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RELATION BETWEEN REAL AND COMPLEX PROPERTIES
OF THE LAPLACE TRANSFORM

MiRroSLAV Sova, Praha
(Received February 28, 1977)

It is well-known that Widder’s theory [1] of representability by Laplace transform
of numerical functions gives necessary and sufficient conditions for the existence of
originals of certain classes. These conditions are especially simple for the class of
images of exponentially bounded measurable functions and we shall deal in the sequel
only with this type.

Widder’s theory was generalized to reflexive Banach spaces by MIYADERA [2] and
further results and generalizations to non-reflexive Banach spaces were obtained by
the author in [3] and [4].

All above mentioned results are of Widder’s type, i.e. they are based on the be-
havior of the derivatives of the Laplace images on the real halfaxis. But there are
also other sufficient conditions based on the behavior of the images on lines parallel
to the imaginary axis. In the sequel we shall show a simple way how to get also con-
ditions of complex character from Widder’s type theories.

For the sake of simplicity we restrict ourselves to reflexive spaces only because
Miyadera’s theorem [2] will be our basic tool. But it is easy to obtain in this way
also the corresponding results for the situations examined in [3] and [4].

1. We shall use the following notation: (1) R — the real number field, (2) R* — the
set of all positive real numbers, (3) (@, ) — the set of all real numbers greater
than o if ® € R, (4) C — the complex number field, (5) (Re z > w) — the set of all
complex numbers whose real part is greater than o if w e R, (6) M; —» M , — the
set of all mappings of the whole set M, into the set M,.

2. In the whole paper,

3. Functional analysis (including the theory of vector-valued functions) is used to
the extent of the first three chapters of [7], certain special subjects (e.g. I1.4, II1.3)
being omitted. The reader interested only in the numerical case needs nothing more
than the basic facts from the modern differential and integral calculus.
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4. Lemma. Let aeR, Je{z:Rez 2 a} > Eand ke {0,1,...}. If
() the function J is continuous on the set {z : Re z 2 a},
(B) the function J is analytic on the set {z : Re z > a}, .
(Y) thereisa K Z 0 so that | J(z)| < K(1 + |z|)"for everyzeC,Rez = a,
then

JP() = (_l)pl’_!Jm Jo+iB) 4
2t ) o (A —a —ippp*?

forevery A>aand pe{k + 1,k + 2,...}.

Proof. Letusfixa A > a.

Further, let K > 0 be chosen so that (y) holds.

By virtue of Cauchy’s integral theorem we obtain from () and (B) that (a sketch
will be helpful)

2% Gy — N J(a + ip)
(1) p! J (;L) J'—N (a +ip — ;t)p+1 dg +

JN J(a + 2N + ip) (M J(x+ 71 +iN)

dg +1i dn —
_n(x+2N +ip — 2p*! . o (@+n+iN — ap*! ik

_; N J(a + n —iN)
o @+ n—iN — AP+

forevery pe {0,1,...} and N > 34.
Using (), we obtain _
J(x + ip)

@ (a + if — Ap*1

for every pe R and pe{0,1,...}.
N J(@ + 2N + ip) N[+ (@ + 2N) + BAVATF
®) ,[ = K_[_N [(A — « + 2N)? + p*]e+Di2 df =

—n (@ + 2N +ip — 2)p*? dp
<[ [L+(@+2N) + N)PT g = 2NK[1 + ((« + 2N)* + N?*)'/7}
R (A —a+ 2N)P*! (A — a+ 2N)p*! ’

_ (1 + (@ + )72y
- ((}. - a)z & ﬁZ)(p+ 1)/2

N J(« + n + iN) -
o (@ +n+iN— Ap*!

2N [1 + ((a + n)z 4 NZ)I/Z]k . <
T o [(A+n —a)? + NJ@r2 0=
M+ (= + 2N)* + N)VPRE _ 2K[1 + ((« + 2N)* + N2
0 NP1 2 NP ’

<K
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M J(a + n — iN) an | < 2K[1 + ((« + 2N)* + N?)'/2]¢
(¢ +n +iN — 2)p*! = NP

for every pe {0, 1,...} and N > }4.

It follows from (2) that

(4) J- (a-;-]—(:‘ﬂt%)‘”i dp exists forevery pe{k + 1,k +2,...},

) _JetiB) g, 7 _JetiD)
(x + i — 2)P+! —w (@ +if — 2)pP*!
forevery pe{k + 1,k +2,...}.
Further, by (3) we obtain

N J(a + 2N + ip)

“N-oow 0 ’

N J(@ + n + iN)
o (@ +n+iN — 2P+t

d" “Now 0 ’

2N J(« + n — iN)
o (x+n—iN — 2yt

dr’ “Noow 0

forevery pe{k + 1,k + 2,...}.
The desired result follows from (1), (4), (5) and (6).

5. Proposition. Let M, @ be two nonnegative constants and F € (Re z > w) — E.
If the function F is analytic in the domain (Re z > w), then the following two
statements (A), (B) are equivalent:

(A) () for every a > w, there exist a ke{0,1,...} and a K 20 so that
IFG)| = KQ1 + Izl)" for every zeC, Re z > «,

(IT) for every « > w, there exists an 1€ {0, 1, ...} so that

1_ 2 F(oc+1ﬂ) dp
—w (1 —isB)
for every s > 0 and re{l +2,1+3,..}

() F(2) >0 (2> o0, 1> w);

(p) _
(B) IFP@)] < - ),,ﬂ

for every A > w and pe{0, 1, ...}.

=M
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Proof. (A) = (B). We first fix an arbitrary o« > o.

Now we choose k, I € {0, 1, ...} so that the assumptions A (), (II) hold.

Denoting J(z) = F(z) for ze C, Re z > a, we observe that according to (A) (I),
all assumptions of Lemma 4 are fulfilled and consequently we obtain

© F(a + if)
1 FO) = (-1 & ¢t g
0 = e
foreveryA > aand pe{k + 1,k + 2,...}.
Further, we write
(2) q = max(k, ).
It follows from (A) (II) and from (1) and (2) that
(= F(a+ip)
3 FOQ)| == —t V. df =
© ol =2 | [~ Gl et |
_n 1 Fari) ol M
G | (Y T
| —® 4 ‘
forevery A > aand pe{g + 1,9 + 2,...}.
Let us now define
( 1) g plat+1)
4 Fo(2) = T(u - PF () ap for 2> a
A

which is admissible according to (3).

Further, we obtain easily from (3) and (4) that

(5) FP(%) —( 1) J (p = 27 "F“‘“)(u) du forevery A>a and

pef{0, 1, ...,q} s
(6) F¢*V(A) = F*'(2) forevery A>a.

Now we are able to prove that

0 1R s ;2

P!
)',+1 forevery A>a and pe{0,1,...,q +1}.
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Indeed we see from (5) that

(8) FP(%) =j FP*D (u)dp forevery A>oa and pe{0,1,...,4}.

A

By (3) and (6)

!
©) |FE* D)) < g% for every 4> a.

Now (7) follows from (8) and (9) by a simple finite induction.

On the other hand, we see from (6) that F, — F is a polynomial. Further, by
assumption (A) (III) and by (7), Fo(4) — F(4) =, 0. Both these facts imply that

(10) Fo(A) = F(2) forevery A > a.

Since @ >  was chosen arbitrary, we see from (3), (7) and (10) that

!
(1) [Fo()| g(}\lv[# forevery « >w, A>a and pe{0,1,...}.
-

Now letting & — @, in (11) we obtain at once the desired property (B).

The proof of (A) = (B) is complete.
(B) = (A). We need the following relation

1 A—|A—2z|>,,,Rez forevery zeC, Rez>0.
P!

A>Rez

Indeed, we can write

A—]A—z| =4-[(A - Rez)* + (Imz)?]"? =

] 271/2 __
—i-(A-Rez)[1+ —I’l”—> =
A—Rez
271/2 2711/2
- i1 = |12 $ Rez|y 4 [IB2_ =
A — Rez A—Rez

A (Imz/(A-Rez))2 1 Imz 2711/2
-—c — ~ _ _da+Rez|1l4+(—2F .
2)o 1+ )2 A—Rez

Clearly the second member in the last term tends to Re z as A — oo. The first
tends to zero because

(Im/(A—Rez))? . 2
1 1 de < 2 Im z .
o 1+ )2 A— Rez

Hence (1) holds.
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According to (1), for every z € C, Re z > ', there exists 4(z) > o so that
(2 - A—w>|z -4 forevery A> A(z).
Because the function F is assumed analytic in the domain (Re z > ) we obtain

from (B) and (2) that
© (k)
3 Wl g s

© IF@l = | 5 28 -

k

M & (|z - A\
=M z — Af = =
Z:(,1. w)"“l | wkzo(l—w)
= M : = M forevery zeC,
).—a)l_z-/l l—w—lz—).l
A—ow
Rez>w and 4> A2).
Letting A — o0, we get from (1) and (3) that
4 ||F(z)||§——M—— forevery zeC, Rez > .
Rez — o

It is clear from (4) that the conditions (A) (I), (III) are fulfilled and it remains to
prove (A) (II).

Given a fixed @ > w, let us denote J(z) = F(z) for ze C, Re z 2 a, we see from
(4) that all assumptions of Lemma 4 are fulfilled with k = 0 and consequently we
obtain

©) ro = (- 2" T

forevery a>w, A>a and pe{l,2,...}.

dp

Writing A —a =sand p + 1 = rin (5) we obtain that
1 [ Fla+ lﬁ)
6 1)?
©) 2nf_w(1 — isp) # == (r - 1)'
forevery a>w, s>0 and re{23,...}.
It is now immediate that (B) and (6) give (A) (II) with [ = 0.
The proof of (B) = (A) is complete.

FC=U(s + a)

‘6. Auxiliary theorem (Miyadera [2], Widder [1] in the numerical case). Let M,
be two nonnegative constants and F € (w, ©) — E. If the space E is reflexive, then
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the following two statements (A), (B) are equivalent:

(A)  (I) the function F is infinitely differentiable on (w, o),
!
Mp! for every A > w and

@ [0 = g2

pe{0,1,...};

(B) there exists a function fe R* — E such that

(I) f is measurable on R*,

(I |f@| s Me** for almost all teR*,

0

(m) F(A) = Jw e ¥ f(t)dt for every 1> w.

7. Theorem. Let M, ® be two nonnegative constants and F € (Rez > w) » E.
If the space E is reflexive, then the following two statements (A), (B) are equivalent:
(A) (1) the function F is analytic in the domain (Re z > ),

(IT) for every a > w, there exist a ke{0,1,...} and a K 20 so that
|F(z)| < K(1 + |2|)* for every zeC, Re z > a,
(ITI)  for every a > w, there exists an 1€ {0, 1, ...} so that
ae [ ] =¥
forevery s >0 and re{l +2,1+3,...},
(IV) F(A4) >0 (2> o0, 1 > w);

(B) there exists a function fe R* — E such that
(I) f is measurable on R*,
(I) | f()]| £ Me“* for almost every teR*,
(1) j e"* f(r)dt = F(z) forevery zeC, Rez> .
0
Proof. Immediate consequence of Theorem 6 and Proposition 5.
8. Remark. In an analogous way as above, it is possible to get complex characteri-
zations of Laplace transforms of exponentially Lipschitzian and exponentially weakly
compactly bounded functions — cf. [3], [4] — and also of analogous types of in-

tegrable functions.
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In the case of exponentially Lipschitzian functions the reader obtains easily the
corresponding result from Theorem 4 of [3] by means of Proposition 5 which plays
the fundamental role in the relation between “real” and “complex” characteristic
properties of Laplace transform.

In the case of exponentially weakly compactly bounded functions, we apply
Theorem 13 of [4] but before applying Proposition 5, this must be somewhat modified.
Namely, we first choose a convex circled closed subset C of E and replace the
inequality in (A) (III) by

1 (= Fle+if)

— ——~>dfeC forevery a>w, s>0 and re{l+2,1+3, ..},
2n ) _, (1 — isp)y

and further (B) by

!
F(p)(,{)e_iF C forevery A>w and pe{0,1,...}.

(4 - @)

The proof of such a modified Proposition 5 proceeds without essential changes
and may be left to the reader.

9. Remark. The condition (A) (III) of Theorem 7 represents a weakening of clas-
sically known sufficient conditions of the type of absolute integrability of F over
lines parallel to imaginary axis, i.e. of the type

j |F(x +iB)] 4B < .
See, for example, [5, Chap. VII] or [6].

10. Remark. It is clear that the inequality in (A) (III) of Theorem 7 cannot be
replaced by

1 [ |F@+ip)|
2n f_,, |(x - isg)| h=M

foreverys >0andre{l +2,1+3,..},

since this implies, by Fatou’s lemma,
1= ) .
1 f |F( + iB)| dB < M
2n ) _,

and this inequality is essentially less general than that of (A) (III) as may be seen
from the function F(z) = 1/z.
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11. Remark. The conditions (A) (I) and (II) of Theorem 7 may be understood as
necessary and sufficient conditions for the function F to be the Laplace transform of
an exponentially bounded distribution with nonnegative support (cf. [8]). Thus the
conditions (A) (III) and (IV) of the same theorem specify the class of functions whose
distribution originals are functions.
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ADJUNKTIONSFAHIGE ZWEIDIMENSIONALE KUGEL-
UND LINIENMANNIGFALTIGKEITEN
IM DREIDIMENSIONALEN EUKLIDISCHEN RAUM

ZDENEK VANCURA, Praha

(Eingegangen am 16. Mai 1977)

Im vorgelegten Artikel, der mit [11], [12], [13] eng zusammenhiéngt, versuchen
wir den Begriff von adjunktionsfahigen bzw. adjunktionsunfihigen zweidimensiona-
len Kugel- und Linienmannigfaltigkeiten im dreidimensionalen euklidischen Raum
zweckmissig zu definieren und systematisch zu studieren*).

Definition 1. Die zweidimensionale Kugelmannigfaltigkeit (Kugelkongruenz)
wollen wir als adjunktionsfdhig bezeichnen, wenn zu ihr eine adjungierte zwei-
dimensionale Linienmannigfaltigkeit existiert.

Die zweidimensionale Linienmannigfaltigkeit (Linienkongruenz) wollen wir als
adjunktionsfdhig bezeichnen, wenn eine zweidimensionale Kugelmannigfaltigkeit
existiert, zu welcher die zweidimensionale Linienmannigfaltigkeit adjungiert wird.

Die zweidimensionale Kugel- bzw. Linienmannigfaltigkeit, welche mcht adjunk-
tionsfahig ist, wollen wir als adjunktionsunfdhig bezeichnen.

Satz 1. Notwendige und hinreichende Bedingung dafiir, dass die Kugelkongruenz
"zp("'!(*u,, *“2); "'(*“1’ *“2)) = zp(*uv "‘uz) = 4p("‘u1, "‘uz, %y = g M, = c4) =
= p(*uy, *uy, *uy = c3, *uy = c,), wo *uy, ..., *u, Parameter aus [12] (Gleichun-
gen (9)) des Kugelraums p sind, adjunktionsfihig ist, besteht darin, dass bei den
Tensoren **T,(*uy, *u;) = **T,(*uy, *u,, *u3 = c3, *ug = c,) = **Ty,,
'“Tu('“p *“z) = '“Tij(*i‘v *“2) = *lsTu(*“p Yy, *uy = 3, *uy =¢) = *"Tu
aus [12] (Gleichungen (3) bis (8)), und-also mit Riicksicht auf [11] (Satz 1.10,
Gleichung (1,89)) und [12] (Gleichungen (10)) bei

*) Wegen der Druckfihigkeit erscheint man notwendig die Bezeichnungen aus [11], [12], [13]
folgendermassen zu vereinfachen: Die iiber den Buchstaben T, f, p stehenden Indizes links oben
an -diese Buchstaben anzubringen, alle anderen {iber bzw. unter den Buchstaben stehenden In-
dizes wegzulassen, das Symbol aus [13] (Gleichung (79) bzw. (81)) durch D bzw. D zu ersetzen.
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(1) *IST'U = *r*r,‘*r':j = *r'ru = *ri‘r‘, + *"nj ’ i,j =1, 2 >

a*!.!]"jn + a*!&na _ a*SST"‘j
o*u,  o*uw; oty

k,a,b=1,2,

'y, - &*“T"“( ) em =,

einer der folgenden Fille eintritt:

a) Die Mittelpunktfiiche *s ist unabwickelbar.
b) Die Mittelpunktfiiche *s ist abwickelbar, von einer Ebene verschieden, und
bei ihren Asymptotenlinien *u; = konst (i ein von den Werten 1, 2) gilt

(2) (*IST“+(_1)!+1(*“1, *uz) = *"'Tii+(_l)(+l(*u1, *uz, *u3 = Cj3, *u4 = C4) ’

1 =
* sTi+(—1)‘“i+(—1)'“(*ul’ *“2) =

= *lsTH-(—l)”1i+(—1)”1(*u1’ *uy, *uy = c3, *uy = ¢4)) # (0,0).
c) Die Mittelpunktfliche *s ist eine Ebene und es gilt
(3) det [*T;(*u,, *u;) = **Ty(*uy, *uy, *us = c3,*uy = c,)| # 0,
i,i=1,2.

Beweis. Aus [11] (Behauptungen d), €), f), h), Gleichungen (4,8) bis (4,13)), aus
[12] (Gleichungen (10)), aus der Unabhangigkeit der Tensoren *r, *r;, **T;;, **T;;
von Bewegungen, die ein kartesisches Hilfskoordinatensystem (*S; *s,, *s,, *d)
in das fest gewahlte kartesische Koordinatensystem Oxyz iiberfiihren, aus der Defini-
tion der Linienkongruenz unter Anwendung der Pliickerschen Linienkoordinaten
([5] 1, Definition (1,1). S. 108) und aus der Definition 1 folgt:

Notwendige und hinreichende Bedingung dafiir, dass die Kugelkongruenz
p(*u,, *u,) adjunktionsfahig ist, besteht darin, dass die Matrix

4) 0, 0, —1, =*r*r*=T;,\ 2,
d; *ss—1 *Ss—1/2 xss—1/2 %xls
o STII sTll 3 0, 0’ Tll * T22 i le’
d: =g —1 %l
0, =TTy, 0, **T,, **T),,

*r*rl*ssTl-llﬂ, 0

__%kss—1 xlis *,, kSS—1 kssp—1/2 %xds
Ty **Tyy, r2**Tyy T;, Ty,

__kSs—1/2 gess—1/2 %xls %y kSS—1/2 gSs—1 %ds
Ty, T;, Ty, *ry*Tyy T;, **Ty,

den Rang 3 hat.

Von hier aus und daraus, dass die Fliche *s unabwickelbar bzw. abwickelbar,
von einer Ebene verschieden, mit Asymptotenlinien *u; = konst (i ein von den
Werten 1, 2), bzw. die Ebene durch die Bezichungen **T;,**T,, + 0, **T,, = 0,
bzw. *#T,; + 0, ** Ty, _gye1 =0, **T, _jyerppogyer =0, bzw. **T, =0
(i,j = 1, 2) charakterisiert wird, folgen die Behauptungen des Satzes 1.
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Satz 2. Notwendige und hinreichende Bedingung dafiir, dass die, in beliebigen
Parametern u,, ..., u, des Kugelraums p = “p(uy, u,, us, u,) durch die Gleichungen

09

+0, ¢ =konst, (k,j=3,4)
Ou;

"~ (5) oy, Uy, U3, u,) = ¢, det

ausgedriickte Kugelkongruenz 2p = 2p(uy, u,) = (s(sy(uy, u,), s2(uy, uy), s3(uy, u,));
r(uy, u,)) adjunktionsfihig ist, besteht darin, dass (bei zweckmdssiger Bezeichnung
von Parametern, bei Summationsindizes k = 1,2, m,n, p,q,u,v = 1,2,3,4 und
bei nicht gebundenen Buchstabenindizes b, c = 1,2) einer der folgenden Fille
a), b); ,, c) eintritt:

a)

(6) det |D}DI“T, | + 0,
b),
(7, ST T, D3DY(D?DE — D3DY) + 0,

(7) DrDMT,, + 0, DID%_1yisiTpm = Dl 1yie1Dly o 1yi0i Ty = 0,
(8) (rD*(det|D5DE*T,o|)™* DiruDYy —syessDs = ayess *Tua[(D 72Dy (_gyiss -
. DE*T,), D} + (D™2DEDE*T,.), D', — 1yirs — (D™2DEDY, _yyuns .
 5T,0)p D] = 2rDD7, (_1yios( D™ D7)y — 2D7D% (yivimln +

+ 2D7DYy (— 141 ¥ T »
rD*(det| DED? *T,o|) ™! Dir Dy~ 1ye+ 1Dy = gyess *Ta A D™ 2D%y (_gyis1 -
- DE*Tog)y DYy 1yivs — (D72D8y (_yyieaDiy (—1yees *Tpg)o DY) —
- 2"DD';+(—1)‘H(D—1DT+(-1)H!"m)n = 2D%y (—1y+1Dyy (mryi sl +
+ 2D7, (- 1y01 D o 1yie1 P Tm) # (0, 0),
i ist einer der Werte 1, 2, — :
b,) ‘
(), T, T, D'DYD"DE — DID%) =0, j=1,2,
ST T,(DiD4 + D3DY) (D7D — D3D%) + 0,
und die Gleichungen (7), (8) fiir DT = D7 und i ist einer der Werte 1,2,
)
9 DIDj*T,y =0 i,j=1,2,
und bei (immer erreichbarem Wert) s; = 0
(10) det |[rry8;s — 771852 — (83152 — $7251) i (511822 — 512821) —

- [rrzs” = Trry8y; — 5&(31151‘2 - S,zskl)] (311522 - 312321)4 +0 i,j = 1, 2.
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Dabei werden r,*T,,, ©T,, und D%, D, D% in (6), (7), (7), (8), (7)2, (9) aus [12]
(Gleichungen (8)) und aus [13] (Satz 17) genommen.

Beweis. Fiir den Tensor ***T*, fiir welchen mit Riicksicht auf **T*® *sT,, = §;
(k,a, b =1,2) und auf [12] (Gleichungen (9)) **T** = &**(det |[*T;[)~*
T (= 1)kttt (—1)arr Bilt, flr die zustindigen Christoffelschen Symbole T
aus (1) und fiir "'r*rk*l"',‘j, —*r*ry, —*r*r;, **T;; bekommt man im Fall b);, im
Fall b), fiir DT = D7, unter Anwendung von [13] (Satz 17, Gleichungen (84), (85),
(86) und ihrem Beweis)

(11) *=T* = §*(det |[D~2DEDI*T,,|)™* D™2Dpy (—1yx+1Dis(—1yass T »
*I't; = $D(det | DEDZ T, |) ™" Dy~ 1yx+1Dps (= 1yee1 “Thun -
.[(D~2D%D{ *T,,), D} + (D~2DD}*T,,), D} — (D~2D?D%*T,,), Di] ,
*r*r 1% = yr(det |DEDE =T, |) ™" Dir,Dpt = 1ye+1Dps (= 1yest * T -
.[(D~2D3D§*T,,), D} + (D~2DID§ *T,,), D — (D~2D}DY*T,), D] ,
—**r,; = —rD™'DY(D'D}r,),
—*r#*r; = —D™2DID’r,1,
e DPEADYDYT, .
und daraus folgt, unter Anwendung von (1) und von [12] (Gleichungen (7), (9), (10))
(12)  *BT;; = $D~2{rD*(det | D§D? =T, |)™* Dir, Dy~ yyess -
. D}y (—1yerr *Tpu[(D~2D2DE =T,,), D} + (D~ 2D}D§ *T,,), D —
— (D™2D%D4*T,,), D;] — 2rDD}(D~*D}r,), — 2D D11, +
+2D7D}*T,,}, i,j=1,2.

Aus dem Satz 1, Behauptungen a), b) und daraus, dass (6) bzw. (7) eine unab-
wickelbare bzw. abwickelbare (von einer Ebene verschiedene, mit den Asymptoten-
linien *u; = konst) Flache charakterisiert, folgen die Behauptungen a), b), , des
Satzes 2.

Aus dem Satz 1, Behauptung c) und aus [11] (Satz 5.3, Behauptung a) im Fall
einer. Ebene, Satz 1.3 im Fall s; = 0, und also, mit Riicksicht auf Gleichungen

(1, 2), (1, 3), aus dy3 = dy3 = 0, k(B) = k(4B) = 0) bekommt man:

Notwendige und hinreichende Bedingung dafiir, dass die Kugelkongruenz
(s(sy> 52, 0); ) adjunktionsfahig ist, besteht darin, dass die Mittenfliche | =
= 2"Y(d, 41}, —d4d7;,0) eine Fliche ist, d.h. die Vektoren I, I, sind linear
unabhéngig, und demzufolge gilt ' '

det Idl4‘d12 - dj4d12.~| 4: 0 ’ i,j o 1, 2 .

123



Daraus und weiter aus (9) (mit Riicksicht auf [12], Gleichungen (10), (7) und auf
[13], 1) im Beweis des Satzes 17 fiir eine Ebene charakteristisch) und aus (27), (29')
im Beweis des Satzes 3 bekommt man die Behauptung c) des Satzes 2.

Satz 3. 1. Notwendige und hinreichende Bedingung dafiir, dass die Linien-

3
kongruenz p = p(p*(uy, u3), ..., p°(uy, u5)), Y. (p%)* =1, p* + 0, wo h den Rang
der Matrix o=t

', v, P
(13) Pi, Pi, Pi
P2 P35 P
bezeichnet, adjunktionsfihig ist, d. h. dass eine Kugelkongruenz (s = s(sy(u,, u,),
sa(uy, u5), 53(uy, u5)); v = r(uy, u,)) existiert, zu welcher die Linienkongruenz p
adjungiert wird, besteht darin, dass
entweder h = 3,
P, P74 PP
(14) si=(=1)""\pl, i, Pi| |40 PL p1
p;’ P%, pg ’12’ PZ’ Pz

j¥xi*+k, j<k, ij,k=1273,
oder h = 2, p'p! — plp’ + 0, i < j, dabei sind i, j zwei von den Werten 1,2, 3,

c einer der Werte 1,2, h, = 2 der Rang der aus (13) durch Erweiterung um die
Spalte A, Ay, A, entstehenden Matrix,

i pd i — pro, p

15 s, = (—1)e—i+injk P; P po, p ,
(15) v=(=1) s ot| |k - b bl
A — p'o, p'

s; = lk Jj+invik P pj‘ s ,
1= (=1) |ph Pl | A — plo, Pl

ss=0, i¥k*j, k=1,2,3,

oder h =1, h; = 1 der Rang der aus (13) durch Erweiterung um die Spalte
Ay Ay, A, entstehenden Matrix,

2
(16) si=lo i=1,2, s3=0p%"'(A-Yp),
. =
und :
3 1/2
(17) T= [2j(p3)—1 (P4-5f21 - pSS” + p3 lejs'") dui + C] >0
s i=

sind, dabei stellen A = Muy, u,), bzw. A = Muy, u,), 0 = a(uy, uy), bzw. A =
= Muy, u,), ‘o = 'o(uy, u;) i = 1, 2 solche Losungen der partiellen Differential-
gleichungen
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(18') [(Ps)_l P‘]: S21 — [(Ps)-l Ps]z S11 = [(1’3)~1 P‘]l S22 — [(1’3)"1 Ps]l S12

(18) i:Zl Psy =0, j=1,2

dar, fiir welche

(19) Sy1822 — 8428524 *# 0,

(20) 1 — (DR(r + ug)m)® (DD} *T,,)"' >0,

gilt und ausserdem im Fall h = 2 gelten die Bedingungen b), , aus dem Satz 2,
und im Fall h = 1 die Bedingungen c) aus dem Satz 2, wo die in (7)y, (7), (8), (7)2,
(9), (20) stehenden Ausdriicke aus [12] (Gleichungen (4), (5), (6), (8)) und aus [13]
(Satz 17), unter Anwendung von *p;=s; + d;3u; (i =1,2,3), *pg=r + u,
(*ps = 1), ¢ = u; (k = 3, 4) entstehen.

2. Notwendige und hinreichende Bedingung dafiir, dass die Kugelkongruenz
(s = s(s4, 52, 53); 7) aus der Behauptung 1 von Kugeln mit konstantem Halbmesser
gebildet wird, besteht darin, dass

’ 3
(21) p452i = pssli + psszSji = 0, i= 1, 2
i=1 .
gilt.

