pre kazdé prirodzené &islo m = 4 existuje zovieobecneny
symetricky Riemannov priestor rddu m, difeomorfny s R™~! a taky, 7e komponenta identity
grupy vietkych jeho izometrii je rieSitelna.
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VERA HOLANOVA-RADOCHOVA, Brno: Fundamental solutions of the differential operator
(—1)"D4D% + a(iDy)" + b(iD,)" 4+ ¢. (Fundamentdlni fefeni diferencidlniho operatoru
(—1)"D}D% + a(iD)" + &iD,)" + c.)

Pro operator s konstantnimi koeficienty a libovolnym »n jsou odvozeny podminky pro existenci
temperovanych fundamentélnich feSeni v prostorech s distribuci Z, .

STEFAN SCHWABIK, Praha: Differential equations with interface conditions. (Diferencialni
rovnice s pfechodovymi podminkami.)

V praci se vySettuji linedrni systémy obycejnych diferencidlnich rovnic s pfechodovymi pod=
minkami pomoci teorie okrajovych uloh pro zobecnéné diferencialni rovnice.
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&asopis pro p&stovini matematiky, ro&. 105 (1980), Praha

RECENSE

Carl Ludwig Siegel: GESAMMELTE ABHANDLUNGEN. Bd IV, Herausgegeben von K.
Chandrasekharan und H. Maas. Springer-Verlag, Berlin—Heidelberg— New York 1979, str. 343.
Cena DM 74,—.

Prvé tii dily Siegelovych sebranych spisti vySly v roce 1966. Jejich podrobna recense byla
napsidna prof. V. Jarnikem a oti§téna v tomto ¢asopise (ro¢. 92 (1967), 481 —484).

Ctvrty dil obsahuje sedmnéct Siegelovych praci, které zahrnuji daldi obdobi jeho védecké
aktivity, které byly publikovany v letech 1968—1975. Knihu dale dopliiuje Siegelova pfedmluva
k praci ,,Zur Reduktionstheorie quadratischer Formen‘‘, kterd byla oti¥téna v dile tfetim, obsah
vSech ¢&tyf dilh, seznam vsech knih a tiskem vyslych zdznam z prednédsek, opravy tiskovych chyb
a pozndmky k prvym tfem dilim, doslov H. Maase a Siegelova fotografie.

Pro podrobnou charakteristiku Siegelova dila odkazujeme &tenafe na citovanou Jarnikovou
recensi. Ctvrty dil jeho spisti jen dokumentuje §ifi a hloubku jeho dila, kterd vynikne tim spise,
uvédomime-li si, Ze tyto prace napsal C. L. Siegel po své sedmdesatce.

Pfevaznd Cast ze sedmndcti praci se tyka teorie Cisel a teorie funkci komplexni proménné
(eventudlné otdzek na rozhrani téchto dvou oblasti). Jedna z praci je spiSe historickd vzpominka
(otisténa ve Frobeniovych sebranych spisech) a dvé jsou vénovany problematice diferencidlnich
rovnic (o periodickém feSeni resp. stabilité pro systém dif. rovnic tvaru x = f(x)).

V pracich z teorie &isel a teorie funkci komplexni proménné se Siegel jednak vraci tématicky
k oblastem svého zdjmu, jednak se zabyva problematikou soufasnou. Weierstrassova ,,Vor-
bereitungssatz‘‘, Eisensteinovy fady, Heckeho funkce dzeta, modularni formy na strané jedné,
problematika algebraické teorie &isel (odhady jednotek, odhady feSeni vztahu N(§) = m, o alge-
braické zdvislosti n-tych odmocnin na strané druhé. Velmi zajimava je napf. prace Zum Beweise
des Starkschen Satzes, kterd osvétluje souvislost mezi touto vétou (existuje pravé devét imaginar-
nich kvadratickych téles s po¢tem tfid — ,,Klassenzahl‘“ — rovnym jedné) a teorii moduldrnich
funkci a davajici i ,,prizra&néj$i‘ versi dikazu. (Pro ilustraci: H. M. Stark publikoval pivodni
praci v r. 1967, Siegel ihned v r. 1968.)

Vzhledem k $ifi Siegelovych z4jmu nelze asi doporudit jeho sebrané spisy k celkovému studiu.
Mé¢l1 by se vSak k nim obratit kazdy, ktery se zabyva problematikou blizkou, nebot C. L. Siegel
svymi pracemi mnohd odvétvi matematiky zaloZil. Pro zajemce jsou viechny &tyfi dily jeho sebra-
nych spisti k dispozici v matematickém oddéleni knihovny MFF UK.

: Bfetislav Novdk, Praha

André Weil, NUMBER THEORY FOR BEGINNERS. With the Collaboration of Maxwell
Rosenlicht. Springer-Verlag, New York 1979. Stran vii + 70, cena DM 11,—.

Elementarni knizka pojedndvajici o z&kladnich pojmech teorie délitelnosti, zbytkovych tfiddch,
kongruencich, rozlozZitelnosti polynomu apod. V souvislosti s témito otdzkami se objevuje pojem
kone&né grupy, cyklického prvku, fddu prvku. Netradi&ni se v kniZce tohoto druhu zd4 byt posled-
ni kapitola vénovan4 teorii délitelnosti Gaussovych &isel neboli miizovych bodd. Knizka obsahuje
fadu tloh a muZe byt pfistupn4 fefitelim matematické olympiady.

Jaroslav Zemdnek, Praha
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Robert L. Wilson: MUCH ADO ABOUT CALCULUS. A Modern Treatment with Applica-
tions Prepared for Use with the Computer. Undergraduate Texts in Mathematics. Springer
Verlag New York— Heidelberg—Berlin 1979. xvii -+ 788 str., s mnoha obr. a grafy. Cena
DM 34,—. '

Obsahem dila je pfedeviim standardni program uvodniho kursu matematické analyzy, podani
l14tky se vSak ¢asto odchyluje od tradi¢niho postupu. Po tivodni kapitole, kterd pusobi dojmem
dost rtiznorodé smési, v niZ se jen struéné mihne pojem funkce a spojitosti, nasleduji dvé kapitoly
o Riemannové-Stieltjesové integralu, zavedeného pomoci hornich a dolnich souétii na zdkladé
véty o suprému, pfedlozené jako axiom. V dalSich tfech kapitolach je zaveden pojem derivace
a zkoumdn jeho vztah k integralu na zaklad€ véty o derivaci integrdlu podle horni meze. Tyto
kapitoly obsahuji rovnéZ zdkladni poletni techniky derivovdni a integrovani. Pak ndsleduji
kapitoly o limitdch, o nekone&nych fadach (se zminkou o iterovanych integralech véetné substi-
tudni véty) a o diferencidlnich rovnicich.

Autorovym cilem bylo napsat netradi¢ni ucebnici diferencialniho a integralniho poétu, ktera
by byla pouZitelnd pro rizné typy zdkladnich kursii matematické analyzy. M¢l pfitom ziejmé
na mysli pfedev¥im pfedndsky pro nematematiky. Proto je fada uvah provadéna spise na intuitiv-
nim zakladé, ¢asto s ob§irnym motivadnim materidlem. Autor se zZmérné€ vyhyba postupu ,,véta —
dikaz‘, ¢asto se 0 novém pojmu jen zmini, aby se k nému pozdéji vratil podrobnéji a rigoroznéji
(srov. pojem limity ve IV. a VII. kapitole).

Druhou autorovou snahou, vyjaddfenou v podtitulu i v pfedmluvé, bylo pfipravit text, umoZziiu-
jici co nejdfive préci s po&itaem. Proto jsou dvé kapitoly vénovany numerickym metoddm a in-
terpolaci, a ve dvou dodatcich je uveden prehled programovacich jazykit FORTRAN a BASIC.
Nezd4 se mi viak, Ze by zpracovani latky davalo v tomto sméru o mnoho vét§i moZnosti nez
dosavadni uéebnice.

V obsirné pfedmluvé autor vysvétluje svlij zimér a navrhuje rtizné moznosti, jak jeho dilo
pouzit v pfedndskach s riznym zaméfenim i rozsahem. Pro nase vysokoskolské uditele je kniha
zajimava pfedevsim tsilim, projevujicim se i v jinych textech zejména americkych autorl, totiz
udinit matematiku p¥itazlivou i pro nespecialisty, zejména studenty humanitnich obort. Obsahuje
fadu zajimavych népadu a detaild, jiné lze viak povaZovat za diskutabilni z hlediska metodolo-
gického a nékdy i odborného.

Ji¥i Jarnik, Praha

R. S. Liptser, A. N. Shiryayev: STATISTICS OF RANDOM PROCESSES (Statistika na-
hodnych procesti). Applications of Mathematics 5, 6. Springer-Verlag, New York— Heidelberg—
Berlin. I. General Theory (Obecna teorie) 1977, X + 394 stran. Cena DM 64,80. I1. Applications
(Aplikace) 1978, X + 339 stran. Cena DM 66,—.

Soudobé inZenyrské teorie pfevzaly pro popis ndhodnych procesti v technickych zafizenich
teorii stochastickych diferencidlnich rovnic, kterou zalozil Kiyosi It6 v letech 1944—1946. Reeni
technickych uloh, v prvé fadé z oblasti filtrace signalti a automatického fizeni, pfineslo novou
problematiku i origindlni metady FeSeni. To zptsobilo v Sedesatych letech intenzivni rozvoj
stochastické analyzy, jehoz vysledky soudasné s novym pfinosem autorl recenzovana publikace
velmi dobfe postihuje. Ruské vydani vyslo v roce 1974.

V dilu I jsou nejprve uvodni kapitoly z teorie martingaldl, stochastickych integralti a stochastic-
kych diferencidlnich rovnic. P¥inosem posledni doby jsou zde zejména integraly vzhledem k obec-
nym martingalGim, reprezentace funkcionalit Wienerova procesu a procest difizniho typu, teorie
slabych feSeni stochastickych diferencidlnich rovnic. Nésleduji kapitoly o vzdjemnych hustotach
pravdépodobnostnich mér. Je v nich patrny vyznam Girsanovovy véty pro teorii difuznich proce-
si. Hustoty maji ve statistice néhodnych procest stejny vyznam jako ve statistice kone¢nérozmeér-
né. V poslednich kapitoldch dilu I pojednavaji autofi o teorii nelinedrni filtrace. Po odvozeni obecné
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rovnice filtrace probiraji specidlni pfipady, zejména filtraci Markovovych procesit a Kalmantiv-
-Bucyliv linedrni model.

Dil IT je vénovan aplikacim. Na poc¢atku jsou definoviny podmin&né gaussovské procesy a je
pro né rozvinuta teorie filtrace zobeciiujici filtraci v linedrnim modelu. T¥i kapitoly se tykaji
odhadu parametri a testovani statistickych hypotéz v procesech difuznihc typu, aplikaci v teorii
Fizeni a teorii informace. Posledni dvé kapitcly o martingalovych metodach v bodovych procesech
byly zvlast napsidny pro anglické vydani. Obsahuji teorii integrace pro bodové procesy, vy$etfo-
vani absolutni spojitosti mér a teorii filtrace.

Kniha se vyzna¢uje mySlenkovou bohatosti, rizncrodosti uloh i matematickych prostfedkt
potiebnych k jejich fefeni. Jeji &etba vyZaduje dobré znalosti zdkladli teorie ndhodnych prccesii.
Vyklad postupuje od axiomatiky teorie pravdépodobnosti k modelim procesi duleZitych pro
aplikace.

Petr Mandl, Praha

Rodney David Driver: ORDINARY AND DELAY DIFFERENTIAL EQUATIONS.
Applied Mathematical Sciences, vol. 20. Springer-Verlag, New York— Heidelberg— Berlin 1977.
Stran 501, 35 obr. cena DM 33,60.

Kniha je ivodni uebnici obycejnych diferencidlnich rovnic. Vznikla z autorovych universit-
nich pfednisek konanych v letech 1970—1977. Od ostatnich uéebnic podobného zaméfeni se
odliuje pfedevsim tim, Ze do textu je organicky vé&lenén vyklad zaklada teorie oby&ejnych dife-
rencidlnich rovnic se zpozdénym argumentem. Zakonité rozsah vyloZené latky tykajici se obycej-
nych diferencidlnich rovnic (bez zpozdéni) je pon€kud mensi nez v jinych uéebnicich. Také v po-
rovnani s dosud vydanymi u&ebnicemi vénovanymi vyhradné diferencidlnim rovnicim se zpozdé-
nim (napf. Bellman a Cooke, Myskis, Halanay, Mitropolskij a Martynjuk, Hale apod.) tu &tenaf
najde méné vysledku z teorie diferencidlnich rovnic se zpozdénim. Zato je viak v Driverové
knize teorie doplnéna mnoZstvim p¥ikladi a teoretickych problémi. (ReSeni nebo navody k fe-
Seni jsou uvedeny na konci knihy.) Pokud jde o diferencidlni rovnice se zpozdénim, je to po této
strance asi nejlépe vybavena ucebnice.

