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In this paper the set 2(%) of all quasi-orders of an arbitrary partial algebra % = (4, F)
is studied, in particular, properties of this set provided U is a group are shown.

In the first section it is proved that 2() ordered by inclusion is an algebraic lattice
and its compact elements are described. The methods and the results of Schmidt’s
book [2] are essentially used here. In the second section the lattice 2(®) for an arbi-
trary group & = (G, +) is characterized by means of the set Z(®) of all invariant
subsemigroups with 0 of G. (®) ordered by inclusion is a lattice isomorphic to 2(®).
Constructions of the lattice operations in both of these lattices are shown and it is
proved that, in general, this lattices are not modular.

BASIC CONCEPTS AND NOTATIONS

Let A + 0 be a set, n a positive integer, R an n-ary relation on A. A mapping
f:R — A is called an n-ary partial operation on A. In this case let us write also
R = D(f, A). The arity of f is denoted by n,. If D(f, A) = A", then we call f an
n-ary operation on A.

A partial algebra % is an ordered pair (4, F), where A # 0 is a set and F is a family

of finitary partial operations on A4. If each f € F is an operation on A4, then 2 is called
an algebra. )
* If A = (4, F)is a partial algebra, then the elements of F ate called fundamental
operations on ¥. Let i, n be positive integers, i < n. Then e"” denotes the i-th n-ary
projection on A, i.e. the operation on A4 such that for each ay, ...; ;e A'it is a; ..:
.a.e" =a;. Let F* =Fu{e"™ i,neN, i < n}. Let X & 0 be a set and let
w = w(xy, ..., X,,) be a word generated by F* on X. Let ay, ..., a; (k < m) be ele-
ments of A, 1 < i,,...,if < m, and let us substitute the elements ay, ..., a, for
Xiy5 -+ X4 Then we obtain an (n — k)-ary partial operation on A that we denote
by w(..., @y, ..., Gy, ...). This partial operation is called an algebraic function on A
induced by w. If we F*, then each unary algebraic function induced by w will be
called an elementary translation on . Each product of elementary translations
on U is called a translation on . .
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1. THE LATTICE OF ALL QUASI-ORDERS OF A PARTIAL ALGEBRA

Let A + (.be a set and let Q be a binary relation on A. Q is a quasi-order of 4
if it is reflexive and transitive. An antisymmetric quasi-order of A is called an order
of A. A quasi-ordered set (qo-set) is a pair (4, Q), where A + 0 is a set and Q is
a quasi-order of A. Similarly an ordered set (po-set).

For any binary relation R, aRb will denote (a, b) € R. Let A = (4, F) be a partial
algebra and let Q be a quasi-order of the set A. Then Q is called a quasi-order of
the partial algebra U if it satisfies the property (C):

(O) If feF, both a, ...a, f and b, ... b, f are defined and a;0Qb; (a;, b;€ 4,
i=1,..,n,), then a, ... a, fOb, ... b, f. A quasi-order Q of U is called strong if,
whenever a,0b; (aibied,i=1,..,n7)anda,...a,f(by ... b,[) exists, then also
by ... b, f(ay ... a,[) exists and a, ... a, fQb, ... b, f.

For a partial algebra % = (4, F), let us introduce the following notation:

24(4) denotes the set of all quasi-orders of the set 4,

(%) denotes the set of all quasi-orders of U,

2,(¥”) denotes the set of all strong quasi-orders of 2.

We consider the sets 24(A4), 2(%) and 2,(A) ordered by inclusion. It is clear that
3,(A) is a complete lattice in which the infimum of each system of elements is formed
by its intersection and the supremum by its transitive hull. A x A4 is the greatest
element, 4, = {(a, a); a € A} is the smallest element in 2,4(A). In the paper U and N
denote the set-theoretical intersection and union, respectively, v and A denote the
lattice operations sup and inf, respectively.

Lemma 1.1. Let %A = (4, F) be a partial algebra, Q,€ 2(N) (x€I). Then | Q, €
€ 2(9[). ael

Proof. It is ) Q, € 24(A). Let feF and let a( (N Q,) b, (i = 1,..., n/). Then
ael ael

a,Q,b, for all €l and thus if a,...a,.f, b, ... b, f are defined it follows that
ay ... a, fQ.b, ... b, f for all a € I. This means a, ... a, f( N Q) by ... b,f.
ael

Corollary 1.1.1. For a partial algebra U = (A, F), 2(¥) is a complete lattice
that is a closed A-subsemilattice of the lattice 2o(A). The lattices (%) and 2,(A)
have the same greatest and smallest elements.

Lemma 1.2. If Q, («x € I) are strong quasi-orders of a partial algebra A = (4, F),
then the transitive hull of the system {Q,; « €1} is also a strong quasi-order of .

Proof. Let us denote the transitive hull of {Q,; x €I} by Q. It is Q € 2,(4). Let
feF,a,0b;(a,b;ed,i=1,..,n7)andleta, ...a,f be defined. Then there exists
a sequence

d; = 2y, 25, .o 28 = By
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of elements of A4 such that
2, Q2. J=2...ki, Q,€{Q;acl}.

From the reflexivity of quasi-orders it follows that we can suppose

k1=k2=...=k,.f and Qf:,=Q:,=-.. M—Qa,
Then

1 n
a1Q4,235 -5 8 Q0,27 -

If a; ... a, f exists, then there also exists z} ... zyf and it is a, ... @, fQ, 2} ... 2%
Similarly we obtain z} ... z¥fQ,,z} ... Z¥f, etc. Therefore a, ... a, fQb, ... b, f.
Analogously for the case that b, ... b, exists.

Corollary 1.2.1. If % = (A, F) is a partial algebra, then 2() is a principal ideal
in (W) that is a closed complete sublattice of 24(A).

Corollary 1.2.2. If % = (A, F) is an algebra, then 2(N) is a closed complete
sublattice of 24(A).

Lemma 1.3. Let ¢ be a reflexive binary relation on a set A &= Q. Then R = U 0"
is the smallest quasi-order of A that contains g. "=

Let (A, =) be a po-set. A family S of elements of A is called directed if each finite
subset = S has an upper bound in S.

Lemma 1.4. Let {Q,; a€l} be a directed family of quasi-orders of a partial
algebra A = (A, F). Then U 0, =V Q, in 2y(4) and ) Q, € 2(N).
ael ael

Proof. Itis |y Q, = V,,o(A)Q,.

ael

Let a( V 44)Q.) b- Then there exists a sequence
ael

a=2zy, Z4,...,2,=Db
of elements of A4 such that

zi—lQaizi (l= l’-“’ n): Qu‘E{Qc;GEI}'

Since {Q,; x €I} is a directed family, there exists an element Q of this family such
that Q, = Q (i = 1,...,n). Therefore z,_,Qz, (i = 1,...,n), and so aQb. This
means that a( () Q,) b and V 204)Qz €S U Q.

ael ael

Let us show that \ _,o(A)Q,G.Q(Q[). Let fe F, a{V 2,Q) b (a;, bie4, i =
ael ael

=1,...,ny), and let a,...q, f and b, ... b, f exist. Then for each i =1, ..., n;
there exists a sequence

Y P _
a; = zg, Zy, ..., 2z, = b;
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of elements of A4 such that z;Q; 2., Q; € {Q,; a €I}. Since the family {Q,; a eI}
is directed, there exists, Qe {Q,; ael} for which 9, = Q (i=1,...,n, j=
=1, ..., k;). Then z;Qz},,, and so a;,Qb; By condition (C) we obtain a, ...
... @,,fQby ... b, f, thereforealso a, ... a,,,f(\/l_,o(A)Q,) by ... b,f.

A complete lattice Lis called algebraic if each element of Lis the supremum of
a set of compact elements.

Lemma 1.5. Let A & 0 be a set. Then the lattice 2,(A) is algebraic.

Proof. It is known that the lattice %,(4) of all reflexive relations on the set 4 % 0
is algebraic. The infimum (the supremum) in %,(4) is formed by the intersection
(by the union). The smallest element in %,(A) is 4,,, the greatest element is A x A.
It is clear that 24(A) is a closed A -subsemilattice of %#,(A4). By the proof of Lemma
1.4, every directed family {R,; a €I} of elements of 2,(4) fulfils V 2yRe = U R,

thus V aoyRa € 20(4). 4,4, A % A € 2o(A), therefore by [2, Folgerung 4.7] .@o(A)

is an algebralc lattice.
Let (A, §) be a po-set. A closure operator in A4 is a function 1 : A — A4 such that
foreacha,be 4

(i) a < ai;
(ii) @ < b implies al < bi;
(i) (ad) A = ak;
(iv) if A contains the smallest element 0, then 01 = 0.

Let Lbe an algebraic lattice. A closure operator in Lis called algebraic if it holds
for each compact element a € L: If a £ x/, then there exists a compact element x’ < x
such that a < x'A.

Let A = (4, F) be a partial algebra and let R < A x A. Since 4 x A e 2(Y),
then by Lemma 1.1 there exists a smallest quasi-order Qp of 2 that contains R.
It is clear that a function A : QO(A) — 90(A) such that RA = QR for each R € 24(4)
is a closure operator in .QO(A)

S E Cy

. Theorem 1.6. A is.qn‘qlg,eibr;a_i.c opetator. S
Proof. By Lemia: 1.5, 24(4) is an algebraic lattice. Then from Lemma 1.4 and
[2, Lemma 4.7] it follows that A is algebraic.

Corollary 1.6.1. .@(Q[) is an algebraic lattice.

Proof. The lattice 24(A) and the operator A are algebraic, thus the assertion follows
from [2, Lemma 4.2].
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Corollary 1.6.2. The lattice 2() is algebraic. - _
Proof follows from the fact that 2,(%) is a principal ideal in 2(2).

Lemma 1.7. Let U = (A, F) be a partial algebra and let R, R, (x €I) be binary
relations on A such that R = () R,. Then Qg = V 41y Qr.-

ael ael

Proof. Itis R, = R, thus V Qg S Qg. If Q€ 2(A), Q 2 V Qg,, then Q 2 R,
ael

ael

for each a el and then also Q = |J R,. This implies Q = Qy = Qg. Therefore
ael
VIQR, 2 Qg, i.e. Qg =V Qp,.

ael

For a, b € A we denote Q(, 4y, by Q, -

Corollary 1.7.1. If R € A x A, then Qg = V Q.
(a,b)eR
Let now A = (A4, F) be a partial algebra and let R be a binary relation on 4. Then

o
RT denotes the transitive hull of R, i.e. RT = |J R";
n=1

RF denotes the set of all (u,v)e A x A such that for an appropriate algebraic
function x, ... x,p there exist (a;, b;)eR (i =1,...,n) such that u = a, ... q,p,

= b, ... b,p;

RY denotes the set of all (, v) € A x A such that for an appropriate unary algebraic
function p there exists (a, b) € R such that u = ap, v = bp;

RY denotes the set of all (u, v) e A x A such that for an appropriate translation p
there exists (a, b) € R such that u = ap, v = bp.

It is clear that T, F, U, U’ are closure operators in the complete lattice exp (A X A).

Let us denote

Ro=R, R =R§, R, =R}, R; =R%,..,R;;=R],_,, Ryyu,; =R}, ...

It holds R, € R; < .... Let us denote R = | R; for R % 0 and § = 4. It is clear
i=1 ‘
that R" = RF = R.

Theorem 1.8. Let A = (A, F) be a partial algebra and let R = A x A. Then
Oz = R.

Proof. It holds R = R € Q. Let us show that R e 2(%). Let ce 4, (x,, x,) € R
and let us consider the algebraic function xp = cxe''2. Then (¢, ¢) € RF and therefore
(c, c) e R. This means R is reflexive. Further R,;_,R,;_; < R,;, thus RR < R.
Hence R is transitive.

Let now feF, a;Rb;, ..., a, Rb, and let us assume that a, ... a,f, by ... b, f
exist. Then there exists i such that (a;, b;)e Ry; (j = 1,...,n,) and so ay ...
.+« @ fR3i41by ... b, f. Therefore R satisfies the condition (C).
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Theorem 1.9. Let A = (A, F) be an algebra, R = A x A. Then (R")" = (RF)T,
®) = (R

Proof. Since RV = R, then (RY)" = (RF)". Let (c, d) € (RF)". Then there exists
a sequence '

C=2y, Zy..2Z,=d

of elements of A such that (z;,_4, z;) € RF (i = 1, ..., n). This means that for an ap-
propriate algebraic function x, ... xp it holds z;_; = a; ... a,p, z; = b, ... byp,
where (a;, b))eR (j =1,..., k).

Let us introduce the following unary functions:

. XP, = xa,a;...a;p, xP, = b,xa;...a,p, ..., xP, = byb, ... b_xp.

It is alpl = Zj-1s bij = aj+le+1, kak = Z; (j = 1, ooy k — 1), i.e. (Z,-_I,Zi)e
€ (RY)". Thus (RY)" = (R")".

Let (¢, d) e ((RY)")". Thus there exist (ay, by), ..., (a, b,) € R such that for ap-

propriate unary algebraic functions p,, p,, ..., P, ¢ it holds

¢ =a;py, bypy = a,p,, bap, = asps, ..., byp, = d’
and

Let P; = p,q. Then
(11P1=c, bij=aj+1Pj+1, an,':d (j=1,...,n—1).

Therefore (¢, d) € (RY)", and so (RY)" = ((RY)")".

Theorem 1.10. Let & = (A, F) be an algebra and let R be a binary relation on A.
Then Qg = (RY) (i.e. for c,d € A it holds cQgd if and only if there exist ¢ =
=zg,... 2, =d€A, (a;, b)eR (i=1,...,n), and unary algebraic functions
P1s .- Py Such that a,p; = z;_,, bp, =z, for i = 1,...,n).

Proof. The assertion follows immediately from Theorems 1.8 and 1.9.

Corollary 1.10.1. Let % = (A, F) be an algebra, a,b,x,ye A. Then xQ,,y
if and only if there exist a sequence x = z,, 2y, ..., z, = y of elements of A and
a sequence of unary algebraic functions pgy, py, ..., Pp—1 on F such that z; = ap,,
ziyy=bp,(i=1,..,n=1). : '

Theorem 1.11. Let U = (A, F) be an algebra, a, b, x, y € A. Then xQ,,y if and
only if there exist elements x = zy, z,, ..., 2, = y of A and translations p,, ..., p,—4
such that z, = ap;, z;4, = bp; (i=1,...,n = 1).
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Proof. Let us show that (RY")" = (RY)". If (u, v) € RY, then there exist (a, b) € R
and an appropriate unary algebraic function p such that u = ap, v = bp. Therefore,
translations t,, ..., t, and a word w of A4 such that w(t,, ..., t,) = p must exist. Thus

xF‘ = W(btl, ceey btl'—'l’ xti, at,-+ 1y =+ o at")
is a translation such that

bF,=aF,,, (i=1,..,n—1), aF,=ap=u, bF,=bp=v,

ie. (u,v)e(RY)". Therefore RV = (RY)" and so (RY)" < (RY)". Finally, since
RY < RY, it holds (RY)" = (RV)".

Now we shall describe the set 2(2)* of all compact elements in the lattice 2(2)
of a partial algebra A = (4, F).

Theorem 1.12. Let Q be a quasi-order of a partial algebra U = (A, F). Then
Q € 2(N)* if and only if there exists a finite binary relation R on A such that
Q0 = 0.

Proof. Let Qe 2(A). Then 4, < Q. For R< A x A it is R = Qg and thus
Ru 4, = Qg. Therefore Qg 4, S Qg, and so Qru 4, = Ok

By Lemma 1.6, the closure operator RA = Qy on the lattice Q?O(A) of all reflexive
relations on A is algebraic. Thus, by [2, Lemma 4.3], R’ € 2(%) is compact in 2()
if and only if R” = R’ U 4, is a compact element in #o(A). But this is satisfied (by
[2, p. 33]) if and only if there exists a finite relation R < A x Asuchthat R’ U 4, =
=Rud,

Theorem 1.13. Let %A = (A, F) be a partial algebra. Then the lattice of all ideals
in 2(A)* is isomorphic to 2(N).

Proof follows from [2, proof of Lemma 3.9].

2. THE LATTICE OF ALL QUASI-ORDERS OF A GROUP

Let & = (G, +) be a group, R € 2(6). Then the pair G, R is called a quasi-ordered
group (qo-group). This go-group will be denoted by ® = (G, +, R) = (G, R).
Let us denote P = {x € G; ORx}, where 0 is the zero-element of the group (G, +).
Pg is called the positive cone of the qo-group (G, R).

For a system R, € 2(6) (« € A), we shall often denote the corresponding positive
cones by P, instead of Pg_(x € A).

Lemma 2.1. Let ® = (G, R) be a qo-group. Then Py is an invariant subsemigroup
with 0 of 6.
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Lemma 2.2. Let S be an invariant subsemigroup with 0 of a group 6 = (G, +).
The the binary relation R defined by

aRb iff —a+beS (iff b—aeS) forall a,beG

is a quasi-order of the group 6.

Supplement. S = Pj.

Proof. If aRb, xe G, then —x —a + b+ x€S, —a — x + x + be S, there-
fore —(a+ x)+(b+ x)eS, —(x + a) + (x + b)e S, and so (a + x) R(b + x),
(x + a) R(x + b).

Proof of Supplement. 1. If xe S, then —0 + x € S. Thus ORx, i.e. x € Pg.
2. Let y € Py, i.e. ORy. Therefore —0 + y = y e S.

Let us denote by 9’((6) the set of all invariant subsemigroups with 0 of G. It is
clear that the correspondence R — Py (for each R € 2(6)) is a one-to-one mapping
between 2(®) and 2(6).

Further, for Ry, R, € 2(6) it is R; < R, iff Py, = Pg,. Therefore the ordered
sets (2(®), <) and (#(6), <) are isomorphic.

Theorem 2.3. 9’((5) ordered by inclusion is an algebraic lattice.

Supplement. Let P, € #(6), « € A. Then

a) AP,=P;
aeAd acA

b) VP, =Y Py
aed acd

in particular,
C) Pax v Paz=Pa1 +Paz=Paz+Pax'
Proof. Since 2(®) is isomorphic to 2(6), 2(6) is (by Corollary 1.6.1) an algebraic

lattice. .
a) Let P,e #(6) (x€ A), P = () P,. It is evident that P € 2(6).

aeA

b) It is clear that P = )" P, is the smallest subsemigroup with O containing P,
acAd
(x € A). Let us show that P is invariant. If x = a,, + a,, + ... + a,,€ P (a,, € P,,
i=1,2,...,n), z€G, then
—z4+x+z=(-z+a,+2)+(-z+a,+2)+...+(-z+a, +2)€eP.
¢) If A is an invariant subsemigroup of ®, then for each z € G it holds —z + A4 +
+ 2z S A, thus A + z < z + A. Therefore also 4 + (—z) € (—z) + 4, ie. z +
+A+(-z)s A thenz+ ASA+zandso A+ z=z+ A If now
x§a1+b1+a2+b2+...+a,+b,
(a[EPI, b‘EPz, i= 1, 2,..., n),
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then
x=(a;+a)+ by +b)+ay;+by+...+a,+b=
=a,+by+ay+by+..+a,+b,=...=a+b,
where ae Py, be P,.

Corollary 2.3.1. For the infimum and the supremum in the algebraic lattice
2(®) it holds: Let R, € 2(®) (x € A). Then

a) AR,=NRy
acA acA
b) if a(V R,) b, then for each i€ A there exist x,x' €\ P, such that (a + x).
acAd acA
. Ri(b - x’);

c) if there exist x, x' € \V P, and i € A such that (a + x) R(b — x'), then a( R,) b.
acd

aeA
Proof. a) The assertion a) follows from Lemma 1.1.
b) Let us denote R =V 45yRss P =V g(6)Ps Further, let aRb. Then —a + be
acA asAd

eP, thus —a+b=x; +...+x, +x;+x;, +...+x;, where x; €P;,
x;, €P;, x;€Py iy, ..., ip ji, ..., j» i €A. (If in the partition there is no element
of P;, we can add x; =0.) Let us denote x; + ... + x; =x, (—x;) + ... +
+ (=x;) = —x". Then —(a + x) + (b — x') € P;, therefore (a + x) R(b — x).

c) Let now x, x’ e P, i€ 4, (a + x) R(b — x’). Then —(a + x) + (b — x') = x,,
xiePyandso—a +b=x+x;+x".Ifx=x; +... 4+ x,,x" =x;, +... + x5,
then —a + b =x; + ... + x;, + x; + x;, + ... + x;,. This means —a + beP,
and thus aRb.

Theorem 2.4. The set 2,(6) of all invariant subsemigroups P with 0 of a group G
such that P~ —P = {0} is a closed A-subsemilattice of the lattice ().

Proof. In 2,(®) it holds
NP, — N Py= () (P.n —P;) = {0},
acA BeA a,feA

thus A g0, € 2,(6).

Corollary 2.4.1. The set 2,(®) of all orders of a group ® is a closed A-sub-
semilattice of the lattice 9(®). '

Theorem 2.5. Let 2,(®) be the set of all directed orders of a group ® and let
2/6) + 0. Then the following conditions are equivalent:
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(a) 6 = {0}.

(b) 2(0) is a sublattice of the lattice 2(®).

(c) 24(®) isan A-subsemilattice of the lattice 2(®).
(d) 2(0) is a v-subsemilattice of the lattice 2(6).

Proof. (c) = (a): Let R € 2,(®) and let P be the positive cone of R. Then —P is
the positive cone of the dual order of the group ® and P n —P = {0}. Thus {0}
is the positive cone of a directed order of ®, and so & = {0}.

(d) = (a): If P is the positive cone of a directed order of G, then
Pv-P=P+(-P)=P-P=G and Gn-G=0G.
Therefore & = {0}.
(a) = (b) = (c) and (a) = (d) are evident.
Similarly, we have

Theorem 2.6. Let 2,(®) be the set of all lattice orders of a group ® and let
2,(®) % 0. Then the following conditions are equivalent:

(2) 6 = {0}.

(b) 2(®) is a sublattice of the lattice 2(®).

(¢) 2(®) is an A-subsemilattice of the lattice 2(®).
(d) 2(®) is a v-subsemilattice of the lattice 2(®).

Theorem 2.7. a) If R is a'directed order of a group ®, then R has complements in
the lattices 2(®) and 2,(G). '

b) If R is an order of a group ®, then its dual order is complement of R in 2(®)
(in 2(G)) if and only if R is directed.

Proof. Part a)is a consequence of part b).
b) Let us denote the positive cone of R by P. Then

Pn-P={0}, PVy9)—-P=P+(-P)=P-P,

and P — P = Gifand only if R is directed. Thus, in this case, the dual order is a com-
plement of R in 2(®) and, by Corollary 1.2.2, in 2,4(G) as well.

Note. If & + {0} is a group and if R € 2,(®) has a complement in 2(®), then there
need not exist an element of 2,(®) among complements of R. Namely, if we can
order ® only trivially, then {0} n G = {0}, {0} + G = G, thus G is a complement
of {0} in #(®) and there exists no complement of {0} that belongs to 2,(®).

Theorem 2.8. In general, the lattice 2(®) is not modular.
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Proof. Let R, R’ € 2,(®), R = R'. Then the corresponding positive cones P, P’
satisfy R

Pn—P={0}, P -P =G,
P’n—P'={0}, P - P =G,
PcP, —Pc —P,

and thus
Pn—-P cPn-P={0},
P+(-P)2P+(-P)=G.

Therefore —P and — P’ are 2(®)-complements of P and —P’ > — P. This means
that 2(®) is not modular, and so 2(®) is not, either.

A group ® will be called an 0}-group if each its directed order admits an extension
to a linear one. For example, each 0*-group (see [1]) is an 0} -group.

Corollary 2.8.1. Let & be an 0f-group and let the lattice 2(®) be modular. Then
each directed order of ® is linear.

Proof. If there exist R, R' € 2,(6), R = R, then by proof of Theorem 2.8, 2(®)
is not modular. Therefore each R € 2,(®) is a maximal order of G. And since each
R € 2,(®) admits an extension to a linear one, R is linear.
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Casopis pro pEstovini matematiky, ro¥. 104 (1979), Praha

3AMEYAHME K YVCTOMYMBOCTU PELIEHUIA YPABHEHU A
KOJIEBAHUA CTEPXHA

JAROSLAV BARTAK, Jikf NEusTUPA, Praha

(IMoctymuaio B pepakunto 16/VIII 1976 r.)

B Hacrosueit pabote paccMaTpuBaeTCsl paBHOMEpPHAs SKCIOHEHIMabHAas YCTOM-
YUBOCTb pelIeHHUs v NMpobyieMbl, JaHHOH ypaBHEHHEM

(0.1) Up + Uypys = F(t, X, Uy upy uyy uy), (120, xe[0,n])
M KpaeBbIMH yCJIOBUSAMH
(0.2) u(t,0) = u,(t,0) = u(t,n) = u,(t,n) =0, (t=0).

WHorna Mbl 6yeM 0JIb30BATHCS 0603HAUEHHUSIME [ U, Uy, Uy, Uy, | = [Uo, Uy, Up, us] =
= u.

B § 1 Bompoc paBHOMEpHOW 3KCIMOHEHUMAIbHOX YCTOWYMBOCTH pEILIEHHs U 3TOH
Npo6JIeMbI CBOJUTCS K UCCIIEIOBAHUIO TOTO XK€ CAMOI0 CBOMCTBA HYJIEBOT'O PEILIEHHS
npo6JieMbl, JTaHHOW ypaBHEHUEM

(0.3) Uy + Uprrx = a(t, X) u + b(t, x) u, + c(t, x) u, + d(t, x) uy, +

3
+ ¥ et x, u)uu;
i,j=0

1 kpaeBbiMH ycioBusmu (0.2). -

B § 2 ucriosms30BaH MeTOx GYHKIHOHATIOB JIsmyHOBa, KOTOPHIA AaeT BO3MOXHOCTh
BBIBECTH JIOCTATOYHbIE YCIIOBHUS Ui pABHOMEPHOHN 3KCIIOHEHIMAIbHOM YCTOMYNBOCTH
HyneBoro peuenus ypasHenus (0.3) ¢ xpaeBbimu ycnosusmu (0.2). IToxasbiBaercs,
YTO €CJIH MCCIEAOBATh YCTOWYMBOCTh B MOIXOAALUMX HOPMax, TO B 3TH YCJIOBHAX
He BCTpedarotcst koadpduuuents e/ (i,j =0, 1,2, 3), T.e. paBHOMEpHas KCIIOHEH-
LHaJIbHASA YCTOMYHMBOCTD HYJIEBOTO PEIlIEHHS ypaBHEHHS

04) U+ e = alt, X) u + b(t, X) 1, + <t ) 1y + d(t, X) ey

BJIEYET PAaBHOMEPHYIO 3KCIOHEHIIMAJIbHYIO YCTOMYHBOCTh HYJIEBOTO PEILLICHHS ypaB-
Hennus (0.3). KpoMe Toro ucciemyercss TOXE PaBHOMEPHAs 3KCHOHEHLMAJIbHAS
YCTOHYHBOCTH B LIEJIOM HYJIEBOTO pellieHHs JuHeHHoro ypaBHenus (0.4) ¢ kpaeBEIMH
ycnosusmi (0.2).
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IMTo6GyxneHreM K MCCIIeNOBAHHIO YCTOMYMBOCTH pelieHuit ypaBHenus (0.1) Ham
cimyxuna pasota P. C. PARKS [7], rae aBTop u3y4an npu nomows Metona JisnyHosa
YCTOWYMBOCTh HYJIEBOTO pELICHHA JIMHEHHOTO YpABHEHUS KoJeGaHHS CTepXKHA
C MOCTOSIHHBIMH K03 dunuenTamu.

1. OBO3HAYEHUS U BCIIOMOT'ATEJIbHBIE IPEAJIOXKEHUS

CumsosnoM €%(I; X) GynemM 0603Ha4aTh NPOCTPAHCTBO BCEX Kk-PA3 HENPEPHLIBHO
muddepenppyeMbix oTobOpaxeHmit uMHTEpBana I S [0, +00) B HOPMHPOBAaHHOE
TPOCTPAHCTBO X.

ITon peurenneM ypasaenus (0.1) (MM ero 4acTHBIX CIIy4aeB, KAK HATIPHMED ypaBHe-
uwit (0.3) u (0.4)) 6ynem nonumats dynkumio u € €' (D(u); W3([0, n])) n €*(D(u);
W3([0, n])) (rme D(u) — mutepBan < [0, +00)), YAOBIETBOPSIOLIYIO NAHHOMY
ypaBHenmio Ui Beex te€ D(u) u x € [0, n]. (VkasaHHas IJIAAKOCTh pelIeHHMd Ham
6yleT IO3Xe HyXHA INpH BBMHCIEHHH HpPOU3BOAHOM ¢yHkuMoHana JlsnyHosa
B CJIyyae MCCIENOBAHHS YCTOMYMBOCTH B HOpMeE H . || 1 Ilpu uccienoBanuu yCTORYH-
BOCTH B HOpMAX || . l 2l ”3 MOXHO TpeGyeMy0 TJIAAKOCTh PELIEHHH CYLECTBEHHBIM
06pa3oM IOHH3UTB.)

Iycts v — peuenne npotuemst (0.1), (0.2) Takoe, uro D(v) = [0, + o).