Beweis. Mit Riicksicht auf die Proportionalitit der Pliickerschen Linienkoordina-
ten p!, p%, p®> mit den Richtungskosinen von Geraden der Linienkongruenz kann

3
man immer erreichen, dass Y (p?)? = 1, p* + 0 gilt.
a=1

1a) Es sei eine adjunktionsfahige Linienkongruenz p(p, ..., p°) gegeben, d. h. es
existiert eine Kugelkongruenz (s = s(s;, s,, 53); 7), zu welcher die Linienkongruenz p
adjungiert wird. Mit Riicksicht auf [11] (Behauptung ¢) im Beweis des Satzes 4.1)
kann man dann die Pliickerschen Linienkoordinaten so normieren, dass

(22) —-d =(p',p%p°), P*+0,

(23) —dx Il = (p“, p°, p°)

und also fiir I = I(I;, 1,, I;) mit Riicksicht auf p'p* + p?p® + p*p® =0
(24) L= () [p'(0°A - p'P° + P*p*) + P,

L = ()7 [P*(P°2 — p'p° + P?p*) — p*], s = p°4 — p'p° + pPp*
gilt, wo A = A(u,, u,) eine stetig differenzierbare Funktion bezeichnet.

Aus [11] (Definitionen 1.1, 1.2, 4.1, Satz 1.2, Gleichungen (1,2), (1,18)), aus den
Gleichungen (22), (24) und aus der Theorie der Hiillflichen des zweiparametrigen
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Flachensystems folgt, dass die Mittelpunktfliche s(s, s,, s;) der Kugelkongruenz
(s(sy, 52, 53); 7) als Hiillfliche des zweiparametrigen Systems von Ebenen

(25) ] p'x +ply +p'z =12

erscheint, und also (18),

(26) p'sy + P’s; + ps; =4,
pis; + Pisz + piss = 4,
PaSy + P3Sz + P3s3 = Ay,

(27) diz = 2511522 — S12521) + 0

gilt. .

Aus den vorhergehenden Festellungen, aus den Eigenschaften des-sphérischen
Abbildes der unabwickelbaren (h = 3) bzw. abwickelbaren (h = 2) Flichen, aus
den Gleichungen d.d =1d.d; =0 (i = 1, 2) und aus dem Satz 1 folgt die Not-
wendigkeit der Erfiillung derjenigen Bedingungen von der Behauptung 1 des Satzes 3,
welche die Gleichungen (14), (15), (16), (18) und die Ungleichheit (19) enthalten.

Aus der Definition der hesasphérischen Koordinaten bekommt man, dass

3
(28) ° p=s(=1,23), p4=r2—k§1s,f, ps=1, ps=r

die hexasphirischen Koordinaten der Kugelkongruenz (s = s(sy, 5, 53); r) sind.
Daraus, mit Riicksicht auf [10] (S. 317—318), [12] (S. 224—225, 221222, Glei-
chungen (7)), mit Riicksicht darauf, dass bei der am Schluss des Teiles 1 des Satzes 3
erwihnten Parametrisierung des Kugelraums die Kugelkongruenz (s; r) die Glei-
chungen u, = 0 (k = 3, 4) hat und mit Riicksicht auf [13] (Satz 17, Gleichungen
(85), (86)) erscheint die Ungleichheit (20) mit der vorausgesetzten Existenz zweier
reeller verschiedener Brennpunkte von Kugeln der Kugelkongruenz (s; r) aquivalent.

Aus [11] (Satze 1.2, 1.3) und aus den Gleichungen (22), (24) bekommt man

(29) dig = 2Ap*) "' pdyy, dye =2(p°)7! pdy,.

Aus den Gleichungen (28) und aus [11] (Satz 1.2) bekommt man

3
(29') du, = 4[—812""1 + Si1rr, — 2 Sk(silskz = sush)] » i= 1, 2 .

k=1

Das System der Gleichungen (29), (29’) hat mit Riicksicht auf (19) genau eine Losung
e -3
(30) 2rry = 2p*) " (P2 — PPsu+ PP Y ssy) i=1,2.
i=1

Daraus, mit Riicksicht auf (infolge der Ausgangsvoraussetzung) die erfiillte Integra-
bilititsbedingung - ' :
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3
(31) [(P:l)_-1 (P4521 — p’syy + p3jzlsjsjl)]2 =

3
= [(Ps)_l (P4szz - p’sy2 + PP .lejst)]l
j=

des Systems (30), die mit der Bedingung (18') dquivalent ist, folgt die Notwendigkeit
der Erfiillung derjenigen Bedingungen der Behauptung 1 des Satzes 3, welche die
Gleichungen (18’), (17) enthalten. '

Aus der Ausgangsvoraussetzung, daraus, dass h = 2 bzw. h = 1 eine abwickel-
bare (von einer Ebene verschiedene) Fliche bzw. eine Ebene charakterisiert, aus dem
Satz 1, aus der am Schluss des Teiles 1 des Satzes 3 erwdhnten Parametrisierung des
Kugelraums und aus dem Satz 2 bekommt man die Notwendigkeit der Erfiillung des
Schlussteils von Behauptung 1 des Satzes 3.

1b) Es sei p(p", ..., p®) eine solche Linienkongruenz, welche die Bedingungen der
Behauptung 1 des Satzes 3 erfiillt. Aus diesen Bedingungen, aus [11] (Sitze 1.16,
1.2, Gleichung (1,18)), aus [10] (S. 317—318), aus [12] (S. 224—225), aus [11]
(Definition 4.1), aus den Sitzen 1, 2, daraus, dass die Gleichungen (14) bzw. (15)
bzw. (16), immer mit betreffenden Bedingungen, den Gleichungen (26), (27) dqui-
valent sind, und aus der Theorie von Hiillflichen des zweiparametrigen Flachen-
systems folgt: :

Die Fliche s = (s, 5,, 53) und der Halbmesser r bestimmen die Kugelkongruenz
(s = s(sy, 525 s3); r) von Kugeln mit zwei reellen, verschiedenen Brennpunkten, deren
Verbindungslinien die adjungierte Linienkongruenz 'F 2F(*p!,...,*p®) bilden.
Dabei kann man die Pliickerschen Linienkoordinaten so normieren, dass fiir sie und
den Einheijtsvektor *d der Normalen der Fliche s = s(s,, 55, 53)

3
(32) ‘Zl(*p")z =1, *p*+0, *p'=p'(i=1273),

*d(*p', *p?, *p*) = d(p, p%, p°)
gilt.
Aus [11] (Gleichung (1,2), Satz 1.2), aus (32), (28), (17), (27), aus [11] (der dritten
Gleichung in (1,3)), aus der ersten Gleichung in (26) und aus *p; = p, (i = 1,2, 3)
ergibt sich

(33) *diy; =di;, J*K(B) = —(p)"'dyy, *dys = —(p%)7! PPy,
*dys = (P3)_1 Pldu s *diy= 2(173)_1 P4d1z , *dyy = 2(P3)_1 pdys,
*k(AB) = —4di,(p)"2(p°4 — p'p° + P°p%).

Aus den Gleichungen (33) und aus [11] (Satz 1.3) bekommt man fiir die Mitten-
fliche *I(*1,, *I,, *I;) der Kugelkongruenz (s = s(sy, 5,, 53); r) die Beziechung .

(34) *,(*lb *12’ *13) = ’(lb 12’ 13) ] *li = li ’ i= 1, 2: 3 ’
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wo [, (i =1, 2, 3) durch die Gleichungen (24) gegeben werden. Daraus, mit Riick-
sicht auf die Gleichungen (32), (34), auf [11] (Behauptung €) im Beweis des Satzes
4.1) und mit Riicksicht auf die Aquivalenz (23) mit (24) ergibt sich

(35) (%, p% p%) = —d x | = —*d x *I = (*p*, *p%, *p%) .

Aus den Gleichungen (32) und (35) folgt, dass die der Kugelkongruenz (s =
= $(s,, §3, 53); r) adjungierte Linienkongruenz 'F 2F(*p', ..., *p®) mit der betrachte-
ten Linienkongruenz p(p', ..., p°) identisch ist.

Daraus folgt, dass die Bedingungen von der Behauptung 1 des Satzes 3 fiir die
Adjunktionsfihigkeit der Linienkongruenz hinreichend sind.

Der Beweis der Behauptung 2 des Satzes 3 ergibt sich aus der bewiesenen Behaup-
tung 1 des Satzes 3, aus der Ungleichheit in (17) und aus der Gleichung (30).

Satz 4. Notwendige und hinreichende Bedingung dafiir, dass die Kugelkongruen:z
(*s(*uy, *uy); *r(*uy, *uy)) = (*s; *r), wo *uy, *u, die Kriimmungsparameter der
Mittelpunktfliiche *s bezeichnen, adjunktionsunfihig ist, besteht darin, dass einer
der folgenden Fille eintritt:

A. Die Mittelpunktfliche *s stellt eine abwickelbare, von einer Ebene verschiedene
Fldche dar und die h-te Brennfiiche *"f(h = 1,2) der Kugelkongruenz (*s; *r)
wird durch die gemeinsamen h-ten Brennpunkte von Kugeln der Kanalflichen
mit den Mittelpunktkurven in den Asymptotenlinien der Fldche *s gebildet.

Wenn dieser Fall eintritt, werden entweder beide Brennflichen durch Kurven,
oder eine Brennfliche durch eine Kurve und die andere durch einen Punkt gebildet.
Notwendige und hinreichende Bedingung dafiir, dass die Brennfliche *'f einen
Punkt darstellt, besteht darin, dass bei den Asymptotenlinien *u; = konst der
Fliche *s

2 "
(36) *'sTii = (_1)h+1 *l‘(l - 2 *rf *ssTEI)l/Z *dsTii
j=1
gilt.

B. Die Mittelpunktfliche *s ist eine Ebene und die Brennfiiichen **f(h = 1, 2)
der Kugelkongruenz (*s; *r) stellen keine Fldichen dar.

Wenn dieser Fall eintritt, werden beide Brennflichen entweder durch Kurven
oder durch Punkte gebildet. Notwendige und hinreichende Bedingung dafiir,
dass beide Brennflichen durch Punkte gebildet werden, besteht darin, dass

(37 6Ty =0 i,j=1,2
gilt.

Beweis. Aus dem Satz 1 und aus der Definition 1 folgt:

1. Die notwendige und hinreichende Bedingung dafiir, dass die Kugelkongruenz
(*s(*uy, *uy); *r(*uy, *u;)), wo *uy, *u, die Kriimmungsparameter der Mittel-
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punktfliche *s bezeichnen, adjunktionsunfdhig ist, besteht darin, dass einer der
folgenden Fille eintritt:

a) Die Mittelpunktfliche *s ist eine abwickelbare, von einer verschiedene Fléche
und bei ihren Asymptotenlinien *u; = konst, d. h. bei **T,; + 0,
*"’71-+(-1)q+xi+(_1)i+n = * Ts(—1yer = 0 gilt

1 I
(38) *sTii+(—l)“1 =* sTi+(—1)‘“i+(—l)“1 =0.

b) Die Mittelpunktflache *s ist eine Ebene, d. h. *"‘Tu =0fiiri,j=1,2 und es
gilt

39 det[**T,| =0 i,j=1,2.
! J

Aus [11] (Behauptung 1, Gleichungen (6,3), (6,4) im Beweis des Satzes 6.1, Satz
1.9, Gleichungen (1,48), (1,50), Behauptung 11, Gleichung (1,80) im Beweis des
Satzes 1.9, Satz 1.10, Gleichungen (1,86), (1,89)), aus [12] (Gleichungen (10)) und
aus der Unabhingigkeit der Tensoren *r, *r;, **T;;, **T;;, L A j von Bewegungen,
die ein kartesisches Hilfskoordinatensystem {*S; *s,, *s,, *s;)> in das festgewihlte
kartesische Koordinatensystem Oxyz iiberfiihren, ergibt sich:

2. Fir die Brennflichen **f (h = 1,2) der Kugelkongruenz (s*(*u,, *u,);
*r(*uy, *u,)) gilt fiir die Kriimmungsparametern *u,, *u, der Mittelpunktfliche *s

2
(40) *hfi' - (*ssT;11/2 *lsT“, + (_l)h *r(l - Z *rlg *ser}; 1)1/2 .
i=1
. *5‘1 *ssTl:i}/Z *dsTi’i' , *sst—zl/Z *ISTZi’ + (_l)h .

2
* *,.2 kss—1\1/2 2 wss—1/2 xds
(L= 3 T )R G T M T
j=1

2 2
*l‘*l’i: *ssT;l_l, *“Ti'i' + (_ l)h (1 _ ‘Zl*ri *ssTE_ 1)— 1/2kzl*rk *’“T;‘;l *ISTH:)
i= =

h=1,2, i =12.
2

Aus den Bedingungen in 1a), aus **T}; > 0 und aus *r(1 — ) *r} **T;")}/2 > 0
folgt: #=1

3. Die Gleichungen (38) sind mit den Gleichungen *f;, _;)is1 = 0 (h = 1,2)
aquivalent. Im Fall *f,, _;)i:: = 0 (h = 1,2) ist die Gleichung **f; = o mit der
Gleichung (36) dquivalent. ‘

Aus den Bedingungen in 1b), aus (40), aus **T}; > 0, aus

2
*r(1 —-j;"‘r,z *sT77')"/2 > 0 und daraus, dass die dritte Spalte der Matrix ||**f, **f, ||

eine Linearkombination ihrer iibrigen Spalten darstellt, ergibt sich:

4. Die Gleichung (39) ist mit der linearen Abhangigkeit von Vektoren *'f,, *f,
(h = 1,2) dquivalent. Im Fall der linearen Abhéngigkeit von Vektoren **f,, **f,
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kann dann (fﬁr h=1, 2) entweder hochstens einer von ihnen oder jeder von ihnen
einen Nullvektor darstellen. Der Fall *'f, = **f, = o (h = 1, 2) ist mit der Gleichung
(37) aquivalent.

Aus den Behauptungen 1 bis 4, aus [11] (Definition 2.1) und aus den Bemerkungen
1A), B) folgen die Behauptungen des Satzes 4.

Bemerkung 1. A) Die Kugelkongruenzen

zp(up Us, (ul + “2)2, 1’ 1’ (uf + ug + (ul + u2)4 + 1)1/2) 4
2
2p <Ji(u1 — uy), ¥uy + uy), ui, 0, 1,\/7(2u‘1‘ + u? + u§)"2>

kann man als Beispiele der adjunktionsunfahigen Kugelkongruenzen aus dem Satz 4,
Behauptung A auffassen. Zwei Kurven bzw. eine Kurve und ein Punkt bilden die
Brennflachen der ersten bzw. der zweiten Kugelkongruenz.

B) Die Kugelkongruenzen
2p(uy, ugy uy, —ui, 1, (ui + u3)?) u; >0, u, >0,
2p(uy, Uy, uy, 1, 1, (2uf + ul + 1)1/2)
kann man als Beispiele der adjunktionsunfdhigen Kugelkongruenzen aus dem Satz 4,

Behauptung B auffassen. Zwei Kurven bzw. zwei Punkte bilden die Brennflichen der
ersten bzw. der zweiten Kugelkongruenz.

Satz 5. Hinreichende Bedingung dafiir, dass die Linienkongruenz p(p'(u,, u,), ...
3
s P(ug, 43)), Y (p*)? =1, p* + 0 wo h = 2 der Rang der Matrix (13), p*p? —
a=1
— p?pl * 0, c einer der Werte 1,2 ist, adjunktionsunfdhig ist, besteht darin, dass
(41) (@)1 p*)e = (P°)7"' P°). = 0,
(P°) 7 PY)er-nyers F —=PH0Y) 7 (P°) 7! PDer - 1yers
gilt.
Beweis. Aus den Gleichungen (15) bekommt man bei p'p — p?p} + 0, k = 3,
c einer der Werte 1, 2, fiir s,, = 9s,[0u, (i = 1, 2)
42) s =(p'P2 —p?p) 2 {[(- 1) (p'P2 - PP} PFV +
+ (=)D (plp2 — p?pk) Pl VT A +
+ (=) (p'pl - pPpr)e P A, +
+ (=1 (p'p2 — p?p:) PV A + [(-1) ("D - PPL). -
LpHEDTIRE — PPt DY) (1) (pip? — p?pt).
. (PH(_I)“IPS - PSP:”-I)‘“)::] o+ [(_l)i (PIP: = Pzpi)c .
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. pi+(—1)i+1p3 + (—I)H(-l)‘”(plpf _ pzpcl) .
LT - PR+ (- (018l - P75l
POV P o, + (1) (pp2 — pPpl)pt TV PP} .

Mit Riicksicht auf (p°p} — p’pl). = p°pl. — P°pi(a, b = 1,2, 3) beweist man,
dass

(43)  p*=-p(p")" ' (-P"),
- (p'p; = P*p2)e P2 + (PP — PPP)Pic =
= —p*(p") "' [(p'P2 — P?p:) p: — (P'PZ — P°P:) Pic] s
— (p'p? — p°pl). (P’p2 — P°P2) + (p'P: — P°p:) (PP} — P°P2). =
= —p*(p")" ' [(p'P2 — P?p2)c ('P2 — PPp:) —
- (p'p2 = P’pc) (P'P] - P°P)]
— (p'p? — p?pi). P°P° + (p'P. — P*p2) (P°P2). +
+(p?p2 — P°p2) (p'PZ — P*pl) = —P*(0") "' [(P'P2 — P°P). P'P° —
— (p'p2 - p*p}) (P} — P°p}) — (p'P2 — P*PY) (P'P°)c]

gilt.

Aus (42), (43) folgt

(44) S1c = —pz(Pl)_l S2c -

Aus dem den Fall h = 2 betreffenden Teil des Saizes 3, aus (41) und (44) ergibt
sich, dass bei s5,; +0 bzw. 5,; = 0 kein, mit Riicksicht auf den Satz 3 in Betracht
kommender, Vektor s(s,(uy ,uy), so(uy, u,), s3(uy, #,)) existiert, der die Gleichung
(18) bzw. die Ungleichheit (19) erfiillt, und also mit Riicksicht auf die Definition 1
die betrachtete Linienkongruenz adjunktionsunféhig ist.

Bemerkung 2. Die Linienkongruenzen

!

pz(cos (uy + uy), 1/2—35in (uy + uy), dsin(uy + uy), a(u,)sin (ug + u,),
\

BBy o) ~3 [a(uz) ool 5] 2 % ) ey + uz)]),

2d_a + J/(3) tg (u, + uz)ib—, O<u; +u, < =,

du 2 du2 2
kann man als Beispiele der adjunktionsunfiahigen Linienkongruenzen aus dem Satz 5
auffassen.
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AN EXAMPLE OF REMOVABLE SINGULARITIES FOR BOUNDED
HOLOMORPHIC FUNCTIONS

Jikf MATYSKA, Praha
(Receiyed August 1, 1977)

I. INTRODUCTION

The results concerning removable singularities for bounded holomorphic functions
are usually described in terms of analytic capacity which is a set function introduced
by L. AHLFORs in [1] (and given name later by V. D. EROCHIN). Information about
the definition of analytic capacity and its basic properties can be found e.g. in [14],
[4], [6], [10]. The concept of analytic capacity will be used here for conciseness
only and all we actually need are the following two propositions:

I. A set F (relatively) closed in a domain D of the complex plane C is a set of
removable singularities for bounded functions holomorphic on D \ F if and only if
every compact K = F is a set of removable singularities for bounded functions
holomorphic on C\ K.

II. Let K be a compact subset of C. Then the following properties are equivalent:
(i) K has zero analytic capacity.
(if) K is a set of removable singularities for bounded functions holomorphic on

C\K.
(iii) Every bounded function holomorphic on C\ K is a constant function.

Much research has been done on the relations of the analytic capacity to various
metric characterizations of the set. We shall be interested in its relation to the linear
(Hausdorff) measure of the set only. The first steps in this direction were made by
P. PAINLEVE at the end of the last century. The results of his treatise [11] imply,
among other, that every compact of zero linear measure has also zero analytic
capacity. About 1909 several communications appeared in Comptes Rendus, where
A. DENJOY investigated the behaviour of Cauchy integrals on the support of the
corresponding measure. It was shown there that, given a compact subset of a straight
line with positive measure, one can construct a nonconstant function bounded and
holomorphic on its complement in the complex plane (cf. [2]). Thus a compact
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situated on a straight line has zero analytic capacity if and only if it has zero linear
measure. Let us note that CH. POMMERENKE in [12] and L. D. IvANov in [7] obtained
later a deeper “result, namely that the analytic capacity of a compact on a straight
line is one quarter of the corresponding linear measure. ’

We shall say briefly that a set lying in the complex plane has the Denjoy property
if each of its compact subsets of zero analytic capacity has also zero linear measure.
Thus every straight line has the Denjoy property, but a simple arc need not have this
property at all. In fact, several examples of compact sets with zero analytic capacity
and positive linear measure were constructed by A. G. VITuSkIN, L. D. Ivanov and
J. Garnerr (cf. [17], [9], [5]) and any such compact is a perfect discontinuum,
which lies on a simple arc by a result of Denjoy from 1910 (cf. [2]). The assertion
that every rectifiable curve has the Denjoy property is usually called the Denjoy
conjecture. This assertion has been generally proved only recently*). Earlier some
results were obtained concerning comparability of the linear measure and the analytic
capacity of sets with additional conditions on the curves or continua on which
they are situated (cf. L. D. Ivanov [8], N. A. Sirokov [13], J. Fuka and J. KrAL [3]).

According to the Denjoy conjecture, the rectifiability is sufficient for an arc to
have the Denjoy property, and one may ask to what extent it is necessary. A common
feature of all mentioned examples is that the corresponding sets with zero analytic
capacity and positive linear measure are in a certain sense very “‘dispersed” and it is
therefore not clear & priori whether such a set can be situated on a “nice” curve.
Modifying a method of Vituskin it is possible to construct a real function satisfying
the Holder condition such that its graph carries a compact of positive linear measure
and zero analytic capacity. In the following we construct such a function satisfying
the Holder condition for every exponent « € (0, 1). The graph of this function has
not the Denjoy property although the function is only ““a little worse” than a Lipschitz
function, the graph of which is rectifiable.

II. ESSENTIAL CONSTRUCTIONS NEEDED IN THE SEQUEL

1. As usual, we shall denote by C the set of all complex numbers which will be
identified with the Euclidean plane R?. For E c C we shall denote by int E and
diam E the interior and the diameter of E, respectively. If A, B = C, then

1 dist (4, B) = inf {la — b|:ae 4, be B}.

Given E < Cand ¢ > 0 we put
@) #(E) = inf{Y diam E, : E c |J E,, diam E, < ¢} .
n=1 n=1

*) The validity of the Denjoy conjecture is a consequence of the recent result of Calderén on
the boundedness of Cauchy’s operator. It is necessary to combine Calder6n’s result from [16]
with earlier results of DAvie, HAvIN and HAviNsoN (cf. [17], [18], [19]).
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The linear (Hausdorff) measure of E is defined by

(3) H(E)= lim ¥ (E) = sup F.(E).

It can be easily shown that the linear measure of the orthogonal projection of E into
an arbitrary straight line is not greater than the linear measure of E.

2. Let 4 = R be a compact interval. Given positive integers k, j such that 1 <
< j £ k we denote by (j | k) 4 the j-th of the compact intervals which arise by
dividing 4 into k non-overlapping parts of equal length. Moreover, if q € (0, 1) we
denote by (j I k; q) 4 the compact interval concentric with (j I k) 4, the length of
which is a (1 — g) — multiple of the length of (j | k) 4. Thus we put

@) (flk)A=<a+<f—1)”—;f,a+j”‘“>,

k

(j[k;q)A=<a+(j—1+%q)b—;—q, a+(j—%¢1)b;a>

in the case 4 = {a, b).

Given a compact interval 4 = R and numbers k, g, v such that k is a positive
integer,0 < g < 1,v > 0, there exists a unique function ¢ : R — R with the following
properties:

(51) @ is continuous in R;

(52) o(x) =0 for x ¢ 4;

(55) o(x) =(—1y"'v for xe(j | k;q)d, j=1,2,..., k;

(54) ¢ is affine on each interval J = 4 \ ol(( j | k; q) 4).
7=

In what follows we shall use 4

© o= ofds k) = (20 #(4)

and the corresponding function ¢ will be denoted more explicitly by ¢, , (if neces-
sary). Then obviously

7 ma [04(8)| = o(4; K).
If we put, in addition,
® o(d; ks g) = g o(d; 1) = (2K)™* g H#(d),

then o is the length of intervals contiguous to (j | k; g) 4in (j | k) 4.
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3. The following constructions will depend on the choice of two sequences of
numbers, one of them being a sequence of positive integers k, and the other a se-
quence of real numbers g,€(0,1), n =1,2,... We shall restrict this choice by
some additional conditions later, but we shall assume in the following that the
numbers k, and g, are fixed and we shall not designate the dependence on this choice
any more. ‘

We shall denote by #” the set of all sequences of positive integers j, such that
1<j,Sk,n=12,... For {j,} € # we define by induction

(©) A;, = (r [ k) <0, 1>, 4y, = (j1 | k1391) <0, 1) 5
Jj;,...,],.“ = (jn+1 I kn+ 1) ij,...,j,. )
Ayt = (ju+1 l Kyt 13 Qo 1) Aj..in+

The intervals 4, ;. will be termed the unreduced intervals of order n and the
intervals 4; ., will be termed the reduced intervals of order n; moreover, the
interval <0, 1) will be termed the (reduced) interval of order 0.

It is easily shown by induction that the following assertions hold:

(a) any two different unreduced intervals of the same order n do not overlap and have
the same length h,;

(b) all reduced intervals of the same order n are mutually disjoint and have the same
length h,;

(c) we have hg =1, h, = k; "h,_y, h, = (1 — q,) h, for n = 1,2, ...; this implies
10 hy=TTk:'(l—qy), n=0,1,2,..;
=1

(d) the number of all reduced intervals of order n is

.
n

(11) Pn=[lkn, n=0,1,2,...
m=1
Furthermore, it is seen that the quantities v(4,,, ;. _; k,) and a(4;,, ,j._,; Kn> )
depend on n only and we shall denote them simply by v, and o,, respectively; thus

(12) v = (21 — )7 by = (2ks)" hu_y s On = gy,

Finally, let us notice that the distance of two neighboring reduced intervals of
order n, which lie in the same interval of order n — 1, is exactly 24, and that the dis-
tance of any two reduced intervals of order n in any other position is greater than 2g,,.
Therefore the distance of two" unreduced intervals of order n + 1, which are not
included in the same interval of order n, is at least 20,

4. Using the ordering of fhe real line we shall introduce a new indexing for intervals
of the same order. We shall denote by A{® the reduced interval of order n, which lies
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on the I-th place (1 < I < p,)in the ordering from the left to the right; the analogous
notation will be used for unreduced intervals etc. This means that we set

(13) AP =¢0,1y, A" =(j|k) APV, AP =(j| ke qu) 477
with positive integers /', j uniquely determined by conditions

(13" =0V =10k, +j, 12j=<k,.

Let us notice that 1 < I' < p,_y, since 1 £ 1 < p,.

Both the intervals A{” =4, _, and A = 4, , have a common center,
which we shall denote by s{ or s;, ;. Hence

(14) A" = (s = vpy 5V + va)
Agn) = <s§") — Uy =+ Oy, SE") oy vy — 6») = <S§”) - ihm S;") + ihn> .

5. For every positive integer n we define

Pn-1

(15) \l/n = lzl mgn_l)(pdl("'”;"m‘ln i
(16) In = X ¥m>

where ¢ ... are the functions described in Section 2 restricted to the interval <0, 1)
and where each o " Vis either 1 or —1. The choice of these signs is fully arbitrary
and we shall not restrict it anywhere.