Text je rozdélen do deviti kapitol. Po uvodni kapitole, kterd se vedle zdkladni klasifikace
a motivujicich fyzikalnich pfikladii zabyva také feSenim elementarnich skalarnich rovnic (linedrni
rovnice a rovnice se separovanymi proménnymi), ndsleduji t¥i kapitoly v€nované diferencidlnim
rovnicim bez zZpozdéni. Obsah je patrny z jejich nazvi: Jednoznaénost a Lipschitzovy podminky
pro obycejné diferencidlni rovnice (II), Line4rni rovnice n-tého fddu (III) a Linedrni systémy
oby&ejnych diferencidlnich rovnic (IV). (Existen¢ni véty jsou zatim uvedeny jen pro linearni
systémy.) Kapitola V je ivodem k diferencidlnim rovnicim se zpoZdénim. Je tu uvedena fada
motivujicich pfikladd. (Kromé fyzikalnich uloh také tlohy z teorie &isel a z biomatematiky.)
Po zavedeni terminologie a klasifikace pak autor na pfikladech ukazuje zdkladni rozdily mezi di-
ferencidlnimi rovnicemi bez zpoZdéni a se zpozdénim. Na zdvér kapitoly je pak sformulovana
pocatedni Gloha a za pfedpokladu, Ze jsou spinény Lipschitzovy podminky, je dok4dzana jedno-
zna¢nost jejiho feSeni (pokud existuje). Teprve v kapitole VI jsou uvedeny a dokdzany (lokalni
i globdlni) véty o existenci feSeni pro oby¢ejné diferencidlni rovnice bez zpozdéni i se zpoZzdénim.
Kapitola VII se zabyva systémy linedrnich diferencidlnich rovnic se zpozdénim. Je tu uvedena
formule pro feSeni nehomogenniho systému pomoci fefeni pfislusiného homogenniho systému
(variace parametrll). Pozornost je vénovana i systémim s konstantnimi koeficienty. Pfedposledni
kapitola (VIII) je vénovdna otdzkam stability (Ljapunovova nepfimd metoda, asymptotickd
stabilita, slab& nelinedrni systémy) feSeni obyejnych diferencidlnich rovnic bez zpozdéni i se
zpozdénim. Posledni kapitola (IX) je uvodem do analysy ve fazové roviné pro systémy dvou oby-
¢ejnych diferencidlnich rovnic.

Vyklad je vidy pfesny, dobfe promyS$leny a srozumitelny. Zavedeni novych pojmu je vidy
peclivé motivovano. ProtoZe se autor omezuje na klasickou teorii (s feSenimi spojité diferencova-
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telnymi), pro pochopeni latky &tenafi stadi zdkladni zralosti matematické analysy v rozsahu
prvnich dvou semestrii na vysokych $kolach technického zaméfeni. V podstaté se vystadi se slusné
zaitou ,,6 — J gympastikou* a znalosti Riemannova integrdlu. Neni nutrd ani znalost Lebes-
gueova integralu. Potfebné vysledky z analysy jsou pro &tendfovo pohodli shrnuty ve dvou
dodatcich na konci knihy.)

Celkové lze fici, Ze se autorovi podafilo napsat velmi p€knou udebnici srozumitelnou velmi
Sirokému okruhu ¢&tendfi, aniz by musel cokoliv slevit z matematické pfesnosti.

Milan Turdy, Praha

Robert J. Walker: ALGEBRAIC CURVES; Springer Verlag, New York, Heidelberg, Berlin,
1978; 201 stran, 25 obrazki, cena DM 22,—.

Recenzovana kniha pfedstavuje druhé nezménéné vydani monografie, jejiz vydani prvni bylo
realizovano v roce 1950 (Princeton, New Jersey), o dvé 1éta pozdéji pak vysel rusky preklad tohoto
vydani (Izdatélstvo innostrannoj litératury, Moskva, 1952) dostupny téz u nés.

Je v matematické literatufe vskutku malo knih, které — neztracejice ivodni udebnicovy riz
a pouzivajice elementarniho aparidtu — podavaji na pomérn€ malo strankich uceleny exaktni
vyklad rozsahlé teorie. Je nasnadé soudit, Ze to byla pravé tato pifednost, kterd vedla po bezmala
30ti letech k reedici této préce, ,,navzdory‘‘ prudkému rozvoji algebraické geometrie v povale¢-
nych letech dokumentovanému fadou objevitelskych praci autord francouzskych, americkych,
sovétskych a japonskych.

Nyni podrobnéji k vlastnimu obsahu knihy. V kap. 1. (Algebraicky tvod) je vybudovan alge-
braicky aparat potfebny pro studium knihy celé (napf. elementy teorie ideall jsou vyloZeny az
v kap. V., kdy se uZiti této teorie stane aktudlnim), pfi tom je vybér latky striktné podfizen uéelu
knihy. Dominuji zde proto stati o délitelnosti v oboru integrity polynomt, Taylorové rozvoji,
homogennich polynomech a eliminaci.

V kap. II. (Projektivni prostory) jsou vyloZeny zdklady linearni geometrie #-rozmérného pro-
jektivniho prostoru. Pojem projektivniho prostoru i vyklad se opird o projektivni soufadnice.

Teorie rovinnych algebraickych k¥ivek je presentovana v daldich dvou kapitolach:

V kap. III. (Rovinné algebraické kiivky) jsou obsaZeny partie, jejichz vyklad je nezavisly na
pojmu vétve k¥ivky. Sem patii pfirozen€ sdm pojem algebraické rovinné kfivky, vzdjemna poloha
piimky a kfivky véetné pojmu nasobnosti priseéiku, nasobnost bodu na algebraické kfivce,
spole¢né body dvou algebraickych kfivek (bez pojmu nasobnosti), linedrni systémy krivek.
Znaény duraz je kladen na kvadratické transformace, redukci (rozpusténi) singularit a teorii
soumeznych bodi. Je odvozena zndmd podminka pro nerozlozitelnost kuzelose¢ky, Pascalova
véta a je vySetfovdna konfigurace inflexnich bodi regularni kubiky (kubiky bez singuldrnich
bodu).

V kap. IV. (Formalni poten¢ni fady) je zaveden pojem parametrizace a vétve rovinné algebraic-
ké kfivky. Je podan konstruktivni dikaz véty, Zze kazdy bod algebraické kiivky je stfedem (po-
¢atkem) nékteré jeji vétve. (V origindle je pro vétev pouZito terminu ,,the place nazna¢ujiciho
souvislost vétve kfivky s valuaci a tedy i ,,mistem** télesa raciondlnich funkci na kfivce). Je vyslo-
vena definice nasobnosti prise¢iku dvou algebraickych kfivek a dokdzdna Bézoutova véta o na-
sobnostech prise¢iki dvou kfivek. Dale jsou odvozeny prvé dva Pliickerovy vzorce (pro tfidu
a podet inflexnich bodi). Zavérem kapitoly je vyslovena a dokdzana Noetherova véta a ukdzana
fada jejich aplikaci.

Z4bér poslednich dvou kapitol je.rozsahly. Kap. V. (Zobrazeni kfivek) je zaméfena, jak vy-
jadfuje nézev, na podrobnéj’i studium zobrazeni kfivek a to pfedevsim zobrazeni racionalnich
resp. biraciondlnich. BiraciondIniho zobrazeni je originalnim zptisobem vyuzito k definici prosto-
rové algebraické kfivky. V této kapitole je téZ rozsifen algebraicky aparat o pojem a vlastnosti
idedlu v okruhu a o kone&né generovana rozsifeni télesa. Zavadi se pojem télesa raciondlnich
funkci na ireducibilni algebraické k¥ivce a na zdkladé ného biracionalni ekvivalence k¥ivek. Jsou
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odvozeny dudlni Pliickerovy vzorce a struéné pojednano o algebraickych korespondencich. Zejmé-
na je dokdzdna podminka, kdy je algebraickd korespondence raciondlnim zobrazenim. Zavérem
kapitoly je stru¢né pojedndno o valuacich komutativnich t&les a dok4azéna véta, Ze kazd4 valuace
télesa racionalnich funkci na ireducibilni kfivce urtuje jednoznaéné jistou vétev této kfivky.

V VI. kap. (Linedrni fady) je nejprve vyloZena obecnd teorie linedrnich fad divisoru (cykla)
na kfivce. Je ukdzdna souvislost linedrnich fad a raciondlnich zobrazeni kfivky, dokdzana véta
o Uplné redukci singularit, pojedndno o normélnich kfivkach. StéZejni postaveni v této kapitole
ma samoziejmé pojem kanonické fady a pojem rodu kfivky. Je dokdzdna celd série zdvaznych
vét, z nichZ jmenujme alespoii vétu Riemannovu=Rochovu a Brillovu-Noetherové. Je provedena
klasifikace kfivek na raciondalni, eliptické, hypereliptické a nehypereliptické, vySetfena souvislost
mezi poly raciondlnich funkci na kfivce a divisory. Na konec je pojedndno o geometrii na regu-
larni kubické kfivce.

Vyklad v celé knize je doprovizen fadou ptikladi. Ke kazdému paragrafu jsou pfipojena
cviceni.

Kniha patfi svym obsahem i metodami mezi klasické ulebnice algebraické geometrie. Ko-
rektnim zpusobem v3ak dosahuje maximalniho efektu s minimalnim aparitem. Jeji studium lze
doporucit kazdému vysokoskolsky graduovanému pracovniku v oboru matematika i kazdému
studentu matematiky, ktery chce nebo jemuz je tfeba se rigorosné i ekonomicky sezndmit s teorii
algebraickych kfivek.

Dalibor Klucky, Olomouc

Jacob Wolfowitz: CODING THEOREMS OF INFORMATION THEORY. Springer-Verlag,
Berlin— Heidelberg— New York 1978. Stran 173, cena DM 54,—.

Kniha obsahuje matematicky pfesné formulované pravdépodobnostni zdklady teorie informa-
ce. Toto jeji tieti vydani, které se podstatné 1i§i od pfedchozich, obsahuje patnéct kapitol. Piepra-
covany byly nejen mnohé diikazy vét, ale prakticky dvé tfetiny knihy. O rozsahu zmén svéd¢i to,
ze dvé kapitoly byly vynect dny, Sest nové zafazeno, jedna podstatné zkricena a jedna rozdifena.
Beze zmén zlstalo pouze prvnich pét &4sti. Jednotlivé partie knihy nejsou mezi sebou silné vazany.
Ke ¢&teni poslednich péti kapitol, které obsahuji hlavni doplnéni proti pfedchozim vydénim —
teorii zkresleni, je moZno pfistoupit jiz po kratkém studiu pfedchozich &asti.

V prvnich dvou kapitolach je &ter 4F uveden do problematiky knihy popisem modelu diskrétni-
ho kandlu bez paméti. Dile jsou poddny kombinatorické zdklady, zavedena funkce entropie
a vySetfeny jeji vlastnosti.

V kapitolach 3 az 7 jsou probrdny rizné varianty diskrétniho kandlu, tj. pfipad, kdy ,,abecedy*‘,
které pouziva vysilaci a pfijimaci element, jsou obé koneéné. Kazdé pfenosové zafizeni je charak-
terizovdno pravdépobnostni funkci p¥enosu, tj. pravd¢podobnostmi, Ze pfi vyslani prvku i
vysilaci abecedy bude pfijat prvek j pfijimaci abecedy. Necht n je pfirozené &islo a 4 € {0; 1).
Cilem pfi pfenosu n-&lennych ,,slov** je nalézt uréity poet N dostateéné odlisnych slov uy, ..., uy
vytvofenych z vysilaci abecedy a disjupktni rozklad na N ¢asti 44, ..., Ay mnoziny viech n-tic
prvka pfijimaci abecedy tak, aby rozhodovaci mechanismus tvaru: bylo pfijato slovo patfici
do A;, tedy bylo vysldno u; (i= 1,..., N), mél pravdépodobnost chyby mensi nebo rovnou A.
Jsou zde dokdzény véty, které pfi daném mnoZstvi prvki obou abeced a danych n a A omezuji N
shora (absolutné) a zdola (pro vhodné zvolené uy, ..., uy, 44, ..., Ay). Specidlni roli v pfislusnych
formulich hraje hodnota kapacity kanélu.

Autor fe§i postupné mnoho modeld diskrétniho kanalu bez paméti, které se li§i podle toho,
zda stav pfenosového zafizeni (tj. pravdépodobnostni funkce pfenosu) je stdly nebo se méni a zda
se méni mezi pfenosy pismen nebo jen mezi pfenosy celych n-¢lennych slov. Zvlastni pozornost
je vénovana pfipadtim, kdy pouze vysilajici, resp. pouze pfijimajici, element zné stav pfenosového
zafizeni. VySetfuje se, jaky vliv mrd pak skutenost, Ze vysilajici miZe vhodné volit vysilan4 slova
uy, ..., uy, resp. pfijimajici mize vhodné volit disjunktni rozklad A4y, ..., Ay.
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V dal¥im se autor vénuje modelu diskrétniho kandlu s konenou paméti, definici obecného
diskrétniho kanalu. Probird metodu maximdalniho k6du a metodu ndhodnych k6dd. Uvddi model
kanilu, ktery nemé kapacitu.

V kapitole 8 je projednan p¥ipad tzv. polospojitého kandlu bez paméti, tj. pfipad, kdy vstupni
abeceda je konena, ale vystupni abeceda je nekone¢nd. Odli§nost proti diskrétnimu kanalu bez
paméti se v matematickych zépisech projevuje pouze v tom, ¢ podminéné pravdépodobnosti
jsou nahrazeny podminénymi hustotami.

Kapitola 9 je vénovana modelu spojitého kandlu s aditivnim gaussovskym $umem. Za vstupai
,-abecedu‘* se voli interval {0; 1). Vysilan4d hodnota x € {(0; 1) se pfenosem zkresli na x + y,
kde y je ndhodné vybrany prvek z normdalniho rozloZeni s nulovou stfedni hodnotou a zndmym
rozptylem.

