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THE LAPLACE TRANSFORM
OF EXPONENTIALLY BOUNDED VECTOR-VALUED FUNCTIONS
(REAL CONDITIONS)

MiIRroOSLAV Sova, Praha

(Received February 28, 1977)

The purpose of this paperisto find characteristic properties of the Laplace trans-
forms of exponentially bounded vector-valued functions in arbitrary, i.e. in particular
nonreflexive, Banach spaces (the “representability” problem). The known solution
of this problem in reflexive Banach spaces is a special case (Corollary 12) of our main
Theorem 10 which gives a complete answer to the representability problem formulated
above. This theorem is preceded by some auxiliary facts from functional analysis,
partly reminded, partly proved. In section 14 related results are commented.

1. We shall use the following notations: (1) B — the real number field, (2)
(w, 0) — the set of all real numbers greater than w if e R, (3) M; - M, — the
set of all mappings of the whole set M, into the set M,.

2. In the whole paper, E will denote a Banach space over R. The set of all con-
tinuous linear functionals on E is denoted E*. The basic notions from functional
analysis necessary in the sequel can be found in [2], chap. 1 and 2. The notions of
measurability and integrability of vector-valued functions and their properties are
used in the scope of section 3.1—3.7 of [2].

3. Proposition. Let fe (0, ) » E. Then

(o) the function If is measurable for every |e E*,

(B) there is a null set N < (0, 0) and a separable subset X < E such that f(t) e X
for every te (0, ©)\N,
if and.only if the function f is measurable.

Proof. See Theorem 3.5.3 in [2].



4. Proposition. Let f € (0, c0) — E. If the function f is measurable, then

ﬂ It + ) + £(t = 1) — 2£(1)] dt 420, 0

for almost every t > 0.

Proof. It is possible to follow almost word by word the argumentation of [3],
Theorem 18.5.

5. Proposition. Let X < E. If the set X is separable, then there exists a countable
subset Le E* such that for every x,,x, € X, x; # X,, there is an l € L for which

I(xy) * I(xy).
Proof. Since X is separable we can find a subset X, < E such that
(1) X, is countable,

(2) X, =X, X, 2 X.

According to Hahn-Banach theorem we can fix for every z,, z, € X,, z; * z,,
a linear functional [, ., € E so that

(3) ”l,hzz" =1, I, ..(z1 — z;) = |z1 — z,| for every z,,z,€X,, z, * z,.

Let us now consider some x,, x, € X, x; * X,. According to (2) we can choose
Z4, 2, € X, so that

(@) |21 = x4 < #]x1 = %2, |
It follows from (4) that

z; = x| £ #fxy — x,.

(5) 2, % z,,
(6) I(z1 — x1) = (z2 = x5)|| < &[xs — 5.
Further we get from (6) that
(D) lz1 = z2]| = (21 = x1) = (22 = x2) + (31 = x2)| 2
Z [lxy = %3] = (z1 = x1) = (22 = x)| Z %1 = x2| = >y — x| =
= #]x. — x| .
Now it would suffice to prove that [, ,.(x, — x,) + 0. Assume the contrary, i.e.
(8) lzl,zZ(xl =2 xZ) = 0.
Then it follows from (3), (5) and (7) that



©) #x. - X S llzs — 22| = L, 23 — x2) =
= b, (21 — x4) — (z2 — x;3) + (x1 — x3)) =
=L, (21 = x1) = (22 = x2)) £ [(z1 = x1) = (22 = %)|| = #|x; — x,|.

Since x; * x, the inequality (9) is clearly contradictory and hence (8) cannot be
true, i.e. I, ,,(x; — x,) + 0. We conclude

(10) for every x;, x, € X, x; # x, there exist z,, z, € X, z; # 2, so that
lZl-Zz(xl) + lllyzz(xz)’

Let us now denote L= {I,, ., : z,, z, € Xo, z; # z,}. It follows from (1) that L
is a countable set and (10) can be written in the form of the assertion of our Propo-
sition.

6. Lemma. Let x,, k€ {1, 2, ...}, be a sequence in E. If
(o) the set {x, : ke {1,2,...}} is relatively weakly compact in E,
(B) the sequence I(x;), k € {1,2, ...}, is convergent for every I € E*,
then the sequence x, is weakly convergent in E.

Proof. Let us denote 4, = {x;:je{1,2,...}, j = k} for every ke{1,2,...}.
Further let A, be weak closures of 4, ke {1,2,...}.

By assumption (o), () 4, is non-empty, i.e. we can fix an x, € E so that
k=1

(1) xo € A, for every ke {1,2,...}.

On the other hand, let ¢ > 0 and [ € E*.

It follows from (B) that there is a ko € {1, 2, ...} so that |I(x) — I(y)| < & for every
X, y € A, which implies

(2 |l(x) - I(y)| < ¢ for every x, y € Ay,
By (1) and (2) we have |I(x,) — I(x,)| < & for every k 2 k.
Since ¢ > 0 and | € E* were arbitrary we obtain the required result.

7. Proposition. Let x,, ke {1,2,...}, be a sequence in E. If there exist subsets
X < E and L < E* such that

(@) x, € X for every ke{l,2, b

(B) the set X is relatively weakly compact in E,

(Y) for every, x, ye X, x + y, there is an | € Lso that I(x) * I(y),
(8) the sequence I(x,), ke {1,2 ...}, is convergent for every I € L,



then the sequence x,, k € {1,2, ...}, is weakly convergent.

Proof. Let us denote C(X) the algebra of all real continuous functions on X (the
continuity is considered here and in the rest of the proof with respect to the. weak
topology induced on X).

Further, let Co(X) be the set of all functions of the form

Y @i, LX) (%) .. L(x)", xeE,

il ,iz,...,irE

{0,1,...,r}

where r runs through {0, 1, ...} and a;,;, ; € R.
It is easy to see from the assumptions (y) and (3) that

(1) Co(X) is a subalgebra of C(X) containing all constant functions and separating
the points of X.

(2) the sequence f(x;), ke {1,2,...}, is convergent for every fe Cy(X),

Using the Weierstrass-Stone theorem we obtain from (1) that

(3) Co(X) = C(X), i.e. every f e ((X) is uniform limit of a sequence f, k€ {1, 2,...},
from Cy(X).

It follows from (2) and (3) that

(4) the sequence f(x,), k € {1, 2,...}, is convergent for every f e ((X).
As a particular case of (4) we have

(5) the sequence I(x,), k € {1, 2, ...}, is convergent for every / € E*.

The required weak convergence of the sequence x;, k€ {1, 2, ..,}, follows from
(), (B) and (5) by means of Lemma 7.

8. Proposition. Let w € R and ¢ € (0, ) — R, If

(@) the function ¢ is measurable,

(B) there is a constant M such that |p(t)| < Me®* for almost every t > 0,

then

1 p p+l poo
p! (—) J e 7P (1) dT > oo por (1)

p!\t Jo

for every t > 0 such that

B
%J‘ Igo(t + 1)+t —1)—2 (p(t)| dt =40, 0.
0



Proof. Immediate consequence of Theorem 6a in [1], Chap. VIL.

9. Proposition. Let o =2 0, M 2 0 and ® € (@ o©) - R. Then

(A,) the function @ is infinitely differentiable on (w, ),

(A2) |(d”/dl”) (1) = Mp!|(A — w)?*! for every A > w and pe{0 1 ...

if and only if there exists a function ¢ € (0, ©) —» R such that

(By) @ is measurable on (0, o),

(Bz) I(p(t)l < Me®* for almost every t > 0,

(Bs) J‘we’” ¢(t) dt = ®(4) for every 1 > w.
0

Proof. An easy extension of Theorem 16a in [1], Chap. VII.

10. Theorem. Let w = 0, M = 0 and F € (®, ) — E. Then

(A,) the function F is infinitely differentiable on (w, ®),

(A;) [(d”/da?) F(2)| < Mp![(A — w)’** for every A > w and pe {0, 1,...

(A;) for almost every t > 0, the set

p+1
{i (_g) F® (%) ‘pe {0, 1, } , D> wt}

is relatively weakly compact in E,
if and only if there exists a function f € (0, o) — E such that

(B,) f is measurable on (0, ),
(B,) [£()]| £ Me®* for almost every t > 0,

(Bs) j.me_“f(r) dt = F(A) for every 1 > w.

Proof. “Only if”. For the sake of simplicity, let us denote

(1) £,(n) = (G4 1), (t>+ F“”(t> for t > 0 and

pef0,1, }, such that p > wt.
It is easy to see from (A,) that there is a subspace E, of E such that

(2) E, is closed and separable, \
(3) F(2) e E, for every A > .



It follows from (2) and (3) that
(4) FP”(X)e E, forevery A > @ and pe{0,1,...}.
Now (1) and (4) imply
(5) f,(t) € E, for every t > 0 and pe {0, 1,...} such that p > wt.
In view of Proposition 5 we obtain from (2) that there is a set L = E* such that

(6) Lis a countable
(7) for every x € Eg, x + 0, there is an [ € L such that /(x) # 0.

By means of Proposition 9 we obtain from (A,) and (A,) that for every I € E* we
can fix a function ¢, € (0, 00) = R such that

(8) ¢, is measurable on (0, o) for every I € E*,
(9) for every le E*, |(p,(t)| < Me®* for almost all ¢t > 0,

(10) J e * ¢(t)dr = I(F(4)) for every A > w and [ € E*.
0

By use of Proposition 8 we get from (1), (8), (9) and (10) that
(11) for every 1€ E*, I(f(1)) = p=co,p>w: @i(t) for almost every t > 0.
It follows from (6) and (11) that there is a set S; < (0, o) such that
(12) the set (0, o)\ S; is measurable of measure zero,
(13) I(f(1)) = @(t) for every te S, and le L.
On the other hand, it follows from (A;) that there is a set S, = (0, o) such that

(14) the set (0, )\ S, is measurable of measure zero,

(15) the set {f,(t) : pe {0, 1, ...}, p > wt} is relatively weakly compact in E for every
teS,.

Let now
(16) S = S, N S,.
It follows from (12)—(16) that

(17) the set (0, c0)\ S is measurable of measure zero,

(18) the sequence I(f(t)), p € {0,1,...}, p > ot, is convergent for every te S and
lelL,

(19) the set {f(t): pe{0,1,...}, p > wt} is relatively weakly compact in E for -
~ every teS.



Now we shall prove that

(20) the sequence f,(t), p€{0,1,...}, p > wt is weakly convergent in E for every
teS.

Indeed, let us first fix a te S and a p, € {0, 1, }, so that p, > wt. Let us write
Xp = fpo+i(t)s k€ {1,2....}, and let X be the weak closure of the set {f,(f):pe
€{0,1,...}, p > wt}. Then the condition () of Proposition 7 is evidently fulfilled,
the condition (B) follows from (19), the condition (y) from (2), (5) and (7) and the
condition (8) from (18). Now the conclusion of Proposition 7 gives (20).

Let us now define in view of (20)

(21) f(1) = weak—lim f,(1) for every te S, f(t) = 0 for t&(0, )\ S.

po,p>ot

It follows from (2), (5) and (21) that
(22) f(t) € E, for every t > 0.

Further, it follows from (13), (16), (17), (20) and (21) that
(23) for every le E*, I(f(1)) = @,(t) for almost every t > 0.

Now (8) and (23) imply the condition (o) of Proposition 3 and (2) and (22) the
condition (B). Hence the conclusion of this Proposition shows that

(24) the statement (B, ) holds.

It follows from (1), (21) and (A,) that ,
@) W) = | tim K= tim )< i 150] <

SO

< 1] tim

p—0,p> ot

IA

+1
< um 22V ML\ My tim —L -
p—,p>ont p' t <£_w>p+l p—0,p>ot 1__@)‘”-1
t p

= Me®'|l| for every te S and le E*.
Immediate consequence of (25) is
(26) | f(1)] = Me®* for every te S.
Now we see from (17) and (26) that

(27) the statement (B,) holds.



Finally we obtain from (8)—(10), (23), (24) and (26) that
(28) 1 (Iwe'“ f(r)‘dr) = J‘me"h I(f(z))dr =
0 ]
= Iwe“' @(t)dt = I(F(4)) for every A > w and [ e E*.
0

An immediate consequence of (28) is
(29) the statement (B;) holds.

The proof of the “only if”* part is executed by (24), (26) and (29).

“If” Let us first fix an f € (0, ©0) - E such that (B, ), (B,) and (B;) hold.

In particular, by (B;) we have F(1) = [§ e * f(r) dt for every 1 > w and we
easily obtain from (B,), (B,) by procedures usual in the classical Laplace transform
that

(1) the statements (A,) and (A,) hold.

Let us now denote
h .
(2 s= {t:t > 0, %j £t + 7) + f(t = 7) — 21()|| dT = 4o0, 0}.
[}

According to Proposition 4 we obtain from (B,) and (2) that
(3) the set (0, )\ S is measurable of measure zero.

Taking ¢(t) = I(f()) for t > 0 and I € E*, we obtain easily from (Bl) (B,) and
(B;) and from (2) by means of Proposition 8 that

P E
O (G 1) (t) (F(") (t)) = pow,p>ar I(f(t)) for every te S and e E*.
But (4) implies
1 /p\P*?
(5) the set {——; (;) F“”( ) pef{0,1,..}, p> wt} is relatively weakly
p: {

compact in E for every t € S.
Combining (2) and (5) we have -
(6) the statement (A ;) holds.

The proof of “if” part is given by (1) and (6).



11. Remark. The condition (Aj;) in the preceding Theorem 10 can be replaced by
a formally more general one, namely
(A3) for almost every t > 0, there exists a sequence t, > 0, pe {0, 1, ...}, such that

Ip 2ps ls

1 P p+1 p
the set {—' (—) F® (——) :pe{0,1...},p> wt,} is relatively weakly
P \1p 1y

compact in E.

The proof of corresponding version of Theorem 10, with the condition (Ag) above,
remains almost unchanged and the necessary little adaptations can be left to the
reader, but instead of Proposition 8 we need the following

8'. Proposition. Let w € R and ¢ €(0, ) - R. If (), (B) as in Proposition 8,

then

1 p p+1 e} pelt
(—) j &1 22 (1) AT =y, (1)

' \1t, o

for every t > 0 and every sequence t, >0, pe {0, 1, ...}, such that t, >, t and
1 h
;J |qo(t +1)+ot—1) -2 (p(t)l dt =0, 0.
0

Proof. See [6], Theorem 1.1. Pollard uses a little different record of the assertion,
but the reader easily shows that both formulations are equivalent.

The requirement t, —,,, t cannot be weakened as seen on the special case
o(ty=1,1t>0.

12. Theorem. (Miyadera) Let w = 0, M = 0 and F € (w, 00) — E. If the space E
is reflexive, then
(A,) the function F is infinitely differentiable on (w, o),
(A;) |(d7/d2r) F(2)]| = Mp![(A — w)P** for every 2 > w and pe{(0,1,...},
if and only if there exists a function f € (0, o) — E such that
(B,) f is measurable on (0, o),
(B2) |f(®)]] < Me™* for almost every t > 0,

(B,) J‘we_hf(‘r) dt = F(A) for every A > w.
0

Proof. In view of Theorem 10 it is only to verify that the condition (A;) of
Theorem 10 follows from conditions (A,) and (A,).



Indeed we see from (A,) and (A;) that

i P p“}:(p) 14
p'\t t

that p > wt.

1
SM-—————— forevery t >0 and pe{0,1,...} such

(5

Since every bounded set in E is relatively weakly compact owing to the reflexivity
of E, the above established inequality proves (A;) of Theorem 10 even for every
1

wt

p

t > 0 because, as well-known, * for every t € R.

(0]
)p+1 “pow,p>wt ©

13. Theorem. Let ® 20, M 20, C < E and F € (w, ©) — E. If the set C is
a convex, symmetric and weakly compact subset of E, then

(A,) the function F is infinitely differentiable on (0, o0),
(A;) (d?/da?) F(2) e (Mp![(A — w)P*') C for every A > w and pe {0, 1, ...},
if and only if there exists a function f € (0, ) — E such that

(By) f is measurable on (0, o),
(B,) f(t)e Me“'C for almost every t > 0,

(Bs) j e % f(r) dt = F(A) for every A > w.
0
Proof. “Only if”. Let us denote
(1) Mo = sup (|

It follows from (A,) and (1) that

(2) [[(d7[dAP) F(2)| < Mop![(2 — w)P** forevery A > w and pe {0, 1,...}.

Further it follows from (A,) that

p+1 p+1 1
@) L(B) Fo(R)el(BY __MPL_.___ M .
p'\t t) p'\t (p_w)"“ (1 wt)"“

t

for every t > 0 and pe {0, 1, ...} such that p > wt.

10



But since, as well-known,

1

wt
wt o1 poop>or©
p

for every t > 0, we see from (3) that
1 p p+1 p

(4) the set {—' (—) F® (—> :pef{0,1,...},p > wt} is relatively weakly compact
!\t t

in E.

We see from (A, ), (2) and (4) that the assumptions (A,), (A,) and (A;) of Theorem
10 are fulfilled and consequently there exists a function fe (0, o) — E such that

(5) fis measurable on (0, o),

(6) [f(2)]| £ Mqe®* for almost every ¢ > 0,

(7) ‘[me"“f(r) dt = F() for every 1 > w.
0

Using Proposition 4 we obtain from (5) that there is an S < (0, ) such that

(8) the set (0, c0)\ S is measurable of measure zero,
) %j [£(t + ) + f(t — ©) — 2£(t)]| dT =4=o, O for every te S.
0

By Proposition 8 we see from (5), (6), (7) and (9) that

(10) I(f(1)) = lim (—_L)p-<£>p“1<ﬂw (-’f)) for every te S and Ie E*.

poo,p>ot P! t

It follows from (A,) that

1\ p+1
(11) —(——:—)—(1—7> F® (—E>E—L—C forevery t > 0 and pe{0,1,...}
I\t (
1

p t wt)" o
p

Now we get from (10) and (11) that

such that p > wt.

(12) |U(f ()| = Me*" sup (|I(x)]) for every te S and Ie E*.

11



Now we need to prove that
(13) f(t) e Me“'C for-every teS.

If M = 0, then (13) is an obvious consequence of (12). Hence we shall suppose
M =+ 0 and proceed indirectly. If (13) does not hold, then there exists a t, € S such
that f(t,) ¢ Me®"°C. According to a consequence of Hahn-Banach theorem, we can
find an [, € E* so that

(14) 1(f(10)) > 1,
(15) lo(x)| < 1 for every x € Me®*°C.

In view of sﬁpposed M = 0, the property (15) can be written as
(16) |lo(x)] < M~ e " for every x € C.

Now we obtain from (12) and (16) that |lo(f(to))| £ Me®™® M~'e™® = 1 which
contradicts (14) and thus proves (13).

The “only if”” part follows from (5), (7), (8) and (13).

“If.” Let us first fix a function f € (0, c0) — E satisfying (B,), (B) and (B;).

It is easy to see that (A,) holds.

If M = 0, then (A,) is obvious and thus we shall suppose M #+ 0 and proceed
indirectly. If (A,) does not hold, then there exist a 4, > w and a pye {0, 1,...},
such that F®(4,) ¢ (Mp,![(Ao — @)?*!) C. According to a consequence of Hahn-
Banach theorem we can find an [, € E* such that

(1) (F™ (i) > 1,
(2) |lo(x)] £ 1 for every x e (Mpo!/(4o — w)*') C.

In view of supposed M #+ 0 we can write (2) in the f(;rm
(3) lo(x)] £ (Ao — @)™*![Mp,! for every x e C.

Now we obtain from (B, ), (B;), (B;) and (3) t.hat

1o (F® ()| = |to ( j e (o) () d‘t) < j e~Hareo [14(f(x))] dr <
0 V]
© . _ pot+1
é[ e"°‘t"°Me“"(A° @) dr =1
0 Mp,!

which contradicts (1) and proves (A,).
The proof of “if*” part is complete.

12



14. Some comments. The basic result in the problem of representability for nu-
merical exponentially bounded functions is due to D. V. WIDDER and is quoted above
as Proposition 11.

The extension of Widder’s result to vector-valued functions in reflexive Banach
spaces, our Theorem 12, is due to I. MIYADERA [4].

Moreover, Miyadera presented an example showing that the conditions (A 1), (A2)
of Theorem 12 cannot be sufficient for the validity of the mentioned theorem in
nonreflexive Banach spaces.

Consequently, an additional condition to (A), (A;) of Theorem 12 is necessary.
Our condition (A;) in Theorem (10) (or (A}) in Remark 11) seems the most simple
and natural one and solves completely the problem in consideration. Miyadera’s
theorem is then a simple consequence of Theorem 10.

Another possibility to extend Miyadera’s result to nonreflexive spaces is given
in Theorem 13 which deals with the representability problem by exponentially
weakly compactly bounded functions and is also an easy consequence of Theorem 10.

Recently, the representability problem was attacked by D. LEVIATAN [5] (see
Theorem 7 in [5]) from rather different point of view. Leviatan proved, among
others, that, under conditions (A,), (A,) of Theorem 12, the original function f
can be found in dual spaces of appropriate subspaces of E*. :

Finally, let us remark that the proof of Proposition 7, given by means of
Weierstrass-Stone theorem, may seem a little unadequate because it is too “analytic’
and the problem itself is essentially linear. The result follows also easily from
Smuljan’s theorem on weakly convergent subsequences of weakly compact sequences
and, moreover, a direct purely “linear’’ proof can be given.
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GROUPOIDS WITH A CLOSURE CONDITION

NASEEM AJMAL, Delhi

(Received March 23, 1977)

INTRODUCTION

J. AczeL [1] while classifying regular algebraic nets corresponding to the classes
of isotopic quasigroups and satisfying various closure conditions, T, R, B, B, B,
and H, also proved that in a quasigroup, associativity implies Reidemeister con-
dition R, i.e., for all x;, y; (i = 1, 2, 3, 4) in the quasigroup,

X1.Y2=X2. )1 (= ‘I)s X1.Ya=X3.)3 (= ")a X3.Y2 = X4.)1 (= p)
imply that
X3+ Y = Xig - Vs (= 5)s

Further, Aczel [2] proved that Reidemeister condition is necessary and sufficient
for associativity of loops.

By putting x; = y, = e the identity of the loop in condition R we get condition R’,
ie.,

if y,=x, and y,=x,.y3, X4=Xx3.y, then Xx3.y,=x4.y;.

R’ is equivalent to Reidemeister condition R in a loop; further, R’ is equivalent
to assiciativity in any groupoid.

Here we define another closure condition N for a groupoid (G, +), namely, for all
x5, y;in G (i = 1,2,3,4),

Xy .Y2=X3.)1 (= ‘1), X1.Va=X3.)3 (= r) X2 V2 =X4.- 01 (= P)
imply that
X3.y4l'= X4.y3 (= S). -

This condition is certainly different from Reidemeister, Bol and Hexagonal closure
conditions.

We observe that in a loop, closure condition NV is equivalent to associativity
together with commutativity. In a groupoid with an identity, if we put x;, = y, = e
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the identity of the groupoid in condition N then we get condition V', i.e.,
if y,=x3 and y,=x,.y3, X4=X,.y, then Xx;.y,=Xx4.Y;.

Here N’ is equivalent to NV,-associativity (discussed in [3]) in any groupoid.

A groupoid (G, *) satisfies N,-associativity [3] if (a.b).c =b.(a.c) for all
a,b,cin G.

In this paper we wish to investigate some of the properties of groupoids satisfying
closure condition N. We shall see under what conditions these groupoids are semi-
groups or groups.

FOTEDAR in [6] has investigated necessary and sufficient conditions for an isotope
of a given groupoid to be a semigroup or group. He appears to be successful in giving
a partial solution of the problem, assuming the presence of an identity element in
the given groupoid. In this connection he has stated that generalized associative law
holds in a groupoid (G, ), if there exists a pair of elements (a, b) in G such that

[{x(by)} a] z = x[b{(ya) 2}]

for all x, y, z in G, and then he has proved the following.

Theorem. If (G, *) is a groupoid with unit element 1 then the groupoid (G, 0)
isotopic to (G, *) under the isotopy x0y = x*. y? is a semigroup iff there exists
a pair of elements a, b in G such that

x*=xa, xP=bx

for all x in G and (G, *) satisfies the g.a.l.

[{x(by)} a] z = x[b{(ya) 2}]

forallx, y, zin G. Moreover, (G, 0) is a group iff in addition to the above conditions,
(G, +) is a quasigroup. )

Finally, he remarks that the presence of an identity element in (G, -) introduces an
element of incompleteness in the solution of the problem. In this context, we may
invoke the following analogue of a famous theorem due to A. A. ALBERT, proved
by N. J. S. HUGHES in 1957.

If a groupoid with a unit element is isotopic to a semigroup, then they are iso-
morphic.

This result rules out the possibility of finding necessary and sufficient conditions
for an isotope of a given groupoid with a unit element to be a semigroup since in that
case the groupoid itself becomes a semigroup. Therefore, the theorem proved in this
regard states only the following.

If a groupoid with a unit element contains a pair of right non-singular and left non-
singular elements such that the g.a.l. is satisfied then it is a semigroup.

Theorem 6 of this paper gives us necessary and sufficient conditions for an isotope
of a given groupoid to be an abelian group.
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DEFINITIONS AND NOTATIONS

Definition 1. A g}oupoid (G, *) is called left equally cancellative if and only if for
all x,, x,, y; in G,
Yi.-Xy =Y;.%X, implies y.x;, =y.x, forallyinG.

Similarly, right equally cancellative groupoids are defined. Further, a groupoid
is said to be equally cancellative if it is both left and right equally cancellative.

Definition 2. A groupoid (G, +) is called left cancellative if and only if for all
Xy, X5, y in G,
y.Xxy =Yy.x, implies x,; = x,.

Similarly, right cancellativity and (two sided) cancellativity are defined.

Definition 3. A groupoid (G, ) is an N-groupoid if and only if for all x;, y; in G
(i =1,2,3, 4),
Xg.YV2 = X3.V1, X1.YVa=X3.)3,
X2.Y2 = Xgq.yy ImMply X3.ys=x4.y3.

We shall denote this groupoid by (Gy, *).

When used in connection with a groupoid (G, +) the product xy will be equivalent
tox.y.

The first theorem gives us alternative axioms for an abelian group.

Theorem 1. A groupoid (G, *) satisfies the conditions
(i) for all x5, x5, y; in G,
. Ya = Xpy3 and X, = X;x3 imply X3ys = X4)3;

(i) x @ = b is uniquely solvable in x for all a, b in G, if and only if (G, *) is an
abelian group.

Proof. If condition (i) holds in G then by putting the values of y, = x,y; and
X4 = X3X3 1N X3y, = X4Y3, We have, for all x,, x5, y; in G,
x3(x,y3) = (x5%3) y3  (IV,-associativity) .

Next we prove that (G, *) is commutative.
Let a, b € G, by condition (ii) there exists a unique x in G such that x a = b.
Now, '

ab=a(xa)=(xa)a="ba.

Then commutativity of (G, -) and condition (ii) imply that a x = b is also uniquely
solvable in x for every a, b in G, hence (G, -) is a quasigroup. Again commutativity
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and N,-associativity imply that (G, +) is associative as well.
Therefore (G, *) is an abelian group.
The converse of Theorem 1 is trivially true.
Theorem 2. Every N-groupoid is equally cancellative.
Proof. Suppose (Gy, *) is an N-groupoid and
rySy = 8y, Ty,T32 8y in Gy.

In closure condition N

X1Y2 = X3V1, X2V2 = X4)V1, X1V4a = X3)3

imply
X3Ya = X435
put
Xy =Xy = X3 =Ty, X4 =10,
Vi =D)Y2 =51, Vi=)Ya =25, sinGN.
This gives

rySy = rp,s; implies r;s =r,s forallsin G.

Similarly, right equal cancellativity can be proved.

Lemma 1. Every equally cancellative groupoid with an identity element is can-
cellative.

Theorem 3. A groupoid with an identity element is an N-groupoid if and only
if it is a cancellative abelian semigroup.

Proof. Suppose (Gy, *) is an N-groupoid with an identity element e.
Let x,, x, in Gy, then by condition NV equations
xlxz = (xle)e, xle = exl ) exZ =, xZe
imply
(x1x;) € = X%,

ie., x;x, = x,x,. Hence (Gy, *) is commutative.

Further, if x,, x,, x5 are in Gy then A

) xel = (XIX2) €. x2X3 = (X3x2) e, (X3x2) X1 =. ((X3x2) xl) e
imply
(x1%3) x3 = ((x3%2) x1) €.