Ecim u ecth Xaxas-HUOyIb GYHKUMS HEPEMEHHBIX f, X, TO cHMGosoM u(t, *)
6yaeM 0603HAYATH (PYHKIHIO IIEPEMEHHOM X, KOTOPAs BOZHUKHET U3 U, €CJIH 3a(HKCH-
poBaTh t.

Mycts N([ug, u;]) — HOpMa B mpocTpaHCTBE map [ug, u;| TAKHX, YTO u, €
e W3([0, n]), u; € W3([0, n]). Eciu u € €*(D(u); W3([0, n])) 0 €*(D(u); W3([0, n])),
10 ||u(t, *)|| Gyzer oGo3nauats To %xe camoe uro u N([u(t, *), ut, *)]).

Onpenenenne 1.1. CkaxeM, uto peuenne v ypaBHenus (0.1) c kpaeBbIMuU yCIIOBHS-
mu (0.2) pagHomepHo IKCNOHEHYUAALHO YCMIOUYUEO 6 HOpME N * [I, €CJIH CYIIECTBYIOT
nocrosiiibie 0 > 0, K; > 0 u K, > 0 Takue, 4TO U1 KAXAOrO PELUEHHS U YPABHE-
uust (0.1), ynoieTBopsitonlero kpaesbiM ycaosusam (0.2) u 1ist Beex T € D(u) nmeer

MECTO : )

(s, *) — ofe, Y| < 6= Jult, ) = oft, )] £ Kifule, ) — oz, )] e=Re=

nuist Beex t € [1, +00) N D(u). Ecim 6 = 4 00, TO TOBOPUM O PaBHOMEPHOI 3KCHC-
HEHIHAJILHON YCTOHYMBOCTH B LIEJIOM. :

- B aroii cTaTee || ¢ ” OyaeT NpUMHAMATH TPH pa3HbIe 3HAYCHHUS:

Jut, )|

= { j [u?(t, x) + ud(t, x) + ul(t, x) + uZ(t, x) + ul(t, x) +
0

2 2 12

+ uazrxx(t9 x) + utxx(ta x) + uxxxx(t’ x)] dx} ’
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“u(t, N2 = {J.:u’(t, x) + u2(t, x) + u(t, x) + ul(t, x) + ui(t, x) +

-

+ ul.(t, x)] dx}”z,
ut, W = {f:[uz(‘t’ x) + uj(t, x) + ui(t, x) + u(t, x)] dx}”z.

Ecnu MbL O6yeM rae-To mucaTh TOJILKO " | , TO 3T0 OyneT 0603HaYaTh, YTO COOTBET-
CTBYIOILIEE PACCYXAEHHE WJIM YTBEPXKICHHE BEpHO AJA J06oif U3 HOpM “ [ ]

[l

Mu1 6yneM npeanojararth, 4To

15 2y

(1.1) dyskuus F s mobbix ¢ukcupoBanHbix fe [0, +0) u x€ [0, n] uMeeT
Ha R* HenpepbiBHBIE BTOPHIE NIPOU3BOMAHBIE MO MEPEMEHHBIM U, U,, Uy, U,,.

Torna
F(t,x,v + u) = F(t,x,v) + a(t,x) u + b(t, x) u, + c(t, x) u, +

3
+d(t, x)u, + Y e(t, x, u)uu;,

i,j=0
rae v = [v, vy, Uy, Uy ] ®

a(t, x) = gg (t, x,v(t, x)), b(t,x)= :—f (t, x, v(t, x)),

oF
u

o(t, ) =27F(t, L2, diha) = 2 (o, vt ),

XX

1 p1 aZF
e'(t, x,r) =f f (t, x, v(t, x) + afr) pda dp,
0J0

Ou; Ou,
roe re R*.
OueBHIHO CJIEAYIOIIEE YyTBEPXKICHHE,

Teopema 1.1. Pewenue v npobaemwi (0.1), (0.2) pasnomepro sxcnonenyuaavro ycmoii-
4ugo 8 Hopme || . || moz0a u moabko mozoa, ko20a Hyaesoe peuwienue npobaemst (0.3),
(0.2) pasrnomepro 3KcnoHeRyuaabHO YCMOUYUEo 6 HoOpMe " ¢ " To xce camoe ymeepascoe-
Hue cnpasedauso moice 018 paGHOMEPHOU IKCNOHEHYUAALHOU YCMOTNUBOCIU 6 YeAOM.

JIns McCleNOBAHHSA YCTOHYHBOCTH HYJIEBOTO pelieHus ypaBHeHus (0.3) (wu (0.4))
MblL GyaeM NoJb30BATECA TaK HA3LIBAEMBIM BTOPLIM METOAOM JIsANyHOBA, KOTOPHIM
OCHOBaH Ha CjeNylolleli OCHOBHOM TeOpeMe, YacTO BCTPEYAIOIueliCs B JIATEPATYpE
(cmotpu Hanpumep [6], [7]) B pa3muuHbIX BapHauTax.
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Teopema 1.2. [Tycms 041 écex t 2 0 onpedesen dynkyuonan ¥ (t) Ha npocmparcmese
nap [uo, u,] maxux, umo uye W3([0,n]), u, e Wi([0,n]). (Haa ue €' (D(u);
w3([0, n])) N €%(D(u); W3([0, n])) 6ydem snauums ¥ (t,u) = ¥'(£) ([u(t, *), ult, -)]).)
ITycmo cywecmsyrom nocmosnusieo. > 0, § > 0,y > 0 u ¢ > 0 makue, umo

““"(t’ )"2 S ¥(tu) = ﬁllu(t, )“2 ,

L
044 ecex pewenuil u npobaemsi (0.3), (0.2) u t € D(u) maxux, umo ||u(t, )|| <o

Tozoa nyaesoe pewerue npobaemvl (0.3), (0.2) pasromepHo 3xcnoHenyuaavHo ycmoii-
uugo 6 Hopme ”H Ecau xpome moz2o @ = + 00, mo Hyneeoe peuieHue npobaembl
(0.3), (0.2) pasHomepHo 3KcnoHeHYyuaabHO YCMOUHUBO 8 Yea0M 8 HOPpME ” . “

B nanwHelieM HaM MoHAA00ATCS CJICOYIOIIHUE CBEOCHUA O MaTpHULAX.

Onpenenenne 1.2. Ksanpatuas Matpuua A(z) = (a(z))i,j=1..n 37EMEHTBI KOTO-
poii aBiAOTCS (QYHKUUSAMH, ONPENEICHHBIMU IS z U3 HEKOTOPOTO MHOXeECTBa Z,
HA3BIBAETCH PABHOMEPHO NOA0NCUmebHO (ompuyameavbHo) onpedeneHHol 04a Z € Z,
€CJIH CyILECTBYET TIOJIOKHUTENBHAS IOCTOSHHAS k Tak, uto juisi Beex § = [§y, ..., §,] €
€R' u zeZ cunpaBeuBo HepaBeHCTBO {.A(z).{ 2 k.(.¢, ((.A(z).{ =

< ~k.{.0)

Teopema 1.3. ITycms A(t, X) = (a;i(t, X))i,j=1,...n — CUMEMPUYHAA KEAOPAMHAA MA-

mpuya, 20e a;; : [to, + ) x [0, 7] - Ry u sup |af(t,x)] < +o0 0a2i,j=1,...,n.
te[to,+ )
xe[0,n]

Toz0a caedyrowue yca08Us IKEUBAAEHMHDBL:

(i) cywecmeyem noaoxmcumeavnoe wucao x max, wumo D; = det(ay;) j=1,..: 2 %
(coomsemcmeenno (—1)' D; 2 %) 0aa i =1, ..., n, t€[ty, +0), x € [0, ],

(ii) mampuya A(t, x) aeanemca pasHomepHo nosoxcumenvHo (coomsenicmeeHHo ompu-
yamevHo) onpedeneHnoil mampuyeii 044 t € [to, + ), x € [0, n].

Hoxa3sartenscTBO. ITo popmyne Axobu (cMoTpHu [3] cTp, 272)

(1.2) (. A(tx).¢' =Y YiD; ! \D;', rne Do=1 =m
k=1
}'k = Ck,‘ck + ... + c,‘,,C,, s qu Sl B I I I

Ilycts BeoHEHO ycnoue (i). M3 (1.2) MbI momydaem

(13 = ([l ™ S Peun ) Y,
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rae P — HEKOTOPbIE MHOFOWIEHBL OT Cy,. HaHOMHHM uTo ¢5; = D;. Henocpe,ucrseﬂ- '
Ho ‘m3 (1. 2) (1.3) u npeanonoxenus D; = x > 0 Bmexacr }jg K, Z ) (o

< K ¢. A(t x).{’, rme K, K, — HEKOTOphbIE IOCTOSHHBIE. C—)To ,uoxaabmae'r (u)
Yro6bl Noka3aTh 0GpaTHOE yTBepXaeHHe, uTo 3 (ii) cieayer (i), Mbl Bocmosb3yemcs
MeToOM MaTemaThyeckoll muaykumm. s { = [1,0, ..., 0], (1.2) u paBHOMepHOI
TOJIOXHTENLHOH ONPENENEHHOCTH MATPHIBL A(f, X) Clenyer, uTo Ui BCEX fe€
€ [to, +0), x € [0, n] umeror MecTo HépasenctBa Yi(t, x)/Dy(t, x) = K > 0 u pa-
BeHCTBO Y; = ¢;; = D,. Ho orciona ovyeBuaHo BhITeKaeT, uto D((t,x) = K > 0.
Tenep NpeANoI0XUM 4TO JUIS BCeX 1 € [to, + 00), x € [0, 7]

(1.4) Dy(t,x)=%,...D;_4(t,x) 2% (i<n-1),

IZe ¥ — HEKOTOpasi MOJIOKHTEIbHAs IocTosHHasL. I1ycTb ¢, € [fo, + ), x; € [0, 7]
M 1ycTh [aty, ..., &;_ ;| — PELICHHE CHCTEMBI

ity x1) @y +’c12(t1’ X))oy + oo+ cq (b, X)) %oy + ¢t x) =0,

CZZ(tl’ xl) az + cee + Cz.i—l(tl’ xl) ai—l + c2i(tl’ xl) = 0,

Cimtim1(ty, X)) %oy + oy {ti, x,) = 0.

Tax kak cormacko (1.2), (1.4) c;(t;, x;) = Dy(t;, x;) = x > 0, To 3Ta CcHUCTeMa
OYEBH/IHO MMeET eIUHCTBeHHOe perenue.) [lonoxuM { = [al, coy O 15 05 55y 0].
M3 (1.2) cnenyert, uto '

D'Z(tx, Xy)
Dy(t,, xl) Di_y(ty, x1)

Dty x,) 2 K. Dy_y(t;, %) = K,

= K(i(ty, %) + oo + 07y (t, x) + 1) 2 K

rae mocrosHHas K He3aBUCHTH OT BhIGOpA 1, X;.

VTBepXIeHHE TEOPEMBL O PABHOMEPHOM OTPULATENLHON ONpPEIENCHOCTH MOXHO
MOJIy4dTh 3aMeHOM A Ha —A. o ' '

2. TEOPEMEBI OB YCTOMYUBOCTHU

Buibupass B kayectBe ¢yHKuuoHana JIAmyHoBa MHTErpajl HEKOTOPOW ,,KBAIpa-
THYHOM (opMEBI‘, MBI HCHOJb3yeM TeopeMbt 1.1 u 1.2, 4TOOBI BBIBECTH YCIOBHS
YCTOHYHMBOCTH peuieHus v. B cirenyromeM Mbl 6ymeM paboTaTh ¢ OmpeaeeHHBIMA
HIXe MaTpuuamu Vy, V,, V,, Wy, W,, W, (3HauerHune moctosiHusix 4, B, C, D, P, Q,
R, S, 69, ¢, 6, 9 Gynet obsicHeHO TO3XKeE):
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—Ab — Ba + (B + D) 9,, C, 0,
C, B+ D, 0,
0, i 0, Dd + (B + D) d,,
0, 0, Pe,
=l o 30
0, 0, 0,
0, 0, 0,
0, 0, —Se,
0, 0,0 0 0
0, 0,0, 0 O
Pc, 30,0, 0, —Sc
(B+D)(1 —8,—9), 0, 0, 3R, 0O
0, P,0, 0, O’
0, 0P, 0, O
IR, 0,0 S, 0
0, 0,0 0 S
—A4b — Ba + (B + D) 9,, C, 0,
C, B+ D, 0,
" 0, 0, Dd + (B + D) d,,
2o, 0, Pc,
0, 0, 30,
0, 0, 0,
0, 0, 0]
0, 0, 0
Pe, 10, 0
(B+D)(1 —8,—9), 0, 0’
0, P, 0|
0, 0, P,
\i—Ab—Ba + (B + D)9, C, 0,
S . B+D,0,
3= 1o, 0,  Dd+ (B+ D),
; 0, -0, Pc,
0
0
Pc ’

(B + D)(1 — 6o — %)



—Ab, — Ba, + 2Ca —
—Cc¢y + Cd,, — 2CS, —Ab + Da + Cb, 0,
—Ab + Da + Cb, 2C+2(B+ D)b, (B+ D)c — Dd,,
0, (B+ D)c — Dd,, Dd, — 2Cd — 2C$,
W, = | -10a, Bd — }0b, Pe, — 3Qc,
Pa,, Pb,, Pa,
0, 0, 0,
Sa,,, Sb,y, 2Sa,,
4Ra, 4RbD, —Sc, + R,
—30Q0a, Pa,, 0, Sa,,, 1Ra
Bd — 40b, Pb,, 0, Sb,, 1Rb
Pc, — 10c, Pa, 0, 2S8a,, —Sc, + 3Rc
—Qd—-2C1-6-19), Pc+Pd, 0O, Sa + Sd,,, 3Rd
Pc + Pd,, 2Pb + Q, Pd, 2Sb,, —Sc
0, Pd, -Q, 28d, 0
Sa + Sd.,, 2Sb,, 28d,, R + 2Sb, Sd
1Rd, —Se, 0, Sd, —R
—Ab, — Ba, + 2Ca —
— Cc, + Cd,, — 2C3, —Ab + Da + Cb, 0O,
—Ab + Da + Cb, 2C+ 2B+ D)b, (B+ D)c — Dd,,
W,=| 0, (B+ D)c — Dd,, Dd,— 2Cd — 2C$,
—30a, Bd — }Qb, Pe, — 3Qc,
Pa,, Pb,, Pa,
0, 0, 0,
—30Qa, Pa,, 0
Bd — 1Qb, Pb,, 0
Pc, — 4Qc, Pa, 0
-Qd—-2C(1-6-39), Pc+ Pd,, O
Pc + Pd,, 2Pb+ Q, Pd
0, Pd, -0
—Ab, — Ba, + 2Ca -
— Cc, + Cd,, — 2C3, —Ab + Da + Cb, O,
Wy = || —Ab + Da + Cb, 2C+ 2B+ D)b, (B+ D)c — Dd,,
0, (B + D)c — Dd,, Dd, — 2Cd — 2C3,
0, Bd, . 0,
0
Bd
0
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HamoMHuM, 4TO O peuleHHH v mpeamosoraetcd, yro D(v) = [0, +00); TOJIOXHM

o* =max( sup |o(t,x), sup [v(t,x), sup |vtx), sup |v.(tx)).
te[0,+ o) te[0,+ ) te[0,+ ) te[0,+ )
xe[0,n] xe[0,n] xe[0,n] xe[0,n]

3ameuanmne 2.1. Ucnons3ys TeopeMy BiaoxeHus CobosieBa, HETpyAHO NMOKa3aTh,
uto ecxm sup |o(t, *)||; < + 00 (i = 1 mm i = 2), T0 6* < + 0.
t20

Teopema 2.1. ITycmp
(@) sup Jo(t, )]s < + o0,

(ii) @ynkyus F yoosaemeopsem ycaosuro (1.1),

(iii) @yuxyuu a, b, ¢, d ozpanuuenvt emecme co ceoumu npouzeooHLIMu a,, by, c,, d,,
Qyys byx, €y, diy HA MHOKMCECMBE [0, + 0) X [0, 7] (PyHKYUU a, b, c, d onpederervl
6§l),

(iv) @ymxkyuu €'/ emecme co ceoumu npouseodnsimu e, el e, el el  e}?
(i, j, k, 1 =0, ..., 3) cywecmeyrom HenpepblgHbl U 02PanuyeHbt HA MHONCECmEe

D(u)-x [0, 7] x K,, 20e K, = {y e R* | ||y|\R4 < o} uo > O (Fynxyuu e” onpe-
Oesenvl 6 § 1),

(v) cywecmeyrom nocmosunvie A, B,C, D, P, Q, R, S, 9, 9; (i =0, 1) maxue umo
6:,9,€(0,1), 6; + 9, < 1, (i =0,1), mampuya V, pasnomepro nosoxicumevro
onpedeaena 014t € D(v), x € [0, n] u mampuya W, pasnomepHo ompuyameavro
onpedesnena da: t € D(v), x € [0, ].

Toz0a pewenue v npobaemst (0.1), (0.2) pasHomepro 3xcnoHeHyUasbHO yCmMowuUeo
g Hopme || Ecau kpome mozo e’ = 0, (i, j = 0, ..., 3), mo pewenue v pasnomepro
9KCNOHEHYUAAbHO YCMOLNUGO 8 YeAOoM 8 HOpMe || . “ 1-

Hoka3aTenbcTBO. Bo3pMeM dyHkuuonan JIsnyHoBa B BHAE

(2.1) ¥ (t,u) = -r{U V1. U = (B + D)dou’ — (B + D) Sou? +

+ (B + D) (8o + 9) uZ, — 2Se*?ulu,,,.} dx,
rae

U= [u’ Ups Uys Usxs Upxs Uxxxs Urxxs uxxxx] = [“o, Ugs eoo u7] ®

CornacHo HepaseHcTBY Peiimu (cM. [7])

22) J :uz(t, X)dx S J-:ui(t, x)dx < J :u:,(:, %) dx

H TI03TOMY

(2.3) Y(t,u) 2 J {U.V,.U - 2Se**ulu,,,,} dx .
0
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Hcnone3ys MeTox HHTErpHpOBaHHMA IO 4acTbsM, ypasHenme (0.3) m Kpaesbie
ycioBus (0.2), MbI IOJIY4MM NOCIIE TPYAOEMKUX BBIYMCIIEHHH /IS PELIEHUI u pobJie-
Msi (0.3), (0.2) oTHOWEHHE

(2.4) gt Y(t, u) =J {U. W, .U + 2C9%u? + 2Cou? — 2C(6 + 9 ul, +
0

+ Z(t, x, U)} dx ,
rme

Z(t,x,U) = (2Cu + 2(B + D)u, — Qu,, — 2Pu,, + Ru,..) Z euu;

i,j=0
22 2 22 22 22 22
— 4Se Ul Ugxxx — zsuxuxxxx[et + e u, + CuUpe T €, Upex +
22 3
€y (—Uppex + au + bu, + cu, + du, + Y euu;)] +
i,j=0
3 .
ij y
+ 28Uy Y (€ (Uienti; + 20y + ue) + 2upu; + uugy) .
i,j=0
[1,j1¥[2,2]
ij ij ij ij ij
(@ ¥ gllu, F aluy, Foeln 4wl o) F upfen + e, + e s +
ij ij ij ij
+ exux xx + exuxxuxxx + e uxx + euxux == euuux -+ euugu utx T euuxuxuxx o

ij ij
+ euu,‘,‘u uxxx + euturxx + eu,xutx + eu‘uutx“ + eu,u,urx + eu.uxutxuxx +

2

ij

+ eu,uxxurx xxx + euxuxxx + euxx xx + euxuuxxu + euxu,uxxu!x + euxuxuxx +
ij ij ij

- euxu,,x xxUxxx + eu,,xuxxxx + euxxxuxxx + eu,uu xxxUx + euxxu,uxx.\’utx +

ij ij 2
+ CextxWxxxUxx + euxxuxxuxxx)} J

HanmomuuMm, 4yto mo teopeMe Bioxenust CobosieBa cyuiectByet nocrosinHas C, Tak,
49T0 '

(2.5) max { max |u(t, x)|, max |u(t, x)| max |u max |u,.(1, x)| ,
xe[0,n] xe[0,n] [xe0,n] xe[ ]
max |u(t, x)|, max|u,x(t x|} < Co‘]u(t, )H,
xe[0,n] xe[0,n

IS peuleﬂnfi u u oA ieD(u) BribepeMm Temepp uucio ¢* > 0 Tak, uTO ecim
Jutt, )]s < e* 10 max{max]u(t x)|, max |u,(t, x)|, max |u,(t, x)|, max u,(t, x)|} <

xe[0,n] xe[0,n] xe[0,n] xe[0,n]
< . Ucnone3ys (2.5), HepaBencTBo [enmepa u cBoiicTBa GyHKkumii e 1 ux npous-
BOJIHBIX, MOXHO J0Ka3aTh, YTO CyLIeCTByeT mocTosiHHas C; Tak, YTO HEPaBEHCTBO

26) - [envyon s ue ol
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HMeET MeCTO [UiA Beex pewuenuit u mpobaemst (0.3), (0.2) u Beex t € D(u) Takux, 4To
Ju(t, *)|s < e*. TIpn nomomu Hepaserctsa (2.2) U3 (2.4) 1 (2.6) crenyer

(2.7) (;i“//(t, u) < fU. W, .U dx + Cy . u(t, *)|3 -
t 0
B cuiy (2.3) 1 (2.5) cywectByeT nocrosiHHast C, Tak, 4To
(2.8) V(t,u) = I U. V. U dx = Clu(t, +)|3 .
0

ITo npenmnomoxeHuto V; nosoxuresbHo U W, oTpUIaTebHO OnpeesieHHast MaTpH-

1a (T.e., CYIIECTBYIOT MOJIOXKNTEbHbIe MOcTOsiHHbIE C3, C, Tak, uto U . V.U’ =
74 7

>CyYul, U.W,.U £ —C,Y u}). Buibepem noctosubie o€ (0, C3) u ye

i=0 i=0
€ (0, C,) 1 moaoxumM
¢ = min C4—y’ C3—oc, o*).
¢ C,

Torna u3 (2.7), (2.8) cnenyer

29 alju(t, )i = (1 u),

%"l/(t, u) < —V“”(t’ )”f

Jutst Beex peruennit u npo6iemst (0.3), (0.2) 1 Beex t € D(u) Takux, 4To ]lu(t, )]I1 <o
B cuiy orpaHMYeHHOCTH 3JI€EMEHTOB MAaTpWIBl V; M HepaBeHCTBa (2.5) oueBHIHO,
YTO MOXHO BBIOPATh TOJIOXMTENbHYIO TOCTOSHHYIO f Tak, YTO UISL PEeLIeHHH u
npo6iemst (0.3), (0.2) u t € D(u) Takux, 4T0 “u(t, )”1 < @, BEPHO TOX€E HEPABEHCTBO

(2.10) . 7 (1, u) £ Blutt, )| -

B ciyuae, xorma e’ = 0(i,j = 0, ..., 3), nepaBenctsa (2.6), (2.7), (2.8) BBITIOJTHEHB
Ttoxe g C, = C; = 0 u coorHowenus (2.9), (2.10) cnpaBenause! Ui ¢ = + 00.

VTBepxkeHue TeOpeMbl Teneps cienyeT w3 (2.9) u (2.10) u Teopem 1.1 u 1.2,
AHaJIOTHYHO MOXHO [0Ka3aTh CIEAYIOLINE TEOPEMBI:

Teopema 2.2. ITycmpo
(i) sup [lo(t, )
t20

5 < 400,

(i) @gynkyua F yooeaemeopsaem. ycaosuro (1.1),

(iii) @yukyuu a, b, ¢, d ozpaHuuensl emecme co c8ouUMU NPOU3BOOHbLIMU a,, b,, C,, d,,
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ay, by, ¢y, d,, na mroxcecmee [0, + o) x [0, n], (Pyuryuu a, b, ¢, d onpedenens

¢§1),

(iv) @yuxyuwr ! emecme co ceoumu npouseodnwmu e*, e, e (i,j,k =0,..,3)
cywecmeyiom, HenpepbigHbl u ozpanuuensi Ha muoxcecmee D(u) x [0, 7] x K,,
20e K, = {ye R*| ||y||R4 < o} u 6 > 0 (Pynxyuu ' onpedesensi ¢ § 1),

(V) cywecmeyrom nocmosannvie A, B, C, D, P, Q, 6,, 9; (i = 0,1) maxue, umo é,;, 9, €
€(0,1),0, + 9, < 1(i =0, 1), mampuya V, pasromepHo nosoxcumeavho onpe-
denena das t e D(v), x € [0, n] u mampuya W, pasromepro ompuyameavHo onpe-
desena 0an t € D(v), x € [0, n].

Tozoa pewenue v npobaemor (0.1), (0.2) pasHomepHo 3xcnonenyuasbHo ycmoiiuueo
8 HopMme | . "2 Ecau kpome mozo e =0 (i,j = 0, ..., 3), mo pewenue v pagHomepHo
3KCNOHeHYUaAbHO YCMoLiuUeo 8 Yyeaom 8 Hopme ” . "2

Teopema 2.3. ITycmo
(i) F(t, x, u, uy, uy, uy) = a(t, x) u + b(t, x) u, + c(t, x) u, + d(t, x) u,,,

(ii) @ynxyuu a, b, ¢, d ozpanuuenvr e mecme co c60UMU NPOU3BOOHBIMU A4, b, ¢, d,, Cy,
d,, Ha muoxcecmee [0, + o) x [0, n],

(iii) cywecmeytom nocmoannsie A, B, C, D, 6;, 9; (i = 0, 1) makue, umo d,, 9; € (0, 1),
d; + 9, < 1(i =0, 1), mampuya V; pasnomepHo nooxcumenvHo onpedesena 01a
te D(v), x € [0, n] u mampuya W; pasnomepro ompuyamensho onpedenena 04
te D(v), x € [0, m].

Toz0a pewenue v npobaemor (0.1), (0.2) pasHomepro 3KcCnoHeHyuAAbHO ycmMoLuUEo
6 yeaom 6 nopme |- | 5.

3. IIPUMEP
B 3ToM maparpade HcciieqyeTcs YCTOWMMBOCTH HYJIEBOrO pellleHHs Npo6iieMsl,
IaHHOH ypaBHEHHEM
(3.1)  uy + Uy, = ea*(t, x) u + eb*(t, x) u, + ec*(t, x) u, + ed*(t, x) u,,

¥ kpaeBbiMu ycioBusaMa (0.2); ¢ > 0 — Mauslit mapaMerep.

Teopema 3.1. IIycmo

(i) Pynxyuu a*, b*, c*, d* ozpanuuensvi 6mecme co ceoumu npousgoduvimu ay, by, c!,
dy, c?, a,, bl dr, na moxwcecmse [0, +o0) x [0, ],

(ii) cywecmeyiom nocmosnnsvie A*e R',B* > 0,C* > 0,D* > 0,6 > 0, 3 > Omax,
ymol — 6 — 8 > 0 u mampuya
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— A*b* — B*a* — 2C*9, — A*b* + D*a*, 0,

M = || —A4*b* + D¥a*, 2C* + 2(B* + D*) b*, (B* + D*) c* — D*d*,
| o (B* + D*) c* — D*d*, D*d* — 2C*s,
0, B*d*, 0,
0
B*d*
0
—2C*1 -6 - 9)

pasHomepro ompuyamensio onpedesena 041 t € [0, +o0) u x € [0, 7],

(iii) cywecmsyrom nocmosnnsie P* > 0, Q* > 0 max, umo mampuya

2P*b* + Q%,  P*d*

N = ‘ P*d*, —Q*

pasHomepHo ompuyamebHo onpedesena 044 t € [0, +oo) u x € [0, n].