V kapitoldch 11 az 15 je uvedena teorie zkresleni, definovdna funkce zkresleni a vy$etfeny jeji
vlastnosti. Jsou zde feSeny modely, kde vysiland informace ma vice slozek a ty jsou koédovany,
resp. dekodovdny zvlast. Je probrana také mozZnost, Ze dekdédovaci zafizeni md néjakou dalsi
znalost o vysilané informaci. Posledn1 ¢4st je vénovdna modelu dvoustupiiového kanélu, ktery
obsahuje tfi elementy: vysilaci (I), retranslaéni (II) a pfijimaci (I1I). Element I chce vyslat jednak
dvojici zprav (i, /) do II a jednak ma zdjem, aby zprava j byla prostfednictvim 1I doru¢ena elemen-
tu III.

Celkové lze fici, Ze kniha je pfehledné rozélenéna a k jejimu studiu je tfeba zndt pouze ziklady
teorie pravdépodobnosti. Nespornym kladem je skute¢nost, Ze autor ¢asto do vykladu vklada
slovni formulaci problému. V zavéru je uveden rozsihly seznam literatury.

Antonin LeSanovsky, Praha

S. Fuéik, J. Neéas, V. Souéek: EINFUHRUNG IN DIE VARIATIONSRECHNUNG.
Teubner-Texte zur Mathematik, Leipzig 1977, 175 stran, cena DM 17,50.

Jedna se o upraveny pieklad udebniho textu, ktery autofi vydali pro studenty MFF KU
v r. 1972, Zatimco pfevdZni vétSina dosavadni monografické literatury predstavuje klasicky
varia¥ni pocet, autoti zde velmi pfehlednou a srozumitelnou formou podavaji zdkladni informace
o modernich metoddch v této discipliné. Knizka je rozdélena do péti kapitol. Prvni z nich je
vénovédna zdkladim abstraktniho varia&niho po&tu. Dokazuji se zde fundamentalni abstraktni
véty o existenci minima funkciondlu na Banachové prostoru, vySetfuji se Gateauxovy a Frécheto-
vy diferencidly funkciondlt a ukazuji se podminky pro lokalni extrém i pro extrém vzhledem
k dané varieté. Variadnimi metodami se zkouma existence feSeni abstraktnich nelinedrnich rovnic
v Banachovych prostorech. Nechybi ani struény vyklad nékterych pfibliznych metod. Ve druhé
kapitole se dokazuje na zdklad& pfedchozich vysledkl existence feSeni integralnich rovnic Ham-
mersteinova typu a podobné ve tfeti kapitole se zkouma existence slabych fefeni okrajovych
tloh pro eliptické nelinedrni parcidlni diferencidlni rovnice. Ve &tvrté kapitole se autofi zabyvaji
nékterymi klasickymi ulohami varia¢niho poétu. Vysetfuje se podrobné tiloha s pevnymi konci,
zvlastni paragrafy jsou vénovany také klasickym i zobecnénym feSenim variaénich uloh v para-
metrickém tvaru, vazanym extrémiim a uloze s volnymi konci. Posledni kapitola je vénovana
problematice minimalnich ploch. Ve stru¢nosti se zkoumaji slaba feSeni Dirichletovy ulohy pro
funkcional minimAlni plochy na prostoru W),

V textu uZité vysledky nelinedrni funkciondlni analyzy jsou piehledné shrnuty ve zvla$tnim
paragrafu kapitoly 1. Vysvételna jsou téZ v¥echna uZitd tvrzeni o Némyckého operadtorech (ka-
pitola 2) i o Soboleovovych prostorech (kapitola 3). Pfedpoklddd se pouze znalost zdkladi
analyzy.

Milan Kudera, Praha
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&asopis pro péstovani matematiky, ro&. 105 (1980), Praha
ZPRAVY

ZIVOTNI JUBILEUM DOC. JAROSLAVA CHUDEHO

Joser MATUSU, Praha

V plné dusevni svéZesti a pfi Einorodé praci oslavil dne 1. fijna 1979 své Sedesaté
narozeniny zaslouzily uditel doc. JAROSLAV CHUDY, vedouci katedry matematiky
a deskriptivni geometrie strojni fakulty CVUT v Praze.

Narodil se v Praze-Libni v rodiné strojniho zameénika. Tam také vychodil obecnou
Skolu. V letech 1930—1937 studoval na karlinské realce. Jeho uditelé matematiky
a deskriptivni geometrie na této realce prof. B. Karasek a prof. dr. F. Vy¢ichlo vzbu-
dili v ném takovy zdjem o tyto pfedméty, Ze se rozhodl je studovat na vysoké skole.
Proto se ve 3kolnim roce 1937/38 zapsal na ptirodovédeckou fakultu Karlovy uni-
versity s cilem ziskat aprobaci pro vyudovani matematiky a deskriptivni geometrie
na stfednich Skolach. V fijnu 1939 slozil I. statni zkousku z obou pfedmétd. Jeho
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studium pak bylo na Sest let pferuSeno uzavienim vysokych skol. B€hem této doby
pracoval jako pomocny délnik ve vozovné byvalych Elektrickych drah hl. m. Prahy
a od r. 1942 a7 do kvétna 1945 jako pomocné kancela¥sk4 sila na Magistraté hl. m.
Prahy. B&hem tohoto neZzadouciho preruSeni pokradoval podle Sasovych mozZnosti
v samostatném studiu, coZ mu umoZnilo po znovuotevieni vysokych kol i dik inten-
sivnimu studiu od kvétna do za¥i sloZit v zafi 1945 II. statni zkousku z obou pfedmétii.
1. ¥ijna 1945 nastoupil na doporudeni prof. Vyé&ichla jako asistent na ustav deskrip-
tivni geometrie prof. dr. Josefa Kounovského pfi Vysoké Skole strojni a elektro-
technické na CVUT v Praze. Zde vedl nejdfive cvieni, pozdé&ji suploval i samostatng&
vedl pfednasky z deskriptivni geometrie. V roce 1949 vyucoval v pfipravném kursu
(ADK) v Marianskych Léaznich. V letech 1950 —52 pfedn4Sel matematiku na nové
ztizené elektrotechnické fakulté, kde byl povéfen funkci tajemnika fakulty a pozd&ji
prodékana. Od r. 1952 aZ do r. 1960 na pifani tehdejSiho vedouciho katedry prof.
Vygichla pfednasel matematiku na tehdejsi fakulté architektury a pozemniho stavi-
telstvi a v letech 1952—54 téZ deskriptivni geometrii pro studenty Vysoké skoly
chemicko-technologické, pro néz spolu s doc. Setzerem vydal skripta z deskriptivni
geometrie.

V roce 1957 vydal spolu s doc. dr. C. Vitnerem, CSc. trojdilna skripta z matematiky,
jez doznala Cetnych dalSich vyddni a byla vice neZ 20 let pouZivina na celé
stavebni fakulté CVUT. V roce 1960 se vraci jiZ jako docent matematiky na katedru
matematiky fakulty strojni CVUT a v roce 1965 pfi rozdéleni katedry na dvé se stava
vedoucim katedry matematiky, k niZ bylo pfipojeno v roce 1977 i pracovisté deskrip-
tivni geometrie.

Na fakulté strojni zastaval po dvé funkéni obdobi funkci prodékana a rizné
funkce ve stranickych organech fakulty a v poslednich letech v odborovych organech.

Pfes 20 let je ¢lenem redakéni rady Rozhledi matematicko-fyzikdlnich. V roce
1971 vydal knizku Determinanty a matice uréenou pro studenty stfednich i vysokych
$kol. V roce 1979 odevzdal rukopis skripta z matematiky pro studenty strojni fakulty.

Od roku 1957 pracuje v semindfi-z kinematiky vedeném prof. dr. Zd. Pirkem,
DrSc. V této oblasti uvetejnil sim nebo se spolupracovniky v seminafi pfes 10 praci
v rliznych odbornych &asopisech, ma pravidelné referity na konferencich fakulty
i CVUT a konferencich o teorii strojii a mechanismi v Liberci. Podili se aktivn&
na feseni vyzkumnych ukold v uvedeném oboru.

Doc. Chudy je vynikajici ugitel, jeho pfednasky jsou studenty vysoce cenény
a vyznacuji se promyslenym vykladem, srozumitelnosti a pfitazlivosti pfi zachovani
odpovidajiciho stupné pfesnosti; to mu umoZziiuje byt naroény pfi zkouskach a spra-
vedlivy pfi posuzovani znalosti studenti. Svym zodpovédnym pfistupem k praci
pfispiva i k zvy$eni moraln&-politické urovné studentd. Proto, mimo jiné, byl mu v roce
1968 udélen titul ,,Zaslouzily uditel*.

Do dalSich let pfejeme doc. Chudému mnoho zdravi a pracovniho eldnu tak, aby
mohl vykondvat povolani, jeZ ma nade viechno rad — udit a vychovavat novou
technickou generaci.
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&asopis pro péstovani matematiky, ro€. 105 (1980), Praha

SEDESAT LET DOC. RNDR. ZDENKA VANCURY, CSC.
KAREL DRABEK, Praha

Dne 8. bfezna se dozil vyznamného Zivotniho jubilea, Sedesati let, ¢len katedry
matematiky a deskriptivni geometrie stavebni fakulty Ceského vysokého uleni
technického v Praze, doc. RNDr. ZDENEK VANCURA, CSc. Narodil se v Bratéicich,
okres Kutnd Hora. Po pétitfidni obecné Skole (1926—1931) studoval na statni

Seskoslovenské redlce v Nymburce (1931 —1938), kde 23. 5. 1938 maturoval s vyzna-
menanim. Od zimniho semestru 1938/39 byl zapsin na pfirodovédecké fakultd
Karlovy university v Praze — obor matematika a deskriptivni geometrie. Po uzavieni
Ceskych vysokych $kol 17. listopadu 1939 byl zaméstnan jako praktikant Obcanské
zalozny v Nymburce od 1. 12. 1939 do 30. 4. 1942, kdy zéloZna musela propustit
vSechny své praktikanty a dat je k disposici pracovnimu ufadu. AZ do 29. 11. 1942
nebyl nikde zaméstnan, Zivil se kondicemi z matematiky a deskriptivni geometrie
stfedoskolskym studentiim. Od 30. 11. 1942 do konce valky pracoval v totilnim
nasazeni jako pomocny délnik u firmy Piechatzek-Werke v Pfibofe na Moravé
(v té dob& na uizemi zabraném Némeckem po mnichovském diktéatu).

Po ukondeni 2. svétové valky se vratil Zden€k Vandura znovu k zapoéatym studiim,
ktera ukondil II. statni zkouskou 20. 12. 1946 a ziskal tak aprobaci pro uditelstvi
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matematiky a deskriptivni geometrie na ¢&s. S§kolach III. stupné. Hned po sloZeni
I1. statni zkousky se stal od 1. 1. 1947 asistentem matematického seminafe pfirodo-
védecké fakulty KU v Praze, od 1. 4. 1950 do 30. 9. 1954 byl pak odbornym asisten-
tem. V této dobé také pfedloZil diserta&ni praci Kongruence Lieovych kouli (L-kouli),
kterou posuzovali prof. Cech a BydZovsky. Po vykonani pfislu§nych rigorosnich
zkousek byl 27. 1. 1950 na pfirodovédecké fakulté KU prohlasen doktorem pfirod-
nich v&d (RNDr.). Od 1. 10. 1954 byl pracovné pieveden na katedru matematiky
a deskriptivni geometrie na tehdejsi fakulté inZenyrského stavitelstvi (vedouci ka-
tedry prof. RNDr. Frantisek Vy&ichlo) pti CVUT v Praze, kde byl 1. 1. 1955 po kon-
kursu jmenovan ministrem Skolstvi docentem pro obor matematika. V této funkci
plsobi dosud na nyné&jsi fakulté stavebni, ktera vznikla sloudenim fakulty inzenyrské-
_ho stavitelstvi a dalSich pfibuznych fakult dnem 1. 7. 1960. Po obhajeni kandidatské
disertaéni prace Kulové kongruence a jejich plasté. Adjungované pfimkové kon-
gruence a jejich pldté na fakulté technické a jaderné fyziky CVUT udélila mu v&-
decka rada CVUT rozhodnutim z 7. 5. 1964 védeckou hodnost kandidata fyzikalng-
-matematickych v&d (CSc.).

Vedle své védecké Cinnosti, ke které doc. Vancura vZdy pfistupuje s pfislovecnou
peclivosti, ktera je jeho povaze vlastni a je znama vSem, ktefi s nim p¥i§li do styku,
pfednasel a cvidil na zadatku své docentské Cinnosti deskriptivni geometrii, pak
kursovni matematiku a pravdépodobnost a statistiku (a to zejména na oboru Vodni
stavby a vodni hospodafstvi). Na tomto oboru je jiZ vice neZ 10 let kazdy rok povéto-
van vyznamnou politicko-vychovnou funkci vedouciho uéitele roéniku; v této praci
je stale hodnocen jako jeden z nejlepSich pracovnikti. Vedle kursovni pfednasky kona
jesté na stavebni fakulté specialni pfednasku Tenzorova algebra a analyza pro vybra-
né studenty oboru Konstrukce a dopravni stavby a oboru Pozemni stavby. Rovnéz
pusobi jako hlavni a vedlejsi §kolitel aspiranti.

Od roku 1939 je doc. Vandura &lenem Jednoty &eskoslovenskych matematikii a fyzi-
kil V r. 1973 rovnéz spolupracoval s Ceskou terminologickou komisi JCSMF a CSAV.