This gives us (x;x,) X3 = (x3X,) X;, which reduces to associativity in commutative
groupoids.
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Cancellativity follows from Theorem 2 and Lemma 1.
Conversely, suppose (G, *) is a cancellative abelian semigroup.
Let x;, y;€ G (i = 1,2, 3, 4) be such that

X1Y2 = X3Y15 X1Ya = X2Y3, X2V2 = X4)1 -
Then

(X1J’z) (x4y1) (sz3) (x3Y1) (xzh) (X1Y4) .

Now applying associativity, commutativity and cancellativity we get

X4Y3 = X3)4 -

Hence (G, -) satisfies condition N.

Corollary 3.1. A loop satisfies closure condition N if and only if it is an abelian
group.

Corollary 3.2. A groupoid (G, *) is an N-groupoid with an identity element e such
that, for all b in G, a . b = e has a solution in a, if and only if (G, *) is an abelian

group.

Theorem 4. If (Gy, *) is an N-groupoid with elements r,s such that, for all y
in Gy, there exists x in Gy satisfying xy = s and rG = G then for each pair of
elements c, d in Gy the equations

xc=d, cy=d
are solvable for x and y in Gy.

Proof. We shall first prove that Gyt = Gy, where t e Gy is such that r ¢t = s.

For an arbitrary y in Gy there exist x,, y;, X, in Gy such that x,y = s, x,;t = ry,,
x2y1 = §.

By closure condition N, equations

Xgt=ry;, X y=rt, rt=x,y, imply ry = x,t.

As y is abitrary, we have Gyt = Gy.

The next step is to show that for all x in Gy, xy = s has a solution in y.

Let x € Gy, then there exist y,, X;, y;, X, in Gy such that xt = ry,, x,y, = rt,
X1t = TY3, XV = rt.

Due to closure condition &, equations

rt = Xx,y,, rt=2x;y;, and x;t=ry, imply x,t=ry,;

from xt = ry, we get x,t = x t; but Gy is equally cancellative by Theorem 2, there-
fore x,y, = xy, and then x,y, = rt = s, which gives xy, = s.
Now in order to complete the proof of the theorem, let x € Gy; then there exist
Y1, X1 in Gy such that
xt=ry, and x,y, =rt;
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and for arbitrary y, in Gy, there exist y; in Gy such that
X1y2 =T)Y3.
From these three equations, applying closure condition N, we get
Xy3 =7T1)y;.
As y, is arbitrary and rGy = Gy we have
x .Gy = Gy forall x in Gy .
By symmetric considerations
Gy.y = Gy forall yin Gy.

Thus the theorem is proved.

Theorem 5. Let (Gy, *) be an N-groupoid with elements r, s in Gy such that for
all y in Gy there exists x in Gy satisfying xy = s and rGy = Gy. Then a new
operation + can be defined on the elements of Gy as follows: For arbitrary but
fixed m and n in Gy, define

xn + my = xy forall x,yin Gy .

Then + is a well defined binary operation on Gy, under which Gy forms an abelian
group.

Proof. Consider the mappings from Gy to Gy, given by
x> xn(=X) and y->my (=7).

Then it follows from Theorem 4 that these mappings are onto Gy,.

Next, we shall show that + is a well defined operation. From Theorem 2 we see
that

xh = x,n implies x,y = x,y forall yin Gy,
so that

(1) X1y = X2)y .

Similarly, my, = my, gives

@ X2Y1 = X2)2

so that if x,n = x,n and my; = my, then (1) and (2) imply that
X1Y1 = X2)2

and hence + is a well defined operation.
Here mn acts as identity element for the groupoid (Gy, +). Indeed,

mn + my = my, Xn+ mn = xn.
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Groupoid (Gy, +) also retains the N-groupoid property of (Gy, *). Let
X1+Y2=X3"+Y1, X1+Y4=X2+Y3 and X2+Y2=X4+Yl,

where X, Y;in Gy (i = 1,2, 3, 4).
Then there exist x;, y; in Gy (i = 1, 2, 3, 4) such that

xin = Xi and myl' = Yi
and thus
X1Y2 = X3V1, X1Ya = X2y3 and Xy, = X4,

which implies X3y, = Xx4y3, Which in turn gives
X3+ Y4=X4+ Y3.

Then Theorem 3 implies that (Gy, +) is an abelian semigroup. For completing the
proof of the theorem we have to establish the quasigroup property also in (Gy, +).

Let C, D € Gy, then we shall show that C + Y = D is uniquely solvable in Y.
By Theorem 4 there exist ¢, y in Gy such that cn = C and ¢y = D. Assume my = Y,
then C + Y = D. Further, Theorem 3 gives the uniqueness of the solution. The
proof for the solution on the left is similar.

Thus the theorem is proved.

Now we shall take up the problem attempted by Fotedar [6].

Since we know that every isotope of a given groupoid is isomorphic to a principal
isotope, there is no loss of generality in the theory of isotopy in restricting our atten-
tion to principal isotopes, a fact pointed out in various papers of Albert and Bruck.

Here we start with '

Theorem 6. A groupoid (G, +) isotopic to a given groupoid (G, *) under the
isotopy x + y = x*y? is an abelian group if and only if the following conditions
are satisfied: :

a1 ﬂ— 1

x* =xn, x¥ = mx forsomen minG,

for all x in G; and (G, *) is an N-groupoid such that there exists a pair of ele-
ments r, s in G satisfying rG = G and for all y in G, xy = s is solvable in x.

Proof. Suppose (G, +) is a groupoid isotopic to a given groupoid (G, +) under
the isotopy

(1) , x+y=xy".

As o and B are permutations of G therefore, without loss of generality, we can con-
sider the above equation in the form

(2 x* P+ xf = xy.
From the condition of the theorem

-1 -1
x*"=xn and x*7' = mx
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we obtain
xn + my = xy for some n,min G.

Now, as (G, ) satisfies the conditions of Theorem 5, (G, +) is an abelian group.
Conversely, suppose (G, +) is an abelian group isotopic to a groupoid (G, )
under the isotopy (1). We can consider (1) in the form of (2), i.e.,

4y = xy.

Let e be the identity element of (G, +) and denote ¢* = m and e’ = n, then putting
n?™" = eand m*"" = e separately in the relation (2) we get

a

1 -1
x*"=xn and x*7 =my,
hence

(3) : xn + my = xy.

Thus, every element of (G, +) can be obtained as right and left translations of n
and m, respectively, by some elements of (G, ). Further, the composition + of G
is defined by the relation (3).

In view of Theorem 3, (G, +) satisfies the N-groupoid property. We have to show
the N-groupoid property in (G, *). Let

X1Y2 = X3¥1, X1Ya = X3y3 and X,y, = XgY;,
where x;, y; in G (i = 1,2, 3, 4); then there exist X;, Y, in G (i = 1,2, 3,4) such
that
x;n=X; and my;=Y;
and thus,

X1+Y2=X3+Y1, X1+Y4=X2+Y3 and X2+Y2=X4+Y1,

which means X3 + Y, = X, + Y; which in turn gives X3y, = Xx,¥;.

Next, as the quasigroup property is invariant under isotopy, (G, *) is a quasi-
group, and further, this implies the conditions of the theorem.

This proves the theorem completely.

In addition, if we assume that (G, -) is a finite groupoid then we can restate our
Theorem 6 with a slight modification. We start with

Theorem 6'. If (G, *) is a finite groupoid then (G, *) is isotopic to an abelian
group (G, +) under the isotopy x + y = x*y* if and only if (G, +) is an N-groupoid
and there exists a pair of elements r,s in G such that rG = G and xy = s has
a solution in x for all y in G.

Proof. In a groupoid (G, -) satisfying the conditions of Theorem 5, we define
a composition + by

xn + my = xy for somen, minG.
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_ Further, denote the mappings
. x->xn(=X) and y->my (=7)

by ™! and B!, respectively. Then o~ ! and B! are bijections as G is finite. Hence o
and B are also bijections, and we can write x + y = x*y? for all x, y in G. Con-
sequently (G, +) is isotopic to (G, +); further (G, +) is an abelian group by
Theorem 5.

The proof of the converse part of the theorem is the same as that of Theorem 6.
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POZNAMKA O LINEARNI MIRE VITUSKINOVYCH MNOZIN

MirosLAv DonT, Praha
(Received May 23, 1977)

Bud M < (0, 1) x €0, 1) = R? uzavfend mnoZina takova, Ze jeji projekce (orto-
gonélni projekce) na osy x a y jsou celé usetky <0, 1> x {0} a {0} x <0, 1). Na prvni
pohled by se zdélo zfejmé, Ze potom linedrni mira této mnoZiny je rovna alespoii
délce uhlopritky &tverce <0, 1> x <0, 1) (tj. \/2), nebot by se zdalo, Ze uhlopfitka
tohoto ¢&tverce je “‘nejmensi” mnoZina s tou vlastnosti, Ze jeji projekce na osy x a y
jsou celé tisecky <0, 1> x {0}, {0} x <0, 1). UkaZeme viak, %e tomu tak neni a Ze
mnoZina s danou vlastnosti miZe mit linedrni miru men3i neZ /2. V této pozndmce
viak nebudeme pracovat pfimo s podmnoZinami &tverce <0, 1) x <0, 1), které maji
uvedenou vlastnost, ale z technickych diivodii budeme pracovat s podmnoZinami
&tverce C = {[x, y] € R%; |x — 4| + |y| < 4} takovymi, Ze jejich projekce na ptimky
y =x, y= —x jsou celé hrany tohoto &verce (o délce % ./2), tj. usetky p; =
={[x,y]eR?* y =x, xe0, 3}, p, = {[x, y]e R y = —x, xe0, $>}. Uké-
Zeme, Ze v C existuje uzaviena mnoZina s danou vlastnosti, jejiZ linedrni mira je
mensi neZ 1. Nejprve viak pfipomeiime definici linedrni (Hausdorffovy) miry a defi-
nici topologické limity posloupnosti mnoZin, kterou budeme potfebovat. Dile
zopakujme definici mnoZin (které zde nazyvame Vituskinovymi), o kterych A. G.
VITUSKIN v citované praci [1] dokazal, Ze maji kladnou linedrni miru, ale nulovou
analytickou kapacitu (uvidime, Ze pravé tyto mnoZiny maji — mimo vlastnost, o které
mluvi A. G. Vituskin — nasi uvedenou vlastnost).

Necht {4,}7; je n&aka posloupnost mnoZin A, = R? Definujme mnoZiny
lim sup A,, lim inf 4, takto: Pro z € R? piSeme

zelim sup 4,

pravé kdyZ pro kaZdé oteviené okoli U bodu z plati U n 4, + @ pro nekone&nd
mnoho n; piSeme
zeliminf A4,

n— o

pravé kdyZ pro kaZdé oteviené okoli U bodu z je U n 4, = 0 pouze pro kone&ng
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mnoho n. Ekvivalentn¥: z € lim inf 4, pravé kdyZ existuje posloupnost {a,}, a, € 4,,
liha, = z; zelimsup 4, pravé kdyZ existuji n; < n, < ..., a, €A, tak, Ze

lima, =z V pl‘ipa;dé
lim inf A, = lim sup 4,

n— o n—+ o

fekneme, Ze existuje lim A, (topologicka limita posloupnosti mnoZin 4,) a piSeme

n— oo

lim A, = limsup A, (=liminfA4,).
n—ow n—* o n— o
Poznamenejme, Ze lim A4, je vZdy uzaviena mnoZina.
Bud A c R% Vyrazem h(A) budeme znaéit lineirni miru mnoZiny 4, tj. Haus-
dorffovu jednodimenzionalni miru definovanou nasledujicim zptisobem. Pro ¢ > 0
poloZime

h(A) = inf ) diam (B,),
n=1

kde infimum bereme pfes vSechny spoletné systémy {B,}, které pokryvaji 4 (tj.

A = |J B,), takové, Ze diam (B,) < ¢ pro kaZdé n. Dale poloZime

n=1
h(A) = lim h(4) .
e->0+

Nyni zopakujme definici Vituskinovych mnoZin z [1]. Necht {n}%, je n&aka
posloupnost pfirozenych &isel, no = 1, n, > 1 pro k = 1, 2, ... . Indukci definujme
mnoziny r;,;, ;.kdek =1,2,...,i; =1,2,...,n;_,. PolozZime r;, = r; = <0,1) x
x {0}. Pfedpoklidejme, Ze jiz mame sestrojenou usedku ry;, ; ,. Tuto usetku
rozdélime na n,_, stejnych &sti (use€ek) a kazdou tuto &ast v roving R? otocime
o thel 11T kolem jejiho stfedu. Tyto use€ky pfitom uvaZujme uzaviené. Tak dosta-
neme n,_, Usecek, které oznaéime

Piigioyies W=1,2,..,m_y.

Dale pro k = 2, 3, ... poloZime

Re=U U .- UPrupns
i2=1 i3=1 k=1
R, = ry. Pro pevné k tedy R, tvofi vSechny useCky tvaru r;; ., které jsou bud
vSechny rovnobéZné s osou x nebo vSechny rovnobézné s osou y. Podet t&chto tiselek
jenyn, ... m_y. Zkonstrukee je dale vidét, Ze délka téchto usedek je (nyn, ... n_y) ™!
(tyto usetky vzniknou délenim uisetky o délce 1 na stejné dily). Nejprve si viimneme,
Ze posloupnost mnoZin R, ma topologickou limitu. Je jasné, Ze

lim inf R; < lim sup R, .

k= k—
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UkaZime, Ze plati i obrdcend inkluze. Bud z = [xo, yo] € lim sup R,. Pro ¢ > 0
oznadime

U, = {[xy]; |x—x0| +|y—y0| <e}.

Nyni staci dokazat, Ze pro kazdé ¢ > 0 existuje m tak, Ze pro vSechna k > m je
R, n U, # 0. Budtedy ¢ > 0. JelikoZ z € lim sup R,, je R, n U,;, # @ pro nekone¢né
mnoho k. Zvolme m tak, Ze R, nU,, + 0 a zaroveii (nyn,...n,_,)"" < le
(pro k=1 je n, 2 2 a tedy takové m jisté existuje). Potom ale existuji indexy
iy Qg ens iy tak, Ze vy, o N U, ;p # 0. JelikoZ délka této tseCky je menSi nez ie
(a jelikoZ je rovnob&zna bud's osou x nebo y), plati tedy jistd r; ;, ; < U,. ZtvaruU,
a z konstrukce danych tsecek je ale vid&t, Ze pro tyto (pevné) indexy iy, iy, ..., i, je
Fisiaoimimsrnin © Us Pro libovolné indexy iy, ..., 0 (k>m, 1 £i, < n,, pro
p=m+1,...,k). Odtud R, n U, + 0 pro kazdé k > m, tj. zeliminf R,, takZe
skutecné

lim inf R, = lim sup R, .

k— © k— o

Dile si v§imneme, Ze (ortogonalni) projekce mnoZiny lim R, na pfimky y = x,

y = —x jsou celé usecky p; = {[x,y]; y=x, xe0, 1}, p, ={[x,y]; vy =
= —x, x €0, 1)}. Pfedeviim je zfejmé, Ze tyto projekce nemohou byt v&tsi, nebot
R, = C pro kazdé k a tedy i lim R, = C. JelikoZ pfi toeni danych useéek tvaru
¥i i, kolem jejich stfedu o tuhel 11T se jejich projekce na pfimky y = x, y = —x
neméni, je pfedev§im ziejmé, Ze projekce vSech mnoZin R, na dané pfimky jsou
celé useCky p;, p,- Bud napt. z, € p,. Je-li p prinik &tverce C s pfimkou kolmou
na p, prochdazejici bodem z,, pak p je kompaktni tiseCka a pro kazdé kje p n R, + 0.
Volme z, € p N R,. Potom existuje vybrana konvergentni posloupnost {z,}; necht
lim z;, = z. Potom jisté

z €lim sup R, = lim R,

k— o k—
a odtud je vidét, Ze z, leZi v projekci lim R, na pfimku y = x, takZe tato projekce je
opravdu rovna p,. Podobné pro p,.
Dale pouZijeme je$té toto oznaceni: Pro pevné indexy iy, i, ..., iy, m > k oznaéme

ni R+ 1 Rm—1
m
Ryt = U U e U Pyt
ik+1=1ix4+2=1 im=1

(jsou to tedy ony tseZky v R,,, které vzniknou d&lenim usecky r ); déle polozme

iiz... ik

— m
R - hm Riliz...ik

m— oo

i1i2.. ik
(Ze tato limita existuje se dokaZe Gipln& stejn& jako existence lim Ry).

Nyni se zabyvejme pfipadem, kdy n, = 2 pro kazdé k = 1 (pfi konstrukci r;,;, ;.
budeme tedy v tomto pfipad& vZdy ,,pfedchozi* isetky d&lit na poloviny). UkaZeme,
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%e v tomto pfipadé, pokud znadime R, = lim R,, plati
. h(Ro) < 1.

K tomu sta¥i ukazat, ¥e existuje konstanta ¢ < 1 tak, Ze h(R,) < ¢ pro ka¥dé
e > 0. K tomu opét stadi ukazat, Ze pro kazdé ¢ > 0 existuji mnoZiny A4, tak, Ze
diam 4, < &, U4, o R,, ) diam 4, < c.

V na¥em pfipadé budeme R, pokryvat jistymi obdélniky (mohli bychom R,
pokryvat kruhy o stejném diametru jako tyto obdélniky — coZ pro Hausdorffovu
miru byva nejéast&j§i — ale z technického hlediska bude uZiti obdélnikd jednodussi).
Sestrojime obdélniky A4} ;, ; pron=1,2,...,i; =1,i;=1,2proj =2,3,... na-
sledujicim zpisobem. PoloZime

Al =D x (LD

je to minimalni obdélnik takovy, ¢ R, = A}, R; = A}. Z konstrukce R, je vidét,
¥e potom R, — A} pro kaZdé k = 2. Vzhledem k tomu, Ze A} je uzavieny, je R, =
= lim R, < A}. P¥itom je

diam 4] = /(& +3) =31./(13) < 1.

Obdélniky A}, ; sestrojime takto: obdélniky A; dilatujeme konstantou 2'~",
oto¥ime o tihel (n — 1) 31T a posuneme tak, aby mél stfed ve stfedu tsecky ry;,. ;.
Z konstrukce tohoto obdélniku a z konstrukce tsedek r;;, ; je vidét, Ze pro pevné
indexy iy, iy, ..., i, j€

m n
Rl']iz...i,. < Ah i2...in

pro kaZzdé m = n + 1. JelikoZ

Rm = e LE U Ri)iz in?
i2=11i3=1 in=1
jeprokazdé m =2 n + 1
2 2 2
(1) R,<cU U...U 4i,.-
i2=1 i3=1 in=1
Dile plati

diam 4}, , =2'""},/13

a pro pevné n je potet obdélniki tvaru A7 ;, ; roven 2"” 1 Odtud

M™Me

2 .

2 2
] iZ‘,l...lzldiam A =13,
3= -

»
Konstrukce uvedenych obdélnikd je nazorné vidét z obr. 1. Na obr. 1 volime n tak,
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Ze r;,,.., je rovnob&Zna s osou x. Jak je vidét z obrazku, hrany obdélnika 47 ., ;

jsou
ly =diamry;, ;4 =27",
I, = diamr;;, ;. + diamr;;, ;4 =3.27"71,
n
Aifii"'in
Pijiy-eeintt r-q7---<----1-7
| 1 |
I
|
t
F iy ovin 12 |
’ |
Figty i =
Obr. 1.
takZe

diam 43,;, ;. = /(1 + 15) = 27"} J/13.

Vzhledem k tomu, Ze uvedené obdélniky jsou uzaviené, dostavame podle (1)

2 2 2
(3) Ro — Iim Rm c U U oee U A"l"[l'z...i,. .
m— oo i2=1 iz=1 in=1
Bud ¢ > 0. Potom existuje n tak, Ze 2' ™" } \/13 < ¢, takZe podle (2) a (3) dostavame
ha(RO) é i \/13

a tedy také
h(Ro) < }/(13) < 1.

Dostavame tedy piiklad mnoZiny s vlastnostmi, o kterych jsme mluvili v uvodu.
Poznamenejme, Ze v kaZdém pfipadg plati h(R,) = 4 /2, nebot z toho, Ze napf. na
pfimku y = x ma mnoZina R, projekci rovnou usecce o délce 4 \/2, plyne, Ze kazdé
spodetné pokryti R, ma soudet diametris >4 /2, a tedy dokonce h,(R,) = % /2 pro
kazdé ¢ > 0. Pro nasi uvedenou mnoZinu tedy dostdvime odhad

32 = h(Ry) £ /13

Autoru neni zndmo, jakou ma mnoZina R, skutedng linedrni miru (zfejmé viak je,
Ze horni odhad by bylo moZné zlepit).

Nakonec budeme je3t& uvaZovat pfipad, kdy poloZime n, =2k prok = 1(n, = 1).
MnoZinu R, budeme v tomto, podobné jako v pfedchozim pfipadg, pokryvat jistymi
obdélniky. Pro k pfirozené zkonstruujeme obdélniky A%, ., kde iy =1, i, =
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=1,2,..,n,_y =2(p—1),j =1,2,..., k nasledujicim zpisobem. Bud 4, uzavfe-
ny obdélnik o hranach

1
o= (%), =% (14 ——),
pfiemz hrana o délce [, je kolma na r,;, ; (druhd hrana je s r;;, ; rovnob&ina).

Usetky Piiiy..icics, VZhiknou rozd&lenim usetky r;,;, ; na 2k stejnych dilii (a otoce-
nim t&chto dil& o 4IT). Pro pevné indexy iy, i,, ..., i, je tedy t&hto GseSek 2k. Téchto
2k usefek sestavime do k dvojic ,,sousednich usedek a tyto dvojice pokryjeme
obdélniky 4%, .; (j = 1,2, ..., k), které dostaneme tak, Ze obdélnik A4, posuneme,

k
Ay iy Ay i2

il e’ i g o
riaiz"-ik
|
, l | = et w ..
Fiyigiy | éu;_u_

Obr. 2.

Py i1

aby jeho stfed lezel na tseCce r;;, ; uprostied pfislusné dvojice ,,sousednich**
usecek tvaru r;;, ;.i.+1 — viz obr. 2. Na obr. 2 volime k tak, Ze r; ;, ,; je rovno-
b&Zna s osou x. Pfitom je vidét, Ze obdélniky A% A¥ ... musi mit hrany

1i2...0k1> P1i2...0p20
o délce

ll = dlam r,‘l,-z.._ikl = (nlnz e rlk)_1 = (Zkk!)_l >

12 = diam Vijiy...ixl + diam Fiiiy..inll = (2kk!)_1 + (2k+1(k + 1)!)_1 =

= (2kkg)~1 (1 + 2(k—1+1—))
Odtud .

2
0 diamdt, = — 14141
2*k! 2(k + 1)

1 1 1
— 43 + :
2%k! Ck+ 1 4k + 1)
Déle je snadno vidét, Ze prom = k + 1 je

k

k

Ry, = U 4
j=1

1‘1...ikj ?
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.
2 4 2(k—-1) k >
Rm < U U a2 U U Ailiz...iki
i2=11i3=1 ir=1 j=1
(m 2 k + 1) a tedy také
4 2(k—1) k

2
(‘5) o ) RoecU U.. U UA’:liz...ikj'

i2=1 B3=1 ix=1 j=1
Pocet obdélnikd A} ;, .. (pro pevné k) je
kniny ...me_y = k.27 (k — 1)! = 257 1k! .

Podle (4) tedy mame

2 2k=1) k ) 1 1 1
©) 5o % Y diam Al = \/[2+ + ]
i2=1

=1 j=1 k+1 4(k + 1)2

Je-li ¢ > 0, pak jisté existuje k, tak, Ze diam A’i‘l ir..inj < € pro kazdé k > k,. Podle

(5) a (6) nyni mame
1 1 1
h(Ro) < = [|2+ +
(Ro) 2\/[ k+1 4(k+1)2]

pro kazdé k > k,, tj.

h(Ro) < % /2.
Jelikoz ale nutn& h(Ry) = /2, je h(R,) = 1 /2 (pro kazdé ¢ > 0) a tedy
h(Ro) =% \/ 2.

Podivame-li se na uvod této poznamky, dostavame:

Tvrzeni. Existuje takovd uzavfend mnoZina M < 0, 1) x {0, 1), e projekce M
naosyxay jsou celé usecky <0, 1) x {0}, {0} x <0, 1) a pfitom h(M) = 1.
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Summary

A NOTE ON LINEAR MEASURE OF VITUSHKIN’S SETS

MirosLAvV DonT, Praha

It is shown that there is a compact set M = <0,1) x <0, 1> = R? with linear
Hausdorff measure 1 but such that its ortogonal projections on the coordinate axes
are the whole segments <0, 1> x {0}, {0} x <0, 1>. The construction of that set is
the same as the Vitushkin’s construction of the set with positive linear measure but
with zero analytic capacity.

30



Casopis pro péstovini matematiky, ro&. 105 (1980), Praha

CONJUGATE CYCLIC (v, k, 1)-CONFIGURATIONS*)

VEROSLAV JURAK, Podébrady

(Received July 6, 1977)

I. BASIC DEFINITIONS AND THEOREMS

Definition 1. Let 2 = {x,, xy, ..., x,,_l} be a set of distinct integers modulo v
and By, By, ..., B,_; a system % of distinct subsets (blocks) of Z. If the system 2
satisfies the following axioms:

(@) |B| =k (i=0,1,....,b - 1),
(IT) each pair of distinct elements of % occurs together in exactly 4 distinct sets
of 4,

(III) the integers v, k, A satisfy the inequalities 0 < 4, k < v — 1,
then 4 is called a (b, v, r, k, A)-configuration. (As in [1].)

For the (b, v, 1k, A)-conﬁgurations we have the following theorems:

(IV) each element of & occurs in exactly r sets of %,
(V) bk = or,
(VI) r(k — 1) = (v — 1),
(VI) b 2 v (=r 2 k).
(The proofs are in [1].)

Definition 2. Let Z = {x,, xy, ..., X,—} be a set of distinct integers modulo v and
By, By, ..., B, a system 2 of distinct subsets (blocks) of & If the system # satisfies
the following axioms:

(1) |Bl =k (i=0,1,..,0—1),
(2) |BinB)| =4, i+j, (i,j =0,1,...,0 = 1),

(3) the integers v, k, 4 satisfy the inequalities 0 < A < k < v — 1,

*) The author had presented this result in another form at the Conference on Graph Theory —
Smolenice (Czechoslovakia), March 1976.

31



then 4 is called.a (v, k, A)-configuration. (As in [1].) The system 4 is also called the
(v, k, A)-configuration (Z, #). We note that any (v, k, 4)-configuration is in fact
a (v, v, k, k, A)-configuration. (See [1].)

Definition 3. Two (v, k, A)-configurations (%, 8), (Z, #’) are said to be identical
if and only if Z = %', and we write (', 8) = (2, #').

Proposition 1. Given a (v, k, A)-configuration (%, #), there exists no (v + 1, v, k,
k, A)-conﬁguration (.96“, .43*) such that #* = 20U B where B< %, B+ B;e¢ %
(i=0,1,....,v— 1) and |B| = k.

Proof. From Theorem (V) we get
v+ 1)k = vk
and this implies k = '0; a contradiction with Axiom (3)
Definition 4. An isomorphism o of a (v, k, 4)-configuration (%, %) is a permutation
of & such that if x € & and B € 4, then
x € B < ox) e oB).

(As in [2].) If «(#) = 4, then the isomorphism « is called an automorphism of the
(v, k, A)-configuration (%, B).

Definition 5. A (v, k, 4)-configuration (Z, %) is called cyclic if there exists its auto-
morphism a such that

a:i+>i+ 1 (modv) foreach ied
and the system 2 is denoted so that
B, B;,;, i+ 1 (modv) foreach B,eZ.

(Asin [2])

Proposition 2. For a given integer j define a mapping o of the given cyclic (v, k, A)-
configuration (%, &) onto (', &) by

a:i+>i+ j(modv) foreach ieZ, and
B;—B;.;, i+ j(modv) foreach B;eZ.
Then a is an automorphism of (%, ).

Proof. This Proposition follows from a composition of automorphisms from
Definition 5.
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Definition 6. A set D = {a,, a,, ..., a;} of integers modulo v is called a (v, k, 1)-
difference set, if for each d ¥ 0(mod v) there are exactly A distinct ordered pairs
(a;, a;), where a;, a; € D, such that a; — a; = d (mod v). (As in [2].)