Tozoa cywecmeyem &, > 0 makoe, umo 011 ecex € € (0, &y) Hyneoe pewerue npo-
6aemvt (3.1), (0.2) pasHomepHo 3xcnoneHyuasbHo ycmoiiuugo 8 yeaom 8 Hopme || & || i

Joxa3aTeabCTBO. MBI MOKaXeM, YTO BHINOJIHEHBI MPEATIONIOKEHHS! TEOPEMBI
2.1. Tax xak ycnoBus (i) — (iv) 9Tol TeOpeMBI O4EBHIHO BBITOIHEHB! AJIs BCeX € > 0,
TO JIOCTATOYHO IIPOBEPHTH TONBKO ycioBue (v). IToncrasus B maTpunst V; u W,
A = A* B =B* C=¢C* D =D* P =cP* Q =¢Q*% R =¢Q% S =¢&P*,
99 = 8¢ = %, MBI HOTYUHM:

—eA*b* — eB*a* + }(B* + D*), eC*, 0,
eC*, B* + D*, 0,
0, 0, HB* + D*) + eD*d*,
sl o 0, £2P¥c,
e 09 0’ iszQ‘,
0, 0, 0,
0, 0, 0,
0, 0, —g3P¥%c*,
0, 0, 0, O 0
0, 0, 0, O, 0
e2P*c*, 3e20%, 0, O, —e3P*c*
3B* +D*), 0, 0, 3Q% 0
0, eP*, 0, O, 0 ’
0, 0, eP*, 0, 0
36°0%, 0, 0 &P 0
0, 0, 0, O, e2P*
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—A*eb? — B*ea F+ 2e?C*a* — —eA*b* + eD*a* +
— g2C*ct + 2C*dY, — 2eC*9, + 2C*b*, 0,
—eA*b* + eD*a* + 2eC* + &(B* + D*)c* —
+ 2C*b*, +2(B* + D¥)eb*, — eD*d¥,
e(B* + D*)c* — eD*d} — 26C*d* —
wo_| o —eD*d*, —26C*5,
17l —1630*a, eB*d* — 1e30*b*, &2P*cY — 13Q*c*,
g?P*a?, g2P*b?, e2P*q*,
0, 0, 0,
g3P*al, &P*b} ., 2¢3P*q?,
—&3P*c} +
1e*Q*a*, 3e*Q*b*, + Je*Q*c*,
—1e3Q*a*, e?P*a’, 0, e3P*a¥,,  1e*Q*a* ‘i
eB*d* — 1e3Q*b*,  £2P*b¥, 0, eP*bY,  1e*Q*b* |
e’ P*c} — —&’P*c} + |
—1e3Q*c*, e2P*a*, 0, 2e3P*a¥*, 4+ 1g*Q*c*
—2eC*(1 — 5 — 9) — &2P*c* + e3P*a* +
— 3Q*d*, + e2P*d*, 0, + EPY, 1etQrdr |
e2P*c* + ¢?P*d},  26°P*b* + £2Q%, &2P*d*, 23P*b), —&’P*c*
0, . g2 P*q*, —£2Q*, 2¢3P*d7, 0
e3P*a* + &P*dY,, 2e3P*b, 283P*d?, 20* + g3 P*d*
+ 2e2P*b, |
1e* Q*d*, —g3P*c*, 0, e3P*d*, —e30*

OueBHIHO, 4TO JUIS JMArOHaJbHbIX onpeaeautenei Dy(V,) (i = 1, ..., 8) MaTpuupt V,
CIpaBeUINBHI CIeayolue GOpMYJIbI:

D(Vy) (t, x) = 3(B* + D*) + O(g), Dy(Vy)(t, x) = 3(B* + D*)* + O(e),
Dy(Vy) (1, x) = 7g(B* + D*)* + 0(e), Du(V;)(t, x) = 55(B* + D*)* + O(¢),
Ds(Vy) (1, x) = %8(B* + D*)* P* + O(e), Dy(V,) (1, x) = 56%(B* + D*)* .

.P* 4 0(%), Di(V)) (1, x) = 55e*(B* + D¥)*. P** + O(c),
Dg(Vy) (1, X) = -:e5(B* + D*¥)* . P* + O(e).

Orcrofa Mbl BHIMM, YTO CYIIECTBYIOT £, > 0 1 %(g) > 0 Tax, yro s Beex ¢ € (0, ¢,),
te[0, +o)uxe[0,n]

D(Vy)(t,x) > e), (i=1,..8),
4TO B CHJIy TeppeMbl 1.3 IOKa3piBaeT paBHOMEPHYIO IOJIOKUTENILHYIO OIpEeseH-

HOCTh MaTpHuH V; mis-t € [0, + o), x € [0, n]. O6o3HawMM Teneps nMATOHATBLHBIE
onpenenutemt MaTpunp M cumponamu D, (M) (t, x), ..., D4(M) (t, x) 1 nuaroHass-
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Hple onpenenuTend Marpuusl N cumsosamu D, (N)(t, x), Do(N) (t, x). Ilo (ii)
u Teopeme 1.3 cymectByeT »x' > 0 Tak, 4To IUIseBCeX t € [0, +o0) U xe [0, n] BBI-
TOJIHEHBI HEPABEHCTBA
(=D)'DM)(t,x)>%" (i=1,...,4),
()Y DN (tx) > (j=12).

HeTpyaHo MoKa3aTh, YTO VIS QUAroHanbHbix onpenenuteneit Dy(Wy) (i = 1,..., 8)
MaTpulibl W, IMeroT MecTo HopMYJIBl

Dy(Wy) (1, x) = & Dy(M) (t, x) + O(¢?)

Dy(W)) (1, x) = &% Dy(M) (t, x) + O(%),

Dy(W)(t, x) = &* Dy(M) (t, x) + O(e*),

Dy(Wy) (t, x) = &* Da(M) (t, x) + O(e°),

Ds(W;) (t, x) = &° D4(M) (t,x) . D,(N) (t, x) + o(e"),

De(W,) (t, x) = €8 Dy(M) (8, x) . D,(N) (1, x) + O(°),

D;(W,) (t, x) = &'t Dy(M) (8, x) . Do(N)(t, x) . D;+(N) (1, x) + O(e'?),

Dg(Wy) (1, x) = &' Dy(M) (1, x) . D3(N) (1, x) + O(e"®) .
U3 3TOro CiemyeT, 4TO CyLIECTBYIOT &, > 0 u x"(¢) > 0 Tak, uto msa g€ (0, &,),
te[0, +o0)uxel0,n] '

(=D)'D(W) (t,x) > %"(e) (i=1,...,8).

ITo Teopeme 1.3 matpuna W; paBHOMEpPHO OTpPHULATEJBHO ONpelesieHa IJjs ! €
€ [0, + ), x€[0, n]. TMonaras & = min (¢, &,), Mbl BUEHM, u4TO s & € (0, &)
BLIMOJIHEHO ycaoBue (v) TeopeMsl 2.1.

AHAJIOTUYHO MOXHO J10Ka3aTh CJICAYIOIINE TCOPEMBI:

Teopema 3.2. ITycmpo
() @yuxyuu a*, b*, c*, d* oepanuyenst emecme co ceoumu npoussoonsimu a; by, c¥,
* %k 1% ok 3k
dy, a;, by, c3, d, na mnowcecmee [0, + o0) x [0, 7],
(ii) ewinoanenvr ycaosus (ii), (iii) meopemsr 3.1.
Ilomom cywecmsyem e, > 0 maxoe, umo 0as ecex €€ (0, &y) Hysesoe pewenue
npobaemnt (3.1), (0.2) pasHomepHo 3KCnOHEHYUAALHO YCMOHUUBO 8 YEeAOM 8 HOpME ” * ” 2

Teopema 3.3. ITycmpb
(i) dyuxyuu a*, b*, c*, d* ozpanuyenst emecme co ceoumu npoussodusimu ar, b¥, c¥,
dy, ¢, dx, na muoncecmse [0, +o0) x [0, n],
(ii) ewvinoaneno ycaosue (ii) meopemeor 3.1.
Tozoa cywecmeyem €, > 0 makoe, umo 0414 eécex ¢ € (0, &,) Hyaes0e peweHue npo-
6aemvi (3.1), (0.2) pasHomepho 3KcnoHeHYUaNbHO YCMOUWYUBO 8 YeaoM 8 HopMe || .

3.
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EMBEDDING TREES INTO CLIQUE-BRIDGE-CLIQUE GRAPHS

BOHDAN ZELINKA, Liberec
(Received January 11, 1977)

The paper [2] concerns embedding trees into graphs which have exactly two blocks,
each of them being a clique. Now we shall study a similar problem — embedding
trees into graphs which consist of two vertex-disjoint cliques and of a bridge between
them. Such a graph will be called a clique-bridge-clique graph (shortly CBC-graph).

Let n and k be two positive integers, 2 < k < [4n]. By H,(k) we denote the
CBC-graph in which one of the mentioned cliques has k and the other n — k vertices.
We shall investigate the conditions for a tree with n vertices to be embeddable
into H (k).

We shall use some concepts from [2]. A median of a tree T with n vertices is
a vertex a of T at which the vertex deviation m,(a) attains its minimum. The vertex
deviation is defined by

my(a) = }l ¥ d(a, ),

where V is the vertex set of T and d(a, x) denotes the distance between a and x in T.
A tree has either exactly one median, or exactly two medians which are joined by an
edge.

We recall also the definition of a branch. Let a be a vertex of a tree T. We define
a binary relation E on the set of vertices of T which are distinct from a such that
(x, y) € E if and only if the vertex a does not separate x from y in T (this means that
the path connecting x and y in T does not contain a). The relation E is evidently
an equivalence. The subtree of T'induced by the union of one class of E with the one-
element set {a} is called a branch of T with the knag a.

Theorem 1. Let n be an even positive integer, n = 4. A tree T with n vertices can
be embedded into H,(4n) if and only if it has two medians.

Prpof. The weight of a vertex v of a tree Tis defined in [1] as the maximal number
of edges of a branch with the knag v. In [3] it is proved that a vertex of a tree has the
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minimal weight if and on'ly if it is a ‘median of this tree. Let T be a tree with n
vertices and two medians. By Theorem 3 from [2] it can be embedded into the graph
G,,(%n) consisting of two blocks which are both cliques, one of them has 4n, the other
in +1 vertices. Let the former be B 1, the latter B,. Let a be the vertex of T which is
mapped onto the cut vertex of G,(4n) in this embedding. The weight of a is evidently
at most 4n, the weight of any vertex mapped onto a vertex of B; which is not a cut
vertex is greater than 4n, because there exists a branch with this vertex as a knag
which contains all vertices which are embedded into B,. Thus a is a median of T and
the other median a’ of T'is mapped onto a vertex of B,. The vertex a cannot be joined
in T with other vertex embedded into B, than a’. If we delete from G,(4n) all edges
joining a with vertices of B, except for the edge aa’, we obtain the graph H,(in)
and T is embedded into H,(4n). On the other hand, let a tree T be embedded into
H,(4n), let a and a’ be the vertices of T which are mapped onto the end vertices of the
bridge of H,,(%n) in this embedding. Then evidently the weights of a and a’ are both
equal to 3n and the weights of all other vertices are greater. Therefore a and a’ are
medians of T.

Theorem 2. Let T be a tree with n = 4 vertices. The tree T can be embedded into
H,([4n]) if and only if the weight of its median is [3(n + 1)].

Proof. First we shall prove necessity of the condition. If n is even, then
[4(n + 1)] = [3n] = in. By Theorem 1 the tree T can be embedded into H,(4n) if
and only if it has two medians. Thus let T have two medians a and a’. Let B (or B’)
be the branch of T with the knag a (or a’) which contains a’ (or a, respectively).
If B has less than w(a) edges (where w(a) denotes the weight of a), then there exists
a branch with the knag a other than B which has w(a) edges. It is a proper subtree
of B, therefore B’ has more than w(a) edges and a’ is not a median, which is a con-
tradiction. Therefore B has w(a) edges and analogously B’ has w(a’) = w(a) edges.
The branches B and B’ have ‘exactly one common edge aa’ and their union is the
whole tree T, therefore n — 1 = 2w(a) — 1 and w(a) = n. We have proved
necessity of the condition for n even. Now let n be odd. Then [4(n + 1)] = 4(n + 1),
[3n] = 4(n —'1). Suppose that the weight w(a) of a median a of T is greater than
3(n + 1). Let b be the vertex adjacent to a and belonging to the branch with the
knag a which has w(a) edges. The branch with the knag b which contains a has
n — w(a) edges, the sum of numbers of edges of other branches with the knag b is
w(a) — 1. Thus w(b) £ min (w(a) — 1,n — w(a)). Wehavew(a) — 1 > 3(n+1)—1=
=4n—-1), n—wa) <n—3n+1)=13n—1), therefore w(b) < Hn — 1) <
< w(a) and this is a contradiction with the assumption that a is a median of T.
Therefore w(a) < 4(n + 1). Now let v be a vertex of T which is not a median of T;
let again a be a median of T. Let B (or B’) be the branch of T with the knag v (or a)
which contains a (or v, respectively). If there is a branch with the knag v with w(v)
edges other than B, then B’ contains all this branch and, moreover, the path con-
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necting a and v, thus it has more than w(v) edges and w(a) > w(v), which is a contra-
diction. Thus B has w(v) edges. Suppose that w(v) < 4(n + 1). The sum of numbers
of edges of branches with the knag a other than B’ is less than w(v), therefore B’ has
at least n — w(v) edges and w(a) = n — w(v), which implies w(v) = n — w(a).
As w(a) < 3(n + 1), we have w(v) 2 n — 3(n + 1) = 3(n — 1). We have proved
that w(v) can be less than 4(n — 1) only if v is a median of T. Let T be embedded
into H,(3(n — 1)). Let B, be the clique of H,(4(n — 1)) with 3(n — 1) vertices, let u
be the vertex of T which is mapped onto the end vertex of the bridge of H,(3(n — 1))
belonging to B,. The vertices of T which are mapped onto vertices of H,(3(n — 1)) not
belonging to B, together with u form a branch of T with the knag u. This branch
has 3(n + 1) edges, thus w(u) = 3(n + 1) and u is a median of T.

Now we shall prove sufficiency of the condition. Let w(a) = [3(n + 1)] for
a median a of T. Then evidently T can be embedded into H,([4n]) so that a is mapped
onto the end vertex of the bridge belonging to the clique with [4n] vertices and all
vertices of the branch with the knag a having w(a) edges except for a are mapped
onto the vertices of the other clique.

Theorem 3. Let T be a tree with n = 4 vertices, let T contain a subtree T’ which is
a snake and one terminal vertex of which is a median of T. Let T' have [n] vertices.
Then T can be embedded into H,(k) for all k = 2, ..., [$n].

Remark. A snake is a tree which consists of vertices and edges of one simple path.

Proof. Let the vertices of the snake T’ be u,, ..., u,, where m = [%n]. Let u,
be the median of 7. Then for each k = 2, ..., [4n] we can embed Tinto H,(k) so that
the end vertices of the bridge coincide with the vertices u, and u,, ;.

Theorem 4. Let n = 4 be a positive integer, let K be a subset of the number set
{2, ...,[3n]}. Then there exists a tree with n vertices which can be embedded into
H,(k) for each k € K and cannot be embedded into H,(k) for k ¢ K.

Proof. We shall use the concept of caterpillar (introduced by F. HARARY).
A caterpillar is a tree with the property that after deleting all terminal vertices from it
a snake is obtained. This snake is called the body of the caterpillar [4]. 1f the ‘vertices

of the body are u,, ..., u,, and the edges uu;, ( for i =0,1,...,m — 1, then we
denote by «; the number of terminal vertices of the caterpillar which are adjacent
to u; for i = 0,1, ..., m. Thus we assign a vector [«q, ..., «,] to the caterpillar.

For K # 0 the required tree is a caterpillar with the vector [y, ..., a,] which is
described as follows. Let K = {ky, ..., kq} and let k; < k; for i < j. Then m =
=2q—1, ag = ky, 0; = k;jyy — k; for i =1,...,q9 — 1. Further «,_; = «; for
i=0,1,..., g — 1. The caterpillar C can be embedded into H,(k;) so that onto the
end vertices of the bridge of H,(k;) the vertices u;_y, u; or the vertices u,_ ;. , Uy
are mapped. On the other hand, the unique edges of C which can be mapped onto
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bridges of H,(k) for some k are the edges of the body of C and to each of them
a unique k exists with this property. Thus C cannot be embedded into H,(k) for
k ¢ K. For K = 0 the required tree is a star. .

In [4], embedding rooted trees into rooted block graphs was defined. A graph is
called rooted, if one of its vertices is fixed and called the root of the graph. By H(k)
for k = 2,...,n — 2 we denote the graph consisting of two vertex-disjoint cliques,
one with k, the other with n — k vertices, with a bridge between them, which is rooted
at a vertex of the clique with k vertices non-incident with the bridge.

Theorem 5. Let T be a rooted tree with n = 4 vertices. The tree T can be embedded
into H;(k) for each k = 2, ..., n — 2 so that its root coincides with the root of H}(k)
if and only if Tis a snake whose root is a terminal vertex.

Proof. Let T be a rooted snake with vertices u,, ..., u, and edges uu;,, for
i=1,...,n — 1. Let u, be its root. Then evidently T can be embedded into H}(k)
for k = 2,...,n — 2 in the required way so that the edge u,u, , , is mapped onto the
bridge of H} (k). Now suppose that T is a rooted tree whose root is not a terminal
vertex. Then this root r has the degree at least 2. The tree T cannot be embedded
into Hy(2), because the root of Hy(2) has the degree 1. Now let T be a rooted tree
whose root r is its terminal vertex, but not a snake. Then T contains at least one vertex
of a degree greater than 2; let u be such a vertex whose distance from r is minimal.
Let d(r, u) = h. Then T cannot be embedded into H;(h + 1), because at this embed-
ding all vertices of the path connecting r and u would have to be contained in the
clique with h + 1 vertices and all vertices adjacent to u and not belonging to this
path (they are at least two) would be embedded into the other clique and there would
be at least two edges joining vertices of different cliques of H,(h + 1), which is
impossible.
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FREDHOLM-STIELTJES INTEGRAL EQUATIONS
WITH LINEAR CONSTRAINTS:
DUALITY THEORY AND GREEN’S FUNCTION

MiLaN TvRDY, Praha*)
(Received February 16, 1977)

This note is devoted to the duality theory for the system of equations
1
©  x() - x(©) - J' “4[P(5) = PO 91 X(6) = ) ~ £(0) on [0,1],
() ECOEORS
0

where an n-vector valued function x of bounded variation on [0, 1] is sought. Results
analogous to those of [4], [10], [11] and [14] are obtained under less restrictive
hypotheses and in a considerably simpler way. Boundary value problems for
Fredholm-Stieltjes integro-differential equations which are special cases of (I) have
been treated recently in [5], [12] and [13].

1. PRELIMINARIES

Given a real p x g-matrix A = (a,);=,,..,» A* denotes its transpose and
i

=1,...,9

q
|4 = max a,.
i=1,..,pJj=1
R, denotes the space of real column n-vectors (n x 1-matrices), R} is the space of
real row n-vectors (1 x n-matrices), R, = R} = R. The space of real p x g-matrices
is denoted by L(R,, R,), L(R,, R,) = L(R,). Generally, vectors are assumed to be
column. Row vectors are written as transposes of column vectors. If a, be R, a < b,
then [a, b] denotes the closed interval a < t < b, (a, b) is its interior a < t < b
and [a, b), (a, b] are the corresponding half-open intervals.

*) Sponsored in part by the Italian Consiglio Nazionale delle Ricerche (G.N.A.F.A.)
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BV, stands for the Banach space of functions x : [0, 1] — R, of bounded variation
on [0,1] equipped with the norm | x| = |x(0)| + var} x. For P:[0,1] x
x [0,1] - L(R,), v(P) denotes its Vitali two-dimensional variation on [0, 1] x
x [0, 1]. Recall that

o(P) = SuPi; ,;'P(ti’ s5) = P(ti—1,85) = P(ti, 5;-1) + P(tioy, 55-1)|

where the supremum is taken over all net-type subdivisions 6 = {0 =1, < t; < ...
W<t,=1,0=15,<s <..<s,=1} of the interval [0, 1] x [0, 1]. If v(P) +
+ varg P(+, a) + varg P(b, *) < oo for some fixed a, b € [0, 1], then thereis M < oo
such that v(P) + varg P(t, *) + varg P(, s) + |P(t, s)| <M< oo forallt,se[0,1]
and P is called an SBV-kernel.

All integrals used are the Perron-Stieltjes integrals or equivalently (since all the
functions occurring are of bounded variation) the o-Young-Stieltjes integrals (cf. [3]
and [7]). The list of properties of the Perron-Stieltjes integral may be found e.g. in
[10] or [14]. Let us recall here only (for the proof see [8]) that if P is an SBV-kernel
on [0, 1] x [0, 1], then for every x, y € BV, the functions

u(t) = '[:d,[P(t, 7)] x(r) and v*(s) = ﬁd[y*(r)] P(z, s)

are of bounded variation on [0, 1]. Moreover,

u(t+) = ﬁ)d,[P(i+, 7)] x(r) and v*(s+)= J:d[y*(r)] P(r,s+) for t,se[0,1)
and
u(t—) = Ld,[P(t— ,7)] x(r) and v*(s—)= Ld[y*(r)] P(r,s—) for t,se(0,1].

Let X and Y be linear spaces over R. The set of all linear operators &/ with values
in Y and defined for all xe X (& : X — Y) is denoted by L(X, Y), L(X, X) = L(X).
The identity operator x e X - x e X is denoted by :#. For a linear operator & €
€ L(X, Y), R(&#) denotes the range of o/ and N(s7) is the null space of «/. R(.«Z) and
N() are linear subspaces of Y and X, respectively. Let us denote a(.«/) = dim N(</)
and ﬁ(&/) = dim | Rat)» Where | rey 18 the corresponding quotient space. It is
known that if Y is a direct sum of R(&/) and Z < Y, then there is a one-to-one cor-
respondence between |, and Z (cf. [2] 111.20) and, in particular, f(+#) = dim Z.
If o(/), B(#) are not both infinite, then we define the index ind o of &/ € L(X, Y)
by the relation ind o = B() — oc(.szl)

Let X and X* be linear spaces over R and let

xeX, xteXt - {x,x*>eR

be a bilinear form on X x X*. We say that X, X* form a dual pair (with respect
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to the bilinear form (-, *> if -
{(x, x*> =0 forevery xeX implies x* =0eX™*
and
(x,x*> =0 forevery x*eX* impliess x=0eX.
In [2] VI.40 the following important statement is proved:
Theorem (Heuser). Let X, X* be a dual pair of linear spaces with respect to the

bilinear form (-, ) defined on X x X* and let the operators of € L(X) and
o+ € L(X™) be such that

(1,1) (X, x*y = (x, L*x*> forevery xeX and x*eX*
and

(1,2) ind o = ind #* = 0.

Then

(1) o{st) = a{st") = B(st) = Bot™) <

and, moreover, for given ye X and y* e X*

&x =y has a solution iff (y,x*) =0 forany x*eN(«")

and

#*xt =y* hasasolution iff (x,y*) =0 forany xeN(«).

Let us notice that if o/ e L(X) is compact, then R(S — &) is closed in X,
oSf — L) =p(Sf — ) < o, ie. ind (F — &) = 0 (cf. [6] IV.3).

If X is a Banach space and X* its dual space, then obviously X, X* form a dual
pair. Let us give another example of a dual pair which is of importance for our pur-
poses.

In the following BV," denotes the set of all functions z* : [0, 1] - R, of bounded

variation on [0, 1], right-continuous on (0, 1) and such that z*(1) = 0. For x € BY,
and z* € BV, let us put

(1.4 x 2 = [ 0] X0

Then BV, BV, is a dual pair with respect to -, * ). (For the proof of an analogous
assertion see [8] Lemma 5.1.) When endowed with the norm z* € BV," — |[z*||zy+ =
= |z*(0}| + varj z*, the space BV," becomes a Banach space and (1,4) defines
a continuous bilinear form on BV, x BV,'.
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2. GENERALIZED FREDHOLM-STIELTJES INTEGRO-DIFF ERENTIAL OPERATOR

Let P :[0,1] x [0, 1] - L(R,) be an SBV-kernel. Then

(1) P :xeBV, > ﬂd,[P(t, s)] x(s)

defines a linear compact (or completely continuous) operator on BV, (cf. [8] Theorem
3.1).

2.1. Remark. Let R :[0,1] x [0, 1] - L(R,) be such that R(-, s) is measurable
on [0, 1] for any s e [0, 1], varg R(t, *) < oo for a.e. te [0, 1] and
¢ :te[0,1] - |R(t, 0)| + varg R(t, +)

is Lebesgue integrable on [0, 1]. Let g:[0,1] —» R, be Lebesgue integrable on
[0, 1]. Then integrating and making use of the Cameron-Martin formula for the
change of the integration order in Stieltjes integrals ([1]) we transfer the Fredholm-
Stieltjes integro-differential equation for an absolutely continuous function
x:[0,1] » R,

22) () —ﬂds[R(t, ] 5= gl we o [0.1]

to the form (I), where
(23 Pt = J" R(r,s)dr and f(t) = Jt g(r)dr for t,se[0,1].
0 0

It is easy to check that P(t, s) given by (2,3) is an SBV-kernel (cf. [10]). Obviously
f € BV,. Thus the equation (2,2) may always be rewritten as an equation of the form
(I) with an SBV-kernel P(t,s) and fe BV,. Hence the operator 4 — 2 e L(BV,),
where

- 1
(24 2:xe BV, - x(0) + J d,[P(t, s) — P(0, s)] x(s) € BV,

0
may be called a generalized Fredholm-Stieltjes integro-differential operator.

2.2. Remark. Evidently, the operator 2 € L(BV,) given by (2,4) is compact (2x = -
= u + #x, where

' 1
u = x(0) - J' d,[P(0, 5)] x(s) e R,) .
0
Moreover, if we put

(P(t,s) — P(O, s for t,5s€|0,1], s>0,
(2.5) Q(t,S)={Pg,O))—P§0,0%—I for :,seEo, 1%, s:0,
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then Q(¢, 5) is also an SBV-kernel and
1

(2,6) 2:xeBV,— J- d,[Q(z s)] x(s) e BY, .
1]

2.3. Theorem. If P : [0, 1] x [0, 1] - L(R,) is an SBV-kernel and the operator
2 € L(BY,) is given by (2,4), then

(2,7) n<dimN(f — 2) < o,
while dim N(# — 2) = n iff the equation () has a solution x € BV, for any f € BV,
Proof. Since 2 is compact, «(f — 2) = B(£ — 2) < co. Obviously

R(# — 2) <= Z = {feBV,:f(0)=0}.
Hence
of —2)=pF - 2)2dim®"|, =n.

Furthermore, o # — 2) = n iff
B(j - .@) = dim Bynlk(_’_a) = dim BV"IZ

and the proof follows by means of the following lemma.

2.4. Lemma. Given a linear space X and its linear subspaces M, N such that
M < N, then dim *|,; = dim *|y < oo holds iff M = N.

Proof. Let dim *|,, = dim *|y = k < o0 and let xe N\ M. Let E; = V) + N
(j=1,2,..., k) be a basis in XIN and let

k
ax + 3 A&V eM
ji=1

for some real numbers a, 4; (j = 1,2, ..., k). Since ax € N, this may happen only
if A,ED + 1,89 + ...+ LEVeN,ie. Ay =4, =... =4 = 0. Thus axe M and
a = 0 since x ¢ M. This means that the classes x + M, ¢ + M (j =1,2,...,k)
are linearly independent in *|, and dim *|, = k + 1 > dim XIN. This being con-
tradictory to the assumption proves'that M = N.

2.5. Remark. By 2.3 there exists an »n X k-matrix valued function X
(k = dim N(# — 2)) of bounded variation on [0, 1] such that x e BV, satisfies
x — 9x = 0 iff x(t) = X(t)c on [0,1] for some ce€ R,. Unfortunately, even if
k = n, it need not be det X(f) + 0 on [0, 1] as shown by the integro-differential
equation

(1) — 4.[:,((5) ds=0,

for which X(7) = I(1 — 4t).
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3. DUALITY THEORY
Throughouy the section the following assumptions are kept:

3.1. Assumptions. (i) P:[0,1] x [0,1] - L(R,) is an SBV-kernel, fe BV,
K:[0,1] - L(R,, R,) is of bounded variation on [0, 1] and r € R,,.

(ii) P(t, *) is right-continuous on (0, 1) and P(t, 1) = 0 for any t € [0, 1], P(0, 5) =
= 0 for any s€ [0, 1], K is right-continuous on (0, 1) and K(1) = 0.

- 3.2. Remark. For the investigation of the system (I), (II) the assumptions 3.1 (ii)
do not cause any loss of generality. Any system (I), (II) fulfilling 3.1 (i) is equivalent
to a system fulfilling also 3.1 (ii).

Let Q:[0,1] x [0, 1] » L(R,) and 2€e L(BV,) be defined by (2,5) and (2,4),
respectively. Furthermore, let us denote

@3.1) X :xEBY. > j d[K(s)] x(5) € R,
0
& :f e BV, > f(t) — f(0)e B,
and
(32) | f:(:)eBV,,xR,,,—»(d_g}x)eBV"xR,,,.

3.3. Proposition. If x € BV, is a solution to (I), (II), then & = (:) is a solution to
&
(3:3) (F —T)5 = ( rf)

for any de R,,. If x € BV, and there exists d € R,, such that & = (:) verifies (3,3)
then x is a solution to (1), (II).

3.4. Proposition. Under the ‘assumptions 3.1(i) the operator 7 e L(BV, x R,,)
defined by (2,4), (3,1) and (3,2) is compact.

Proof. Obviously, X e L(BV,, R,,) is. bounded. As dim R(#") £ m < oo, this
implies that 2 is even compact. Since 2 € L(BV,) is also compact (cf. 2.2), it is easy
to see that J is compact. .

Our wish is to establish the duality theory for the system (I), (II). Since BV, and
BV, form a dual pair with respect to the bilinear form (1,4), BV, x R, and BV, x
x R}, form a dual pair with respect to the bilinear form

(3.4) (:)EBV,, x R,, (z*, 4*)eBV;} x R* -

R <(:) (2, u)> " J.:d[z*(t)] x(t) + 2*deR.
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(Let us recall that the elements of BV," are row n-vector valued functions of bounded
variation on [0, 1], right-continuous on (0. 1) and vanishing at 1.)

Let us put
(2'2) (s) = Ld[z*(t)] Q(t,s) for zeBV, and se[0,1].