Doc. Vanc¢ura dosud publikoval 12 ptivodnich védeckych praci, vétSinou z diferen-
cidlni geometrie, dvoudilnou celostatni udebnici Analytickd metoda v geometrii,
dva udebni texty a dva biografické ¢lanky. V pracich z diferencidlni geometrie vytvafi
svou koncepci, obsahem i formou novou problematiku a nové metody diferencialni
geometrie dvojrozmérnych kulovych a pfimkovych variet v trojrozm&rném eukli-
dovském prostoru.

O vysledcich své prace referoval doc. Vanéura na sjezdu &s. matematikt a fyzik
(1955) v Praze, na v&deckych konferencich fakulty inZenyrského stavitelstvi (1959)
a stavebni fakulty (1961, 1963, 1965), na védecké konferenci CVUT (1973), v Mate-
matickém tstavu Madarské akademie v&d v Budapesti (1962) a v geometrickém semi-
néfi na stavebni fakulté (1976).

Pfi prvnim fakultnim védecko-vyzkumném tkolu, ktery se zabyval studiem a kri-
tickym hodnocenim praci prof. Jana Sobotky, byl (1956 —1958) vedoucim skupiny
pro jeho diferencidlné geometrické prace.
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Za dosavadni praci pro fakultu obdrzel v roce 1975 Felberovu medaili 3. stupné
(bronzovou), v leto§nim roce pak 2. stupné (stfibrnou).

Jsme radi, Ze miizeme pfi tomto vyznamném Zivotnim jubileu pfat naSemu priteli
a vynikajicimu pedagogovi katedry, Zdetiku Vancurovi z celého srdce dobré zdravi
do dalsich let, neumdlévajici chutf k pedagogické praci a mnoho dalSich uspéchi
v jim milované geometrii.

SEZNAM PRACi DOC. RNDR. ZDENKA VANCURY, CSC.

A) Ucebni texty a knihy:

[1]1 Elementdrni geometrie. (Preklad ¢asti knihy Hadamard J.: Lecons de géométrie élémentaire
11 jako ucebni text). Edice SPPF Praha 1950.

[2] Analytickd geometrie 11. (U&ebni text pro posluchae matematicko-fyzikalni fakulty KU).
Praha 1952.

[3] Analytickda metoda v geometrii I. (Celostatni vysokoskolska ucebnice). SNTL Praha 1957,
297 stran.

[4] Analyticka metoda v geometrii II. (Celostatni u¢ebnice). SNTL Praha 1958, 202 stran.

B) Pavodni védecké prace:

[1] Kvadratické utvary v hyperbolické neeuklidovské roviné. Spisy pfirodovédecké fakulty
UK, ¢&. 182, Praha 1948, 37 stran.

[2] Les congruences de Lie-spheéres (L-sphéres). Spisy pfirodovédecké fakulty UK, ¢&. 194,
Praha 1950, str. 20— 28.

[3] Plasté kongruence kouli. Casopis pro péstovani matematiky, 80 (1955), str. 317—327.

[4] Prispévek k vybudovani analytické geometrie v roviné a prostcru. Sbornik védecké kon-
ference fakulty inZenyrského stavitelstvi, Praha 1959, str. 137—142.

[5] Neékteré vlastnosti plastu kulovych kongruenci. Sbornik védeckych praci fakulty inZzenyrské-
ho stavitelstvi, Praha 1961, str. 91—95.

[6] Plasté kulovych kongruenci. Prace CVUT, fada 1V, &. 1, &st 1, Praha 1963, str. 53— 56.

[7] Kulové kongruence a jejich plasté. Adjungované pfimkové kongruence a jejich plasté.
Rozpravy CSAYV, fada mat. a pfir. véd, ro¢. 78, sesit 3, Praha 1968, 100 stran.

[8] Diferencidlni geometrie dvojrozmérnych kulovych a pfimkovych variet v E;. Acta Poly-
technica-Prace CVUT, 1V, 1, védecka konference, Praha 1973, str. 119—122.

[9] Differentialgeometrie der zweidimensionalen Kugel- und Linienmannigfaltigkeiten im drei-
dimensionalen euklidischen Raum I. Commentationes mathematicae Universitatis Carolinae
16, 2 (1975), str. 219—243.

[10] Differentialgeometrie der zweidimensionalen Kugel- und Linienmannigfaltigkeiten im drei-
dimensionalen euklidischen Raum II. Commentationes mathematicae Universitatis Caro-
linae 16, 3 (1975), str. 435—457.

[11] Diferencidlni geometrie dvojrozmérnych kulovych a pfimkovych variet v trojrozmérném eukli-
dovském prostoru. Rukopis pivodné pldnované doktorské disertani prace (1975), stran 125.

[12] Adjunktionsfahige zweidimensionale Kugel- und Linienmannigfaltigkeiten im dreidimen-
sionalen euklidischen Raum. Casopis pro péstovani matematiky, 21 stran, v tisku.

C) Jiné:
[1] Sté vyroéi narozenin profesora Jana Sobotky (Spole¢né s A. Urbanem). Casopis pro pésto-
vani matematiky, 87 (1962), str. 382—386.

[2] Sedesat let profesora Aloise Urbana. Casopis pro péstovani matematiky, 97 (1972), str.
437—442.
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&asopis pro péstovani matematiky, roé. 105 (1980), Praha

K 60. NAROZENINAM PROF. RNDR. MILANA PISLA, CSC.

ZDENEK JANKOVSKY, Praha

Dne 8. ervna 1980 se doZil prof. RNDr. MiLaN PiSL, CSc., profesor elektro-
technické fakulty CVUT v Praze, Sedesati let. Narodil se v déInické rodiné v Praze.

Sva sttedoskolské studia absolvoval na redlném gymnasiu v Ji&ing, kde v roce 1939
maturoval. Po maturit& za&al studovat strojni a elektrotechnické inZenyrstvi na CVUT
v Praze. Po uzavieni 8eskych vysokych §kol némeckymi okupanty se vyudil a pracoval
v obchodég; roku 1942 byl nucené nasazen na praci do tehdejsich STW-zavodi v Zalu-
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Zi u Mostu. Po osvobozeni studoval na pfirodovédecké fakulté Karlovy university,
kde v roce 1946 sloZil prvni a v roce 1947 druhou statni zkousku pro obor matematika-
-deskriptivni geometrie. Po kratkodobém piisobeni na gymnasiich v Zatci a v Hoficich
v Podkrkono$i byl vybran jako mlady pokrokovy stiedoskolsky uditel pro nové
utvofeny Statni kurs pro pfipravu pracujicich pro vysoké skoly v Ji€inévsi u Ji¢ina.
Po &tyfletém Gspés$ném pisobeni v tomto kursu piesel v roce 1953 na katedru mate-
matiky a deskriptivni geometrie elektrotechnické fakulty CVUT v Praze jako odborny
asistent. Zde byl jubilant od druhého roku svého pisobeni povéfovan pfednasenim
a zkouS$enim jak v dennim, tak i ve ve€ernim a dalkovém studiu.

V roce 1957 vstoupil do externi aspirantury, kterou uspé$né ukondéil v roce 1961
obhdjenim kandidatské prace K mire bodové trajektorie pfimého a vratného kompla-
ndrniho pohybu a ziskal védeckou hodnost kandidata fyzikaln&-matematickych
véd. V témze roce obhajil pied védeckou radou elektrotechnické fakulty habilitacni
praci K zdkladnim teoretickym otdzkdm komplandrniho pohybu a byl v roce 1962
jmenovan a ustanoven docentem matematiky. V témzZe roce byl jmenovan skolitelem
pro védni obor aplikace matematiky. Na jeho odborny rist mél pfiznivy vliv prof.
dr. Z. Pirko, DrSc., tehdejsi vedouci katedry matematiky.

Na katedfe matematiky zastaval od roku 1962 funkci vedouciho jednoho ze dvou
kabinetil. V roce 1970 se stal na tfileté obdobi zastupcem vedouciho katedry. V roce
1972 byl jmenovan mimofadnym profesorem matematiky elektrotechnické fakulty
CVUT, kde piisobi v tomto postaveni s vyjimkou &tyfleté zahrani¢ni expertizy
v Egypté v letech 1973 —76 dodnes.

Odborna prace jubilantova se soustfedovala na geometrii, zvlasté pak pak kinema-
tickou geometrii. Vysledky jeho prace jsou uloZeny ve 12 ptvodnich &lancich. Vedle
toho vystoupil s fadou odbornych referatii na konferencich u nas i v zahranici. Je
autorem téZ fady pojednéni metodického charakteru. Na katedfe matematiky stal
u zrodu pfedmétu Linearni algebra, ktery i dlouha léta ucil. Je spoluautorem dvou-
dilné celostatni uebnice matematiky a fady skript elektrotechnické fakulty. V sou-
asné dobé je odpovédnym felitelem diléiho ukolu I-5-3/12 Statniho planu zéklad-
niho vyzkumu Metody kinematické analyzy a syntézy.

Profesor Milan Pi§l se vZdy snaZil vedle odborné a pedagogické prace pracovat
téZ v oblasti politicko-vychovné a spoledenské. Dlouhd léta UspéS$né€ plnil funkci
vedouciho uéitele roéniku na fakulté. Pracoval téZ v fadé stranickych a odborafskych
funkci, z nichZ je tfeba zvlasté uvést funkce pfedsedy ZV ROH elektrotechnické fa-
kulty, mistopfedsedy OVOS zaméstnancti ve $kolstvi a vedouciho komise pro vysoké
Skoly MEVOS. Za jeho praci odbornou, pedagogickou i politicko-vychovnou se mu
dostalo fady uznani a medaili. ‘

Prof. Pisl je na svém pracovisti i mimo né vysoce vaZen pro svou peélivost, presnost,
zdravou naroénost i odbornou a pedagogickou zdatnost. Spolupracovnici a pfatelé
prof. Pisla vysoce hodnoti jeho zdsluZnou praci a pieji mu do dalSich let mnoho
zdravi, pracovnich uspéchii a osobni spokojenosti.
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&asopis pro péstovani matematiky, ro¢. 105 (1980), Praha

SEDESAT LET DOC. BORIVOJE KEPRA

KAREL DRABEK, Praha

Na katedfe matematiky a deskriptivni geometrie stavebni fakulty CVUT v Praze
bylo v obdobi hlavnich prazdnin oslaveno dalsi Zivotni jubileum: Dne 7. srpna 1920

se v Tabofe narodil jeji vyznamny pedagogicky a védecky pracovnik doc. BoRivoy
KEPR.

Jeho otec byl zamé&stnancem Ceskoslovenskych statnich drah (pfed odchodem
do diichodu strojviidcem). Je nejstar§im ze sedmi déti a vyristal tedy proto ve velmi
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skromnych pomérech. Do obecné koly chodil v Tabofe (1926 —1931), rovn&z v Ta-
bofe navitévoval &. statni redlku (1931 —1938). Po maturit& s vyznamenanim zapsal
se na podzim 1938 na Vysokou §kolu architektury a pozemniho stavitelstvi, kde se
tehdy studovalo uditelstvi kresleni na stfednich $kolach. Zahy po zapise objevil
u néj profesor kresleni BlaZicek zmény v barevném vidéni. Vzhledem k této zavainé
skutednosti pfeSel jest& v zimnim semestru 1938/39 na pfirodovédeckou fakultu
university Karlovy, kde studoval matematiku a deskriptivni geometrii az do uzavieni
Geskych vysokych skol 17. 11. 1939. Béhem této své prvni &asti vysokoskolskych
studii bydlel v Hlavkovych studentskych kolejich, do nichZ byli pfijimani pouze
nemajetni a vyborné studujici uchazeéi. Pfesto Ze mél socialni stipendium, mél stale
nékolik kondic, takZe se na studiich v Praze sim vydrZoval.

Den 17. listopadu stravil v ruzyiiskych kasdrnach, odkud vsak byl jako mladsi
21 let propustén. Pracoval pak jako délnik na vypomoc u Tratové stavebni spravy
Tabor na malych stanicich v jeho okoli od 2. 12. 1939 do 9. 5. 1945. Pak nasledovala
druh4 &ast jeho studii (op&t s ubytovanim v Hlavkovych kolejich), kterou ukongil
v prosinci 1946 sloZenim II. statni zkousky (z matematiky jej zkouseli prof. BydZzovsky
a Kossler, z deskriptivni geometrie prof. Vygichlo), &imZ ziskal potfebnou aprobaci
pro stiedni Skoly.

Od $kol. roku 1946/47 piisobi jako vysokoskolsky ugitel a to nejdfive jako pomocna
védecka sila v Ustavu deskriptivni geometrie a stereotomie na Vysoké $kole inze-
nyrského stavitelstvi u prof. Kadefavka, s nimZ se setkal jiz v roce 1938/39 jako
se svym ulitelem deskriptivni geometrie a u néhoz také 23. 6. 1939 vykonal piislusnou
zkougku (v nauce velmi dobfe, ve cvigenich vyborng). Od roku 1947/48 je jiz asisten-
tem deskriptivni geometrie, kdyzZ pfed tim byl vypomocnym asistentem. Po zfizeni
katedry matematiky a deskriptivni geometrie (pod vedenim prof. Vy¢ichla), byl od
1. 4. 1950 do 31. 12. 1954 odbornym asistentem. Po habilitaénim Ffizeni na fakult&
inZenyrského stavitelstvi (FIS) byl v obdobi od 1. 1. 1955 do 28. 2. 1958 zastupcem
docenta a od 1. 3. 1958 aZ dosud pracuje jako docent.