Theorem 1. A set D = {ay, a,, ..., a,} of integers modulo v is a (v, k, A)-difference
set if and only if a system of v sets B, = {a, + p,a, + p,..., a, + p} modulo v
(p=0,1,...,v—1) is a cyclic (v, k, A)-configuration. (Cf. the proof in [2].)
Hence B, = D and each set B, is a (v, k, A)-difference set.

We shall use the (v, k, A)-configuration (Z, #) where the system % = {B,}
(p=0,1,...,v — 1) is the system of sets from Theorem 1, and its isomorphism «
which is given by the following definition:

a:x+>v— x(modv) foreach xeZ .
Theorem 1 implies

B,={a, + p,a; + p,...,a, + p} (modv) (p =0,1,...,0—1).

Let p be a fixed integer. Then to each d % O(mod v) there exist exactly A distinct
ordered pairs (a; + p, a; + p) where a; + p,a; + pe B, such that

(@i +p)—(a; + p) = a; — a; = d (mod v).
We get

«B,) = {v —(a; + p),v—(ay + p),...,v — (a, + p)} (mod )
(p=0,1,...,v—1).

Let p be a fixed integer. Then to each d % 0 (mod v) there exist exactly A distinct
ordered pairs (v — (a; + p), v — (a; + p)) where v — (a; + p), v — (a; + p)e
€ «(B,) such that

(v—(aj+p)—(—(a;+p)=a;,—a;=d (modv).
The foregoing remarks yield

Proposition 3. Let a set D = {ay, a,, ..., a;} of integers modulo v be a (v, k, 1)-
difference set. Given a fixed integer p, then the set

«(B,) = {v — (a; + p), v — (az + p),...,v — (a; + p)} (mod v)
is a (v, k, A)-difference set. The system of sets-

% ={«B,)} (p=0,1,...,0—1)

is a cyclic (v, k, A)-configuration.
It is easy to see the validity of the following two propositions:

Proposition 4. Let a;, a;, p, v be integers. Then

v—a;=a;+ p(modv)<>a;, +a;=v— p (modv).
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Proposition 5. Let p be an integer and let & = {x,, Xy, ..., X,_} be a set of distinct
integers modulo v. Then the congruence

(*) v —x =x+ p (modv)

has at most one solution from Z for v odd and at most two solutions from Z for v
even.

These facts are important for the formulation of suppositions in the following
considerations. '

II. OBSERVATIONS FOR v ODD
Now, we shall prove the following

Lemma 1. Let v be an odd integer and let the set D = {ay, a,, ..., a;} of integers
modulo v be a (v, k, A)-difference set. We have here a cyclic (v, k, A)-configuration
(%, B) with the system # = {B,} (p=0,1,...,0— 1) where B, ={a, + p,
a, + p,...,a; + p}. If we define an isomorphism of (Z, %) as follows:

a:x+ v — x (modv) foreachof xeX,
then B, + o«(B,) for allp =0,1,...,v — 1.

Proof. To prove this lemma we consider four cases.
1. Let k be an odd integer. Let each a; € B, satisfy the condition a; + a; =
= v — p(mod v). Next, let the elements of B, be suitably denoted so that

@3-y + a3, = v — p (mod v),
where r = 1,2, ..., (k — 1)/2. Hence we get that

I P = a, + p (mod v)
and also

U — ay = az-y + p (modv),

where r = 1,2, ..., (k — 1)/2. Then «(B,) and B, have k — 1 elements in common.
Since
‘ay + a, £ v — p (mod v)

(cf. the suppositions and Proposition 5), it follows that
v—a,£a +p (mdd.v).
That is, B, + a(B,).
2. Let again k be an odd integer. Let the elements of B, be suitably denoted so that

a; +a; =v— p (modv)
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and

(a) ay + 3,4y = v — p (mod v)

for all r = 1,2, ...,(k — 1)/2. Hence and from Proposition 4 it follows that B, =
= a(B,).

2,. Now, let also A be an odd integer. The number of congruences (a) is (k — 1)/2,
the number of differences a,, — Gz41, G2r41 — G2 (r=1,2,...,(k — 1)[2) is
k — 1 and in view of Axiom (3) itis k — 1 < v — 2. Hence there exists at least one
number d % 0 (mod v) for which

Ay — Q2p415 A1 — Ay E‘E d (mOd ‘U)

for all r =1,2,...,(k — 1)/2. Then it is possible that there exists a convenient
s=1,2,...,(k — 1)/2 such that

either a,, — a; = d (modv) or a, — a,,=d (modv).
This s fulfils
Ay, + Gz, = v — p (modv).
Hence in the first case we have in fact also
a; — a4y = d (mod v)
and in the second case also
dy41 — a; = d (mod v).
Then to d in the first case there exist two pairs (a,s, a4), (a4, @55+ ,) satisfying
Ay — Gy, Ay — A4 = d (mod v)
and in the second case there exist two pairs (ay, d,,), (@254 1, 1), satisfying
a; — Ay, Ay,4y — ay = d (mod v).
For each a,, t =.2, 3,...k, t + 2s,itis
either a, —a, £ d (modv) or a; —a, % d (modv).

If there exists no s with the above properties, then there are necessarily such m, n =
=1,2,...,(k — 1)/2, where m =+ n, that either the equivalence

Ay — A2, = d (Mod v) <> a3, 1 — dzmsy = d (mod v)
or
Aym — Agpvy = d (mod v) <> ay, — aymsy = d (mod v)

holds. This means that to d there exist either two pairs (@zm, @24), (A2n+ 1> G2m+1)
satisfying

Aym — Q2py A2p41 — Qomer = d (mOd U)
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or two pairs (azm, @2n+1)s (@20, A2m+ ) satisfying
* Gym — G241 G2n — G2m+y = d (mod v).
Altogether, we have that the number of pairs (a,, a;) with a;, a; € B, such that
a; —a; =d (modv),

is even; a contradiction with A odd, Hence B, + a(Bo).
2,. Now, let A be an even integer. By congruences (a) we have

A — Q3,41 =243, — v+ p (mod ), az4y — a3 = 2a3,4; — v + p (mod v)

Since all elements of B, are different, the same holds for all numbers 2a,, — v+ p,
2a3,+1 — v + p(modv) for all r = 1,2,...,(k — 1)/2. None of these numbers are
congruent with 0 (mod v) by the assumption and Proposition 5. Then to some d
# 0(mod v) there exists a convenient r = 1,2, ...,(k — 1)/2 such that the con-
gruence

ay — G4 = d (mod v)

holds. To complete the proof we use the same argument as in 2, of this, proof, now
with this d. However, now the number of pairs (a;, a;) with a;, a; € B, such that

a; — a; = d (mod v)

is even or zero. Hence we conclude that the number of these pairs (a;, ;) is odd;
a contradiction with the assumption that it is even. Thus B, #+ «(B,).

3. Let k be an even integer. Let each a; € B, satisfy the condition a; + a; %
% v — p (mod v). Next, let the elements of B, be suitably denoted so that

(b) az—1 + a3 =v — p (modv),

where r = 1,2, ..., k[2. Hence and from Proposition 4 it follows that B, = a(B,).
3,. Let us consider the integer A to be odd. The number of congruences (b) is k/2,
the number of differences a,, — ay,—q, a3,—1 — a5, (r = 1,2,...,k[2) is k and in
view of Axiom (3) it is k < v — 1. Hence there exists at least one number d %
% 0 (mod v) for which '
’ a3 — Gy,_y, A3,y — Gz F d (mod v)

for all r = 1,2, ..., k[2. Then there are necessarily such s,t = 1,2, ..., k2, where
s ¥ t, that either the equivalence

as — a3, =d (modv)<>a,,_; — ay,—y =d (modv),
or . )
ays — a3y = d (mod v) <> a,, — ay,_; = d (modv)

holds. This means that to d there exist either two pairs (a,, as,), (@2,—1, @25—1)
satisfying
Ays — Agpy Ggp—q — A5y = d (mod v)
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or two pairs (azS, A3e-1)s (az,, az,-1) satisfying
Ay — @341, Gz, — Gz4-y = d (mod v).

Hence we conclude that for this d the number of pairs (a;, a;) with a;, a
that

; € Bg such

a; — a; = d (mod v)

is even; a contradiction with 4 odd. Thus B, + «(B,).

3,. Let 4 be also an even integer. By congruences (b) we have
ay, — a3y =245, — v + p (modv), a,_, — a; =2a,_, — v+ p (modv).
As in 2, of this proof these differences are distinct, in fact % 0 (mod v), for all
r =1,2,...,k/2. Then to each d % 0 (mod v) there exists a convenient r = 1,2, ...
— k/2 such that the congruence

Ay -1 — Gy, = d (mod v)
holds. Now we proceed with this d in the same way as in 3, of this proof. We have
here that the number of pairs (a;, a;) with a;, a; € B, such that
a; — a; = d (mod v)

is even or zero. Hence we conclude that the number of these pairs (a;, a;) is odd;
a contradiction with the assumption that 4 is even. Thus B, % a(B).
4. Let k be an even integer. Let the elements of B, be denoted in a suitable way
so that
a; +a; =v— p (modv)
and
zp + A3ppy =V — P (mOd U)

for all r =1,2,...,(k — 2)/2. Hence and from Proposition 4 it follows that B,
and a(BO) have k — 1 elements in common. In view of Proposition 5 the congruence
(*) is satisfied for precisely one element. With regard to the supposition we may
assume that this occurs exactly for x = a,, and thus it is

v— a, % a; + p (modv).
Then B, + a(B,).
This completes the proof of Lemma 1.
III. OBSERVATIONS FOR v EVEN

It is quite easy to verify

Proposition 6. Let v be an even integer. Then the equation

Mo —1)=k(k — 1)
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(which follows from Theorem (V1)) is satisfied only for even J.
Now, we shall sketch the proof of the following

Lemma 2. Let v be an even integer and let a set D = {a,, a,, ..., a;} of integers
modulo v be a (v, k, A)-difference set. We have a cyclic (v, k, 1)-configuration
(#, B) with the system # ={B,} (p=0,1,...,0 — 1) where B, = {a, + p,
a, + ps ..., a, + p}. If we define an isomorphism of (%, ) as follows:

a:x+>v— k (modv) foreachof xeZ,
then B, % o(B,) forallp =0,1,...,v — 1.

Proof. 1. Let k be an odd integer. Let each a; € B, satisfy the condition a; + a; #
% v — p(mod v). Further, let the elements of B, be denoted in a suitable way so
that

Ay + a3, = v — p (mod v)
where r = 1,2, ...,(k — 1)[2. If we proceed in the same way as in part 1 of the
proof of Lemma 1 then we have also B, + o(B,).
2. Let k be an odd integer. Let the elements of B, be denoted so that

a; +a; =v— p (mod )
and
Ay + Q3,41 =0 — P (mOd U)

forallr=1,2, ...,(k — l)/2. Now we proceed in the same way as in 2, of the
proof of Lemma 1. Here we have that B, + a(B,).
3. Let k be an odd integer. Let the elements of B, be denoted so that

a, +a;,=v—p(modv),
a, + a, = v — p (mod )
and
Azr-1 + a;=0—p (mOd U),

where r = 2,3, ..., (k — 1)/2. Then B, and a(B,) have k — 1 elements in common.
Since

a, + a, £ v — p (modv)
it is
v — a; ¥ a; + p (mod v)
in view of Proposition 4. Hence B, + a(B,).
4. Let k be an even integer. Leta; + a; £ v — p (mod v) for each a; € B,. Further,
let the elements of B, be denoted so that

ay_4 + a5, = v — p (mod v)

where r= 1,2,..., k[2. Now we proceed in the same way as in 3, of the proof of
Lemma 1. Here we have B, + o(B,).
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5. Let k be an even integer. Let the elements of B, be denoted so that

a; + a; =v — p (modv)
and
dy + Az41 = v — p (mod v)
forallr = 1,2,...,(k — 2)/2. We proceed in this case in the same way as in 4 of the
proof of Lemma 1. Here we have that B, & a(B,).
6. Let k be an even integer. Let the elements of B, be denoted so that

a; +a; =v—p(modv), a,+a,=v— p(modv)
and
(c) a3—1 + az, = v — p (mod v)
forall r = 2,3, ..., k[2. From the congruences (c) we obtain
Ay — Ayp—y =2a5, — v + p (modv), dy-y — a3 =245,y — v + p (modv).

As in 2, of the proof of Lemma 1 these differences are distinct, and £ 0 (mod v)
and here even # v[2 (mod v)forallr = 2,3, ..., k[2. Thentosome d = 0, v/2 (mod v)
there exists a convenient r = 2, 3, ..., k/2 such that the congruence

A1 — a3, = d (mod v)
holds. Note that
a; — a,, a, — a, = d (modv).
If we proceed in the same way as in 3, of the proof of Lemma 1 with this d, we have
again B, + a(B,).
This completes the proof of Lemma 2.

IV. CONCLUSION

Let, in this section, the set D = {al, a,, ..., a} of integers modulo v be
a (v, k, A)-difference set. Hence, the system # = {B,}, p=0,1,...,0 — 1 where
B, ={a; + p,a;, + p,...,a, + p} is a cyclic (v, k, 1)-configuration (%, #) and
the system % = {a(B,)}, p=0,1,...,v — 1 where «B,) = {v — (a; + p),
v — (ay + p),...,v — (a, + p)} is also a cyclic (v, k, A)-configuration (%, ).

We may summarize the results of the foregoing observations:

Proposition 7. In view of Proposition 1 we can prolongate a cyclic (v, k, 1)-con-
figuration (Z, %) neither by a(B,) nor by any one of «(B,) (p =1,2,...,v — 1).

Proposition 8. Given a cyclic (v, k, A)-configuration (%, #) and its isomorphism

a:x+v—Xx foreach xeX,
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then o is never an automorphism of (%, ®).

Theorem 2. If there exists a cyclic (v, k, )-configuration (%, #), then if we define
an isomorphism of (%, #) by a : x — v — x for each x € Z, we get a cyclic (v, k, 2)-
configuration (%, &), where o(#) = & and both the configurations (%, &), (%, &)
are distinct.

Corollary. Let v, k, A be positive integers. If there exists a cyclic (v, k, A)-con-
figuration (Z, %) then the number of distinct cyclic (v, k, A)-configurations is even.

Consider now a cyclic (v, k, A)-configuration (Z, %#). Since v — (v — x) = x,
there exists an automorphism of (%, %)

a?:x>v—x+v—(v—x) foreach xeZ .

All this entitles us to express the results of this paper in the following way:
Two cyclic (v, k, A)-configurations (%, #) and (2, #) may be called conjugate.
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INTRODUCTION

In the framework of the classical Nevanlinna theory, see [4]—[9], sufficient
conditions for 6(a) = 0 have been examined. In this paper we shall solve the same
problem for the case of holomorphic mappings f:V — M, where Y is an open
Riemann surface and M is a closed Riemann surface. Our basic reference is [2].

The layout of this paper is as follows. Section 1 contains basic concepts and
denotations and First and Second Main Theorems. Basic concepts from the Ahlfors
theory of covering surfaces are briefly introduced as necessary for the formulation
of the Ahlfors covering theorem. The Ahlfors covering theorem is used in Section 2
to derive a generalization of Cartan’s formula. Sufficient conditions for é(a) = 0
are treated in Sections 3 and 4; they are followed by several closing notes in Section 5.

1. DENOTATIONS, BASIC CONCEPTS AND THEOREMS

From now on, it is assumed that V is an open Riemann surface, M is a compact
Riemann surface and f : ¥V - M is a holomorphic mapping. This standard notation
will be adhered to throughout the paper. We shall assume that a harmonic ex-
haustion exists on V.

Definition 1.1. A function 7:V - [0,s), (s < oo) will be called a harmonic
exhaustion on the open Riemann surface V iff
(i) =: ¥ > [0, 5) is onto.
(ii) Te C=(V).
(iii) 7 is proper, i.e. the inverse image of a compact set is compact.
(iv) 7 is eventually harmonic, i.e. there exists a number r(t), 0 £ r(z) < s, such
that 7 is harmonic on {p : 1(p) 2 r(r)}.
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If s < oo, we say that ¥ admits a finite harmonic exhaustion. If s = oo, we say that V
admits an infinite harmonic exhaustion.

Theorem 1.0. A Riemann surface is parabolic if and only if it carries a har-
monic exhaustion with s = .

The first part of Theorem 1.0 was proved by NAKAI [12]. If the surface carries
a harmonic exhaustion with s = oo, then such surface must be parabolic, because
the harmonic measure of the ideal boundary is zero, see [13], p. 204, 6E.

Example. In the classical case of meromorphic functions on V = C, log |z|
outside of a certain disc can be used as an exhaustion function.

Denotation 1.1. The following denotation will be used:

(i) V[r] = {peV, «p) < 1},

(ii) oV[r] = {peV, «(p) = r},
(iii) n(r, a) denotes the number of pre-images of a in V[r], counting multiplicity,
(iv) N(r, a) = [;, n(t, a) dt, where r, = r(t) is a given number.

Definition 1.2. A real number r is called a critical value of a function 7, if 7~ 1(r)
contains a critical point of 7.

Remark 1.1. (,,(,, * d7 is a constant for all r = (7).

For the proof see Corollary 4.3 in [2]; an easy proof can be obtained with help
of Green’s formula, see [13], p. 133. If we apply Greens formula to the function t

that is harmonic on the compact bordered surface W = V[r]\V[r,], we obtain

0=J *dt=J‘ *dr-f *dt .
ow av[r]l oV[ro]

Thus [,y * d = const. for every r = ry 2 r(1), QED.

With the help of the function 7 a holomorphic function { is constructed. This
function will be used as a coordinate function (or local parameter). Let us suppose
that (r,, r,) does not contain any critical value of 7, and suppose Wis one component
of Int (V[r,]\ V[r,]). Let y be one of the level curves of 7in W,say,y = Wn aV[r]
for some r € (ry, r,). We call _fy xdt = I' a period of * dt and define the conjugate
harmonic function ¢ of t by ¢(p) = [ *dr, where p, is a fixed point of . Since
d(*dr) = 0, g is defined up to periods, i.e. up to integral multiples of I and dg = *dt.
Consequently, { = 7 + ig is a holomorphic function on W, but it is multi-valued.
Let « = {pe W, o(p) = 0 (mod I')}.

Lemma 1.1. For { = t + ig as above, { : WNa — (ry, ;) x (0, ) = C is biholo-
morphic. '
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Proof see [2].

Definition 1.3. The holomorphic coordinate function { from Lemma 1.1 in a com-
ponent of t~!((ry, r,)) is called a special coordinate function.

Remark 1.2. It is well known (see Lemma 1.2 in [2]) that on every compact
Riemann surface M a Hermitian metric of constant Gaussian curvature can be
introduced. Let us denote this metric by G and its volume element by Q. In local
coordinates we have:

G = g(dx* + dy?), Q=gdx A dy.
By a suitable choice of a multiplicative constant the standardization [y Q =1 is
easily achieved.
Theorem 1.1. Let a € M be a fixed point of M. Then there exists a real-valued
function u, with the following properties:
1. u, is C* in M\ {a}.

2. idd"ua = Q in M\{a}.
2n

3. If z is any a-centered holomorphic coordinate function in a neighborhood U
of a, then u,(z) + log lzl is C® on U.
4. u, =2 0.

Proof see [2].

Denotation 1.2. Let us set

M ofr) = j .

[rl

(i) m(r, a) = L] f*u, *dt,
T Javir

(iii) T(r)f u(t)dt,
ro
T(r) is the Nevanlinna characteristic function of the mapping f,
(iv) E(r) = J x(t) dt,
ro

where x(1) denotes the Euler characteristic of V[t] (x(S) = +2, where S denotes
the Riemann sphere),

™) —E(),

x = limsup —+*

r-s T(r)
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Remark 1.3. Let us recall that for a nonconstant holomorphic mapping f: V - M,
where V is a parabolic, we have T(r) - oo as r — oo, for

T(r) = J’;v(t) dt > v(ro)(r —ro) >0 as r— .

Remark 1.4 A nonnegative function h is defined by the relation
1) f*Q = hdr A =dt.

The function h is not defined at the critical points of z; see [2], p. 501.

Theorem 1.2. (First Main Theorem). For every r 2 r(t),
(2) m(r, a) + N(r, a) = T(r) + m(ro, a)

Definition 1.4. Let us put (for a € M)

5(a) = lim sup< _ N, a))

ros T(r)

The quantity 6(a) is called the defect of the value a. If 8(a) > O then the value a is
said to be the deficient or Nevanlinna exceptional value.

Remark 1.5. For a mapping with an unbounded characteristic function T(r)
(i.e. lim T(r) = o), the quantity 6(a) can be defined by the relation

res

r,a)

3) Ha) = Honins 2@

rs  T(r)

as can be seen from relation (2) in Theorem 1.2.

Theorem 1.3 (Defect relations). If f: VY — M is holomorphic and VY admits an
infinite harmonic exhaustion, then

(4) 2, Ha) 5 (M) + 1.
If Y admits a finite harmonic exhaustion, then

S E“é(d) < M)+ x+e,

where

¢ = lim sup 1 {— log (T(r) + const.) + 2 log

res T(r) |4

+ const. .
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Basic concepts from the Ahlfors theory of covering surfaces will now be introduced.
For a more detailed study we refer to [11], Vol. 2, Chap. VII and X.

Let Wand W, be two topological spacesand F : W — W, a continuous mapping
from W into W,. Let M be the set of ordered pairs [p, F(p)] = [p, Po). P W
Po € Wy, Po = F(p). The set M will be endowed with a topology in this manner:
By a neighborhood of a point [g, g, ] € R we understand the set of pairs [p, po] € N,
where p moves through a neighborhood of the point g. The set i, endowed with this
topology, will be denoted by (W,)F and (W,)f will be called a covering space of the
base space W,. The point p, € W, associated with the point [p, p,] € (W,)¥ is called
the trace point of [p, p,]; one also says that [p, p,] lies over p,.

‘Let W, be a compact surface with a normal metric, let W be an arbitrary topo-
logical surface and F an inner mapping. (For definitions of the normal metric and
the inner mapping we refer to [11].) The metric on the base surface W, is carried
over to the surface W with help of the mapping F in the following manner:

(i) Length of a curve. The properties of the inner mapping imply: Each curve f
on W can be decomposed into parts, on which the mapping F is topological and with
each such part the length of its image on the base surface W, is associated. The total
length of the curve B is equal to the sum of the lengths of these parts.

(ii) Area. Let D = W be a compact region. We can decompose the region D into
parts, on which the mapping F is topological and we associate with each such part
the area of its image on the base surface W,. The total area of the region D is equal
to the sum of the area of these parts.

Let W, = W be a compact polyhedral region with a boundary dW,. The covering
surface (W,)F" is contained in the covering surface (W) .

Definition 1.5. (i) The quantity

A,

S, =
4o

(where A, is the total area of W, and A, is the area of the base surface W,) is called
the mean sheat number of W, over W,.

(ii) Let y be a curve on W,. The quantity

o) = L)
{7) L.()

(where Ly(y) stands for the length of y and L,(y) fot the total length of the arcs lying
over y on W,), is called the mean sheet number over the curve y.

Theorem 1.4 (Ahlfors Covering Theorem). Let y be a regular curve on the base
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surface W,. Then there exists a finite number k dependent only on W, and y, such
that

IS, = s.(7)| < kL,
where L, is the length of oW,.

2. GENERALIZATION OF CARTAN’S FORMULA

Let us interpret the mapping f:V — M as a covering mapping. Then (M)‘,' is
a covering surface. It is possible to assume the metric G on the surface M (from
Remark 1.2) to be normal. By the uniformization theorem, every compact Riemann
surface is covered by either the complex plane, or the unit disc, or the Riemann
sphere. These three spaces can be equipped with a Hermitian metric that is normal.
Consequently, the surface M can also be equipped with such a metric.

The quantity

ur) = f*Q
VIr]

is the mean sheet number of V[r] over M (for [, @ = 1). The quantity s,(y) will
be denoted from now on by s(r, ). If ds denotes the element of arc-length of the
curve 7, then the following identity is evident:

1
(7) s(r,7) = 4[ n(r, a) ds(a) .
Lo(v) J,
With this notation, the relation (6) from Theorem 1.4 yields
(8) [o(r) = s(r,9)| < k L(r),

where L(r) is the length of the curve dV[r] in the metric f*Q. Thus

©) L(r) = f h''? % dt ,
avi[r]

where the function & is defined by the relation (1) from Remark 1.3.
The following well-known lemma will be used:

Lemma 2.1. Suppose Y is q once continuously differentiable, positive, increasing
function on [ro, ). Then for any real number & > 0, y'(1) < {y(1)}'** on [r,, )
except on an open set I < [r,, ) for which [, dt < co.

Definition 2.1. Let S(r, f) dendte the quantity defined by
S(r. f) = of T(r)}

for r - o0, re[re, 0)\I, [;dx < oo.
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Lemma 2.2. Let f : V— M be a nonconstant holomorphic mapping from a para-
bolic Riemann surface V into M. Then

J :L(t)dt — S(rnf).

Proof. Let K, denote the set of critical values of the function 7. Then

(10) J L(t)dt = j L(t)dt = f (f h'/2 *dr> dr.
ro (ro,r)\Ko (ro,r)\Ko ov[t]

If the Schwarz inequality is applied to the inner integral, we obtain

12 12 12
(11) J h'/? xdt < {j h *dt} {f *d‘t} = \/L{J. h *dr} .
avin ovIal avin avin

The following result is obtained from (10), (1 1) by repeated application of the Schwarz

inequality:
r 1/2
J.L(t)dt§\/LJ‘ (j h*dr) dr <
ro (ro,r)\Ko av(t]

1/2 r 1/2
el ot ) )
(ro,r)\Ko av[t] ro

1/2
= JL(r — ro) {J‘ (j h *d‘t) dt} <
(ro,r)NKo \J aV[1]
< JLJ(r - rO)A/<.,‘ hdr A *dr) =
VIrl\VIrol

= JLJ(r = r0) J(o(r) — v(ro)) < VL /(r.o(r),
i.e. we proved
(12) j ;L(t) dt £ JLJ(r. o).
As
d7(r) _ dT(r)

r.ofr)=r s
() dr dlnr

Lemma 2.1 applied to the function y(t) = T(r), where t = Inr and & = § yields

(13) ro(r) = {T(n}**

outside of the set I for which [; In x dx < co. Finally, as a consequence of (12), (13),
we obtain

j L(t)dt < JL{T()}"* = S(r. 1), QED.
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Lemma 2.3. n(t, a) is a measurable function on [0, s) x M.

Corollary. n(t, a) is an integrable function on [r,, r,] x y, where [ry, r,] is any
finite closed subinterval of (r(z), s) and y is a regular curve on M.

Proof of Lemma 2.3. Let (1, a) € [0,s) x M, (t;,a;) - (t,a) as i > co. We will
prove
lim sup n(t;, a;) < n(t, a),
which is equivalent to the semi-continuity. Let {t;} = {r;} U {s;} where r, =1,
s; < t. It suffices to prove

(i) lim sup n(r;, a;) < n(t, a),
i—+ oo

(if) lim sup n(s;, a;) < n(t, a).
i—» o

First we prove the following statement: There exists such a neighborhood U of
the point a that

(iii) n(t, a’) < n(t, a) for all a’ e U.

Let us denote f~'(a) nV[t] = {p1...., P> 415 -, dm} Where {py, ..., p} € V[{]~
\oV[] and {q,, ..., gm} € dV[t]. We can choose neighborhoods Uj, ..., U, of the
points py, ..., p, with the following properties:

a) U;c V[t]\oV[t] for i =1,2,...,k;

b) If f assumes the value a at the point p; with a multiplicity m; (i = 1,2, ..., k),
then for an arbitrary a’ € U exactly m, distinct simple roots of the equation f(z) = a’
lie in U,. Hence for an arbitrary a’ € U, the contributions of the points from U; to
n(t, a’) and n(t, a) are equal.

We will now investigate the points gy, ..., q,,. Let the neighborhoods V, ..., V,
of the points gy, ..., g,, have the property b) above. Then for an arbitrary a’ € U
the contributions of the points from V; to n(t, a’) are less or equal than to n(t, a),
as some preimages of the point a’ can lie outside of V[¢].