By virtue of the assumptions 3.1 on P(t, s) and the definition (2,5) of Q(#, s) we can
easily verify that Q is an SBV-kernel, Q(¢, ) is right-continuous on (0, 1) and Q(t, 1) =
= 0 for every t € [0, 1]. Consequently (cf. [8] Lemma 3.1)

(3,5) 2'ze BV," forany zeBYV,.
Moreover, by Lemma 2.2 of [8] we have

69 || alet.91x0) - [ o [a=rew 9] <o

for every ze BV," and x € BY,.

Let us put
(3,7) Tt i (z*, A*)e BV, x Ry, >
1
-5 (j d[z*(1)] Q(z, s) — A* K(s), }.*) .
0
Since

T *(z*, 4*) (s) = ((2'2) (s) — 4* K(s5), 4*) on [0,1],
for each z € BV, and 4 € R,,, it follows from 3.1 and (3,5) that
(3.8) T *(z*, A*) e BV," forall (z*, A*)eBV,” x R,.
Besides, we have by (3,2), (3,4) and (3,6)

(3.9) <(f - 7) <:) (z*, ;.*)> -
= [la[#0 - [[abn 09 + 3 k] w9 + 4+ - 394 =

=<(:),(J—g'+)(z*,},*)> forall xeBV,, deR,, zeBV, and AeR,

As mentioned above, Q(t, s) is an SBV-kernel and hence using Theorem 3.2 of [8]
it is easy to show that J* e L(BV," x R}) is compact. The operator J being
compact by 3.4, we have

(3,10) _ind(F-F)=ind(F - T*) =0

and we may apply Heuser’s Theorem.
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3.5. Theorem. If the assumptions 3.1 are satisfied, then the system (I), (II) has
a solution x € BV, iff

(3,11) , jld[z*(s)] f(s) + A*r=0
0
for any z* € BV,} and A* € R®, fulfilling '
(3,12) z*(s) — J’ld[z*(t)] P(t,s) + A*K(s) =0 on [0,1], z*(0)=0.

Proof. By (3,8)—(3,10) the operators # — J and # — 7 * fulfil the assumptions
of Heuser’s Theorem. Consequently the system (I), (IT) has a solution in BV, iff

etz () - £0) + 27 =0
holds for any z* € BV, and A* e R}, fulfilling the equation
(3,13) z*(s) — Jld[z*(t)] Q(t,s) + A*K(s) =0 on [0,1],
ie. (F — 7 %) (z* A*) = 0. Given z*e BV, it is
(1) [at]ews) - [arzon e - ooz

Setting (3,14) into (3,13) we obtain
(3,15) z*(s) — Jt)d[z*(t)] P(t,s) + 4*K(s)=0 on (0,1],
- j :d[z*(t)] P(t, 0) + 4* K(0) = 0.
Since we assume P(0, s) = 0 on [0, 1], the value of each of the integrals
ﬁd[i*(:)] P(t,s), sef0,1],
does not depend on the value z*(0). The same holds obviously also for the integral
[ sz om0 - 0.

Consequently (z*, A*) € BV,' x R} is a solution to (3,12) iff (z}, 4*) with z¥(s) =
= z*(s) on (0, 1] and z3(0) = 0 is also its solution. Since

. :
[EEOIORE

(1]
for all such z and all f € BV,, the proof is complete.
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3.6. Remark. P(t, *) and K being by 3.1 (ii) right-continuous on (0, 1) for any
te[0,1], z is also right-continuous on (0, 1) for any couple (z, )€ BV, x R,
fulfilling (3,12). ,

The following assertion is also a consequence of (3,8)—(3,10) and of Heuser’s
Theorem.

3.7. Proposition. Let 3.1 hold and let h* € BV,". Then there exist z* € BV,' and
A* € R% such that

(3,16) 2%(s) — f :d[z*(t)] Q(t,s) + A* K(s) = h*(s) on [0,1]
(5 = 7%) (2" 4*) = (h*, 0)) iff

1
j d[h*(1)] x() = 0
0
for every x € N(&) where
(3.,17) g:xeBV,,-»("}f")eBV,,me
(cf. (2,4) and (3,1)).
3.8. Theorem. Assume 3.1. Then k =dim N(&) < oo for the operator

& € L(BY,, BV, x R,) given by (3,17). Furthermore, the system (3,12) has exactly
k™ = k + m — n linearly independent solutions in BV,” x R,,.

Proof. By 2.3 we have k = dim N(#) < 0. ObviouslydimN(# — F) = k + m.
Since (3,10), it is by Heuser’s Theorem dimN(# — J*) =dimN(S — 7) =
= k + m. The set N* of all solutions to (3,12) consists of all (z*, i*) e N(# — T *)
for which z*(0) = 0. Hence k™ = dimN* =dimN(#f -7 ") —n=k + m — n.
Recall that for (z*, 4¥) e N(# — 7 ¥) the value z*(0) may be arbitrary.

4. GREEN’S FUNCTION

We continue the investigation of the system (I), (II). In addition to 3.1 we shall
suppose that it possesses a unique solution in BV, for every fe BV, and r € R,,.
Obviously, this is possible only if the corresponding homogeneous equation

Zx =0e€BV, x R,
(cf. (3,17)) possesses only the trivial solution, i.e. dim N(.?) = 0. On the other hand,
by 3.5 the system (I), (II) has a solution in BV, for any couple (i) € BV, x R, iff
the system (3,12) possesses in BV," x R,, only the trivial solution. The following

assertion is now a direct consequence of 3.8.
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4.1. Proposition. Provided 3.1 holds, the system (1), (II) has a unique solution
in BV, for every fe BV, and re R, iff

4.1) . m=n and dimN(Z)=0.

Let us suppose that (4,1) holds and let us try to express the solutions x € BV, of
the systems (I), (II) in the form

(4,2 x(t) = H@)r + I:ds[G(t, s)] (f(s) — £(0)), te[0,1],
where H : [0, 1] » L(R,) and G : [0, 1] x [0, 1] — L(R,) are such that

(4,3) for every te [0, 1], the functions G(t, ) and H are of bounded variation on
. [0, 1], right-continuous on (0, 1) and G(t, 1) = 0, H(1) = 0.

Clearly, the function (4,2) is for any fe BV, and r e R,, a solution of (I), (II) iff

o) = HO [ ATk o) + || aL6e 9] (o) - [ 010 )] o)

for every ¢ € BV, and t € [0, 1], i.e. iff

(4.4) ﬂds [G(t, s) — ﬁd,[G(t, 0)] Q(o, s) + H(t) K(s) — 4(t, s)] o(s) =0

foreach @eBV, and te[0,1],

where
4,5) (—I for 0<t<1 and O0<s<t,
0 for 0<t<1 and t £sZ1,
—1 for 0=t and 0=s
A(t,s)= 0 for 0=t and 0<s<1,
—1I - for t=1 and 0=s<1,
L 0 for t=1 and s=1.

Provided (4,3) holds, (4,4) holds iff

(4,6) G(t,5) — ﬁd,[G(t, 0)] Q(, s) + H(t) K(s) = 4(t,s) on [0,1] x [0,1].

Our wish now is to find functions G(t, s) and H(¢) fulfilling (4,3) and (4,6).
Let us put

4,7) £* :(2z*,A*)eBY,” x R} - (z‘(‘s) - j :d[z*(t)] Q(t, s) +
+ A* K(s), z*(0)) e BV, x Ry .
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Since dim N(#) = 0, 3.7 implies that the equation (3.16) has a solution in
BV} x R¥ for any h* e BV,". Under our assumptions the expressions

1
z*(s) — J d[z*(1)] Q(t, s) + A* K(s) (z* € BY,", A* € R})
0
do not depend on the values z*(0) (cf. the proof of 3.5). This means that the system

2(5) — J :d[z*(t)] Qt, 5) + 4* K(s) = h*(s), se[0,1],

2#(0) = o*
has a solution (z*, A*)e BV," x R} for every (h* 6*)e BV, x R}, ie.
(4.8) R(%*) = BV,) x R}.

Moreover, since the equations #*(z*, A*) = 0e BV," x Ry and (3,12) coincide,
we have

4,9 dimN(£*)=0.
Taking into account (4,8) and (4,9) we conclude from the Bounded Inverse Theorem
([6] 111.4.1) that the operator £ * possesses a bounded inverse (£*)™! € L(BV," x
x Ry). In particular, given a column 47(t, *)e BV," (i =1,2,...,n) of A(t, ),
there exists a unique couple (gf(t, +), hf(t)) € BV, x R} such that

1

gi(ts) - J d,[g7(t, 0)] Q(o, 5) + hi(1) K(s) = 4¥(t,s) on [0,1] x [0,1],
0
gi(t0)=0 on [0,1], i=1,2,..,n.
Moreover, there is M < oo such that
(4,10) lgi (. v + [WE(O)] < M|AZ(t, )]s = M
forany te[0,1] and i=1,2,..,n.

This completes the proof of the following

4.2. Theorem. If 3.1 and (4,1) hold, then there exist functions
G:[0,1] x [0,1] » L(R,), H:[0,1] - L(R,)
and a constant x < oo such that
IG(t, )]sy + [H({®)| =% on [0,1],

G(t, *) is for any t € [0, 1] right-continuous on (0, 1), G(t, 0) = G(t, 1) = 0 on [0, 1]
and (4,6) is satisfied.
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4.3. Theorem. Assume 3.1 and (4,1). Given fe BV, and r € R,, the unique solu-
tion x of the system (1), (I1) in BV, is given by (4,2) where G(t, s) and H(t) are defined
by 4.2.

-

5. GENERALIZED LINEAR DIFFERENTIAL EQUATIONS

Of a special interest is the case

A0) —A() for 0=s<t=1,
(5.1) P(t,s) = {A(s+) — A(f) for 0<s<t<1,
0 for 0t<s<1,

where A : [0, 1] — L(R,) is of bounded variation on [0, 1]. The integral equation
(T) then reduces to the generalized linear differential equation

(5.2) x(t) — x(0) — J;d[A(s)] x(s) = f(r) — £f(0), te[0,1].

It is easy to verify that for any A : [0, 1] - L(R,) of bounded variation on [0, 1],
the function P : [0, 1] x [0, 1] - L(R,) defined by (5,1) fulfils all the corresponding
assumptions from 3.1. Moreover, for any z* € BV," with z*(0) = z*(1) = 0 we have

- f:d[z*(t)] A(r) , if s=0-

J.od[z*(‘)] P(t, s) = _ .rd[z*(t)] A(t) — z¢(s) A(s+), if 0<s<1,

0 , if s=1.
Thus the adjoint system (3.12) to (I), (II) reduces in the case (5,1) to the system for
(z*, A*) e BV," x R},
1
(5.3) z*(s) + I d[z*(t)] A(t) + z*(s) A(s+) + 4*K(s) =0 on [0,1],
2%0) = z*(1) = 0.

Furthermore, in the previous section we have proved the existence of Green’s
function for the boundary value problem (5,2), (II) if m = n and dim N(&) = 0
for the corresponding operator £ : BV, - BV, x R,.

The equation (5,3) resembles the generalized linear differential equation (5,2).
However, in general its basic theory is not available directly from the basic theory
of equations of the form (5,2). In [9] the problems (5,2), (II) are dealt with in detail.
As a proper adjoint the system of equations for (z*, 4*) € BV," x Ry,

(5.4 ;*(s) + -Ed[z*(t)] A7) + z*(s) A(s) + A*K(s)=0 on [0,1],
z¢(0) = z*(1) = 0
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is derived provided det (I — A™A(t)) + 0 for te(0, 1] and det (I + A*A(t)) £ 0
for t € [0, 1). Under these assumptions also usual basic results for the equation (5,4)
(as the existence and uniqueness of a solution, fundamental matrix, variation-of-
constants formula) have been derived. In the same paper it was shown that the systems
(5,3) and (5,4) are equivalent in a certain sense.
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LAPLACE TRANSFORM OF EXPONENTIALLY
LIPSCHITZIAN VECTOR-VALUED FUNCTIONS

MiRrosLAV Sova, Praha
(Received February 28, 1977)

The purpose of this note is to give the theory — in the form as definitive as pos-
sible — of the Laplace transform of exponentially Lipschitzian vector-valued func-
tions whose most important part was proved and applied in [1] (see especially
Section 4).

We shall use the following notation: (1) R — the real number field, (2) R* — the set
of all positive real numbers, (3) (w, o) — the set of all real numbers greater than w
if w e R, (4) E — an arbitrary Banach space over R, (5) M; —» M, — the set of all
mappings of the whole set M, into the set M,.

1. Lemma. For every a =20, x > 1 and re{O, 1, } such that r > yo, the
following inequality holds:
. e
( ) < e/ (x=1)a
r—ao

Proof. We have under our assumptions

which implies

r Y a Y
( ) = (1 + ) — (eﬂl(r-a))r = r/(r—a)a < e/(x=1a

r—a r—a

2. Lemma. For every « 2 0 and r € {2, 3, ...} such that r > a?, we have

r r
< eWrlt/r=1e
r—a
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Proof. We have \/r > a, i.e. r > a \/(r). Hence we canchoose y = /rin Lemma 1
and the desired inequality follows.

3. Lemma. For every w 20, 0<t, <t, and pe{0,1,...} such that p >
> (wt, + 1)* we have
t2 t2

1 dr 1

(1_ wt )"” | _ @
t p+1 p+1 t

Proof. It follows by means of Lemma 2 with « = wr and r = p + 1 that

WP+ )/(J(p+1)-1))or 4 r

IIA

t2 t2
1 1
p+2 dz é 1 pt+1 dr é
_(1_ wr) { — @t (1_ wr)
ty p+1 p+1dJ, p+1
t2
< 1 W@+ DIV (p+1) - 1ot o
1 wt,
p+1J,

4. Theorem. Let  be a nonnegative constant, F € (o, oo) — E and let My, M,
be two nonnegative constants. Then

(Ay) thefunction F is infinitely differentiable on (w, o),

(A2)

M,p!
H dlpF(A) ” < (l———ﬁ forevery 2> and pe{0,1,..},

forevery A>w and pe{1,2,...},

Sl Pl R
if and only if there exists a function f e R* —» E such that

(B, |f(®)] = Moe™* forany teR*,
(By) | f(t) = f(t)] = M,y j"ew, dt foramy t;,t,eR*, t;<t,,
(B;) F(A) = J e"*f(r)dt forany A>w.

Proof. “Only if” part. Let us first denote
(1) G(p) = F(u + ) forany u>0,
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It follows from (A,)—(Aj) that
(2) the function G is infinitely differentiable on R*,

(3) N = G(ﬂ) A{,‘fz! forany p>0 and pe{0,1,...},
6 H—(# (u))“ = ”dd—;(uF(y + ) “ -
”—[(u + @) F(u+ 0) — @ F(u + 0)] “ < (ﬂ%ﬂﬂ

forany p>0 and pe{1,2,..}.

Let us now denote

65) af)=C 1) (‘1+1> G@)(q—“) for teR* and ge{01,..]}.

t t
By (2) and (3) we obtain
(6) the function g, is differentiable on R* for every g € {0, 1, ...},
(M) |gf0)]| £ My forevery teR* and ge{0,1,...},

® o) - EU @ (L oo (1) 4

t t

N (_1)«1+1<q + 1)q+1q + 1 Ga+D (q + 1) _

q! t ¢ t

_1)at+1 q+2 -~
_ (=1t ig 41 (q+1)G("’q+1 +q+1G(q+l)l-q+1
(g + 1)1\ ¢ t t - t

forevery teR* and g¢e{0,1,...}.

Now we need to estimate the growth of g,. To this aim, let us denote
(9) H(w) = nG(u) for u>0. '
It is clear that
(10) He*Y(u) = (g + 1) G9(n) + p G9*V(u) forany pu >0 and
qe{0,1,...}.

Now (9) and (10) permit us to rewrite (8) in'the form

(1) o) = (i(ﬂ—l)m ().

(g + 1) t t
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On the other hand, we have by (4) and (9) that

(12) |HS* D) = (M, + w::[fz (g + 1)
qe{0,1,...}.

We see from (11) and (12) that |g,(t)| < M, + @M, for every te R* and g€
€ {0, 1, ...} which implies

fqr any u>0 and

(13)  [lgg(ts) — g4(t2)]| = (M + M) |t1 — t2| for every t;,t,e R* and
qe€{0,1,...}.
In view of (6) and (7) we can define
(14) G (p) = j e * g/ r)dr forevery p>0 and ge{0,1,...}.
0

It follows easily that
(15)  the functions G, are infinitely differentiable on R* for all g € {0, 1, ...}.

Now we proceed to the decisive step of the proof.

According to (A,) and (A,), the hypotheses of Lemma [1] 4.15 are fulfilled for
the function G and consequently, (5), (14) and (15) imply

(16) GP(u)——> GP(n) forany p>0 and pe{0,1,...}.

q—

This result enables us to construct a function g whose Laplace transform is G.
Indeed, by A.3 from the Appendix we obtain from (6), (7), (13) and (14) that

|G o (B - s s B2+ 2

forevery teR* and p,qe{0,1,...} whichimplies

_1Pl P +1 p1t1 . p +1
i |5 ) e ()
py! t t

_ (= 1) (Pz + 1)p2+1 - (Pz + 1) ” o
1 2 =
pa! t t

< (M, + wMo)t<

1 1 1
V(s + 1) ¥ V(P2 + 1)) ¥ ZMO(\/(PI +1) ¥

1 ) for every teR* and p;, p,qe0,1,....

N
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It follows from (16) and (17) (¢ — o) that

(18) ” (;m(p‘.—J’—l)mH G (M_l) -

P4l t t

_ (_l)m (Pz + 1>n+l G (PZ + 1) ” <
t

p2! t

< (M, + wMo)t(

1 1 1
ﬂm+U+Wh+d%4M%ﬂm+0+

1
+————) forevery teR* and py,p,e{0,1,...}.
o +7) wBe L,
In view of (5), we can write (18) in the form
1 1
19) g, - 9,,(0)| = (M, + oM t( + )+
+ 2M, ( + ) for every teR* and
"W+ 1) T VD)

P, p2€{0,1,...}. .
By (19) we can write

(20) g(r) =limg,(t) for teR*.
pro

It follows from (7) and (20) that
(21) |g()| £ M, for every teR*.
Further, (19) and (20) give

(22) g, — 9(t)| = (M, + oM,) 1t 2M,

Ve+1)  J+1)
teR* and pef{0,1,..}.
It follows from (6) and (22) that

for every

(23) the function g is continuous on R*.

Finally by (6), (7), (22) and (23) we conclude that

(" ©
(24) e Mg (t)dr > ., I e *g(r)dr forevery u>0.
(V] 0

o

On the other hand, (14) and (16) give
p,

@
(25) e g (r)dr —,., G(u) forevery u>0.
o
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Thus, it follows from (24) and (25) that

(26) G(p) = j e " g(r)dr forevery pu>0.
0

The desired function f will be now defined by
(27) f(r) = e®*g(t) forany teR™.

Our final task in this part of the proof is to verify the properties (B,), (B,), (B;) for
the function f defined by (27).
First by (21) and (23)

(28) [[f(0)] = Moe®* forevery teR*,
(29) the function f is continuous on R* .

Further by (1) and (26)
(30) J e *f(r)dt =2 F(1) forevery A> w.
0

Now we shall prove

t2

(B1)  [If(t) = f(r2)] = M1J~ e”*dr forevery t,t,eRY, t; <t,.

ty

To this aim, let us define
—1) p+1
(32) f()= (—+) (%) F® <p_+_1) forevery pe{0,1,...} and
p! t
O<t<(p+1))(w+1).
Using 4.4 and 4.10 from [1] we obtain by (28)—(30) and (32) that
(33) f(t) 2p-u f(t) forevery teR™.
On the other hand, by (A,),

(34) the functions f, are differentiable on (0, (p + 1)/(w + 1)) for every pe
e{0,1,...},

69 0=+ (ﬂj—l)"w (it‘) A

N (—1)*! <p 3 1>p+1 p+ 1F(p+1)(P + 1) _

p! t t? t

= E;_ir)::—)z(p;:i)’+z[(p + 1) F@ (p T 1) e . Jt“ IF(P“)(B_J.:_E)]

forevery pe{0,1,...} and 0<t<(p+ l)f(w +1).
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For the sake of brevity, we denote
(36) J(A)=AF@1) for A>w.
It is clear that
(37) J®*V() = (p + 1) FP(1) + AF®*D(1) forevery i> w and
pe{0,1,...}. ‘
Now by (35)—(37) we have
(38) f(v)= E;:_)p:)l' (%l—)p“ Jo+n (P—_—:-—l) for every pe{0,1,...}
cand 0<t<(p+1)f(w+1).
On the other hand, by (A;) and (36)

1
(39) "J(p+1)(,1)" < g—l—(-%’?z. forevery 1> w and pe{0,1,..}.

It follows from (38) and (39) that

+2
150 < M, <——1 )
wt

1—
p+1

for every pe {0,1,...} and 0 < t < (p + 1)/(w + 1) which implies

t2

1

(40) | f(ty) = £(t)] = M, dr forevery pe {0,1,...}

/ 14
)
t p+1

and 0<t, <t <(p+1)f(w+1).

Using Lemma 3 we get from (40) that

at

(41) ||£(t) = 7t)] = M, | weroiorn-mengy gor every

1 — wt,
p+1dJd,

pef{0,1,...} and O0<t; <t <(p+ Df(w +1).

Letting p — co in (41) and using (33), we obtain at once (31).

Since the properties (B,), (B,), (Bs) of the function f are contained in (28), (30)
and (31), the proof of the “only if”” part is complete.

“If” part. Let f be a fixed function with the properties (B, ), (B,), (B,).
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It follows from (B,) that
(1) the function f is continuous on R* ,
Now we obtain easily from (1) and from (B,) and (B3) that
(2) the properties (A,), (A,) hold .
To prove (A;) let us first denote f,(f) = %Jﬂﬂ f(tr)dr forany h > Oand ¢t > 0.
t

It follows from (B,) that
1 t+h 1 h
3 A0l = Mo;J e’ dr = Moe‘“’;J e*dt forany h>0 and t>0.
t o -
Further we see easily from (1) that
(4) the function f, is continuous for any h > 0,
(5) fu(t)—>f() (h—>0,) forany teR*.
On the other hand, by (B,) we have
1 1
CHHUGDEOI BT

t+h h

e’*dr = M,e™ %j e’ dr

t 0

forany h>0 and t>0.

Moreover, a simple calculation shows

@) £ = % J ;(f(r + H) — f(1)) dr + }11 J "f(t)dr forany h>0 and £>0.

Let us now write F,(1) = |5 e™* fy(r) dt for h > 0 and A > w, which is admissible
thanks to (3) and (4).

We get easily from (3)—(5) that
(8) FP(#) - FP(4) (h—>0,) forany 2>w and pe{0,1,..}.
On the other hand, if follows from (7) that

R =1 j [% (s + ) - f(f))] et 23 f :f(f) &,

0
ie.

O 4R = [ (e[ U+ h - f(t))] el 7(e)de
forevery h >0 and 1> w.
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It follows from (6) and (9) that

b
(10) :—AF,,().).' SMI )p+llf e**dr forevery h>0, A>w

and pef{l,2,...}.
Using (8) and (10) we see immediately that
(11)  the property (A;) holds .
By (2) and (11), the proof of the “if* part is complete.
5. Remark. We have here the opportunity to correct a mistake in Proposition 4.9
of [1] which is true for @ = 0, but generally @ must be replaced by 2w. The same is
true in Proposition 1.4 in [1] which was used in the proof of 4.9. In the Appendix to

this note we shall give a modified and improved version of the above mentioned
Proposition 4.9 from [1].

APPENDIX

The aim of this Appendix is to examine the so called inversion problem for the
Laplace transform of exponentially bounded functions.

A.l. Lemma. For every te R* and pe {0, 1, ...}, we have

_l_(p il 1)p+1J‘°° e—((p+l)/l‘)f,tp dT.' =1.
p! t 0

Proof. Cf. [1], Proposition 4.6.

A.2. Lemma. For every te R*, yeR and pe{0,1,...} such that p + 1 > 2xt,
the following inequality holds:

+1 t—t/4/(p+1)
l(p + 1)’ l:f T @+ v gp 4
p!\ t 0

+ Jm e ((p+)t—x)trp d‘c] 1 evxt
t+/4Y(p+1) Jp + J+1)

Proof. Let te R*, e Rand pe {0, 1, ...} be fixed so that p + 1 > 2yt.
Let us recall that clearly

xt 1
1 <=
M p+1 2

b

)] l/(L:-—l—)(r — 1221 forevery teR suchthat |c— ¢ > t}/(p +1).
t
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Using (1) and (2) we get

+1 t—t/4%/(p+1)
i(P + 1>p [I ’ e+ D/t=00p g0 4
p! t 0

0
+_[ e ((p+1)/t—x)t,p d{I <

t+t/4/(p+1)

—t/4
< _l_(p + 1>P+1AP + 1) I:J'r 1/ J(p+l)e—((p+l)/t—z)ttp(r 3 t)z e
T opl\ ot t? o

o0
+J e-((n+l))/t-z)t1-p(.,: - t)2 d—,;] <

t+t/4/(p+1)

P _:_ 1)p+1 \/(pt:- l)jme—((p+l)/t*1)'rp(1 - t)2 dr =
0

_ l(P + 1)”“ Jp+1) [Jwe—((p+1)t—x)rrp+z dt —
2

t t o

IA
Bl
P S

00 @
—_ 2;J\ e ((p+D)/t—ptp+1 qo AL IZj‘
0 0

- (AT D (Y

e (@ D)/t—ptrp dt] =

p! t p+1—yg
it N, o t T
_2t(p+1).(p+l_Xt) +tp!<p+1_Xt> ]_
=(p+1)”“«/(p+1)[ (p+2! _ 2Ap+1) p! ]
p! (p+1—xp™ (p+1-xp* (p+1-xp*]
p+1 VHT(p+1)(p+2)  2p+1) _
\/(p+1)(p+1_xt) [(p+1-xt)2 p+1—xt+1]
- p+1 \*!
_\/(p+1)<p_:l——xt) X
)P+ -2p+D(+1-)+ (@ +1-p)f
(p+1-x)
% p+1 Vp+1+ (1) _
«/(p+1)(p+1_xt) i

=+ ) () e e ) -

P+1)*\p+1-—yg
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B J(pl+ l)(P z :r—l xt)m(l ¥ %) B

1 1 p+3

NI (1 + x)
p+1
xt p+3
1 1+ p+1 ot — 1 (1+2L>p+3e1‘=
J(p + 1) xt Jp +1) p+1

p +1

1 (2xt/(p+1))\p+3 1t 1 et

= (e xt/(p )p < —— el
Vi +1) Jo+1)°

A.3. Proposition. Let fe R* — E and let w be a nonnegative constant. If
(o) the function f is continuous on R*,

(B) the function e™“* f(t) is bounded on R™,
then for every te R* and pe {0, 1,...} such that p + 1 > 2wt, the following
inequality holds:

0

p! t

s swp (@) -0 + ——

|e—t]<t/4%/(p+1) \/(

[Ilf( )| + €7 sup (e F()])]

Proof. Let us denote for the sake of simplicity

(1) M =sup(|1()]).

for every te R* and

_ _ t t
@ Zu=(-55 " 7pT)
pe{0,1,...}.

By use of the preceding Lemma A.1 and Lemma A.2 with y = 0 and x = @ we
get, with regard to (1) and (2)

) “ “(E‘l>f e (1(2) - () dr
pI\ t 0
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IA
Bl

(P + 1)?""1 'we_((p-bl)/l)f.té"f(f) == f(t)“ de =

0

"2 | =

(p + l)p'“ i e_((p+1)/f)'TP"f(1') —'f(t)" d +

JZe,p

+
-4

o+ 1)/:):1.1»" f(x) = f()] dr <

R\Z;,,

(p gt 1)"+1 [ @+ gg sup (| /(=) — f(1)] +

Zeon 1€Ze,p

N
N
- [+
—
SN—"
~
ot
-
e

lIA
B~

~

+1
(p + 1)” e~ WP+ DINr 4| 7(1)|| +

R\Z;,p,

+
oA L

+
2l

+1
(p + 1)" e~ @+ D] f(7)|| de <

J R\Z¢,p

2=

(P 5 1)p+1 ~°°e_((p+1)/r)r1.p dr sup ("f(‘t) - f(t)") +

Jo 1€Ze,p

1pr

+
e N

s e_((p-i'l)/')",;p dz "f(t)“ +
J R\Z;,p

+1
£ Ml(p + 1>" J‘ e ((pt)/1-w)p 4o —
RN\Z¢,p

= su T) — —1” 1 ¢’
- tez;:p("f() ) + N lr@l + M\/(P oy

for every te R* and pe {0, 1, ...} such that p + 1 > 2wt.
It is clear that (1), (2) and (3) give the desired result.

/
o~ ]
-~ |+
.
N
+

wt

A.4. Remark. The proof of Proposition A. 3 was inspired by a fascinating idea
of W. Feller who used a probabilistic approach based on Chebyshev’s inequality —
see Chap. VII of [2].
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NOTE ON OPERATORS PRODUCED BY SESQUILINEAR FORMS

MIROSLAYV Sova, Praha

(Received February 28, 1977)

The purpose of this note is to show some “interior” properties characterizing the
operators produced by certain sesquilinear forms which are frequently studied in the
theory of elliptic operators.

We shall denote by H an arbitrary complex Hilbert space with a norm |-| and
scalar product {.,.)». Further, let L*(H) be the set of all linear operators from H
into itself. The complex number field will be denoted by C.