Po smrti prof. Vy&ichla pfevzal vedeni katedry (kdyZ v letech 1950 — 1955 byl jejim
tajemnikem) na FIS, s niZ se nejdfive sloudila zem&méficka fakulta a od 1. 7. 1960
vedl katedru na stavebni fakult® (vzniklé daliim sloudenim fakulty architektury
a pozemniho stavitelstvi a &asti fakulty ekonomicko-inZenyrské). Tato katedra
patfi k nejvétsim katedram (ma dnes 40 uditelskych sil) a jeji vedeni po pedagogicks,
politické, védecko-vyzkumné a administrativni strance vyZaduje velmi mnoho zkuse-
nosti a sil. Vzhledem ke zdravotnim divodiim se 31. 12. 1968 vedeni této katedry
vzdal.

Doc. Kepr aZ dosud prosel mnoha stranickymi a odborafskymi funkcemi na pra-
covisti, nevyhyba se vSak ani vefejnym funkcim v misté bydli§té. Za prici ve Svazu
eskych protifastickych bojovnikd mu byl OV CSPB udélen Pamétni odznak.

Skutednym poté§enim doc. Kepra je vyuka oblibené deskriptivni geometrie a proto
v soudasné dobé téZce nese znafnou redukci hodin ji pfidélovanych. To zejména
proto, Ze dfive pracoval v mnoha reformnich a pfestavbovych komisich pro stavebni
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obory, ale s tak odmitavym a zcela nepochopitelnym postojem z fad praktickych
pfedméti se nikdy nesetkal.

Doc. Kepr vedle své pedagogické prace v deskriptivni geometrii se vénuje védecké
a odborné praci v diferencidlni geometrii. Za uspéchy na pedagogickém a politicko-
-vychovném poli obdrzel Cestné uznani rektora CVUT (1960) a dikana stavebni
fakulty (1968, 1976) a v roce 1975 potom Medaili CVUT 2. stupné.

Doc. Kepra si na jeho pracovisti vSichni velmi vaZi pro jeho kamaradské chovani
k mlad§im spolupracovnikiim, skromné vystupovani a ochotu vZdy se zamyslet
tfeba nad sebe mensim osobnim i védeckym problémem a pomoci hledat jeho nej-
lepsi feSeni. Zvlast uctyhodna je jeho pfislove¢na pe€livost ve vyfizovani svéfenych
ukolt a jejich vzorné provedeni.

Z katedry matematiky a deskriptivni geometrie na stavebni fakulté CVUT a téz
z ostatnich sesterskych kateder mu proto piejeme do dalSich let hodné pevného
zdravi a pfi pohledu zpé&t na fady studentd, které vedl jako roénikovy ugitel, pfip. jako
jejich skolitel, plnou osobni spokojenost.

SEZNAM PRACI DOC. BORIVOJE KEPRA

A) Knihy:

[1] Prostorova perspektiva a reliefy (spol. s F. KadeFdvkem). Praha CSAV 1954.

[2] Pfehled uzité matematiky (vedouci autor K. Rekrorys). Kap. 9: Diferencidlni geometrie.
Praha SNTL, 1. vyd. 1963, 2. vyd. 1967, 3. vyd. 1973.

[2a] Survey of applicable Mathematics. Chap. 9. V SNTL pro 1liffe Books Ltd., London, 1969.

[3] Zéaklady diferencidlni geometrie s technickymi aplikacemi (spol. s B. Budinskym). Praha SNTL
1970.

[4] Encyklopedie aplikované matematiky I. dil (spoluautor), SNTL Praha 1977.

[5] Encyklopedie aplikované matematiky II. dil (spoluautor), SNTL Praha 1979.

B) Skripta:

[1] Deskriptivni geometrie a stereotomie,-I. ¢4st (spoluautor). Praha, SPN 1951 (dal$i vydani
SNTL 1954, 1959).

[2] Deskriptivni geometrie a stereotomie, II. ¢ast (spoluautor). Praha, SPN 1952 (dalsi vydani
v SNTL 1953, 1954).

[3] Zéklady diferencialni geometrie kfivek a ploch. Praha, SNTL 1955.

[4] Zaklady diferencidlni geometrie s aplikacemi na plochy pouZivané ve stavebné inZenyrské
praxi. Praha, PPU 1965.

[5] Deskriptivni geometrie III. (spoluautor). Praha SNTL 1963, 1965, 1974.

C) Védecké &lanky:

[1] O konstrukei paraboly, jsou-li dany jeji tfi tedny a norméla. Casopis 75 (1950), D 151—154.

[2] O vlastnostech n&kterych k¥ivek inZenyrské praxe (spol. § K. Drdbkem). Sbornik k 70. naroze-
nindm prof. Ing. Dr. Frantiska Kadefdvka: Geometrie v technice a uméni, Praha SNTL,
1955, 20—46.

[3] Pfispévek k proniku dvou ploch. Pokroky mat., fyz. a astr., 7 (1956), 242.

[4] P¥ispévek ke geometrii kfivek spAdovych. Pokroky mat., fyz. a astr., II (1957), 365—367.
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[5] Prispévek k rovnob&Znému osvétleni ploch. Sbornik fakulty inZenyrského stavitelstvi CVUT
v Praze, 1957, 149—152.

[6] Prispévek k rovnobéznému pienosu vektoru plochy. Sbornik fakulty inzenyrského stavitelstvi
CVUT v Praze, 1958, 143—148.

[7] K hodnoceni dila Jana Sobotky (spol. s K. Havlickem, A. Urbanem a Z. Vanéurou). Zpravy
komise pro d&jiny pfirodnich, lékafskych a technickych véd CSAYV, ¢&is. 13 (1963), 29— 34.

D) Odborné a metodické &¢lanky:

[1] Funkce a jeji grafy. Sbornik pfednasek z matematiky SIU, Praha 1956, 24— 51.

[2] Technické k¥ivky. Sbornik pfednaSek z matematiky SIU, Praha, 1956, 51— 69.

131 O n&kterych k¥ivkach. Rozhledy mat.-fyz. 43 (1964/65), 250—252, 308—314, 351—358,
399—403, 442—446 a Rozhledy 44 (1965/66), 13—17, 65—68, 113—115, 161—165, 216—219,
263—267, 308—311, 356—360.

[4] Prijimaci zkousky z deskriptivni geometrie na technice. Rozhledy mat.-fyz. 45 (1966/67),
327—352.

E) Zivotopisné &lanky:

[1] Sedmdesét let prof. Dr. Kadefdvka. Casopis pro pést. mat. 80 (1955), 375—382.

[2] Prof. Dr. Kadefavek — nositel R4du republiky. Casopis pro pést. mat. 87 (1956), 128.

[3] Prof. Dr. Fr. Vy¢ichlo — nositel Radu prace. Casopis pro pést. mat. 81 (1956), 496.

[4] Za prof. RNDr. Fr. Vy¢ichlo. Rozhlcdy mat.-fyz. 36 (1958), 95—96.

[5] Sedmdesatpét let profesora Franti¥ka Kadef4vka. Casopis pro pést. mat. 85 (1960), 384—385.

[6] Sedmdesatpét let prof. Dr. Frantitka Kadefavka. Aplikace matematiky 5 (1960), 479—485.

[7] Zemfel prof. Ing. Dr. Fr. Kadefavek. Casopis pro pést. mat. 87 (1962), 113—114.

[8] Vzpomindme na prof. Kadefdvka. Pokroky mat., fyz. a str. 11 (1966), 40.

[9] Sedesat let doc. RNDr. Karla Drabka, CSc. Casopis pro pést. mat. 102 (1978), 319—325.
[10] K Sedesatindm docenta Drabka. Pokroky mat., fyz. a astr. 23 (1978), 108—109.

Pro matematické ¢asopisy sepsal vice nez 20 recenzi knih, dale 9 lektorskych posudkii pro SPN
a SNTL a vice ne 10 recenznich posudki &lankt pro jejich uvetejnéni v Casopise, Aplikacich,
pfip. Pokrocich.
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PATE PRAZSKE TOPOLOGICKE SYMPOSIUM

Od roku 1961 se kond v Praze kazdych pét let Symposium o obecné topologii a jejich
vztazich k moderni analyze a algebfe. Paté symposium se bude konat ve dnech 24. aZ 28.
srpna 1981 v Praze. Zjemci se mohou pisemné obritit na akademika Josefa Novaka, Mate-
maticky ustav CSAV, Zitna 25, 115 67 Praha 1.

Redakce.

428



SUMMARIES OF ARTICLES PUBLISHED IN THIS ISSUE

(Publication of these summaries is permitted)

MirosLAV DoNT, Praha: Pozndmka o linedrni mire Vituskinovych mnozin.
(A note on linear measure of Vitushkin’s sets.) Cas. p&st. mat. 105 (1980),
23—30. (Original paper.)

It is shown that there is a compact set M < <0, 1) x {0, 1) = R? with
linear Hausdorff measure 1 but such that its orthogonal projections on the
coordinate axes are the whole segments {0, 1) x {0}, {0} x <0, 1). The
construction of that set is the same as Vitushkin’s construction of the set with
positive linear measure but with zero analytic capacity.

Avois KvLi¢, Praha: On exceptional values of holomorphic mappings of
Riemann surfaces. Cas. pést. mat. 105 (1980), 41—55. (Original paper.)

Let f: V— M be a holomorphic mapping from an open Riemann sur-
face V into a closed Riemann surface M. In this paper the generalized
Cartan’s formulae are derived. These formulae are used to prove theorems
giving sufficient conditions for d(ay) = 0, a, € M.

KAREL SvOBODA, Brno: On characterization of the sphere in E* by means
of the parallelness of certain vector fields. Cas. pést. mat. 105 (1980), 56—72.
(Original paper.)

In this paper the author presents a certain generalization of the result
contained in his previous paper. Using the parallelness of a certain normal
vector field associated to a given couple of tangent vector fields, the author
proves theorems analogous to those of his previous paper to get the base
for other considerations.

ANTON DEKRET, Zvolen: On forms and connections on fibre bundles. Cas.
pést. mat. 105 (1980), 73— 80. (Original paper.)

In this paper some properties of the differentiations of type i, on A(E) deter-
mined by the connection form v: TE — VTE and by the curvature form
@ : TE A TE — VTE of a connection I'": E — J'E on a fibre space 7 : E —
—> M are described. If a bilinear form @ on E is regular on fibres of E then
there is such a connection I' that w(Y, X) = O for any vertical vector ¥
and any horizontal vector X. Necessary and sufficient conditions for T to
be integrable are found in terms of w.



XAPAKTEPUCTUKU CTATEN, ONYBJIMKOBAHHBIX
» B HACTOAIIEM HOMEPE

(3TH XapaKTEpHCTHKH IO3BOJIEHO PENpOIyLHPOBaTh)

MIrosLAV DoNT, Praha: Pozndmka o linedrni mire Vituskinovych mnoZin.
Cas. pést. mat. 105 (1980), 23—30.

3ameqyaHue O JMHEHHOM Mepe MHOXecTB Butymxuna. (OpUruHajbHas
CTaThs.)

TMoxa3ssiBaeTcs, 4TO CymecTsyet xommaxt M < <0, 1) x 0,1) < R?,
nuHeinas mepa Xaycnopda KOToporo paBHa 1 M OpTOroHasIbHbIE MPOEKLIUU
Ha KOOpAMHATHBE OocH coBnajzaroT ¢ mpomexytkom <0, 1). KoHcTpyxuus
3TOr0 MHOXECTBA COBNAJAeT C KOHCTPYKUHEH BHTYIIXMHA MHOXECTBA C IIO-
JIOXKHTE/IbHOMK JIMHEHHOM MEpOM HO HYJICBOM aHAJIMTHYECKON €MKOCTBIO.

Arois KLi¢, Praha: On exceptional values of holomorphic mappings of
Riemann surfaces. Cas. pést. mat. 105 (1980), 41—55.

OO6 HCKIIIOYHTE/BHEIX 3HAYEHUAX TOJIOMOPdHBIX 0TOOpaxeHuit PAMaHOBbBIX
nosepxHocTelf. (OpHruHaIBbHAA CTAThA.)

Iycts f: V—> M — ronomopdHoe oTOOpakeHHe OTKPHITOH DPHMAaHOBOM
MOBEPXHOCTH V B 3aMKHYTYIO PHMaHOBY IIOBEPXHOCTb M. B cTaThe BBIBEEHBI
o0606mennble KapranoBst ¢opmynsl. C moMoubio 3THX GopMynr [oKa3aHbI
TEOPEMBI, JAIOLIAE NOCTATOYHBIE YCJIOBHSA AJI OTCYTCTBHA HedEKTHBIX 3HA-
YeHHH.

KAREL SVOBODA, Brno: On characterization of the sphere in E* by means
of the parallelness of certain vector fields. Cas. p&st. mat. 105 (1980), 56—72.

O xapaxTepu3auuy chepsl B E4 ¢ IOMOIIBIO NapaniebHOCTH HEKOTOPBIX
BEKTOPHBIX moJie#t. (OpuraHanbHas CTaThs.)

B craTthe 06061aI0TCA HEKOTOPHIE PE3YNIBTATHI, COAEPXKALIHECH B MPEbINY-
IIAX CTaThsX aBTOpa. Vicnomns3ys napajuieIbHOCTh HEKOTOPOro HOPMalbHOIO
BEKTOPHOTO II0JIsl, ACCOLIMAPOBAHHOIO C NaHHOM Mapo# KacaTeNbHBIX BEKTOP-
HBIX IIOJIEH, ABTOP JAOKA3bIBAET TEOPEMBI, AaHAJIOTHYHEIE TEOPEMaM €ro npeabl-
nyumx paboT, yTo6bl mosyyuTh 6a3y Is OPYrHX pacCyXICHHH M BHIBOHOB.