We will first prove (ii). It is self-evident that n(s;, a;) < n(t, a;) and according to
(iii) n(t, a;) < n(t, a) for every i sufficiently large. Hence (ii) is valid. As for (i) we
will prove it by contradiction. Assume (i) is false, then

lim sup n(r;, a;) > n(t, a).
i-» o

Passing to a subsequence if necessary, we may assume that we have lim n(r;, a;) >
i— o0

> n(t, a), where ry 2 r,... 2 t, and furthermore that V[r,] encloses the same

number of preimages of the point a as V[{], i.e., n(ry, a) = n(t, a). For every i suf-

ficiently large we have n(r;, a;) < n(ry, a;) < n(ry, a) = n(t, a), which contradicts

our assumption, therefore (i) is valid. :
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Proof of Corollary. The function n(t, a) is semi-continuous on the set [0, s) x M,
hence n(t, a) is also semi-continuous on the set [0, s) x y. The set [ry, r,] x 7 is
a compact set, thus the semi-continuous function n(t, a) is bounded on [ry, r,] x ¥
and hence integrable, QED.

Remark 2.1. Let y be a curve on M and L,(y) its length. Let ds be the element of
arc-length of the curve y and
ds

ds® = —_.
Lo(?)

The relation (7) can now be written as

s(r,7) = f (r,0) 45°a) .

Theorem 2.1 (Generalized Cartan’s formula). Let f:V - M be a holomorphic

mapping from a parabolic Riemann surface V into M, y a regular curve on M.
Then

(14) T(r) = J.YN(r, a) ds°(a) + S(r,f) .

Proof. From the relation (8) we obtain by integration

(15) "o(f) dt —J.rs(t, y) di| < k.er(t) dt .

Furthermore, (Fubini Theorem and Lemma 2.3)

:;s(t, y)dt = J.;( L n(t, a) ds°(a)> 5 e

J([e)at - st

Substitution in the relation (15) yields

(16) T(r) - ny(r a) ds°(a)

< S(r.f). QED.

3. THE CASE OF A PARABOLIC RIEMANN SURFACE

Theorem 3.1. Let f :V — M be a transcendental') holomorphic mapping from
a parabolic Riemann surface V into M a, e M, and D(a,) its neighborhood. Let
the portion of surface (M)} over the neighborhood D(a,) consist of a system of

1) Let us recall that the mapping f: YV — M is transcendental iff lim (r/T(r)) = 0, see [2].

r—o
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regions G, = (M) with the following properties: If G, = (M)} is an arbitrary
domain over D(ao)., then over every point a € D(ao) there lie just A, points and
1 £ 4, £ A < w; every ramification point of an order m is counted (m + 1)-
times. Then the value a, is not a deficient value of the mapping f, i.e.

6(ag) =0.

Proof. Let a, € M and let D(a,) be its neighborhood with the property required
by Theorem 3.1. Then every neighborhood U(ao) c D(ao) has this property. We
can choose a chart {U, ¢} in the neighborhood of the point a, so that ¢(a,) = 0 and

@(D(ag)) = {ze C |z| = 1}.
Then
y=0"'({zeC, |z| =R, R< 1})

is a regular curve in D(ao) a, € Int y, where
Inty = ¢~ '{zeC, || <R}).

Let d be the distance between y and dD(a,) on the surface M. Let F, denote the

closed set of the points from G,, lying over Int y. The set F, consists of not more than
A, closed regions. It is known that V and (M))’r are homeomorphic (even conformally
equivalent), i.e. a homeomorphic mapping ¥ exists,

iV (M),

Let us denote D, = y~(G,), C, = ¢y~ !(F,). Further, let a, be an arbitrary point
on y. Every set D, contains the same number of a,-points and a,-points, namely 4,.
All a,-points and a,-points are contained in JC, = UD,. If C, = V[r], then the

v v

functions n(r, a,) and n(r, a,) have the same increment on the set ¥[r]. The incre-
ment equals A,. ' :

Let k(r) denote the number of sets C, that have a nonempty intersection with both
V[r] and Y\ V[r]. Then

(17) n(r, a,) — n(r, aO) S AK(r),

as the number of a,-points in C, is less than or equal to A. If k(r) = 2, then the
whole V[r] cannot lie in a single set D,. If dV[r] intersects k(r) = 2 distinct sets C,,

then f(0V[r]) intersects “the ring” D(a,)\ Int y at least 2 k(r)-times, connecting the
points on dD(a,) with the points on y. Thus

(18) L) 2 2k(r).d,
. 1
(19) ko) S - L)
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From the relations (17) and (18) we obtain
(20) ) — i, ap) = A mian (1, koJ) < 4 (1 + %iL(r))
Integrating the relation (20) from r, to r we have

(21) N(r @) = N(r, a5) < 4 <r L f "L(1) dt).

ro

Further iniegration along y gives
(22) f N(r, @) ds® — N(r, ag) < A (r ; 5% f " L) dt).
v ro
Using Theorem 2.1 and Lemma 2.2 we have
(23) T(r) — N(r, ag) < 4 (r + éS(r, f)).
Using Theorem 1.2 on the left hand side of (23) we obtain

m(r, ap) < S(r,f), ie. &ag)=0, QED.

4. THE CASE OF A HYPERBOLIC RIEMANN SURFACE

We shall prove a theorem analogous to Theorem 3.1 for an open Riemann surface
with finite harmonic exhaustion. The following well-known lemma will be used

(see [2]):

Lemma 4.1. Suppose Y is a once differentiable positive increasing funétion
on [0,s), s < c. Then for every real number ¢ > 0,

' 1 ¢
v(r) s — ()}
s—r
for all re [0, s)\I,, where I, = [0, s) is an open set such that
f dlog(s —r)> —o0 .
I,

We recall that the relation (12) is also valid for a Riemann surface admitting
finite harmonic exhaustion. Since

r<s< o
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in this case, the relation (12) can be rewritten as

(24) - j L(t)dt £ \JL/s \Jo(r) .
If Lemma 4.1 is applied to the function T(r), the result is
or) £ ——(T(r}1+* .
s—r
The inequality
(25) N OE
\/(

is valid on [0, s)\I,.
Let T(r) grow so rapidly that

(26)

{T(r)}'*** (e > O arbitrary)

r)

\/(s - ){T(r)}”’” = o{T(r)}

is valid for ¢ € (0, 1/2). Then Lemma 2.2 is also true for a surface with finite harmonic
exhaustion.

Definition 4.1. Let Q(r, f) denote the quantity defined by
o(r, ) = of T(r)}
for r - s, r e [ro, s)\ I, where I, is the set from Lemma 4.1.
Lemma 4.2. Let f: V- M be a holomorphic mapping from an open Riemann

surface V, admitting finite harmonic exhaustion, into M. If the relation (26) is
valid, then

f:L(t) dt = (r,f).

Proof follows at once from the relations (24), (25), (26). Furthermore, the fol-
lowing theorems are true.

Theorem 4.1. Let f : V — M be a holomorphic mapping from an open Riemann

surface Y, admitting finite harmonic exhaustion, into M and let y be a regular
curve on M. If the relation (26) is valid, then

T(r) = JN(r, a)ds°(a) + Q(r, f) .
¢
(Thfs is generalized Cartan’s formula in the case s < 0.)
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Theorem 4.2. Let f : YV - M be a holomorphic mapping from an open Riemann
surface V, admitting finite harmonic exhaustion, into M. Let the relation (26) be
valid. Then under the assumptions of Theorem 3.1 its assertion also holds, i.e.
5((10) = 0.

The proofs of Theorems 4.1 and 4.2 are analogous to the proofs of Theorems 2.1
and 3.1. For this reason they are omitted.

Remark 4.1. It is possible to give a weaker condition on the rapidity of the growth
T(r) than (26). If Lemma 4.1 is applied to the function log T(r), the result is

%’)) < %r [log T(7)]"**,

ofr) < S—l_—r T(r) [log T(F)]***.

Then instead of (26) we can introduce the condition

(26 TV TO g T = o{T()}

Remark 4.2. In this remark an example of a mapping satisfying (26) is given. Let
D = {zeC, |z| < 1} and consider the function

2mi
f(2) 1+ exp (=2
defined on D. The point z = 1 is an essential singularity of f. The zeros of f in D
are located at z, = 1 — (1/3/k), k = 1,2, ... and so a circle of radius r < 1 encloses
at most 1/(1 — r)® zeros of f, up to a constant which is independent of r. Further,
we define a harmonic exhaustion of D with help of the function 7(z) = logelz|;
then 7 : D — [0, 1). Let us put r, = 2/e. Then

Jorenyara [ [ oo+ com Jorz e = 0 {2l

From First Main Theorem we obtain

)2 0{r )

hence T(r) satisfies the condition (26).
For the function f(z) = —1 + exp [2ni/(1 — z)*] we similarly obtain T(r) =
= 0 {1/(1 — r)} so that the condition (26) is not fulfilled.
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5. CLOSING REMARKS

In this section We mention several consequences of the preceding theorems. Most
of these results, known from [1], Chap. VI, are obtained here in a quite different
way. The following lemma will be needed:

Lemma 5.1 (Generalized 1’Hospital rule). Let g and h be differentiable functions
on an interval [a, b), b < oo, such that h' exists and is nowhere zero on [a, b). If

lim g(x) = lim h(x) = 0

x—=b- x—=b—
or if
lim g(x) = lim h(x) = o, .
x=b- x—=+b—
then
(27) liminf % < liminf ¢ < limsup < limsup Z.

x-=b— 4 x—=b— h x=>b— x=b—

Proof see [12].
(i) As a consequence of Lemma 2.2 we have

! L(r) dt
lim inf <™ =0

r—o T(r)
Because (|7, L(t) dt)’ = L(r) and (T(r))’ = v(r), we obtain using Lemma 5.1

L(t) dt
(28) lim iani(L) < lim infL =0

r-+on Ul r) r-wo T(I‘)

The relation (28) implies the following assertion:

If f:V—> M is a holomorphic mapping of a parabolic Riemann surface V
into M, then the covering surface (M)} is regularly exhaustible.

(ii) Similarly, we have as a consequence of Lemma 4.2:

Iff : V> Mis a holomorphic mapping of an open Riemann surface Y, admitting
finite harmonic exhaustion, into M, for which the relation (26) is valid, then the
covering surface (M)} is regularly exhaustible.

(iii) In the case of a parabolic Riemann surface H. Wu gave in [2] a simple proof
that f(V) is open dense in M. A much stronger result is known (see [1]): If V is para-
bolic, then M\ f(V) has the capacity zero.

The following assertion follows from Theorem 2.1:

If V is a parabolic Riemann surface and f:V — M a holomorphic mapping,
then for an arbitrary regular curve y on M the intersection

fV)ny

is nonempty.
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Proof. The assumption f(¥) ny = @ leads to a contradiction in virtue of the
relation (14), viz.

T(r) = o T(r)}
on the set [rq, )\ 1.
Theorem 4.1 implies the following result:
If an open Riemann surface VY carries a finite harmonic exhaustion and f : V - M
is a holomorphic mapping for which the relation (26) is valid, then for an arbitrary
regular curve y on M, the intersection

fV)ny

is nonempty.
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ON CHARACTERIZATION OF THE SPHERE IN E*
BY MEANS OF THE PARALLELNESS OF CERTAIN VECTOR FIELDS

KAREL SvoBODA, Brno

(Received September 16, 1977)

In this paper we present a certain generalization of the results contained in [3].
Using the parallelness of a certain normal vector field associated to a given couple
of tangent vector fields, we prove theorems analogous to those of [3] to get the base
for other considerations.

1. Let M be a surface in the 4-dimensional Euclidean space E* and dM its bounda-
ry. Let the surface M be covered by domains U, in such a way that in any U, there
is a field of orthonormal frames {M; vy, v,, v3, v,} With vy, v, € T(M), vs, v, € N(M),
T(M), N(M) being the tangent and the normal bundle of M, respectively. Then

(1) dM = o'v; + @?v,,
do, = o, + oivy + olo,,
dv, = —w?v, + 03v; + wiv,,
dvy = —wiv, — wiv, + wiv,,
dv, = —wiv, — otv, — wlvs;

(2 do' = o’ A 0], do] =00} o],

o] + 0} =0, 0 =0*=0 (i,j,k=12734).
Using the well-known prolongation procedure, we get the existence of real functions
a,b;(i=123),a,p(i=123,4),4,B,....E, (i = 1,2)in each U, such that
(3) 0} = a,0' + a,0?, 0} = a,0! + a;0?,

(0: blwl + bzwz ’ wg = bzwl + b3(02 5

(4) dal = 2a2€0f = blw‘; = dlwl + azwz >

2
da, + (a; — a3) 0] — b0} = w,0' + z0?,
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da; + 2a,0? — b0} = az0! + w,0?,

db, — 2b,0? + a,0% = B@" + B,0?,
db; + (by — b3) @F + a,03 = f,0" + B0,
db; + 2b,00} + a;05 = 0" + 07 ;
6) do; — 3n,0] — Byof = A;0' + (B — a,K — 3b,k) ?,
do, + (¢, — 203) @} — B,w§ = (By + a,K + 3b,k) o' +
+ (Cy + a;,K — 1b,k) 0?,
doy + (20, — o) @ — Bsw§ = (Cy + a3K + 1bk) 0! +
+ (Dy + a,K — 1bsk) 0?,
doy + 3uaw] — Bu0s = (D — a,K + 3b3k) ' + Ej0?,
dp, — 3,0} + a 05 = A,0' + (B, — b,K + }a,k) 0?,
dBy + (B1 — 2B3) of + 0,05 = (B, + b,K — }a,k) o' +
+ (C, + biK + }ayk) 0?,
dBs + (2B, — Bs) 0] + 0305 = (C, + b3K — da,k) o' +
+ (D, + bK + }a3k) 0?,

dBs + 3P0} + o005 = (D, — b,K — ask) o' + E,0?,
where
K = aja; — a3 + byby — b3, k= (a; — a3)b, — (by — b3)a,,

the function K being the Gauss curvature of M. As always,
H = (a1 + a3)2 + (bl + b3)2

denotes the mean curvature and

&=(a; + as)vs + (by + b3) vs

the mean curvature vector field of M.

Let us remark that the normal vector field n = xv; + yv, being parallel in N(M)
we have k = 0 (see [1], p. 61), and since v,, v, € T(M) generates an orthogonal
conjugate net of lines on M, [2], we have

(6) a2=0, b2=0

and again k = 0 on M. In addition, in the last case, because of (4), there are real
functions g, o such that
(7) 0? = o' + ow?,

a, = g(a; — as), a3 =o(a; — a;),

B Q(b1 = bs), Bs = U(bx == bs)-
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Like in [3], all theorems contained in this contribution are proved by means of
the maximum principle.

Let f: M — % be a real function. The covariant derivatives f;, f;; (i,j = 1, 2)
of its restriction to U, with respect to the frames {M; vy, v,, v3, v,} are introduced
by the formulas

(8) df = fro' + fr07,
dfy — fo01 = f1,0" + f,0%, df; + fi0} = f,0" + f07.
We use the maximum principle in this form:
Let M be a surface in E* and M its boundary. Let f be a real-valued function

on M and f,, fi; (i,j = 1, 2) its covariant derivatives. Let (i) f = 0 on M; (ii) f = 0
on dM; (iii) f satisfy the equation

ay fir +2a5,f12 + azfy; + aify + ayf, +agf =a

with a, <0, a = 0 and the quadratic form aijx‘xj positive definite. Then f = 0
on M.

In the following we use the function f: M — # defined by
9) f=H—4K = (a; — a3)* + (b, — b3)* + 4a3 + 4b3,

satisfying f = 0 on M and f = 0 at the umbilical points of M. Using (4), (5) and (8)
we get the covariant derivatives of f, in particular

(10)  fyy, = —2[(ay — as) az + (by — b3) by — 4(aj + b3)]K —
— [k + 4(a;b, — aby)] k + 2(ay; — a3)* + 2(B; — B3)* +
+ 8(a3 + B2) + 2(a; — az)(A; — Cy) + 2(by — by) (4, — Cy) +
+ 8(a,B, + b,B,),
f,,= 2[(ay — a3)a, + (by — b3) by + 4(a5 + b3)] K —
— [k + 4(asb; — asby)] k + 2y — ag)® + 2(B, — Ba)* +
+ 8(c3 + B3) + 2(ay — as)(Cy — Ey) + 2(by — b3)(C, — E,) +
+ 8(a,Dy + b,D;).
2. Let M be a surface in E* and let V,, V, € T(M) be fixed orthonormal vector
fields. In all the following considerations we choose orthonormal frames {M; v,, v,,

v3, 04} of M in such a way that Vi = vy, ¥, = v, at any point m € M. Define further
normal vector fields Vi;, Vju, Vijii (i, j, k = 1, 2) by the relations

Vi = (VtVi)Ns Vju = (Vlei)Ns iju = (V;chu)N (i,j, k=1, 2) ’
where (Y)" denotes the normal component of the vector field Y.
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It is easy to see that
(11) Vii =avs + bivy, Vy, = asv; + byv,.
Suppose further that V;, V, generate an orthogonal conjugate net of lines on M,
i.e. we have (6) and (7) on M. Then we get from (11) using (1), (3) and (4)
dVy; = V0" + V0%, dVy, = V50! + Vapo? (mod vy, v,)
with
(12) Viig = 03 + Byva s Vagy = apv3 + Bovg,
Viza = o303 + B3va, Viay = 2403 + Bavs .
By differentiating the relations (12) and using (1), (3), (5) we obtain
dViy = Vin@' + Vo110, dVyyq = Vig@' + Vypq0%,
dViz2 = Vii220" + V212,0%, dVyap = Vigga0! + Vyppp00? (mod V15 U2)
where
(13) Vi = (Ay + 3a50)v3 + (Az + 3B20) v4,
Vo111 = (By + 3“20) U3 + (Bz + 3B,0) vy,
Vizig = [By — (¢ — 203) @] vs + [B, — (By — 2B3)e] va,
Vaain = [C1 + a,K — (2 — 203) 0] v3 + [C, + b,K — (B, — 2B5) 0] 4,
Vitzz = [Cy + a3K — (20, — ag) @] v3 + [C; + b3K — (2B, — Ba) ] va s
Vatzz = [Py — (20 — ag) 0] vs + [Dy — (2B, — Ba) o] 04,
Viazs = (D1 — 3a30) v3 + (Dz - 3ﬂ3@) Vg,
Vazaa = (E1 — 3“3‘7) v3 + (Ez = 3/330') Vg,
@, o being the functions defined by (7).

From (11) it follows that
f = V11 + sz .

This vector field can be considered as a special case of the normal field

(14) X = PVyy + QV,, = (Pa; + Qaz) vy + (Pby + Qb;) vy,

where P, Q € # are constants with P> + Q% + 0.

First of all we prove that the normal vector field X is invariant on M when choosing
the orthonormal frames in the above mentioned way. To this end, consider another
orthonormal frame {M;?,, B,, b, 74} on M such that V; = &;, ¥, = 0,. Then we have
(15) Uy, =v;, D3 =ECOSO .03 —SiNG.0V,,

i, =10,, Dy =c¢sin oc.v3 +cosa.v, (e =1)

and the following lemma is valid:
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Lemma 1. On M, it is

X=X,
Proof. It is easy to see that
a, = ¢la;cose + by sino), by = —(a,sine + b, cos o),
a; = elazcos o + bysino), by = —(azsino + b cos o)

and according to (15) and the preceding equations we obtain
Vu = Vi1 sz =V

As P = P, Q = Q, our assertion is proved.
Now, define normal vector fields X;, X;; (i, j = 1, 2) by the formulas

Xi = (V'X)N ’ Xij = (Vin)N (ls.] = ls 2)’
where the symbol (Y)" denotes again the normal component of the vector field Y-

Then we have the following

Lemma 2. Let V,, V, € T(M) generate an orthogonal conjugate net of lines on M.
Then for the normal vector field X = PV, + QV,,, P, Q € & we have

(16) X, =PV + QViazs X, =PVyyy + QVips,
(17) X11=PViii1 + QVitzas X2 = PViayyr + QViz22s
X1 = PVy11 + QVa1225 Xz = PVaayy + QVa22s -

Proof. The relation (14) yields

dX = PdVll + QdV22
and hence

dX = (PV111 + QV122) wl + (PVle + QV222) 0)2 (mod Ul, Uz)
which implies (16). Further

dX‘=PdV111+QdV122, dX2=PdV211 +QdV222,
that is
dX, = (PViqy1 + QVigaz) @' + (PVayyy + QVayp,) @7,

dx, = (PV1211 + QVIZZZ) o' + (PVy311 + QV2222) w? (mod vy, U;) .
This proves the validity of (17).

Thus, assuming that V,, V, € T(M) generate an orthogonal conjugate net of lines
on M, we have from (12) and (16)

(18) ‘ X, = (Pal + Qa3)v; + (Pﬂl + 0B3) vy,
X, = (Pa2 + Q%) vz + (Pﬁz + Qﬁ-t) Uy



and from (13) and (17)

(19) X, = {PA; + Q(C, + a3K) + ¢[(3P — 2Q) a; + Qu,]} vs +

+ {PA, + Q(C, + bsK) + o[(3P — 2Q) B, + QB4]} va,

Xy, = {PBy + QD; — o[Pa; — (2P — 3Q) a3]} v5 +
+ {PB, + 0D, — o[PB, — (2P — 30Q) B3]} va

X;;, = {PB; + QD, + o[(3P — 2Q) a, + Qu,]} vs +
+ {PB, + QD, + o[(3P — 2Q) B, + QB.]} v4

X,, = {P(Cy + a;K) + QE, — o[Pa; — (2P — 3Q) a3]} v3 +
+ {P(C, + b,K) + QE, — o[PB, — (2P — 3Q) B3]} v4 .

By these remarks we have completed all preliminaries necessary for our con-
siderations.

3. Now we are going to prove the basic

Theorem 1. Let M be a surface in E* and 0M its boundary. Let

(i) K > 0 on M;

(ii) there exist Vi, V, e T(M) generating an orthogonal conjugate net of lines
on M;

(iii) X = PVy, + QV,,, where P,Qe R satisfy the relations P* + Q> > 0,
PQ = 0, be parallel in N(M);

(iv) @M consist of umbilical points.
Then M is a part of a 2-dimensional sphere in E*.

Proof. As remarked, we use the maximum principle for the invariant function f
defined by (9). Since the assumption (ii) implies (6) in M, we have in virtue of (10)
(20) Pfy;y + Qf22 — 2[(“1 — a3) (Qa1 — Pajy) + (bl — bs) (Qb, — Pby)] K =

=2V + 29
where »
(1) V=Pl —a3)* + (By = B3)’] + Qe = @a)® + (B2 — Ba)’] +
+ 4P(a] + B3) + 4Q(o3 + B3)
and
(22) ® = (a, — a3) [P(4, — Cy) + Q(C, — E\)] +
+ (by — by) [P(4; — C) + Q(C; — Ey)].
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Now, the condition (iii) for X defined by (14) yields
(23) . d(Pa; + Qa;) — (Pby + Qb3)w} =0,
d(Pb, + Qb;) + (Pa; + Qaj)wi =0
and hence according to (4) and (6)

(24) Poy + Quy3 =0, Pa;, + Quy =0,
Pﬁl+Qﬁ3=0, Pﬁ2+Qﬂ4=0.

Differentiating these equations and using (24) again, we obtain the relations

(25) , [PA; + Q(Cy + a3K)] @' +(PB; + OD,) w* +
+ [(3P - 2Q)a, + Qu,] 0} =0,
[PAZ + Q(Cz + b3K)] o! + (PBZ + QDz) w? +
+ [P - 20) B, + QBs] 0] = 0,
(PB, + QD,) ' + [P(Cy + a,K) + QE,] 0* —
— [Po; — (2P — 3Q)as] wi =0,
(PB, + QD,) ' + [P(C, + b,K) + QE,] 0? —
— [PB, — (2P — 3Q) B3] wi =0.
Multiply the equations containing A, ..., E; by a; — a5 and the relations containing
Aj, ..., E; by by — bj. Then according to (7) we get in particular
(26) (ay — a3)[PA; + Q(Cy + a3K)] + a,[(3P — 2Q) o, + Quy] = 0,
(by — b3)[PA; + Q(C; + b3K)] + B,[(3P — 2Q)B, + QB,] =0,
(ay — a3)[P(Cy + a,K) + QE,] — o3[ Pay — (2P — 3Q) 3] =0,
(by — b3)[P(C; + byK) + QE,] — B3[PB, — (2P — 3Q) B3] = 0

and hence

(a, — a3) [P(4; — Cy) + Q(C, — E,)] = (a, — a;3) (Pa; — Qa;)K —
— 0,[(3P — 2Q) o, + Qu,] — as[Pa, — (2P — 3Q) &3],
- (by = b3) [P(4; — C3) + Q(C, — E;)] = (by — b3)(Pby — Qbs3)K —
— B2[(3P — 2Q) B, + QB.] — Bs[PB, — (2P — 3Q) B5] .
Using these relations we obtain from (22)
@ = [(a; — a3)(Pa; — Qas) + (by — bs)(Pb, — Qb,)] K —
— a,[(3P — 2Q) a; + Qoy] — az[Pay — (2P — 3Q) a3] —
= ﬂz[(3P —2Q) B, + 0B,] — Bs[PB, — (2P — 30) B5]
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and the equation (20) has the form

(27) Pfiy + Qf2 — AP + Q)fK = 2W
where

W=V-—a[(3P —2Q)a, + Qu,] — oc3['1”oc1 — (2P - 3Q) 3] —
— B2[(3P — 20) B, + 0B.] — Bs[PB: — (2P — 3Q) B5] .

From this identity and from (21) we finally have

W= P[(2; — 3a5)* + (B, — 385)°] + O[(@s — 3%2)* + (Bs — 38,)*] +
+ 3(4P + 3Q) (a3 + B3) + 4(3P + 40Q) (e5 + B3) .

If P20, Q=0 and P> + Q> >0, we have —(P + Q)K <0, W= 0 and the
quadratic form corresponding to Pf;; + Qf,, is positive definite so that, according
to the maximum principle, the theorem is true. On the other hand, if P <0, Q0 =<0
and P> + Q*>0, it is —(P + Q)K 20, W< 0 and the form corresponding
to Pf,;, + Qf,, is negative definite. Then it is sufficient to multiply the equation (27)
by —1 to get the condition (iii) of the maximum principle. Thus the assertion is
proved.

As an immediate consequence of this theorem we introduce

Corollary 1. Let M be a surface in E* possessing the properties (i), (ii) and (iv)
of Theorem 1. Let

(iii") Vy, € N(M) or V,, € N(M) be parallel in N(M).
Then M is a part of a 2-dimensional sphere in E*.

It is sufficient toput P =1, Q = 0or P = 0, Q = 1 in Theorem 1.

From the proof of Theorem 1, we easily see that in the case P = Q we can omit
the assumption (ii). But there is another interesting possibility how to do it. It is
formulated in

Theorem 2. Let M be a surface in E* satisfying the conditions:
(i) K >0 on M;

(ii) there are orthonormal vector fields V,, V, € T(M) such that linearly in-
dependent vector fileds
X = PV, + QVs,eN(M), Y =RV, + SV,,eN(M), P,Q,R Se#,
are parallel in N(M);

(iii) @M consists of umbilical points.

Then M is a part of a 2-dimensional sphere in E*.
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Proof. The condition (ii) yields (23) and
- d(Ra, + Sa;) — (Rb; + Sb;) w3 =0,
d(Rb, + Sb;) + (Ray + Saz;)w} =0
and hence according to (4)
(Pay + Qaz) o' + (Pa, + Qay) 0 + 2a,(P — Q)wi =0,
(PBy + QB3) o' + (PP, + QBs) @* + 2by(P — Q)i =0,
(Ray + Saz) o' + (Ray + Sauy) o + 2a,(R — S) 0} =0,
(RBy + SB3) @' + (RB, + SBs) @® + 2by(R — S) w? =0,
PS— QR +0.

First of all suppose P = Q, R =+ S. Multiply the first two equations by R — S and the
other two by P — Q. Subtracting the corresponding equations we get

(R — S)(Poy + Qu3) — (P — Q) (Ray + Saz) =0,
(R — S)(Pay + Qu,) — (P — Q)(Ra, + Sa,) = 0,
(R = S)(Pﬁl + Qﬁa) - (P - Q)(Rﬁ1 + SB;) =0,
(R — 5)(PB; + QBs) — (P — Q) (RB; + SBs) = 0

and hence
oy +o3 =0, o, +a, =0,

Bi+B3=0, B, +B,=0.