Let A e L*(H). The operator A is called nondissipative if Re {Ax, x) = 0 for
any x e'D(A).
Let A € L*(H). The operator 4 will be called special if
(A,) for every x, y e H for which there exists a sequence x; € D(4), ke {1,2,...}
such that x, — x, the sequence Re (A4x;, x;> is bounded and {Ax,, z)> —
— {y, z) for any z € D(4), we have x € D(4) and Ax = y,
(By) [Im <Ax, x)| < d[|Re (4x, x)| + ||x||*] for any x € D(4) with a fixed constant
d=0.
Let V be a linear space and S a mapping of the set ¥ x Vinto C. The mapping S
is called a sesquilinear form on the space V if

S(oeyxy + 05%5, ¥) = ay S(x, y) + o, S(x,, ),
S(x, 0y yy + a3,) = & S(x, y;) + &, S(x, y,)

for any x, y, x;, X5, ¥y, ¥, € Vand a,, a, € C.

Let A € L*(H). The operator A will be called sesquilinearizable (or produced by
a sesquilinear form) if there exist a Hilbert space ¥V and a sesquilinear form S on V
such that :

(A;) Vis a dense subset of H,

(B;) there exists a positive constant g > 0 such that |x|, = g|x| for any xe ¥,
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(C,) there exists a nonnegative constant M Z 0 such that |S(x, x)| £ M|x||? for
every xe V,

(D,) there exists a positive constant m > 0 such that |Re S(x, x)| = m| x| for every
xel,

(E.) D(4) =V,

(Fy) <Ax,z) + <x,z) = S(x, z) for every x € D(4) and z€ ¥,

(G,) if x € V and there exists y € H such that S(x, z) = (y, z) for any z € ¥, then
x € D(A).

Remark. A very closely related notion is that of “‘regularly accretive’” operators
used in [2]. More precisely, an operator A € L*(H) is regularly accretive if and only
if there is a constant w € R such that A + wlI is nondissipative and sesquilinearizable.

Lemma 1. Let V be a pre-Hilbert space and S a sesquilinear form on V. If
lS(x, x)l < K”x“2 for any x eV, then |S(x, y)l < 2K||x” ; |]y|| for any x,yeV.

Proof. See [1], Chap. 12, Cor. 3.2.

Lemma 2. Let V be a Hilbert space and S a sesquilinear form on V. If there exist
constants 0 < m £ M such that meIl2 < S(x, x) = M“x||2for any x € V, then for
every ® € V*,

(a) there exists a unique x € V such that &(z) = S(z, x) for any z € ¥,
(b) there exists a unique x € ¥ such that &(z) = S(x, z) for any z € V.

Proof. An easy consequence of the Riesz theorem on the representation of con-
tinuous linear functionals on Hilbert spaces.

Theorem 1. Let A € L*(H). If the operator A is nondissipative and special, then it
is sesquilinearizable.

Proof. The symbols (A,), (B,) and (A,)—(F,) refer to the defining properties of
special and sesquilinearizable operators, respectively.

Let us now define
(1) |x| = [|Re<4x, x)| + ||x|*]*/* for xeD(4),
(2) (x,y) = 3[<Ax, y> + <x, Ayd] for x,yeD(4).

It is easy to see from (1) and (2) with respect to the nondissipativity of 4 that for
every X, X, X,, y € D(A) and o, o, € C it is

) Kzl
@ =),
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(5)  (@xy + 22%3 ¥) = ay(x, ¥) + (%2, ¥)
© xy)=0%.
The statements (3)—(6) show that
(7) D(A)is a pre-Hilbert space with the norm || and the scalar product (-,*).
. Let us now choose a fixed constant d for which (B,) holds, i.e.
(8) |Im {Ax, x)l < d[Re {4x, x) + "x”z] for any xe D(4).
We obtain easily from (1) and (8) that
(9)  [|K4x, x)| = [(Re <4x, x))* + (Im {4x, x))*]'/* <
. S 2[|Re (Ax, x| + |Im <4x, x)|] =
< Z[IRe {Ax, x)l + d|Re {(Ax, x)| + d|]x||2] <
< 2(1 + d) [|Re <4x, x)| + |!x||2] =2(1 + d) |x|2 for every xeD(4).
Further, let us take
(10) K =21 +d).

It is clear from (7), (9) and (10) that D(A4), {4.,.) and K fulfil the assumptions of
Lemma 1 and consequently

(11) |<4x, py| < 2(1 + d) |x||y| for every x,yeD(A).

Let us now define V as the completion of the pre-Hilbert space D(4) defined by (7).
Then

(12) Vis a Hilbert space (with the norm | +||, and the scalar product <.,.»),
(13) D(A) is dense in the space V.

Moreover, (3) implies that we can immersc the space V into H in a natural way
so that

(14) |x|v = |x]| forany xeV.
It follows easily from (A,) that

(15) D(A) is dense in the space H.
Now we conclude from (13) and (15) that
(16) V is a dense subset of H.

We obtain easily from (1), (3), (9), (12) and (13) that there exists a unique sesquili-
near form S on V'such that .

(17) S satisfies the assumptions of Lemma 2 with M = 2(1 + d) and m = 1,
(18) S(x, z) = {Ax, z) + {x, z) for any x € D(4) and z€ V.
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Now we shall prove that
(19) for any y € H, there exists x € D(4) so that Ax + x = y.

Let ye H and let I(z) = {y, z) for any z € H. Moreover, let @ be the restriction
of I to V. It follows from (14) that ® e V*. By (17), we can apply Lemma 2 and
hence there exists x € V so that

(20) S(x,z) = ®(z) = <y, z) forany zeV.
By (16), there exists a sequence x,, k € {1, 2, ...}, such that
(21) x,eD(4) forany ke{l,2,..} and x, - x in the space V
By (18), (20) and (21) we obtain
(22) <xp 2) + Ax, 2) > (p,z) forevery zeV.
Further, we see from (14) and (21) that
(23) x4} »x in H.
Moreover, (11) and (21) imply that
(24) {Ax, x;» is a bounded sequence.
Now we see easily from (13), (16) and (21) —(24) that (A, ) applies to A which proves

(19).
Summing up (12), (13), (15)—(19) we see that the operator A is sesquilinearizable,
which proves Theorem 1.

Theorem 2. Let Ae L*(H). If the operator A is sesquilinearizable, then it is
special.

Proof. The symbols (A,), (B,), (C,) and (A,)—(F,) refer to the defining proper-
ties of special and sesquilinear operators, respectively.

We shall first prove
(1) R(I + 4) =H.

Indeed, let ye H and let us define &(z) = <y, z). Then (B,) implies & € V*.
By (C,) and (D,) we can apply Lemma 2 and hence there exists x € ¥ such that

(2 S(x,z) = &(z) =<y,z) forany zeV.
 We see from (E,)—(G,) that (2) implies x € D(4) and x + Ax = y which verifies

(1).

Further, we need to prove that

(3) D(A) is dense in V.
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Let this be not true. Then there exists v.€ V such that
(4 v+0 and {(v,x), =0 forany xe D(A).
By Lemma 2, there exists w € V such that
(5) <v,z)y, =S(w,z) forany zeV.
It follows from (4) and (5) that
(6) S(x,w)=0 forany xe D(A).

Hence by (F,) we see from (6) that {x + Ax, w) = 0 for any x € D(4) and con-
sequently, by (1), w = 0. This implies by (5) that v = 0 which contradicts (4). Hence
(3) is true.

We shall now prove that

(7)  |Im (4x, x)| £ (I—inz <M + 1)) (|Re <4x, x)| + |x]?)
m q
for any xe D(A).
Indeed, we have by (C,) and (F,) that for any x € D(A)

[Cax, x> + <[] < M|«
Hence for x e D(A4)
[<ax, x| = [x]* = M=y

which implies according to (B,)

1 1
®  [cax o] s Ml + [ 5 s+ 2 Jolp = (0 + 2) p

for any x e D(A).
On the other hand,

(9) [<4x, x)| = [(Re (4x, x))* + (Im {Ax, x))*]*/2

v

2 —13 [|Re (4x, x)| + [Im <4x, x)[] 2

1

V2
Consequently, (8) and (9) yield

(10) [Im {4x, x)| < /2 [K4x, x)| + |Re (dx, x)| =

2 — — |Re (dx, x| + \%2 |Im (4x, x)| forany x e D(A).

< |Re (Ax, x)I +.4/2 (M + i) ”x“;z, for any x e D(A).
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Using now (D,) and (F,) we obtain from (10) that

lIm (Ax, x5 < |Re (dx, x| + Y2 (M + 1) (|Re <4x, x)| + [x|*) <
m q
< [1 ua ‘Lz (M + l):l (]Re (Ax, x)| + "x"z)
m q

which verifies (7).
Suppose that

(11) x,yeH, x,eD(4), x— x, Re{Ax,x,> isa bounded sequence and
{Axy, z) = {y,z) forany ze D(A).

Since by the assumption (1 1) the sequences Re {Ax,, x,> and Hx,J[ are bounded we
conclude from (D,) and (F,) that

(12) the sequence x, is bounded in V.

The assumption {4x,, z) — <y, z) for any z € D(4) and x;, — x (from (11)) may
be rewritten by (F,) in the form

(13) S(xp z) > <y, 2> + {x,z) forany ze D(A).
On the other hand, by (12) and (C,) we have
(14) |S(xw z)| < K(sup x]|%) |z]ly forany ke{1,2,..} and yeV.
k

Applying the Banach-Steinhaus theorem, we obtain from (3), (13) and (14) that
(15) S(xx, z) = {y,z) forevery zeV. ‘

Next we shall prove that
(16) the sequence x; is weakly fundamental in the space V.

Indeed, let @ € V*. By (C,), (D,) and Lemma 2 there exists z € ¥ such that ¢(x) =
= S(x, z) for every x e V. Hence (15) implies &(x,) — {y, z) which proves (16).

On the other hand, since V is assumed to be a Hilbert space, it follows from (16)
that

(17) the sequence x, is weakly convergent in V, i.e. there exists x, € V such that
X = X, weakly in V.

Using (A,), (B,), we deduce easily from (18) that
(18) x; » x, weakly in H.

But due to (11) and (18), it is necessarily
(19) x, = x.
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It follows easily from (17) and (19) that
(20) S(xi, z) = S(x,z) forany zelV.
The precéding results (13) and (20) imply -
(21) S(x,2z) =<y, 2> + {x,z) forevery zeV.

Using (G,), we see fiom (21) that x € D(4) and using (A,) and (F,) we conclude
that, moreover, Ax + x = y + x. This result enables us to state that

(22) under the assumption (11), xeD(4) and Ax = y.
The proof is complete since the properties (A,) and (B, ) are verified in (22) and (7).

Proposition. Every selfadjoint operator is special.

Proof. First we shall verify (A,).

Let x, z € H, x;, € D(4), x, = x and {Ax,, y) — {z, y) for every y € D(A).

Then {Axy, y) = {x, Ay) and hence {x, Ay) = {z, y) for every y € D(A). This
implies that x € D(4*) and A*x = z. But this is in fact x € D(4) and Ax = z.

The condition (B,) is trivial since Im {(4x, x) = 0 for any x € D(A).
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A NEW METHOD FOR OBTAINING EIGENVALUES
OF VARIATIONAL INEQUALITIES BASED
ON BIFURCATION THEORY

MiLaN KUCERA, Praha
(Received April 8, 1977)

0. INTRODUCTION

Let H be a real Hilbert space with inner product <+, +» and with the corresponding
norm | +|. Let K be a closed convex cone in H with its vertex at the origin, We shall
suppose that 4 : H —» H is a linear symmetric completely continuous operator. We
shall consider the following problem:

M . uek,
(0] {u — Au,v —u) =0 forall vek,

where 1 is a real parameter. A real number A is said to be an eigenvalue of the varia-
tional inequality (I), (II) if there exists a nontrivial u satisfying (I), (II). In this case
the element u is said to be the corresponding (to 1) eigenvector of the variational
inequality (I), (IT). The aim of this paper is to study the existence of eigenvalues and
eigenvectors of the variational inequality which are not eigenvalues and eigenvectors
of the operator A. The basic idea is the following. We shall introduce a penalty
operator f (for the properties of f see Section 2) and consider an eigenvalue 1) of 4
corresponding to an eigenvector u(® ¢ K of A. Starting with 1, = A, uy = u®,
we want to prove the existence of branches 4,, u, (¢ € <0, + o)) satisfying the equation
with the penalty

A, — Au, + efu, =0

and converging to an eigenvalue A, and an eigenvector u,, of (I), (II). The original
idea was to prove the existence of such functions 4,, u, on the basis of the abstract
implicit function theorem. A result of this type was announced in [8] (without
proof) and a complete version of this part of the theory is given in [9]. However,
this approach requires very strong assumptions (it is supposed that the linear operator
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A — & p'(u) for an arbitrary fixed u € H and ¢ 2 0 has only simple eigenvalues) and
only very simple examples covered by the theory are known to the author. In the
course of inyestigation, it turned out that it is possible to use the known global results
of the bifurcation theory to prove the existence of branches of eigenvalues and
eigenvectors of the equation with the penalty. This approach seems to be substantially
more effective. Under certain assumptions it is possible to start with the eigenvalue
A of A of an arbitrary multiplicity and with the corresponding eigenvector u(® ¢ K
and to prove the existence of a closed connected (in a certain sense) and unbounded
ineset Sy of triplets [4, u, e] € R x H x R satisfying the conditions [A, u(®, 0] € S,

lu =1, 2 <2<2*, u¢kK,
Au— Au + efu=0,

where A,, A* are some suitable eigenvalues of A. Such a set S, contains at least one
sequence [4,, u,, & such that 1, - 4, u, - u,, where 1, and u,, is an eigenvalue
and an eigenvector of (I), (II), respectively. Moreover, u,, € 0K and it is a “new eigen-
vector of (I), (I)”, i.e. u,, is not an eigenvector of 4. In certain cases, this method
yields an infinite sequence of eigenvalues and “new” eigenvectors of (I), (II). In
special cases the set S, can be described by smooth functions 4,, u, (see [9]).

In this paper we shall study the case of a simple initial eigenvalue A(°). It is easier
than the case of a multiple eigenvalue A® which will be treated in the paper [10].
The proof of existence of an unbounded branch S, for a simple eigenvalue A is
based on a global bifurcation result of E. N. DANCER [3] (see Section 3).

A classification of eigenvalues of (I), (II) and of 4 is given and their basic properties
are explained in Section 1 of this paper. The main result is formulated in Section 2
(Theorems 2.1, 2.2, 2.3). Further, general properties of the branches S, of the above
mentioned type with the exception of the fact that S, is unbounded are proved.
This represents the first part of the proof of the main results. Section 3 contains an
explanation of the above mentioned result of E. N. Dancer [3] (which is a streng-
thening of Rabinowitz’s result [14]). Further, on the basis of this result it is proved
that under certain assumptions the branch S, is unbounded. This is the second part
of the proof of the main theorems. Applications to the case of variational inequalities
describing a beam which is supported by fixed obstacles are given in Section 4.

A very special situation occurs if K is a halfspace. This corresponds to the case
of “one point obstacle” (i.e. n = 1 in the notation of Example 1.1 and Section 4).
In this case, the method from the papers [8], [9] can be used and 4, is a decreasing
function. Moreover, the eigenvalues of (I), (II) can be calculated in concrete examples
on the basis of a method given by S. Fu¢ik, J. MiLoTA [7] and therefore our theory
has no practical significance for this special case.

The eigenvalue problem for variational inequalities in a more general setting is
studied in [11], where we use a modification of the Ljusternik-Schnirelamann theory
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for the corresponding penalty problem. We obtain formally infinitely many eigen-
values (or critical levels in a more general situation) but it is not clear if they all are
mutually different. A better situation occurs again in the case of a halfspace. Using
a certain special trick, we prove the existence of an infinite set of mutually different
eigenvectors lying on 0K with the corresponding critical levels (or eigenvalues)
converging to zero.

Let us remark that E. MIERSEMANN investigated a more general variational ine-
quality than (I), (II) (with nonlinear operators) on a cone. He proved the existence
of n bifurcation points, where n is determined by the parameters of the problem (see
[12]). The proof is based on a Krasnoselskij’s sup-min principle.

Speaking about the eigenvalue problem for variational inequalities, we should
mention also other papers about this topic (for example [1], [2], [4], [5], [6]. [13],
[15]). However, the approach to the problem in these papers is completely different
from that explained above and the existence results are of the other type than in the
present paper.

1. TERMINOLOGY AND GENERAL REMARKS

Denote by dK and K° the boundary and the interior of K, respectively. The sets
of all eigenvalues of the operator A and of the variational inequality (I), (II) will be
denoted by A4, and A, respectively. Analogously, we shall denote by E, and E, the
sets of all eigenvectors of the operator 4 and of the variational inequality (I), (II),
respectively. The strong convergence and the weak convergence will be denoted by —
and —, respectively.

Remark 1.1. It is easy to see that E,nK < Ey, E, n K° = E, n K°. The
second assertion follows from the fact that if u € K° then there exists 8 > 0 such that
v=w+ ueK forall we H, |w| < 6 and therefore (II) implies

(u — Au,w) 20 forall weH, |w]|<6.

The last inequality holds also for all w e H which means Au — Au = 0.

Definition 1.1. We shall say that

(1) Aedy is a boundary eigenvalue of (I), (II) if there exists a corresponding
eigenvector u € 9K n E, and there is no u € K° n E, corresponding
to 4;

(2) AeAy is an interior eigenvalue of (I), (II) if 4 is not a boundary eigenvalue
of (I), (I) and there exists a corresponding eigenvector u € K° n Ey;

(3) AeAy, is a boundary (with respect to K) eigenvalue of A if there exists a cor-

responding eigenvector u € K n E, and there is no u € K° n E, cor-
responding to 4;
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(4) Ae A, is an interior (with respect to K) eigenvalue of A if there exists a cor-
responding eigenvector u € K° n E;

(5) 4eAy is an external (with respect to K) eigenvalue of A if u ¢ K for all the
corresponding eigenvectors u € E ,.

The set of all interior eigenvalues of (I), (II) (or 4*’) will be denoted by A;. Further,
we shall denote by Ay , 4, and A, the set of all boundary eigenvalues of (I), (II),
the set of all boundary eigenvalues of A and the set of all external eigenvalues of A4,
respectively.

Remark 1.2. It is clear that Ay, = A; U Ay, A;N Ay, = 0. Analogously,
Ayg=A;,0 4,0 A, ;0 4, =0, 4,n A, =0, A;n A, = 0. Further, 4, < Ay,
On the other hand, if A € 4y ,, then there are three possibilities (the concrete illustra-
tion will be given in Example 1.1):

() A€ 4,, ie. Ais simultaneously a boundary eigenvalue of A4; in this case there is
a common eigenvector u€ 0K N E, 0 E, of A and of (I), (II) corresponding
to 4;

(B) A€ A, ie. Ais simultaneously an eigenvalue of 4 but the corresponding eigen-

vectors of 4 are not in K, i.e. they are different from the corresponding eigenvec-
tors of (I), (IT);

(v) A¢ A4

Remark 1.3. In general, the set of eigenvectors of (I), (II) corresponding to a given
eigenvalue A € Ay, need not to be convex. (See Bxample 1.1.) A certain information
about the structure of the set of eigenvalues of (I), (II) corresponding to a given
eigenvalue 1€ A, n A, is given by Lemma 1.1 below.

Lemma 1.1. Suppose that 1€ A, and there is a corresponding eigenvector u, e
€eE,nK. If u;eEy is an arbitrary eigenvector of (I), (II) corresponding to 1,
then for arbitrary t, 2 0,-t; = 0 the point u = tquy + t,u, is an eigenvector
of (1), (II) corresponding to A, too. Moreover, if uy€ E, 0 K°, then E,() n K =
= Ey(A), where E,(2) and E,(2) denote the sets of all eigenvectors of A and of (1),
(IT), respectively, corresponding to A.

Proof. It is easy to see that the conditions (I), (II) are equivalent to the condition
(1) and
(1.1) u — Au,v) 20 forall vekK;
(1.2) {Au — Au,u) = 0.

*) A number A is an interior eigenvalue of A if and only if it is an interior eigenvalue of (I)
(I1). The corresponding eigenvectors of (I), (II) lying in K 0 are those of 4. This follows from
Remark 1.1.
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Clearly, (I) and (1.1) are true for u = touy + tyu; (to 2 0, t; = 0). Using (1.2) for
ug, Uy, Wwe obtain

<A(t0“0 + tlul) == A(touo + tlul), todo + t1u1> =
= 2t0t1</1u0 - Auo, u1> = 0

because u, is an eigenvector of A. Thus (1.2) is proved and that means u € Ey.
Further, let uoe K°. It is clear that E,(1) n K = E,(4). On the other hand, if
u, € E,(A), then we have proved that tu, + (1 — t)u, € Ey(4) for all te<0, 1).
Moreover, it is clear that tuy + (1 — t)u, € K° for 1€ (0,1) and therefore tu, +
+ (1 — t)uy € E4(2) for all t€ (0, 1) (cf. Remark 1.1). The set E(4) is closed and
therefore u; € E 4(4).

Remark 1.4. It is possible that there are eigenvalues in A, , which are not simple*)
even in the case that the operator A has only simple eigenvalues (see Example 1.1
and [6, Section 1]). Nonetheless, it follows from Lemma 1.1 that A € 4; is a simple
eigenvalue of (I), (IT) if and only if 4 is a simple eigenvalue of 4.

The definitions and assertions mentioned in this section can be best illustrated by
the following Example 1.1, in which the set of eigenvalues and eigenvectors of (I),
(IT) can be completely described in an elementary way (see [6, Section 1]).

Example 1.1. Denote by H = W;(O, 1) the well-known Sobolev space of all
absolutely continuous functions on <0, 1) vanishing at 0 and 1 whose derivatives are
square integrable over {0, 1). Introduce the inner product on H by

1
{u,v) = J u'v'dx forall u,veH
0

(instead of the usual equivalent inner product (u,v) = [g (u'v’ + uv)dx). Set
K={ueH; u(x)20, i=1,...,n}, where x;€(0,1) (i=1,...,n) are given
numbers (n is positive integer). Let us define the operator 4 by

1
(Au, v) =J uvdx forall u,veH.
0
It is easy to see that 1 € A, and a nontrivial u is a corresponding eigenvector from E,
if and only if u has a continuous second derivative on <0, 1) and
(1.3) " +u=0 on (0,1),
(1.4) u(0) =u(1)=0.

*) By a simple eigenvalue of (I), (I) we mean a number 4 € 4, such that there exists only one
corresponding eigenvector u € Ey, with |u| = 1.
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Further, denote xo = 0, x,,; = 1, u'(x;+) = lim w/(x,). It is easy to show that
x—x;it

A€ Ay and u is a corresponding eigenvector from Ej if and only if u is a nontrivial

continuous function on <0, 1) with a continuous second derivative on (x;, x;4,)

(i =0,..., n) satisfying

(1.5) W +u=0 on (x,x%41), i=0,..,n,
(1.6) u(0) = u(1) = 0,

(1.7) u(x)20, i=1,..,n,

(1.8) w(x,~)—uw(x+)20, i=1,..,n,

(1.9 u(x) [w'(x;—) — v'(x;+)] =0, i=1,..,n.
Mor'eover, A€ Ay, if and only if each corresponding eigenvector u satisfies
u(x;) = 0 at least for one i.
Analogously, A € A; if and only if the corresponding eigenvector satisfies the con-
dition
u(x;) >0 forall i=1,...,n.

Let us show that all the situations described in Remark 1.2 are possible.

If we take n =1, x, = }, then 4 = (})* (1/n*) e A4y, is the second eigenvalue
of (I), (IT) corresponding to the eigenvector uy € Ey,

0 on <0, x,),

—singn(x — ) on {(x;, 1),

uy(x) = <

but it is not an eigenvalue of 4 (see Fig. 1.1).

Fig. 1.1

If we choose n = 2, x; = 4, x, = %, then A = (3)? (1/n%) € 4y, N A, is the second
eigenvalue of (I), (II) and simultaneously the second eigenvalue of 4. However, we
have u, ¢ K, —u,¢K, u, + uy, ¥+ —u,, where

ol = <(_)- : on <0, x;)uU<x,; 1),

sin 27(x — 1) on <{x;,x,),

u (x) =sin27x on <0,1),
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u, € E, is a corresponding eigenvector of 4 and u, € E, is a corresponding eigen-
vector of (I), (IT) (see Fig. 1.2).

Fig. 1.2

By the same choice of X,, X,, the value A = (})? (1/n*) e 4, (i.e. also L€ Ay ) is
the fourth eigenvalue of A and simultaneously the third eigenvalue of (I), (II), cor-
responding to a common eigenvector u € E, N Ey, u(x) = sin 4nx.

; SN N,
S N A NG

Fig. 1.3

If we set K = {ue W)(0,1); u(}) 2 0, u@3) < 0}, then the functions u, u,,

sin4nx on <0,%),

0 on {3} 1),

0 on <0,1),

—sinf(x —3) on (&, 1)

are eigenvectors of (I), (II) corresponding to the eigenvalue A = (3)*(1/n%)e A4,
(Fig. 1.4), but for arbitrary ¢ € (0, 1) the point tu, + (1 — t)u, is not an eigen-

vector. That means that 1 is not simple (although A has only simple eigenvalues)
and the set of the corresponding eigenvectors is not convex.

uy(x) =

uy(x) = <

Fig. 1.4
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2. BRANCHES OF EIGENVALUES FOR THE EQUATION WITH PENALTY

In the sequel, we shall consider a nonlinear continuous operator f: H — H
satisfying the following assumptions:

P pu = 0 if and only if u e K, {Bu, u) > 0 for all u ¢ K (i.e. B is the penalty
operator corresponding to K);

(H)  B(tu) = tpufor all t = 0, u € H (i.e. B is positive homogeneous);

(CC) B is completely continuous; moreover, if ¢, > 0, u,e H (n =1,2,...) are
such that the sequence {¢,fu,} is bounded then {¢,fu,} contains a strongly
convergent subsequence;

(M)  <Pu — Bv,u — vy 2 0 for all u, ve H (i.e. f is monotone);
(B, K if ueK® v¢K, then {Buv, u) * 0.

The points u € H satisfying the following “symmetry condition” will be useful for
our further considerations:

(SC) there exists a neighborhood U of u such that
{Bu, vy = {Pv,u) forall velU.

The eigenvalues A € A, with the following property will play a special role:

(SC’) if u is an arbitrary eigenvector of A corresponding to A and u ¢ K, then u
satisfies the condition (SC).

Remark 2.1. If H and K are the space and the cone from Example 1.1, then we
can define the operator f by the formula

By = = T u(x) o)

where u~ denotes the negative part of u. It is easy to see that the assumptions (P),
(H), (CC), (M), (B, K°) are fulfilled and that (SC) holds for each u € H. In particular,
all eigenvalues of A satisfy the assumption (SC’), where A can be an arbitrary linear
completely continuous operator in H.

Now, let us consider the situation from Example 1.1 but with the cone

K, = {ueH;u(x) 2 0 on (% %}

instead of K. We candefine the operator f by

{Bu,v) = — J.alsu'(x) v(x)dx forall u,veH.

2/5

It is easy to see that the function u € H satisfies the condition (SC) if and only if
Iu(x)| > Ofor all x € (%, ). All the other assumptions mentioned above are obviously
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fulfilled. Hence, if A, > A, > ... is the sequence of all eigenvalues of the operator A
from Example 1.1, then only the eigenvalues 1, A, satisfy the condition (SC’). (The
eigenvector u, corresponding to 4, is given by u,(x) = sin nnx.)

The main results formulated in Theorems 2.2, 2.3 are somewhat formally compli-
cated and therefore we shall first formulate Existence Theorem 2.1. In fact, Theorem
2.1 is a part of the assertion of Theorems 2.2 and 2.3. Theorems 2.2, 2.3 explain how
the eigenvalues and eigenvectors from Theorem 2.1 can be obtained by a limiting
process from the branches of eigenvalues and eigenvectors of the equation with
penalty.

Theorem 2.1. Let iV, 2@e A, 0 <D < i@, (A0, 19) A (4,0 4;) = 0.
Suppose that 2, 1V are simple and u‘® is an eigenvector corresponding to A%,
u® ¢ K, —u® e K° Assume that there exists an operator B satisfying the conditions
(P), (H),(CC),(M),(B,K°) and such that 2,2V satisfy the condition(SC'). Then there
exists Ao, € Ay 5 0 (A, 29) with a corresponding eigenvector u,, € 0K N (E, \ E,).

Definition 2.1. We shall denote by S the set of all triplets [4, u,e]e R x H x R
satisfying the conditions
(@) u] =1, e=0
(b) u — Au + gfu =0.

Now we are able to formulate the main results. An additional explanation to
Theorems 2.2, 2.3 will be given in Remark 2.2 below.

Theorem 2.2. Let all the assumptions of Theorem 2.1 be fulfilled and let
(A1, 2) A A, = 0. Denote by S, the component of S containing the point
[A9, 49, 0]. Then for each ¢ > 0 there exists at least one couple [A,u]e R x H
such that [A, u, €] € Sy. For all [, u, g] € Sy, the following conditions are satisfied:

©] u¢K,
(@) if [Au €]+ [29u®0], then Ae(AV,2?).