ANTON DEKRET, Zvolen: On forms and connections on fibre bundles. Cas.
pést. mat. 105 (1980), 73— 80.

®opMBI M CBA3HOCTH Ha PacCCIOEHHBIX MpocTpaHcTBax. (OpurmHanbHas
CTaThA.)

B 3T0if cTaThe OMMCaHbl HEKOTOPbIE CBOMCTBA AU PepeHIIMPOBAHMH THIA i,
onpeneneHnsix dopmoit V : TE — VTE u popmoit xpupa3ubl @ : TE A TE —
— VTE cessaocta I': E = J'E na PACCIIOEHHOM INpoCTpaHcTBe 7 : E — M.
Ecnmn OwimmHeinas dopMa o perynasipHa MO CJIOSM, TO CYIIECTBYeT CBS3-
HocTh I, ut0o (Y, X) = 0 1/1s KaXOOro BEpTHKAILHOTO BEKTOPa Y M KaXIoro
TFOPH30HTAILHOrO BekTopa X Ha E. C nomMombo GopMsel @ HalAEHBI 1OCTAa 04~
HElE M HEOGXOMMMEBIE YCIIOBHS 1A TOTO, 4TOOHI CBA3HOCTL I  6BLIA MHTErpH-
pyeMoii.



SUMMARIES OF ARTICLES PUBLISHED IN THIS ISSUE

(Publication of these summaries is permitted)

VEROSLAV JURAK, Podé&brady: Conjugate cyclic (v, k, A)-configurations.
Cas. p&st. mat. 105 (1980), 31—40. (Original paper.)

This article presents the subject of conjugate cyclic (v, k, A)-configurations
by an investigation of a certain isomorphism of these configurations.

MIROSLAV Sova, Praha: Relation between real and complex properties of
the Laplace transform. Cas. pést. mat. 105 (1980), 111—119. (Original
paper.)

Necessary and sufficient conditions are given for the existence of the
Laplace originals in terms of the behaviour in the complex halfplane without
involving higher derivatives.

ZDENEK VANCURA, Praha: Adjunktionsfihige zweidimensionale Kugel-
und Linienmannigfaltigkeiten im dreidimensionalen euklidischen Raum. Cas.
pést. mat. 105 (1980), 120—132. (Originalartikel.)

Im vorgelegten Artikel, der mit den vorhergehenden Arbeiten des Autors
in der Differentialgeometrie von zweidimensionalen Kugel- und Linien-
mannigfaltigkeiten im dreidimensionalen euklidischen Raum eng zusammen-
hingt, versuchen wir den Begriff von adjunktionsfihigen bzw. adjunktions-
unfidhigen zweidimensionalen Kugel- und Linienmannigfaltigkeiten im drei-
dimensionalen euklidischen Raum zweckmissig zu definieren und systema-
tisch zu studieren.

Jikf MATYSKA, Praha: An example of removable singularities for bounded
holomorphic functions. Cas. pést. mat. 105 (1980), 133—146. (Original
paper.)

The goal of this paper is a construction of a function f: {0,1> - R
satisfying the Holder condition with every exponent & << 1 such that the
graph of f carries a set of positive length and zero analytic capacity.

Jikf HNILICA, Praha: Der verallgemeinerte Ljapunovsche Oszillationssatz.
Cas. pést. mat. 105 (1980), 147—166. (Originalartikel.)

In dieser Arbeit untersuchen wir die lineare homogene verallgemeinerte
Differentialgleichung mit periodischen Koeffizienten (H) dx = d[4,] x,
wobei x = (x;, x,)* eine Vektorfunktion und A,(s) eine 2 X 2 Matrix

der Form
0, s
A.(s) =
i) (—1 &(s), o)

sind. Seien ferner @ eine reelle Funktion mit lokal endlicher Variation im
ganzen Interval (— o0, + ) und A€ C ein Parameter. In dieser Arbeit
wird gezeigt, dass die Verallgemeinerung des Ljapunovschen Oszillations-
satzes, der die Verhaltung der Lésung der Gleichung (H) in der Abhéngigkeit
vom Verlauf des Parameters A ganz charakterisiert, gilt.



XAPAKTEPUCTHUKU CTATEW, ONYBJIMKOBAHHBIX
B HACTOSMEM HOMEPE

(3TH XapakTEpPHCTHKH MO3BOJICHO PENpOayIHPOBATE)

-

VErosLAV JURAK, Podé&brady: Conjugate cyclic (v, k, A)-configurations.
Cas. pést. mat. 105 (1980), 31— 40.

ConpsokeHHble LMKIHYecKAe (v, k, 1)-koHpurypauund.  (OpHruHajIbHAA
CTaThA.)

B craThe H3y4aroTcs compskeHHble (v, k, A)-KOHOHUrypauud NpH OOMOIIH
HEKOTOPBIX MX H30MOPGH3MOB.

MIROSLAV Sova, Praha: Relation between real and complex properties of
the Laplace transform. Cas. pést. mat. 105 (1980), 111—119.

OTHOIEHNE MeXOy OeHCTBATENILHBIMA M KOMIUIEKCHBIMH CBOMCTBaMH IIpeo-
6pasoBanns Jlamnaca. (OpHruHaIbHAs CTaThs.)

B crathe HalieHsl HEOOX0AUMBIE H JOCTATOYHBIE YCIIOBHS IJIS CyLIeCTBOBA-
Hus opurEHaioB Jlamiaca. OTH YClIOBHS COOPMYIMPOBAaHEI B TEPMHHAX
nmoBeeHAsA GYHKLIHH B KOMIUIEKCHOM NOJTYIUIOCKOCTH M HE BKJIFOYAIOT BHICIIHX
NPOM3BOIHBIX.

ZDENEK VANCURA, Praha: Adjunktionsfahige zweidimensionale Kugel- und
Linienmannigfaltigkeiten im dreidimensionalen euklidischen Raum. Cas. pést.
mat. 105 (1980), 120—132.

IIpucoenunsieMbie AByXMEpHbIe chepHUecKre M JIHHEHYaThle HOBEPXHOCTH
B TPEXMEPHOM €BKJIAAOBOM IpocTPaHcTBe. (OpHrHHAIBHAS CTAThA.)

B craThe, TECHO CB3aHHOM C mpesIaymuMHE paGoTamm asTopa no audde-
PEHIIHAIbHOX TeOMETPHA ABYXMEDHBIX ChepHYeCKHX M JIMHEN4aThIX IOBEpPX-
HOCTeH B TPEXMEPHOM NPOCTPAHCTBE, IPEAIPAHAMAETCSA MONBITKA Pa3yMHBIM
06pa3oM OmpedenuTh NOHATHE NPHCOCOMHAEMBIX M HENPHCOEIUHAEMBIX
IBYXMEDHBIX CepHYecCKHX M JIMHEH4YaThIX HOBEPXHOCTE B TPEXMEPHOM
€BKJIAZIOBOM IPOCTPAHCTBE H MCCIIENOBAaTh €ro CBOHCTBA.

Jikf HNILICA, Praha: Der verallgemeinerte Ljapunovsche Oszillationssatz.
Cas. pést. mat. 105 (1980), 147— 166.

06061menne ogHo#t TeopeMsl JIanyHosa. (OpHrMHAILHAS CTAThS.)
B pabore wm3yuwaercs o06obmenHoe nmpdepeHIHaNILHOE YpaBHEHHE
(H) dx = d[4,] x, roe x = (xq, x3)* — BekTOpHas QpyHKUHsA B MaTPHLA A,(s)

HMEET BHAO
0, K}
A4 = (—A (s), 0) :

Ilpm 3ToM P — nelicTBHTENbHAA QYHKIHA C JIOKAJIBHO KOHEYHHIM H3MEHEHHEM
BO BCeM HHTepBaiie (— 0, + ). B paGore mokazaHo 0606iieHne TeOpeMbI
JIsmyHOBa, KOTOpPOE B MONHOH Mepe XapakTepu3yeT pelneHHs ypasHenus (H)
B 3aBHCHMOCTH OT mapamerpa A.



PAVEL DRABEK, Plzet:: Ranges of a-homogeneous operators and their
perturbations. Cas. pést. mat. 105 (1980), 167—183.

O6nacTn 3HaYeHHH g-0OMHOPOAHBIX ONEPATOPOB H HX BO3MyIneHH#. (Oparu-
HaJIbHAA CTaThA.)

B cTaThe H3y4aeTCsi CymeCTBOBaHHE pemeHns kpaesoit 3anaun — (|u’(1)|P~ 2
(D) — plut (O w0 + VT @O wT @) + g, w(t) = f(0),
u(0) = u(n) = 0 B untepsase 0, T ), rue 4 KV — BEILECTBEHHbIC TAPAMETPSI,
P = 2 — BeIlECTBEHHOE YHCIIO, § — BEILECTBEHHAA (QyHKIHA, ONpeAe/ICHHAS B
{0, n) % R! (cumBON R! 0603HaYaeT MHOXECTBO BCEX BEIIECTBEHHBIX YHCEN), H
f— Bemectennasn dynxuus, onpenenentas B {0, & ). OyHKuAA u” wu~ onpe-
mensiroTes cenyommm o6pasom: u ™ () = max {u(r),0}, u” (£) = max { —u(?),
0}. Bropas yacTh CTaThH IPEACTaBIsAET COGOM pe3toMe pe3yIbTaToB, OMyOIHKO-
BAaHHBIX B OJHOH cTaThe V1. TapHera. B Tpephbeit 4acTH 3TH Pe3yNILTAT b IPHMe-
HAIOTCA K KPaeBbIM 3a/1a4aM s HeluHedHoro ypasHenus IItypma-Jluysuas
BTOPOTO NOPAIKA U IIsl HEKOTOPOr'O TAIA yPaBHEHHM B YACTHBIX IPOH3BOMHBIX.
B nocieiHeii YaCcTH H3yYaeTCA Pa3pemMMOCTb KPaeBoii 3a 1ayuH [I/1A HETAHEHHOr O
ypaBHenus IItypma-JIMyBHIIS BTOPOrO HOPAOKA C HOCTOSHHBIMH K03ddu-
LHEHTaMH B 3aBHCHMOCTH OT DapameTpoB £ H v. IIpH 3TOM KpOMe MeTO[0B
KJIaCCHYECKOTO aHAJIA3a MCIOJNB3YIOTCs CBOMCTBa crenenu Jlepe-layaepa.

JoserF KRAL, STANISLAV MRZENA, Praha: Heat sources and heat potentials.
Cas. pést. mat. 105 (1980), 184—191.

TennoBble HCTOYHHAKH M TEIUIOBBIE MOTeHUHAbl. (OpArdHaIbHAA CTAThA.)

Ilycts v — Gopenesckast Mepa B R™ ¢ KoMOakTHEIM HocHTeneM. Mccneny-
I0TCSl HeOOXOAMMEBIE H JOCTATOYHBIE YCIIOBHSA, 00eCieYnBaIOLIHE CYIIIECTBOBA-
HHe HeTPHBHATHHOH Mephl ¢ B RY, KOTOPOM TEILTOBO# MOTEHLHAJT MEPhI
vr®es Rl HeNpepHIBEH WM HenpepbiBeH o [enbaepy.

MirosLav DonTt, Praha: The heat and adjoint heat potentials. Cas. pést.
mat. 105 (1980), 199— 203.

TenoBbie H CONpPAXEHHbIE TEIIOBHIE NIOTeHIHMabl. (OpPHrHHAIBHAS CTATHA.)

ABTOD NOKa3BIBAET, 4TO CYILIECTBYET Mepa C KOMIAKTHAIM HOCHTeEM B R2,
U1 KOTOPOH TEIUIOBOM MOTEHLHAJI HENPEPHIBEH, HO CONPSIKCHHBIA MOTEHIAAI
HE HENpepbIBEH.

LApisLAV NEBESKY, Praha: On the existence of a 3-factor in the fourth
power of a graph, Cas. pést. mat. 105 (1980), 204— 207.

O cymectBoBanuH 3-pakropa B 9eTBepTOit cTenenu rpada. (OpuraHambHas
CTaThA.)

Jloka3siBaeTcs cienyiomias TeopeMa: ecntd G — CBA3HBIA rpad 4eTHOro
nopsizka = 4, to G* o6nanaer 3-dakTopoMm, Kaxaas KOMIIOHEHTA KOTOPOro
ects 6o K, mibo K, X K;. Orta TeopemMa HMeeT Takoe CIIeICTBHE: eCIIH
G — cBs3uBI rpad) yeTHOrO MopsaKa = 4, To G* COIEPXKHT O KpaiiHelt Mepe
TpH 1-pakTOops! Ge3 06X BepmMH.



PAaveL DRABEK, Plzet: Ranges of a-homogeneous operators and their
perturbatiops. Cas. pést. mat. 105 (1980), 167—183. (Original paper.)

This paper deals with the existence of the solution of boundary value
problem —(|u' ()P~ 2 w(t)) — plut@)|P "2 u (1) + v|u"@|P "2 u" (@) +
+ g(t, u(t)) = f(t), u(0) = u(w) = 0 on the interval {0, n), where x and v
are real parameters, p = 2 is a real number, g is a real function defined
on <0,7) X R! (symbol R! denotes the set of all real numbers) and f
is a real function defined on {0, ©). The functions #* and 4~ we define as
follows: u*(¢) = max {u(t),0}, u™(¢) = max {—u(),0}. Section 2 is
a summary of the main results contained in the paper by J. Garnett. In
section 3 the author gives some applications of the second part of this
paper to the boundary value problems for differential equations, particularly
for the nonlinear Sturm-Liouville equation of the second order and for
a certain type of partial differential equations. Section 4 is devoted to the
study of the nonlinear Sturm-Liouville equation of the second order with
constant coefficients. The author discusses the existence of weak solutions
of the homogeneous boundary value problem in dependence on the para-
meters z2 and v. The methods of the proofs are based on the properties of
the Leray-Schauder degree and on the methods of classical analysis (the
shooting method).