We could obtain the same relations assuming either P = Q or R = S. The exterior
differentiation of these equations and their repeated use finally implies

(28) A, +C +a,K=0, C,+E +aK=0, B,+D, =0,
Az+C2+b3K=0, C2+E2+b1K=0, B2+D2=0.

Now, consider the function f defined by (9). Since the assumption (ii) implies k = 0
on M, we obtain according to (10)

(29) J1 +f22—2fK=2V+2‘P+8q0+8(a§+b§)K
where
(30) V= (“1 - t"3)2‘ + (“2 - “4)2 + (ﬂ1 - ﬂs)z + (ﬁz - ﬂ4)2 +
+ 4(03 + o3) + 43 + B3)
¢ = (a, — a3)_(A1 — E;) + (b; —b3)(4, — E,),
@ = ay(B; + D) + by(B, + D,).
From (28) it follows immediately that ¢ = 0 and

® = [(a; — a5)* + (by — bs)] K.

64



Thus the relation (29) has the form
Juu+ S22 —4K =2V

and the maximum principle yields our assertion.

Notice that in the case P = Q we have X = P&, where ¢ is the mean curvature
vector field, and thus we can omit the supposition concerning the vector field Y.
Analogously in the case R = S. (See [3].)

Corollary 2. Let M be a surface in E* with the properties (i) and (ii) of Theorem 2.
Then the condition

(ii) linearly independent vector fields Vy,, V,, € N(M) are parallel in N(M)
implies that M is a part of a 2-dimensional sphere in E*.

Weput P=1,Q0=0,R=0,S = 1in Theorem 2.
Now, we introduce a certain modification of Theorem 1.

Theorem 3. Let M be a surface in E*, M its boundary and let
(i) K > 0 on M;

(ii) there exist Vy, V, € T(M) generating an orthogonal conjugate net of lines
on M;

(iii) X = PV, + QVs; e N(M), P, Qe ®, P* + Q* > 0, PQ = 0, be such that
X,, X, € N(M) are parallel in N(M);

(iv) OM consist of umbilical points.
Then M is a part of a 2-dimensional sphere in E*.

Proof. Consider the vector field X. The parallelness of X,, X, is expressed,
according to (18), by the formulas
d(Pa; + Qaj) — (Pﬁ1 + Qﬁs)wg =0,
d(PB, + QBs) + (Pa; + Qus) w3 =0,
d(Pa, + Qa,) — (PB, + QB.) w;=0,
d(PB; + QBs) + (Pay + Qa,) w3 =0
Now, using (5), we obtain the equations (25) and with regard to the proof of Theorem

1 our assertion is true.
Again we have

Corollary 3. Let M be a surface in E* satisfying the conditions (i), (ii) and (iv)
of Theorem 3. Let
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(iii") Vi1, Va11 € N(M) or Vi3, V3, € N(M) be parallel in N(M).
Then M is a pgrt of a 2-dimensional sphere in E*.
It is sufficient toput P =1, Q = 0or P = 0, Q = 1 in Theorem 3.
We complete the results of this corollary by
Theorem 4. Let M be a surface in E* and 0M its boundary. Let
(i) K > 0 on M;
(ii) there exist Vy, V, € T(M) generating an orthogonal conjugate net on M;
(iii) Vi11» V222 € N(M) be parallel in N(M);
(iv) OM consist of umbilical points.

Then M is a part of a 2-dimensional sphere in E*.

Proof. The assumption (ii) implies (6) and (7) on M. The condition (iii) and rela-
tions (12) yield further

dal—ﬂlw;=0, dﬂ1+a1wg=0,
doy — Baws =0, df, + 03 =0
and hence using (5) and (6) we conclude
A,0' + Biw? + 30,02 =0, A,0!' + B,w? + 38,02 =0,
D,0' + E;0* — 3030} =0, D,0!' + E,0* — 38,0} =0.
Thus by means of (7) we have in particular
(31) (al — 03) A1 + 3“% = 0, (bl -— b3) Az + 3ﬁ§ = 0,
(al"'ag)El_3a§=0, (bl_b3)E2—3,B§=0.
Now, because of (6), the equation (29) has the form
fll +f22 - 2_fK = 2V+ 245,
the functions ¥, & being defined by (30). According to (30) and (31) we get
&= —3a+ k4 f1 4 )

so that V 4+ & = 0. This and the maximum principle complete the proof.

4. We revert to the considerations concerning the normal vector field X and we
prove the following assertion generalizing Theorem 3.

Theorem 5. Let M be a surface in E* and 0M its boundary. Let

(i) K > 0 on M;
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(ii) there exist Vy. V, € T(M) generating an orthogonal conjugate net of lines
on M;

(iii) X = PVy,; + QVa, eN(M), P, Qe #, P> + Q*> > 0, PQ = 0, be such that
(@) Xi3+ S(X13 — X31), Vig = V22> 20
on M, where S : M — & is a function with S* < 3, and
(b) X, eN(M) is parallel in N(M)
or
(iii') X = PV, + QV,, € N(M), P, Qe ®, P* + Q* > 0, PQ = 0, be such that
(@) {—=Xz2+ S(X12 — X31), Vis — Vaz) 20
on M, S : M — R being a function satisfying S* < %, and
(b') X, € N(M) is parallel in N(M);
(iv) OM consist of umbilical points.

Then M is a part of a 2-dimensional sphere in E*.

Proof. We prove Theorem 5 under the supposition (iii), its proof with (iii’) being
analogous.

The condition (ii) implies (6) and (7) on M, and accordiﬁg to (11) and (19) the
assumption (iii) (a) yields
(32) (ay — a3) [PA; + Q(Cy + a3K)] + (by — b3) [PA; + Q(C, + b3K)] =
= X1 + S(X12 = X21)s Vig — Vo) —
— (3P — 2Q) o, + Qu,] — [32[(3P —2Q) B, + QB4] +
+ S[P(ay, + B1B,) + (P+0) (“2“3 + B.B3) + Q(“a% + BiB4)] -

The condition (iii) (b) is expressed by the two last equations of (25) from the proof
of Theorem 3. Following the proof of Theorem 1, we have the last two equations of
(26) and adding them we obtain

(ay — a3) [P(Cy + a,K) + QE,] + (by — b3) [P(C; + b,K) + QE,] =
= o3[Pa; — (2P — 3Q) a3] + Bs[PB, — (2P — 3Q) B5] .
Using this relation and (32), we get from (22)

(33) ®=(Xy; + S(X12 — Xa1), Vig = Vo> +
+ [(“1 - a3)(Pal = Qa3) + (bx = bs)(Pbl — Qb, ]K =
= 0‘2[(31) —2Q)a, + Q“4] = ﬁz[(3P -20)B, + Qﬂ4] =
— a3[Pay — (2P — 3Q) a3] — B3[PBy — (2P — 3Q) B3] +
+ S[P(ay2, + B4B;) + (P + Q) (‘12“3 + B2B3) + Oasxy + B3fa)]
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and thus the equation (20) has the form (27) with

W= < X + S(XIZ - X)) Vig = Vo) + V=
— (3P —20) (3 + B2) + (2P — 3Q) (43 + B2) -
— P(ayoz + B1Bs) — Qao%a + BaBa) +
+ S[P(ohaz + ﬂxﬁz) + (P + Q) (aza3 + ﬂzﬂs) + Q(“s‘h + B3B4)]
V being the function defined by (21). Using (21) we obtain

W=<(Xy +S(Xy; — Xpy), Viy — Vo) +
+ Pl(oy — a3)* + (By — B3)*] + Q22 — a)® + (B2 — Ba)*] +
+ (P +20) (o3 + B3) + (2P + Q) (o5 + B3) —
- P(“l“; + BiB3) — Qa2 + B2Ba) +
+ S[P(ay; + BiB>) + (P + Q) (“2“3 + B1B3) + Oz, + B3B4)]
and hence
(34) W= (X + S(Xyz— Xay), Vig — Vo) +
+ P[(xy — 33 + 350,)* + (B; — 35 + 1SB,)*] +
+ Qf(os — 325 + 3S23)* + (Bs — 3B, + 3SB5)*] +
+ 1P[o(a, a3) + o(Bs, Bs)] + 10[o(as, @) + q’(ﬁs, B.)]
where '
o(x, y) = (4 — S?) x* + 10xy + 3y?.
The quadratic form ¢(x, y) being non-negative for all x and y in virtue of |Sl <3

we have W = 0. Considerations analogous to those from the proof of Theorem 1
imply the validity of our assertion.

Remark. The special case (P = 1, Q = 1) of the preceding theorem was proved
in [3] under the supposition that S satisfies the inequality |S| < 4./(2) — 5. As
3 < 4,/(2) - 5, the result obtained in [3] is a little better than that of Theorem 5.
However, in the case PQ > 0, we can replace the inequality lSI < \/% independent
of P, Q by a more suitable one. In fact, the last two terms on the right-hand side of
(34) are equal to the sum of two quadratic forms of the type

(4P + 3Q — PS*) x* + 10(P + Q) Sxy + (3P + 4Q — 05%)y?
which are non-negative for all S éatisfying

S? < (PQ)~'[14(P + Q)* + PQ] — 2|P + Q|+/[49(P + Q)* + 4PQ].

A special case of Theorem 5 is this
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Corollary 4. Let M be a surface in E* possessing the properties (i), (ii) and (iv)
of Theorem 5. Let

(iii) X = PVy; + QV,,€ N(M), P, Qe #, P* + Q%> > 0, PQ 2 0, be such that
(@) Xy + S(Xy2 — X5) =0 0on M, S:M > R being a function with
S? <32, and
(b) X, eN(M) is parallel in N(M)
or
(iii') X = PVy; + QV,,€N(M), P, Qe R, P> + Q* > 0, PQ 2 0, be such that

(@) —X,;, + S(X;; — X,;) =0 on M, where S: M — R is a function
satisfying S* < 3, and

(b') X, e N(M) is parallel in N(M).
Then M is a part of a 2-dimensional sphere in E*.

From the other special cases of Theorem 5 concerning the vector fields Vi, V3,
we introduce only those restricted by S = 0.

Corollary 5. Let M be a surface in E* satisfying the conditions (i),(ii) and (iv) of
Theorem 5. Let
(iii) (a) Vi1 Vig — V22> 2 0 on M and

(b) V211 € N(M) be parallel in N(M)
or
(@) <Vi122, Vay — V22> 2 0 on M and

(b) Va2, € N(M) be parallel in N(M)
or
(iii") (") <=Va211> Vis — V22> 2 0 on M and

(b") Vy11 € N(M) be parallel in N(M)
or
(a") <—=V2222, Vi1 — V22> 2 0 on M and

(b') V122 € N(M) be parallel in N(M).
Then M is a part of a 2-dimensional sphere in E*.
The result follows from Theorem 5 by Lemma 2 for P=1, Q =0 or P =0,
Q=1and S=0.
We complete the assertions of Corollary S by
Theorem 6. Let M be a surface in E* and 0M its boundary. Let
(i) K > 0 on M;

(ii) there exist Vy, V, € T(M) generating an orthogonal conjugate net on M;
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© (i) (a) <Vig1r> Vir — V22> 2 0on M and
(b) Va2, EN(M) be parallel in N(M)
or
(iii') (a’) {(—=V,3222: Vi1 — V2,0 20 on M and
(b") V11, € N(M) be parallel in N(M);
(iv) @M consist of umbilical points.

Then M is a part of a 2-dimensional sphere in E*.

Proof. We have (6) and (7) on M. From (11), (13) we get
M1 Vi — Vaz) = (ag — az) Ay + (by — b3) A4, + 3(053 + ﬂg) .

The condition (iii) (b) is expressed by the two last equations of (31) from the proof
of Theorem 4. Thus (30) implies

@ = Vit Vig — Vo) — 3(“% + o} + B3+ B%)
and hence

(35) fi1 + f22 — 2fK = 2W
where
W=V+4+ &= Vi1, Viy — Vaz) +

+ (2 — a3)? + (@ — xg)® + (By — B3)* + (B, — Ba)® + a5 + o3 + B3 + B3,

V being defined by (30). The maximum principle completes our proof.
A generalization of Theorem 5 is given by the following

Theorem 7. Let M be a surface.in E* and 0M its boundary. Let
(i) K > 0 on M;

(ii) there exist Vy, V, € T(M) generating an orthogonal conjugate net of lines
on M;

(iii) X = PV, + QV;,eN(M), P, Qe R, P* + Q> > 0, PQ = 0, be such that
Kyy = Xy + (X2 = Xa1) Vi — Vi) 2 0
on M, S: M — R being a function with S* < 2;
(iv) OM consist of umbilical points.
Then M is a part of a 2-dimensional sphere in E*.

Proof. We choose orthonormal frames in the usual way and we have the relations
(6) and (7), and the equations (20), (21) and (22) on M.
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Using (11) and (19) we see that the expression (22) has the form

D =< X — Xy + S(X;z - X31), Vig — Vazd +

+ [(a; — a3) (Pa;, — Qas) + (by — bs) (Pb; — Qb3)] K —

= ‘12[(3P —2Q)a, + Quy] — B,[(3P — 2Q) B, + 0B.] -

— a3[Pay — (2P — 3Q) a3] — B3[PBy — (2P — 3Q) B3] +

+ S[P(%“z + BiB2) + (P + Q) (‘12“3 + BaBs) + Q(“s% + BaB4)] -
This relation is, however, formally the same as (33), so that we have (27) where W
is given by (34) when writing X,, — X,, + S(X;, — X,,) instead of X, +
+ S(X;2 — X,;). Thus the assertion is proved.
First of all let us introduce this trivial

Corollary 6. Let M be a surface in E* possessing the properties (i), (ii) and (iv)
of Theorem 7. Let

(iii) X = PVy; + QV,, e N(M), P, Qe ®, P*> + Q> > 0, PQ > 0, be such that
Xy — X33 + S(Xy5 — X5,) =0 on M, S being a real-valued function
on M such that S*> < 3. ,

Then M is a part of a 2-dimensional sphere in E*.
Theorem 7, as a very special case, contains these two results:

Corollary 7. Let M be a surface in E* satisfying the conditions (i), (ii) and (iv)
of Theorem 7. Let -

(iii) Tig = Vazrs Vin = Vo) 20 0on M
or
(iii') Vir2z = Vazaz, Vig — V22D 20 on M.
Then M is a part of a 2-dimensional sphere in E*.
Both the assertions follow from Theorem 7 and Lemma 2 for P =1, Q = 0 or

P=0,Q=1and S =0.
We complete again these two results by

Theorem 8. Let M be a surface in E* and let

(i) K >0 on M;

(ii) there exist Vy, V, € T(M) generating an orthogonal conjugate net on M;
(ii]) <Vi111 — Vazazs Vi — Va2) 20 on M;
(iv) @M consist of umbilical points.
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Then M is a part of a 2-dimensional sphere in E*.

Proof. The condition (ii) implies again (6) and (7). From (11) and (13), using (7),
we obtain

Vinag — Vazaz, Vin — Vo) =
= (al = ag)(Al g El) + (bl - bS)(AZ - E2) + 3(a§ + ag + ﬂ; + ﬁg)

and hence from (30)
@ = (Vyyay — Vazazs Vig — Vazd — 303 + o5 + B3 + B3).
Thus we have the equation (35) with
‘ W=V+ &=V — Vazaz Vas — Vo) +
+ (o = a3)? + (0 — @a)® + (By = Ba)* + (B — Ba)® + a3 + o3 + B3 + B3,

V being again defined by (30). This completes the proof.
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ON FORMS AND CONNECTIONS ON FIBRE BUNDLES

ANTON DEKRET, Zvolen

(Received October 20, 1977)

Let n : E > M be a fibre bundle. Let J'E be the first prolongation of E, i.e. J'E
is the set of 1-jets of all local cross-sections of E. Let us recall (see for example [1],
[4]) that a connection on E is a global cross-section I' : E — J'E, that is a distribu-
tion of horizontal tangent subspaces I',, where T,E = T,E, ® I',, u€ E, nu = x.
In this paper we find some relations between forms and connections on E. Our
considerations are in the category C*.

1. Let M be a differentiable manifold. Let L(M) or A(M) or S(M) be the algebra
of all forms or of all antisymmetric or of all symmetric forms, respectively, on M.
Let  : TM —» TM or ¢ : A"*'TM — TM be a vector bundle morphism or an anti-
symmetric vector bundle morphism, respectively. Let @ or ¢ be a form or an anti-
symmetric form, respectively, of degree p on M. Let f be a function on M. Put

D,f=0, df=0,
(Dy0) (X1 .. X,) = é:lw(Xl, VX0 X)),

(de) (X1 s X4 p) = Z; sgn 6e[ (X1 ..oy Xor41)s -+ s Xotr4p))
where S is the set of all such permutations of the set {1, B p} that ol < ...
o<o(r+1)0(r+2)<...<or + p).
Let us recall the following properties.

Lemma 1. The mapping D, : @ - Dywisa diﬁeréntiation of degree 0 on algebras
L(M), A(M), S(M).

Lemma 2. The mapping d, : ® - d,w is a differentiation of degree r on A(M),
that is

dv(wl A wz) = d,,a)l A (02 + (—1)" (Dl A d¢w2 )
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where w, is a p-form on M; i.e., if r is even or uneven, then d, is a differentiation
or antidifferentiation of degree r on A(M).
For ¢ e A(M) dze = Dye.

2. Let n : E > M be a fibre bundle. Let (x', y*) or (x%, )%, %), i = 1,...,dim M,
a=1,...,dim E,, be a local chart on E or on J'E, respectively. Let a connection
I' : E - J'E be locally given by (x%, y*) - (x%, y*% »} = ai(x, y)). Denote by I', the
horizontal tangent subspace determined by I’ (u), ueE. Then T.E=T,® T,E,,
x = nu. There are two canonical projections v : T,E —» T,E,, h: T,E - I', and we
have two canonical vector bundle morphisms h:TE - TE and v: TE — VTE,
where VTE denotes the fibre bundle of all vertical tangentvectors on E. Let w be a form
on E. Denote by h*w and v*w the forms wh and wv, respectively.

Proposition 1. Let o be a form of degree p on E. Then
(1) Dyw + Do = pw,

v*D,0 = p(v*w) = D,(v*w),

h*Dyw = p(h*w) = Dy(h*w).

o(Xy, .., X,) = o(hX, + 0Xy, X, .., X,) = 0(hXy, ..., X,) + o(xX,, ..., X))

......................................................................

By summation we get Dyw + D@ = pw. Then v*D,0 = p(v*w), h*Dyw = p(h*w)
and by the definitions of D,, D, we get D,(v*w) = p(v*w), Dy(h*w) = p(h*w).
Since v. h = h.v = 0, the definitions of D, and D, immediately yield

Proposition 2. The composition of D, and D, is commutative, i.e. D,. D, = D, . D,

A form w of order p on E will be said to be I'-vertical or total I'-vertical, if h*w = 0
orif w(X,, ..., X,) = 0 when at least one vector of the set {X 1> -+-» X} is horizontal.
This implies

Proposition 3. The form v*w or D,w is total I'-vertical or I'-vertical, respectively.

Proposition 4. If a form o is total I'-vertical then D,w = 0 and D,w = pw.

It is easy to see that  — h*w is I'-vertical.

Let us recall (see [2]) that a form o is semi-basic if w(Xy,...,X,) = 0 when
die{l,...,p} : X, € VTE. Therefore an antisymmetric p-form is semi-basic if and
only if iyw = O for any vertical tangent vector Y, where i,w denotes the contraction
of @ by Y. Locally, a form w is semi-basic if

w = ah".‘pdxh ® “es ® dxip .
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If w is semi-basic then D,w = 0 and D,w = pw.
An antisymmetric p-form on E will be said to be quasi-semi-basic if iyw is semi-
basic for any Ye VTE. Locally, o is quasi-semi-basic if and only if

3) ow=a

By the definition of Dy, D, we have D (dx’) = 0, D,(dy*) = dy* — a%dx’, D,(dx’) =
= dx', Dy(dy*) = a’dx’. This gives

i dx" A ... A dX'P 4 a

it..dp

dx™ A ... A dx't A dy*t.

tenip—1a

Proposition 5. If w is quasi-semi-basic but not semi-basic then D,w and D,w are
quasi-semi-basic but not semi-basic.
Recall (see for example [1], [4]) that the curvature form of I' is an antisymmetric
2-morphism
®:TEQ® TE - TE

&(X,, Y,) = o([hX, hY]),

where [hX, hY] is the Lie bracket of such fields X, Yon E that X, € X, Y,e Y,u € E.
Locally

) o= L[( 20k _ 295 g5 0% 045 g g axt| @ 2 =
21\ ayf oy? ox)  oxk 0y*

= JA5dx7 A dx* @ — .

oy
The mapping dgy is an antidifferentiation of the first degree and
(5) do(dx’) = 0, dg(dy*) = 3A45dx’ A dx*.
Proposition 6. Let ¢ be the curvature form of the connection I'. Then dgdy = 0.
Proof. The mapping dy being an antidifferentiation of A(E) with the property
dof = 0 for any function f on E, it is determined by its action on A'(E). Using (5)

we get our assertion.
Denote H, = {®(X, Y): X, Ye T,E}.

Proposition 7. Let  be a (p — 1)-form on E. Let iyw = 0 for any vector tangent
field, the value of which lie in the spaces H,. Then dgw = 0.

Proof. dew(X,, ..., X,41) = ), sgn oa(D(X,,, Xs,), Xss 00 X, ) =

s Aspiq
oeS

=) sgn ori,,,(xwxsz)w(Xh, .--s X,,,,)- This completes our proof.

oeS

Quite analogously, if iyw = 0 for any horizontal tangent vector Y then w € Ker D,
Let d denote the exterior differentiation on A(E). Then d = D,d — dD, is an anti-
differentiation of degree 1 on A(E). By Proposition 3 we get

) W*d = —h*dD, .
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Proposition 8. Let w be a p-form on E. Then
s h*(dw) = —h*dyw .
Proof. h*dD,w(X,, ..., X,+;) = dDw(hX,, ..., hX,;,) =
N P
= = Z(—l)‘+‘,D”w([hXi, hXJ], th, ey h.Xi, ey hXj, ey th+1) ==
i<j

N\ N
= - izj(— 1) Ja(o[hX s, hX ] hX gy ooy BX ooy By oy BX i y) =

N N
- ;;,(—1).-_1+j_2w(¢(hx,., hX ), hX gy ooy WXy oy hX s ooy hX ) =

= dew(hXy, ..., hX ,4,) = h*dew(X, ..., X,+1), where the symbol ~ indicates
that a vector X is dropped. The relation (6) completes our proof.

Proposition 9. If the form D,w is closed then dw is I'-vertical. If the form w is
closed then D, is closed if and only if dw = 0.
Proof follows from the definition of d.

3. In the sequel we are going to study in detail some relations between bilinear
forms and connections on E. Let @ = a;dx’ @ dx’ + a,dy* ® dx' + a,dx' ®
® dy* + a,zdy* @ dy*® be a bilinear form on E. Then D,w is quasi-semi-basic. Let
Y = b*(0/0y") be a vertical tangent field. Then

iyw = a,bdx' + a,b*dy?, h*(iyw) = (a, + agaf) b*dx’.

The form w will be said to be associated with a connection I' on E if h*iyw = 0 for
any vertical tangent vector Y. Locally, a bilinear form o is associated with a connec-
tion I' on E if and only if

)] A + apaf =0.

Let °T, = {X € T,E : iy o(X) = O for any Ye T,E,,, nu = m}. The bilinear form w
on E will be called connecting if the distribution of the tangent subspaces “T,
determineds a connection on E. If w is connecting then the connection of the tangent
subspaces “T, will be denoted by “I".

Asdim {iyw : Ye T,E,} < dim E,,, we have dim “T, > dim M. Then the mapping
u — “T, is a connection if and only if the assertion

(ZET.E, A Ze°T)=>Z =0

is true for any u € E. Locally, let Z = ¢%(/dy"). Then Z € °T,, if and only if iy o(Z) =
= O for any Ye T,E,, i.c. if and only if a,5¢* = 0. Then w is connecting if and only if
det (a,) * O, i.e. if and only if the restriction of @ to vertical tangent vectors is
a regular form. This yields
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Proposition 10. Let w be connecting. Then w is associated with a connection I' if
and only if I' = “I. '

Let us recall that if w is quasi-semi-basic then it is not connecting. If w is a 2-form
(i.e. antisymmetric of the second order) then it can be connecting only if dim E,
is even.

Proposition 11. Let w be a connecting 2-form on E. Then the connection “I" is
integrable if and only if

h*(Lyw — iydw) = 0
for any vertical tangent field Y.

Proof. By definition “I is integrable if and only if h*(diyw) = 0 for any vertical
tangent field Y. The known relation Ly = iyd + diy completes our proof.

Let w or I' be a bilinear form or a connection, respectively, on E. Denote by
Wyg, Wyg, Wiz, Wy the following forms:

0 o(X,Y) = w(hX,Y), ,(X,Y)=o0(X,Y),
wo (X, Y) = o(X, hY), we,(X,Y) = o(X, vY),
0,(X, Y) = o(hX,vY), 0,(X,Y) = o(vX,hY).

Lemma 3. Let w or I be a bilinear form or a connection, respectively, on E. Then

(8) Wi = h*o + w,,, Wy = V*0 + wy,,
Wy = h*® + W, wo; = v*0 + @y,
Dyw = w0 + oy, D,w = w30 + o, ,

D,w — Do = 2(h*w — v*w), o = h*o + D,D,w + v*w,

D,Dyw = w;, + w;;, D,Dyw = D0 + 2v*w,
Dhth = th + 2h*w . ‘
Proof. wo(X,Y) = w(hX, hY + vY) = w(hX, hY) + o(hX,vY) = h* o(X, Y) +

+ w;,(X, Y). The other relations can be proved analogously.

Proposition 12. A bilinear form w is associated with a connection I if and only if
w21 = 0.

Proof. Let w,; = 0. Then h*iy o(X) = iy o(hX) = (Y, hX) = w,,(Y,X) =0
for any vertical tangent vector Y. Let w be associated with I'. Then w,(Y, X) =
= w(vY, hX) = h*i,y o(X) = 0.

Corollary. The forms wg,, @14, @2, h*®, v*@ are associated with I.

Lemma 4. Let w be either antisymmetric or symmetric. Then w,, = 0 if and
only if w,, = 0.
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Proof is obvious.

Proposition 13. Let w be either antisymmetric or symmetric. Then w is associated
with a connection I' if and only if Dyw is semi-basic.

Proof. wy(Y,X) = o(vY, hX) = D,w(vY, X) = i,yD,w(X). Then the definition
of the semi-basic form and Proposition 12 complete our proof.

Proposition 14. Let o be either antisymmetric or symmetric. Then w is associated
with I if and only if izw is semi-basic for any horizontal vector Z.

Proof. ,(X,Y) = w(hX, vY) = ijxw(vY). Proposition 12 and Lemma 4
complete the proof.
By the relation (8) we get

Proposition 15. Let w be either antisymmetric or symmetric and associated with I'.
Then
D,Djw =0, Dw=2*w, Dw=2h*w, o=h*o+ v*o.

Corollary. If w is associated with I', I'-vertical and either antisymmetric or sym-
metric then Dy = 2"w.

Lemma 5. Let w or I' be a bilinear form or a connection, respectively, on E.
Then

(w = h“‘w)“ = (Dvw)Zl = (th)n = (w20)21 = (wm)zn = Wy .

Proof. (o — h."‘co)zl (X, Y) = (0 — h*@) (vX, hY) = 0(vX, hY) = 0,(X, Y).
The other relations can be proved analogously.

Corollary of Lemma 5 and Proposition 12. Let @ or I' be a bilinear form or a con-
nection respectively on E. Then the forms w, ® — h*w, D,w, Dy, w,,, Wy, are
associated with I if and only if one of them is associated with I'.

Proposition 16. Let w be a bilinear connecting form on E. Let I' be a connection
on E. Then the forms w — h*w, D,w, w,q, ®Wg,, V*w determined by I' are con-
necting and T = I = ""°T. '

Proof. Letlocally = a;;dx’ ® dx/ + a,dy* ® dx’ + a,dx' @ dy* + a,dy* ®
® dy’. Let _

Qe {D,w, W30, Wgy, © — h*w, v*w} .