If [Ay tp €,] €S (n=1,2,...) is an arbitrary sequence such that g, - + o0,
then there exists a subsequence of indices r, (n = 1,2,...) such that r, » + o0,
Ay = Ay Uy, = Uy, Where 1, €(Ay N A,) 0 (AP, A9) and u, e(E,\NE,) n 3K
is a corresponding eigenvector of (I), (II).

Theorem 2.3. Let all the assumptions of Theorem 2.1 be fulfilled. Then there
exists a set S, = S having all the properties of S, from the assertion of Theorem
2.2 with A, € Ay, instead of A, € Ay y\ Ay. S, is either closed and connected or

x
So = U S; (¢ > 1 integer), where S; are closed connected sets with the following
i=1 ~ : .
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property: there exist A;€ (A", A%), u, ¢ K, 7, ¢ K(i = 1, ..., x — 1) such that each
S, contains the points [A;_y, u;_4, 0], [A, @, 0] for i =1, ..., x — 1, where A, =
= 19, uy = u®, and S, contains [A,_,, u,_,, 0] and is unbounded.

Remark 2.2. Theorems 2.2, 2.3 guarantee the existence of an unbounded in ¢ and
(in a certain sense) connected branch S, = S joining the given eigenvalue 2> and
the eigenvector u(® with an eigenvalue 1, and eigenvector u, of (I), (II). If
(A, 29) A A, = 0, then [A?, u(®, 0] is the only point of the type [4, u, 0] lying
on S, and the branch S, is connected in this case (Theorem 2.2). In the general case,
we admit the existence of some external eigenvalues of 4 in (A), 2®’) (Theorem 2.3).
In this case the branch S, can contain points of the type [4, u, 0], 1 € (A, A9) » 4,,
u is the corresponding eigenvector, and the connectedness in the variable u can be
violated at these points. In ether words, S, consists of the (connected) components S;
joining points of the type [4;_y, u;—y, 0], [A; i, 0], where Ay = A©, ug = u®,
e A, (A, A9) and u,, iI; are the corresponding eigenvectors. The branch S,
will be obtained in Section 3 by a transformation from a bifurcation branch C, for
a suitable bifurcation equation (B”) which is an extension of the penalty eqéation (b).
The branch C, will be connected in every case and .the points [4, u, ¢] € S, at which
the connectedness of S, can be lost will be obtained from the points [1/4, 0, 0].

Remark 2.3. The proof of Theorems 2.2, 2.3 consists of three parts. As we
mentioned in Remark 2.2, the existence of S, will be proved in Section 3 on the basis
of Dancer’s global bifurcation result (the last part of the proof). However, for the
use of the known bifurcation results, the validity of the basic conditions (c), (d) is
essential and therefore we shall prove that the conditions (c), (d) are a priori satisfied
on S, (if it exists). An investigation of the properties of S, is the subject of the next
part of this Section. Roughly speaking, the proof of the conditions (c), (d) is based
on the following assertions:

(@) S, starts at A9 > A1), 4 ¢ K (by the assumptions);

(B) the values A are locally decreasing along S, near A = A%, ¢ = 0 (Lemma 2.2);
(y) So cannot intersect the lines A = A®, A" (with the exception of the point

[A©, 4®, 0]) and it cannot intersect K (Lemmas 2.1, 2.3).

On the whole, the conditions (c), (d) follow from (a — v) if the branch S, under
consideration is connected. In the case of Theorem 2.3, (c), (d) will be preserved
because the set S, will be “connected in A and ‘“connected in u except for the
points [4;, u;, 0], [4;, @;, 0]” (cf. Remark 2.2) and u,, i; ¢ K because 1, € A4, by the
assumptions. The fact that the branch S, gives the eigenvalues and the eigenvectors
of (I), (II) (for € - + o) can be proved by a modified penalty method technique
(see Lemma 2.4).

Lemma 2.1. If A9 € A, and the condition (B, K°) is fulfilled, then
(2.1) A — Au + efu =0 forall u¢K, £>0.
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Proof. There exists an eigenvector u® € K° n E, corresponding to 4. If (2.1)
is true, then we have
A — Au + efu =0,

20040 _ 440 = 0

for some u ¢ K, ¢ > 0. This implies
A0u, u©®y — (Au, u'®> + eBu, u®y =0,
AU, uy — CAu D, uy =0,

and therefore in virtue of the symmetry of A we obtain {Bu, u®> = 0. But this
contradicts the assumption (B, K°).

Remark 2.4. It is clear from the condition (P) that if [4, u,¢] € S and ¢ = 0 or
ueK, then Ae A, and u is a corresponding eigenvector. In particular, if 1, € A4,
then there exists & > 0 such that if [A, u,e]€e S, 0 < IA - Aol < 8, then ¢ > 0,
u ¢ K. (We use the fact that the eigenvalues of A are isolated.)

Lemma 22. Let [Ag, g, €] €S, [Aw Um€]€S, & +8& (n=12..),
[As s €,] = [Ao> U0, 80] in B x H x R, let uq satisfy the condition (SC) and let
(M) be fulfilled. Then

(2.2) lim . {Bug, upy < 0.
n-o €, — & .
If uo ¢ K and (P) is fulfilled, then the last expression is even negative.
Proof. If [4, u, €] € S, then the conditions (a), (b) from Definition 2.1 imply
. A= NKu,u) = {Au, u) — epu, u) .
Hence using the symmetry of 4, we obtain
Ay — Ao = AUy, u, — ugy — &,{Puy, u, — ugy + {Aug, u, — ug) —
— golPug, Uy — Uy + (8o — &,) {Pug, Uy — Uy +
+ &,(CButo, ta) — {Butp, uo)) + (80 — ) (Pto, o) =
= Aty Uy — oY + Aglg, Uy — U + (€0 — &,) {Pug, U, — Ug) +
+ es(CBuo, Up) — By o)) + (80 — &4) {Ptto, o) =
=2y — Ao + (Ao — 4,) {ttp, o) + (20 — &,) {Pug, y, — oy +
+ &,(CButgs Uy — P, uod) + (60 — &) {Btto, Uo) -

Dividing this equation by (&, — &,) and using the assumption (SC), we obtain (for
n 2 n,, n, sufficiently large)

A=A

-0 <um u0> = - <Bu09 u, — u0> - <ﬂu0’ u0> .

&y — &
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This implies (2.2) because of u, — u, and (M). The last assertion of Lemma 2.2 is
a consequence of the assumption (P).

Lemma 2.5. Let the assumptions of Theorem 2.1 be fulfilled. Let S, be a connected
subset of S containing a point [7, 4, 0], where 1e (A, A9, i ¢ K. Then for all
[4, u, €] € S, the conditions (c), (d) are fulfilled.

Proof. Denote by S; the component of the set
{[Aue]lesS,; AeA®, A0}

containing [1, i, 0]. First, we shall prove that (c), (d) are true for all points from S,.
We have i ¢ K, [1,u1,0] € S, and S, is connected. Thus, if (c) is not true on S,
then .there exists [/, i, £] € S; such that @ € K. We have Bi = 0 by (P) and (b)
implies £ € A4, n (A1, A%, This is a contradiction with the assumptions and hence
(c) is proved for the points from S;. Now, let us suppose that (d) is not true on S;.

Then there exists [A, u, s] € S, such that either

(2.3) 2=2©, [u,e] + [u©,0]
or
(2.4) A=,

If 2 = A9, then ¢ = 0 with respect to Lemma 2.1 and (c). On the other hand, the
only normed eigenvector of 4 corresponding to A(® and satisfying (c) is u‘®. Thus
(2.3) is not possible. If A = A", then ¢ = 0 with respect to Lemma 2.1 again. The
set S; is connected and therefore there exists a sequence [4,, u,, &,] € S; such that
>0 g, 20,4, - AP, g, — 0, u, —» u. In virtue of Remark 2.4 we have ¢, > 0
and u € E,. But this is not possible due to Lemma 2.2 and (P) because A" satisfies
the condition (SC') and u ¢ K since (c) holds for the points from S;. Hence, neither
(2.3) nor (2.4) can occur which proves (d) for the points from S;.

Now we shall show that S, = S; and the proof of Lemma 2.3 will be complete.
Let us suppose that S, + S;. Then there exists [, u, €] € S, such that 1 ¢ (A", 20},
Simultaneously, the set {[4, u, €] € S.; A€ (A1, A9, [4, u, &] ¢ S,} is either empty
or separated from the set S;. This together with the connectedness of S, implies that
there exist [4,, u,, &,] € S, such that A,¢ (A, A% (n =1,2,...), 4, > 4, u, > u,
&, — & where [4,u,e] € S;. We have 1€ (A", @) from the definition of S, i.e.
we obtain A = A or 2 = A(®. Moreover, (d) holds for the points from S; which
implies A = A9, u = 4, ¢ = 0. That means 4, > A9, 1, > 19, ¢, > 0%),¢, >0
and this contradicts Lemma 2.2 because A% satisfies the assumptions (SC’) and u(® ¢
¢ K. Hence we have S; = S_ and Lemma 2.3 is proved.

Lemma 2.4. Let AV, A9 € A, be simple, 0 < AV < A® and let the assumptions
(P), (CC) and (M) be fulfilled. Suppose that there exist &,, u,, A, (n = 1,2, ...) sat-

*) We use Remark 2.4 again.
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isfying the conditions

(@) lwa] =1, n=1,2,..., &>+,
(v) Aty — Au, + €pu, =0, n=1,2,...,
(¢) u,¢K°, n=12,...,

) (A0, 29), n=1,2,....

If {r,} is an arbitrary sequence of indices such that r, - ©, A, — Ay, U, — U,
for some Ay, Uy, then L, € Ay, 0 (A, A9), u, - u,, and u,, € E, n 0K is a cor-
responding eigenvector of (1), (II).

Remark 2.5. It follows from the boundedness of (1), A©% and the weak com-
pactness of the unit sphere in H that there exists at least one sequence r, mentioned
in the assumptions of Lemma 2.4. That means that Lemma 2.4 guarantees the
existence of at least one couple 4, u.

Proof of Lemma 2.4. The sequences {4,u,}, {Au,} are bounded and therefore
{e,Bu,} is bounded by (b’). The assumption (CC) implies that there exists a strongly
convergent subsequence of the sequence {g, Bu,, }. This together with (b"), (d’) and
the fact that A is completely continuous implies that there exists a strongly con-
vergent subsequence of {u, }. But we have u, — u,, and therefore u, — u,,. (If this
were not the case, we could obtain another subsequence of {u,."} strongly convergent
to the point @, #+ u,, which is not possible.) Using the assumptions (b’), (P), (M)
we obtain for an arbitrary v € K that

oy, — Al v — Uy = lim {4, u, — Au,,v —u,» =
n—w0

= lime, {(fv — Pu, , v —u, > =20.
Further, pu, — 0 because {¢,pu,} is a bounded sequence and &, - oo. Hence we
have by (M)
<ﬂv’ v = uco> = lim <iBU - Bur,.’ v = ur,.> .2_. 0

n—>oo

for an arbitrary v € H. Setting v = u,, + tw for an arbitrary t > 0, w e H, we obtain

PBluy, + tw),w) 2 0.

Passing to the limit for ¢+ - 04, we obtain the last inequality for ¢t = 0 and for each
w € H. This is equivalent to (u,) = 0, i.e. u,, € K by (P). We have proved that
Ao U, satisfy (I), (II). Moreover, u,, ¢ K°, ||u,| = 1, u,, - u,, and therefore u,, € 0K,
|4,| = 1. This together with the assumption A, 1® € A, implies that neither the
case A, = A nor 1, = A® is possible. (We use also the assumption that A,
A® are simple and Lemma 1.1.) Hence we obtain 1, € (A", *’) and the proof is
complete.
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3. USING A GLOBAL BIFURCATION RESULT.

First we shall explain a result of E. N. Dancer [3] which is a strengthening of
Rabinowitz’s result [14]. Let X be a real Hilbert space*) with an inner product (*, *)
and with the corresponding norm , L: X - X a linear completely continuous
selfadjoint*) operator in X. Further, let G be a nonlinear completely continuous
mapping of R x X into X such that

.

(3.1) lim 9”('”—’“%) = 0 uniformly on bounded subsets of R .
111x=0i]] X

We shall consider the bifurcation problem for the equation
(B) x — pL(x) + G(u,x) =0,

where p is a real parameter. A point [, 0] is said to be a bifurcation point of (B)
(with respect to the line {[, 0]; u € R} of trivial solutions) if for each neighbourhood
U(o, 0) of [ o, 0] in R x X there exists [u, x] € U(u,o, 0) satisfying (B) and |||x|| # 0.
Denote by r(L) the set of all characteristic values of L, i.e. the set of the reciprocals
of the non zero eigenvalues of L:

r(L) = {ueR; x — pL(x) = 0 for some xe X, ||x|| + 0} .

Remark 3.1. It is well-known that if [y, 0] is a bifurcation point of (B) then
uer(L). Indeed, there exist p, x, (n =1,2,...) such that ||x,[]| >0, u, - pu,
Al — 0 and

(®) %0 = o L(53) + Gt %) = 0.

We can suppose that y, = x,[|[x,|| — y for some y € X. (In the opposite case we
can pass to suitable subsequences.) Dividing (B) by ||x,|||, passing to the limit with
n — oo, using (3.1) and the complete continuity of L we obtain that y, - y, y —
— uL(y) =0, ||y|| = 1. That means p e r(L).

Now denote by C the closure of the set of all nontrivial solutions of (B), i.e.

My

C = {[mx]eR x X; [[x]] + 0, (B is fulfilled} .

Remark 3.2. A point [, 0] is a bifurcation point of (B) if and only if [u, 0] € C.
It follows directly from the previous definitions.

Further, let pu, be a given simple characteristic value of L with a corresponding
eigenvector X, [|xo|| = 1. Then [, 0] is a bifurcation point of (B) (see [14]). Denote
by C, the component of C containing the point [p,, 0]. Thus, C, is non-empty.

*) In the papers [3], [14], a general Banach space and a non-selfadjoint operator L are con-
sidered. We are formulating the results for symmetric operators in a Hilbert space because it is
simpler and fully sufficient for our purposes.
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Moreover, roughly speaking, C, “consists of two branches C; and C; starting in
the direction x, and —Xx,, respectively”’. This situation will be useful for our pur-
poses and we shall describe it precisely.

Let us choose 7 € (0, 1) and define

K, = {[m x]eR x X; |(x, xo)| > nl|=]} ,
K, = {[n x] e K,; (x, xo) > 0},
K; = K,\K; .
There exists R > 0 such that
(€~ {[1o, O1}) N Ba(po, 0) = K,

where Bg(po, 0) = {[s, x] € R x X; |u — po| + [|x[| < R} (for the proof see [14,
Lemma 1.24]). For each r € (0, R) denote by D,;” and D, , respectively, the com-
ponents of the sets {[uo, 0]} U (C N B,(to, 0) " K,;) and {[po, 0]} U (C N
A B,(uo, 0) N K,) containing [po, 0]. Further, denote by Cg, and Cg, réspectively,
the components of C,\ D, and C,\ D, containing [, 0]. Set

Co=U Cors Co= U GCop-
0<rs<R 0<rsR
This definition of Cg, Cq is independent of the choice of # € (0, 1) (see [14, Lemma
1.24]), the sets Cy, Cq are connected and
Cy =€ uCs

(for the proof see [14]; cf. [3]). Further, the following implications are true (they
follow directly from [14, Lemma 1.24] and from the definition of Cg, Cg):

(3.2) if [ x,] € C5 NK,; N By(po,0) for some & >0,
o Mo, x| =0, then 7 xg;
EA
(3.3) if [fn o] € Cg NK; N By(sty, 0) for some & >0,
Hn = o> |xs] =0, then In_ —Xg .
[

Theorem 3.1. (E. N. Dancer [3, Theorem 2]). Either C§ and C; are both unbound-
ed or Cg 0 Cq * {[10> 0]}.

Remark 3.3. Let us consider the situation from Theorems 2.2, 2.3. Let us define
X = H x R and introduce the operators L, G from X into X by

L(x) = I([v, e]) = [4v,0) forall x =[v,e]leX,
G(u, x) = G([, v, €]) = [ueBv, — ||v]|*] forall x =[v,e]leX.
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We shall study the situation from the beginning of this Section with these special
operators and with o = 1/A?. It is easy to see that L, G satisfy all the assumptions
mentioned above. The equation (B) can be written as

-

(B") [0, €] — u[Av, 0] + [uepo, — [o]?] =0
or in the form '
(") lo]? =&,

(v") v — pAv + pefv = 0.

In particular, we have

C={[pve]leR x HxR;e>0,(a"),(b") are fulfilled} .

Remark 3.4. It is clear that u is a characteristic value of L with a corresponding
eigenvector [u, €] if and only if ¢ = 0 and p is a characteristic value of 4 with a cor-
responding eigenvector u. In this case, the multiplicities of x as a charactetistic value
of Land A are equal. Especially, pu, = 1/A) is a simple characteristic value of L
with a corresponding eigenvector [u(®, 0] under the assumptions of Theorem 2.1.

Remark 3.5. If we write A = 1/p, u = v/\/e, then the conditions (a"), (b”) together
with u # 0, o] > 0 (or & > 0) are equivalent to the conditions (a), (b) from Defini-
tion 2.1 and A # 0, ¢ > 0. This together with Remarks 3.2, 3.4 yiedls

([ u, 6] € S; 4+ 0} ={B ﬁ,{l; [0 €]€C. i % 0, s>0}u

U {[4,4,0]; 2+ 0, 1€ A,, u corresp. eigenvector, |u = 1}.

Remark 3.6. The implications (3.2), (3.3) are equivalent to the following ones
in the situation of Remark 3.3:

(3.2) if [ty 0 €0] € Cd NK; O Bypto, 0) for some & >0,
Mo to, o] >0, then o0, Tmy®
el el
(3.3) if  [#n Vm €] € Co NK; N By(pto, 0) for some & >0,
8"

Hn = Ko > "%"’"09 then -0, __ﬂl__,__u(o)’
Jeal

el

Remark 3.7. If [u, v, s] e C and ¢ = 0 or ve K, then p is a characteristic value
of A and either ||v] = 0 or v is an eigenvector of A corresponding to p. This follows
from Remarks 3.1, 3.2, 3.4, from the equations (a”), (b”) (see Remark 3.3) and the
assumption (P). In particular, if u € r(4), then there exists § > 0 such that if [, v, ¢] €
eC,0< |u - u0| < 6, then ¢ > 0, v ¢ K. (We use the fact that the characteristic
values of A4 are isolated; cf. also Remark 2.4.)
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Proof of Theorem 2.3. Let X, Land G be the space and the operators introduced
in Remark 3.3, po = 1/A, u, = 1/A%. We shall show on the basis of Theorem 3.1
that the set Cg is unbounded. The set S, will be obtained by a transformation
from Cy and the conditions (c), (d) for S, will be proved. Hence it will follow
that S, is unbounded in ¢ and this will be the essential part of the proof.

First, we shall show that
(34) C; ={[mv.e]eRx HxR; p=po, 620, v=—/(¢) u(o)} .

It is easy to see that the set on the right-hand side of (3.4) is a subset of Cy. (It is
sufficient to use the fact that tu® e K for all t < 0, i.e. f(tu'®) = 0 by (P), and that p,
is a characteristic value of A with a corresponding eigenvector u®.) On the other
hand, if C; contains some elements of the other type, then in virtue of the con-
nectedness of Cy there exists a sequence {[,, v, &,]} = Co N K, such that

(3.5) loa] > 0, [ — po| + h +u®| >0, m oo,
(3.6) v, > tu® forsome t=<0.

It follows from (3.6) that

(3.7) a0y,

[oa]

Indeed, this is clear in the case t < 0 while in the case ¢ = 0 this follows from (3.3')
(see Remark 3.6). But we have —u(® € K° by the assumptions, therefore v,/||v,| € K
for n sufficiently large by (3.7). The conditions (P), (3.5), (3.7) and (b”) imply that
Hn % Mo because p, is simple. This is not possible due to Remark 3.7. Hence (3.4)
is proved. Now, it is easy to show by an analogous argument using the definition
of Cg that

(3.8) Co N Cy =[50, 0] .

Theorem 3.1 implies that the set Cg is unbounded.
Now let us consider the set

{[wv.e]leC3; p+0, o] >0}.

This set consists of a system of components C, (x €1, I is a suitable set of indices).
Let us define

S, = {[,1, uel; A=

Se=US,.

ael

Ju=-", [u,v,SJGC.},

w® =
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Itis S, = S and S, is closed and connected for each o € 1. We have [y, 0,0] € C,,
at least for one a, € I and therefore there exist [ ,, v, &,] € C,, such that [y, v,, &,] =
— [0, 0,0]. It is C, = C; which together with (3.8) implies that [u,, v,, &,] ¢
¢ K, N By(fip, 0) for some & sufficiently small. Now we obtain v,/|v,|| — u® by
(3.2') and that means [A, 4'?, 0] € S,,. Thus Lemma 2.3 implies that (c), (d) are
fulfilled for all [4, u, €] € S,,. We shall show that this is true for all S,, a 1. Let us
suppose the contrary. We have Cq = |J C, and this set is connected. Therefore there

ael

exist ay, a, €I such that C,, n C,, + 0, (c), (d) are fulfilled for all [4, u, £] € S,, but
not for all [4, u,¢] €S,,. Let [4, 3, ] € C,, n C,,. It follows from the definition of
C,,, C,, that either 7 = 0 or ||| = & = 0. We have ji e {uo, p,) as (d) holds for the
points from S,, and therefore i # 0, ||5| = & = 0. Remarks 3.1, 3.2 imply i € r(L).
If i = po, then we obtain [V, u®, 0] € S,, N S,, as above for S,,. If jie (1o, p1),
then there exist [u(”, v{", &{"] € C,, such that [y“) v“’ ¢’ - [4,0,0](i =1,2)and
we obtain v{”[||v{”| - u,, where u, (i = 1, 2) are eigenvectors of A corresponding
to 1= 1/ie A, (see Remarks 3.1, 3.4). Hence it follows that [1,u,,0]€S,,
[1, u,,0]€S,,. We have u, ¢ K, u, ¢ K be cause we assume (1(” A (4,0 4)=0.

Consequently, in each case S,, contains an element [/, @, 0] with 1e (A", 29,

ii ¢ K and Lemma 2.3 implies that (c), (d) are fulfilled for all [4, u, ¢] € S,,, which is
a contradiction. Hence (c), (d) hold for all [, u, e] € S, = U S,

We have proved that C, is unbounded. It follows from here and (a), (d) that S,
is unbounded in &. Using the connectedness of Cg and the previous considerations,
it is easy to see that we can choose a finite subsystem S, ..., S, of the system S,
with the properties mentioned in Theorem 2.3. The last part of the assertion of
Theorem 2.3 follows from Lemma 2.4.

Remark 3.8. It is easy to see from the proof of Theorem 2.3 that Theorem 2.2
can be proved in the analogous way, only some steps of the proof will be easier.

4. APPLICATION TO THE SUPPORTED BEAM

Let us denote H = {u € WZ(0, 1)); u(0) = u(1) = 0}. It is a Hilbert space with
the inner product

{u,v) = jlu”(x) v"(x) dx .
0

Let 4 be an operator in H defined by
1
{Au, vy = j w'(x)v'(x)dx forall u,veH.
0
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A real 1 is an eigenvalue and u € H is a corresponding eigenvector of A if and only
if the function u has a continuous derivative of the fourth order on <0, 1> and

(4.1) Au® +u"=0 on <0,1),
(4.2) u(0) = u(1) = u"(0) = u"(1) = 0.

The problem describes the behaviour of a beam which is simply fixed on its ends and
compressed by a force P (see Fig. 4.1). Itis A = IE/P, where E is the Young modulus
of elasticity and I is the moment of inertia. The beam can bend if and only if the
force P is such that 1 is an eigenvalue of A (i.e. of (4.1), (4.2)) and the bending is
described by a corresponding eigenvector.

L 5
Fig. 4.1

Now let us consider the eigenvalue problem for the variational inequality (I), (II)
with the convex closed cone

K={ueH; ux)20,i=12,..,n},

where x;€(0,1) (i = 1, ..., n, n positive integer) are given numbers.

It is easy to show that 1 is an eigenvalue and u is a corresponding eigenvector of (I),
(I1) if and only if u has a continuous second derivative on <0, 1), a continuous fourth
derivative on (x;, x;4+,) for all i =0, 1, ..., n (where we set x, = 0, x,,; = 1) and

(4.3) ™ +u =0 on (x;,x;44), i=01,...,n,
(4.4) u(x) =20, i=1..,n,
(4.5) lim u”(x) — lim u"(x) 20, i=1..,n,
Xxi— x—=x;+
(4.6) [ lim u"(x) — lim u"(x)]u(x;) =0, i=1,..,n.
XXi— x—=x;+

~ ///
\\ g 2)

Fig. 4.2. 1) Possible bending 2) Impossible bending
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The problem corresponds to a beam which is simply fixed on its ends, compressed
by a force P and, moreover, supported by fixed obstacles from below at the points x;
(see Fig. 4.2). The parameter A has the same meaning as above. The beam can bend
if and only if 1 is an eigenvalue of the variational inequality (I), (II) (i.e. of (4.3)— (4.6))
and the bending is given by a corresponding eigenvector u of (I), (II).

Let us introduce the penalty operator f by the formula
(4.7) Bu,vy = = Y u (x;)v(x;) forall u,veH,
i=1

where u~ denotes the negative part of u. It is easy to see that the operators A4, f satisfy
all the assumptions of Theorems 2.1 and 2.3. The assumption (8) is fulfilled for each
u € H (see also Remark 2.1). The eigenvalues of 4 (i.e. of (4.1), (4.2)) are the numbers

(4.8) b=~

and the corresponding eigenvectors are the functions
(4.9 u(x) = sin knx
(k=1,2, ...). All eigenvalues of the operator A are simple.
Example 4.1. Let us consider the case n = 2, x; = 4, x, = $. Then we have
Ak €Ay, Agx-3€A;, Agp—1€A;, Agy_,€Ad,, k=1,2,...,
because
sindknx;, =0, i=12, k=12,...,
sin(4k — 1) x; = sin(4k — 1) x, = 0, sin(4k — 1)x, =sin(4k — 1) x, £ 0,
sin(4k — 2)x; = —sin(4k — 2)x, £ 0, k=1,2,....
Thus Theorems 2.1 and 2.3 can be used for each couple

A = Adk-1» A0 = Aak-3 -

For each k = 1,2,..., we obtain an eigenvalue 4, , € Ay, N (Agx—y, Age—3) With
a corresponding eigenvector u; ., € (E,\ E,) n K. That means u, , is a “new”
eigenvector of the variational inequality (i.e: it is not simultaneously an eigenvector
of A) and u(x;) = 0, i = 1, 2, u(x,) u(x,) = 0. In particular, there exists an infinite
sequence of eigenvalues of (I), (II) such that there exist corresponding eigenvectors
which are not eigenvectors of A.
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Example 4.2. Let n = 3 be arbitrary and let x; (i =1 .00 n) be such that
1 ¢ 1 ¢
x;e(0,edDu{-—-,-+-)Yul —¢gl
(0.} <2 2’2 2> < )

and each of the intervals (0, &), (3 — ¢, % + 3&), (1 — ¢, 1) contains at least one x;,
where ¢ € (0, ). We shall consider the eigenvalues 4, with k < 1 [e only. We have

1
).4,‘6/19, )»4](_16/13, 14](_26/12, 2.4,‘_36/15 fOl‘ k = 1, 2,..., [Z"]
€

(where [1/4¢] is the entire part of 1/4¢), because
sindknx >0 on <0,&), sindknx <0 on (1l —¢ 1),
sin(4k — 1)ax >0 on <0,e)ul —¢g 1),
sin(4k — Dnx <0 (3 — e, 1 + 1e),
sin(4k — 2)nx >0 on <0,&), sin(4k —2)nx <0 on <1 —¢1),
sin(4k — 3)nx >0 on (0,educi—1te T +4edu(l —¢ 1),

k =1,2,...,[1/4]. Theorems 2.1, 2.3 can be applied for each couple A? = A4 _,
A = Qpsrs k=1,2,..,[1/4e] — 1. Thus there exists 4 , € Ay N (Aggs1)-3
Jan—3) With a corresponding eigenvector u ., € (Ey\E,) n 0K for k =1,2,...,
..., [1/4€] — 1. That means that u, ,, is a “new” eigenvector of (I), (II) (i.e. it is not
simultaneously an eigenvector of 4) and u; (x;) 2 0,i =1,..., n,u(x,).... . u(x,) =
= 0.

Analogously, we can consider a beam supported not only in a finite number of
points but, for example, on some intervals. This situation corresponds to the varia-
tional inequality (I), (II) with the cone

K={ueH; ux)20 for xelx,y), i=1,..,n},

where x;, y; are given numbers, 0 < x; < y; < ... < X, < y, < 1. In this case, we
can use the penalty operator defined by

{Bu, vy = — i Jy‘u"(x) o(x)dx forall u,veH.
i=1),,

The assumptions of Theorems 2.1, 2.2 are fulfilled again. A point u fulfils the assump-
tion (SC) if and only if |u(x)| >0 on {(x;,y>, i =1,...,n (cf. Remark 2.1). In
particular, an arbitrary interior eigenvalue of A satisfies (SC’).