Joser KRAL, STANISLAV MRZENA, Praha: Heat sources and heat potentials.
Cas. pé&st. mat. 105 (1980), 184 —191. (Original paper.)

Let v be a compactly supported Borel measure in R™. Necessary and suf-
ficient conditions are investigated guaranteeing the existence of a non-
trivial measure ¢ in R! such that the heat potential of v ® ¢ in R™*! is
continuous or Holder-continuous.

MirosLAV DoNT, Praha: The heat and adjoint heat potentials. Cas. pést.
mat. 105 (1980), 199— 203. (Original paper.)

In this note it is shown that a measure with compact support in R? and
with continuous heat potential in R? but with discontinuous adjoint heat
potential exists.

LADISLAV NEBESKY, Praha: On the existence of a 3-factor in the fourth
power of a graph. Cas. p&t. mat. 105 (1980), 204 —207. (Original paper.)

The following theorem is proved: If G is a connected graph of an even
order =4, then G* has a 3-factor, each component of which is either K,
or K, X K;. This theorem implies the following corollary: If G is a con-
nected graph of an even order >4, then G* has at least three edge-disjoint
1-factors.
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VAcLAV METELKA, Liberec: O jistych rovinnych konfiguracich (124, 163)
obsahujicich B, C a E-body a konfiguracich singuldrnich. (Uber gewisse
ebene Konfigurationen (124, 165) die B-, C- und E-Punkte enthalten und
fiber singuldre Konfigurationen.) Cas. pést. mat. 105 (1980), 219—255.
(Originalartikel.)

Dieser Artikel ist ein Teil eines umfangreichen Planes, in dem die Kon-
figurationen (124, 163) systematisch untersucht werden. Diese werden durch
Punkte und Geraden in der Projektivebene realisiert.

In der Literatur wurden bisher Konfigurationen beschrieben, die min-
destens einen A-Punkt, oder mindestens einen D-Punkt enthalten und eben-
falls sind alle Konfigurationen ohne B-Punkte bekannt. Deswegen befasst
sich der Autor mit der Untersuchung solcher Konfigurationen, welche
mindestens einen B-Punkt (aber keinen der 4- und D-Punkte) enthalten.

\Diese Teilmenge der ebenen Konfigurationen ist sehr umfangreich und
wenn sie libersichtlich beschrieben werden soll, dadurch ist es fast unver-
meidlich die B-Punkte (und dadurch auch die entsprechenden Konfiguratio-
nen) wesentlich kontrastvoller zu klassifizieren. Diesen Weg hat der
Autor gewihlt und beschrinkte sich nur auf Konfigurationen mit B3-
Punkten ohne B*-Punkte, welche mindestens einen Punkt des Typs E und
einen Punkt des Typs C enthalten. Alle diese Konfigurationen wurden gefun-
den, in der Arbeit beschrieben und fiir 90 von denen wurde die Realisierbar-
keit bewiesen.

Als einen besonders interessanten Beitrag zur Theorie der ebenen Kon-
figurationen definiert der Author singulire Konfigurationen, von denen
eine auf der bzigelegten Abbildung dargestellt wird.

ZpENEK DOSTAL, Ostrava: [ -normof iterates and the spectral radius of
matrices. Cas. pést. mat. 105 (1980), 256 — 260. (Original paper.)

A recurrent formula for max {|4*|, :]4|, <1, |4]|; <r, 4 € C™}

is given, where r < 21/" — 1 and k = n. A matrix attaining the maximum is
explicitly evaluated.

OTAKAR JAROCH, Praha: Integral representation of orthogonal exponential
polynomials. Cas. pést. mat. 105 (1980), 261—265. (Original paper.)

Orthogonal exponential polynomials oep,(¢) result by orthogonalization
from the system of exponential functions in L,(0, 4-o0). Functions of this
kind have been used in engineering and science. Two integral representations
are derived, which are analogous to the Schlifli and Laplace integrals in the
theory of Legendre polynomials.



XAPAKTEPUCTHUKM CTATEWU, OITYBJIUKOBAHHBIX
B HACTOSAIIEM HOMEPE

-

(OTH XapakTEPUCTUKH NO3BOJIEHO PENPONYLHEPOBATD)

VAcLAvV METELKA, Liberec: O jistych konfiguracich (124, 163) obsahujicich
B, C a E-body a konfiguracich singuldrnich. Cas. pést. mat. 105 (1980),
219—255.

O xoHpurypaumsax (124, 163), conepxaumx B-, C- u E-TOYKH, ¥ O CHHIYJs~
pHBIX KOHOUrypauusx. (OpUraHaibHas CTaThs.)

CraTbs SIBNIETCA 4aCThIO OOLIMPHOTrO ILIaHA, LEIbI0 KOTOPOro SBJACTCA
CHCTEMATHYECKOE HCclienoBaHne KoHourypaummit (124, 163), peamusyeMsix
TOYKAMM M OPAMBIMHA JIHHHAMH TPOEKTHBHOMR ILIOCKOCTH.

Jo cux nop OblH B THTEpaType OMMCAHBI KOHGHUIypauuy, cogepxalie mno
KpaitHeit Mepe OmHY A-TOYKY WM D-TOYKY, ¥ TAaKXe XOPOIIO M3BECTHbI BCE
KoHurypauun Ge3 B-touek. I103TOMYy aBTOP OrpaHMYMBAETCH H3Y4YECHHEM
KOHGUrypauuif, coaepxalimx XoTh OAHY B-TOYKY M HECOAEpXallMX A-TOYeK
H D-TO4ex.

Oxka3biBaeTCsl, 4TO MHOXECTBO TaKHX KOH(Urypaluif B INIOCKOCTH SBIIAETCSA
ovYeHb OOJIBIIMM, TaK YTOIJISA €rO HATJIAOHOrO OMHCAHMSA IOYTH HEOOXOouMo
6Gonee TOHKO knaccHGMUMPOBATH TOYKH THNA B (M TEM CaMbIM Takxe CO-
OTBETCTBYIOIIKE KOHurypauuu). UMeHHO 3TOT myTh aBTOp BhIOpan u orpa-
HHYMJIICA TOJIbKO KOH(HrypauusMu c B3-'rotucaw1, Ge3s B*-Touex m c xoTh
onHo# Toyko# THna E u ¢ XoTh oxHOM Toyko# THna C. Bee 3TH KoHUTrypauun
Halen, onucaa ¥ A 90 U3 HUX J0Ka3ajl UX Peaii3yeMOCTh B INIOCKOCTH.

OCOGEHHO MHTEpPECHBIM BKJIAOOM B TEOPHIO IUIOCKMX KOHGHUrypaumi
ABJISIETCS OTPENIENICHHE aBTOPA CHHTYJIAPHBIX KOHGUIYpaLuii, OJHA M3 KOTOPBI
H306paxeHa Ha NMPHUIJIOXKEHHOM PHCYHKE.

ZpENEK DostAL, Ostrava: [ -norm of iterates and the spectral radius of
matrices. Cas. pést. mat. 105 (1980), 256 — 260.

| ,-HOpMa HTepaudii H CIeKTpanbHblH paguyc MaTpuu. (OpuruHanbHas
CTaThs.) ’

B pa6ote Hailinena pexypeHTHas ¢opMyna IJIs max {IA"I o ldle =1,
ldls=r. A€ C'"'}, raer < 2171 gk > n. KpoMe TOro sBHO BLIYHC/IEHA Ma-
TPHIA, NOCTHIAIOMAs 3TOr0 MAaKCHMYyMa.

OTAKAR JAROCH, Praha: Integral representation of orthogonal exponential
polynomials. Cas. pést. mat. 105 (1980), 261—265.

HHTErpanbHoe NpenCTaBIeHHE OPTOTOHAJBHBIX 3KCIOHEHLHAJIBHBIX MHO-
rowieHoB. (OpUruHaIbHas CTAThA.)

OpToroHanbHble 3KCIIOHEHUMATLHBIE MHOTOWIEHBI O€P,(f) BO3HHKAIOT NPH
OPTOrOHANM3alMM CHCTEMbI TIOKa3aTeNbHbIX (yHkuuii B L,(0, 4 0) u mpu-
MEHSIOTCS B MHXKEHEPHBIX M €CTECTBEHHBIX HaykaX. B cTraTbe BHIBOUATCHA HMX
HMHTErpaJibHble NPEACTaBJIEHUsA, aHAIOrHYHble uHTerpanam llnednn u Jlamna-
ca B TEOpMH MHOro4wieHOB JlexaHapa.



KAREL SVOBODA, Brno: Characterizations of the sphere in E* by means
of the pseudoparallel mean curvature vector field. Cas. pést. mat. 105 (1980),
266—277.

XapaxkTepusauns chepsl B E4 mocpencTBoM nceBronapasienbHOrO BEKTOP-
HOTO I0JIsA cpeaHel KpuBu3Hbl, (OpHTHHABLHAS CTAThA.)

BBOIOHMTCA NOHATHE ICEBIONAPAJUIEIBHOCTH BEKTOPDHOTO TOJS CpeaHEH
KPHMBH3HBI ¢ ¥ C €r0 MOMOLIBIO JOKa3bIBAIOTCH 4-MepHas BEPCHs KJIACCHYECKOU
H-TeopeMsb! u OIHO ee 0600IIEHHE.

JARMILA NOVOTNA, Praha: Variations of discrete analogues of Wirtinger’s
inequality. Cas. pést. mat. 105 (1980), 278 — 285.

JMCKpeTHBIE aHANOrM HepaBeHCTBA BupruHrepa. (OpuruHanbHasi CTAaThi.)

B craTtee mccnenyroTcs HHMCKDETHBIE aHAJIOTH HEpaBeHCTBA BupTHHrepa.
MerTton noka3aTenbcTBa IJIABHOM TEOPEMbI, OCHOBAaHHbIM Ha MCIIOIb30BaHHH
BELIECTBEHHBIX TPHTOHOMETPHYECKHX MHOTOYJIEHOB, ITO3BOJISET IOJIyYHTh
HOBO€ YCHJICHHE 3TO# TeopeMbl. IIpHBOAMTCA TaKXe HECKOJBKO [PYrHx
HEPaBEHCTB, BHITEKAIOIIUX U3 TEOPEMBI, H B 3aKJIFOYEHHE CTAThHU ITOKA3bIBACTCA,
KaK IOJTy4YeHHbIE Pe3yJIbTAThl MOXHO HCIIOJIb30BaTh B T€OMETPHH.

Avrors KLi¢, Praha: Some remarks on the Nevanlinna theory of holomorphic
mappings of Riemann surfaces. Cas. pést. mat. 105 (1980), 286—291.

Heckosbko 3ameuanuit 0 Teopun HeBaHTHMHHBI TOJIOMOPOHBIX OTOOpaKeHHH
PHUMaHOBBIX noBepxHocTeil. (OpUrHHanbHasA CTAThs.)

B crathe HCCHenyIoTCs HEKOTOPbIE CBOWCTBA TPAHCLEHAEHTHBIX TOJIOMOpPd-
HbIX OTOOpaX€HHH OTKPBITHIX PHUMAHOBBIX ITIOBEPXHOCTEH B KOMIIAKTHBIE
PUMAaHOBBI IIOBEPXHOCTH.

ELENA WiszTovA, Zilina: Paths in powers of graphs. Cas. pést. mat.
105 (1980), 292—301.

O nyTtax B creneHsx rpados. (OpuruHasbHas CTAaThA.)

B pabote u3y4aercs HekoTopas MoaM(HKaLKs TaMHIJIbTOHOBOM CBSA3HOCTH
Ui BeICIIei crenmeHd rpadoB. JlaHo onpeneneHwe I-IpPOXONHOro rpada
M I0Ka3bIBAETCs, YTO eciid G — CBSA3HLIN rpad, HMEIOLIMIA IO KpaiiHel Mepe 2i
pepmzH (i = 3), To rpad Gt sBsieTcs i-MpoXoAHBIM.

ZBYNEK NADENIK, Praha: Eine isoperimetrische Ungleichung fiir geschlosse-
ne Kurven im vierdimensionalen Raum. Cas. pést. mat. 105 (1980), 302—310

W3onepuMeTpuyeckoe HEPABEHCTBO IS 3aMKHYTHIX KPHBBIX B 4-MEPHOM
npocrpancTee. (OpUruHaIbHAsA CTaThA.)

ABTOp NPUBOJMT HEPAaBEHCTBO, CBA3bIBAIOIES UIMHY KPHBOH W IUIOLIAAH
€€ NPOEKLMHA Ha MECTh KOOPJAMHATHBIX IUIOCKOCTEH OPTOrOHAJIbHON CHCTEMBI
KOOpAOWHAT M BK/IIOYalOIllee MHOTO YaCTHBIX CIIy4aeB.

Jiki JARNIK, Praha: Constructing the minimal differential relation with
prescribed solutions. Cas. p&st. mat. 105 (1980), 311—315

KOHCTpYKI#s MUHMMAIIBHOTO IAGGEPEHLIHATBHOrO BKIOYEHHS C JAHHBI-
Mu pemneHAsME. (OpUrAHaNIbHAA CTAThA.)