Then Q = Cydx' ® dx/ + Cudy* ® dx' + Cidx’ @ dy® + cady* ® dy? where
¢ % 0is a constant. As det (ca,;) + 0 we conclude that Q is connecting. By Proposi-
tion 10 and Corollary of Proposition 12, I' = “?°[" = **“I".
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Proposition 17. Let w be a bilinear connecting form on E. Let ® — h*w, D,w, w,,
be determined by “I'. Then

or — w—h'wr — Dowr = @0

Proof. The form w is associated with “I'. Therefore by Lemma 5 and Proposition
12 the forms w — h*w, D,w, w,, are associated with ®I". Then Propositions 16 and
10 complete our proof.

Proposition 18. Let w be a connecting 2-form on E. Then a connection I" on E is
integrable if and only if dgw is semi-basic.

Proof. Let us recall that I' is integrable if and only if the curvature form @ of I’
vanishes, i.e. if 4; = 0. Let @ = }a;;dx" A dx) + a,dy* A dx' + Ya,dy* A dy”.
Then dow = a,A4dx) A dx* A dx' + a,pA%dx) A dx* A dy? is semibasic if and
only if a,pA% = 0. As det (a,4) * 0, it holds a,z4% = 0 if and only if A%, = 0.

Remark. Using the local expresion of dew we obtain: If w is a connecting 2-form
and I is a connection on E then dgw is semi-basic if and only if dpw = 0.

Let Q be a ternary from on E. Let I' be a connection on E. Denote by Q,,, the
form determined by ‘

Q11:(X, Y, Z) = Q(hX, hY, vZ) .

Lemma 6. Let w be a connecting 2-form on E. Let I' be a connection on E. Let ¢
be the curvature form of I'. Then dew = 0 if and only if (dew);1, = 0.

Proof. Locally, (dgw)y;, = —apd5aldx’ A dx* A dx' + a,pA5dx) A dx* A
A dy®. This yields our assertion.

Proposition 19. Let w be a 2-form on E. Then
(d(v*w))uz = —(dow)uz
for any connection I' on E.
Proof. (dv*w),;, (X, Y, Z) = dv*w(hX, hY, vZ) = hX(v*e(hY, vZ)) —
— hY(v*o(hX, vZ)) + vZ(v*w(hX, hY)) — v*@([hX, hY], vZ) + v*o([X, vZ], hY) —
— v*o([hY, vZ], hX) = —o(v[hX, hY], vZ) = —(dow);12(X, Y, Z).

Corollary of Proposition 18, 19 and Lemma 6. Let w be a connecting 2-form on E.
Then a connection I is integrable if and only if (dv*w),,, = 0.

Proposition 20. Let » be a connecting 2-form on E. Then the connection “I is in-
tegrable if and only if

(dd,,w)uz = 0 .

79



Proof. The form w is associated with “I". Therefore d,w = 2v*w. The previous
corollary completes our proof.
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&asopis pro p&stovini matematiky, ro&. 105 (1980), Praha

STRUCNE CHARAKTERISTIKY CLANKU OTISTENYCH V TOMTO CiISLE
V CIZIM JAZYKU

VEROSLAV JURAK, Podébrady: Conjugate cyclic (v, k, X)-configurations. (Konjugované cyklické
(v, k, A)-konfigurace.)

V ¢&lanku jsou studovany konjugované cyklické (v, k, A)-konfigurace pomoci jistych isomor-
fisml té&chto konfiguraci.

ALrois KLi¢, Praha: On exceptional values of holomorphic mappings of Riemann surfaces.
(O vyjimeénych hodnotach holomorfnich zobrazeni Riemannovych ploch.)

Bud f: V' — M holomorfni zobrazeni oteviené Riemannovy plochy ¥V do kompaktni Rie-
mannovy plochy M. V &lanku jsou odvozeny zobecnéné Cartanovy formule. S jejich pomoci jsou
dokazany véty, ddvajici postatujici podminky pro to, aby hodnota ay € M nebyla defektni, tj.
aby Nevanlinniv defekt d(ay) = 0. :

KAREL SVOBODA, Brno: On characterization of the sphere in E* by means of the parallelness
of certain vector fields. (O charakterizaci koule v E* na zakladé& rovnobé&znosti jistych vektorovych
poli.)

Autor zobeciiuje vysledky svého predchoziho &ldnku. Na zakladé rovnobéZnosti jistého nor-
malniho vektorového pole, které je pfifazeno dané dvojici te¢nych vektorovych poli, se dokazuji
véty analogické vysledkiim z piedchoziho ¢élanku. Tyto véty jsou vychozim bodem pro dalsi
uvahy.

ANTON DEKRET, Zvolen: On forms and connections on fibre bundles. (O formich a konexiach
na fibrovanych priestoroch.)

Nech na fibrovanom priestore n : E — M je dan4 konexia I': E — J lE v tejto préci si popi-
sané vlastnosti derivacii typu i, na algebre A(E), uréené formou konexie v : TE — VTE a formou
krivosti @ : TE A TE — VTE. Ak bilinearna forma o je regularna na fibroch, tak existuje na E
prave jedna konexia I tak, Ze (Y, X) = O pre kazdy vertikdlny vektor Y a kazdy horizontélny
vektor X na E. Pomocou vlastnosti formy o su najdené nutné a postatujiuce podmienky, aby
konexia T bola integrabiln4.
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&asopis pro p&stovani matematiky, roé. 105 (1980), Praha

RECENSE

Vaclav Medek - Jozef Zdmozik: KONSTRUKTIVNA GEOMETRIA PRE TECHNIKOV.
Alfa, Vydavatel’stvo technickej a ekonomickej literatury, Bratislava; SNTL, Nakladatelstvi
technické literatury, Praha 1978. Str. 541, cena K& 40,—.

Cislice [1]— [4] se vztahuji k t&émto knihdm:

[1] F. KadeFdvek - J. Klima - J. Kounovsky: Deskriptivni geometrie. Dil 1 1928, dil IT 1932.
[2] J. Kounovsky - F. Vyéichlo: Deskriptivni geometrie pro samouky. 1948, 2. vyd. 1951.
[3] J. Klapka: Deskriptivni geometrie. 1949, 2. vyd. 1951.

[4] Recensovana udebnice, uréena studentim stavebni fakulty SVST a VSD.

[4] predstavuje v n&kolika smérech velmi vyrazny a velmi prosp&$ny zlom v na$i literatufe
o deskriptivni geometrii.

Cesk4 geometrické ¥kola, kterd se rozvinula ve druhé poloviné minulého stoleti, vedla v des-
kriptivni geometrii témé&f vyhradng k syntetickym metoddm a tak ji nezdravé izolovala od ostatni
geometrie. V. Medek a J. ZdmoZik naopak spojuji deskriptivni geometrii s geometrii analytickou,
s geometrii diferencidlni a s vypocetni technikou. Jejich kniha se pfifazuje ke sméru, pro ktery
F. Hohenberg razil termin ,,konstruktivni geometrie* (viz jeho knihu ,,Konstruktive Geometrie
in der Technik** 1956).

Nejobsahlejsi dilo v nasi literatufe o deskriptivni geometrii je kompendium [1], které bylo
uréeno nejen pro studenty technik, ale téZ pro kandidaty uditelstvi na gymnasiich. Pozdéjsi
udebnice latku velmi omezily, metodicky propracovaly a pfizpusobily studentim technickych
$kol. Zustaly viak bud zcela (jako [2]) anebo aZ na mensi vyjimky (jako [3]) u syntetické metody.

TémeéF stejny podet stran v [2] a [4] usnadiiuje srovnéni t&chto dvou udebnic, mezi nimiz lezi
30 let. Pfipomindm je$t&, Ze [2] byla po zasluze velmi cenéna; viz k tomu tfeba [3], str. 6 a 391.

Mongeovo promitdni na dvé primétny a kétované promitani jsou ze 110 str. v [2] zkraceny
na 40 str. v [4] (pocty stran jsou oviem viude ptiblizné); v [4] je axonometrie v rozsahu 50 str.,
o niZ je v [2] jen mald zminka; naopak [4] se jen kratce zastavuje u specidlniho pfipadu axono-
metrie — u Sikmého promiténi, kterému [2] vénuje 10 str. Stiedové promitdni zaujima v [2]
30 str. a v [4] je rozsifeno na 50 str. Osvétleni je v [2] vyhrazeno 60 str., ale [4] m4 p¥isludny sa-
mostatny oddil zcela kratky. Jednoduchym plochdm (tj. mnohost&éniim a plochdm valcovym,
kuZelovym a kulové) je v [2] v€novano 210 str., v [4] pouze 40 str. Rota&ni plochy jsou v [2] i [4]
v pfibliZzné stejném rozsahu 30 str. KuZelose&ky jsou v [2] probirdny v odstavcich o jednoduchych
plochich a projektivnim vlastnostem — aZ po véty Pascalovu a Brianchonovu — je vyhraZen
samostatny odst. o 20 str.; jemu v [4] koresponduji jen asi 3 str. z odst. o kuZelosekach, ktery ma
v dodatcich rozsah 30 str. a za&iné jejich elementérnimi vlastnostmi.

Timto vy&tem je — aZ na uvod a dodatky po 20 str. — vy&erpana [2], ale jen asi 1/2 z [4].
Posun je dvoji a v obou pfipadech velmi prosp&iny:

a) Pfedné obecny vyklad je v [4] proti [2] zna&né& zkracen a je jen malym zlomkem z [1].
(I kdyZ mnoho ptihlédneme k daleko 3ir§imu ur&eni [1], nelze v tom nevidét Gstup deskriptivni
geometrie od dfiv&j§iho vyznamného postaveni v u€ebnich planech technik.) Naopak jsou v [4]
velmi roz§ifeny aplikace, které se v [2] omezuji na n&kolik stranek v dodatku (u&ebnice [2] byla
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oviem uréena pro studium teorie bez specifického zaméfeni, ale i tak je maly rozsah aplikaci
z dne¥niho pohledu nipadny). V [4] jsou na 120 str. uvedeny plochy pfimkové, kvadratické,
$roubové, topografické i fada dal3ich specidlnich ploch z technické stavebni praxe; geodetické
aplikace ve fotogrammetrii a kartografii zabiraji pfes 40 str. V dirazu na praktické pouZiti se [4]
shoduje s [3], v niZ aplikacim ve strojirenstvi je vénovdno mnoho mista.

b) Za druhé v [4] je v dodatcich analytickd geometrie (30 str.) a diferencidlni geometrie (30 str.),
pouzivané v celé knize; asi desetistrankovy odstavec o ¢ardch a plochdch ptedchdzejici kapitoly
o specialnich plochach lze povaZovat za konstruktivni aplikace diferencidlni geometrie. Navic
jsou na mnoha mistech zdkladni programy pro poditaé, které pfipravuji k dasledné&j§imu vyuZivani
vypodetni techniky.

K tomuto druhému posunu pfipojim je$té dvé pozndmky:

1. Pted 15 lety jsem na katedfe matématiky a deskriptivni geometrie stavebni fakulty CVUT
poprvé vyloZil, pro¢ bude tfeba spojit analytickou geometrii s deskriptivni (srv. mdj ¢lanek
,,O geometrii a deskriptivni geometrii‘‘, Pokroky 17 (1972), 187—193; viz zvl. str. 193). Proto je
pro m& Medkova a Zamozikova udebnice [4] velkym zadostiu¢inénim. BohuZel s diferencialni
geometrii je v&c problemati&t&jsi zvlasté pti poslednim zkraceni deskriptivni geometrie v u¢ebnim
planu. Potfebné poznatky z matematiky jsou totiZ k dispozici aZ ve 2. semestru. Ostatné jakési
rozpaky autor nad diferencidlni geometrii ploch lze tusit i z toho, Ze ji v dodatcich vénovali
pouhych 6 str.

2. Zatazeni jednoduchych programi pro pocita&e je v naSich pomérech daldim origindlnim
rysem ucebnice [4]. Jeho vyznam pro stavebni praxi je oviem dalekosihly a nepochybné se bude
je¥t& zvétSovat. Je chyba, Ze néktefi mladi uditelé deskriptivni geometrie na technice stoji stranou
tohoto proudu. Rovné&Z je chyba, 7e budouci stiedogkoliti ugitelé deskriptivni geometrie se s nim
na matematicko-fyzikalni fakult¢ KU podrobné&ji nesetkaji. Tento proud je v zahraniéi silny
a oba autofi jej uspé$né zachytili. Pfi feSeni dil¢iho ukolu stitniho planu zdkladniho vyzkumu
vytvofili metody, které se vyznamné& uplatnily v praxi. Jednoduché programy zaélenili do své
knihy z nadhledu vlastnich bohatych zkuSenosti.

Metodicky je kniha [4] vybornd, obrdzky jsou peclivé. Nakladatelstvi Alfa ji vypravilo vzorné.

Kniha vzbudila zaslouZenou pozornost na Technické université¢ v DraZzdanech. Pfipravuje se
némecky pfeklad. Bude nepochybné velmi tip&$nou u&ebnici.

Zbynék Nddenik, Praha

Yung-Chen Lu: SINGULARITY THEORY AND AN INTRODUCTION TO CATA-
STROPHE THEORY, Springer-Verlag, New York—Heidelberg—Berlin, 1976, v edici Universi-
text, stran XII 4+ 199, obr. 78, cena DM 29,30.

Kniha je rozsitenou versi cyklu Sesti pfednasek, které autor pfednesl pro ucastniky konference
,»Structural stability, catastrophe theory and their applications in the sciences*‘ konané v dubnu
1975 v Battelle Seattle Research Center. Konference se setkala s velkym zdjmem nejen u specialistii
v oboru teorie singularit a katastrof, ale zi¢astnilo se ji téZ mnoho matematikl zabyvajicich se
aplikacemi matematiky ve fyzice, biologii, medicin& a sociologii i fada specialisti z té&chto v&dnich
oboru. Prvni tfi Luovy pfedndgky byly pfedneseny pfed zahdjenim konference a mély pfipravny
charakter, posledni tti se konaly v tydnu po konferenci a pojedndvaly o specidlnéjSich otdzkich
teorie singularit a katastrof. Cely cyklus byl uréen nespecialistim jako tvod do teorie singularit
a katastrof a jeho cilem bylo sezndmit posluchade se zdkladnimi my$lenkami a vysledky této teorie.
Stejny charakter i cil mé i tato publikace.

Prvni ze Sesti kapitol, nazvand ,,Introduction to Singularity Theory with Historical Remarks*‘,
obsahuje kratkou intuitivni diskusi pojmu stability a generi¢nosti, pfehled elementdrnich pojmu
diferencidlni geometrie, definici stability, lokdlni stability, singuldrnich a reguldrnich bodu
hladkého zobrazeni, a té% n&€které Whitneyovy véty o hladkych zobrazenich, imersich a vnofe-
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nich, jeZ spolu s Morseovym lemmatem a jeho globdlni versi poskytuji prvni obecné priklady
stabilnich a lok4lné stabilnich zobrazeni a ilustruji téZ pojem generi¢nosti. Uréitym nedostatkem
tohoto jinak p&kné¢ho uvodu je snad jen pFili¥nd struénost historickych poznamek, omezujicich
se v podstaté pouze na citace nékterych Morseovych, Whitneyovych i jinych praci, jeZz sehraly
dulezitou roli v rozvoji teorie singularit. ’

V kapitole 2 ,,0On Singularities of Mappings from the Plane to the Plane‘ se nejprve definuji
n&které diileZité pojmy, jako napf. r-dzety, prostory r-dZetii a r-dzetova rozireni hladkych zobra-
zeni a transversalita zobrazeni a podvariet. Je zde vyslovena téZ Thomova véta o transversalité
a jako priklad na jeji pouziti je dokazana hustota mnoZiny Morseovych funkci v prostoru viech
hladkych funkci na R". Hlavnim tématem je v§ak fundamentdlni Whitneyova prace z roku 1955
o singularitach hladkych zobrazeni z roviny do roviny. Vykladu vysledka této préace je vénovdna
veétsi Cast kapitoly, pfitemZ autorovym cilem neni vyloZit Whitneyovu praci v maximalni obec-
nosti a se viemi podrobnostmi, nybrZz geometricky osvétlit a ilustrovat jeji hlavni myslenky
a usnadnit tak &tendfi jejich pochopeni.

Kapitoia 3 ,,Unfoldings of Mappings* seznamuje &tendfe s pojmy nutnymi k formulaci Tho-
movy klasifikaéni véty pro stabilni rozvinuti kodimense < 4, nazyvané téZ vétou o sedmi elemen-
tarnich katastrofich, a s nékterymi vysledky potfebnymi k jejimu dikazu. Zavadi se zde pojem
germu zobrazeni, pravé a oboustranné ekvivalence germu, pravé a oboustranné k-urlenosti,
kone¢né urlenosti a pravé a oboustranné kodimense germu a dokazuje se Matherova véta, da-
vajici jednoduchou algebraickou podminku pro pravou k-uréenost germu. V dalsi ¢4sti kapitoly
je definovdn pojem rozvinuti germu a versalniho (stabilniho), universilniho a k-transversalniho
rozvinuti, formuluji se nutné a postaéujici podminky algebraického charakteru pro to, aby rozvi-
nuti germu bylo versdlni resp. universdlni, a dokazuje se téZ existence universalniho rozvinuti
pro libovolny kone¢né uréeny germ. Je zde uvedena téz Malgrangeova pfipravnd véta v Matherové
tvaru a podén jeji dikaz ve specidlnim ptipadé€, kdy je jeho myslenka znaéné jednodussi a snadno
pochopitelna. I zde je v§ak vychozim bodem Malgrangeova véta o déleni, jejiz dikaz je — po-
dobné jako nékolik jinych dikazi pfesahujicich rdmec této knihy — vynechan. Zavér kapitoly
je vénovan formulaci jiZ zminéné Thomovy véty o sedmi elementéarnich katastrofich a klasifika¢ni
véty pro singuldrni germy (pravé) kodimense = 4, jez pfedstavuje velmi duleZity ¢lanek dikazu
Thomovy véty. Diikaz obou vét, jenz je dosti dlouhy a komplikovany, je viak podédn aZ v zavéru
knihy v dodatku 2.

V kapitole 4 ,,Catastrophe Theory** autor na ¢etnych ptikladech fyzikdlniho rdzu objasiiuje,
jak teorie singularit mizZe byt pouZita pti studiu nespojité probihajicich pfirodnich jevi, a zavadi
zékladni pojmy teorie katastrof, mimo jiné pojem katastrofické mnoZiny potencialni funkce
V:R" X R"— R s prostorem stavii R" a prostorem parametrii R" a pojem elementarni katastro-
fy. V ptipadé, Ze r = 4 a V je lokalné stabilni jako rozvinuti kodimense r, Thomova klasifikaéni
véta fikd, Ze existuje pouze sedm riuznych typd elementdrnich katastrof. Z téchto sedmi typh
se zde podrobné probira katastrofa typu ,,cusp®, a to v souvislosti s Van der Waalsovou rovnici.
K zdkladnim pojmiim teorie katastrof a k Thomové klasifikadni v&t& se autor vraci jedté v dodatku 1
»Thom’s Three Basic Principles, kde kritce vysvétluje Thomovy fundamentdlni principy
morfogenese a ukazuje, v ¢em spoliva dileZitost Thomovy klasifika¢ni v&ty. Tato &4st knihy se
viak zda byt pon€kud méné zdakilou neZ ostatni kapitoly a &tena¥, ktery ji bude chtit porozumét,
bude moZn4 nucen obritit se je¥t& k jinym pramentim.

Kapitola 5 ,,Thom-Whitney Stratification. Theory** je ivodem do teorie stratifikaci, jez vlastn&
patfi do algebraické geometrie, ale je. velice uZite¢nd téZ v teorii singularit. Z4kladni my3lenka této
teorie spodiva v rozkladu variety se singularitami (algebraické, analytické &i jiné) na disjunktni
sjednoceni hladkych variet, z nichZ kaZd4 je tvofena body, jeZ jsou v uritém smyslu ,,stejn& $pat-
né*. Objasnéni intuitivniho smyslu tohoto pojmu a téZ ilustraci Whitneyovych podminek regula-
rity, jez mu ddvaji pfesny vyznam a jeZ jsou hlavnim tématem této kapitoly, je vénovéana celd
fada prikladi. V zdv&ru kapitoly jsou pak bez diikkazu uvedeny nékteré fundamentilni v&ty
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tykajici se existence reguldrnich stratifikaci, souvislosti mezi podminkami regularity a intuitiv-
nim smyslem pojmu ,,stejné€ $patné body*, a topologické ekvivalence stratifikovanych variet.

Kapitola 6 ,,C%-Sufficiency of Jets* se zabyva n&kterymi otdzkami topologické ekvivalence
germu hladkych zobrazeni. Definuje se zde CO-postatitelnost a v-postatitelnost r-dfetu Z e
€J'(n,p) v C'*1 a dokazuje se, e v pFipadé p = 1 ka?d4 z téchto vlastnosti je ekvivalentni
existenci kladnych &isel ¢ a J takovych, Ze |grad Z(x)| = e|x|" =% pro viechna x v okoli poatku.
S pomoci tohoto kriteria se pak rozebira fada obsaznych ptikladi. V zdvéru kapitoly se kratce
diskutuje CP-postatitelnost a v-postacitelnost v pfipadé p > 1, kdy je situace jiZ zna¢né& sloZit&;jsi.

Kniha je napsdna zajimavé, dostatedné jasné a srozumitelng, uréitou vyjimkou je pouze
dodatek vénovany Thomovym tfem zdkladnim principim. Pozornému &tenafi vSak neujde
pomérné znaény polet drobnych prepsani a nékteré jiné mensi nedostatky viceméné formalniho
charakteru, jeZz u publikaci tohoto druhu byvaji pomérné &asté. Vé&tSina z nich je vSak lehce
opravitelnd a jen nepatrné ovliviiuje srozumitelnost vykladu. Zvla$tnosti ale i velkou pfednosti
Luovy knihy je neobvykle velky po&et ptikladii. Celkem je jich v knize vice neZ 90 a viechny hraji
ve vykladu duleZitou roli. Né&které z nich ilustruji definice a osvétluji zavddéné pojmy, jiné slouzi
k pfedbéZné motivaci vét a jiné zase ukazuji, jak tyto véty mohou byt pouZity pfi fefeni konkrét-
nich problému. Jsou tu pfiklady velmi jednoduché i pomérné sloZité, aviak skoro viechny jsou
velmi instruktivni. Naproti tomu je zde jenom velmi mélo diikazi, coZ lze podle mého ndzoru
povaZovat za urlity nedostatek. Je v§ak nutno objektivné Fici, Ze vynechané dikazy vétSinou
zna¢né pfesahuji rdmec elementiarniho tivodu do teorie singularit af uZ svou obtiZnosti nebo
pouzitymi prostfedky, takZe jejich zafazenim by kniha patrné ztratila svou dalsi velkou pfednost,
jiZ jsou skutetn€ minimélni poZadavky na predbéZné védomosti &tendFe, omezujici se na b&iné
znalosti matematické analyzy. .

Celkové je Luova kniha velmi péknym uvodem do teorie singularit a katastrof a vysoké oce-
néni a doporudeni, které ji v ivodu dava P. Hilton, ji, myslim, po pravu ndleZi.

Vojtéch Bartik, Praha

INVARIANT WAVE EQUATIONS, Proceedings, Erice, 1977, Edited by Giorgio Velo and
Arthur S. Wightman. Lecture Notes in Physics, 73, Springer-Verlag, Berlin—Heidelberg—New
York, 1978, ii + 416 stran.

Publikace je souborem pfednasek z mezinirodni $koly o matematické fyzice ,,Ettore Majo-
rana‘‘, konané ve dnech 27. 6.—9. 7. 1977 v Erice na Sicilii.

Prfedmétem referdt byly otdzky spojené s Lorentzovsky a Euklidovsky invariantnimi linear-
nimi i nelinedrnimi vlnovymi rovnicemi, jeZ hraji vyznamnou tlohu v soudobé teorii elementar-
nich ¢astic a v kvantové teorii pole. Cilem sborniku je usnadnit zaZ4te&nikovi orientaci v rozsahlé
literatufe a odbornika pak sezndmit s n&¢kterymi nejnov&j$imi vysledky v tomto oboru.

Uvodni a nejrozsdhlejsi stat A. S. Wightmana seznamuje &tenafe se zdkladnimi pojmy a poznat-
ky z teorie invariantnf vlnové rovnice a s jejich souvislosti s fyzikdlni problematikou, tj. pfrede-
v8im s problémem vnéjsiho pole. Nasledujici ptispévek L. Gérdinga je vénovdn matematickym
aspektim této teorie. Pfedev§im neline4rni teorii invariantnich vlnovych rovnic jsou vénovany
dosti rozs&hlé prace W. Strausse a J. Frohlicha. Clanek D. Zwanzigera se zabyva metodou charak-
teristik a akausalnimi rovnicemi. R. Seiler a S. N. M. Ruijsenaars pojedn4vaji o &sticich se spi-
nem ne vét$im neZ 1 ve vnéjsich polich. Vyznam solitoni pro kvantovou teorii popisuje J. L.
Gervais. V kratsich pfednaskéch se C. Parenti - F. Strocchi - G. Velo a R. Stora zabyvaji nelinear-
ni relativistickou teorif pole resp. Yangovymi-Millsovymi instantony (tj. feSenimi jistého typu
eliptickych diferencidlnich rovnic).

Otto Vejvoda, Praha
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A. Carasso & A. P. Stone (Editors): IMPROPERLY POSED BOUNDARY VALUE PROB-
LEMS, Pitman Publishing, London, San Francisco, Melbourne 1975.

Recenzovand kniha je sbornikem dvanicti praci na téma: Nekorektni ulohy (improperly
posed problems) v parcidlnich diferencidlnich rovnicich a obsahuje téméf viechny odpoledni
prednadky proslovené na stejnojmenné konferenci, ktera se konala v srpnu roku 1975 v Albuquer-
que v americkém stidt¢ New Mexico. Tato regionédlni konference byla téméF vyluéné zalezitosti
americkych matematikii. Hlavnim ¥e€nikem byl profesor L. E. Payne z Cornellovy University,
ktery se ujal viech dopolednich pfednédsek. Jejich soubor bude publikovdn organizaci SIAM
v tzv. CBSM Regional Conference Series in Applied Mathematics. Dvanéct praci ostatnich ucast-
nikd konference jsou matematick4 pojednani o nejriizn&jsich problémech, které vznikaji v meteo-
rologii, geofyzice, dynamice kapalin, elasticité atd. Ctenaf specialista v nich najde struénou
a pfesnou informaci o metodadch feSeni nekorektné zadanych specidlnich tdloh i cenné bibliogra-
fické l'lda_]:e, které ho uvedou do této moderni a zajimavé matematické discipliny.

Ivan Straskraba, Praha

Aldo Bressan: RELATIVISTIC THEORIES OF MATERIALS. Springer Tracts in Natural
Philosophy, Vol. 29. Springer-Verlag, Berlin—Heidelberg—New York 1978; XIV 4 290 str.,
cena DM 98,—.

Monografie pojednavd o fenomenologickych teoriich termomechanickych a elektromagnetic-
kych vlastnosti materidlti v rdmci specidlni a obecné relativity.

Prvnim problémem relativistickych teorii materidli je formulace zdkladnich rovnic termo-
mechaniky a elektrodynamiky kontinua v relativistickém tvaru. Pfepis zdkladnich rovnic nerela-
tivistické termomechaniky nevyvoldvd Zadné obtiZe; ty vznikaji aZ pf¥i ,,relativizaci“ Clausiovy-
Duhemovy nerovnosti, kterd vyjadfuje druhy zdkon termodynamiky pro spojitd prostiedi.
V knize je ukazano, Ze existuji hned dveé relativistické verze, které se od nerelativistické v lokalné
pfirozeném systému soufadnic li$i jenom o €leny fadu ¢~ 2 ptitem? na zakladé teoretickych uvah
je t€Zké rozhodnout, ktera z nich skutené plati (o experimentalnich testech ani nemluveé).

Maxwellovy fenomenologické rovnice neexistuji v nerelativistickém tvaru a jejich obvykly
zapis ve specidlné relativistickém tvaru se lehce zobecni na obecné relativisticky tvar. Je vSak
znamo, Ze jiz klasickd Maxwellova elektrodynamika neznala spravny vyraz pro hustotu pondero-
motorické sily a hustotu produkce Jouleova tepla v ptipadé nelinedrniho a neizotropniho dielek-
trika. Tuto neznalost prirozené neodstraifiuje ani obecna relativita; reprodukuje se v ni jako
neznalost spravného vyrazu pro elektromagneticky tenzor energie a hybnosti. V recenzované knize
uvaZuje autor celkem sedm (!) moZnych vyrazii pro tento tenzor (zde ¢tenaf pochopi v plném
rozsahu vyznam povéstného Einsteinova ptirovnani tenzoru ktivosti k mramorovému pilifi
a tenzoru energie a hybnosti k vytvoru ze sldmy). Z hlediska této nejednoznacnosti je mnozné
&islo slova ,,teorie v ndzvu monografie zcela na misté.