Example 4.3. Set
K ={ueH; u(x) 20 for xe(} — 15, 1 + 1)},
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where 6 € (0, 4) is given. Then we have
}‘ZkEAe, 22,‘_1611,-, k= 1,..., [1/26],
ed,, k>[1/58]

because sin 2knx for k = 1, ..., [1/26] and sin knx for k > [1/8] change their signs
on (} — 45, 3 + 48, sin (2k — 1) nx does not change its sign on <} — 16, 3 + 1)
for k = 1, ..., [1/26]. Thus Theorems 2.1 and 2.3 can be used for the couples 1> =
= Api—1, AN = Agp4y, k =1,...,[1/26] — 1. For each k = 1,...,[1/26] — 1, we
obtain an eigenvalue 4; ., € Ay, N (Ay—1, Az +1) With a corresponding eigenvector
U, € (Ey N\ E,) N 0K. Hence u, , is a “new” eigenvector of (I), (IT) and u(x) = 0 on
<3 — 19, 3 + 36), u(x) = 0 at least for one x € {} — 16, ¥ + 46).

Example 4.4. Set

K ={ueH; u(x) 20 for xe<35,6) U<} — 146, 1 + 16> u<l — 6,1 —15).
Similarly as in Example 4.2, we obtain .

Aax€Aes Am-1€4,, Ag-2€4., Ap-3€4;,

k=1,..,[1/45], Med,, k>][1/45].

Hence we obtain A € Ay N (Agxs 15 Aak—3)s Uiw €(EyNE,) N IK, k=1,...
.. [1/46] - 1.

Example 4.5. Let
K = {ueH; u(x) 2 0 for xe0,d)},

where & € (0, ) is given. Then 4, € 4; for all k = 1,2,...,[1/6]. Theorem 2.2 can
be used for each couple A" = 4, A = 4,_;, k =1,2,...,[1/5] and we obtain
Ao € (Ay p N A4) O (A Ae—y)-
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Casopis pro p&stovini matematiky, roé. 104 (1979), Praha

STRUCNE CHARAKTERISTIKY CLANKU OTISTENYCH V TOMTO CiSLE
V CIZIM JAZYKU

Jikf RACHONEK, Olomouc: Quasi-orders of algebras. (Kvaziuspofadani algeber.)

V &lanku je studovana mnozina viech kvaziuspordddni na parcidlni algebfe. Je ukazano, Ze
tato .mnozina je vzhledem k uspofddani inkluzi algebraicky svaz a jsou popsdny kompaktni
prvky. Specialn? je uvaZzovan pfipad svazu vSech kvaziuspotddani na grupé, ktera jsou monotonni
s grupovym s&itdnim, a jsou v tomto svazu popsany konstrukce svazovych operaci.

JAROSLAV BARTAK, Jiki NEUSTUPA, Praha: 3ameuanue x ycmoituusocmu peuenuii ypasHenua Ko-
nebanus cmepucna. (Pozndmka k stabilité feSeni rovnice tyce.)

Uzitim metody ljapunovskych funkciondld jsou dokazany véty o linearizaci pro vySetfovani
exponencialni stability feSeni rovnice tyCe. Jako ptiklad jsou nalezeny postacujici podminky sta-
bility v ptipadé€ slab& nelinearni rovnice tyce.

BOHDAN ZELINKA, Liberec: Embedding trees into clique-bridge-clique graphs. (Vnoreni stromu
do grafti typu klika-most-klika.)

Clanek se zabyva studiem vnofeni stromu s z vrcholy do grafu s n vrcholy, ktery sestava ze dvou
klik s disjunktnimi vrcholy a z mostu mezi nimi.

MiLAN TvrDY, Praha: Fredholm-Stieltjes integral equations with linear constraints: duality
theory and Green’s function. (Fredholmovy-Stieltjesovy integrilni rovnice s linedrnimi okrajovy-
mi podminkami: teorie duality a Greenova funkce.)

V préci se vySetfuje systém rovnic x(f) — x(0) — }, d,[P(t, s) — P(0, s)] x(s) = f(r) — £(0),
j'“, d[K(s)] x(s) = r pro vektorovou funkci x : [0, 1]— R, s kone¢nou variaci na [0, 1] (x € BV)).
Za ptedpokladii méné omezujicich neZ tomu bylo v pfedchozich &lancich autora je odvozen
adjungovany systém a dokazany pfislu$né fredholmovské véty. V ptipadé, Ze dany systém ma
jediné feSeni x € BV, pro kaidé fe BV, ar € R, je dokdzana existence Greenovy funkce.

MIROSLAV SoVA, Praha: Laplace transform of exponentially Lipschitzian vector-valued functions.
(Laplaceova transformace exponencialné lipschitzovskych vektorovych funkci.)

V &lanku jsou ukédzany charakteristické vlastnosti redlného typu pro Laplaceovu transformaci
exponencidlné lipschitzovych vektorovych funkci.

MIROSLAV SOVA, Praha: Note on operators produced by sesquilinear forms. (Pozndmka o operé-
torech produkovanych seskvilinedrnimi formami.)

Jsou ukdzany ,,vnitfni‘‘ vlastnosti charakterizujici operatory produkované seskvilinedrnimi
formami.
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MiLAN KUCERA, Praha: A new method for obtaining eigenvalues of variational inequalities based
on bifurcation theory .(Novd metoda pro nalezeni vlastnich <isel variaénich nerovnosti zaloZend
na teorii bifurkaci.)

Necht A je linedrni totaln& spojity symetricky operator v Hilbertov€ prostoru H. UvaZujme
kuZel K v prostoru H a ptislu§ny operator penalizace f. Oznalme S mnoZinu vSech trojic
[A, u,el1€ R X H X R spliujicich podminky |lu|| =1, e= 0, Au— Au—+ efu=0. Je-li S,
komponenta mnoziny S obsahujici bod [1(?), «(®), 0], kde 29 je dané vlastni &islo operatoru A
a u©® ¢ K je prislusny vlastni vektor, pak existuje posloupnost { [A,, u,, e,,]} c §, takovi, Ze
&,—> 0, A, —> Ay, u,—> u,, kde A je vlastni &islo a u,, je pfisludny vlastni vektor variani
nerovnosti # € K, (Au — Au, v — u) = 0 pro viechna v € K. V nékterych pfipadech se dostava
existence nekonené mnoha vlastnich &isel variaéni nerovnosti, konvergujicich k nule.
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Casopis pro péstovini matematiky, roé. 104 (1979), Praha

RECENSE

Béla Andrdsfai: INTRODUCTORY GRAPH THEORY, Akadémiai Kiad6, Budapest 1977,
stran 268, obr. 264, cena neuvedena.

Védéli jsme, Ze B. Andrasfai napsal pred ¢asem madarskou kniZku o grafech. Nyni z podnétu
P. Erdose vychazi dilo v anglickém pfekladu a stav4 se tak ptistupnym rozsihlé zahraniéni verej-
nosti. Je dobfe zndmo, Ze madarsky matematik D. Kénig byl prvni, kdo zpracoval teorii grafii
kniZné& (1936) a Ze po druhé svétové valce se Madarsko stalo opravdovou velmoci v tomto védec-
kém oboru.

Podivejme se trochu na obsah nového svazku. Dilo je rozvrzeno do sedmi kapitol. Prvni
z nich ma uvodni charakter a zavadéji se v ni zdkladni pojmy. Definuje se (neorientovany) graf
zcela ndzorné jako tutvar sloZeny z uzli a hran, pfipoustéji se i ndsobné hrany a smycky a zavadi
se izomorfismus mezi grafy. Stupeii uzlu, souvisly graf, komponenta, cesta, kruZznice — to je
nékolik dalich pojmi na zacatku spisu. Druh4 kapitola se vénuje stromim a lesim. Autor si
v§ima vztahu mezi po¢tem uzli a hran daného stromu, zavadi podgraf, jemuZ v &e§tiné fikame
kostra (souvislého) grafu G i analogicky podgraf, kdyZz G neni souvisly. Ke slovu se dostdvaji
i aplikace (strukturni vzorce v chemii, tzv. ekonomick4 kostra ohodnoceného grafu*), Kirchhoffo-
vy zédkony). Kapitola tfeti za¢ind Eulerovou tlohou o sedmi mostech mésta Krédlovce, jeZ vede
k pojmu eulerovsky graf. Pak nasleduje propedeuticka definice orientovaného grafu, aby se i v této
oblasti mohla FeSit eulerovska tiloha. Sezndmime se s grafy siln€ souvislymi, s rovnovazné orien-
tovanymi, s problémem bludi§té a pfijdou na fadu i grafy ndhodné eulerovské (O. Ore). Ctvrta
kapitola vychazi z Hamiltonovy hry na pravidelném dvandctisténu, jeZ vede k zavedeni hamilto-
novské kruZnice (resp. cesty) v grafu. Autor popisuje postacujici podminky pro existenci hamil-
tonovské kruznice (G. A. Dirac, O. Ore, L. Pdsa) a obraci se i ke grafiim orientovanym. Dalsi,
péta kapitola se zabyva studiem faktorii daného grafu a pfibuznymi otdzkami (matching prob-
lems). Z nejzndméjsich vysledkt zde uvadénych je véta, Ze kazdy tiplny graf na 2k uzlech je mozno
vyjadrit jako soudin linedrnich faktord. Nasleduje nejobsédhlejsi ¢ast — kapitola Sesta, kde se
B. Andrésfai vénuje extrémnim grafim zkoumanym pod riiznymi zornymi thly. Nejprve je tu
viak nékolik stranek z elementarni kombinatoriky (permutace, faktorialy, kombina¢ni isla aj.).
Ramseyova ¢&isla, Turdnova véta o grafu neobsahujicim tplny podgraf s danym po&tem uzll
a ptibuzné otdzky zapliuji dalsi stranky. Knizka m4 je$té kapitolu sedmou. V té se fesi cvi¢eni
a problémy, jichZ Ctenaf nalezl dostateCny pocet pii studiu predchézejicich Sesti kapitol. Pak je
tu seznam pouZitych prameni a dalsi literatury a spis kon¢i vécnym rejsttikem.

Dilo je psdno velmi pkistupné, dokazuji se témeér viechny véty — snadné i t&€23i — a vysledky
se pfedkladaji in statu nascendi. Do svazku se nedostaly n€které zajimavé oblasti, jeZ patfi do této
¢4sti matematiky (napf. vztahy mezi grafy a plochami, maticemi a teorii pravdépodobnosti,
problémy barveni map aj.). V pfedmluvé se pravi, Ze jim autor vénuje druhy svazek. Knizku do
angli¢tiny preloZil A. Recski.

Jiri Sedldcéek, Praha

*) Priikopnicka price O. Borlivky (1926) zde neni zminéna, ale odkazuje se na zndmy &ldnek
J. B. Kruskala (1956).
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R. C. Gunning: RIEMANN SURFACES AND GENERALIZED THETA FUNCTIONS.
Ergebnisse der Mathematik und ihrer Grenzgebiete, 91. Springer-Verlag, Berlin—Heidelberg—
New York, 1976. Stran XII -+ 165, cena DM 48,—.

Linearni prostor tfid ekvivalence positivnich divisorli ¥4du g — 1 na kompaktni souvislé
Riemannové plofe M rodu g se podle klasickych ,,recepti‘ realizuje ireducibilni nadplochou
W,_, asociovaného g-dimensionédlniho komplexniho toru J(M), tzv. Jacobiho variety. Nad-
plochu W,_, je pak moZno popsat jako mnoZinu nul jisté specidlni theta funkce. Pivodni
Riemannova plocha W; < J(M) je pak témé&f popsdna nadplochou W, _ 1, aviak ve velmi nepfi-
mé a komplikované formé. Pfedmétem této knihy je podat pfimé&jsi cestu. Plocha W, a podvariety
specialnich positivnich divisor se popisuji jistymi zobecnénymi theta funkcemi. Prvni kapitola
obsahuje pfehled teorie komplexnich variet a vektorovych bandll, specieln€ jsou studoviny
komplexni tory. Ve druhé kapitole se probiraji zdkladni vlastnosti kompaktnich Riemannovych
ploch. Dalsi dvé& kapitoly jsou jddrem knihy a pojedndvaji o zobecnénych theta funkcich a jejich
vztahu k Prymovym diferencialim.

Alois Svec, Olomouc

N. Jacobson: LECTURES IN ABSTRACT ALGEBRA; I, Basic Concepts. Graduate Texts
in Mathematics, 30. Springer-Verlag, New York—Heidelberg—Berlin, 1975. Stran XII + 217,
cena DM 26,40.

Kniha je uvodem trojsvazkového dila (daldi dva svazky jsem recenzoval dfive). Prvni vydani
vys$lo v r. 1951 u Van Nostranda, New York. Kniha je vynikajici (jak je jiz tradi¢n& obvyklé
u Jacobsonovych dél), je psdna velmi elementarné (i kdyZ obsah zdaleka neni trividlni), obsahuje
fadu cviceni a, obecné feCeno, je vzorem, jak psit ufebnice. Obsah-je oviem standardni a je
patrny z nazvi kapitol: Uvod (pojmy z teorie mnoZin, systém pfirozenych &isel), Semigrupy
a grupy, Okruhy, obory integrity a télesa, Rozsifeni okruhli a téles, Elementarni teorie faktori-
zace, Grupy s operatory, Moduly a idedly, Svazy.

Alois Svec, Olomouc

Herman H. Goldstine: A HISTORY OF NUMERICAL ANALYSIS FROM THE 16TH
THROUGH THE 19TH CENTURY. Studies in the History of Mathematics and Physical
Sciences 2. Springer-Verlag, New York—Berlin—Heidelberg, 1977. 348 stran. Cena DM 54,—.

Recenzovand kniha tvofi druhy svazek nové springerovské serie (prvnim svazkem je tfidilna
publikace O. Neugebauer: A History of Ancient Mathematical Astronomy, tfeti svazek tvori
soubor praci redigovany B. Randellem: The Origins of Digital Computers).

Celkovy dojem z knihy je moZno vyjadtit velice prosté: pfijemné poclteni. P¥i Cetbé jsem se
mnoho poucil o matematice v 16.—19. stoleti (ndzev knihy trochu mate, kniha m4 mnohem $ir$i
zabér nez jenom to, co se dnes obvykle nazyvd numerickou analyzou). Mélokdy m4 totiz mate-
matik moZnost seznamit se s definicemi dnes v§eobecné znamych pojmu (napf. takovych, které
dnes spadaji do stfedoSkolské matematiky: logaritmus, aj.) tak, je je formulovali praotcové
matematiky v minulych stoletich. Pékny zazitek ze ¢teni je umocnén ukizkami ze starych tiski.

Rozepisovat se o jednotlivych kapitolach nema smysl; doporuuji kazdému knihu na vikendové
Cteni. Zavérem dopliiuji subjektivni dojem alesponi ndzvy jednotlivych kapitol: 1. The Sixteenth
and Early Seventeenth Centuries, 2. The Age of Newton, 3. Euler and Lagrange, 4. Laplace,
Legendre and Gauss, 5. Other Nineteenth Century Figures.

Svatopluk Fucik, Praha
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STATISTICS AT THE SCHOOL LEVEL (Statistika na stfedo$kolské urovni). Ed. L. Réde.
Vyslo v nakladatelstvi Almqvist & Wiksell, Stockholm 1975; 245 stran, cena neuvedena.

Pod redakci $védského odbornika L. Rddeho z goteborské university vySel tento svazek stati
pfedloZenych pa tfeti konferenci o vyudovani statistice, kterd se konala ve Vidni ve dnech 30. 8. az
4.9. 1973, Tyto konference poiddd Mezinarodni statisticky ustav (ISI) v ramci svého vzdélavaciho
programu (ISEP) s podporou UNESCA. Ceskoslovensko se na této akci nepodili.

Hlavnim tématem konference byla interpretace oficidlnich statistik — $lo tedy o to, jak na
drovni stfedni §koly udit chapat a rozumét statistickym udajim z tfednich prament. Nékteré
referaty konference byly vSak pojaty $ife a tykaly se obecnych otdzek vyulovani statistice.

Uroveii stati sborniku je rtizna; objevuji se tu jak obecné uvahy tak i zcela konkrétni postupy
a navody, prehledné staté o soudasném stavu vyuky v té které zemi i navrhy programi pro
budoucnost. U vétsiny stati je ve sborniku pfipojen téz zaznam diskuse.

Na zavér konference byla pfijata doporudeni, jez jsou uvedena v tivodni ¢4sti sborniku (str.
9—21). Uroveit statistického vzd&lani je oviem v riznych zemich riiznd, a tak je tfeba obecna
doporuceni ptizplisobovat mistnim podminkdm, leckterd by viak stdla za zamysleni i z naSeho
hlediska. Snad by se i u nas naglo vhodné forum (nap¥. v JCSMF?) pro diskusi o sttedoskolské
problematice stochastickych disciplin.

K doplnéni informace uvedme jesté alespoii seznam stati a jejich autoru; je bezpcchyby
signifikantni:

F. Mosteller (Harvard): Uvodni slovo predsedy

B. Benjamin (Londyn): Vyuka oficialni statistiky

S. A. Goldberg (New York): Myslenky k vyuce oficidlni statistiky

N. Keyfita (Harvard): Populaéni a produkéni oficidlni statistiky

W. Eberl (Viden): Stochastika a moderni vieobecna vychova

A. Engel (Frankfurt n. M.): Vypo¢ty a pravdépodobnost

C. Radhakrishnan Rao (Kalkata): Vyuka statistiky na stfedo$kolské tirovni — interdisciplinarni
piistup

R. A. S. Whitfieldovda (Huntington): Mobilni mini-komputer pro $kolni vypod&ty

L. Radde (Goteborg): Vyuka pravdépodobnosti a statistiky na stfedoskolské urovni — mezi-
narodni pfehled

M. Halmosovd (Budapest): Prvni kroky ve vyuce pravdépodobnosti

P. L. Hennequin (Clermont-Ferrand): Tendence ve vyuce statistiky na francouzskych stiednich
$kolach

W. Kruskal (Chicago): K pfidtim akcim JCCSP*)

T Postelnicu (Bukuredt): Vyuka statistiky na stfedoskolské urovni

I. P. Ruckerovd (Richmond): Uvod do statistiky na stfedni $kole

J. 0. Oyelese (Ibadan): Piehled o vyuce statistiky na stfednich 3koldch v zdpadnich a lagosskych
statech Nigérie

H. Lang (Videit): Vyuka pravdépodobnosti a statistiky na stfednich §koldch v Rakousku

Frantisek Zitek, Praha

Pdl Turdn ed.: SELECTED PAPERS OF ALFRED RENYI. Akadémiai Kiadé, Budapest
1976, 3 svazky o 628, 646 a 667 stranach, cena neuvedena.

PfedloZené tfisvazkové vydani Zivotniho dila vyznaéného madarského matematika, fddného
¢lena Madarské akademie véd, profesora ALFREDA RENYIHO (1921—1970) je chronologickym

*) Joint Committee on the Curriculum in Statistics and Probability, spoleény organ Americké
statistické asociace (ASA) a Narodni rady uciteld matematiky (NCTM).

416



souborem v3ech jeho vyzna¢néjsich praci. Tvofi monument, ktery vzbuzuje uctu. Ohromuje
svym rozsahem, §ifi témat, bohatosti my3lenek. Je jen mdlo oblasti matematiky, které by Rényi
podstatnym zplisobem neobohatil. V zorném poli jeho zajmu byly zdklady teorie pravdépodob-
nosti, analyticky aparat, teorie informace, teorie grafii, neparametrickd statistika, geometrie,
niahodné prochazky, teorie fad, souvislosti teorie pravdépodobnosti s jinymi oblastmi, napf.
s teorii Cisel a fyzikou. Znaénou &ast své Zivotni energie vénoval Rényi aplikacim. V souboru
nachdzime reprodukce praci, ve kterych je matematika aplikovana v biologii, ekonomice a dalSich
oblastech. Pritom znaéna ¢ast dila prof. Rényiho se na vice nez 1900 stran pfedloZeného souboru
nevesla. Jde o prace, které kolektiv Rényiho spolupracovnikili, jenZ pod vedenim akademika
PALA TURANA soubor sestavil, nepovaZoval za origindlni vyzkumné price. Ze nejde o dilka
bezvyznamnd, o tom se na$i ¢tenafi mohou piesvéd¢it napf. ze slovenského ptfekladu Rényiho
Dialogi o aplikacich matematiky. Filosofickd hloubka autorovych ideji je téZko pfekonatelnd
a jisté i jeho dal$i knizky Dialogli o matematice a Dopist o pravdépodobnosti by zasluhovaly
pifeklad do nékterého z naSich narodnich jazyka.

Z celkového podétu 355 praci akademika Rényiho bylo do souboru pojato 156 ¢lankt. Vét§ina
z nich je psana v angli¢ting, nékolik malo v némciné a francouz§ting. Prvy svazek obsahuje
52 &lanku z obdobi 1948 — 1956, druhy svazek 48 ¢lankd z obdobi 1956— 1961, a tfeti 56 ¢lankl
z obdobi od roku 1962 az do autorovy smrti roku 1970. KaZdy ¢ldnek je opatfen plnou citaci
i bibliografii a mnohy je doplnén poznamkami ¢lena redakéniho kolektivu o jeho ohlase. Obsahuji
zasvécené informace o novych vysledcich v dané problematice a zhodnoceni autorova pfinosu
v dané oblasti matematiky.

V kratké recenzi nelze rozebirat konkrétni obsah jednotlivych ¢lank® souboru. Nage &tenatfe
by jisté€ upoutal piedevsim ¢élanek zobeciiujici znamou Kolmogorovovou nerovnost. Je spoleénou
praci A. Rényiho s pfednim na§im odbornikem v pravdépodobnosti a matematické statistice,
pfedcéasné zesnulym prof. Jaroslavem Hajkem. Zobecnénd nerovnost se dnes nazyva nerovnosti
Hiajkovou-Rényiho, vyvolala ve svété zna¢nou odezvu, jako ostatné vétSina Rényiho vysledki,
a fada autori na ni navazala své vyzkumy. Recenzenta téZz okamzité zaujala Rényiho préce,
ve které navrhuje novou axiomatizaci teorie pravdépodobnosti opirajici se o pojem podminéné
pravdépodobnosti. Nasi &tenafi ji znaji z ¢eského ptekladu Rényiho monografie o pravdépodob-
nosti. Pfipomefime, Ze kromé Rényiho axiomatiky jsou dnes ve svét& rozsifeny dvé. Klasickou je
Kolmogorovova axiomatika z tficatych let tohoto stoleti, kterd zavadi pravdépodobnost jako
specidlni ptipad normované miry. Treti je moderni axiomatika kvalitativni nebo subjektivni
pravdépodobnosti.

Obsdhlé dilo A. Rényiho budi radost z toho, &eho je lidsky diimysl schopen dosidhnout.
Soucasné¢ viak vzbuzuje smutek plynouci z pochybnosti, zda podminky sou¢asného pragmatic-
kého svéta jsou dostateéné pfiznivé pro dobyvani dallich tajemstvi pfirody.

Petr Kratochvil, Praha
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&asopis pro p&stovani matematiky, rot. 104 (1979), Praha

ZPRAVY

ZEMREL DOC. JOSEF SCHMIDTMAYER, CSc.
ZDENEK JANKOVSKY, Praha
Dne 23. dubna 1979 zemfel v Praze nahle ve v€ku necelych Sedesatipéti let vynikaji-

ci vysokoskolsky uditel doc. JOsEF SCHMIDTMAYER, CSc., docent elektrotechnické
fakulty Ceského vysokého uleni technického. P¥ipomindme-li si v t&hto Fadcich

jeho Zivot a praci, nechce se nam véfit, Ze jeho misto v kolektivu vysokogkolskych
uditeld a vyzkumnych pracovnikli, misto vyborného uditele a milého a dobrého
¢lov&ka, zlistane v budoucnosti prazdné.

Josef Schmidtmayer se narodil 26. za¥i 1914 v dé&lnické roding v Ceskych Budgjo-
vicich. Sva stfedoskolska studia absolvoval na reformnim realném gymnaziu v Ces-
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kych Budéjovicich a ukonéil je maturitou s vyznamenanim v roce 1933. Poté byl jako
nadany a nemajetny student pfijat do Hlavkovy studentské koleje, aby mohl pokra-
Covat ve studiu svych oblibenych pfedmétl, matematiky a deskriptivni geometrie,
na pfirodovédecké fakulté University Karlovy. Studium matematiky a deskriptivni
geometrie Usp&$né zakondil druhou statni zkouskou v roce 1938. V posledni tfetiné
studia si navic zapsal pfednasky z pojistné matematiky a statistiky. Uzavieni Ceskych
vysokych §kol v roce 1939 mu toto dalsi specializované studium znemozZnilo dokongit.
Jeden rok se pak Zivil kondicemi, neZ se mu podafilo opatfit misto vypomocného
uCitele na divéim redlném gymnaziu v Praze VII. Od roku 1941 pracoval v tovarné
Letov v Lettianech jako technicky ufednik v oddéleni aerodynamiky. Tam ziskal
zkuSenosti s aplikacemi matematiky v mechanice. Po osvobozeni pracoval od roku
1945.do roku 1951 v ustavu aerodynamiky nastavbového Ucebniho b&hu pro letectvi
na tehdejsi fakulté strojniho a elektrotechnického inzenyrstvi CVUT. Po reorganizaci
v roce 1951 presel na katedru matematiky a deskriptivni geometrie CVUT vedenou
prof. F. Vy&ichlem a po dalsi reorganizaci fakult CVUT se stal v roce 1953 &lenem
katedry matematiky na elektrotechnické fakult¢ CVUT, kde paisobil do svého timrti.
V roce 1957 byl jmenovan zastupcem docenta a po habilitaci v roce 1959 byl v roce
1960 jmenovan docentem matematiky. V roce 1969 ziskal titul kandidata fyzikalné-
matematickych véd na Université Karlové.

Vyznamna je odborna a védecka &innost doc. Schmidtmayera. Od roku 1940
publikoval pfes 30 odbornych a védeckych &lanki. Je autorem, pfipadné spolu-
autorem, 7 knih, z nichZ nejznaméj§i Maticovy poclet a jeho poufiti v technice je
velmi vyhleddavanou a oblibenou publikaci mezi na§imi inZenyrskymi kidry. Za svého
dlouhodobého pedagogického piisobeni na CVUT napsal 14 tituldt skript. Odborna
prace doc. Schmidtmayera zahrnuje téZ fadu p¥ekladt knih, externi redakce a odbor-
né upravy. Z jeho soustavného sledovani matematické literatury vyplynulo téméf
40 otisténych recenzi a referatd o knihach v odbornych &asopisech.

V poslednim desetileti se intenzivné zabyval teorii i praxi vyu€ovani matematiky
na vysokych Skolach technickych, zvla§té¢ na elektrotechnickych fakultich. Byl
povéfen vedenim fady vyzkumnych tkold, v posledni pétiletce vedenim dil&iho tikolu
v hlavnim ukolu & 17 rezortniho planu MS CSR a vedenim tématického tikolu
v hlavnim tkolu RS-16/2 rezortniho plinu MS SSR. Za svého piisobeni v této
oblasti sestavil fadu uspé&$né& oponovanych vyzkumnych zprav.

Vice nez tficetileté plisobeni doc. Schmidtmayera jako vysokoskolského ucitele
se vyznaluje vysokou odbornou vrovni a pedagogickym mistrovstvim. Soudruh
Schmidtmayer byl zanicenym uditelem a své pedagogické piisobeni zam&foval nejen
na odbornou, nybrZ i na vychovnou stranku, kde dosahoval pfi dlouholetém pisobeni
ve funkci vedouciho uéitele roéniku vyznamnych dspéchi.

Z dalsi jeho odborné a pedagogické &innosti nelze opomenout jeho praci ve stalé
zkuSebni komisi pro sd&lovaci elektrotechniku na FEL CVUT, &lenstvi v fad& komisi
pro kandidatské zkou‘éky, pfednasky v postgradudlnim studiu ,,Automatizované
systémy Tizeni* a dalsi. Byl ¢lenem redakéni rady €asopisu Aplikace matematiky.
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Vedle vysokoskolské pedagogiky se doc. Schmidtmayer zajimal i o pedagogickou
&innost na $kolach niZsich stupiid. Spolupracoval s Vyzkumnym ustavem odborného
Skolstvi, s Y)'/zkumn)'/m pedagogickym ustavem v Praze a s Vyzkumnym ustavem
inZenyrského studia pfi CVUT. Podilel se na ptipravé uéebnich pomiicek pro nové
koncipovanou vyuku na odbornych skoldch a v rdmci odborné komise na tvorbé
ugebnich osnov matematiky pro gymnazia.

Soudruh doc. Schmidtmayer mél rovnéz velice bohatou a zasluZnou ucast na
vefejné a spoleenské Cinnosti. VZdy se vyrazn& angaZoval ve sméru spoleCenského
pokroku. Za jeho praci se mu dostalo nékolika ¢estnych uznani a medaili.

Doc. Schmidtmayer byl na svém pracovisti i mimo né vysoce vaZen pro svou pra-
covitost, peélivost, pfesnost i odbornou a pedagogickou zdatnost. Mezi kolegy i stu-
denty byl obliben pro své pfimé, oteviené, ale pfitom taktni jednani.