Since the reduced intervals of the same order are disjoint, it follows from (15)
that the function ¥, takes the constant value v, or —v, on each reduced interval
of order n and that

(17) max |y(x)| = v, .
0sxs1

Furthermore, it follows from (16) that the function y, is also constant on each reduced
interval of order n with

(18) xrl+1(ij....,]..+1) = lll(ij.....]n) :t Up
if1<j, k..o 1 Sjper S kpyt, and that

(19) max |1(x)| £ ¥ Om-
0sxs1 m=1
6. Further we put
(20) LP = A" x {pa(si) = 00y 2a(sS”) + 00> -
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If we denote by I'{” the boundaries of these rectangles (with negative orientation if
needed), then we have

(@21) () = 4o, + 0,) = 41 + q) v, = 201 — 4.) " (1 + q).
Similarly to Section 4 we shall also use the notation L;,, . ; and I'; ..
If |l —I"| 22, then obviously dist (L, L{”) = 2v, = (1 — g,)"" h,. Let us

consider two rectangles L}, L"), the projections A, 4™, of which are subsets of
the same interval A%:™". Then |1,(s{”) — 7.(s{?s)| = 2v, by the definition of the
function @,¢-vy, 4 and hence dist (L, L{?;) = 2(v, — 0,) = 2(1 — g,) v, = h,.
This means that

(2 dist (L;

Yiseeosdn=1,dn"

L.

J1seeisdn=1,Jn"

)z h
if 1 é]l é kla-”’ 1 é.}.n—l é kn—la 1 é];n _S_ km 1 é]:: é kmjrl: *]:'
7. We desire to find a condition for the validity of the inclusion

(23) L

J1seeosinsdn+ 1

= lnt (Ljh---vjn) S

In virtue of the inclusion 4, c 4,

;. it suffices by (18) when

cosdnsdn+1 »J

(24) Upty + Opyy < 0,
Since vpyy + Gpyy = (2kps1)”' (1 + gp+q) by, and o, = 3q,(1 — g,)" ' h,, the con-

dition (24) is equivalent to k;}'y(1 + g,4,) < (1 — g,)"! g, or, which is the same,
to the condition

(Pl) Kasy > (1 + ‘In+1) (‘1;1 — ).

The choice of k, is not restricted by this. But if we choose k; = 2, then v, + 0, =
= (2k;)"* (1 + q,) < % and any rectangle L") is contained in the rectangle

(25) LY = 0,1y x <—4,%).

In what follows we shall always suppose that the numbers k,, g, are chosen so
that k; = 2 and that the condition (P1) is fulfilled for n = 1,2, ... . We have then
(23) for every sequence {j,} € # and all rectangles L are contained in the rectangle
LY. From (22) we then obtain easily by induction that any two different rectangles of
order n satisfy

(26) dist (LD, LP) 2 b, (I + 1)

(even dist (L{?, L}?) > h,_,, if both rectangles lie in different rectangles of order
n— 1), N !

8. The assumptions made about the choice of the numbers k,, g, guarantee
uniform convergence of the functions y,. Indeed, from (24) we obtain by induction
Upt2 + ooo + Upyp + Opyp < Opyy for any integer p = 2 and hence
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[}
(27) Y 0, S gy + Oy <O,
p=n+1

According to (17) this means exactly that the series Z ¥,(x) is uniformly convergent

on <0, 1) and we put
(28) #(x) = lim z,(x) = Y ¥(x) for xe(0,1>.
n—»00 n=1
We have thus defined a continuous function the graph of which we denote by G, i.e.

(29) G={x+iyx)eC:xe(0,1>}.

According to (27), [x(x) — m(x)| £ ¥ v, <o, and hence (4{” x R)n G <
p=n+1
< int I{P.
9. The rectrictions of the function y to the intervals 4™ are to a certain degree
analogous to the function y itself. Let us introduce some transformations of the

complex plane to describe this analogy which is important in the sequel.
Given positive integers n, I < p, we put

(30) T(w) = hyw + (s — 3h,) + ix(s{” = 1h,)

for any w e C, so that T is a composition of a homothety and a translation. The
transformation T{” maps the interval <0, 1> of the real line on the line segment
A" x 3,(4) and the inverse transfotmation maps the graph of the function y
on the graph of the function ¥{™, which is defined by

(31) 17(0) = b (s + bt = 4)) = st — 3hs)) -

The restriction of the function y{™ to the interval <0, 1) results by an analogous
construction as the function y, if we use the chosen sequences of numbers kns qn
beginning from the (n + 1)-th member. It is namely

(32) 1() = byt Z Wsi” + ot~ 3)).

The inequality (27) implies then the estimate

(33) max Iy""(t)l S by (Vgey + Onrq) < kniy-

10. Definition of compacts H, K. We put

®©  Pn @
(34) H=N U4”=U N4,
n=0 I=1 {nlew n=1
®  Pn ’ @
(35) K=N UL’= U NL,,. >
n=0 I=1 {n}e# n=1
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and further
(36) . HP =Hn A", K® =KL
forn=0,1,2,..;1=1,2,..., p,.
We will prove that
(37 K=Gn(H x R);
this means that K is the graph of the restriction of the function y to the set H. If

.....

< K.

= A,;,._“Jn,). According to Section 8 it follows that x + ix(x)e N L;,.,. ;.-
n=1 n=1

This means that G n (H x R) = K. On the other hand, if x + iy € K, then there

oo} @
exists a sequence {j,} € # such that x + iye () L. ;. Hence xe () ;..
n=1

n=1

wsin”*
Since 4,0, ;.. ,» © Aj»,.j.» » it follows that x e H. Further, it holds |y — x,(x)| =
= Iy — n sj,",_wj'_u)l < 0,, which implies y = lim y,(x) = x(x). This means that
n—»o0
x + iyeG. Hence K =« Gn (H x R).
It can be shown similarly that

(38) K" =Gn(H" x R)

for any n, Il £ p,.

III. PROPERTIES OF THE OBJECTS CONSTRUCTED

1. Linear measures of H and K. Since the reduced intervals of order n are disjoint,

it holds

H(U 4" = pihy = T1(1 - 4a),
and hence |
(®) ) = T1(t - aw).

Now we shall compute the linear measure of K. Let ¢ > 0. Since diam L” =
=2} + 03)"% = 0,(1 + g2)'* = k; 'k, o(1 + 43)',
n—-1

(40) H#(K) = (1+¢2)"?]] (} ~ qm)

m=1-
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holds for any n large enough. Hence [](1 — g,) = 0 implies 5#,(K) = 0, because
m=1

4,€(0,1). If [](1 — g,,) > O, then limg, =0 and (40) implies #(K) <
m=1 T

ce) 0
= ];[l(l — g,)- In each case by making ¢ » 0+ we obtain #(K) =MI;[1(1 = qm)

According to (39) we have thus #(K) < #(H). The opposite inequality is a con-
sequence of (37), since the linear measure does not increase by the orthogonal projec-
tion. Combining these facts we get

(41) H#(K) = #(H) = H(l — 4n) -

2. Decomposition of a function holomorphic on C \ K. Given a complex function f
holomorphic on C\ K such that lim f(z) = 0 we define functions f(" n =0, 1,...;

zZ— ®©

1=1,2,..., p, holomorphic on C\ K{ in the following way: If z € C \ Li”, we put
p

42) 50 = i)t [ LD g,

rm C -z

and then we continue this function holomorphically to C\ K{”. The functions f
vanish at co and

(@) 16) = $.£(2)
on C\ K.

3. Uniform boundedness of ™. We shall assume that the function f established
in the previous section is bounded and we set || f| = escu\lla( |f(2)|. 1 ,..ljx(l — qm) =0,
then K has zero linear measure and f vanishes everywhere by the result of Painlevé
cited in Introduction. Thus we shall assume that H (1 - g,) > 0. Thenlim g, = 0

| Sad- ]

and there exists g* = max g, < 1.
n=1,2,..

Let us fix positive integers n and I < p,. If I’ & I and z e L, then (21), (26) and
(12) imply the estimates

(44) 1F(2)| < @)= | £] (dist (L, L))~ 2(T) <
< (20)7* |f] B '(1 = 47t 2ha(L + g,) < 20711 (1 - q*)7.
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Let us set further
(45) : f"(2) = 1(2) - f™(2)

for ze C\K and let us continue this function holomorphically to (C\ K) u K{™.

Pn
On I'™* = () I'Y we have by (44)

I'=1
'+l

H# 1l

(46) 7@ = 1]+ 20711 - ¢%)7Y).
Pn
Since lim f{"°(z) = 0, the same estimate holds on C\ L with L = () L.
= £
This implies
(47) [72@)| < 20/] (1 + =74 (1 = ¢%)7)

on C\ L\ K{", since f{”(z) = f(z) — f{”(z) on this set. On L>* we have the
estimate (44), hence (47) holds on the whole set C\ K{.

4. New integral representation of f{™. Retaining our assumptions and notation
we put

(48) MHP) = (2ni)~* f(Q)d¢

for every admissible n, I. Let us show that we can extend the set function A to a com-
plex measure with support in H.

e
For x € €0, 1> \ H let n, be the smallest n such that x ¢ () 4{™. Let us further denote
1=1

by J™ the set of all I’s such that the interval 4{” precedes x. Since

kn+1
(49) MHj,,....;) =,-;1 MH;, .. jn.i)
the value of Y. A(H{") is independent of n for every x € (0, 1)\ H and n 2 n,.

leJ (™

We can thus define a function P on <0, 1) \ H putting

(50) P(x) = ¥ AH"),

leJx(™
where we choose n = n,.

Let x, ye<0,1>\ H, x < y. If we choose n = max (n,, n,), then
P(y) - P(x)= ¥ ("),1(H§">) with J7) = S\ I,

ledx,y
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and hence L
[PO) = P)| < 3 JMHD)| < @) If| E ).
But #(I") = 2(1 — ,)7* (1 + g,) #(4{) by (21) and, consequently,

[P(y) = P(x)| < ==Y f] (L — gn)7* (1 + 9) X H(4P) =

€Jx,y(™
< s (1 - g (o - %).

We can thus extend the function P to {0, 1) in such a way that

(51) | [PO) = P()| S 227! £ (1 = g7 |y = ]
holds for every x, y € €0, 1). ‘

The function P is then the distribution function of a complex measure A, which is
absolutely continuous with respect to the Lebesgue measure and the density of which
is, moreover, bounded. This means that there exists a bounded complex function p
on the interval <0, 1) such that

(52) P(x) = J' ") dt

for every x € (0, 1)>. Since P is constant on each interval contiguous to the set H,
we can suppose that p(x) = O for every x € R\ H. Then

() Amw=jpmm=mwj @)t

A Irm
for every admissible n, .

For fixed n, I and z € C\ L{” let us examine the sums Y A(H{™) (s{™ + ix(si™) —
—z)~!, where m is large enough and !’ are indexes such that H{™ < A{". We find
out that

(54) () = f ..
: am X +ix(x) — z
5. Removability of singularities on K. Now let us prove that K is a set of removable
singularities for bounded holomorphic functions. If K has zero linear measure, then
this is true by a result of Painlevé as we have mentioned above. If K has a positive
linear measure, then it suffices to show that the bounded function f examined in the
previous sections vanishes everywhere. Since we have

1
(55) ﬂ@=j——ﬂﬁ_.u
: 0o X +ix(x) —z -
as a special case of (54), it suffices to show ‘that the function p vanishes almost
everywhere on R. S ; s - _
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For n, I fixed let us change the variable in the integral (54) setting
(56) . x = S{"(t) = hyt + s — }h,.

The function S{* is the real part of the function T from (30) and it maps the in-
terval <0, 1) onto 4{™. Every function f{ will thus be expressed by an integral over
the interval <0, 1). Using the substitution (56) we get

040)
57 w(z) = [ —HSW) g gy,
(57) 570 = [y & = F)
where y{" is defined by (31) and z = T{"(w). From Section 3 it follows that the func-
tions F", n = 0,1,...; | = 1,2, ..., p, are uniformly bounded on C\ L.
Let-x, € H be a Lebesgue point of the function p. For every positive integer n we
denote by I, the index for which x, € 4{”. Then

FO() = plxa) j e

t—w

1
5 (dist (w, L(f)))-*j IS0 — pxo)| dt +
0

1
1 _ 1 af <
o\t +ix(f) —w t—w

< (dist (w, L))~ b;* J. |p(x) = p(xo)| dx +

41,0
f)

+ |p(xo)|

+ Jp(xo)| (dist (w, 1))~ max i
0<st=s1

for every w e C\ L. According to (33) we have thus

(58) FIO(w) - p(xo)j: d

t—w

=

< (dist (w, L) b7 ! j |p(x) — p(xo)] dx +

a1,
+ k,,',,‘ll p(xo)l (dist (w, I))~2.
Sincelim g, = 0, (P1)implieslim k, = 0. Using further the fact that x, is a Lebesgue

n=* n—w

point of p we infer from (58) that

. !

(59) Tim F(w) = plxo) I L

Since the functions F{™ are uniformly bounded on C\ L, the function p(x,).
. & (t — w)~! dt must be bounded there, too. But f5(t — w)"'dt =In(1 — w™!)
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for every w < 0 and this function is not bounded on (— oo, 0). This means that

p(x0) = 0.
Since p vanishes on R\ H and p(x) = 0 at every Lebesgue point x € H, p vanishes
almost everywhere, g.e.d.

6. Modulus of continuity of y. Finally, let us prove the following assertion:
Let w be a positive function nondecreasing on (0, 1) such that

(60) lim w_‘(sa—) =0, w(0)=w(0+).

Then for every choice of numbers g, € (0, 1) there exist positive integers k, satisfying
(P1) such that '

(61) |(x) = 2O)| = ollx - y])

for the corresponding function .
[}
For this purpose let us choose the numbers ¢, > 0,n = 1,2, ... suchthat } ¢, < 1.
n=1

According to (60) we may then fix numbers 8, > 0 such that

(62) 8 < g,c, ()

if 0 < 8 £ 9,. Finally, we choose by induction integers k, such that (P1) holds and
2 6, < O, that is

(P2) k, 2 5;lqnhu-1 .

Then |y(x) — Ua(y)| g 'x — y| S cuof]x — y]) if |x - y| < 20,, and
[¥a(x) = ¥a(¥)| < 20, = q; " 20, < ¢, @(20,) £ ¢, 0(]x — y|)if |x — y| 2 26,. This
means that

(63) [Valx) = ¥a(3)] = caeo(x — )
for every x, ye <0,1), n = 1, 2, .... By adding up we get
(64) x(x) = 2()] = @lfx - )

for every x, y € €0, 1).

7. Notes. a) Choosing () = 6(In (™) + 1) in the previous section, we obtain
a function the modulus of continuity of which is of order o(6%) for every « € (0, 1).

b) An essential role is played by the set K. The function y can be modified in such
a way that it may be affine on the intervals contiguous to the set H. Its modulus of
continuity will not “become worse” by this modification.

145



References

[1]1 L. Ahlfors: Bounded gnalytic functions, Duke Math. J. 14 (1947), 1—11.
[2] A. Denjoy: Notice sur les travaux scientifiques, Paris, Hermann, 1934 (in A. Denjoy: Articles
et Mémoires II, Gauthiers-Villars, Paris, 1955, pp. 983—1078).
(3] J. Fuka, J. Krdl: Analytic capacity and linear measure, Czech. Math. J. 28 (1978), 445—461.
{4] T. W. Gamelin: Uniform algebras, Prentice-Hall 1969. )
[5] J. Garnett: Positive length but zero analytic capacity, Proc. Amer. Math. Soc. 24 (1970),
696 —699.
{6] J. Garnett: Analytic capacity and measure, Lecture Notes in Math. vol. 217, Springer-Verlag
1972.
{71 L. D. Ivanov: Ob analiti¢eskoj jemkosti lingjnych mnoZestv, Uspechi mat. nauk 17 (1962),
No 6, 143—144. :
[81 L. D. Ivanov: O gipotéze DanZura, Uspechi mat. nauk 18 (1963), No 4, 147—149.
[91 L. D. Ivanov: Variacii mnoZestv i funkcij, Nauka, Moskva 1975.
[10] M. S. Mel’nikov, S. V. Sinanjan: Voprosy teorii pribliZzenij funkcij odnogo kompleksnogo
peremennogo, Sovremennyje problemy matematiky 4 (1975), 143—250.
[11] P. Painlevé: Sur les lignes singuliéres des fonctions analytiques, Ann. Fac. Sci. Toulouse,
Sci. Math. et Sci. Phys. 2 (1888) 1—130.
{12] Ch. Pommerenke: Uber die analytische Kapazitit, Archiv der Math. 11 (1960), 270—274.
[13] N. A. Sirokov: Analiti¢eskaja jemkost’ mnoZestv blizkich k gladkoj krivoj, Vestn. Lenin.
univ. 4 (1973), No 19, 73—178.
[14] A. G. VituSkin: Analiti¢eskaja jemkost’ mnoZestv i n€kotoryje jejo svojstva, Doklady AN
SSSR 123 (1958), 778 —781.
[15] A. G. Vituskin: Primer mnoZestva poloZitél’'noj dliny, no nulevoj analiti¢eskoj jemkosti,
Doklady AN SSSR 127 (1959), 246—249.
[16] A. P. Calderdn: Cauchy integrals on Lipschitz curves and related operators, Proc. Nat.
Acad. Sci. USA 4 (74) 1977, 1324—1327.
[17]1 A. M. Davie: Analytic capacity and approximation problems, Trans. Amer. Math. Soc. 171
(1972), 409—444.
[18] V. P. Havin, S. J. Havinson: N&kotoryje ocenki analiti¢eskoj jemkosti, Doklady AN SSSR
138 (1961), 789—792.
[19] V. P. Havin: Grani¢nyje svojstva integralov tipa Kos$i i garmoniceski soprjaZzennych funkcij
v oblast’ach so sprjaml’ajemoj granicej, Matem. sbornik 68 (110) 1965, 499—517.

Author’s address: 166 29 Praha 6, Thakurova 7 (Ceské vysoké udeni technické).

146



Casopis pro péstovini matematiky, rot. 105 (1980), Praha

DER VERALLGEMEINERTE LJAPUNOVSCHE OSZILLATIONSSATZ

Jikf HNILICA, Praha
(Eingegangen am 4. Oktober 1977)

In dieser Arbeit untersuchen wir die lineare homogene verallgemeinerte Differen-
tialgleichung mit periodischen Koeffizienten (siche [2])

(H) ©dx =d[4,]x,

wobei x = (x,, x,)* eine Vektorfunktion und A,(s) eine 2 x 2-Matrix der Form

40 = (a0, 0)

sind. Seien ferner @ eine reelle Funktion mit lokal endlicher Variation im ganzen
Interval (— o0, +0) und A € C ein Parameter. Die Matrix A,(s) der Gleichung (H)
ist eine w-periodische Funktion im ,,integralen‘ Sinn, d. h. es gibt soeine konstante
2 x 2-Matrix C,, dass die Gleichung '

Ay(s + ) — Ays) = C,

fiir alle s € (— oo, +00) gilt. Unter einer Lésung von (H) in einem Interval <a, b)
verstehen wir soeine Funktion x(t) = (x,(t), x,(t))* : (@, b) — R,, fiir welche die
Gleichung x(u) = x(t) + (4 d[A,(s)] x(s) fiir alle u, t € <a, b) gilt, wobei das Integral
in der letzten Gleichung das Perron-Stieltjesche (oder dquivalent das Kurzweilsche)
Integral ist (siche [6]). Das so definierte System (H) ist eine Verallgemeinerung der
Hill’schen Differentialgleichung mit einem multiplikativen Parameter A, X + A p(f)x =
= 0(siehe[8]), wobei p(t) eine in R definierte, w-periodische und integrierbare Funktion
ist. Wenn man &®(s) = [; p(t) dt setzt, a € R, dann ist die Gleichung (H) mit der
entsprechenden Matrix A,(s) der Hill’schen Differentialgleichung % + 4 p(t) x = 0,
dquivalent. Das System (H) erfiillt die Existenz- und Eindeutigkeitsbedingungen
im ganzen Interval (— 00, + o) (siehe [1]). Fiir das System (H) gilt auch die Verall-
gemeinerung des Fundamentalsatzes der Floquettheorie (siehe [1]) der im klassischen
Fall gut bekannt ist. '

In dieser Arbeit zeigen wir, dass die Verallgemeinerung des Ljapunovschen
Oszillationssatzes (siche [5]), der im klassischen Fall das Verhalten der Lésung der
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Gleichung (H) in der Abhéingigkeit vom Verlauf des Parameters A ganz charakterisiert
(siehe [5]), gilt. Zuerst beweisen wir einige Behauptungen. Der triviale Fall &(s) =
= const wird in der Arbeit ausgeschlossen. Eine wichtige Role hat bei der Unter-
suchung der Gleichung (H) die sog. charakteristische Funktion A4(4) der Gleichung
(H), die dhnlich wie im Kklassischen Fall definiert ist, d.h. A(1) =  Tr X(w, 1),
wobei X(w, ) die Monodromiematrix der Gleichung (H) ist. Es gilt folgendes
Lemma.

Lemma 1. Sei —1 < A(Ay) < 1 fiir g€ R. Dann sind alle Losungen der Glei-
chung dx = d[A,,] x beschrdnkt. '

Beweis. Nach Lemma 2 in [8] hat die charakteristische Gleichung der Mono-
dromiematrix X(, Ao) des Systems dx = d[4,,] x folgende Form

0> — 24(A)e +1=0,

wobei 4(4) die charakteristische Funktion des Systems (H) ist. Also ist es klar, dass
es zwei komplexvereinigte Multiplikatoren ¢4, ¢, der Gleichung dx = d[4,,] x
gibt, so dass |o,| = |e,| = 1 ist. Nach Lemma 1 in [8] folgt, dass alle Losungen des
Systems (H) beschrinkt sind; dass Lemma 1. ist bewiesen.

Lemma 2. Sei X(t, A), X(0, ) = E die Fundamentalmatrix der Gleichung (H).
Dann gibt es stetige Funktionen C,(1), C5(1), so dass folgende Abschitzungen
gelten.

(i) 1X(, D] < 2.C,() @,

(i) var (€0, £); X(1, 1)) < 4 C4(4) . C,(2) £1P-22H
fiir alle te {0, w), A€ R.

Beweis. Diese Ungleichungen ergeben wir leicht durch eine unmittelbare Anwen-
dung des Satzes III. 1.11 von [1].

Satz 1. Sei x(t, 1) = (x4(t, &), x,(t, A)) eine beliebige Losung der Gleichung (H).
Dann ist x(t, A) unendlich differenzierbar in A, d.h. fiir jedes k € N gibt es x{(t, 1),
x§t, 2), t€<0, w), A€ C, wobei der obere Index ke N, die k-te Ableitung nach
A€ C bezeichnet.

Wenn wir x®(t, 2) = (x{(t, ), x§(t, A)) bezeichnen, dann ist x®(t, 2) eine
Ldsung der Gleichung .

(G) dx® = d[4,] x® + dg,,
wobei
0

_ t
ot 2) = | _ J' x40 (5, 1) d(s)
0
ist. Dabei ist die Anfangsbedingung x*(0, ) = 0, A e C t € €0, w) erfiillt.
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Bemerkung. Von (G) folgt, dass x{(t, ) = [ x$(s, 4) ds ist, also sind alle
Funktionen x{(t, 1), k = 0, 1,2, ... im ganzen Interval <0, w) fiir alle 4 € C stetig.

Beweis. Sei x(t, ) = (x,(t, 4), x,(t, A)) eine beliebige Losung der Gleichung (H).
Offenbar konnen wir voraussetzen, dass fiir die Losung x(t, 1) die Anfangsbedin-
gungen x,(0, 1) = 1, x,(0, 1) = O gelten. Mittels Induktion zeigen wir, dass alle
Ableitungen x{(t, 4), x§°(t, &), ke N, te <0, w), 1€ C existieren. Aus der Glei-
chung (H) ergibt sich

(1.1) x(t,A) =1+ J:xz(s, A)ds,

x,(t, A) = —AJ‘;xl(s, A)do(s), te0,w), AeC.

Sei Ay € C eine beliebige komplexe Zahl. Nach (1.1) gilt

(12) xy(t, A) = x4(t, Ao) _ %25 4) = x(s, 4o) ds.
A=A 0 -
xz(t, l) = xZ(t, }'0) = _A ‘xl(s, )-) = xl(S, A.o) dQ(s) _
A— )"0 0 A= 0

‘ .
—fxl(s,lo)d¢(s), AeC, A%y, te{0,m).
0
Wenn wir z(t, 1) = [x(t, A) — x(t, A9)]/(2 — Ao) bezeichnen, ergibt sich nach der
Gleichung (1.2), dass z(t, 1) eine Losung der Gleichung
(1.3) dz =d[4,]z + dg,
0

te {0, w)

ist. Betrachten wir jetzt die verallgemeinerte Differentialgleichung
(1.4) dz =d[4,]z + dg,
0

9= _ J:xl(s, Ao) d(s) |”

Nach dem Existenzsatz (siche [1], III. 1.4 Theorem) bekommen wir, dass z(t, 1),
2(0, 2) = 0 und z*(t), z*(0) = 0 Losungen der Gleichungen (1.3) und (1.4) sind.
Fiir deren Differenz ist
(1.5)
t t
2,4) = 240 = [ 4] 60, ) = 26 + [ AA0) - 4 26).

te 0, w).
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te (0, w), Ae C, A + Ay. Nach (1.5) sehen wir, dass die Funktion w(t, 1) = z(t, 1) —
— z*(t) eine Losung der Anfangsaufgabe

16 - dw = d[4;]w + dh,
h,2) = [[aA0) = 4,916,
w(0,4) =0

ist. Mit Hilfe des Satzes II1. 2.14 in [1] erhalten wir folgende Beziehung

wn w(t, 4) = h(t, A) — X(1, 4) J;d,[X“(s, 0] s, ),

wobei X(t, 1) die Fundamentalmatrix der Gleichung (H) ist. Nach (1.7) gilt also die
Abschitzung

8 (el 3 146 Al + XA [ 8D 146,

Nach dem Abschitzungssatz fiir das Perron-Stieltjesche Integral (siche [9], Kap. I1)
erhalten wir

(19) [Ae ] < sup [2*()] var (<0, 15 A(5) = Ai(s) -

Da aber die Losung z*(s) der Gleichung (1.4) endlicher Variation ist (siche [1]),
folgt nach (1.9) weiter

(1.10) (e, 2)|| < C|2 = | var (€0, w); @),

wobei C >0 eine Konstante ist. Seien C,(4), C3(4) die im Lemma 2 bestimmte
Funktionen. Dann gilt folgende Ungleichung

(1.11) |X(t, 2)]| <2 Cy(2) PP, 1e0.0), |2 | <5,

wobei 6, > 0 ist. Ahnlich wie (1.9) bekommen wir

(1.12)

[lalx 16,0746 2)| < sup [ Al var (0,337,
Ferner ist nach Lemma 2. v

(1:13) var (<0, £); X 1) £ 4 Cy(2) Cy(2) 1P,

Nun geben (1.10) (1.11), (1.12), (1.13) und (1.8) dic Ungleichung

(1.14) _ Iw(t, 1)] = ClA — 4| var ({0, @); @) .

| [ + 8 G C) e,
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fiir jede t € (0, w). Nach der Definition der Funktion w(t, ) ist offenbar x(*)(t, 4,) =
= z*(1), t € 0, w). Jetzt gibt die Eindeutigkeit (siche [1]), dass x{*)(t, 1,) eine Losung
der Gleichung

dx® = d[4,,] xV + dg,
x(l)(o, Ao) = 0

ist. Weil A, € C beliebig gewéhlt wurde, bekommen wir die Giiltigkeit des Satzes
fir k = 1.