ITycts & — MHOXeCTBO a0COJIIOTHO HENMPEPHIBHBIX M JIOKAJIBHO OrPaHHYEH-
HbIX (pyHKUMIA. ABTOp NOKa3bIBAET, YTO CYyIIECTBYET Takoe OoToOpaxeHue Q
3 R**! B MHOXECTBO KOMIAKTHBIX BBIIYKJIBIX MHOXeECTB B R", yTo Kaxnas
dyHkuMs u € £ sABnfeTcA pelueHHeM au(bGEPEHIMATEHOTO BKIIOYEHHS X €
€ Q(¢, x) 1 uTo Q ABJISAETCA MUHMMAJIBHBIM B TOM CMBICJIE, YTO eC/iH S obsagaer
aHaJIOTHYHbIMH cBoiicTBamMu, TO Q(f, x) < S(f, x) ANA MOYTH BCEX ! H BCEX X.



KAREL SVOBODA, Brno: Characterizations of the sphere in E* by means of
the pseudoparallel mean curvature vector field. Cas. pést. mat. 105 (1980),
266— 277. (Original paper.)

The notion of pseudoparallelness of the mean curvature vector field & is
introduced and, using this property of &, a 4-dimensional version of the
classical H-theorem and its certain generalization are proved.

JARMILA NOVOTNA, Praha: Variations of discrete analogues of Wirtinger’s
inequality. Cas. pést. mat. 105 (1980), 278 — 285. (Original paper.)

In the paper discrete analogues of Wirtinger’s inequality are studied.
Three of them have been already proved. A simple proof of the main theorem
based on real trigonometric polynomials is given. Theorem 1 is the starting
point to the proof of the other theorems which in some cases are further
sharpened. In the end, a geometrical application of the basic theorems is
given.

Avrors Kiri¢, Praha: Some remarks on the Nevanlinna theory of holo-
morphic mappings of Riemann surfaces. Cas. pést. mat. 105 (1980), 286—291.
(Original paper.)

These remarks deal with the properties of transcendental holomorphic
mappings from open Riemann surfaces into closed Riemann surfaces.

ELENA WiszTovA, Zilina: Paths in powers of graphs. Cas. pést. mat. 105
(1980), 292—301. (Original paper.)

The author studies a certain general modification of hamiltonian
connectedness for higher powers of graphs. He defines i-traceable graph and
proves that if G is a connected graph with at least 2i vertices, where i = 3,
then G'*! is i-traceable.

ZBYNEK NADENIK, Praha: Eine isoperimetrische Ungleichung fiir geschlosse-
ne Kurven im vierdimensionalen Raum. Cas. pést. mat. 105 (1980), 302—310.
(Originalartikel.) .

Fir die Lange der Kurve und fiir die Fldcheninhalte ihrer Projektionen
auf 6 Koordinatenebenen eines Orthogonalsystems besteht eine Ungleichung
mit vielen Spezialfillen.

Jiki JARNEK, Praha: Constructing the minimal differential relation with
prescribed solutions. Cas. pést. mat. 105 (1980), 311—315. (Original paper.)

Let = be a set of absolutely continuous and locally bounded functions.
The author proves that there is such a map Q from R**! to the family of
compact convex sets in R” that each function u is a solution of the differential
relation x € Q(#, x) and that Q is minimal in the following sense: if S has
analogous properties, then Q(¢, x) € S(¢, x) for almost all ¢ and all x.
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MiIRroOSLAV Sova, Praha: Concerning the characterization of generators of
distribution semigroups. Cas. pést. mat. 105 (1980), 329--340. (Original
paper.)

A new characteristic property of generators of distribution semigroups
of operators, based only on the behavior of their resolvents on a real halfaxis,
is given.

JaANuUsz MATKOWsKI, Bielsko-Biala: Fixed point theorems for contractive
mappings in metric spaces. Cas. pést. mat. 105 (1980), 341—344. (Original
paper.)

Let (X, d) be a complete metric space. Two fixed point theorems are proved
for contractive mappings 7 : X— X for which the distance d(Tx, Ty) is
estimated by all of the remaining distances between the points x, y, Tx
and Ty.

I. I. MixHAILov (M. Y. Muxaitnos), Usanoro: Hexomopeie ouoganmogwt
ypasnenus mpemveii cmenenu. (Some diophantine equations of the third
degree.) Cas. p&st. mat. 105 (1980), 350— 353. (Original paper.)

It is proved that there exist infinitely many parametric solutions in integers
of the diophantine equation x> + y3 + z3 + 23 = 0 and the system of
diophantine equations 2> = x* + »3 + 263 = x} + y} + 2} = x3 + y3+
+ 2¢3 = x3 + »3 + 2¢3.In this note it is demonstrated that the diophantine
equations x>+ y3 + 213 = uz“, x4+ y3 4+ 213 = z6k, X+ y3 + Z3 -+
+ 2¢9 = 0 have infinitely many integral solutions as well.

JARMILA NOVOTNA, Praha: Discrete analogues of Wirtinger’s inequality
for a two-dimensional array. Cas. pést. mat. 105 (1980), 354—362. (Original
paper.)

In the paper discrete inequalities for finite double sums involving x,zj,
(xu—-xiH’j)z + (xij—x,-'ﬂ_l)2 (,,symmetrical*“ case) and xf,, (x5 —
—X;41,p" (,;asymmetrical* case) are studied.

ZBYNEK NADENIK, Praha: Eine isoperimetrische Ungleichung fiir die Paare
der Raumkurven. Cas. pést. mat. 105 (1980), 363—367. (Originalartikel.)

Fiir die Lingen dieser Kurven und fiir ein Seitenstiick zu den gemischten
Fldcheninhalten ihrer Projektionen auf drei orthogonale Ebenen gilt eine
Ungleichung, welche die alte isoperimetrische Ungleichung umfasst.



XAPAKTEPUCTHUKHM CTATBLEN, OIYBJIMKOBAHHBIX
. B HACTOSIIEM HOMEPE

(3TH XapaKTEPHUCTHKU [TO3BOJIEHO PEMPOAYLMPOBATH)

MIROSLAV Sova, Praha: Concerning the characterization of generators of
distribution semigroups. Cas. pést. mat. 105 (1980), 329— 340.

XapakTepu3auus Npou3BOAAIHKX ONEPATOPOB AUCTPHOYTHBHBIX MOYTPYIIT,
(OpurmHanb Hast CTaThA.)

B craThe MPUBOAMTCA HOBAasA XapaKTEPHUCTHKA IPOM3BOAALIMX ONEPaTOpOB
IUCTPHOYTHUBHBIX OJIYT Y ONIEPaTOPOB, ONUPAOILASACSA TOBKO HA TIOBEACHHE
PE30NBBEHT Ha ACHCTBHTEILHON MOJIYyNpSAMOH.

JANUsz MATKOWSKI, Bielsko-Biala: Fixed point theorems for contractive
mappings in metric spaces. Cas. pést. mat. 105 (1980), 341—344.

TeopeMbl 0 HEMOABHXKHOM TOYKE IUIA CKMMAIOIIUX OTOOpaXeHHi B METPH-
YecKuX NMpocTpaHcTBax. (OpHruHANBHAS CTAThA.)

IMycte (X, d) — nonHoe MeTpHYeCKOe NMPOCTPAHCTBO. {OKa3bIBAIOTCA IBE
TeOpeMbI O HENOIBHXXHOM TOYKe MU CXXHMAIOIMX oToOpaxenuit 7 : X — X,
roe paccrosinue d(Tx, Ty) OLUEHHBAETCA C MOMOUIBID BCEX OCTAJbHBIX pac-
CTOAHUM TOvek X, y, Tx, Ty.

U. U. Muxaiinos, Usanoro: Hexomopsie ouoganmosst ypasnenus mpemoeii
cmenenu. Cas. pést. mat. 105 (1980), 350— 353. (OpUrMHanbHAA CTAThA.)

MI3BECTHO, 4TO CYLIECTBYET GECKOHEYHO MHOIO MAPaMETPHYECKHX PelLeHHit
B LEJIBIX YHCIAX AHOGAHTOBOTO YpaBHEHHS 2+ y3 +z234+23=0
W cuctemsl muodanToBbix ypasHenmit z° = x> + y3 + 203 = x3 4+ y3 4
+ 263 = x3 + y3 + 2t3 = x3 + y3 + 213. B ar0it 3amerke nOKa3BIBaCTCH,
Y0 AHO(aHTOBBI ypaBHeHHs x° + y° + 2t3 = pz* x3 + 33 + 213 = 76k
x>+ y3 + 23 4 219% = 0 Toxe UMEIOT GECKOHEYHO MHOTO pelmeHH B
Le/BIX YACTAX.

JARMILA NOVOTNA, Praha: Discrete analogues of Wirtinger’s inequality
for a two-dimensional array. Cas. pést. mat. 105 (1980), 354—362.

JuckpeTHble aHATIOTMHM HEPaBEHCTBA BUpTHHIepa s ABYXMEPHOIO MOJIE.
(OpuruHanbHas CTaThi.)

B craThe HCCNEoyHOTCS HEKOTOPbIE HEPABEHCTBA Ui KOHEYHBIX NBOMHBIX
CYMM cCOIepXalllux x,?j, (x,-j —Xit1 ,])z + (xu- —-—x,-'_,-H)2 (,,cuMMeTpH-
ueckuit' cyvah) u x3;, (x;; — x4 1, ))* (., HeCHMMeTpHYECKHi" Cy4ai).

ZBYNEK NADENIK, Praha: Eine isoperimetrische _Ungleichung fiir die Paare
der Raumkurven. Cas. pést. mat. 105 (1980), 363—367.

OgHO H30MepUMETPUYECKOE HEPABEHCTBO Ui Mapsl MPOCTPAHCTBEHHBIX
xpuBbIX. (OpUraHaJbHa% CTATHA.)

JInis QUTMH 3THX KPMBBIX H IS aHAJIOTOB CMEILIAHHBIX IUTOIIANEH MX IPOEK-
1Eif Ha TPH OPTOTOHAJIbHBIE IUIOCKOCTH HMMEET MECTO HEpPaBEHCTBO, BKIIIO-
Yajollee B Ka4eCTBE YACTHOIO Cily4Yasi H30MEPHMETPHYECKOE HEPABEHCTBO.



Miro$ BoZex, Bratislava: Existence of generalized symmetric Riemannian
spaces with solvable isometry group. Cas. pést. mat. 105 (1980), 368— 384.

CymectBoBaHHe OOOOIIEHHBIX CHMMETPHYECKHX PHMAHOBBIX MPOCTPAHCTB
C paspemmMoi Tpynmoi n3omerpuit. (OpUrHHaNbHAS CTAaThs.)

OCHOBHOI pe3ynbTaT paboTHI YTBEPXKIOAET, YTO IS BCAKOTO LEJIOro YHCiIa
m = 4 cymectByeT 000OIIEHHOE CHMMETPHYECKOE PHMAHOBO IPOCTPAHCTBO
nopsigka m, muddeomopdroe R™ ™! u Takoe, 4TO KOMIIOHEHTA eZMHMIEBI
TPyl BCEX €ro H30METPHH pa3peinma.

VERA HoLANOVA-RADOCHOVA, Brno: Fundamental solutions of the dif-
ferential operator (—1)"D%D% + a(iD,)" + b(iD,)" + c. Cas. pést. mat.
105 (1980), 385—390.

DyngamenTanbHele pemienus aubdepenuuansHoro omeparopa (—1)"DY .
. D% + a(iD{)" + b(iD,)" + ¢. (OpurrHaIBLHASA CTATHA.)

Hna nuddepeHIHaNIBHOTO onepaTopa C IMOCTOAHHBIMEA KO3ddHuImeHTaMu
HCCIIENYIOTCS YCIIOBHSA CyIIECTBOBaHHMsA (yHIAaMEHTaNbHBIX (GyHKUHME B mpoc-
TpaHCTBaX 0600IIeHHBIX GYyHKIHH éi’p, Kk

STEFAN SCHWABIK, Praha: Differential equations with interface conditions.
Cas. pést. mat. 105 (1980), 391—408.

JuaddepeHuransabie ypaBHEHHSA C MEXKIOBEPXHOCTHEIMA ycioBasaMHE. (OpHa-
THHAJIbHASA CTAThA.)

B pabore HCCleAyrOTCs JHHEHHbIE CHCTEMBI OOBLIKHOBEHHBIX IAddepeH-
LMATbHBIX YPaBHEHHM C MEXIOBEPXHOCTHHIMA YCJIOBHSMH NpPH IIOMOIIH
TEOPHH KpaeBBIX 3aja4 s 000OmEeHHBIX nuddepeHUAAILHBIX YPaBHCHAM.



MiLo$ BoZek, Bratislava: Existence of generalized symmetric Riemannian
spaces with. solvable isometry group. Cas. pést. mat. 105 (1980), 368 —384.
(Original paper.)

The main result of the paper: for every even integer m = 4 there is an
irreducible generalized symmetric Riemannian space of the order m dif-
feomorphic to R™~! and such that the identity component of its full iso-
metry group is solvable.

VERA HoLANovVA-RADOCHOVA, Brmo: Fundamental solutions of the dif-
ferential operator (—1)"D}D% + a(iD)" + b(iD,)" + c. Cas. pést. mat.
105 (1980), 385— 390 (Original paper.)

For the operator with constant coefficients and for arbitrary n, conditions
of existence of temperate fundamental solutions in the distribution spaces
%, are derived.

STEFAN SCHWABIK, Praha: Differential equations with interface conditions.
Cas. pést. mat. 105 (1980), 391—408. (Original paper.)

In the paper linear systems of ordinary differential equations with in-
terface conditions are considered in terms of the theory of boundary value
problems for generalized differential equations.
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