Kromé tohoto okruhu zdkladnich otdzek jsou v knize studovany konstituéni vztahy, které
popisuji odezvu materidlu p¥i dané deformaci, teploté a intenzitich elektrického a magnetického
pole. Konkrétni forma Clausiovy-Duhemovy nerovnosti a elektromagnetického tenzoru energie
a hybnosti kladou na konstituéni vztahy riznd omezeni, jeZz jsou v fadé specialnich pripadu
odvozena. Jako aplikace jsou pedrobn& vyloZeny vysledky o $ifeni elastickych vin. V jedné
ze zavérenych kapitol je nastinéno shrnuti a zobecnéni teorie ve formé relativistické teorie mate-
rialt s paméti.

Je uZito ,klasického** indexového znaleni, které je z hlediska cile a pouZitych metod nej-
vyhodné;j8i. Interpretace vysledki v terminech prostorovych a €asovych veliin je provddéna
velice systematicky v rdmci formalizmu rozvinutého v tGvodni &4sti. Na nékterych mistech se
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pouziva diskutovanych harmonickych soufadnic. Kniha neobsahuje Z4ddnd konkrétni FeSeni
gravitaénich rovnic p¥i danych konstitu¢nich rovnicich pro vhrnny tenzor energie a hybnosti.

Relativistic Theories of Materials neni ivodem do relativistickych fenomenologickych teorii;
bude spide uZite¢na t&€m, ktefi jiz z dané problematiky néco znaji a chté&ji si svoje znalosti pro-
hloubit. Témto ¢tena¥um ji lze plné doporuéit.

Miroslav Silhavy, Praha

Kufner, A., John, O., Fuéik, S.: FUNCTION SPACES. Akademia, Praha, 1977. Vydani prvni,
456 stran, 13 obrazku, cena 175,— K¢s.

Kniha Function spaces, jak jiz ndzev napovidd, je vénovdna systematickému a podrobnému
studiu linearnich vektorovych prostori, jejichZ prvky jsou redlné nebo komplexni funkce. (V ka-
pitole o prostorech spojitych funkci je navic téZ zminka o abstraktnich funkcich, zobrazujicich
euklidovsky prostor R" do normovaného linearniho prostoru X.)

Teorie téchto prostorl uizce navazuje na abstraktni funkciondlni analyzu, zahrnuje oviem téz
vySettovani fady hlubokych vlastnosti spjatych s vnitfni strukturou studovanych prostori.
(Namatkou uvedme véty o vnofeni &i véty o stopach.) Vysledky této teorie predstavuji rozsahly
material pro aplikace zejména na poli diferencidlnich rovnic.

O dulezitosti studovaného predmétu svéd¢i rozsahla literatura, ktera se jim zabyva (jen pecliva
bibliografie, uvedena v recensované knize, zahrnuje 400 tituldi, a dalsi ¢lanky se denné objevuji).
Pfitom v8ak vétSina vysledkl je roztrou$ena v asopiseckych ¢Elancich, ptipadné tvofi pomocny
material v monografiich jiného zaméfeni. Monografie predklddaného typu aZ dosud schdzela
nejen v &eské, ale i ve svétové literatute. (Téch nékolik knih, vénovanych specidlné prostortim
funkci — krom praci citovanych v knize ,,Function spaces‘ uvedme knihu R. A. Adamse Sobolev
spaces — je uzsiho zaméfeni.)

Kniha ,,Function spaces‘ vznikla na zdkladé seminafl, vénovanych funk&énim prostortim,
které se konaly na matematicko-fyzikdlni fakult¢ KU. Uvedme zde stru¢ny pfehled otdzek
v knize studovanych. ’

V tivodni €asti knihy je shrnut stru¢ny pfehled zakladnich pojmi a vét funkcionalni analyzy,
pouzivanych v dal§im textu. Prvni €ast vlastniho obsahu je vénovana prostoriim hladkych funkci
(tj. spojité, holderovské, spojité diferencovatelné funkce). Ve druhé &asti jsou shrnuty prostory
integrovatelnych funkci (Lebesgueovy, Orliczovy, Campanatovy a Morreovy prostory). Treti
¢ast pak je vénovana prostorim diferencovatelnych funkci (s integralnimi normami). Jsou zde
studovany klasické Sobolevovy prostory, Sobolevovy-Orliczovy prostory, a piehledn& trada
dalsich prostorii tohoto typu (Nikolského prostory, Besovovy prostory, Slobodéckého prostory,
rizné typy anisotropnich prostort, vdhové prostory).

Kniha je doplnéna rozsahlou bibliografii, autorskym a vécnym rejstfikem a ptehledem uzitych
symboli. Vyklad je ptistupny &tenati se znalostmi na vrovni zédkladniho universitniho kursu
matematiky. Navic stru¢né pfehledy pouZivanych pojmu a vét (jiZ zmin&ny pfehled pojmi funk-
cionalni analyzy, ptehled vysledki teorie Lebesgueova integrdlu, uvedeny ve druhé &isti knihy,
struény priehled teorie distribuci v &asti tfeti) zna&né ulehéuji Eetbu.

Ctenat se seznami se Sirokym spektrem zikladnich vlastnosti funk&nich prostort (velice
netiplny vycet: jsou studovény otdzky reflexivity, separability, existence Schauderovy bize,
charakterisace kompaktnich podmnozZin, vyjiddfeni funkciondli, dudlni prostory, rizné definice
Sobolevovych prostoril a jejich vztah, Sobolevova v&ta o vnoteni, véty o stopach, véty Kondra-
Sovova typu o kompaktnim vnofeni atd.); fada dalSich pojm je alespoii zminéna s odkazy na li-
teraturu. Vyklad je srozumitelny, doplnény fadou p¥ikladi. To vie Cini z referované publikace
velice zdatilou knihu, kterd bude jisté uZite¢na $iroké obci matematiki.

Pavel Doktor, Praha
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EQUADIFF 1V, Proceedings, Prague, 1977. Edited by J. Fabera. Lecture Notes in Mathemat-
ics, Springer-Verlag, Berlin—Heidelberg—New York 1979, xix - 441 str., cena $ 21,30.

Ve dnech 22.—26. srpna 1977 se konala v Praze jiz &tvrtd konference o diferencidlnich rovnicich
a jejich aplikacich EQUADIFF 1V. Byla pofdddna Matematickym ustavem Ceskoslovenské
akademie véd ve spolupréci s né€kterymi dalsimi Ceskoslovenskymi védeckymi institucemi. Svym
zaméfenim navdzala na p¥edchozi konference Equadiff, které se konaly v Praze (1962), v Bratisla-
vé& (1966) a v Brné€ (1972). Konference se i¢astnilo okolo 350 matematiki, z toho pfes polovinu
ze zahraniéi. Jeji jednani probihalo tradi¢né ve 3 zdkladnich sekcich:

1. obylejné diferencidlni rovnice;

2. parcidlni diferencidlni rovnice;

3. numerické metody a aplikace.
Prednesené pfispévky byly vesmés hodnotné a umoznily ucastnikim udélat si dobry ptehled
o stavu moderni matematiky v oboru diferencidlnich rovnic.

Recenzovany sbornik pfinds$i seznam vSech referovanych pfednasek (jejich pocet byl 63)
i jednotlivych sdéleni (157). Z péti pfednasek, které byly prosloveny na plenarnich zasedanich (O.
Borivka: Algebraic methods in the theory of global properties of the oscillatory equations.
Y” = Q(t) Y, J. Nedus: On the existence and regularity of weak solutions to variational
equations and inequalities, O. 4. Olejnik: EnergetiCeskije ocenki analogi¢nyje principu Saint-
Venanta i ich priloZenija, J. Kyncl, 1. Marek: Some problems in neutron transport theory, W. N.
Everitt: Singular problems in the calculus of variations and ordinary differential equations) jsou
oti§tény pouze prvé &tyfi.

Dile sbornik obsahuje vybér 45 prispévkt (psanych v jazyce anglickém), které se tykaji teorie
oby¢ejnych diferencidlnich rovnic (napf. Coddington, Gamkrelidze, Knobloch, Mawhin, Neu-
man, Rjabov, Seda, Tvrdy-Schwabik, Vrko&), rovnic se zpozdénym argumentem (Kamenskij-
Myskis, Svec), teorie regulace (Conti, Dragan-Halanay, Kl6tzer), parabolickych rovnic (Amann,
Bebernes, Diimmel, Kacur), hyperbolickych rovnic (Hall, Nohel, Rabinowitz), nelinearnich elip-
tickych problému (Futik, Hess), aplikaci Sobolevovych prostorti s vahou a Bésovovych prostori
(Kufner, Triebel), teorie potencidlu (Kral, Hansen, Mazja), variaénich nerovnosti (Mosco),
Navier-Stokesovych rovnic (LadyZenskaja), teorie pruZnosti (Capriz, Brilla), teorie pfenosu
neutroni (Mika), spektrdlnich aproximaci (Descloux-Nassif-Rappaz), Cauchyova problému
a stability numerickych feSeni abstraktnich rovnic (Sova, Taufer-Vitdsek), numerickych metod
(Axelsson, Gajewski, Hlavéacek, Iljin, Nedoma, Rektorys) aj.

Leopold Herrmann, Praha

Karel Marx: MATEMATICKE RUKOPISY. Nakladatelstvi Svoboda. Praha 1978. 558 str.,
5 obr., cena 16,— Kds.

Pteklad knihy Matematideskije rukopisi, Nauka, Moskva 1968 pofizeny kolektiem pieklada-
teli pod vedenim akad. Josefa Novdka. V knize je zachycena Marxova rukopisnd pozistalost,
v niz se odrdZi jeho matematickd &innost, a poznamky redakce ruského vyddni. Kniha byla
odménéna vyro¢ni cenou nakladatelstvi Svoboda za spoledensky angaZovana dila a tvorbu roku
1978.

Redakce
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&asopis pro péstovani matematiky, ro&. 105 (1980), Praha

ZPRAVY

ZEMREL PROF. DR. JOSEF BREJCHA, CSc.

SyLvaA SANTAVA, Brno

V bieznu 1979 zemfel po kratké a téZké nemoci ve véku 71 rokt prof. RNDr. Paed.
Dr. Joser BREICHA, CSc., nositel staitniho vyznamenani Za zasluhy o vystavbu, nositel
stiibrné medaile VUT, byvaly prodé€kan a vedouci katedry matematiky a deskriptivni
geometrie strojni fakulty VUT v Brné, &estny &len JCSMF, &len védecké rady strojni
fakulty, ¢len Cetnych odbornych komisi a dlouholety funkciona¥ spolecenskych orga-
nisaci.

Prof. Brejcha byl aZ do poslednich dnii svého Zivota €inny jako pedagog i jako
védecky pracovnik. V minulém roce jsme oslavili jeho sedmdesatiny a netusili jsme,
Ze jen n&kolik m&sict nas d&li ode dne, kdy se navzdy s profesorem Brejchou budeme
muset rozloudit.

Profesor Brejcha pochazel z uditelské rodiny, jiz od dob studii byl jednoznaéné
zaméfen na matematiku. Absolvoval redlné gymnasium v Susici a pfirodovédeckou
. fakultu Karlovy university a po vojenské presenéni sluZbé r. 1933 jako aprobovany
kandidat pro obor matematika a fyzika nastoupil na $kolach niZ8ich stupiiii, nebot
na stfednich a vysokych $kolach nebylo mista. Teprve od r. 1936 plsobil jako stfedo-
Skolsky profesor, nejprve v Opave, pozdé€ji od r. 1938 do r. 1948 na 1. Statni redlce
v Brné. Jiz jako stfedoskolsky profesor vénoval se odbornévédecké &innosti a publi-
koval. Bylo tedy zcela samoziejmé, Ze v roce 1948 se stal élenem nové pedagogické
fakulty v Brné, odtud v roce 1950 pfesel na stavebni fakultu VUT. Jako tajemnik
katedry matematiky a deskriptivni geometrie zaslouZil se o vybudovani této katedry.
V roce 1955 byl jmenovan docentem, v roce 1957 se stal vedoucim nové zfizené
katedry matematiky a deskr. geometrie strojni fakulty VUT v Brné, a v r. 1960 byl
jmenovan vysokoSkolskym profesorem. Snaha o rozkvét katedry a fakulty byla vidy
charakteristickym rysem jeho prace. Na vSech pracovistich se vénoval obétavé
a uspésné pedagogické praci, napsal i vtomto sméru fadu ¢lanki a pojednani, Géastnil
se organisace pedagogickych konferenci; pfednesl na téchto konferencich fadu
referatt a pfispél budovani vysokoskolské metodiky. Za svého dlouholetého plisobe-
ni prof. Brejcha vychoval nejen mnoho studentti stfednich $kol, pedagogické fakulty,
stavebnich a strojnich inZenyri, ale vysSkolil i fadu vysoko3kolskych ug&iteld. Peda-
gogické a vychovné préci se vénoval s laskou a porozuménim, jak odpovidalo i jeho
lidsky uslechtilé povaze a stalé pohotovosti lidem pomahat. Prof. Brejcha ma zna&né
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zasluhy o vybudovani strojni fakulty v Brnég, zejména o zfizeni a po&ateéni personalni
obsazeni Laboratofe poditacich stroju pfi FS v r. 1961, kterd byla prvni instituci
tohoto druhu na vysokych $koldch v CSSR. Prof. Brejcha byl n&kolikrat vyhodnocen
jako vzorny pracovnik, v r. 1965 obdrZel stfibrnou medaili VUT a v r. 1967 vyzname-
nini za ,,Zasluhy o vystavbu‘‘. Za svou zasluZnou praci v JCSMF byl jmenovan
jejim zaslouZilym &lenem.

Publikaéni &innost prof. Brejchy obsahuje fadu védeckych a jinych odbornych
élankt, serie uloh, skripta, spoluautorstvi na uéebnicich a monografiich. Védecké
prace prof. Brejchy zahrnuji Siroky okruh otdzek v oboru elementérni a diferencialni
geometrie. Vyznamnou &asti publikaéni Cinnosti je i jeho Cinnost ulohafska. Jeho
jméno jako autora soutéZnich, pfevazné geometrickych uloh pro studenty lze nalézt
téméf v kaZdém roéniku Rozhledii matematicko-pfirodovédeckych, pozdéji, od r.
1936, matematicko-fyzikalnich. Nékteré jeho originalni ilohy byly uvefejnény i v pro-
blémovych &astech &asopistt Elemente der Mathematik a Casopisu pro péstovéani
matematiky. Prof. Brejcha je také spoluautorem knihy Frank a kolektiv ,,Matemati-
ka*, kde zpracoval ¢ast Diferencidlni a integralni pocet funkce jedné a vice pro-
ménnych.

Profesor Brejcha ziistiva trvale v paméti svych Zaki, spolupracovnikt, pratel
a Siroké vefejnosti jako vynikajici matematik, pedagog, ulitel a spolupracovnik,
pfedevsim v3ak jako vzacny a uslechtily ¢lovék.



&asopis pro p&stovani matematiky, roé. 105 (1980), Praha

ZEMREL DOCENT SVATOPLUK FUCIK

JEAN MAWHIN, Louvain-la-Neuve, JINDRICH NECAs a BRETISLAV NoVAK, Praha

V patek dne 18. kvéina 1979 utrpéla Ceskoslovenska a svétovd matematika tézkou
ztratu. V rannich hodinach podlehl zakeiné a té€Zké nemoci docent matematicko-
fyzikalni fakulty University Karlovy RNDr. SvaTorLUK FucCik, CSc. Na smuteénim
shromazdéni konaném v patek 25. kvétna 1979 ve velké obfadni sinistra$nického kre-
matoria se se zesnulym rozlou€ili za matematicko-fyzikdlni fakultu jeji prodékan
prof. dr. Ivo Marek, DrSc. a za Jednotu Ceskoslovenskych matematiki a fyzikt a za
pracovniky MU CSAYV prof. dr. Jaroslav Kurzweil, DrSc., &len korespondent CSAV.

Chtéli bychom v nésledujicich fadcich pfipomenout tém, ktefi doc. Fucika znali,
obrovskou praci kterou za sviij Zivot vykonal a tém. ktefi ho jiZ poznat nemohou,
pfiblizit co nejvice jeho osobnost a dilo.

Svatopluk Fucik se narodil 21. fijna 1944 v Praze. Zakladni a stfedni $kolu absol-
voval v Hradci Kralové a v letech 1962 —1967 studoval na matematicko-fyzikalni
fakult¢ UK specializaci matematickd analyza. Jeho diplomova price méla ndazev
Lokdlni stuperi zobrazeni. Z problematiky diplomové prace vznikly dvé publikované
prace [1] a [2], na jejichZ zdklad& ziskal v r. 1969 titul doktora pfirodnich véd.
V letech 1967—1969 byl aspirantem na katedfe matematické analyzy. Aspiranturu
ukongil kandidatskou praci ReSeni nelinedrnich operdtorovych rovnic. Poatky
a celé rozsahlé prvni obdobi vice neZ desetileté védecké drahy doc. S. Fuéika jsou
spjaty se jménem doc. dr. J. Ne&ase, DrSc., ktery byl vedoucim jeho diplomové
prace, $kolitelem v aspirantufe, uditelem a spolupracovnikem v letech dalgich.

Od roku 1969 az do své smrti pracoval na katedfe matematické analyzy MFF UK
postupné jako asistent a odborny asistent. Habilitaéni praci O nékterych problémech
nelinedrni spektralni analyzy napsal v roce 1973; v roce 1977 byl jmenovan a usta-
noven docentem matematiky.

Brzy po svém pfichodu na katedru se stal jednou z viid&ich postav védecké i peda-
gogické price nejen na katedfe, ale i na ostatnich matematickych pracovistich
fakulty. Mnoho energie a ¢asu vé€noval rozvoji védecké prace na katedfe matematické
analyzy a jejich aplikaci v oblasti funkcionalni analyzy a diferencialnich rovnic jako
vedouci pfislusného oddéleni katedry.
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Cinnost doc. Fudika se neomezovala jen na praci na MFF UK. Vé&decky tizce
spolupracoval s MU CSAV. Utastnil se i prace v ramci statniho planu zikladniho
vyzkumu, jednak-jako feSitel n€kolika dil¢ich ukold, jednak od r. 1976 jako odpo-
védny Fesitel dil¢iho tkolu ,,Metody funkcionalni analyzy a jeji aplikace v teorii
aproximaci a spektralni teorii nelinedrnich operatori* a ¢&len koordinaéni rady
hlavniho tukolu ,,Matematicka analyza“. Od r. 1971 pracoval doc. Fuéik v JCSMF,
zejména v jeji matematické védecké sekci, kde byl dlouhd 1éta &lenem vyboru a od
roku 1978 jejim predsedou. Soudasné byl i &lenem UV JCSMF. K nemalym Fugiko-
vym zasluhdm patfi také to, e pod strohou obdlkou Informace MVS JCSMF

se skryval soucasny a dobfe Citelny text s patrnymi stopami jeho osobitého humoru.

Picjdéme nyni ke struéné charakteristice védeckého dila doc. Fudika.

Hned na pod&atku oslnivé védecké drahy doc. Fudika se projevuje jeho zajem o neli-
nearni funkciondlni analyzu. Ve své diplomové praci se zabyva zdkladni otdzkou
nelinedrnich zobrazeni v R", stupném zobrazeni, a nové zpracovava definici E.
Heinze. Fudikovo zpracovani stupn& zobrazeni se pak objevuje v knize D[5], sepsané
spolu s J. Ne€asem, J. Sou¢kem a V. Soutkem a v textu E[5]. Z této problematiky,
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jak jiZ bylo vyse feCeno, jsou t¥i prace A[1], A[2] a A[3]. V praci A[1] zobeciiuje
doc. Futik Rotheho vétu o pevném bodu. Rovn&Z price A[2] pojednéva o existenci
pevného bodu pro zobrazeni T = B + C, kde B je typu kontrakce a C ma pfibliZzng&
vlastnosti totdlné€ spojitého zobrazeni. Zakladni Fudikovo tvrzeni je zobecnénim
véty Kaclurovského-Krasnoselského-Zabrejky. Posledni z této serie praci, prace
A[3] se tyka surjektivity operatoru b = I + H, kde nelinearni operator H ma v jistém
smyslu normu mensi neZ jedna.

Dalsi etapou v&€decké prace doc. Fucika je Fredholmova alternativa pro nelinearni
operator AT — S. Doc. Fudik na rozdil od S. I. PochoZajeva, ktery spolu s J. Ne€asem
zavedl tento pojem do nelinearni funkcionalni analyzy, vySetfuje operdtory T a S,
zobrazujici Banachilv prostor X do obecného Banachova prostoru Y a nikoli pouze
do X*. O zobrazeni T pfedpoklada doc. Fugik, Ze je to (K, L, a)-homeomorfismus X
ma ¥: L5, < [T(@)]y < K|

Jedna z Fucikovych versi Fredholmovy alternativy zni: Necht T je a-homogenni
(K, L, a)-homeomorfismus, S je liché, a-homogenni, totdlné spojité zobrazeni.
Potom AT — S je reguldrné surjektivni (tj. inverzni zobrazeni je omezené) tehdy
a jenom tehdy, neni-li A vlastni islo dvojice (T, S).

Této problematice jsou vénovany Fulikovy prace A[5], A[6] a tyto vysledky jsou
rovnéZ vtéleny do knihy D[5].

V nasledujicim obdobi se védecka aktivita doc. Fuéika $itila mnoha sméry. Snad
nejzavazngjsi jsou v této dobé& prace, tykajici se spektra operdtoru Af' — g’ kde fa g
jsou dva sudé funkciondly. Doc. Fucik spolu s J. Ne¢asem zobecnil Ljusternikovu-
Schnirelmannovu teorii o existenci kritickych a vlastnich &isel, viz prace A[10].
Zobecnéni se tykalo hladkosti funkcionalt f a g, takZe abstraktni teorii bylo moZno
aplikovat téZ na prostory typu L,, 1 < p < 2. Hlavni myslenkou bylo nahrazeni
homotopickych deformaci, ziskanych feSenim abstraktni diferencialni rovnice, pouze
jejich pfiblizenim. Hlavnim jeho vysledkem (spolu s J. Neasem, J. Soudkem a V.
Soutkem) bylo tvrzeni o spodetnosti kritickych &isel funkcionélu g vzhledem k variet&
f(x) = r pro realng& analytické funkcionaly f a g. Zdkladem tohoto tvrzeni je prace
Jifiho a Vladimira Soutka o Morseho v&t& pro redln& analytické funkce. Tyto vysledky
a Fucikovy prace A[9], A[11], A[12], A[13], A[15], A[18], A[19] byly dilem
vtéleny do knihy D[5].

Podstatna ¢ast matematického dila doc. Fucika je vénovdna studiu obori hodnot
nelinedrn€ perturbovanych neinvertibilnich linedrnich operdtorit v Banachovych
prostorech a aplikacim t&chto vysledkti na diferencialni rovnice. I kdyZ jeho vysledky
zahrnuji abstraktni, parcidlni i oby&ejné diferencidlni rovnice, omezime se pro jedno-
duchost vétSinou na oby¢ejné diferencidlni rovnice. Pfipomefime, Ze S. Fudik, ktery
mél vynikajici smysl pro humor, hovofil o oby&ejnych diferencidlnich rovnicich jako
o parciélnich diferencidlnich rovnicich v dimensi mensi neZ /3.

UZitim alternativni metody spolu s Schauderovou vétou o pevném bod¢&, nalezli
v roce 1970 Landesman a Lazer jako prvni nutnou a postacujici podminku, kterou
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musi spliiovat funkce f € [*(0, =), aby Dirichletova uloha

(1) u” + n*u + g(u) = f(x),
u(0) = u(n) = 0

méla alespoii jedno FeSeni, kde g je spojita funkce, spliiujici podminku
()] —0 < g(—) < g(s) < g(+o) < +0, se(—o0, +o0),

kde g(+ o0) oznaduje limity lim g(s), jejichZ existenci pfedpokladdme. Tento vysle-
s+t oo

dek a jeho odpovidajici abstraktni verse (J. Ne&as, S. Fugik) indukovala praci A[23],
kde je podobnym zplisobem FeSena tato otazka za slabsi podminky

3 -~ < g(—o) £g(s) < g(+o) < +0, se(—o0, +o),
9(0) + g(+ )

a pro pfipad g(s) = |s|?sin g(s), pe(0, 1). Zékladni obecny vysledek této prace
pojednava o rovnicich v Hilbertové prostoru, které maji tvar

(4) Alw) = S(u) = h,

kde A je linearni zobrazeni mnoZiny D(A) = H do H, h e H a operitor S zobrazu-
jici H do H spliiuje nésledujici podminku

) |S(“)I St I»‘zl“l" , 0€40,1).

Rozsifeni tohoto vysledku pro 6 = 1 a dostate¢n& mald p, je publikovano v A[21].
Shrnuti téchto vysledkli a mnoha jejich zobecnéni, ziskand podobnymi metodami
obsahuje prace A[22]. Doc. Futik déle pokraCoval v této problematice a v praci
A[20] zapotal studovat ptipady, které dosud byly nefefené, a to pouZitim metody
»sefiznutych* (truncated) rovnic, nejprve pro specidlni pfipad (1) pro n = 1,
g(+ ) = g(—o0) = 0. Pfisluiny problém pro libovolné n je studovén v A[33]
a obecn&jsi vysledky (s aplikacemi na eliptické problémy) jsou obsahem prace A[37],
kde je vyuZito velmi uZitené my¥lenky expansivnich funkci. Rovnice s expansivnimi
nelinearitami jsou dale vySetfovany v praci A[40], v niZ jsou zavedeny expansivni
periodické funkce, s jejichZ pomoci uZitim alternativni metody a topologického stupné
zobrazeni je ukdzéna existence nekonetn& mnoha feseni n&kterych rovnic typu (4),
kde nulovd mnoZina A ma lichou dimensi a S je Némyckého operator asociovany
s expansivné periodickou nelinearitou. .

Vzhledem k podmince, ktera je kladena na funkci g, zahrnuji vSechny vySe uvedené
vysledky speciélni p¥ipad (1), okrajovou ulohu tvaru

(6) - u" + h(u) = f(x),
u(0) = u(n) =0, |
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kde h je spojita funkce, pro niz

(7) : lim fl—(i)=lim @=n2.

u-+o0 U u=>+ow U

Ve své fundamentélni praci A[31], nazyva doc. Fudik funkci h neskékajici, jsou-li
obg limity v (7) stejné, v opaném p¥ipad& pak skékajici. VySe zmin&né préce se tedy
tykaji pfipadu neskakajicich nelinearit. P¥ipad, kdy h ,,nepfekro&i‘‘ vlastni hodnotu
pfislusné linearni tulohy, tj.

n? < lim b(l)=§=lim E(u—)<(n+1)2

u—+—o0 U u=+o0 U

byl dobfe zndm a snadno feSen. Pfipad, kdy h ,,sko¢i*“ od prvni k druhé vlastni
hodnoté€ pfislusné linedrni ulohy, tj.

limk@<l<limﬁ(i)<4,

u—-—w U u—>+oo U

zakali studovat Ambrosetti a Prodi v r. 1973. V praci A[31] studuje doc. Fugik jako
prvni existenci feSeni pro pfipady, kdy nelinearita ,,pfeskoci‘‘ jednu libovolnou vlastni
hodnotu, neb vice neZ jednu, neb ,skaée-li“ z jedné do nasledujici vlastni
hodnoty a také zvlast pfipad, kdy nelinearita ,,odsko&i‘‘ z jedné vlastni hodnoty.
Prace spociva na velmi vtipném vyuZiti Lerayova-Schauderova stupné zobrazeni.
V praci A[27] nalezneme vysledky Ambrosettiho-Prodiho typu pro slaba fedeni,
zaloZend na alternativni metodé a Banachové vété o pevném bodu. Obecné abstraktni
formulace tiloh se skdkajicimi nelinearitami je ddna v A[30].