Also setzen wir jetzt voraus, dass der Satz fiir k € N gilt. Wir zeigen die Giiltigkeit
des Satzes fiir k + 1. Nach der Induktionsvoraussetzung bekommen wir &ahnlich
wie im ersten Fall folgende Beziehung

(1.15) X1, 2) — X8, 40) _ f‘xgk’(s, 2) = %8s, o) 0,
A - )‘0 0 A - /10
xP(t, 1) — xP(t, Ao) _ £ x{(s, ) — xO(s, 4o) i
A- 10 0 A— /10
(k 1) _ (k—1) _
_ x(k)(s i) + i X (s, 4) — x{ (s, 4o) d0(s)
0 )» - j.o

fir te (0, w), AeC, A + A, wobei 4, € C eine beliebig gewahlte Zahl ist. Nach
(1.15) folgt, dass
x®(1, 1) — xW(t, 4,)

2(t, A) = —
— 4o

die Losung der Gleichung
(1.16) dz =d[4,]z + dg,
' 0

g(t, /1) = _J [ (")(s 1 ) o k (" 1)(s /13‘ : :'(1"—1)(5, Ao):l d¢(s) s

fiir t € €0, ), A€ C, A % A, ist. Betrachten wir jetzt die Gleichung
(1.17) dz* = d[4,,] z* + dgxss » '
. _
Gurilt 20) = | _(x 4 1) J' (s, 1o) d0(s) |

Ahnlich wie im ersten Teil des Beweises zeigen wir, dass die Differenz w(t, 1) =
= z(t, A) — z*(f) eine Losung der Gleichung
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(1.18) dw = d[4,]w + dh, w(0,2) =0,

h0,) = [ aT4) = 9] 46) + 1.2,

H(t, 1) = (Z J' '[x‘,"’(s, 30) - x¢ (s, 4) = x§F 71, lo)] d¢(s))

j.—).o

fiir te (0, ), A€ C, A £ A, ist. Durch gleiches Verfahren wie im ersten Fall erhalten
wir die Abschétzung

(19) (e D] <[4, A + e A | [ apx- 6 186 8]
te{0,w), 1eC, A+ );o, wobei X(t, 1), X(0, 1) = E die Fundamentalmatrix der
Gleichung (H) ist. Nach (1.18) folgt

(1.20) Ih(e, DI < €2 - 1| var (€0, @3: ) + |i(t D]

wobei C > 0 eine von A unabhéngige Konstante ist. Die Beziehung (1.18) gibt
(1.21)

EG, 2)] < K j

Mit der Hilfe des Osgoodschen Konvergenzsatzes (siche [9]), erhalten wir
(1.22) lim |H(t, A)| = 0, gleichmassigin te <0, w).
A=do

k-1) . J(k-1)
%8(s, 1o) — xF (s, 4) — x§
l - Ao

(5 20)| 4 var (€0, s3; @).

Also es folgt nach (1.20) und (1.22)

(1.23) }ililo |A(t, A)] =0, gleichmissigin e {0, @) .

Im ersten Teil des Beweises wurde gezeigt, dass fiir die Fundamentalmatrix X(t, 2)
in der 6,-Umgebung des Punktes 1, die Abschitzungen

(1.24) |x( 2| < C <

(1.25) var (€0, t); X~ !(s5,A)) S D <

fir t €0, ®), |4 — Ao| < 8, gelten, wobei C >0, D >0 von A unabhingige
Konstanten sind. Mit Hilfe des Abschitzungssatzes fiir Integrale und nach (1.24)
erhalten wir

(1.26) 10 A - | ax=46. 91465, )| =
s ¢ 1o Dl 4 var (0. X1 ).
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Also nach (1.23) und (1.26) gilt folgendes:

(1.27) Zu jedem & > 0 gibt es ein & > 0, so dass die Ungleichung

< C.e.var (€0, 0); X~(s, 2)) ,

e A1 | [ ax 6 ] s 2

fiir alle t € {0, w), |). - lol < 6 gilt. Hiervon und von (1.25) folgt

| j 4LX (s ] s, )

fiir alle 1 € (0, w). Nach (1.28), (1.19) und (1.21) ist also offenbar lim w(t, 1) = 0,

A—=2o
te (0, w). Nach der Eindeutigkeit der Losung und (1.17) ist es klar, dass
x**1)(1, A,) = z*(t) eine Losung der Gleichung

(1.28) tim (. 2

o

dx®*D = d[A4, ] x**D + dg,sy, x*¥D(0,40) =0,
0
_ t
gt d) = o, j "0, 1) )

ist. Weil A € C beliebig gewdhlt wurde, ist der Beweis des Satzes abgeschlosssen.

Bemerkung. Im ersten Teil des Beweises zeigten wir, dass x(¢, 1) die erste Ab-
leitung nach 4 € C hat. Also ist x(t, A) eine analytische Funktion von 4 in der ganzen
komplexen Ebene und dadurch ist es ersichltich, dass alle Ableitungen dieser Funk-
tion von A existieren.

Lemma 3. Die charakteristische Funktion A(A) der Gleichung (H) ist eine ana-
ytische Funktion.

Beweis. Weil nach der Definition A(1) = 4 Tr X(w, 1) = ¥(x;;(@, ) + x,5(w, 4))
ist, folgt die Behauptung unmittelbar von dem Satz 1.

Lemma 4. Sei @ eine monotone, von links stetige Funktion. Dann kénnen wir die
charakteristische Funktion A(4) in der Form

AX)=1— A+ A — ..., AeC

ausdriicken. Dabei gilt

a) A, >0, n =1,2,... fiir nichtfallendes ®,

b) 4, <0, n =1,2,... fiir nichtwachsendes ®.
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Beweis. Wir beweisen lediglich die Behauptung a), der Beweis der Behauptung
b) ist analogisch. Sei

(4.1) X(1, 2) = (;‘:g 3 i :g fg) x(0,2) = E

die Fundamentalmatrix der Gleichung (H). Anhnlich wie im klassischen Fall kann
man die Matrix X(¢, 1) durch die Reihe

(42) X(t,2) =Y K1), te0,0), ieC
=0

ausdriicken. Dabei konvergiert diese Reihe absolut und gleichmaissig in t € {0, @)
und A€ C, |A| < 4, wobei 4 > 0 eine beliebige Zahl ist. Ferner gilt

43) Ko(t, ) = E,
K1, 1) = J:d[Al(s)] Kyoi(ssd), j=1,2,....

Von (4.2) und (4.3) bekommen wir durch eine Berechnung die Beziehung

o0

(4.4) X4 =Y (-1 v,
wobei "
HOR A
A = (3%8, wfgg)

dabei konvergiert die Reihe gleichmassig in ¢, A fiir ¢ € <0, ®, |4| < 4, 4 > 0. Die
Funktionen x(t, A) = (x,(t, 2), x5(, 1)) und y(t, 1) = (y4(t, 4), y,(¢, 2)) sind offenbar
Losungen der Gleichung (H). Nach (4.1) und (4.4) folgt

4.5) x(t, A) = @ot) — A oy(t) + A2 0(1) — ...,
Wt A) = Yo(t) — Ay,(t) + A2 yy() — ...,

wobei ¢,(t) = (¢}(t), @7(1), (1) = (¥ (1), ¥7(1)), j = 0,1, 2, ... ist. Nach der De-
finition der Losung der Gleichung (H) erhalten wir

(4.6) ‘ x(tLA)= 1+ J;xz(s, 2)ds,
) = -AJ:x,(s, 2) dos),
ned= [rene,
)= 1-12 j 3.(5:7) 4905,
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Hiervon und von (4.5) ist

(4.7) (,;5(,)*;: 1,

ox(t) = ﬂ(ﬂcp,t_l(u) d«p(u)) ds, k=1,2,....

Dann gibt der Substitutionssatz und die Integration per-partes (siche [1])

(4.8) e =1, |
i) = [0 = 9 o119 a0(9).
Durch dasselbe Verfahren ergibt sich die Beziehung
(4.9) Y =1,
ORI NCOREOTOTES
Weil A(X) = 3 Tr X(w, 4) ist, folgt von (4.5), (4.8) und (4.9)

(4.10) AA)=1— Ah + A)* + ..., AeC
4, = Hok(w) + ¥iw), n=1,2,....

Da nach der Voraussetzung die Funktion @ nichtfallende ist, folgt mittgls der Induk-
tion von (4.8) und (4.9), dass 4, > O fiir jedes n € N ist. Also ist das Lemma 3. be-

wiesen.

In Weiteren werden wir die Frage der Nullstellen der charakteristischen Funktion
A(A) untersuchen. Wir zeigen, dass die Funktion 4(4) unendlich viele reelle und nur

reelle Nullstellen hat.

Die Gleichung (H) kénnen wir dquivalent in der folgenden Operatorform schreiben:

(H) Lx = 1Qx,
wobei
e (— xa() - xz(o») |
x4(t) — x4(0) oxz(s) ds|’

ox = (] w(s))

0
sind. Betrachten wir die folgende Randwertaufgabe
(1) Lx=10x, (@,4)=0x0,4), ¢cC, o =1.
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Lemma 5. Sei @ eine monotone Funktion. Dann kann die Randwertaufgabe (H")
nur abzdhlbar viele Eigenwerte haben. Alle diese Eigenwerte sind reell und kdnnen
nur einen unendlicher Haufungspunkt haben.

Beweis. Sei X(t, ) die Fundamental matrix der Gleichung (H). Dann kénnen
wir jede Losung x(t, A) dieser Gleichung in der Form x(t, 1) = X(t, 4) x(0, A) schrei-
ben. Die Aufgabe (H"”) besitzt eine nichttriviale Losung, wenn det (X(w, 1) — ¢E) =
= 0 ist. Nach Lemma 3 ist X(w, A) eine analytische Funktion in der Variablen A.
Also bilden die Nullstellen der Funktion F(1) = det (X(w, 1) — ¢E) eine abziihlbare
Menge, die nur unendliche Haufungspunkte haben kann.

Seien A,, 4, beliebige Eigenwerte der Aufgabe (H”) und seien u(t, ;) = (uy(t, 4,),
uy(t, 4,)) und o(t, 4,) = (v,(t, 4,), v,(t, 4,)) die zugehdrende nichttriviale Lésungen. In
Weiteren schreiben wir kurz nur u, v. Es gilt also Lu = 1,0u, u(w, 4,) = g u(0, 4,)
und Lv = 4,Qv, v, ;) = ¢ v(0, A,). Wir driicken die Integrale

f :d[(Lu)'] 5 und j :u’ d[Lv]

aus (der Streifen bedeutet die komplexvereinigte Zahl und der Strich bedeutet den
entsprechenden Zeilenvektor).

Mit Hilfe des Substitutionssatzes (siche [1]) ergeben wir
[Fatinys = - [ o100 + [Japu@100) - [0 noa.

I:u’ d[Lo] = — J:ul(t) dy(f) + f :uz(t) dy(t) - J':u,(:) B,(1) dt

Hiervon und von der Integration per-partes erhalten wir

(5.1 J.:d[(Lu)'] b — I:u’ d[Lv] = u,8,|3 — usdsls .

Weil u, v Losungen der Randwertaufgabe (H”) sind, gilt

(5.2) (@) = e us(0), ua(w) = @ uz(0),
(@) =29,(0), B(w) =g9,(0).

Dann folgt nach (5.1) und (5.2)

(53) J :d[(Lu)’] 5 — J:u" d[Lv] = 0.

~ Weil fiir die Funktionen u, v die Beziehungen Lu = 4,Qu und Lv = 4,Qv gelten,
ist nach (5.3) und mit der Hilfe des Substitutionssatzes
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(5.4) j‘"d[(Lu')]r» - iy j i,
0 0
J.mu' d[Lv] = 1, J'wulﬁl do.
0 0

Hiervon folgt also
(5.5) (A’l - xz)J‘ ulﬁl d¢ = 0 .
0

Legen wir in (5.5) A, = 4, = 4, d.h. u,(t) = v,(¢), wir erhalten dann
(5.6) (- 1) L (ur(t)? d0(t) = 0.

Durch eine kurze Berechnung koénnen wir zeigen, dass [g (uy(¢))* d®(f) + 0 ist
(der Fall @ = const war schon friiher ausgeschlossen). Dann folgt nach (5.6) 4 = 1,
also ist A eine reelle Zahl und dadurch ist das Lemma 5. bewiesen.

Folgerung. Sei @ eine monotone Funktion. Dann hat die Funktion A4(1) — a,
wobei A(4) die charakteristische Funktion der Gleichung (H) und « eine reelle Zahl
—1 = a £ 1 sind, nur reelle Nullstellen.

Beweis. Es ist offenbar, dass eine beliebige Nullstelle 1, der Funktion A(1) — «
gleichzeitig ein Eigenwert der Randwertaufgabe (H") ist. Die Behauptung folgt nun
unmittelbar vom Lemma 5.

In weiterem Satz zeigen wir eine interesante geometrische Eigenschaft der Fun-
tion A(%).

Satz 2. Seien P eine monotone Funktion und A().) die charakteristische Funktion
der Gleichung (H). Sei A, € R ein Stationdrpunkt der Funktion A(2), d.h. A(4,) = 0.
Dann gilt

a) |A(A)| = 1,
b) A(o) . Alh) < O,
wobei wir mit dem Punkt die Ableitung nach der Variablen A bezeichnen.

Beweis. Offenbar konnen wir ohne weiteres voraussetzen, dass @ eine nicht-
fallende Funktion ist. Sei X(t, ) = (x,(t, 1))i,j=1,2» X(0, 1) = E die Fundamental-
matrix der Gleichung (H). Es gilt also

t
(2.1) (A= 1+ J’ x24(s, A) ds,
0
t
xlz(t, l) = J‘ sz(S, ‘.) ds )
0
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X4t A) = —Af;xll(s, 2) do(s),

. t
X3t ) = 1 - AJ- xy5(s, A) do(s) .
N R »
Die Funktionen x'(t, ) = (x;4(t, 2), x24(t, 4)), x*(t, 1) = (x,,(t, 4), x2(t, 4)) sind

also Losungen der Gleichung (H). Nach dem Satz 1 gelten fiir die Ableitungen
x!(t, A), x*(t, A) dieser Funktionen nach A die Gleichungen

(22) di' = d[4,] %' + dH', 3%(0,2) =0,

0
H'() = (— J:xi 1(s, 2) dtb(s))

dx? = d[4,] #* + dH?, %(0,4) =0,

: 0
0=t

fiir t e <0, w) und 1 € C. Wenn wir die Losungen x'(t, 1) und %%(t, ) mit der Hilfe
der Formel fiir die Variation der Konstanten (siehe [1])ausdriicken, ergibt sich nach
(2.2) die Gleichung : )

@) (i;ﬁﬁ% Hi(r) — X(1, z)j; a[x~(s. ] HY(s),

und

X15(t, 4 2 Al arx-1 2
(*ziE:’ a%) = 1) - X0 I a1 A ).
Nach Lemma 2 in [8] ist det X(t, 4) = 1, also gilt

(24) X1, 4) = ( xag(t, A —x1a(t, 1))

—xu(t, A), xu(t, A.) )

Durch eine Bereclmﬁng konnen wir zeigen, dass folgendes gilt:

(2.5) . XA =X(t ). 1),

wobei ‘
= J.ox“ xlzdd) f(xlz) do

J.(xu) do, —‘J‘ X1 X1, dP
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Die Matrix €(t, 1) konnen wir in der Form

(2.6) Qt,2) = J . P(t, A)

0, 1
7= (0

t t
J. (x11)* do, J‘ Xi1 X1, dP

0 0o

t t
J‘ Xqg Xyg dd’,J. (x12)* d®
0

0

schreiben, wobei

und

P(t,2) =

ist. Also ist P(t, 1) = (pi(t, A)); j=1,2 eine symmetrische Matrix. Nach dem Satz 1.
und nach (2.5) ergibt sich, dass fiir die zweite Ableitung X(t, 1) der Fundamental-
matrix

(2.7) X(t, 2) = X(t, 1) (@1, 2) + 2(t, 1))
gilt. Durch kurze Berechnung erhalten wir dann, dass die Gleichung
(2.8) X(t,2) = X(¢, A) (=8(s, 2) E + Q2 ,1)),
5(t, 1) = det P(t, )
gilt. Im Weiteren werden wif einfach P(t, 1) = [ Q(s, A) d&(s) schreit;en, wobei

s 1) = (x14(s, 1)) x4 1(.s, A) o xy5(s, A)
Ofs: 1) (’?1,1(5’ A) - x45(s, 4), (x12(s, "))2)

ist. So werden auch andere Integrale einer Matrixfunction ,,nach der Funktion &
bezeichnet. Sei A, € R eine beliebige reelle Zahl. Fiir den Differenzanteil gilt

t —
(2.9) %[p(t, Ao + ) — P(t, )] = J’ s, 4o + }2 05, 40) 45) .
0
Hiervon und nach dem Osgoodschen Konvergenzsatz (siehe [9]) erhalten wir

(2.10) . B(t, 1) = L'Q(s, 20) dd(s), te{0, ). .

Wenn wir die Matrix Q(s, 4) in der Form Q(s, 4) = X'(s, 4) R X(s, 4), ausdriicken,
wobei R = ((1) g) ist, dann folgt nach (2.10)
T z U : i ¢ ° . ; g
(2.11)  P(1,4) =I X'(s, 2) R X(s,.4).d®(s) + J‘ X'(s, 4) R X(s, 4) d®(s) ,
0 i 0
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fir te {0, w), A€ R, wobei der Strich die transponierte Matrix bezeichnet. Die
Beziehungen (2.5) und (2.6) geben

(2.12) X(s,2) = X(s,2)J f:x'(z, %) R X(z, 7) do(z) ,

X(s,4) = — j :X’(r, 2) R X(z, 2) do(x) . J X'(s, 1) .

Also wir haben nach (2.11) und (2.12) den folgenden Ausdruck fiir die Matrix
B(t, 2):

2.13) B(t,2) = f ; U:(Q(s, )T Q(x, A) — Oz, ) J Q(s, 4)) d¢(t)] da(s).

Durch direkte Berechnung konnen wir feststellen, dass fiir das Element p,(t, 1)
der Matrix P(t, A) die Gleichnung

(2.14) Bealts 3) = J (:dd’(s) [ J' :(x“(s, D)2 (eaale, D) —
= (x44(7, A))* (x12(s, 2))? ddi(‘r)] .

gilt. Hiervon erhalten wir mit Hilfe der Dirichletschen Formel (siehe [9]) die Be-
ziechung

(2.19) pus. ) = [ (a2 [ [ et )7 a0 -
- [ et 27 009 o)

firr te {0, w) und A€R.

Jetzt werden wir die Eigenschaften der charakteristischen Funktion A(A) der
Gleichung (H) untersuchen. Von (2.5) und (2.6) folgt

(2.16) A(A) = 3 Tr X(w, 1) = 3 Ti[X(w, 1) J P(w, 1)] ,
AA) = 3 Tr X(w, 1) = 3 Tr[X(w, 1) (=8(w, ) E + Xw, 1))] .

Sei Ay € R ein beliebiger Stationdrpunkt der Funktion A(Z), d.h. es gelte 4(1,) = 0.
Also ist nach (2.16)

(217)  Tr(XoJPo) =0, wobei Xo = X(w,4) und P, = P, A).

Weil P, eine symmetrische Matrix ist, gibt es soeine orthogonale Transformation T,
. dass die Matrix P, = T~ 'P,T eine diagonale Matrix ist. Es ist sofort ersichtlich,
dass durch diese Transformation die charakteristische Funktion A(4) sich nicht
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andert. Die Matrix X(w, A) = T~* X(w, A) Tist offenbar wieder eine Monodromie-
matrix der Gleichung (H). Ferner gilt nach (2.5) und (2.6) die Beziehung

(2.18) X(w, 1) = X(, 4) (T~1JT) P,

wobei P = T~ P(w, 1) T wieder eine symmetrische Matrix ist. Weil die Eigen-
vektoren der Matrix P, gegenseitig orthogonal sind, kdnnen wir die Transforma-
tion T so wahlen, dass die Gleichungen

I_)O = (le 0 )
0, o,

und T~'JT = J gelten. Dabei sind ¢,, ¢, reelle Eigenwerte. Offenbar gilt det P, =
=det P, und Tr P, = Tr P,. Hiervon folgt (wir bezeichnen p, = p, (@, o),
P2 = Pzz(ws Ao) und p = py,(@, o) = pay(o, Ao))
(2.19) pip2 — P* = 0102,

Py +pr=0; +0;.

Fiir die Elemente p,, p, und p gilt nach (2.6)

(2.20) P = w(xu(t, Ao))? d(1),
P = pm(xu(t, }»o))z d¢(t) .
‘ . n“’x“(t, Ao) - X15(t, Ao) dD(1) .

Die Beniitzung der Cauchyungleichung liefert die Ungleichungen

det P >0, p, >0, p,>0
und also ist

(2.21) 0, >0, 0,>0.
Von den vorgehenden Betrachtungen folgt, dass wir im Weiteren
(2.22) Po=(”1’0), p, >0, p,>0
0, p;
voraussetzen konnen. Weil Tr (X,JP,) = 0 ist, folgt von (2.22)
(2.23) —x15(@, Ag) Py + X31(@, Ag) p, = 0.
Also geben (2.22) und (2.23) sofort
(2.24) x12(@, Ao) X34(®, A49) 2 0.
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Nachdem det X(w, 49) = 1 ist, ergibt sich nach (2.24)
(2.25) ‘ x11(@, Ao) x22(w, 4o) 2 1.
Hiervon und von (2.24) folgt ferner die Ungleichung

[xu(w, Ao) + X32(, AO)I = |x¥l(w, ).o)| + |x22(w, lo)| >
2 2 {/[x11(@- Ao)| V|x22(0; A0)| = 2.

Fiir den Stationarpunkt 1, der Funktion A(4) gilt also
(226) 4G0) 2 1.

dadurch ist der erste Teil des Satzes bewiesen.

Jetzt zeigen wir, dass ein Stationirpunkt A, € R der Funktion A(2) ein lokales
Maximum gibt, solange A(4,) = 1, bzw. ein lokales Minimum, solange 4(4,) < —1
ist. Wir unterscheiden zwei Fille, A(4,) = +1 und dann |A(lo)| > 1.

a) Sei A(d) = +1, zum B. A(4y) = 1. Dann gilt x,,(®, lo) + x,5(@, o) =2.
Die Ungleichung (x,(w, 49) — 1)> < 0, die von der Beziechung (2.25) folgt, liefert
unmittelbar die Gleichungen

(2.27) . xl l(w, lo) = xzz(w, ).0) = 1
und also ist )
(2.28) xlz(w. lo) . le(w, }wo) = 0 .

Hiervon und von (2.22) und (2.23) haben wir
(2.29) xlz(w, Ao) = 0 = le(a), Ao) N

es ist also X, = X(w, Ao) = E. Nach (2.16) gilt ferner die Gleichung A(,) =
= 3 Tr[ - (w, 4) E + Q(, A,)] and hiervon bekommen wir sofort die Ungleichung

“i'(}*o) = ‘5(‘”’ .’lo) = —pp; <0.

Die Beweisfiihrung im restlichen Fall A(1g) = —1 ist dieselbe.
b) Sei A(4,) > 1 (der Fall A(4o) < —1 ist analogisch). Die Eigenwerte g,, 0,
der Matrix X, kénnen wir durch die Formel

(2.30) C e, = Ald) £ /(A(A) - 1)

ausdriicken. Hiervon sind die Ungleichungen 0 < ¢, <1 < g,, ¢, = 1/o, ersicht-
lich. Es gibt also eine Transformation L, so dass L™ 'X,Leine diagonale Matrix ist.
Wir konnen also voraussetzen, dass die Matrix X, der Form

(231) | o= ("" 0 )

0, Qz_
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ist. Nach (2.16) und (2.31) ergibt sich

(2.32) 0 = A(Ao) = (Ql - Qz) p‘z(w, /10) o
Hiervon folgt unmittelbar
(2.33) plz(w, Ao) = 0 .

Eine analogische Berechnung gibt ferner, dass

(2'34) f‘i'('lo) = ‘1‘[—5(60’ Ao) (91 + 92) + Plz(w, lo) (Qx - Qz)]

gilt. Hiervon erhalten wir sofort die Gleichung

(2.35) A(%o) = 3[— (o1 + 02) P11(®, Ao) P22(@; 20) + (01 — €2) Pr2(®, 4o)] -

Weil @ eine nichtfallende Funktion ist, erhalten wir nach (2.15) die Ungleichung

(2-36) Py z((D, lo) =p l(a), )vo) Pzz(w, lo) .

Hiervon und von (2.35) folgt also, dass A(4,) < 0 ist. Dadurch ist auch im zweiten
Fall gezeigt, dass die zubeweisende Ungleichung gilt. Der Satz ist so bewiesen.

Lemma 6. Sei @ eine monotone von links stetige Funktion. Dann hat die charak-
teristische Funktion A(A) der Gleichung (H) unendlich viele reelle und nur reelle
Nullstellen. Die Folge dieser Nullstellen strebt zu Ay = 0.

Beweis. Nach Lemma 5 geniigt es zu zeigen, dass die Funktion A4(4) unendlich
viele Nullstellen hat. Diese Behauptung beweisen wir mittels des Hadamardschen
Satzes iiber die Entwicklung einer analytischen Funktion in ein unendliches Produkt
(siehe [3], Kap. VII, Satz 10.1). Wir zeigen, dass die Ordnung der Funktion A(2)
héchstens 4 sein kann. Es ist leicht zu zeigen, dass die charakteristische Funktion
A(2) der Gleichung

@ sz 2000 )

“und die charakteristische Funktion A(1) der Gleichung (H) gleichartig sind. Die
Losung X(t, 4), X(0, ) = x, der Gleichung (6.1) erfiillt die Abschitzung

(62) 1561 5 ol + [ 16, 0]  var (0,533 £

Nach der Voraussetzung sind die Funktionen A4;(s) und var (0, s); 4;) von links
stetig. Die Beniitzung des Satzes I. 4.30 in [1] liefert die Ungleichung

(63 I5(6 D) = ol o230
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Hiervon ist gleich zu sehen, dass die Ungleichung

. |Z(A)l < e"2rK0,@3;42)
gilt und also ist
(64) 4] s e
wobei
C = (o + var (0, w); ®) < .

Die Ordnung der Funktion A(A) ist also hdchstens 4 und der Hadamardsche Satz
gibt die Produktzerlegung

AG) =TT - 43,

wobei 4;, j = 1,2, ... die Nullstellen der Funktion A(4) sind. Nach Lemma 4. ist
es offenbar, dass die Funktion A(4) unendlich verschiedene Nullstellen besitzt. Das
Lemma ist bewiesen.

Der verallgemeinerte Ljapunovsche Oszillationssatz. Sei @ eine reelle, nicht fallen-
de Funktion, die im ganzen Interval (— oo, + ) definiert ist. Ist weiter &(t + w) —
— 9(t) = c, fiir alle t € (— o, +®), wo ® > 0 und c € R Konstanten sind, so gibt
es eine Folge

0=A0<11§A1<12§A2<...—>00

so dass fiir A€ (A, Ai41), i = 0,1, ... alle Lésungen der Gleichung

@ dx = d[4;]x, A\(s) = (_;’q;(s)’ ;)

beschrénkt sind.

Beweis. Wir zeigen, dass man voraussetzen kann, dass die Funktion @ von links
stetig ist. Sei @ eine beliebige Funktion, welche die Voraussetzungen unseres Satzes
erfiillt. Betrachten wir die Gleichung

(&) ax = d[A] %, As) = ( _Aoé 5 (s))

WO
@(s) = lim &(u)
ist.

Seien X(t, ) = (%,(t, 4), %,(t, 2)) und x(t, ) = (x,(t, 4), x,(t, A)) Losungen der
Gleichungen (H), bzw. (H). Die Definition der Losung der Verallgemeinerten Diffe-
rentialgleichungen gibt unmittelbar, dass x,(t, 1) = %(t, 1), t€ R, A€ C ist. Ferner
ist

M@O—%@0=£n@0ﬂﬂﬂ~ﬂm=xﬁiﬂﬂ0—ﬁtﬂ
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nach [1], I 4, I. 5, da die Funktion ® — & endlicher Variation ist und nur auf einer
abzahlbaren Menge in R von Null verschieden ist. Daher ergibt sich dann sofort,
dass wenn X beschriankt sein wird, so hat auch x dieselbe Eigenschaft.

Sei also @ eine von links stetige Funktion. Dann hat die charakteristische Funktion
A(2) der Gleichung (H) nach Lemma 3, 5, und 6 und nach dem Satz 2, folgende
Eigenschaften: '

(i) A(4) ist unendlich diferenzierbar in A € C,

(ii) es gibt unendlich viele reelle (und nur reelle) Nullstellen 4,, n = 0,1,2,...,
An € €0, +o0) der Funktion A(2), lim A, = + o0 und A(0) = 1,

n-ow

(iii) ist A(Ao) = 0, Ao € R, so gilt [A(4o)| = 1 und A(4,). 4(4,) < 0.
Die Béniitzung dieser Eigenschaften liefert unmittelbar eine Folge
0=Ay<A SA4, <A S4;,...5 00
so dass fiir A€ (4;, 4;44), i = 0, 1,2, ... die Ungleichung
4@l <1

gilt. Also sind nach dem Lemma 1. alle Losungen der Gleichung (H) beschrénkt, wenn
Ae(AyAivy), i =0,1,2,... ist. Der Satz ist bewiesen.

Bemerkung. Die Zahlen A;,,,4;, i =0,1,2,... sind Eigenwerte der Rand-
wertaufgabe Lx = 10x, x(w, 1) = ¢ x(0, 1), ¢ = +1 (siche Beweis des Lemmas 5.)

Bemerkung. Ist A = A;, 4;,4,i =0,1,2,..., so gibt es eine periodische Losung
der Gleichung (H), die die Periode w, bzw. 2w hat.
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RANGES OF a-HOMOGENEOUS OPERATORS AND THEIR
PERTURBATIONS

PAVEL DRABEK, Plzeii

(Regeived October 18, 1977)

1. Introduction. Let us consider the equation
Jx — uSx* +vSx~ + Gx = f

where p and v are real parameters. The properties of the maps J, S, G, x — x*,
x> x~ will be specified in Section 2. This paper continues the investigation in [6]
and offers a generalization of the results contained in [5], [3] and [4]. We also com-
plete some results from [7], Appendix V. In the proofs of the assertions contained
in this paper we use the theory of Leray-Schauder degree. The properties of the
degree used here are taken from [7].

Section 2 is a summary of the main results contained in the paper [6]. In Section 3
we give some applications of the second part of this paper to the boundary value
problems for differential equations, particularly for the nonlinear Sturm-Liouville
equation of the second order and for a certain type of partial differential equations.
Section 4 is devoted to the study of the nonlinear Sturm-Liouville equation of the
second order with constant coefficients. We discuss the existence of weak solutions
of the homogeneous boundary value problem in dependence on the parameters u
and v. In the case of nonexistence of the weak solution we give some sufficient con-
ditions on the right hand side of the equation in order that the boundary value
problem may have at least one weak solution. The methods of the proofs are based
on the properties of the Leray-Schauder degree and on the methods of classical
analysis.

2. Ranges of positive a-homogeneous nonlinear operators-Summary. Let X, Y
and Z be Banach spaces with zero elements Oy, Oy, Oz and with norms |x||x, [|¥|l¢,
||z|| 2, respectively. A subset C of Z is called a cone if it is closed, convex, invariant
under multiplication by nonnegative real numbers, and if Cn (—C) = {0;}. We
suppose that a given fixed cone C in Z has the following properties:
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(Z 1) If z € Z then there exists a uniquely determined couple z*, z~ € C such that
z=2z"—-2z" and z{f —z*€C, z{ —z"e€C for each z{,z{ €C, z =
= z{ — z;.Foreacht 2 Oitis

(t2)* =tz* and (12)" =1z, (—-2)* =2z".

(Z 2) The mapping z — z* is continuous.

(Z3) X c Z and the identity mapping X — Z is continuous.

Let a > 0 be fixed and let J be a mapping defined on X with values in the space ¥,
and suppose that the following assumptions are fulfilled:

(3 1) J is positively a-homogeneous.

(J 2) J is one-to-one, J is continuous in Oy and J~! is continuous.

(3 3)J is odd.

Let S be an operator defined on Z, acting into ¥ and satisfying

(S 1) Sis positively a-homogeneous.

(S2) Sis continuous.

(S 3) The mappings x - Sx*, x — Sx~ are completely continuous operators from X
into Y.

Suppose that G : X — Yis a completely continuous operator. Denote &, ,i(/J, S, G) =
={feY;Ixoe X : Jx, — uSxg + vSxg + Gx, = f} and
A_; = {[u,v]eR?; 3Ixy + Ox:Jx, — uSxy + vSx; = Oy},
A, =R32\A_,, .
A, = {[p v] €Ay d[F; Ky(1), Oy] * 0},
where F:y —» y — uS(J™1y)* + vS(J™1y)", ye¥,
A2 = {[I‘s V] € AO; Q[ﬂ,v](J’ Sa O) ='= Y}9
A3 = {[u, V] ERz; g[,‘_v](.’, S, O) = Y}.
Then the sets A;, i = —1,0, 1,2, 3 are symmetric subsets of R? and the following
assertions are valid: '
(i) Ao is open in R? and moreover, if [«, B] € R?, |o| + [B] < cx(w, V)]s, [, v] € Ao,
then [u + «, v + p] € A, where

c;(p, v) = inf ||Jx — uSx* + vSx7|y >0
lIxllx=1
and

s =lmax{ sup |Sx*|y sup ||Sx7|¢} < +0.
lIxllx=1 lixllx=1

(ii) For [u, v] € A, the set &, ,,(J, S, 0) is ¢losed in ¥.
(iii) A, < A,

(iv) A, is an open subset of R2.

(v) A, is a union of some components of A,.
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(vi) Let T be a component of A, containing a point [4, A] for some real number 4.
Then T < A,.

(vii) Let [u, v] € A; and suppose that

lim sup I6x]e < cy(u,v).
llxllx— "x“‘x
Then #,,(J,S,G) =Y.
(viii) For a given [u, v] € A, there exists c;(y, v) > 0 such that if

lim supﬂg{ll—r < es(w, v)
Islx=o %%
then %, (J,S,G) + Y.
(ix) A, is an open set in R%.
For the proofs of these assertions see [6].

3. Applications to differential equations. In this section we study the question of the

existence of weak solutions of the boundary value problem for the nonlinear Sturm-
Liouville equation of the second order and for partial differential equations of
a certain type.
" Let L(R), C@) denote the usual function spaces on a bounded domain € in the
real Euclidean N-space RY (the boundary 0Q is sufficiently smooth if N > 1) with
norms defined as usual, where p € {1, ) is a real number and k is a nonnegative
integer. Let W*?(Q) and Wy '?(R), respectively, denote the Sobolev spaces (see e.g.
[8], [9]) with the norms

If [|wecocay = ngk ( f ,,I D* f(x))? dx)”"

and
1/p
Ul = 2, ([ |70 ax) ™
al =k 0

respectively. It is possible to prove that the norms | |wx.»o) and |*||wer.rea) are
equivalent on the space Wy,.(2).

Let V be a subspace of the Sobolev space W*?(0, x) which fulfils one and only
one from the following conditions:

(i) v = w20, n);
(i) V = {u e w'(0, m); u(0) = 0} or
V = {ue W0, n); u(r) = 0};
(iii) v = w3 7(0, ).
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In the case (i) the norm |. ||y is supposed to be equal to |- ||p1.5(0,5)» in the cases (ii)
and (iii) the norm |. ||y is equal to |- |wyt.r(0,0)-

Let us suppose in the sequel p2 2. Put X=Z =V, Y =X*and C= {ueX;
u(t) 2 0 for all 1 € €0, m)}. Let a, b, ¢ be real functions defined on (0, 7). Suppose
that a(t) > 0 for all te <0,n) and ae C'(<0,n)), b(t) 2 0, ¢(r) > 0 for all te
€¢0,n) and b, ce C(<0,n)). The real numbers A,, A,, By, B, are supposed to
satisfy the inequalities

Aogo’ Algo’ 80209 Blgo'
In the cases (i) and (ii), we assume moreover b(t) % Oforall t € {0, n) or 4, + 4; >
> 0. Let 4, ¢(t) — b(t) > 0 for all te (0, &), where A, > 0 is the least eigenvalue

of the problem
Ju — ASu = Oy

(the operators J and S will be defined by the relation (3.1) and (3.2) below). The fact
Ay > Ois proved in [7], Appendix V. In the case (i) suppose that

Bo=B, =0 and A, + A, >0

.{leo-Aogo, 4B, — 4,20
ABy — Ay + 1,B, — A; > 0.
Denote
(3.1) (F, )y = ”:[a(:) ()P~ (1) v'(d) +

+ b(t) [u(t)[~2 u(2) v(t)] dt + Ao|u(0)]*~2 u(0) (0) + A, |u(r)[~* u(r) v(r),
(3.2) (Su, o) = ":c(z) ()P~ u(t) o) dt +

+ Bolu(0)[P2 u(0) o(0) + ByJu(m)|?~* u(r) o(r)

(33) (7.0 = [ 70 ) &,

where the symbol (., .)x is used for the duality between X* and X; f € L,(0, =).

3.1. Definition. Let f € L,(0, n) and let
(34) (Ju, v)x — p(Su*, v)x + W(Su~, v)x = (F, v)x

_hold for each ve V. Then u is called the weak solution of the nonlinear Sturm-
Liouville equation of the second order with the right hand side f.

Y
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3.2. Lemma. The operators J and S satisfy the conditions (J1)—(J 3) and
(S 1)—(S 3), respectively, from Section 2.

Proof. The continuity of Némyckij’s operator acting from L,(0, n) into L0, )
(¢ = p/(p — 1)) and the continuity of the imbedding from W*:?(0, ) into C({0, ©))
imply that the operator J is continuous. The conditions (J 1) and (J 3) can be
verified. There exists ¢ > 0 such that

(3.5) (Ju — Jv, u — v)x 2 cfu — v|§
holds for each u, v € X (because the inequality
(=5 = bl ) (= ) 2 el = o

holds for any real numbers x and y with a suitable constant & > 0). From the theorem
of Minty-Browder (see e.g. [1]) we conclude the surjectivity of J. The inequality (3.5)
implies the injectivity of J and the continuity of J~!. The condition (J 2) is verified.
The operator S is a strongly continuous mapping of X into ¥ because the imbedding
from W'?(0, z) into C(0, n}) is strongly continuous. Thus the conditions on the
operator S can be verified.

Let us present some regularity properties of the weak solution.

3.3. Theorem. Let u be a weak solution of the boundary value problem (3.4)
with f € L(0, ). Then u € C*(<0, ). Moreover, if f € C(0, &) then a(t) |u'()|?~2 .
. u'(t) e C'(0, ).

Proof. Using (3.1), (3.2), (3.3), (3.4) and integration by parts we obtain
(3.6) f M(1) v(f) dt = 0,
: 0

where

M(t) = a(t) |u' ()P~ 2 w'(r) -
- j () [~ ) = ) [ F () +

+ve(d) [u@P 2 u(2) — S} de.

The function M(t) is an element of L0, ) (q = p|(p — 1)) and the identity (3.6)
holds for each ve 2(0, n) (where 2(0, ) is the set of all infinitely differentiable
functions with compact supports in (0, x)). It is

=
(3.7) J M ydr =0
. o dt
_ for each ve 9(0, n), where dM[dt denotes the derivative of M(?) in the sense of
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distributions. The expression (3.7) implies M(f) = ¢ almost everywhere in (0, ©),
where ¢ is a constant. Let us denote

F(t, z) = a(t) |z|"‘2 z —
—LMﬂMW”%ﬂ—w@PWW*“@+

+ v (1) |u"(t)|"'2 u~(t) - f(r)}dr — ¢, te0,n), zeR'.

B); the same argument as in the proof of Lemma 3.2 there exists a constant ¢; > 0
such that

(F(t, z,) = F(t,2)) (21 — 25) 2 01|Z1 -z,

for each t € €0, n), z,, z, € R'. This inequality implies for each ¢ € <0, ©) the existence
of z(t) which is determined uniquely and

(3.8) F(t,2()) = 0.

Moreover, the function z(f) is continuous on <0, n). However, from (3.8) we obtain
z(f) = u'(¢) almost everywhere in <0, 7). The proof of the second part of this theorem
is similar to the first one.

3.4. Remark. Let us remark that many other interesting properties can be proved
for the weak solution of the boundary value problem (3.4). Let us mention for
instance that if the function u is a weak solution of the boundary value problem (3.4)
and f = 0 then u and its derivative u’ have only a finite number of zeros in <0, 7).
For the proof see [7], Appendix V.

3.5. Theorem. Let [u,v] =[A+ a, A+ B], where |of + || < cx(A, A)[s (for
¢;(4, A) and s see Section 2). Then the boundary value problem (3.4) has at least
one weak solution u € V for an arbitrary right hand side f € L,(0, n). If f € C(<0, )
then the boundary value problem (3.4) has at least one classical solution in the
sense of 3.3.

3.6. Theorem. Let [p, v] € A, and let g(t, z) be a real function defined on {0, ) x
x R!. Let the function g(t, z) satisfy Carathéodory’s conditions and, moreover,
let there exist a function r(t) € L0, &) so that

o6t 2) £ 70) + el |2
holds for each z e R' and for almost all te(0,n) (¢ = p/(p — 1)).
Then the boundary value problem

(3.9 (Ju, v)x = p(Su*, v)x + W(Su~, v)x + (Gu, v)x = (F, v)x

' has at least one weak solution for an arbitrary right hand side f € L,(0, n). If we
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suppose ¢(t, z) e C(<0, ) x R') and fe C(0, n)), the boundary value problem
(3.9) has at least one classical solution in the sense of 3.3.

3.7. Remark. The last expression on the left hand side of (3.9) is defined as follows:
(Gu, v)x = J g(t, u(t)) vo(t)dt, u,veX.
0

To prove Theorems 3.5 and 3.6 means nothing else than to verify the assumptions
from Section 2.

3.8. Remark. Similar theorems about the existence of weak solutions of the
boundary value problem (3.4) or (3.9), may be formulated for the nonlinear Sturm-
Liouville equation of the fourth order (for operators J and S see for instance [7],
Appendix V).

Let k be a positive integer, @ = R" a bounded domain (N = 1) with a lipschitzian
boundary dQ if N > 1. Let a;; € Ly(®), a;; = aj; (i and j are multiindices). Suppose
there exists a constant y > 0 such that

(3.10) Y, ay(t)nm; 2 vlilzkn?

lil=1jl=k
for all n;eR!, lll =k, and almost all teQ. Put X = W5'3(Q), Y= X* Z =

= L,(2), C = {f € Ly(Q); f(t) 2 0 for almost all t € Q}. For c € L,(R) define the
operators J and S:

(3.11) (Ju, v)x =|i|=%l=k na,,(t) D' u() D’ o(t) dt
and

(3.12) (52, 9)x = f (1) 2(1) o(d) dt
Q2
forall ueX, veX*, ze Z.
3.9. Definition. Let f e L,(®) and let g(t, z) be acting from @ x R! into R' and

satisfy Carathéodory’s conditions. Suppose there exists such a function r(t) € L,(€2)
and a constant ¢, > 0 that

lg(t, 2)| < (1) + cal2]

holds for each z € R! and almost all ¢ € 2. The function u € Wg**(2) is said to be the
weak solution of the Dirichlet problem

(3.13) Y (=1 Di(ay(f) D' u()) — pe(t) u(t) + v o(t) u(r) +

lil=lil=k
+ otu() = 1(), te@,
u(f) =0, teodQ
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if the identity
(3.14) = (Ju, v)x — p(Su™*, v)x + v(Su~, v)x + (Gu, v)x = (F, v)x

holds for all v € W§'*(Q) (the operators G and F are the same as in the special case

= (0. 7).

3.10. Lemma. The operators J and S satisfy the conditions (J 1)—(J 3) and
(S 1)—(S 3), respectively, from Section 2.

For the proof we use the same arguments as in 3.2.
Denote by o(S(J~')) the spectrum of the completely continuous operator S(J~1).

3.11. Theorem. Let the couple of parameters u and v satisfy [u,v] = [4 + «,
A + B], where a, B, A are real numbers such that

le| + [B] < Zdist (A, o(S(JY))) .

Then the Dirichlet problem (3 13) (with g = 0) has at least one weak solution for
every fe Ly(Q).

Proof. The space Y is a Hilbert space and that is why

cy(4, 4) = | 1"nf [Ju — ASu|y = mf "Ju — AS(J~ Y (Ju))|y 2

2 dist (4, o(S(J™1))) inf ||Ju "y 2 ydist (4, o(S(J™1)))
llulix=1
(see e.g. [10]). Now it is sufficient to apply the assertions from Section 2.

4. Nonlinear Sturm-Liouville equation of the second order with constant coefficients.
This section deals with the solvability of the homogeneous Dricihlet problem for the
Sturm-Liouville equation of the second order with constant coefficients. The results
from Sections 2 and 3 are used in the proofs of the assertions of this part and the
the sets A;, i = =1,0, 1, 2, 3 are investigated.

We are concerned first with the initial value problem
@1  —(w@P?w @) — dur@P ut ) + @ um(@) = 1),
u(to) =0y, u'(to) = 0s, te Rl
where a,, a,, t, are real numbers and f e L, ;,(R") (the space of locally Lebesgue

integrable functions on a real line R').

~ 4.1. Definition. Let u be a real function of the real variable, suppose u’ to be con-
tinuous and |u'|P=? u’ absolutely continuous on each compact interval in R!. If
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the function u fulfils the initial conditions in (4.1) and the equation (4.1) holds
almost everywhere in R! then u is called a solution of the initial value problem

(4.1).

4.2. Remark. If fe C(I) for an interval I = R! then |u'|’~2u’e C'(I) and the
equation (4.1) holds for each t e I (see 3.3).

4.3. Remark. Suppose that 4 > 0 and v > 0. It is possible to prove that the con-
dition f € L, ;,.(R") guarantees the existence of a solution of the initial value problem
(4.1) and the solution is determined uniquely. The method of the proof of these
assertions is similar to that used in the theory of ordinary differential equations of

the type y' = f(x, y) (see e.g. [2]).
Elementary properties of the equation

(42 ~(pr ) — ettt e = k

where k is a constant, yield the following assertions.
If the function u satisfies (4.2) and the initial conditions

u0) =0, u'(0)=a,>0
then

(4.3) to = inf {t > 0; u'(f) = 0}
is a finite number and
ut(to + 1) = u*(ty — 1)
for all t € €0, t,).
If , < 0, it is possible to prove that t, defined by (4.3) is a finite number and
u(to +t)=u(to — 1)

holds for each t e €0, ty).
If the function u is a solution of (4.2) with k = 0 and

u0) =0, w(0)=a,=*0

then u is a periodic function with the period ((4,/u)'/? — (4,/v)'/?) = where 4, is the
least eigenvalue of the boundary value problem

(4.9 —(|u’|”"z u) — Alu""z u=0,
u(0) = u(r) = 0.

These assertions based only on the elementary properties of the equation (4.2)
enable us to prove the following theorem.
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4.4. Theorem. All eigenvalues of the boundary value problem (4.4) form a se-
quence 0 < Ay < A, < A3 <...< 4, <...with

limA, = +c.

n-oo
To the least eigenvalue ), there corresponds one and only one eigenfunction u
(we suppose that v'(0) = 1 for each eigenfunction v) Moreover, u(t) > 0 for all
te (0, n). If A,(n 2 2) is an eigenvalue of (4.4) and v, is the corresponding eigen-
function then there exists to € (0, ) such that v,(t;) = 0. To each A, there cor-
responds one and only one eigenfunction v,,.

Proof. Let A € R! be an eigenvalue of (4.4) and let v be the corresponding eigen-
function. Assume (f) > 0 in some right reduced neighbourhood of zero P,(0).
For A < 0 we obtain from the equation (4.4) that

{te(0,m); v(1) =0} =0.
For A = 0 we obtain v = 0in <0, ). This yields the inequality A > 0 for each eigen-
value of the problem (4.4). Denote A, = inf {4 > 0; 1is an eigenvalue of (4.4)}. Using
Remark 4.3 it is possible to prove that the set of eigenvalues of the problem (4.4)
is nonempty. Assume that A, > 0. There exists a sequence of eigenvalues {7,}r-,
a sequence of the corresponding eigenfunctions {w,}x=.; and a sequence of real
numbers {t,}m-, so that limt, = 1, and |t,w,|x =1, m = 1,2, ... There exists

a subsequence {f,, Wm iz and woe€ X such that t,w, —*wy (ie. {tpWm}iz1
converges weakly to w, in the space X). The operator S is strongly continuous and
SO S(tmWm) = Swo and T, S(tmWm) =* 4;Swo. Thus we have J(t,,w,) -
—X* 2,Sw,. In virtue of the continuity of the operator J 1, it is oW —¥* w, and so

Wo — )-ISWO = 0 .

It is proved that A, is an eigenvalue. For A, = 0 it is J(t,,Wn,) =~ Oy and so
tmWm, =~ Ox Which is a contradiction with |t,, w,,[x = 1. So we have 1, > 0.

Let u, be the eigenfunction corresponding to 4,. Suppose there exists such te
€ (0, =) that u(t) = 0. Choose t, € (0, ©) so that t, = min {t € (0, ©); u(t) = 0} (this
step is senseful according to 3.4). Define

ﬁ(t)=u(i—°t), te0, ).
. Tt ] - -

—(| P2y - (%)p A|a]-2 @) =
#(0) = a(m) = 0

which is a contradiction with the fact that 1, is the least elgenvalue We have proved
that no eigenfunction corresponding to A, changes its sign; = !¢ ot

Then
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Directly from the equation (4.4) it is possible to prove that to each eigenvalue A
there corresponds one and only one eigenfunction ». Denote A, = kPA,, k = 2, k an
integer. Define a function v, in this way:

1 ' n T

—u,;(kt), te(2l-, 21+ 1)-),

1 4 T
— —u,(kt), ted0, >\ (21=, (21 +1)=

RO CENCEDE)

where | = 1,2,...,3k if k is even, | = 1,2,...,[3k] + 1 if k is an odd number;
the symbol [ 1] denotes the integer part of the real number ¢ and u,, is an eigenfunction
corresponding to the least eigenvalue 1,. In this way we obtain eigenfunctions v
which correspond to the eigenvalues 4, for all k = 2. On the other hand, if v is an
eigenfunction corresponding to 4, for some k = 2 then according to 4.3 we have
v = v,in €0, n). Finally, if A # 1, is an eigenvalue of (4.4) and v is the corresponding
eigenfunction then there exists t € (0, m) such that v(r) = 0. Put ¢, = inf {t € (0, 7);
u(t) = 0}. According to 4.3 it is

(1) =t—°u<E t), te0, ty) .
T\t
Similarly, if t; = inf {t € (fo, ©); v(t) = 0} then

v(t)=—h;t°“( ® (t—tg)), telte, ;).

This fact implies the existence of k = 2 such that A = kP4, = 4,.

Let us recall that in Section 3 we have defined the weak solution of the boundary
value problem

(4.5) =l 2wy — plut|Prut 4+ vfu” |” *u=f,
u(0) = u(r) = 0.

4.5. Theorem. Boundary value problem (4.5) with f = O has a nontrivial weak
solution if and only if one of the following conditions holds:

(i) u = Ay, v arbitrary; .
(ii) u arbitrary, v =4;;
(iii) p > A4, vS 4]
(0 .

@ e

‘ wl(u, v)
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W = G )
. 02) = (G (o)) (o) ©

(1 = @) W
(™ + 6y @)™

where N denotes the set of all positive integers.

wa(p, v) =

Proof. Let u be a nontrivial weak solution of (4.5). Then u € C*(<0, ©)) according
to 3.3 and according to 3.4 the function u has only a finite number of zeros in {0, 7).
If the function u has no zero in (0, 7) then according to 4.3 we obtain (i) or (ii).
In the opposite case it is possible to divide the interval <0, ©) into a finite number
of subintervals so that on each of them it is either u(t) = 0 or u(f) < 0. In accordance

with 4.3 it is
1/p 1/p
u(t) = Kyu,, ((ﬂ) (t— a)) , te (a, a+ (&> n)
Ay n

if u(t) > 0 on («, @ + (4,/n)'/? n);

0=k (2] -8). o0+ (2))

if u(t) <0 on (B, B + (4,/v)"/? =), where K, > 0, K, > 0 are suitable constants
such that u € C'(<0, ©)) and u,, is an eigenfunction corresponding to the least eigen-
value A,. If u € C3(<0, n)) (i.e. u € C*(<0, n)) and u(0) = 0, u(r) = 0) then the con-
dition (iii) is necessarily fulfilled. On the other hand, if one of the conditions (i), (ii)
or (iii) is fulfilled then in the same way as in the first part of the proof it is possible
to construct a nontrivial weak solution of (4.5) with f = 0.

From Section 2 and from the previous theorem we obtain the existence result for
weak solutions of (4.5). The reader is invited to see the figure in 4.10.

4.6. Theorem. Let the parameters u and v fulfil one of the conditions
() p <Ay, v<ig
(i) K > Ay v > Ay,
(W7 = @)™ O (O = Q) ) (W)
()7 + ()'77) (41)" ((#)”" + (0)77) (1)
<@~ @) o) <O = @) @
S G ey TS G o

keN, k = 2. Then the boundary value problem (4.5) has at least one weak solution
for an arbitrary right hand side f € L,(0, &). ..

9
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4.7. Theorem. Let the assumptions of (4.6) be fulfilled. Moreover, let g : {0, ) x
x R! = R! satisfy the conditions from 3.6. Then the boundary value problem

~(w@P 2w @) — ulu* @2 u* () + vu= (@2 u() + g(t, u() = 1),
u(0) = u(n) =0
has at least one weak solution.

Denote by @';) and ®%;” (if there is no danger of misunderstanding, we write @, ,
and @_, only) the solutions of the initial value problem

(4.6) —(w @2 w @) — uut @)~ ut(?) + vum@P2u"(t) =0,
u(0) =0, u'(0)=1 and u(0) =0, w'(0)= -1,
respectively. Using the elementary properties of the solution of (4.6) we can prove that
{[y,v]eRz; p=0,v>Atu{lpvleR, pu>1, v=0} cA,.

Theorem 4.6 implies that [u, v] is an element of a component of A, which does not
contain the point [4, 1] for any A € R! if and only if
(4.7) o¥(rm). o%M(r) > 0.

In the sequel we shall prove that in the case (4.7) there exists no weak solution of
(4.5) for a certain right hand side f € L,(0, m).

4.8. Lemma. Suppose there exists such a t, € (0, n) that
D.4(t) >0, @,,(t) <0 forall telty,m).

Then there exists a right hand side fe Ly(0, ) such that the boundary value
problem (4.5) has no weak solution.

Proof. Let f: R' > R! be such a function that fe Li(R'), f(f) = 0 for all te
€(—o0, 1) U (r, +00) and f(t) < 0 for t & (to, ©). We have fe L, (0, n). Let &, be
the weak solution of the boundary value problem (4.5) with the right hand side f
and suppose 9,(0) = 0, #,(0) = a. For a > 0 according to 4.3 it is

D (1) =ad,y(t), te0,ty).
Put t; = inf {t € (to, ©); P,(t) = 0}. The interval (t,, t;) contains a point 7, with
the property .

(4.38) (;~ ) (c) < 0.

* 1

In the opposite case

¢a(t) > ¢¢(t0) =a>0,
ds+1("') K ()

t€(to, ty)
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which is impossible. From (4.8) we obtain
(4.9) n (B,0,, — ,9,) () <O
which is fhe same as F(t,) < 0, where
Fiom (|02 @)@, )" — (27" 04,772 24,) (1),

for the function z — |z|"‘2 z is increasing on R!. It is possible to prove the existence
of a set & < (ty, 7;) with meas o > 0 such that the following conditions are
fulfilled:

(i) ®1) <0,
(i), F(r) <0,
(iii) F'(1) <0
forall te o.

Really, if ®,(t) < 0 for all t € (t,, 7,) then (ii) and (iii) are fulfilled because F(t,) =
= 0, F(r,) < O and F is absolutely continuous on (o, 7). In the opposite case denote
7, = sup {t < 1,; B r) = 0}. It is 7, < 7, (see 3.4) and according to (4.9) we have
®,(t;) < 0. We conclude ®)f) <0, te(z,,1,). Since F(z,) >0, F(r,) <O, the
conditions (i)—(iii) aree fulfilled. We have

(4.10) F'(t)=F,(t) + Fo(1) <0 forall t =4,

where

Fy(t) = [(|9:)P 72 @) (D41~ " — (2P (|94 [P 72 240)] (1)
Fy(t) = [(|@:]7~2 @:) (@57') = (@27') (|4 4|72 24,)] (1) =
= (p — 1) o, [| P2 @77 — &272| @), |P~2]() -

The condition (ii) implies (|@;[P~2 #%7% — &272|®,;|*~2)(t) > 0 for all te o,
So we have :

(411) Fi(f) >0, ted.
From the relations (4.10), (4.11) we conclude
(4.12) F(f) <0, teod.
On the other hand, the equation (4.6) implies
Fi(t) = ~1(0)- (@7 () > 0, ted,

where of < o, meas o > 0. This fact contradicts (4.12). For @ = 0 we have
®D(1) = 0 for all ¢ € €0, t,). Denoting

t, = inf {t e (to, 7); Qo(t) =0},
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we obtain the existence of z,€(to, ¢;) such that @g(z,) = 0. Suppose that z, is
chosen as follows: ‘

zo = sup {z € (to, t;); Po(z) = 0} .