V 1. 1977 ukézal J. Mawhin, Ze podobné vysledky plati nejen pro obyéejné a elip-
tické parcidlni diferencidlni rovnice, ale také pro periodicka feSeni parcialnich dife-
rencialnich rovnic evoluéniho typu. S. Fuéik ihned zadal v této oblasti pracovat.
Prace A[38] zahrnuje pfipad nelinearni telegrafni rovnice a prace A[35] a A[42]
pfipad nelinearni rovnice vedeni tepla; pfipad nelinedrni rovnice nosniku je uvaZovan
v B[16]. Je tfeba na tomto misté pfipomenout, Ze vyznamné vysledky O. Vejvody
a jeho skupiny o periodickych feSenich slabé nelinearnich evoluénich rovnic vytvofily
v Praze velmi ptiznivé ,,poCateéni podminky pro praci na téchto ulohach. Tato
problematika je déle studovana v praci A[41], ktera zobectiuje a dopliiuje vysledky
praci A[33], A[37], A[38] a A[42]. '

V r. 1976 ukéazali Ahmad, Lazer a Paul, Ze pfi studiu problému typu (4) dava
variani pfistup lepsi vysledky neZ topologické metody v pfipadé, Ze A4 je samoadjun-
govany a S potencidlni operator. Jejich vysledky zobecnil S. Fucik podstatné
v pracich A[34] a A[39]; mohl zde pln& prokézat svoji mistrnou znalost variadnich
metod, kterou ziskal praci yve skupiné J. Nease.

Dalii Fudikovy prace zahrnuji problémy typu (4), kde S nespliiuje podminku
ritstu (5), 8 € €0, 1). Odpovidajici obecny zdklad neni stale v jednotné formé& @ mnohé
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problémy ziistavaji oteviené. Tak v praci A[25] je zkoumdna vyuZitim metody stfelby
a Brouwerova stupné zobrazeni existence periodickych feSeni rovnice

x" + g(x) = f(x),

kde g(u)/u - + oo pro u —» + 0, v praci A[29] je pojednano o existenci periodickych
feSeni rovnic vys§iho fadu tvaru

21
X+ ¥ axPD) 4 og(x) + h(x)x' = £(t)
j=1

(zde je pouZita Schauderova véta o pevném bodu) a v praci A[26] je vySetfovana
odpovidajici vektorov4d rovnice uZitim koincidenéniho stupné zobrazeni. V praci
A[36] je studovéan problém resonance v prvni vlastni hodnot& pro parcidlni diferen-
cidlni rovnici

—du — Ayu + g(u) =f(x), xeQ; ux)=0, xeoQ,

pro spojitou, neklesajici a superlinedrni funkci g. Je zde opét vyuzita alternativni
metoda kombinovand s teorii monotonnich operatort.

Viechny Futikovy prace, které jsme mohli jen kritce popsai, pfinaseji takové
védecké vysledky, Ze i jejich strudna charakteristika ukazuje jejich vyznamny piinos
v této oblasti nelinearni funkciondlni analyzy a diferencialnich rovnic, jak podstatnym
zlepSenim pfedchozich vysledki, tak otevfenim novych smért védecké prace. Toto
je viak pouze jedna stranka Fuéikova zakladniho pfinosu k této oblasti matematiky.
Jeho aktivita znaCn€ ovlivnila praci praZské skupiny matematikii, zaméfenych
v tomto sméru. Byl organizitorem a spoluorganizatorem fady letnich $kol, seminafi,
byl dusi fady spolupraci eskoslovenskych matematikii se zahraniénimi pracovisti.
Na jeho vysledky navazovalo a navazuji desitky matematikd.

V celé fadé pfehlednych praci (B[9], B[11], B[12]), které vznikly na zaklad€ jeho
pfednasek na riznych konferencich a zejména v obsazném dile D[11], které je vlastn&
jeho védeckou zavéii a jehoZ posledni versi dokonéoval v nemocnici, vytvofil krasny
obraz stavu na$ich znalosti v této oblasti. Jeho dilo neopomiji mnohé oteviené problé-
my, z nichZ mnohé jsou dodnes nefeSeny, a zaznamendva tak hlavni smér badani
v poslednich letech. Neni sporu o tom, Ze Fuéikovo dilo bude pro dlouhé obdobi
nejlepS§im priivodcem pro kohokoliv, kde se zajimd o tuto problematiku a o jeji
nefeSené problémy. '

Rozséhl4d a mnohostrannd byla i pedagogicka €innost doc. Fucika. Zde se vyrazné
projevila jeho neutuchajici ¢inorodost, kterd vyvérala z hlubokych znalosti, vynikaji-
cich ulitelskych schopnosti a v neposledni fad& i z jeho schopnosti organiza&nich.
Doc. Fudik dokazal ve védecké i pedagogické praci ziskat pro své myslenky své
spolupracovniky a Ziky, nebot patfil vSemi svymi vlastnostmi a znalostmi k rozenym
vlidéim osobnostem, které dokaZi strhnout ostatni nejen osobni autoritou, ale
zejména vlastnim piikladem a pracovitosti, nakaZlivym nad$enim i optimismem.
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Vsechny jeho pfednasky vynikaly priizra¢nosti a bezprostfednim kontaktem s poslu-
chaci.

Doc. Fuéik se v poslednim obdobi zti¢astnil aktivné prakticky vSech etap vyuky
matematické analyzy. Zaméfil se zejména na zavedeni metod funkcionalni analyzy
do pfednasek matematické analyzy v prvnim dvouleti studia a na vybudovani tfise-
mestralniho kursu funkcionalni analyzy. Vysledkem jeho uvah o zpiisobu vyuky
a praktickych zkuSenosti ucitele je cela fada u&ebnich textd D[1], [2], [3], [4], [7],
E[6]. Kvalitu této prace dokumentuje napf. D[9], coZ je némecké vydani D[2],
které doc. Fucik pro toto vydani podstatné rozsifil.

Dalsi oblasti pedagogického plisobeni doc. Fucika bylo vedeni vybérovych pied-
nasek a seminafl pro posluchace a jejich vyusténi ve studentské védecké prace poslu-
cha¢t v ramci SVOC, prace roénikové, diplomové i rigorosni. Podobné jako ze zku-
$enosti z povinné vyuky vyrustaly uCebni texty, vzniklo i zde nékolik internich roz-
mnoZovanych textd pro posluchade (texty E[2], [4], [5], [8]), skriptum D[6]
a v disledku i v&decké monografie D[5], D[8], D[10], D[11]).

Pod vedenim doc. Fucika vznikla fada praci posluchaéti fakulty i jejich absolventil.
Vétsinou ziskavaly predni mista ve fakultnich kolech SVOC i v kolech celostatnich.
Doc. Fudik sam dlouha 1éta pracoval v porotach téchto soutéZi. Spolu s dlouholetym
¢lenstvim v komisich pro statni zavéreéné zkousky specializaci matematicka analyza
i aplikovand matematika, v rigorosni komisi pro matematickou analyzu na MFF UK
a v poslednim obdobi i élenstvim v komisi pro obhajoby kandidatskych praci v oboru
matematicka analyza, tim byla vlastné uzavirana jeho dlouhodob4 a soustavna préce
s posluchadi a mladymi matematiky. Srovname-li éasovy sled, vyjadfeny v jednotli-
vych astech seznamu védeckych a ostatnich praci doc. Fudika s praci pedagogickou,
zjistime pozoruhodnou jednotu pedagogické a védecké prace ve vSech jejich aspek-
tech; seminafe pro posluchade pfertistaly v seminafe védecké a ve vSem prosvita
duch a smysl pro kolektivni praci, kterou dovedl vyborné podnécovat.

Cela rozsahla uvedena véedecka a pedagogicka prace doznala v brzku fady uznani
a ocenéni. Jiz v r. 1972 obdrZel vyznamenéni 1. stupné JCSMF za tspéchy ve védecké
praci, v r. 1975 pak 1. cenu v soutéZi mladych matematikli. Ve stejném roce obdrZzel
na MFF UK diplom za rozvoj pracovni iniciativy. V roce 1978 u pfileZitosti oslav
25. vyrodi zaloZzeni MFF UK byla jeho rozsahla prace pro fakultu ocenéna udélenim
medaile II. stupn& MFF UK, v roce 1979 byla jeho prace A[39] ocen&na prémii
Ceského literarniho fondu a kone&né cyklus jeho praci o feSeni nelinedrnich operato-
rovych rovnic byl v tém¥e roce vysoce ocenén Cenou ministra Skolstvi CSR.

Neobycejné a ojedinélé je dilo, které nam doc. Fudik zanechal. Strohy vycet in-
nosti umocnény kratkosti ¢asového useku, ktery mu nelitostnd choroby vymeéfila,
v némZ navic Zil prostym Zivotem otce rodiny se vSemi jeho radostmi a strastmi, viak
svédéi o neobydejnosti jeho osobnosti. Jeho nevsedni pracovitost, nesmirnou lasku
k matematice, obétavost v praci na fakulté i mimo ni zna kaZzdy, kdo s nim spolupra-
coval. Jeho posluchadi, Zaci a spolupracovnici znaji jeho peélivost a ndroénost
na strané jedné, takt a pochopeni na strané druhé. V paméti vSech zistane jeho
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poctiva otevienost, &estnost, osobity humor, ktery pomohl pfeklenout mnoha uskali
a dovést praci k Gsp&$nému konci. Snad tusil, Ze jeho &as je omezen. Snad proto do
vieho, co délal, ddval vSe. Snad proto jeho snaha o porozuméni a kontakt s kazdym.
Presto vSak pracoval a bojoval do posledni chvile. Jeho obchod je jak pro fakultu,
tak i pro matematiku té€Zkou ztratou, kterou si uvédomujeme, ale jejiZ vaZnost
v budoucnu je§té tiZiv&ji pocitime. Zanechal ndm nejen vysledky své prace, ale
i ptiklad svého Zivota.
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11.
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13.

14.
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16.
17.
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Casopis pro p&stovani matematiky, ro&. 105 (1980), Praha

K SEDESATINAM PROF. MARKA SVECE, DRSC.

JArOsLAV KURZWEIL, Praha

Dne 10. fijna 1979 oslavil 60. narozeniny vyznamny Ceskoslovensky matematik,
profesor Marko Svec, DrSc., vynikajici odbornik v teorii diferencialnich rovnic

a vysokoskolsky ugitel, ktery vychoval celé generace technikil, pfirodovédcii a mate-
matiki.

Marko Svec se narodil v Kmefov&, okr. Nové Zamky. StfedoSkolské vzdélani
ziskal na gymnaziich v Novych Zamkach a v Suranech a potom studoval matematiku
a fyziku na pfrodov&decké fakult® Slovenské univerzity v Bratislavé. Statni zkousky
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slozil v r. 1944 a v letech 1944 — 1949 byl stiedo$kolskym profesorem na gymnaziich
v Suranech a v Bratislavé&. V r. 1949 piesel na elektrotechnickou fakultu Slovenské
vysoké Skoly technické v Bratislavé, kde plisobil jako odborny asistent do r. 1955,
jako docent do r. 1966 a jako profesor v letech 1966 —1968. Od r. 1968 je profesorem
na katedfe matematické analyzy Univerzity Komenského v Bratislavé. V letech
1969—1972 a v r. 1974 pfednasel jako expert organizace UNESCO na univerzité
v Bahii v Brazilii. Titul RNDr. ziskal na pfirodovédecké fakulté Slovenské univerzity
v Bratislavé v r. 1949, védeckou hodnost kandidata fyzikalné-matematickych véd mu
udélila prirodovédecka fakulta Univerzity Jana Evangelisty Purkyné v Brné v r. 1957
a védecka rada Univerzity J. E. Purkyné v Brn€ mu udélila védeckou hodnost doktora
fyzikalné-matematickych véd r. 1965.

Ve svych védeckych pracich se Marko Svec zabyva Sirokym okruhem otdzek
z oblasti obyéejnych diferencialnich rovnic. Velké usili vénoval vySetfovani asympto-
tickych a oscilatorickych vlastnosti diferencialnich rovnic fadu vyssiho nez druhého
a to linedrnich i nelinedrnich; tato obtizna problematika jej pfitahovala od samého
zatatku jeho v&decké drahy. JiZ v praci [2] dokazal, Ze rovnice

(1) x™ + Q(f)x =0,

kde Q(t) > 0 pro t € R, ma tuto vlastnost:
(E) kazdé netrivialni feSeni ma nejvyse jeden dvojnasobny nulovy bod.

Dale nalezl fadu vlastnosti, které pro obecnou linearni diferencialni rovnici ¢tvrté-
ho fadu plynou z vlastnosti (E). Mimofadné zévaZny a zajimavy vysledek je obsaZen
v praci [5]: je-1i Q(f) 2 O pro t = a, pak
(F) vSechna feSeni rovnice (1) maji tyZ charakter pro t —» oo (tj. bud jsou viechna
oscilatoricka nebo Zadné).

M. Biernacki formuloval hypotézu, Ze za jistych pfedpokladii o Q existuji alespoii
dvé linearn& nezévisla feSeni rovnice (1), ktera se bliZi k nule pro t — oo, a Ze existuji
feSeni neohraniena pro t — co. Marko Svec dokézal v [6], Ze hypotéza o existenci
dvou linearné nezavislych feSeni, ktera se bliZi k nule, je spravna za podstatné slab-
sich pfedpokladii o Q. K diikazu existence neomezenych feSeni potfeboval podminku
0 <m= Q(t) £ M < oo. Za zvlastni zminku stoji metoda, jiz Marko Svec pouzil:
Necht je Q(t) = Opro t € R a nechf funkce Q neni identicky rovna nule na Zadném
otevieném intervalu. Pfedpoklddejme jestE, Ze vSechna feSeni rovnice (1) osciluji
pro t — oo. Necht S je mnoZina takovych feSeni u rovnice (1), Ze v kazdém nulovém
bodé g feSeni u plati

u(e) (o) u(e) + 0, sgnu(e) + sgn u(g) + sgn u(e) .
O mnozin& S dokazal Marko Svec fadu vysledki, z nich? uvedeme

(2) S =+ 0 a existuji dvé linedrn& nezavisla feSeni, ktera patfi do S.

(3) Jelli ueS, pak u je omezend funkce pro t — oo a plati [® Qu? dr < oo,
f* #*dt < .
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(4) Necht w je trividlni feSeni rovnice (1). S U {w} je mnoZina feSeni, jejichZ prvni
derivace je omezend pro t — o0. S U {w} je linedrni prostor dimense 2.
(5) Nechf plati 0 < m < Q(t). Pak pro kazdé feSeni u e S plati lim u(r) = 0 =
t—
= lim u(z).
t— o0
V pracich [10] a [11] je linearni diferencialni rovnice tfetiho fadu vySetfovana
v souvislosti s vlastnostmi

(V,) Maé-li feSeni u dvojnasobny nulovy bod ¢, pak u(t) + 0 pro t < .
(V) Ma-li feSeni u dvojndsobny nulovy bod g, pak u(f) + 0 pro t > ¢.

Dokazuje, Ze rovnice tfetiho fadu ma vlastnosti (V,), (V,) pravé tehdy, ma-li kazdé
jeji feSeni nejvySe dva nulové body (nebo jeden dvojndsobny) a to je ekvivalentni
s moZnosti vyjadtit pfislusny diferencialni operator jako superposici tfi diferencialnich
operatort prvniho fadu. Jsou nalezeny podminky postadujici k tomu, aby rovnice
tfetiho Fadu méla vlastnosti (V) nebo (V) a jsou nalezeny souvislosti t&chto vlastnos-
ti, vlastnosti koeficienti a asymptotickych a oscilatorickych vlastnosti feSeni. Asym-
ptotické vzorce pro feleni rovnice (1) (a také pro feSeni obdobné rovnice tfetiho
fidu) jsou odvozeny v [7]. Pfedpoklada se, Ze Q je hladka funkce, Q(t) > 0 pro
t 2 a, a Zejisty integral diverguje a jiné konverguji. Prace [7] tak zajimavym zpiiso-
bem dopliiuje praci [6].

V préaci [16] je vySetfena souvislost mezi oscilatorickymi vlastnostmi linedrni
a nelinearni diferencialni rovnice druhého fadu. Jsou nalezeny podminky, které
zaruduji, Ze feSeni nelinearni diferencialni rovnice maji obdobné vlastnosti jako feSeni
linedrni rovnice. V préci [20] je dokdzéno, Ze rovnice

=gy

m4 periodické feSeni s periodou T; pfitom se predpoklada, Ze funkce g : R* - R
je spojita, ma periodu T vzhledem k proménné ¢ a plati

y
j g(t,u)du 2 ?y>* + C, a+0.
,J 0 .

Tento vysledek je odvozen variaéni metodou; autor uZiva Ritzovy metody ke stano-
veni maxima funkciondlu

| rPV—G@mm,

kde G(t,y) = [} g(t, u) du a Adokazuje, Ye z posloupnosti pfibliznych feseni lze
vybrat posloupnost s dobrymi konvergenénimi vlastnostmi.
V praci [9] jsou vy3etfeny oscilatorické vlastnosti feSeni rovnice

¥+ 50y =0,
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v pracich [3] a [4] je pojem disperse zavedeny O. Boriivkou pro linearni diferencialni
rovnice druhého Fadu roziifen a vyuZit ke studiu vlastnosti rovnice (1) a obdobné
rovnice vyS$§iho fadu; jsou téZ vySetfovany jisté okrajové ulohy a je dokazana existence
soustavy vlastnich funkci. Polylokalni okrajové tuloze pro diferencidlni rovnice
a jejich soustavy je vénovana prace [1]; jsou nalezeny velmi obecné podminky pro
existenci feSeni.

Celek jednotny co do tématu i metody tvofi prace [12]—[15], [17]—[19]. Z nich
nejstarsi (podle data ,,dolo do redakce®) je prace [15]. V ni je dokazano, Ze rovnice

(6) Y +0(t)y=0

ma feSeni u, které spliiuje podminky

(7) (-1)'uP()>0, i=0,1,2,...,n—1,
(8) limu®(r) =0, i=12...,n—1,
t— o
) lim u(t) = 1
t— oo

jestlize funkce Q je neziporna, neni rovna identicky nule na Zidném intervalu a

¢}
'[ "1 Q(t)dt = .
Tento vysledek je rozsifen na rovnici

(10) y® + B(t,y, 9., y* D)y =0.

Ptitom funkce B je vhodnym zplsobem majorizovana. V dlikazu se vyuZije pfedcho-
ziho vysledku o rovnici (6): K dané funkci v existuje jediné feSeni u rovnice

x™ + B(t,v,9,...,0"" DV)x =0

s vlastnostmi (7)—(9). PoloZime Tv = u a hleddme pevny bod zobrazeni T; je pfiro-
zené, Ze se pracuje s piislu$nymi integralnimi rovnicemi a Ze se aplikuje Schauderova
véta o pevném bod&. Také ve zbyvajicich pracich této skupiny jde o rovnici (10),
0 existenci jejich feSeni, ktera spliiuji jisté limitni podminky pro ¢ — oo a pfipadné
také nékteré poCatetni podminky pro ¢t = 0. VZdy se hledd pevny bod pro pfislusny
integralni operator na neomezeném intervalu. Pfi pfimém pouZiti Schauderovy véty
je tfeba dokazovat, Ze jisté mnoZiny funkci definovanych na neomezeném intervalu
jsou kompaktni. Marko Svec zavadi pojem g-konvergence, coZ je jista forma bodové
konvergence. VyuZiva toho, Ze operatory, které jsou odvozeny z vySetfovaného
problému pro rovnici (10), jsou na vhodnych mnoZinich funkci spojité vzhledem
ke g-konvergenci a zobrazuji tyto mnoZiny na mnoZiny g-kompaktni. Timto obratem
se autor vyhnul znaénym technickym obtizim.
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Rovnice
(11) v %X = Ax + f(t, x)
(12) x = Ax

budeme nazyvat ekvivalentni, jestliZe ke kazdému feSeni u jedné z nich existuje takové
feSeni v té druhé rovnice, Ze

(13) u(t) — v(f) >0 pro t— .

Podminky pro ekvivalenci rovnic (11) a (12) hledal Marko Svec v pracich [21], [22]-
Jako ukéazku uvedme tento vysledek:

Necht matice A4 je v Jordanov& kanonickém tvaru, necht p je maximum fada téch
bloki, Ze pro pfislusné vlastni &islo je Re A = 0 a poloZme p = 1, jestlize takové
bloky neexistuji. Necht plati

| %) = £, [=])

kde F je spojita, nerostouci vzhledem k druhé proménné a nechf je

j t?"1F(t,c)dt < o pro kazdé ceR*.

Potom ke kazdému omezenému feSeni u rovnice (11) existuje takové FeSeni v rov-
nice (12), Ze plati(13). Obdobnym postupem je nalezena obecna postadujici podminka
pro asymptotickou ekvivalenci rovnic (11), (12). V préci [25] je problematika asym-
ptotické ekvivalence spojena s asymptotickymi vlastnostmi feSeni, a jsou odvozeny
postacujici podminky pro asymptotickou ekvivalenci obecnych nelinearnich dife-
rencidlnich rovnic n-tého fadu. Vysledky jsou rozsifeny i na funkcionalni diferencidlni
rovnice. Vlastnostem funkciondlnich diferencidlnich rovnic jsou vénovédny prace
[23], [24]. Je v nich vySetfovana existence lim x(f), kde x je FeSeni funkciondlni
t=T-0
diferencidlni rovnice, jejiZz prava strana je definovana pro t < Ta je vyfeSena fada
tiloh (zavislost limity na po&ite&ni podmince, existence feSeni s pfedepsanou limitou).
Ji¥ tento struény popis védeckych publikaci prof. Svece ukazuje, Ze je to dilo bohaté
tématicky i metodicky. Obsahuje mnoZstvi ptivodnich myslenek a postupt. Je €asto
citovano, je ocefiovdno odborniky doma i v zahraniéi. Pfineslo kone¢né feSeni né-
kterych problémt a naopak dalo podnét fadé autort k dal$im vyzkumiim. V teorii
obyéejnych diferencidlnich rovnic vysSich f4dt hraji mimofadnou tlohu rizné tech-
nické obraty (vyuZivani identit, nerovnosti, odhady aj.); Marko Svec je mistrem
v pouZiti technickych obratii, mé viak soudasné& vzicnou schopnost objevovat obecné
formulace a pracovat s nimi; pravé toto spojeni schopnosti téméf protikladnych vede
k vysledkiim mimofddn€ hodnotnym a zajimavym. Pfipomefime v této souvislosti
praci Marko Svece s vlastnostmi (E), (V,), (V), tvrzeni (F) & studium vlastnosti
mnoZiny S v praci [6], zavedeni a vyuZiti g-konvergence.
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Jiz vice ne 20 let vede prof. Svec seminaf s tématikou oby&ejnych a funkciondlnich
diferencialnich rovnic. Tohoto semindfe se pravidelné ucastni védeéti a pedagogicti
pracovnici a aspiranti nejen z Bratislavy, ale i z jinych stfedisek. Prof. Svec dal
impuls k vzniku mnohych praci a svymi radami, ndpady ovlivnil mnoho pracovniki
v tomto oboru. Vychoval fadu aspirantli, z nichz mnozi dosahli pozoruhodnych
védeckych vysledki a stali se zndmi i v zahrani&i.

Prof. Svec se vénuje se zanicenim pedagogicko-vychovné praci. Vychoval celou
fadu inZenyrtl a absolventi pfirodovédecké fakulty Univerzity Komenského a vzbudil
u nich upfimny zajem o matematiku i o jeji aplikace v technické praxi i v pfirodnich
védach. Je spoluautorem rozsihlé monografie Matematika I, II. V monografii jsou
vyloZeny ty partie matematiky, kterych se tradi¢né nejvice uZiva v technickych obo-
rech a kterym se uéi na vysokych Skolach technického sméru. O tom, jak citelnou
mezeru vyplnila tato monografie v na$i literatufe, svéd¢éi opakovana vydani.

Prof. Svec zastaval a zastava fadu dileZitych funkci ve Skolstvi a ve v&deckém
Zivoté. Byl prodékanem elektrotechnické fakulty Slovenské vysoké Skoly technické
v letech 1956 —58. Je Clenem védecké rady pfirodovédecké fakulty Univerzity Ko-
menského, lenem redakénich rad Easopistt Acta matematica pfirodovédecké fakulty
Univerzity Komenského a Aplikace matematiky, pfedsedou komise matematické ana-
lyzy pro udé€leni titulu RNDr. Je €lenem celostatni komise pro obhajoby doktor-
skych disertaci v oboru diferencidlni rovnice a aplikace analyzy, pfedsedou komise
pro obhajoby kandidatskych disertaci v oboru matematicki analyza a misto-
pfedsedou komise pro obhajoby kandidatskych disertaénich praci v oboru teorie vy-
uCovani matematice.

Vsichni, kdo prof. Marka Svece poznali a zejména ti, kdo méli pfileZitost s nim
spolupracovat a od n€ho se ufit, mu srde¢né blahopfeji k Sedesatinam a pfeji mu
hodné zdravi a hodné uspéchii v ¢innosti védecké i ulitelské.
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OSLAVA OSMDESATYCH NAROZENIN AKADEMIKA O. BORUVKY

Dne 17. 5. 1979 uspotadala brnénsk4 pobotka JCSMF slavnostni schiizi u ptileZitosti 80-tych
narozenin vyznatného &eskoslovenského matematika akademika OTAKARA BORUVKY. O Zivoté
a dile jubilanta promluvil doc. RNDr. FRANTIEEK NEUMAN, CSc. Mezi &etnymi gratulanty byli
akademik Joser NoVvAK, s pozdravnymi dopisy Ustfedniho vyboru JCSMF a kolegia matematiky
CSAV, prof. RNDr. Jarostav KurzweiL, DrSc., &. korespondent CSAV, za MU CSAYV,
doc. RNDr. IvaNn KoLAR, DrSc., za brnénskou pobotku MU CSAV, prof. RNDr. MICHAL
GRrEGUS, DrSc., za ptirodovédeckou fakultu Komenského univerzity v Bratislavé, prof. RNDr.
MirosLAV LArTocH, CSc., prorektor a prof. RNDr. LADISLAV SEDLACEK, CSc., dékan pfirodoveé-
decké fakulty, s pozdravnou adresou rektora University Palackého v Olomouci, doc. RNDr.
JaN Kuc¢irek, CSc., prodékan, s pozdravnym dopisem dékana ptirodovédecké fakulty Univerzity
J. E. Purkyné v Brné€ a doc. RNDr. ViTEzsLAv NovAk, CSc., za obor matematika pfirodovédecké
fakulty UJEP.

Zavérem akademik O. Bortivka gratulantim podékoval a se stovkou pfitomnych se podélil
o své zivotni zkuenosti, vzpomenul na své velké ulitele a zd@raznil vyznamnou tGlohu pfiznivych
zivotnich a pracovnich podminek.

Frantisek Neuman, Bedfich Piza, Brno

XXI. MMO

Dvacata prvni mezinarodni matematickd olympiada se konala ve dnech 28. 6.—9. 7. 1979
ve Velké Britanii za u¢asti 166 sout&Zicich ze 23 zemi: Belgie, Brazilie, Bulharska, Ceskoslovenska,
Finska, Francie, Holandska, Izraele, Jugosldvie, Kuby, Lucemburska, Madarska, NDR, NSR,
Polska, Rakouska, Rumunska, Recka, SSSR, Svédska, USA, Velké Britanie a Vietnamu; Austra-
lie byla zastoupena pozorovatelem.

Ceskoslovensko vyslalo na MMO osmiélenné druzstvo zaki gymnasii, vesmés vitéza III. kola
nadi domaci MO. Na mezinarodnim foru si z nich nejlépe vedl JAN NEKOVAR (gymnasium v Praze
2, tf. W. Piecka), ktery v sout&Zi neztratil ani bod a ziskal jednu z prvnich cen. Ctyti dal$i — Joser
TkADLEC (g. Bilovec), RADAN KUCERA (g. Brno), Jozer JIRASEK (g. KoSice) a MirRosLAV CHLEB{K
(g. Cadca) — byli odménéni tfetimi cenami.

V neoficidlnim pofadi druzstev byl na prvnim misté Sovétsky svaz pfed Rumunskem a NSR,
Ceskoslovensko bylo sedmé.

Frantisek Zitek, Praha

PROF. DR. FRANTISEK NOZICKA
CESTNYM DOKTOREM HUMBOLTOVY UNIVERSITY

Na navrh védecké rady Humboltovy university v Berling udglil dne 13. zafi 1979 jeji rektor
B. Klein za v&deckou &innost v oboru matematiky profesoru matematicko-fyzikalni fakulty
Karlovy university RNDr. FRANTISKU NoZi¢kovr &estny doktorat Humboltovy university.

Redakce
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