There exists a point t, € (2o, t;) such that the conditions (i)—(iii) are fulfilled
but we write @ instead of @,, « > 0. The rest of the proof is similar to that for « > 0.
For a < 0 it is

D(t) = |o] D_4(1), €0, 15>

and the proof is quite analogous to that for « > 0. It means that for the right hand
side f defined above there exists no weak solution of the boundary value problem
(4.5). ,

The other cases can be proved by modifying the proof of Lemma 4.8. Thus we
obtain the following theorem.

4.9. Theorem. If the condition (4.7) is fulfilled then there exists a right hand side
f € Ly(0, &) such that the boundary value problem (4.5) has no weak solution.

4.10. Remark. Theorems 4.5, 4.6 and 4.9 give us the classification of parameters
[u, v] in the sense of Section 2.

YA
g’/
A, A.q
A A,
T
NI A,
u
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4.11. Remark. The proofs of the previous assertions imply the existence of a right
hand side f € L,(0, m) (i.e. the space of almost everywhere bounded functions) such
that the boundary value problem (4.5) has no weak solution. The abstract part of
this paper implies the existence of a function f € C*({0, n}) the support of which is
situated ‘“‘near the point ©”’, with the same property.

It is possible to state some sufficient conditions on the right hand side f in order
that the boundary value problem (4.5) may have a weak solution. Consider the initial
value problem

(4.13) =2 wy — plutPut + e PR uT = ef
u(0) =0, w(0)=1,

where f € L,(R"). Let u, be a solution of this initial value problem. For u > 0, v > 0,
the function u is determined uniquely.

4.12. Theorem. Let &, be a real number. Then

(4.14) lim ||u‘ == uzol'c(<o,")) = 0 .

Proof. Fix 8 > 0 so that 0 ¢ P,(¢,) and consider & € Py(g,) only. Denote
Qz t,8) = —p|z*|P~2z* + |z |P"2 27 —ef(t), zteR';
g(r) = |ff*"?r, teR'.
It is possible to rewrite (4.13) into an equivalent form
@13y [w(), (0] = [2(0) Q(u(i), 1, 5]
[#(0), »(0)] = [0, 1] .

It is possible to show that the vector function [g~'(z;), Q(zy, t, €)] satisfies the
assumptions stated in [2], Theorem 4.2, Chapter 2. This fact implies (4.14).

The idea of the sufficient conditions upon the right hand sides f is based on the
following theorem.

4.13. Theorem. Let [y, v] € 4,, i.e.
D,4(n) >0, &_y(1)>0 or D,,(n) <0, P_,(n)<O0.
If there exists a solution u, of the initial value problem
=2 uy — plutPrut +yjum P ru =,
u(0) =0, u'(0) =«

such that u(r) < 0 or u/(r) 2 0, respectively, then for the right hand side fe
eL,(O, 7) in question there exists a weak solution of the boundary value problem

- (45).
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Proof of this theorem is based on Theorem 4.12.

Let us mention for the illustration that if &, ,(n) < 0 and ®_,(n) < 0 and if the
function fe L,(R") is such that f(f) = 0 for te(—o0, t,), f(f) < 0 for te(ty, m)
and f(t) = 0 for te {m, +o0), where t, is an arbitrary point of the interval
(v — 3n(A,/p)"/?, m), then there exists a weak solution of the boundary value problem
(4.5). To prove this assertion it is sufficient to apply Theorem 4.13 and a slightly
modified proof of Lemma 4.8.

4.14. Remark. It is interesting to see that if
% (n) . 24N (n) < 0

then applying Theorem 4.12 we can prove that there exists a weak solution of the
boundary value problem (4.5) for any admissible right hand side. However, the same
result was proved using the abstract part of this paper in Theorem 4.6, based on the
Leray-Schauder degree. '
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HEAT SOURCES AND HEAT POTENTIALS

JoserF KRAL and STANISLAV MRZENA, Praha
(Received October 31, 1977)

We shall deal with potentials in R™*! corresponding to the well-known kernel

2
(4mt)~™'2 exp (— Iil—) , XeER™, t>0,
() 8x,1) = { “

0, xER"', téoy

which represents a fundamental solution of the heat conduction operator

(cf. [1]). The term measure will always mean a finite positive Borel measure with
a compact support in a Euclidean space. Let v be a measure in R™ (describing a space
distribution of heat sources) and let ¢ be a measure in R'. Then the heat potential
of u = v ® ¢ defined by

) Sulx,1) = [ 8(x — & t — 7) du(é, 7)

o Rm+1

may be interpreted as the temperature resulting at the time ¢ and the point x € R™
under the action of time-variable heat sources which are so distributed that the
quantity of heat emanating from a Borel set M = R™ during the time interval I = R!
is given by u(M x I) = v(M) ¢(I). We shall adopt the following

Definition. Let « = 0 be a real number and suppose that v is a measure in R™.
We shall say that v is a-admissible if there is a non-trivial measure ¢ in R! such that
the heat potential u = &u corresponding to u = v ® g satisfies the condition

(3) ulx,t) —u(y,v) =of]x — y|* + [t — v|?) as |x —y| + |t —v] > 0+.
Any ¢ with the above properties will be called an a-admissible factor of v.
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Let . ;
Qr,x)={¢eR™ [¢ — x| <1}
denote the open ball with center x and radius r. We are going to prove the following

result characterizing all a-admissible measures in R™ for a € €0, 1).

Theorem. If « € 0, 1), then a measure v in R™ is a-admissible if and only if
3
(4) sup J‘ rt=™(Q(r, x))dr = 0(6*) as - 0+ ;
xeR™ J o

for a €(0, 1) the condition (4) may be replaced equivalently by (14).

Remark 1. Let v be a non-trivial measure in R™ and denote by ¢, the Dirac
measure (= unit point-mass) concentrated at a point to in R'. It is known that g, is
never a 0-admissible factor of v # 0 (compare [2]). .

Remark 2. If M < R! and 7 € R! we put
M-t={t—r teM}.
Given a measure ¢ in R' we may define the translated measure g, by
e{M) = oM — 1)
on Borel sets M = R!. Further we put for any h > 0

() = %Iohg,(.)dr .

The measure g" is absolutely continuous with respect to the Lebesgue measure 4
in R! and the corresponding Radon-Nikodym derivative is given by the function

t - lim s"qK(t — & 1))

=0+

which is everywhere defined and finite. Besides that, ¢"(R') = ¢(R"). If ¢ is an a-
admissible factor of v, p = v ® ¢ and u = &uis defined by (2), then Fubini’s theorem
yields

s(v@d")(x, 1) = %Jtu(x, t+1)dr.

Hence it follows that (3) is again satisfied with u replaced by u* = &(v ® ¢*). In
other words, g" is also an a-admissible factor of v.

Proof of the theorem. Suppose first that v is an a-admissible measure in R™.
Let ¢ be an a-admissible factor of v. According to Remark 2 we may suppose that ¢
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is absolutely continuous (1) and lim ¢~ o(t — &, t)) (¢ = 0+) is everywhere defined
and finite in R'. Let us fix a 7 € R" such that

lim A=) _ qg>0 |
h=0+ h A
We have then for suitable 6 > 0 the implication
(5) 0 <h=6=1qh <o(<{t — b)) < 29h.

Let ¢ > 0 and consider the set

Alx,t,¢c) = {[¢, u]eR™; E(x — &1 —u) > ¢} =

=({[€, u]eR™; u e(r = It—tc'”’”, t) x =g < r(u)} ;
where o )
r(u) = 4(r — u) log [c(4n(z — w))y™?*]~1.

If £ e R™ is fixed in such a way that

(6) |x—¢=p \/(2_':;) e /m

with p e <0, 1), then

(7) {é} bd <1 = 4L c=2m , T — Lc—2/m> e A(x, T, C).
ne

4me

This may be verified by a simple calculation; note that A(x, , c) is convex and

oM o oy r(u);ue(r - 1 c~2m W= (7 - ._l._c—2/m )
2me 4n 4me

According to (5) we obtain for ¢, p submitted to

(8) %mc'”" <5, ped0,d)

Q 1_-1_(:_2/"" T—LC_Z/M =
4me 4me
= T — l é_z/m’ T = Q T — _B_ C_Z/m, T g
4me 4re

| S P _ q ;. -
g — 2/m_2_c 2/m _ 1 = 2 CZ/mg
4 4me 4 4me 4ne (‘} p)

the estimate

g q c—2/m.
16me
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In view of (7), (6) we have the inclusion

{[é, ul; |¢ — x| < i_ls \/(ﬂ) cim o 1 -m <us<

2ne 4me

St—dx - gctm

1 } e Alxz, )

J/(2rem)
whence we get

©) (0 ® Q) (A 7 6) 2 L7y (g (% \/(5%) c-iim x)) :

‘Consider first the case « = 0. If y = v ® ¢ and
(10) Sulx, 1 (= j WA, 1, ) dc)
0

is a continuous function of the variables x, t, then

(11) lim sup J " WA(x, t, &) de = 0

a-o x,t J,

(compare Proposition below). Employing (9) we obtain for

La—z/méa’ g z=} m
4re 16me 8 2ne

I " WA, 7, ) de = s J ¥ e=2imy(Q(zc=1m, x)) de =

the inequality

zg=1/m"
= smz"'"ZJ. rt=m™y(Q(r, x)) dr

0
which combined with (11) yields (4) for a = 0.

Conversely, suppose that (4) holds with « = 0. Fix an arbitrary measure ¢ in R!
satisfying for a suitable K > 0 the estimate

(12) o<t —6,7)) < Ké (teR! 6>0)
and put 4 = v ® ¢. The inclusion ‘

A(x,7,¢) = @ (\/(%) c=m, x) x (z - le-tc-zl"', 1:)

together with (12) gives

HA(x, 7, 0)) ﬁ c2/my (Q ( \/(ﬁ) ¢ m, x) :
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whence (putting { = \/(m/2ne))

J‘wp(A(x', 1,¢))de < 45 m{m™~? J‘:a-llmr“’"v(ﬂ(r, x))dr.

i T

Using (4) with « = 0 we arrive at

lim supj H(A(x, 7, ¢))dc =0

a—w X,t a

which quarantées that the potential (10) is a uniformly continuous function of the
variable [x, ] € R™*! (compare Proposition below). Thus the theorem is proved
for a = 0.

Now consider the case a €(0,1). Let u be a measure in R™*! and denote by
u = &p its heat potential. Then the equation

,Q.u:ﬂ

holds in R™** in the sense of the distribution theory. Suppose now that for all [x, ],
[v,¢] in
Q(2r, &) x {t = (2r)% = + 2r)»
the estimate
|u(x, 1) — u(y, )| < Q(r) (|x — ¥ + |t — |73
holds.
There is an infinitely differentiable function ¢(x, t) vanishing outside

21, &) x (T = (2r)% T+ (2r))
such that ¢ = 1 on (r, &) x ¢t —r%,1),0< ¢ < 1 and

do =
=t +
ot 1§1

Pe
ox?

S2m+1)r 2.

Then

wQ(r, &) x < — 1, 1)) éJ.” pdu =
Rm+1 !

- Lm“ ("‘Pg’: ) , 5 Zolx ‘)) [ulx, £) — u(&, ¥)] dx dt .

2
i=1 6x‘

Hence we conélude that -

(13) (e, &) x (v - 1)) S k (r) e i i

with an absolute ‘constant k (indep;eiideﬁt of 7, ). As_suminé p. =y @ ¢ with ¢
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absolutely continuous (4) and having an everywhere defined finite density
lim ™ g({t — &, t)), we may again choose 7 € R* and g, 6 > 0 such that (5) holds.

&0+
Combining (13) and (5) we get for > < 6
' W(&A(r, &)) < 2k Q(r) g~ 1rm2*=.
If (3) holds, then lim Q(r) = 0 and we obtain
r-0+

(14) Sl’.l‘p Q(r, x)) = o(r"~2*%) as r—0+.

Conversely, assume (14) and fix an arbitrary measure g in R* satisfying (12). Then
U = v ® g satisfies

sup w(Q(r, x) x <t — r*, 1)) = o(r™**) as r -0+,

which implies that u = & fulfils (3) (compare Remark 5 and Lemma 4 in [3] and
note that the derivatives of u have zero limits at infinity). To make the proof complete
it remains to observe that (4) and (14) are equivalent for « € (0, 1).

Remark 3. The assertion of the theorem (but not that of Remark 1) remains valid
if ois replaced by O simultaneously in (4) and in the relation (3) occurring in the
definition of a-admissibility (compare also [4]), provided « > 0.

We shall now complete the detailed proof of the condition for continuity of the
heat potential that has been useful in the course of the proof of the theorem.

Proposition. The heat potential &u corresponding to a measure pin R™*1 s finite
and continuous on R™*! if and only if

a—- o x,t

(15) lim sup-[wy(A(x, t,c))de =0.

Proof. Put for a =2 0
&, =min(a, &), &.u(x,1) =I Ex — & t=r1)du(¢, 7).
Rm+l

For any x,€ R™ and t > ¢, the estimate

(16) S 1) = [4n(t — 0] u{{[xor 1o]})

shows that u({[xo, tc]}) = O whenever &y is locally bounded. Suppose now that &u
is finite and continuous. Then &,(x — &, t — 1) = &,(xo — &, to — 7) for p-almost
every [&,t] e R™*! (i.e. for every [&, t] + [xo, to]) as [x, f] = [xo, to), 80 that &,u
is continuous on R™*!, Since &,4 » uasa » o we conclude from Dini’s theorem
(which may be applied to the Aleksandrov compactification of R™**, because all the
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functions in question tend to zero at infinity) that

(17) . limsup [&u(x,t) — &u(x,1)] = 0.

a-+c Xx,t

Noting that, for fixed [x,t] e R™*!, 8(x — &t — 1) — 8 (x — &, t — 1) vanishes
outside A(x, t, @) and equals &(x — &, t — 1) — a for [£, t] € A(x, 1, a) we get

Ex(x, 1) — .u(x,t) = [6(x - ¢t —1)— a]du(t,7) =

A(x,t,a)

= J.:It({[f, t]eA(x,t,a); &(x — & t —1)>a + c})dc = Jmu(A(x, t,c))dc .

The equality '

(18) Eu(x, 1) — Epu(x, 1) = -[mp(A(x, t, ¢))dc

together with (17) yields (15). Conversely, assume (15). In view of (18), &,u » &u
uniformly as a » o. Since the functions &,u are bounded, the same holds of &u
and (16) shows that p does not charge points. As we have seen above, this implies
the uniform continuity of &,u and, consequently, of &u as well.

Remark 4. If v is a measure in R™ and m = 2, then we denote by
Us(x) = f o — & an®)
Rm .

its Newtonian (in the case m > 2) or logarithmic (in the case m = 2) potential cor-
responding to the kernel

. [x2~™ if m>2,
o) = \logi if m=2.
[+
If @ €0, 1), then v satisfies (4) if and only if ‘
(19) Uvx) —UwWy) =of]x — y) as |x—y|->0+.

This assertion remains valid for & > 0 if o is replaced by O in (19) and (4) simulta-
neously (compare [5]—[9]).
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GENERALIZED CONTINUITY AND GENERALIZED
CLOSED GRAPHS

ROBERT A. HERRMANN, Annapolis

(Received November 17, 1977)

1. Introduction. In [13], some sufficient conditions for a weakly-continuous
function to be continuous are investigated. In particular, Corollary 2 [13] states ihat
if Y is a Hausdorff space such that every closed subset is N-closed, then a weakly-
continuous map f : X — Y is continuous. As we show below, a Hausdorff space
such that every closed subset is N-closed is compact. Consequently, this corollary is
not a particularly significant result.

The major purpose for this present investigation is to use tH-monad theory and
to discuss, for an arbitrary map f:X — Y, some relations between (¢H, sK)-con-
tinuity, (tH, sK)-closed graphs and, if X, Y are topological spaces, topological con-
tinuity. In the process, we are able to improve upon most of the results in [13]. For
example, applying our results to topological spaces X and Y, it is shown thatif 4 = X
is compact [resp. N-closed, aA-compact, completely-compact, SA-compact] and the
graph, G(f), of f:X — Y is closed [resp. has property (P), is strongly closed, is
(Ix, w)-closed, is (Ix, S)-closed], then f~'[A] is closed in X. If Yis Hausdorff [resp.
completely-Hausdorff ] and each closed subset is -compact [resp. w-compact] and
f:X - Yis almost-continuous [resp. a c-map], then f is continuous. If (Y, T) is
rim-0 [resp. a]-compact, f : (X, t) — (¥, T)is weakly-continuous and G(f) is strongly
closed [resp. has property (P)], then f is continuous. Finally, we show that every
rim-0-compact, Urysohn [resp. rim-a-compact, Hausdorff; rim-S-compact, weakly-
Hausdorff, extremally disconnected] space is regular.

2. Preliminaries. In the interest of brevity, we shall rely heavily upon the definitions
and results which appear in the references [6], [7], [8], [9], [12]. Recall that f : X —
— Y is (tH, sK)-continuous at peX if *f[u, H(p)] = u, K(f(p)), where p, H(p)
and p, K(q) are the tH and sK-monads on X and Y, respectively [8]. For the monad
of RoBINSON [16] p(p) [resp. a-monad p,(p), 6-monad pe(p), w-monad p,(p)], we
have that a map f :(X, 7) - (Y, T) is almost-continuous [19] [resp. 6-continuous
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[2], weakly-continuous [13], a c-map [3]] at pe X iff it is (Ix, @) [resp. (6, 6),
(Ix, 0), (Ix, w)]-continuous at p € X. We note that a weakly-continuous map is also
known as a weakly-0-continuous map. *.# is a highly saturated enlargement.

Definition 2.1. A map f:X — Y has a (tH, sK)-closed graph G(f) if‘for each
(. 9) ¢ G(f), pd(p> 9)) n *(G(f)) = 0, where = is generated by the tH and sK-
monads (denoted by = = tH x sK).

Let (X, 7) and (Y, T) denote topological spaces.

Example 2.1. (i) For f:(X, ) —» (Y, T), the graph G(f) is (Iy,Iy)-closed iff
(P, 9)) » *(G(f)) = 0 for each (p, q) ¢ G(f) iff G(f) is closed in X x Y.

(ii) For f:(X,t) = (Y, T), G(f) is (I, 8)-closed iff it is strongly closed in the
sense of HERRINGTON and LoNG [5].

(iii) For f: (X, 1) = (Y, T), G(f) is (Ix, a)-closed iff it has property (P) discussed
in [11] and [13].

(iv) A map f: X — Y has a (tH, sK)-closed graph iff X — G(f) is n-open, where
n = tH x sK. In general, if t e PTH(X), s € PSK(Y), then if G(f) is (tH, sK)-closed,
then it is n-closed.

Finally, we point out that many of the results in this paper also hold for the
g-monad of PuriTz [15]. However, since we are particularly interested in topological
spaces and certain closedness properties it appears more useful to concentrate upon
the tH-monad approach due to certain special filter base properties which often
appear unavoidable and which are exhibited by such nonstandard objects.

3. Major results. As stated in [6] for (X, 7), a set A = X is N-closed iff it is aA4-
compact iff *4 = U{u,(x) | x € 4}.

Theorem 3.1. Let (X, ) be Hausdorff and assume that each closed set A = X is
N-closed. Then X is compact.

Proof. Since X is N-closed (i.e. nearly-compact [18]) then X is almost-regular
[17] and Urysohn (i.e. Urysohn = distinct points are separated by closed neigh-
borhoods). Thus every closed subset of X is 6-compact, since for each p € X, p,(p) =
= pg(p). Consequently, (X, 7) is C-compact in the sense of VIGLINO [22]. Thus X
is semiregular by application of Theorem A in [22] Therefore, X is regular and this
completes the proof.

We now give an important characterization for (tH, sK)-closed graphs. For
0 + F < P(X), the power set of X, we let Nuc # = ﬂ{*FlFef} andif f: X —
- Y, then f[#] = {f[F]| Fe #}.

Theorem 3.2. A map f:X — Y has a (tH, sK)-closed graph, G(f), iff whenever
0+ Nuc# < u, H(p), peX, F < #(X), and Nucf[F] < p,K(q) for some
q €Y, then f(p) = q.
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Proof. Let  « #(X), 0 + Nuc # < p, H(p), pe X, and Nuc f[F] < p, K(q)
for some geY: Assume that x € Nuc # and ye Nuc f[#]. Hence *(x, y)e
€ u((p, 9)), = = tH % sK. Consequently, *(F x f[F]) n p((p, q)) + @ for each
Fe #. Since *(F x f[F]) = *(G(f)), we have that pu((p,q)) n *(G(f)) + 0.
Assuming that G(f) is a (tH, sK)-closed graph this yields that f(p) = q.

Conversely, assume that whenever # < 2(X), 9 + Nuc # < pu, H(p) and
Nuc f[#] < 4, K(q), g€, then f(p) =g. Let (p,q)e(X x Y) — G(f). Thus
there does not exist a 7 < #(X) such that @ % NucJ < p, H(p) and Nuc f[7] =
< p,K(q). Suppose that p((p,q)) » *(G(f)) # 9. Then there exists some xe
e u, H(p) and yep,K(q) such that *(x, y) e *(G(f)). Now the ultramonad
Nuc Fil {x} = NF{x} < p, H(p) and *f[NF{x}] = NF{*f(x)} = NF{y} = u,K(q).
This contradiction implies that p((p, 4)) N *(G(f)) = @ and the proof is complete.

Recall that a space (X, 7) is compact [resp. nearly-compact [18], quasi-H-closed
[14], completely-closed [10], S-closed [21]] iff *X = (J{u(x) | x € X} [resp. *X =
UG | 3e X)X = Ulul) | x€ X)X = Ulinla) | 5 X}, *X =
=U{uS(x)|xeX} [6, 7, 8, 9, 10]]. The w-monad at peX is p,(p) =
= N{* " '[u(f(p))] | fe C(X)} and the S-monad is uS(p) = N{*(clx4)|peAe
€ SO(X)}, where SO(X) is a set of all semiopen subsets of X [1]. Also, W< *Yis
sKA—compact iff W = J{u, K(x) | x € A}.

Theorem 3.3. If f: X — Y has a (tH, sK)-closed graph and Y is sKY-compact
(i.e. sK-compact), then f is (tH, sK)-continuous.

Proof. Assume that f:X — Y has a (tH, sK)-closed graph and consider
*f[u. H(p)). By sKY-compactness, *f[u, H(p)] = U{u; K(») | y€ Y}. Assume that
*f[u: H(p)] 0 us K(q) + 9. Then there exists x € u; H(p) such that *f(x) e p, K(q).
However, NF{x} < u, H(p) and *f/[NF{x}] = NF{*f(x)} imply that *f[NF{x}] =
< p,K(g). Theorem 3.2 yields f(p) = g. Consequently, *f[u, H(p)] = u, K(f(p))
and the proof is completed.

Corollary 3.3. If f:(X,t) > (Y, T) has a (Ix, Iy)- [resp. (Ix, @), (6,1y), (6, 6),
(Ix, w), (Ix, S), (Ix, 6)]-closed graph, and Y is compact [resp. nearly-compact,
compact, quasi-H-closed, completely-closed, S-closed, quasi-H-closed], then f is
continuous [resp. almost-continuous [19], strongly-0-continuous [8], 6-continuous
[4], a c-map [3], (Ix, S)-continuous, weakly-continuous [13]].

We now present a proposition which gives a strong converse to Theorem 3.3 and
has numerous corollaries which improve upon Theorem 1 in [13]. A set Yis (sK, uV)-
separated if for distinct p,ge Y, u, K(p) n p, V(q) = 0.

Theorem 3.4. Let f: X — Y be (fH, sK)-continuous and Y be (sK, uV)-separated.
Then f has a (tH, uV)-closed graph.

Proof. Assume that § + Nuc & < y, H(p), pe X, # < #(X), and Nuc f[#] =
< u, V(q), g€ Y. Then (tH, sK)-continuity implies that Nuc f[#] < u, K(f(p)).
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Since Nuc f[#] # 0, then (sK, uV)-separation implies that f(p) = g. Hence f has
a (tH, uV)-closed graph.

Corollary 3.4.1. If f:(X,1) - (Y, T) is continuous [resp. almost-continuous,
strongly-0-continuous, 0-continuous, weakly-continuous] and Y is Hausdroff, then f
has a closed [resp. (I, 0)-closed, (8, 0)-closed, (0, «)-closed, (Ix, a)-closed] graph.

Corollary 3.4.2. If f:(X,7) > (Y, T) is weakly-continuous [resp. a c-map,
(Ix, S)-continuous] Y is Urysohn [resp. completely-Hausdorff, weakly-Hausdorff],
then f has a (I, 0) [resp. (Ix, w), (Ix, @)]-closed graph.

Proof. The above results follow from Theorem 1;4 and 1.5 [6] and the result
that if a space Y is completely-Hausdorff [resp. weakly-Hausdorff [20]], then for

distinct p, g € Y, pu(p) N p(q) = 0 [resp. u(p) 0 1 S(q) = 9]

Remark 3.1. If f : X — Y has a (tH, sK)-closed graph and we have an rJ-monad
system on X and a uV-monad system on Y such that for each pe X and q€ Y,
tr J(p) = n H(p) and p, V(q) = p,K(g), then f has an (rJ, uV)-closed graph.
Hence each of the (tH, sK)-continuous maps in the hypothesis of Corollaries 3.4.1
and 3.4.2 has a closed graph.

Recall that for W = *X, St, HW) = {x | [xe X] A [u H(p) n W + 0]}.

Theorem 3.5. Let W = *Y be sKA-compact. If f:X — Y has a (tH, sK)-closed

graph, then
SLHCS W) < 1[4

Proof. We know that W < (J{u, K(x) | x € A}. Thus *f~'[W]
e U{* [ K(x)] | x€ A}. Let pe St,H(*f~'[W]). Then p, H(p) n *f~'[W] +
+ 0. Hence *f[u, H(p)] n W % 0. Consequently, there exists x € 4 such that
*fLue H(p)] 0 ps K(x) #+ 0. Thus there exists r € u, H(p) such that NF{r} < u, H(p)
and *f(r) € p; K(x). Therefore, NF{*f(r)} = u, K(p). Now (tH, sK)-closed graph
implies by Theorem 3.2 that f(p) = x. (i.e. p e f ~*(x)). Hence,

StH(*f ~'[W]) = f~'[4] .

Corollary 3.5.1. Let A c Y be sKA-compact and for each p e X, let t e PTH(p).
If f : X - Y has a (tH, sK)-closed graph, then f ~*[A] is tH-closed.

Corollary 3.5.2. Let A = Y be compact [resp. N-closed, SA-compact, completely-
closed, SA-compact]. If f:(X,t) - (Y, T) has a (Ix,Iy) [resp. (Ix, @), (Ix, ),
(Ix, w), (Ix, S)]-closed graph, then f ~'[A] is closed in X.

Corollary 3.5.3. Let A = Y be compact. If f : (X, t) = (Y, T) has a (6, Iy)-closed
graph, then f [ A] is closed in X.
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Example 2 in Viglino’s paper [22] is that of a Hausdorff, non-Urysohn, non-
compact space in which each closed set is 8-compact. He calls such a space C-compact
and notes that a C-cempact Urysohn space is compact. SOUNDARARAJAN [20] gives
an example of a compact weakly-Hausdorff space which is not Hausdorff. The next.
result improves somewhat upon Corollary 2 in [13].

Theorem 3.6. Let Y be Hausdorff [resp. completely-Hausdorff] and each closed
subset of Y is 6-compact [resp. w-compact]. If f:(X, 1) - (Y, T) is almost-con-
tinuous [resp. a c-map), then f is continuous.

Remark 3.2. In Theorem 3.6, we have not included weakly-Hausdorff spaces in
which every closed subset is S-closed. The reason for this is that a weakly-Hausdorff
space which is S-closed is H-closed Urysohn and extremally disconnected. Such
a space is thus N-closed and if a subset is S-closed, then it is N-closed. Con-
sequently, Theorem 3.1 would imply that a weakly-Hausdorff space in which every
closed subset if S-closed is a compact Hausdorff space.

As far as rim-compact spaces are concerned, we are able to extend or improve
upon Theorems 3 and 4 in [13]. A space (X, 7) is rim-tH-compact if for each pe X
and each neighborhood Ve 7 of p there exists some neighborhood G, € 7 of p such
that Fr(G,) = clxG — G is tH(Fr(G,))-compact and G, = V. Gross and VIGLINO
[4] show than any C-compact Hausdorff space is rim-6-compact. Viglino’s example
[22] is a C-compact Hausdorff, nonregular; hence, non-rim-compact but rim-6-
compact space.

We now modify the proof of Theorem 3 in [13] in order to obtain the following
proposition.

Theorem 3.7. If (Y. T) is rim-sK-compact and f:(X,t) > (Y, T) is weakly-
continuous with a (Iy, sK)-closed graph, then f is continuous.

Proof. Let pe X and f(p) € Ve T. Then there exists some W e T such that f(p) e
e W< V and Fr(W) is sK(Fr(W))-compact. Clearly f(p) ¢ Fr(W). Thus for each
y e Fr(W), (p, y) ¢ G(f). Since G(f) is (I, sK)-closed, then *f[u(p)] N u; K(y) = 0
for each y e Fr(W). Consequently, *f[u(p)] N (U{us K(y) | y € Fr(W)}) = 0. Hence,
*f[u(p)] » *(Fr(W)) = 9. Weak-continuity implies that *f[u(p)] = ul(f(p)) =
< *(clyW). Therefore,

*flu(p)] 0 *(Y = W) = *f[u(p)] 0 *(Fr(W)) = 0.
Hence, *f[u(p)] = *W < *V. Since V is an arbitrary open neighborhood of f(p),
then *f [y.(p)] < u(f(p)) and the proof is complete.

Corollary 3.7.1. If (Y, T) is rim-8-compact [resp. rim-a-compact] and f : (X, ©) >
= (Y, T) is weakly-continuous where G(f) is stronlgy closed [resp. has property
(P)], then f is continuous.
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Theorem 3.8. Let X be (tH, rJ)-separated and p, H(p) = py(p) for each pe X.
If (X, 7) is rim-rJ-compact then for each pe X, p, H(p) = y(p)._

Proof. Let pe Ve1. Then there exists some We 1 such that pe W< V and
Fr(W) is rJ((Fr(W))-compact. Now p ¢ Fr(W) and (tH, rJ)-separation imply that for
each yeFr(W), w H(p) oy, J(y) = 0. Thus g, H(p) 0 *(Fx(W)) = 9. Now
e H(p) = pe(p) = *(clyW) implies that u, H(p) 0 (Y — W) = p, H(p) n
N *(Fr(W)) = 0. Hence p, H(p) = *V implies that p, H(p) = u(p).

Corollary 3.8.1. Every rim-0-compact Urysohn [resp. rim-a-compact Hausdorff,
rim-S-compact weakly-Hausdorff extremally disconnected] space is regular.
Every rim-S-compact weakly-Hausdorff space is semiregular.

Proof. A space is regular iff for each p € X, u(p) = po(p). A space is Urysohn iff
it is (0, 0)—separated. If X is weakly-Hausdorff, then it is (a, S)-separated. Also, in
general, a weakly-Hausdorff extremally disconnect space is a Urysohn space such
that for each p € X, puy(p) = n S(p).
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THE HEAT AND ADJOINT HEAT POTENTIALS

MirosLAv DonNT, Praha

(Received November 17, 1977)

Let G stand for the fundamental solution of the heat equation in R"*?, i.e.
2
G(x, 1) = (4nt)"'/2exp(— li—'—) for xeR", t>0,
t

G(x,1) =0 for xeR", t<0.

By the term measure we mean a finite Borel measure with compact support in R™.
If pis a measure in R"*!, the heat potential G is defined by the equality

G,(x,1) =J Gx — & t —1)du(é, 7).
Rn+1
Similarly one can define the adjoint heat potential G;’ by

Gi(x, 1) = J. G*(x — &, t — 1)du(&, 1),

Rn+1

where G* is the fundamental solution of the adjoint heat equation; G*(x,t) =
= G(x, —1). ’

Let u be a measure in R**1. It is known (see [1], [3], [4]) that for « € (0, 1) the
condition

(1) , sup {[Gu(x1, 1) = Gulx2, 12)| 5
X1, X, € R", |x1 - x2| <, |tl - t2| < ¢’} < K&

(i.e. G, is a Holder-continuous function with the coefficient « in the variable x and
the coefficient 4« in the variable ¢) is fulfilled if and only if the condition

(2) sup {u({(x, 1) e R™*Y; |x - él <e lr — tl < €}); (¢, 1)eR™} < Me*®

holds. As the condition (2) is “symmetric in the variable ¢”, an analogous condition
to (1) is fulfilled for the adjoint heat potential G} if and only if (2) holds. It is seen
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from this that the potential G} is a H6lder-continuous function with the coefficient o
in the variable x and with the coefficient 3« in the variable ¢ if and only if the potential
G, possesses the same property. We will show that the assumption a > 0 is essential.
It holds (see [3], [4]) that the potentlal G, is uniformly continuous on R"*! if and
only if the condition

6) T (sup { fu(A(x, £, c))des (x, e R"“}) —0

a— o

is fulfilled, where
A(x, t, ¢) = {(&, 1:)eR"’rl G(x — &t — -r) >c} (¢>0).

For the uniform continuity of the adjoint heat potential G:‘ we have an analogous
condition under which G} is uniformly continuous:

@ fitn (sup { I :Ou(A*(x, &2 465 [, s R"“} )= 0,

where
A*(x, t, o) ={(& )R GHx - & t—1)> ¢} (c>0).

However, the conditions (3), (4) are not “symmetric in the variable ¢ which raises
the following question: are the conditions (3), (4) equivalent to each other, or in
other words, is it right that the potential G} is uniformly continuous if and only if
the potential G, is? The following example shows that the answer to that question is
negative.

If a measure p in R"*! is of the form p = 6,, ® 4, where x, € R" (4., is a Dirac
measure in R"), A is a measure on R', then the conditions (3), (4) are reduced to the
conditions

(3) i (sup{ ri <<t - i =2, t>)dc; teRl}) =0,
0 pm(en{[3( ko)

(cf. [4])-

Let us now consider the case n = 1. Let 4 be a measure on R! with its support
supp 4 = <0, e '), which is defined by the density h (with respect to the Lebesgue
measure)

0

0 ot 140

h(f) = 0 for te R' — (0, e™"). First let us show that for each a > 0

[l #({(nae e+



i.e. the condition (4') (for n = 1) is not fulfilled. Let a > % ,/(e/x). Then

[t o[ )

(1/4m-=d WDEE g (1/4ma2 o g
= — t _— -
J‘ 0 J o J(@)Int J.o (J(t) Int

dt = + 00

(1/4n)a~2 dt
< 400, —j

(1/4n)a- 2 a q
t _— =
_[0 J@)Int o 2/(r)tnt

Note that if u is a measure in R? which is, for instance, of the form y = 6, ® A
(60 is the Dirac measure in R' supported by the point 0), then one can even calculate
the value

since

e~ 1

G*(0,0) = L G*(—¢, —1) du(t, ) = J' G*(0, —1) h(z) d =

[}

1 1 - o,
J-o 2 J(r7) /(r)In = il

Now let us prove that the condition (3') (for n = 1) is fulfilled, i.e. for u = 5, ® A
the potential G, is uniformly continuous on R2. It is obvious that it suffices to show
that

(3") lim (sup {J- A (<t ot ¢ 3 t>) de; €0, C_l>}) =
a— a 4r
as (for any ¢ > 0)
A(<t - Lc"z,t>> =0 for t<0,
4n

,1(<t — —l—c'z, t>) < A<<e‘1 - ic‘z, e">) for t=e"!.
4n 4r

Lette(0, e™'). In order to calculate the value A({t — (1 J4r) =2, t)) let us distinguish
the following two cases:

a) t— 4ic-2 <0 (ie. c < ¥(n)12),
T

b) t - e 20 (ie.c2¥n)" 12,
4r

20t



In the case a) we have

e[ om
(- t) o e
6] I:ol(<t - erz c2, t>) i o J-‘('l/z)(m)-vz ch-; ‘\/_(‘STIT': B

0 't
a1 Ji-rame-2 /(D) 0 T

for a < (nt)~/%. In the case a = }(nt)”'/? we have

0 [t L]

The integral I, is evidently finite. The integrals I,, I; are also finite, since

(7) 1 [ dr

J" dr
t—(1/4m)c=2 \/(T) Int |l" II t—(1/4r)c=2 \/T

~ o (V)

1 1 1 1
w2

= one? in o (\/(t) " \/(t'_ 41_uc_2)) ¢ 2nfln ¢/t

It is easily seen that for a fixed @ > 0 the function

- {32

is continuous on the interval (0, e~ !). Since the integral I, is finite, it holds for each
te(0,e!) that

IIA

(8) f)=>0 for a— 4+
monotonically. Let us show that for each a > 0
) limf,(f)=0.

t=+0+
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It holds
1 (‘dr Jt

=2 N'
Iln tl \/‘t |In tl

(1/2)(x1)" l/2
R T

1 _2a/t
NEITY Y
We obtain from (7) that

1 = de
_— — —

(11) I = 2l 1| \/tJ‘m(,,,, 3ja €2 21t|ln 1|t Ly} =0

for t - 0+. (9) follows from (10) and (11). Since f,(t) - 0 monotonically for a —
— + 00 and since the functions f, are continuous, it is seen from Dini’s theorem that
ft) > 0 for a - + co uniformly on the interval 0, e"'). Thus we see that the con-
dition (3”) is fulfilled and the potential G, (where u = §, ® ) is uniformly con-
tinuous on RZ.

(r)In<
and hence

(1/2)(=t)~1/2
(10 |1|= gj 20t e -

a |ln t|

-0 for t—>0+.
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A

ON THE EXISTENCE OF A 3-FACTOR IN THE FOURTH
POWER OF A GRAPH

LADISLAV NEBESKY, Praha

(Received December 9, 1977)

Let G be a graph in the sense of [1] or [2]. We denote by ¥(G) and E(G) its vertex
set and edge set, respectively. The cardinality |V(G)] of V(G) is referred to as the
order of G. If Wis a nonempty subset of ¥(G), then we denote by (W) the subgraph
of G induced by W. A regular graph of degree m which is a spanning subgraph of G
is called an m-factor of G. It is well-known if G has an m-factor for some odd m,
then the order of G is even. If n is a positive integer, then by the n-th power G" of G
we mean the graph G’ with the properties that ¥(G’) = V(G) and

E(G’) = {uv; u, ve V(G) such that 1 < d(u,v) < n},

where d(w,, w,) denotes the distance of vertices w, and w, in G.

CHARTRAND, POLIMENI and STEWART [2], and SUMNER [5] proved that if G is
a connected graph of even order, then G has a 1-factor.

The second power of none of the connected graphs in Fig. 1 has a 2-factor. But
if G is a connected graph of an order p = 3, then G> has a 2-factor; this follows
from a theorem due to SEKANINA [4], which asserts that the third power of any
connected graph is hamiltonian connected.

The third power of none of the connected graphs of even order which are given
in Fig. 2 has a 3-factor. But for the fourth power the situation is different:

Theorem. Let G be a connected graph of an even order p = 4. Then G* has a 3-
factor, each component of which is either K, or K, x Kj.

Fig. 1.
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Fig. 2.

Note that K, denotes the complete graph of order n, and K, x K3 denotes the
product of K, and K (see Fig. 3).

Before proving the theorem we establish one lemma. Let T be a nontrivial tree.
Consider adjacent vertices u and v. Obviously, T — uv has exactly two components,
say T and T,. Without loss of generality we assume that u € V(T;) and v e V(T3).
Denote V(T, u, v) = V(T,) and V(T, v, u) = V(T,).

Fig. 3.

Lemma. Let T be a tree of an order p = 5. Then there exist adjacent vertices u
and v such that

(1) |V(T, u, v)l >4 and
(ii) |V(T, w, u)| < 3 for every vertex w + v such that uw e E(T).

Proof of the lemma. Assume that to every pair of adjacent vertices u and v such
that IV(T, u, v)l > 4, there exists a vertex w # v such that uwe E(T) and
|V(T, w, u)l > 4. Since p = 5, it is possible to find an infinite sequence of vertices
Vo, Uy, Uz, ... in T such that

(a) v, has degree one;

(b) vovy, 010, V03, ... € E(T);

(¢) v, * vg, v3 * vy, vy F vy,...; and

(d) [V(T; 04, )| 2 4, [V(Ts 0z, 09)| 2 4, |[V(T 03, 0,)| 2 4, ...

Since T'is a tree, (b) and (c) imply that the vertices vg, vy, v,, ... are mutually dif-
ferent, which is a contradiction. Hence the lemma follows.
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Proof of the theorem. Since G is connected, it contains a spanning tree, say T.

First, let p = 4, 6, or 8. If p = 4, then G* = T* = K,.

Let p = 6. Then T is isomorphic to one of the six trees of order six (see the list
in [3], p. 233). It is easy to see that T* and therefore G* contains a 3-factor isomorphic
to K; x K;.

Let p = 8. By Lemma there exist adjacent vertices u and v of T'such that (i) and (ii)
hold. If |V(T, u, v)| = 4, then T* (and therefore G*) contains a 3-factor which con-
sists of two disjoint copies of K,. Let IV(T, u, v)] > 5. Since p = 8, we have
|V(T, w, u)l < 3 for every vertex w adjacent to u, w % v. Then there exists a set R of
two, three, or four vertices adjacent to u such that

<U V(T: r, u)>1'

reR
is isomorphic to one of the graphs F, — F, in Fig. 4. Denote
Ve =U W(T, r, u).

reR

“n
(Sl
«n
&n
N

Fig 4.

It is clear that {(Vx)>7« = K. Since T — Vy s a tree of order four, we conclude that G*
has a 3-factor which consists of two disjoint copies of K.

Next, let p = 10. Assume that for every connected graph G’ of order p — 6 or
p — 4 we have proved that (G')* has a 3-factor, each component of which is either K,
or K, x K;. By Lemma there exist adjacent vertices u and v of T'such that (i) and (ii)
hold. Let |V(T,u, v)| =4 or 6; then {(¥(T,u, v))T. contains a 3-factor isomorphic
to either K, or K, x Kj; since G — V(T,u, v) is connected, by the induction as-
sumption (G — V(T, u, v))* has a 3-factor, each component of which is either K,
or K, x K;; hence G* has a 3-factor with the required property. Now, let either
|V(T, u, v)l =5or |V(T, u, v)I = 7. Then there exists a set S of two, three, or four
vertices adjacent to u such that

< U V(T; S, u))T
seS
is isomorphic to one of the graphs .F; — F; in Fig. 4. Denote

Vs =U V(T; s, u).
seS

Since T — V; is a tree, we conclude that G — Vj is a connected graph. According to
the induction assumption (G — Vs)* has a 3-factor, each component of which is
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either K, or K, x K;. Obviously, |Vs| = 4 or 6. If |Vg| = 4, then (Vs)ru = K,.
If |Vs| = 6, then it is not difficult to see that (¥s)>r« contains a 3-factor which is
isomorphic to K, x K. This implies that G* has a 3-factor with the required propert-
ty, which completes the proof.

Corollary. Let G be a connected graph of an even order 24. Then G* contains
at least three edge-disjoint 1-factors.
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STRUCNE CHARAKTERISTIKY CLANKU OTISTENYCH V TOMTO CiSLE
V CIZIM JAZYKU

MIROSLAV SovA, Praha: Relation between real and complex properties of the Laplace transform.
(Vztah mezi redlnymi a komplexnimi vlastnostmi Laplaceovy transformace.)

V ¢ldnku jsou uddny nutné a postadujici podminky existence Laplaceovych vzort, zaloZzené
na chovani v komplexni poloroving; tyto podminky neobsahuji vy3si derivace.

ZDENEK VANCURA, Praha: Adjunktionsfihige zweidimensionale Kugel- und Linienmannigfaltig-
keiten im dreidimensionalen Euklidischen Raum. (Adjungovatelné dvourozmérné kulové a pfim-
kové plochy v trojrozmérném euklidovském prostoru.)

V pfedloZeném Cldnku, ktery tésn€ souvisi s pfedchézejicimi pracemi autora v diferencidlni
geometrii dvourozmérnych kulovych a pfimkovych ploch v trojrozmérném prostoru, je uveden
pokus o uCelnou definici pojmu adjungovatelnych pfip. neadjungovatelnych dvourozmérnych
kulovych a pfimkovych ploch v trojrozmérném euklidovském prostoru a jeho soustavné vyse-
tfovéni.

Jikf MATYSKA, Praha: An example of removable singularities for bounded holomorphic functions.
(Piiklad odstranitelnych singularit pro ohrani¢ené holomorfni funkce.)

V &léanku je sestrojena funkce f: (0,1 — R, ktera spliiuje Holderovu podminku pro kazdé
a < 1 takova, Ze na grafu funkce f leZi mnoZina kladné délky a nulové analytické kapacity.

Jiif HNILICA, Praha: Der verallgemeinerte Ljapunovsche Oszillationssatz. (Zobecnéni Ljapuno-
vovy oscilaéni véty.)

Clanek se zabyva studiem homogenni zobecn&né diferencialni rovnice s periodickymi koefi-
cienty (H) dx = d[4,] x, kde x = (x;, x,)* je vektorova funkce a A,(s) je matice typu 2 X 2,

0, K
. A;‘(S) == ( }.¢(.\$), 0) o

Funkce @ je redlnd funkce s lokdln& kone&nou variaci v celém intervalu (— o, + o) a 4 je kom-
plexni parametr. V ¢&ldnku je dokdzano, Ze pro rovnici (H) plati zobecnéni tzv. Ljapunovovy
oscilatni vety, kterd v plné mife charakterizuje chovéni feSeni rovnice (H) v zdvislosti na para-
metru A.

PAveL DRABEK, Plzeii: Ranges of a-homogeneous operators and their perturbations. (Obory
hodnot a-homogennich operatori a jejich perturbaci.) :

V &anku se zkouma existence feSeni okrajové ulohy —(|u'(t)|?~2 u' (1))’ — ulu*(®)|P~2.
Lt + vlu'(t‘)l"'z u” (1) + g(t, u(t)) = f(t), u(0) = u(x) = 0 na intervalu {0, n) v zavislosti
na reélnych parametrech x4, v, kde p = 2 je redlné &islo, g je redlné funkce definovana na {0, n) X
x R! (symbol R! zna&i mnoZinu viech redlnych &isel) a redlna funkce f je definovana na <0, n).
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Funkce u™ a u~ jsou definovény takto: u*(f) = max {u(t), 0}, u™ () = max {—u(t), 0}. Ve druhé
¢asti jsou shrnuty vysledky obsaZené v &ldnku J. Garnetta. Ve tfeti &4sti jsou tyto vysledky apli-
kovany na okrajové problémy pro nelinedrni Sturmovu-Liouvilleovu rovnici druhého ¥idu a pro
jisty typ parcidlnich diferencidlnich rovnic. V posledni &4sti se studuje FeSitelnost okrajové ulohy
pro nelinedrni Sturmovu-Liouvilleovu rovnici druhého ¥adu s konstantnimi koeficienty na para-
metrech # a v. UZiva se zde vlastnosti Lerayova-Schauderova stupné zobrazeni a metod klasické
matematické analyzy (metoda stielby). i

JoseF KRAL a STANISLAV MRZzENA, Praha: Heat sources and heat potentieals. (Tepelné zdroje
a tepelné potencialy.)

Necht v je borelovskd mira s kompaktnim nosi¢em v R™. VySetfuji se nutné a postadujici
podminky zarudujici existenci takové netrividlni miry ¢ v R, pro niZ je tepelny potencidl miry
v ® ¢ v R™*! spojity popt. hélderovsky spojity.

MirosLAV DoNT, Praha: The heat and adjoint heat potentials. (Tepelné a adjungované tepelné
potencialy.)

V této poznamce je ukazina existence kone¢né miry s kompaktnim nosi¢em v Rz, ktera ma
spojity tepelny potencial v R2, ale jeji adjungovany tepelny potencial je nespojity.

LADISLAV NEBESKY, Praha: On the existence of a 3-factor in the fourth power of a graph. (O exis-
tenci pravidelného faktoru tfetiho stupné& v &tvrté mocniné grafu.)

Dokazuje se tato véta: Je-li G souvisly graf o sudém poétu uzli =4, potom G* obsahuje pravi-
delny faktor tfetiho stupné, jehoZ kazd4 komponenta je bud K, nebo K, X Kj; (kde K, oznaluje
tplny graf o n uzlech a K, X K; zna¢i produkt grafi K, a K3). Z véty plyne tento disledek:
Je-li G souvisly graf o sudém po&tu uzld =4, potom G* obsahuje alespoii tfi hranové disjunktni
linearni faktory.
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‘ RECENSE

A. N. Shiryayev: OPTIMAL STOPPING RULES. 8. svazek edice Applications of Mathe-
matics. Springer-Verlag, New York— Heidelberg—Berlin 1978, X + 217 stran, DM 54,—.

Kniha je daldi ze série anglickych pfekladu praci sovétskych matematikii, které vychazeji
v nakladatelstvi Springer-Verlag. Jeji origindl s ndzvem Cmamucmuveckuii nocaedosamenvnbsiii
anaaus. Onmumanvuvie npasusa ocmanosku VySel v roce 1969 a v upravené versi v roce 1976
v nakladatelstvi Nauka. Recensované vydani se pon€kud lidi od ptivodniho. Autor vyuZil pfile-
Zitosti a pfepracoval n&které &asti knihy v tom smyslu, Ze je zjednodus$il a zafadil nejnovéjsi
vysledky. Upravy se tykaji zejména kapitoly 3, ve které byly aplikovany nové poznatky z teorie
markovskych procesti a martingald. Také v kapitole 2 jsou vyuZity posledni vysledky a jsou tak
zkraceny a zjednodu$eny dikazy n&kterych vét a lemmat.

Kniha se zabyvad obecnou teorii pravidel optimilniho zastaveni markovského procesu, jak
pro diskrétni, tak pro spojity &as. Pomoci této teorie Ize feit ndsledujici dva problémy. Problém
optimalniho vybé&ru, kdy z n prvki s né&jakou spole¢nou vlastnosti, které tvofi ndhodnou posloup-
nost, mame srovndnim vybrat ten nejlep$i a problém pferuseni, ktery lze zjednodusené popsat
nasledovné. Nabyva-li ndhodnd veli¢ina X hodnot 0, 1, ... a pozorovéni Y;, Y,, ... jsou takova,
Ze pro X=n jsou Y,,..., Y,_; nezdvislé a stejn¢ rozloZené ndhodné velitiny s distribu¢ni
funkci Fy a Y,, Y, 4, ... jsou také nezdvislé a stejn€ rozloZzené ndhodné velitiny s distribu¢ni
funkci F; £ F,, pak fefeni problému spodiva v urleni &asového okamziku zmeny distribu¢ni
funkce na zéklad€ pozorovéni Yy, Y,, ...

Obsah knihy je rozdélen do 4 kapitol.

Prvni obsahuje vy¢et vét a definic z teorie pravdépodobnosti, které tvofi zdklad prezentované
teorie. Od zékladnich definic teorie pravdépodobnosti se pfes markovské &¢asy a k nim p¥islusné
systémy o-algeber pfejde k teorii markovskych procesti a martingali.

V kapitole 2 je formulovan studovany problém a je uvedeno jeho feleni pro pfipad markovskych
posloupnostf. Je-li {X,,, n=0,1, } markoyska posloupnost, pak pfi jejim zastaveni v ¢ase n
obdrzime vynos g(X,). Primé&rny vynos odpovidajici po&ate¢nimu stavu x udéava stfedni hodnota
E, g (X,). Je-li T ndhodny ¢asovy okamZik, pak k nému lze pfifadit primérny vynos E, g (X,).
VySetfuje se funkce s(x) = sup E, g (X;) a ndhodné &asy 7, (e-optimdlni strategie (¢ = 0)),

T

pro které plati s(x) < E, g (X,) + & pro viechna x. Hled4 se zejména struktura funkce s(x) a z,,
zplsob, jak lze s(x) nalézt a podminky, za kterych splyvaji e-optimdlni strategie (¢ > 0)
a 0-optimalni strategie. Jeden paragraf této kapitoly je vénovan ptikladiim (celkem je jich 8),
které ilustruji teorii a ukazuji, Ze n¢které podminky uvedenych vét nelze zeslabit.

Kapitola 3 se zabyva stejnym problémem jako pfedchozi, ale pro markovské procesy se spoji-
tym ¢asem. VétSina vysledki je alespoii forméln& podobna odpovidajicim vysledkim pro diskrét-
ni &as. . .

Posledni kapitola je v&novana aplikacim vysledki kapitol 2 a 3 na problémy statistické sek-
venénf analyzy v pfipad& spojitého a diskrétniho &asu. V prvé &isti této zavéredné kapitoly je
feSen problém sekvenéniho testovani dvou jednoduchych hypotéz. Zbyvajici ¢dst této kapitoly
pak obsahuje feSeni problému detekce &asového okamziku zmé&ny pravdépodobnostniho charak-
teru sledovaného procesu.
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Kniha je dopln&na rejsttikem a pomérné rozsahlym pfehledem kniZni literatury. Na konci
kazdé kapitoly je odstavec vénovany pfehledu nejnov&jsi literatury z &asopist, v&etné historickych
a dal3ich pozndmek, slouZicich k ziskdni obecného pfehledu v dané problematice.

Kniha je napsdna srozumitelnym slohem a pomérné podrobnég, aviak k jejimu pochopeni jsou
tteba hlubsi znalosti z teorie pravdépodobnosti, znalost teorie martingalli, markovskych procest
a &asi, i kdy? potfebny materidl je v podatedni kapitole zhu§t&né uveden. Dilo lze doporugit
viem z4djemctim o teorii optimalniho fizeni a statistickych sekven&nich metod. Vzhledem k pomér-
né& slozitému oznadeni a logické vystavbé textu je obtiZné studovat pouze jednotlivé kapitoly.

Véra Ldnskd, Praha

Werner Greub, MULTILINEAR ALGEBRA, 2nd Edition, ve sbirce Universitext, Springer
Verlag, New York—Heidelberg— Berlin, 8 4 294 stran, cena DM 43.—.

KaZdému vysokoskolskému uéiteli, ktery je ve svych pfedna¥kach postaven pfed ukol v kratkém
¢ase podat zdkladni informace o tensorovych soudinech prostorii a zobrazeni, je zndmo, jaké potiZe
spiSe pojmové povahy a technické komplikace z4pisu to pfedstavuje. Velmi pékny vyklad ziklad-
nich pojmu a vysledkl této teorie pitedstavuje pfedloZena kniha W. Greuba, kterd vychazi nyni
v druhém vydé4ni. Kniha navazuje na autorovu udebnici linedrni algebry, do které &tendf bude
musit ob&as nahlédnout, jiz k vili ozna&eni. Vyklad je hluboce promyslen a pfes svoji struénost
snadno srozumitelny. Dokonalé proniknuti do podavané latky umoZiiuje velkd fada dobfe
volenych cvigeni. Prvnich pé&t kapitol, které obsahuji zdkladni materidl, zistivd v novém vydani
bez podstatnych zmén, roz8ifena byla kapitola ¥estd a pfidiny nové vysledky o Cliffordovych
algebrich. Kniha je vzorné vytisténa a pfehledné upravena. )

Vliastimil Ptdk, Praha

Irving E. Segal, Ray A. Kunze: INTEGRALS AND OPERATORS. (Grundlehren der mathe-
matischen Wissenschaften 228.) Second revised and enlarged edition. Springer Verlag Berlin—
Heidelberg—New York 1978, XIV + 371 stran, cena DM 74,—.

V roce 1968 vysla tato kniha poprvé v nakladatelstvi McGraw-Hill. Tim, Ze druhé rozifené
vydani zafadilo nakladatelstvi Springer do své proslulé fady zdkladnich matematickych dél, je
dostate¢né vyjddiena mimofadna uroveii knihy.

Jak napovid4 nédzev knihy, jde o vyklad teorie integralu a o funkcionalni analyzu. Danielliv
postup vystavby integrdlu spolu s obecnymi topologickymi myS$lenkami vede k Sirokému pojetf
integrdlu a nezatiZi &tenafe technickymi podrobnostmi. Tim je autorim umozZnéno Gsporné vylo-
zit také hlavni pfiklady topologickych prostora a jejich duality. Jsou-li na prostoru dany grupy
transformaci, je pfirozend cesta k vySetfovani invariantnich mér. V Hilbertové& prostoru se spek-
tralni analyza redukuje v komutativnim pfipadé na teorii integralu; to vede k vykladu spektréalni
teorie z hlediska integrélu. Pfitom je pfirozenym zptsobem uvedena teorie Banachovych algeber.
Je rovnéZz probrana teorie reprezentace lokdln& kompaktnich grup spolu s diisledky pro neohrani-
¢ené operatory.

K tomuto obsahu prvniho vydéani nyni autofi dodali partie o pologrupach operatorii a teorii
perturbace, W*-algebrich, C*-algebrach a o stopach operitorti v Hilbertové prostoru. Tolik
heslovité o obsahu.

Zphsobem vykladu a bohatstvim materidlu se kniha stdv4 velmi dobrym odrazovym mistkem
ke studiu abstraktni harmonické analyzy, abstraktni teorie pravdépodobnosti, linedrnich diferen-
cidlnich operatortl, algeber operatorti a teorie reprezentace grup. Zvlastni pozornost zaslouzi
svéZi styl autorli. Je miniméaln& zatiZen technickymi detaily, klade diraz na zdkladni my3lenky,
souvislosti a motivace. V knize je velké mnoZstvi instruktivnich cvideni.

Zainteresovanému ¢&tendfi bude kniha velmi uZiten4.

Stefan Schwabik, Praha
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Jifi Neéas: GRAFY A JEJICH POUZITI. Polytechnicka kniZnice, fada II, svazek 90. Stitni
nakladatelstvi technické literatury Praha 1978. Stran 192, cena 18 K¢s.

Rozvoj teorie grafii a jejich aplikaci v posledni dobé si vynucuje, aby si jeji zaklady osvojovalo
stdle vice lidi, a to nejen z fad matematik, ale i technik. Proto je tfeba uvitat, Ze vysla daldi
&eskd kniha o tomto oboru. Na rozdil od publikace J. Sedlatka, ktera nedavno vysla v druhém
vydani, se tato kniha zaméfuje spi¥e na aplikace a je tedy uréena spife &tendfstvu nematematické-
mu, jak uZ naznaduje ten fakt, Ze vychazi v Polytechnické kniznici SNTL.

V prvni kapitole popisuje autor zdkladni pojmy teorie grafi. Zdarné se mu podafilo vyhnout
se suchosti tohoto tématu tim, Ze vychdazi z klasickych uloh (respektive hidanek), jako je uloha
o tfech domech a tfech studnich, o pfevoznikovi, o sedmi mostech v Krélovci, o labyrintu a po-
dobng.

Druhad kapitola se zabyva rovinnymi grafy. Mluvi se zde o Kuratowského vét&, o Eulerové
vzorci a o dudlnich grafech, nezapomind se ani na konvexni mnohostény.

Pro praktické aplikace md velky vyznam téma tfeti kapitoly — ohodnocené grafy. Popisuji se
zde grafy hranové ohodnocené i uzlové ohodnocené. Je vyloZeno hledidni minimalni kostry grafu,
problém listonose, problém obchodniho cestujiciho a dopravni sité. Jsou uvedeny piesné popisy
pfislu§nych algoritmt. Téma je ilustrovano fadou pfikladi; tyto ptiklady nejsou jen z dopravy,
ale ukazuji aplikace pfisluiného tématu i pfi fizeni vyroby.

Ctvrté kapitola se nazyva Riiznd dalsi pouziti grafiz. O obsahu si &tenaf udéla predstavu podle
nazvh jednotlivych paragrafii: 4.1. Matematika: Bindrni relace, 4.2. Matematika: Permutace,
4.3. Chemie: Izoméry uhlovodiki, 4.4. Elektrotechnika: Elektrické sit&, 4.5. Sociologie: Vztahy
mezi lidmi, 4.6. Jazykové&da: Stavba véty a souvéti.

Posledni kapitola se nazyva Doplriky. Prvni paragraf se zabyva incidenénimi maticemi grafu.
(Jde o matice, které se v cizi literatufe nazyvaji adjacen¢ni, tedy o matice, které pro jednotlivé
dvojice uzli uréuji, zda jsou spojeny hranou ¢i nikoliv. Vyrazem incidenéni matice se obvykle
mini jiné matice, a to takové, které pro dvojice sloZené z uzlu a hrany uréuji, zda jsou tyto prvky
spolu incidentni.) V druhém paragrafu se uvadi formalni definice grafu (pojem grafu se v pfed-
chézejicim textu chdpal pouze intuitivn€) a nékteré dalsi definice. Déile ndsleduji vysledky cvideni
(uvedenych za jednotlivymi paragrafy) a dva slovni¢ky. Jeden z nich je vykladovy (psany formou
nau¢ného slovniku), druhy je &tyfjazyény, ktery k Ceskym termintim teorie grafi uvadi jejich
ekvivalenty v rusting, angli¢tiné a némcin€. Na konci kapitoly jsou jesté vyvojové diagramy né-
kterych algoritmu.

Kniha je psiana velmi pfistupnou formou. Vyklad je motivovan jednak klasickymi hadankami,
jednak potfebami praktickych aplikaci. Klade se diiraz na analogie mezi pojmy souvisicimi
s neorientovanymi a s orientovanymi grafy (cesta — draha); popisy dvojic analogickych pojma
jsou ti§tény vedle sebe a oddéleny svislou ¢arou. Text dopliiuje fada tiloh ke cviteni. Vyhrady by
snad mohly byt k symbolice; graf o mnoZiné uzlii U a mnoZin& hran H se zna¢i UH, coZ je pon&kud
nezvyklé. ' ’

Kniha bude dobrou pomuckou pro &tendfe zejména z fad technikii, kterym nejde o hluboké
teoretické zvladnuti teorie grafi, ale o ziskani zdkladnich znalosti, které potfebuji pro aplikace.
Lze ji v8§ak doporudit rovnéZz matematikiim. Pro ty, ktefi se cht&ji stit odborniky v teorii grafa,
poslouzi jako pfipravna &etba pfed zapodetim studia cizojazy&né literatury (Berge, Ore, Harary,
Zykov apod.) a sezndmi je s ¢eskou terminologii tohoto oboru.

Bohdan Zelinka, Liberec

PROCEEDINGS OF THE FOURTH INTERNATIONAL CONFERENCE ON NU-
MERICAL METHODS IN FLUID DYNAMICS. Edited by Robert D. Richtmyer. Lecture
Notes in Physics sv. 35. Springer-Verlag, Berlin—Heidelberg—New York 1975. Stran 457,
cena DM 37,—.

212



Recenzovana publikace je sbornik Ctvrté mezinirodni konference o numerickych metodich
v dynamice tekutin, kterd se konala na University of Colorado (USA) ve dnech 24.—28. ¢ervna
1974. Konference navazovala na pfedchozi konference konané ve zhruba dvouletych intervalech
v SSSR, USA a Francii. Za&astnili se ji specialisté ze SSSR, zapadni Evropy a zdmofi; nejpocet-
né&ji byly jiz tradi¢né zastoupeny USA, SSSR a Francie.

Sbornik obsahuje dvé hlavni pfednasky a 62 sdéleni, pfevainé védci z USA (26 sdéleni).
Vzhledem k velkému poétu a riznorodému charakteru pfispévki neni moZno je na tomto misté
podrobnéji charakterizovat. Poznamenejme pouze, Ze zdjem se soustfeduje mj. na trojrozmérné
ulohy (fe$eni Navierovych-Stokesovych rovnic), nadzvukové proudéni, ulohy s hrani¢ni vrstvou
a modely turbulence. Pro ilustraci uvddime nazvy obou hlavnich pfednasek:

H. B. KELLER: Some Computational Problems in Boundary-Layer Flows,

H.-O. KRrEiss: Initial Boundary Value Problems for Hyperbolic Partial Differential Equations.

Védecka sdéleni jsou asi ze dvou tfetin zamé&fena na stru¢ny popis numerickych experimenti
s novymi metodami pro fefeni uloh dynamiky tekutin. Zbyvajici tfetina je vénovana aplikacim
numerickych metod p¥i fe$eni riznych uloh z praxe. Popisuji se napf. matematické modelovani
pratoku pulzujici krve cévami, chovani plasmatu, modely rotujicich hvézd, ulohy z oblasti
meteorologie, ekologie a dalich védnich oborli. Autory sdéleni jsou pfevazné pracovnici vysokych
$kol a vyzkumnych ustavil; jen malou ¢4st sdéleni pfednesli techniéti odbornici z primyslovych
zavodu.

Kniha bude uZite¢nym zdrojem informaci pro inZenyry a matematiky, ktefi se zabyvaji fe$enim
uloh z oblasti mechaniky tekutin.

Petr Prikryl, Praha

I. A. Ibragimov, Y. A. Rozanov: GAUSSIAN RANDOM PROCESSES. Springer-Verlag 1978,
New York Inc., x 4+ 275 stran, 2 obrazky, cena DM 49,60.

Publikace je pfekladem ruského origindlu Gaussovskije slu¢ajnyje processy, ktery byl vydan
nakladatelstvim Nauka v Moskvé r. 1970. K tomu, aby mohl &tenaf s porozuménim sledovat
text, se pfedpoklada zejména znalost pokro&ilejSich partii teorie pravdépodobnosti, teorie funkci
komplexni proménné a funkciondlni analyzy.

Autoti se soustfeduji na tfi okruhy problémi. Prvni z nich se tykd podminek, za kterych
pravdépodobnostni miry odpovidajici gaussovskému ndhodnému procesu jsou ekvivalentni.
Popisuji se zde vysledky J. Hajka a J. Feldmana, ktefi nezavisle na sob& v r. 1958 dokéazali, Ze
tyto miry mohou byt pouze ekvivalentni nebo singularni, a udali pfislu§né podminky pro kazdou
z obou variant. Ibragimov a Rozanov davaji pfednost Hijkovu postupu; Feldmaniiv vysledek
je pak jeho snadnym dutsledkem. (V pozndmce pod &arou na str. 80 autofi konstatuji, Ze naproti
tomu diikaz navrZzeny Feldmanem je dosti komplikovany.)

Druhy okruh problému se tyka vySetfovani sily zdvislosti mezi minulosti a budoucnosti pro-
cesu. Zavadi se tu fada riznych ukazateld souvisejicich vice ¢i méné s tzv. ,,strong mixing con-
dition*‘,

Kone¢né posledni ¢ast knihy se soustfeduje na otdzky kolem odhadu stfedni hodnoty na-
hodného procesu. Zavadi se obecnd t¥ida pseudonejlepdich odhadii, kterd v sobé zahrnuje nej-
lep$i nestranné odhady i odhady metodou nejmensich &tvercii. Pfitom se podafilo dosdhnout
pomérné explicitnich vysledk.

V knize jsou nékteré drobné tiskové chyby, ale ty nemohou vést k nedorozuméni. Napf.
vzorec (5.1) na str. 55 je tieba opravit ve smyslu inklusi (5.6) na str. 58; na 5. fddku na str. 71
schazi prava zivorka.

Na rozdil od originalu je zde doplnén symbol [] znadici konec diitkazu. Je viak pfekvapujici,
Ze jako symbol stfedni hodnoty neni v anglickém textu pouZito pismeno E, ale je ponechdno M.
Za neptijemny nedostatek vzhledem k dne$ni Grovni publikaci pokladdm to, Ze nebyl potizen
rejstiik (schdazi i v origindlu). Pfehled citaci na konci knihy zna&n& klame, protoze mnohé prameny
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jsou uvadény jen v textu jako poznamky pod &arou. Dochédzi také k postupnému komoleni
jména Jaroslava Héjka. Zatimco v ruském textu je uveden jako J. Hajek, zde na str. 77 je jiz
vyti§téno T. Hajek. .

Kniha je uZ od svého vydani v Moskvé velmi dobfe znama a cen&na mezi specialisty a mnozi
z nich se ji sami zakoupili. Graficky dob¥e upraveny anglicky pfeklad roz3ifi okruh jejich &tenadia
a uZivateld, a to zejména v zdpadnich zemich.

JiFi Andél, Praha

Sofya Kovalevskaya: A RUSSIAN CHILDHOOD. Translated, edited and introduced by
Beatrice Stillman. With an Analysis of Kovalevskaya’s Mathematics by P. Y. Kochina. Springer-
Verlag, New York— Heidelberg— Berlin 1978. xiii 4 250 str., fotografickd pfiloha. Cena
DM 33,—.

Vzpominky na détstvi S. Kovalevské vy$ly poprvé ve §védsting v roce 1889. K piekladu do
angli¢tiny bylo pro recenzovanou knihu pouzito ruského vydani z roku 1974 (Nauka, Moskva
1974). Kromé jedendcti kapitol vzpominek obsahuje kniha skoro padesatistrankovy uvod piekla-
datelky a editorky dila B. Stillmanové, Zivotopisné poznamky S. Kovalevské a dvacetistrankovy
piehled védeckych vysledk S. Kovalevské z pera P. J. Polubarinové-Kochinové.

Hlavni &4st knihy je fadou zajimavych obrazki ze Zivota na ruském venkové v 50. a 60. letech
minulého stoleti. Autoréiny vzpominky se tykaji prvnich patnacti let jejiho Zivota a nemaji
v podstaté Zadny vztah k oboru, jenZ se stal pozdéji jeji Zivotni ndplni a v némZ tak vynikla.
Z historického hlediska jsou asi nejzavaznéjsi kapitoly o sezndmeni a pfatelstvi jeji starsi sestry
a Sofie samotné se spisovatelem F. M. Dostojevskym.

O daldim Zivoté S. Kovalevské, o prekazkach, které musela na své cesté k matematice pieko-
nat, o jejich v&deckych vysledcich a o jejich vyznamu se ¢tenaf dozvi vice z ostatnich &asti knihy,
o nichZ je zminka na za¢4tku recenze. Ji¥i Jarnik, Praha

Klaus Janich: LINEARE ALGEBRA, Ein Skriptum fiir das erste Semester, Hochschultext.
Springer-Verlag Berlin— Heidelberg— New York 1979, stran 236, 78 obr., cena neuvedena.

Co nového nebo podstatné jiného muZe obsahovat skriptum z linedrni algebry pro prvni
semestr vysokoskolského studia na rozdil od mnoha pfedchézejicich? Musi samoziejmé obsaho-
vat zdkladni definice z teorie vektorovych prostorti, zdkladni poznatky o linedrnich zobrazenich,
s tim souvisejici ivod do teorie matic a determinantii a kone¢n& soustavy line4arnich rovnic.
V recenzovaném skriptu je krom& vyjmenovanych kapitol jedté obsaZena stat o afinnim prostoru
a afinnich zobrazenich, déale kapitoly o euklidovskych vektorovych prostorech (tj. vektorovych
prostorech se skaldrnim sou¢inem) a o klasifikaci a vlastnich hodnotich matic.

A pfece se toto skriptum li§i od b&Znych uéebnic linearni algebry. V prvni fadé tim, Ze obsaZena
cvieni a i nékteré odstavce jsou specidlné uréeny pro studenty matematiky, jind pro studenty
fyziky. Za kazdym paragrafem je test, na kterém si muZe &tenaf ovéfit, zda spravné porozumél
definicim a vétdm, vysledky testu jsou uvedeny na konci knihy. P&kné obrazky nakreslil sim autor
a velmi poudné jsou historické pozndmky k jednotlivym paragrafiim, ze kterych se &tenaf na-
ptiklad dozvi, Ze Steinitzova véta o vymé&n& nepochazi viibec od Steinitze. Také odkazy na litera-
turu stoji za povS§imnuti, nebotf autor pfimo nabadé ke studiu dalsich praci a doporu&uje i pofadi,
v jakém je moiné knihy, resp. jejich jednotlivé kapitoly probirat. Text je uveden vtipnou pfed-
mluvou, v niZ prof. Jdnich vyjadfuje pfani; aby kazdému &tenafi pfineslo skriptium néco uZite¢ného:
pouéeni, zdbavu nebo utéchu. )

Skriptum je vskutku &tivé, jeho studium nenudi. Neni psdno systémem ,,definice — vé&ta —
dikaz*, je proloZeno mnoha pozndmkami, vysvétlivkami, motivacemi. I v tomto sméru je recen-
zovand publikace uZite¢nd — jako vzor autoriim dal§ich skript a u¢ebnic.

. ' Leo Bolek, Praha
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Wilhelm Klingenberg: A COURSE IN DIFFERENTIAL GEOMETRY, Graduate Texts
in Mathematics. Springer-Verlag, New York— Heidelberg— Berlin 1978. Stran XII + 178,
45 obr., cena DM 32,20. ’

Jednd se o doplnény pfeklad do angli¢tiny némeckého origindlu, ktery vysel v roce 1973 pod
nazvem Eine Vorlesung iiber Differentialgeometrie a jehoZ recenze byla uvefejnéna v tomto &aso-
pise v &. 100 (1975), 418.

Leo Bocek, Praha

Shiing-shen Chern, SELECTED PAPERS, Springer-Verlag, New York — Heidelberg— Berlin,
1978, XXXI + 476 stran, cena DM 52,—.

S. S. Chern je jednim z nejvyznaméjSich geometrii nasi doby a vydéni jeho vybranych spist je
velmi zdsluzné. Chern vybral asi tfetinu z celkového po&tu 117-ti svych &asopiseckych &lanki,
pfi¢emz pfednost dostaly prace kratsi a obtiZznéji dostupné. Prvni uvodni stat napsal neformalné
André Weil, ktery komentuje zejména léta &tyficatd. Je pfiznadné, Ze pravé Chernova osobnost
inspiruje Weila k pronikavému zamysleni nad dlohou geometrické intuice, jejiZz psychologickou
podstatu povaZuje za velmi nesnadno objasnitelnou. Od piivodni schopnosti jasné si pfedstavovat
objekty v trojrozmérném prostoru pfechazi pfi dne$nim studiu vicerozmérnych prostord v cosi
¢aste¢ného nebo symbolického, presto ji viak Weil pokladd za podstatny zdroj obrovského
pokroku, kterého matematika doséhla v dilech E. Cartana, H. Hopfa, S. S. Cherna a dal$ich.
Ucelen&jsim rozborem dal§ich Chernovych praci se zabyva P. A. Griffiths. Pak sim Chern podava
struénou rekapitulaci svého védeckého Zivota a dila, které rozdéluje takto: 1. Projektivni dife-
rencidlni geometrie. 2. Euklidovsk4 diferencidlni geometrie. 3. Geometrické struktury a jimi
ur¢ené konexe. 4. Integralni geometrie. 5. Charakteristické tfidy. 6. Holomorfni zobrazeni.
7. Minimalni podvariety. 8. Tkdné. — Kniha kon¢i seznamem PhD disertaci, které byly pod
Chernovym vedenim vypracovany.

Ivan Koldf, Brno
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&asopis pro p&stovini matematiky, ro¥. 105 (1980), Praha

-

ZPRAVY

K ZIVOTNiMU JUBILEU PROF. RNDR. ZDENKA PiRKA, DRSC.

KAREL DRABEK, Praha

Dne 12. prosince 1979 se dozil sedmdesati let RNDr. ZDENEK PirRkO, doktor mate-
maticko-fyzikdlnich véd a fadny profesor matematiky na elektrotechnické fakulté
CVUT v Praze. Narodil se v Pacovg (okr. Pelhfimov), ale od roku 1910 Zije témé&f
stale v Praze. Po &tyfech letech obecné skoly (1915—1919) studoval na II. realném
gymnésiu v Praze - Vinohradech (1919—1927) a po maturité od zimniho semestru
Skol. roku 1927/28 na pfirodovédecké fakulté University Karlovy v Praze. V roce
1932 ziskal aprobaci pro vyucovani matematice a fyzice na stfednich §kolach a jesté
v tomto roce pfedloZil disertaéni praci Teorie pseudoiipatnic (posuzovatelé prof.
B. BydZovsky a V. Hlavaty). Rigorosni zkousky sloZil v roce 1934 (aZ po vojenské
presenéni sluzb&, kterou konal mimo Prahu) a byl promovéan na doktora pfirodnich
véd. Nejdfive (pro nedostatek volnych ugitelskych mist na stfednich $kolach) byl
zaméstnan ve Vojenském technickém a leteckém tstavu v Praze, ve $kol. roce 1936/ 37
plisobil jako profesor na reformnim redlném gymndziu v TiSnové a odtud byl pielo-
Zen na karlinskou redlku v Praze. Od 8kol. roku 1945/46 pisobi trvale na vysoké
Skole (v prvnim roce jako uvolnény stfedoskolsky ucitel, pak asistent, od roku 1947
docent a od 1. 9. 1950 fadny profesor matematiky). Od roku 1952 byl vedoucim
katedry matematiky pfi elektrotechnické fakulté¢ aZ do zaatku roku 1970, kdy se
funkce vzdal po dosaZeni 60. let. Jako profesor matematiky ptisobi i nyni na této
fakult& (od 1. 10. 1977 viak jiZ jen na poloviéni uvazek).

Vedle své uCitelské Cinnosti a vSech funkci s tim spojenych byl také prvnim déka-
nem elektrotechnické fakulty (1950/51 az 1951/52), podruhé byl d&€kanem v obdobi
1956/57 az 1959/60. Velmi mnoho prace a ze svého €asu vénoval naroénym funkcim
tajemnika Statniho vyboru pro vysoké Skoly, dale byl v€deckym sekretafem Statni
komise pro védecké hodnosti, dva roky pilisobil na ministerstvu Skolstvi jako naméstek
ministra a byl téZ pfedsedou komise pro obhajoby kandidatskych praci z oboru geo-
metrie a topologie pti CVUT aj.

V dobg, kdy ptisobil na stfedni §kole byl spoleéné s prof. Fr. Vy€ichlem redaktorem
(fyzikalni &asti) Casopisu Rozhledy matematicko-fyzikalni, po 2. svétové valce
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postupné redigoval Casopisy Fyzika v technice, Sovétska véda — Matematika, fyzika
a astronomie, prvni ro¢niky ¢lenského €asopisu Jednoty eskoslovenskych matemati-
kit a fyziki (¢lenem JCSMF je od roku 1927) Pokroky matematiky, fyziky a astrono-
mie a koneéné teoretické fady Prace CVUT.

AZ dosud napsal vice nez 300 praci z matematiky a fyziky, v€etné mnoha clanki,
které popularizovaly zejména nejnovéjsi vysledky v soucasné fyzice. V poslednich
asi 10 letech s nim tizce spolupracuji ¢lenové seminafe z kinematické geometrie,
ktery zaloZil v roce 1957 a dosud stale Gisp&sn& vede. Praci tohoto seminafe spojil
s védecko-vyzkumnym tkolem ,,Metody kinematické analyzy a syntézy‘‘, jehoZ byl
aZ do roku 1978 odpovédnym feSitelem. Tento vyzkumny ukol byl vZdy uspésné
oponovan, o praci jednotlivych fefiteli bylo referovano na konferencich v CSSR
i v zahranidi, pfip. i na zahraniénich studijnich pobytech. Tak bylo moZno si také
ovefit, Ze dosaZené vysledky pod jeho vedenim jsou srovnatelné s praci zahraniénich
pracovnikl v tomto oboru.
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Védecka a odborna &innost prof. Pirka byla ocenéna ud€lenim doktoratu véd
(DrSc. 1957), vyznamenénim Za zasluhy o vystavbu (1959), Medaili Jana Amose
Komenského, Felberovou medaili, Medaili CVUT 1. stupn& a dal$imi uznénimi.

Nelze zapomenout také na jeho préici, kterou vykonal a je§t& prileZitostné kona
jako $kolitel v&deckych kadri a posuzovatel pfedklddanych kandidatskych a habili-
ta¢nich praci. Z této jeho &innosti pochazi vétSina kandidatur a docentur uditell
katedry matematiky na elektrotechnické fakult¥ ale také na jinych fakultach CVUT.

Prof. Pirko v3ak i nadéle uisp&$né pracuje a seznamuje se s nové publikovanymi
pracemi v jim sledovanych oblastech matematiky. Proto je pfanim vsech jeho spolu-
pracovniki, pfitel a zndmych, aby se svym pfisloveénym Zivotnim eldnem a pili
spojenou s hlubokymi znalostmi je$té dlouho ptisobil a pracoval ve svych zvolenych
Zivotnich oborech.

DVANACTE EVROPSKE SETKANI STATISTIKU

Ve dnech 3.—7. zafi 1979 se konalo ve Varné 12. evropské setkani statistikii. Organizdtorem
byla Bulharsk4 akademie vé&d a jeji Centrum matematiky a mechaniky pod zéastitou Bernoulliho
spole&nosti pro pravdépodobnost a matematickou statistiku. Patronem byl president Bulharské
akademie v&d akademik A. Balevski.

Konference se zi¢astnilo ptes 500 védch ze 30 zemi &tyF kontinentl. Z mimoevropskych statl
byla zastoupena Kanada, USA, Austrilie, Saudskd Aribie a Izrael. Z Ceskoslovenska bylo
vyslano 15 pracovnikit CSAV, SAV, MFF UK, VSE Praha a rezortnich vyzkumnych ustavi.
CSSR méld zastoupeni také v orgdnech konference, nebof dr. Z. Siddk byl &lenem programového
vyboru.

Na konferenci bylo projedndno velmi $iroké spektrum otdzek teorie pravdépodobnosti a ma-
tematické statistiky. Z ndzvi sekci jmenujme alespoii: Statistické problémy v grafech, Stochastické
procesy, Testovani hypotéz, Zdklady teorie pravdépodobnosti, Stochastické diferencidlni rovnice,
Statistické problémy v lékatstvi, Robustnost, Bayesovské metody, Hromadnd obsluha, Linearni
modely, Difusni procesy, Odhady hustot, Nové pfistupy v neparametrické statistice, Vétvici se
procesy, Shlukové analyza, Statistika ve kvantové fyzice, Statistick4 teorie informace, Navrho-
vani experimentu, Mnohorozmé#rn4 analyza, Casové ¥fady, Metody Monte Carlo. Ka¥dé z téchto
oblasti byly vénovany ptiblizn& dv& hodiny na pozvané pfednasky a tfi aZ pét hodin na ptispév-
kova sdéleni.

Jak vyplyva jiz z mnoZstvi vyjmenovanych témat, v¥echny &tyfi pfedna$kové mistnosti byly
po celych p&t dni pln& vytiZeny od rdna aZ do vedera. Vyjimkami byla stfeda odpoledne, kdy
organizatoti pfipravili vylet na Bal¢ik, a dale pak osm hodin plenarnich zased4ni. Jejich program
byl: uvodni pfedndska prof. U. Grenandera: Struktury ve statistice, dv& lekce prof. D. G. Ken-
dalla: Statistika tvaru a zivére¢nd pfednaska prof. B. V. Gnédénka: N&které problémy ve sta-
tistice.

Na zédvér je nutno poznamenat, Ze konference byla velmi dobfe organiza¢né pfipravena a kazdy
ucastnik mé&l moZnost si vybrat ze Siroké a kvalitni programové nabidky a navazat fadu uZite¢-
nych osobnich kontakti. K celkové spokojenosti navic pfispélo také velmi ptijemné polasi. -

Antonin LeSanovsky, Alena Sonskd, Praha

218



	
	Periodical issue
	Advertising
	Article
	Table of literature references
	Article
	Table of literature references
	Article
	Table of literature references
	Article
	Table of literature references
	Article
	Table of literature references
	Article
	Table of literature references
	Article
	Table of literature references
	Article
	Table of literature references
	Article
	Table of literature references
	Other
	Figure

	Other