Ceskoslovenské §kolstvi, zvla§té pak matematika na vysokych skolach technickych,
utrpélo odchodem doc. Schmidtmayera téZko nahraditelnou ztratu. Kolektiv jeho
spolupracovniki a studentd bude dlouho postradat obétavého pf¥itele a radce, pilného
pracovnika, vynikajiciho uditele a pfedevsim charakterniho €lovéka Josefa Schmidt-
mayera.
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DOCENT FRANTISEK MARTAN SEDESATILETY

BepiicH PONDEL{CEK, Praha

Cas netiprosné leti, tak¥e pro jeho nedostatek nemame vét§inou mo#nost ohléd-
nout se zpatky. Letos v listopadu bude Sedesat let doc. FRANTISKU MARTANOVI CSc.,
vedoucimu dislokované katedry matematiky elektrotechnické fakulty Ceského vyso-
kého uceni technického, pracovi§té v Podébradech.

FrantiSek Martan se narodil 3. listopadu 1919 v délnické rodiné v Masakové
Lhoté, okr. Prachatice. Vystudoval statni redlku v Praze v Karliné a po maturité
s vyznamenanim v roce 1937 se dal zapsat na tehdejsi vysokou $kolu specialnich nauk
CVUT v Praze, utitelsky obor pro stfedni §koly — matematika a deskriptivni geo-
metrie. V tomto studiu pak v nasledujicim $kolnim roce pokragoval na pfirodovédec-
ké fakulté University Karlovy. V fijnu roku 1939 sloZil prvni statni zkousku z obou
predméti.

Nasilnym uzavienim &eskych vysokych $kol némeckymi okupanty v listopadu
1939 skondila studentskd léta docenta Martana. Poté pracoval jako pomocny dé€lnik
a pozdéji jako technicky ufednik. Studia dokondil aZ po osvobozeni v roce 1946 slo-
Zenim druhé stitni zkouSky z matematiky a deskriptivni geometrie. Avsak jiZz od
poloviny fijna 1945 byl zamé&stnan jako vypomocny smluvni asistent v ustavech
matematiky tehdejsi vysoké Skoly strojniho a elektrotechnického inZenyrstvi CVUT
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v Praze. Odbornym asistentem byl ustanoven v roce 1950 a rok poté piesel na nové
utvofenou elektrotechnickou fakultu CVUT v Praze.

V roce 1957 byl pfijat na externi aspiranturu, kterou ukon¢il dosaZenim védecké
hodnosti kandidata technickych véd v roce 1962. Po obhajobé habilitaéni prace byl
v roce 1963 jmenovan a ustanoven docentem matematiky na elektrotechnické fakulté
CVUT, pracovisté v Pod&bradech, kde od té doby je vedoucim dislokované katedry
matematiky.

Mimotadné aktivni politickd, spoleCenskd, organizatorskd a pedagogicka prace
je pro Frantiska Martana pfizna¢na. Pfipomefime jen jeho stranické a odboraiské
funkce v Praze a v Podébradech, lektorskou ¢innost v Nymburce. JiZ fadu let pracuje
na vyzkumném tkolu o zvySovani efektivnosti vyuky matematiky na elektro-
technickych fakultach, kde vyuZiva svych bohatych pedagogickych zkuSenosti. Je
autorem skript a pfekladatelem uéebnic riznych matematickych disciplin potfebnych
pro elektroinZenyry. Vysledky své kandidatské prace (Numerické a grafoanalytické
metody zpétné Laplaceovy transformace) a habilita¥ni prace (Aproximace signalu
s nekone&n& Sirokym spektrem) sice nepublikoval, ale pouZil pfi feSeni n&kterych
dil¢ich vyzkumnych tkolii pro Vyzkumny ustav silnoproudé elektrotechniky v Bécho-
vicich. Jeho politické a pracovni usili bylo ocenéno &estnym uznanim rektora CVUT,
gestnym uznanim a plaketou k 25. vyro&i zaloZeni elektrotechnické fakulty CVUT
a medaili CVUT 2. stupné. '

Jménem pracovnikli obou kateder matematiky — pod&bradské a praZzské — na
elektrotechnické fakult&€ CVUT a véfim, ¥e i jménem dalSich spolupracovnikii a Zaki,
piejeme docentu Martanovi k jeho Sedesatinim hlavné dobré zdravi, mnoho uspéchi
v dalsi praci, dobrou pohodu v osobnim Zivoté a je§té mnoho krasnych vyhledd
do polabského kraje z oken pod€bradského zimku.
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VYROCI STYCH NAROZENIN PROF. PHDR. JANA VOJTECHA

KAREL DRABEK, Praha

V leto$nim roce bylo tomu jiZ sto let, co se narodil vyznaény pracovnik v oboru
geometrie a vynikajici pedagog, fadny profesor matematiky na Vysoké Skole inZe-
nyrského stavitelstvi (dne$ni stavebni fakult& pfi CVUT), PhDr. JAN VOITECH.

Jan Vojtéch, narozeny 5. srpna 1879 v Kyjové na Moravé, po maturité na ¢eském
klasickém gymnasiu v Uherském Hradisti studoval na filosofické fakulté praZské
university. Jiz po &tyfech letech studii predloZil disertaéni praci z analyzy a po
pfislusnych zkouskach byl 13. prosince 1902 prohlasen doktorem filosofie.

Po aprobaci 15. prosince 1902 pisobil v letech 1902/03 aZ 1914/15 hlavng na stied-
nich $kolich na Moravé, naposled na II. Ceské redlce v Brné jako stfedoskolsky
profesor matematiky a fyziky. Po habilitaci na éeské vysoké Skole technické v Brné
z geometrie (30. srpna 1909) konal docentské prednasky, ale jiZ od 27. prosince 1912
byl honorovanym docentem. Zde byl také jmenovan 24. fijna 1915 tituldrnim mimo-
fadnym, 25. inora 1918 mimofadnym a 12. ledna 1920 fddnym profesorem. Po smrti
prof. Maté&je Norberta Vanécka byl jmenovan fadnym profesorem matematiky na
Vysoké ¥kole inZenyrského stavitelstvi CVUT v Praze, kde s vyjimkou let v okupaci
vyudoval aZ do svého odchodu do vysluZby 30. zafi 1949. Nebyl jiZ viak v této dob&
Uplné zdrav, takZe kratce poté zemfel 19. ledna 1953 v Praze.

Prof. Vojtéch v prvni fadé napsal soustavu novych uéebnic z geometrie pro vyssi
ttidy stfednich $kol, zpracované vzhledem k elementirnim geometrickym transfor-
macim a jejich grupam. Po svém jmenovéani v Brné sepsal pro potfeby poslucha&i
techniky dvoudilnou udebnici Zdklady matematiky, ve které, podle jejiho uréeni,
zachoval pfiméfenost mezi iplnou matematickou pfesnosti a srozumitelnosti vykladu
pro zacateéniky. Velky klad ucebnice je ve velkém pocétu pfikladi pro dalsi procvido-
vani pfednesené a prostudované latky.

Také ve védecké a odborné praci je patrna jeho postupna dvoji uditelska profese.
Na stfedni §kole se zabyval studiem elementarni matematiky a jeji vyuky, na vysoké
$kole teorii transformaci a jejich grup, teorii kfivek a projektivni geometrii. Hlavnim
jeho dilem je monografie Geometrie projektivni, obsahujici véetn& bibliografickych
odkazii vse, co do doby vydani bylo z tohoto oboru znamo.

Za dobu svého pisobeni na vysoké §kole v Brné& i v Praze pfispél prof. Vojtéch
k dobré vychové v matematice pro mnoho na$ich inZenyrd. Zasadovost v préci po-
vaZoval za nejlepsi cestu za dal§im vzdélanim, které si nedovedl pfedstavit bez samo-
statného a pilného studia. Jeho osobni profil €lovéka a vé&dce si stale pfipominame
pfi pohledu na jeho celoZivotni dilo.*)

*) O jeho Zivoté a dile viz vice v mém ¢lanku: Sto let od narozeni prof. PhDr. Jana Vojtécha,
Pokroky matematiky, fyziky a astronomie, XXIV (1979), str. 223—225.
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AKADEMIK JAN JAKUBIK LAUREATOM STATNEJ CENY
KLEMENTA GOTTWALDA

Medzi lauredtmi $tatnej ceny Klementa Gottwalda v roku 1979 vyskytuje sa jeden matematik.
Tohto vyznamenania sa dostalo akademikovi JANovi JAKUBIKOVI za objavné vysledky v teoérii
usporiadanych algebraickych $truktur.

Vedecké dielo J. Jakubika sustreduje sa — s vynimkou niekolkych pric — na oblast algebry-
V zaliatkoch svojej badatelskej Cinnosti sa venoval tedrii zvdzov a (Ziasto¢ne) usporiadanych
mnozZin, niektorym otdzkam univerzdlnej algebry a neskorsie sa zacal intenzivne zaoberaf tedriou
(Ciasto¢ne) usporiadanych grip. .

V tedrii zvdzov a usporiadanych mnoZin preskimal cely rad otdzok suvisiacich so zdkladnymi
pojmami ako su kongruencie, refazce, rozliné typy sucinov a pod. Pre kongruencie na zvdzoch
preskimal napriklad otdzku zamenitelnosti a charakteriziciu pomocou slabej projektivnosti
intervalov. Vo viacerych pracach Studoval platnost Jordanovej-Dedekindovej podmienky pre
nekoneéné refazce. Rad vysledkov sa tyka otdzky: do akej miery je (diskrétny) zvdz uréeny svojim
(neorientovanym) grafom? Podrobne skumal vlastnosti centra zvdzu, najmi tie, o ktorych uk4-
zal, Ze suvisia s priamymi rozkladmi. Napriklad nasiel podmienky pre uzavrenost centra tipilného
zvézu, v ktorych si podmienky, ndjdené viacerymi autormi, zahrnuté ako $pecidlne pripady.

Velki pozornosf venoval §tidiu rozli¢nych typov sudinov usporiadanych mnoZin, zvidzov
a usporiadanych griip. Vy3etril napriklad otizku existencie spolo¢ného zjemnenia dvoch pria-
mych rozkladov, podmienky, kedy se d4 dany objekt rozlozif na priamy alebo slaby sii¢in priamo
nerozloZiteInych faktorov (pre uplné zvizy to ide prave vtedy, ked ich centrum je tiplne distri-
butivnym tplnym zvdzom). Vysledky J. Jakubika o zmieSanych sucinoch usporiadanych grip
tvoria podstatné zovSeobecnenie a rozirenie dovtedy zndmych vysledkov o lexikografickych
su¢inoch.

Zaujimavé vysledky ziskal J. Jakubik v nasledujicej otdzke: ktoré vlastnosti usporiadanych
grup sui determinované $truktirou usporiadania samotnou? Tak napriklad, ak u usmernene;j
usporiadanej grupy da sa prislu$nd usporiadand mnoZina rozloZit na priamy sulin, indukuje
tento rozklad aj priamy rozklad tej grupy. Alebo o tom, &i l-grupa je rozlozitelnid na priamy
sidin linedrne usporiadanych grip, rozhoduju len jej zvdzové vlastnosti. Naproti tomu pomocou
zvdzovych vlastnosti samotnych nemo¥no rozhodnuf o rozloZitelnosti l-grupy na (netrividlny)
polopriamy st&in.

V celom rade priac demonstroval J. Jakubik ddlezitost pojmu dizjunktnosti prvkov v /-grupe.
Sustavne preskimal tieZ sivis pojmu ortogonilna mnoZzina v /-grupe s vlastnostami /-grupy
a vyjasnil viaceré otdzky o ortogondlnych rozireniach /-grip. V otdzkach intervalovej topologie
v l-grupach dosiahol rad vysledkov, z ktorych niektoré maji definitivny charakter. Zaujimavé
vysledky ziskal o radikédloch /-grup a radikélovych triedach /-grip (tento pojem predstavuje
roziirenie pojmu torznej triedy $tudovanej J. Martinezom).

Mnohé price J. Jakubika boli podnietené problémami zo zndmej monografie G. Birkhoffa
alebo z prac inych autorov. Riefenie tychto problémov bolo mu &asto vychodiskom k vysledkom,
ktoré daleko presahuji rdmec pdvodného problému. Aj obratene, rozli¢ni autori vychddzaji
vo svojich pricach z vysledkov J. Jakubika a vo viacerych pripadoch st tieto vztahy symetrické.

Nezanedbatelnou strdnkou &innosti J. Jakubika je jeho prispevok k vychove vedeckého
dorastu, jeho bohat4d pedagogickd Cinnosf a angaZovanosf v organizovani nasho vedeckého
Zivota.

K blahoZelaniu akademikovi Jakubikovi k vyznamnej pocte pripéjaju Ceskoslovenski matema-
tici Zelanie dalSich vispechov v tvorivej préci.

Milan Kolibiar, Bratislava
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PROFESOR KAREL REKTORYS LAUREATEM NARODNI CENY

Dne 3. kvétna byla udélena Narodni cena RNDr. KArRLU REKTORYSOVI, DrSc., profesoru
stavebni fakulty CVUT v Praze, za dilo Variaéni metody v inZenyrskych problémech a v problé-
mech matematické fyziky.

Karel Rektorys studoval matematiku na ptirodovédecké fakulté v Praze. Po jejim absolvovani
nastoupil do teoretického vyzkumu Skodovych zdvodi. Tam vznikla — mimo fadu vyzkumnych
zprav — roku 1951 jeho prvni obsahla prace Problém jednoznaénosti FeSeni parcidlnich diferencidl-
nich rovnic pro vedeni tepla pFi nespojitych pocdteénich a okrajovych podminkdch jako disertace
k RNDr. Vznikla z problematiky chladnuti velkych ocelovych ingotli; po matematické strance
velmi upoutala prof. Cecha, nebot to byla prvni price z parabolickych diferencidlnich rovnic,
ktera se zabyvala jinym pojmem feSeni neZ klasickym.

Ze Skodovych zdvodi byl K. Rektorys povolan do Ustfedniho tistavu matematického (pozdéj-
§iho Matematického tustavu CSAV) do oddéleni prof. F. Vy¢ichla. Zde se fesil velky vyzkumny
kol pro Orlickou pfehradu — problém hydrata¢niho tepla, spo&ivajici zhruba v nésledujicim:
Beton obsahuje cement, po poloZeni bloku nastdvd chemicka reakce, ktera ohfivd beton aZ na
50°; vznikaji tepelna napéti, asto vét$i neZ napéti zptsobend vlastni vahou pfehrady a tlakem
vody. Ukolem K. Rektoryse bylo uréit teplotu v prehradé béhem jeji vystavby (tepelna napéti
pak na zdkladé toho poéital Dr. I. Babuska). Ukol byl obtiZny, byla znima jen data: harmono-
gram vystavby, tepelné vlastnosti betonu, teplota podlozi a okolniho vzduchu, z ¢ehoZ bylo tfeba
urdit teplotu v libovolném misté pfehrady v libovolném &ase. V literatufe nebylo o takovém
problému nic zndmo, vSe bylo nutno vymyslet od zdkladu. Problém zpracoval K. Rektorys
teoreticky i numericky ke spokojenosti zadavatele, matematickou studii podal v praci Vypodet
teploty v pFehradé pri pﬁsobenf vnitinich zdrojit tepla, Rozpravy CSAV 66 (1956), fada mat. a ptir.
véd, sesit 14, str. 1—74. Pro zajimavost uvedme, Ze diikaz hlavni konvergenéni véty ma 30 stranek.
Clanek byl poddn jako kahdidatskd disertaéni préace. Na tuto tématiku pak navazaly nékteré
prace v oddéleni numerickych metod feseni diferencialnich rovnic MU CSAV.

Stejnou tematiku zpracovava i Rektorysova disertaéni prace k DrSc. Nelinedrni vedeni tepla
v betonovych masivech. Zde se mu jako prvnimu podafilo dokdzat metodou siti existenci feSeni
smiseného problému pro nelinearni rovnici pro vedeni tepla na libovolném €asovém intervalu.
(V dosvadnich pracich jinych autorti byla dokdzdna metodou siti existence jen na dostatené
malém intervalu.)

Z problematiky Orlické prehrady se zrodila fada praci, na nichZ Rektorys pracoval jako
spoluautor, zejména viak kniha I. Babuika - K. Rektorys - F. VyCichlo: Matematickd teorie
rovinné pruznosti (Praha, NCSAV 1955, 522 stran), kterd je zdroveii udebnici i monografii. Jeji
pteklad Mathematische Elastizitditstheorie der ebenen Probleme, Berlin, Akademieverlag 1960,
je v zahrani¢i zndmy mnohem vice neZ Cesky originél u nis.

Zna¢nou popularitu si ziskal K. Rektorys nejen mezi inZenyry a fyziky, nybrZ i mezi matemati-
ky knihou Prehled uzité matematiky (Praha, SNTL 1963, spis Ceské matice technické, 1137
stran), jejiz koncepci fidil jako vedouci autor, jako spoluautor napsal vice neZ polovinu textu.
Kniha vysla jiz ve tfech vydanich a v anglickém ptekladu (Survey of Applicable Mathematics.
London, Iliffe 1969) se stala oficidlni studijni pfiru¢kou na nejzndméj$im sv&tovém technickém
udilidti Massachusetts Institut of Technology.

Narodni cenou byl K. Rektorys poctén za dilo Variaéni metody v inZenyrskych problémech
a problémech matematické fyziky, Praha, SNTL 1974, 601 stran. Kniha vy§la rovnéz v anglickém
ptekladu, k tomu tcelu pon€kud roziiteném, jako Variational Methods in Mathematics, Science
and Engineering, Reidel Publ. Co Dortrecht (Holland) — Boston (USA) 1977.

Dilo je obsdhla monografie, jejiz prvni polovina (&ast I, II a III) je psdna pro ,,konzumenty
matematiky*, pfedev8im pro inZenyry. V &asti I autor pfipravuje (a to velmi srozumitelnou
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formou) potiebny aparéat z teorie operdtori v Hilbertové prostoru, v druhé &éasti seznamuje
¢tenafe s vétou o minimu funkcionalu energie a s béZnymi variatnimi metodami, v tfeti Casti
ukazuje aplikace na feSeni celé fady tloh (z teorie pruznosti apod.) véetné kompletniho numeric-
kého zpracoydni. Druha polovina knihy ma monograficky charakter. Vyklad je zaloZen na Laxo-
vé-Milgramové vété a na pojmu slabého feseni; pfestoze tato ¢ast knihy je psana ptredevSim pro
matematiky, je zpracovéna tak, aby text byl dobfe srozumitelny i pro ¢tenare-nematematika.
Cast IV predstavuje zobecnéni predchozich vysledktl (zejména na nesymetrické problémy a na
ptipad nehomogennich okrajovych podminek), ¢ast V je vénovdna problému vlastnich Cisel
a Cast VI nékterym specidlnim metodam. Zejména druha polovina knihy obsahuje nékteré nové
metody rozvinuté autorem a ¥adu jeho ptvodnich vysledki, z&4sti publikovanych jen v této praci.
Jde pfedeviim o podstatné zobecnéni Collatzovy metody pro dvojstranné odhady vlastnich Cisel
diferencidlnich rovnic typu Au — ABu = 0. Zatimco Collatzova metoda byla koncipovdna pro
obycejné diferencidlni rovnice, je zde zobecnéna pro pfipad dostatecné obecnych eliptickych
operatoru A4, B (viz ¢ast V, kap. 40). Na tuto problematiku, publikovanou jen v této knize, nava-
zuji dalsi Rektorysovy préce a préce jeho spolupracovniki.

Dalsi metoda, uvedend poprvé v této knize, je metoda k feSeni biharmonického problému
s dostateéné obecnymi okrajovymi podminkami (na néjZ vedou problémy vypoctu nosnych stén).
Tento pozadavek dostateCné obecnosti si vyzadal praci s pojmem tzv. velmi slabého feSeni. Me-
toda pak byla publikovdna (vetné numerickych aspektll) v obsdhlém ¢lanku ve spoluautorstvi
s Ing. V. Zahradnikem v Aplikacich matematiky 79 (1974), &. 2, str. 101—131. Pro pfipad vice-
nasobné souvislych oblasti (nosné stény s otvory) byla zobecnéna v téméf osmdesatistrankové
praci K. Rektorys - J. DaneSové - J. Matyska - C. Vitner Solution of the First Problem of Plane
Elasticity for Multiply Connected Regions by the Method of Least Squares on the Boundary
(Aplikace matematiky 22, 1977, Part I &. 5, str. 349—394, Part II &. 6, str. 425—454).

V knize ,,Variaéni metody** je rovnéZ uvedena autorova metoda ¢asové diskretizace pro feSeni
parabolickych problémi (zobecnéni klasické Rotheho metody), publikované pfedtim v ¢lanku
On Application of Direct Variational Methods to the Solution of Parabolic Boundary Value Problems
of Arbitrary Order in the Space Variables (Czech. Math. J. 21 (96), 1971, str. 318—339). Na tento
¢lanek navidzalo mnoho autort (u nds napf. J. Nedas, J. Kadur). Metoda se ukdzala jako velmi
vhodn4 a dostatedné& univerzalni i k feSeni evolu¢nich rovnic jinych typa véetné integrodiferencial-
nich.

Kniha neobsahuje jen nové metody, nybrzZ i jiné autorovy pivodni vysledky — viz zejména
kap. 39, dédle podstatné zjemnéni béznych nerovnosti Friedrichsova typu v kap. 18 aj. Pfipomeii-
me rovnéz netradi¢ni zpracovani kapitoly 35 o okrajovych podminkdch Neumannova typu pro
eliptické rovnice vyssich radd, zpracovéni kapitol 19, 34, 44 atd.

Knihu vysoce ocenili nasi pfedni matematikové. Na mezinarodni konferenci v Plzni 1978 se ji
dostalo ocenéni z st svétozndmého odbornika v numerickych metodach prof. Collatze. Mimo-
fadny zdjem vSak vzbudila rovn€Zz mezi vyzkumnymi pracovniky a inZenyry-teoretiky, nebof
svym zpracovdnim jim poskytla moZnost sezndmit se p¥istupnou formou s G&innymi metodami
matematiky a pouZit je k feSeni obtiZnych teoretickych problémii. V tom spoliva jeji velky apli-
kaéni vyznam.

Prof. Rektorysovi, ktery svou védeckou préci rozviji uprostted bohaté pedagogické ¢innosti
na stavebni fakult® CVUT, uptimné gratulujeme a pfejeme stalé zdravi k dalsi praci a novym
uspéchim.

Marie ValeSovd, Praha
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OSLAVY OSMDESATIN AKADEMIKA VLADIMIRA KORINKA

Prazska matematickd obec vzpomnéla osmdesitin akademika Vladimira Kofinka nékolika
besedami, na nichZ si jeho ptételé a Zaci znovu ptipomnéli rozsdhlost a zadvaZnost jeho Zivotniho
dila.

V pfedveler jeho narozenin, 17. dubna t.r., byl akademik Kofinek s choti slavnosté ptijat
dékanem matematicko-fyzikalni fakulty Karlovy University v Praze, profesorem RNDr. Karlem
Vackem, DrSc. Schiizky se zucastnili, kromé dalSich hosti a &elnych pfedstavitelii fakulty, téz
akademik Josef Novik za Presidium CSAV a RNDr. Miroslav Rozsival, predseda UV JCSMF,
ktefi jménem instituci, jez zastupovali, blahoptali oslavenci k vzacnému jubileu.

TyZ veler se pak konala vefefe na poest oslavence. Usporéddali ji ¢lenové katedry zdkladni
a aplikované algebry. Pfatelské besedy se zucastnilo mnoho jubilantovych Zdki a byvalych
spolupracovniku.

Dalsi besedu s akademikem Ko¥inkem uspofadal 22. kvétna t.r. UV JCSMF v klubu SNTL
v Praze. Na neformdlni schiizce, které se zilastnili Celni pfedstavitelé Jednoty a dalii hosté, bylo
vzpomenuto dlouhodobé aktivni &innosti profesora Kofinka v této instituci. Vzpominky na davna
kritickd léta v historii Jednoty tvotily velmi zajimavy pfedmét besedy, ktera zaujala viechny uéast-
niky svou neopakovatelnou atmosférou. kd

SEMINAR O MATEMATIKE
Sulov 3.—5. méj 1979

Osmdesiat rokov Zivota akademika OTAKARA BORUVKU si uctili matematici — prevazne jeho
Ziaci — na starostlivo pripravenom semindri o matematike, ktory sa uskutocnil v diioch 3.—S5.
maja 1979 v Sulove pri Bytéi (okres Zilina). Semindr pripravila pobo¢ka JSMF Zilina v spolu-
praci s Katedrou matematiky fakulty SET V3D Zilina a Katedrou matematickej analyzy PF UK
v Bratislave.

Program semindra o matematike bol zvoleny tak, aby poukazal na bohatost podnetov pre
rozvoj matematickej vedy a vysoku troveii ich rozpracovania akademikom Borvkom a jeho
Ziakmi.

Po privete predsedu Zilinskej pobolky JSMF RNDr. LADISLAVA BERGERA zhodnotil prof.
RNDr. MicHAL GREGUS, DrSc. neoceniteIné zasluhy akademika Otakara Boruvku na vychove
mladych vedeckych pracovnikov v obdobi po oslobodeni nasej vlasti od faizmu, kedy jeho nezist-
na a velmi potrebnd pomoc v uvedenom smere, prejavila sa v prednaskach a semindroch pre mla-
dych zdujemcov o matematiku na Univerzite Komenského v Bratislave. Pouké4zal na nezvycajne
bohatii publika¢ni ¢innosf a na mimoriadne vysledky pdsobenia akademika Bortivku na Sloven-
sku (viac ako 10 rokov dochddzal do Bratislavy) a to & uZ ide o cely rad nim vychovanych vyso-
koskolskych ulitelov, kandidatov vied, ¢i doktorov vied. Tym polozil na Slovensku ziklady
matematickej §koly z diferencidlnych rovnic a velkou mierou prispel aj k budovaniu vedeckych
$kol z algebry a geometrie. Vyzdvihol aj medzindrodny vyznam osobnosti akademika Bortivku,
jeho velky podiel na zjednocovani matematickej generacie bratskych narodov Cechov a Slovakov
a na jeho prinos k rozvoju matematickej vedy, ktory podrobnej$ie zhodnotia vybrané prednasky
v dal§om programe semindra.

O najnovsich vysledkoch z algebraickej teérie disperzii hovoril vo svojej prednaske akademik
Boriuvka. Ako vzdy aj tito jeho prednaSka bola pitava. Popisovala globalne vlastnosti oscila-
torickych linedrnych diferencidlnych rovnic 2. rddu v suvislosti s algebraickou problematikou.
Ukézal, Ze vhodnymi transformédtormi mozZno jednu diferencidlnu linedrnu rovnicu Q previest
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na druhu P tak, Ze tieto uvaZované rovnice su globélne ekvivalentné. Pri tom transformatory
rovnice Q na seba sa nazyvaju disperzie tejto rovnice a tvoria trojparametricku spojitd grupu —
tzv. grupu disperzii uvazovanej rovnice.

V dal3ej ¢asti svojej prednasky uviedol kodisperzie uvazovanej rovnice Q. S nimi grupy, ktoré
transformuju rovnicu Q na rovnice koncentrické s Q, pricom k rovnici Q st invariantne priradené
tzv. adjungované grupy rovnice Q. Spomenul centrum grupy rasticich disperzii rovnice Q,
normalizator tohoto centra v grupe faz, ako aj platnost tzv vety o inkluzidch, ktoré popisuju
vztahy medzi adjungovanymi grupami rovnic Q a P. Vysvetlil pojem prostej jednoparametrickej
spojitej grupy funkcii a uviedol vety, ktoré zaru€uju, Ze k takejto grupe existuje tzv konjugator
grupy i podmienky, za ktorych uvazovana diferencidlna rovnica je oscilatoricka.

V prednaske Kongruencia priamok v simplektickom priestore uvazoval prof. RNDr. KAREL
SvoBopA, CSc. o neparabolickej kongruencii priamok, ktoré nelezia v absolitnom komplexe K
simplektického priestoru Sp,,_, dimenzie 2n — 1, priCom ma pozdiz kaZdej tvoriacej priamky
(2n — 1)-rozmerny oskulaény priestor m-tého radu. Ku kazdej z tychto priamok moZno pomocou
nulbvej korelacie uréenej komplexom K priradif postupnost priamok, ktoré nepatria do tohto
komplexu, pri¢om su po dvoch zdruzené vzhladom na komplex K.

K priamke p zdruZena priamka p* vytvira novi priamkovi kongruenciu, ktora je rovnakého
typu ako povodna kongruencia priamok (tzv dualizdcia kongruencie L). Uviedol aj postupnosti
priamkovych kongruencii charakteru 5 — tzv. asociované kongruencie k L. Spominana postup-
nost priamok umoziiuje jednoduchu geometrickti konstrukciu polokanonického repéru ako aj
uréenie zakladnych relativnych invariantov a absolutne invariantnych foriem kongruencie L.

Uviedol rozvinuteInu kore§pondenciu C medzi dvoma kongruenciami, ktord indukuje pri-
rodzenym spdsobom kore§pondenciu C; medzi asociovanymi kongruenciami. Ak ku kazdej
dvojici odpovedajticich si priamok p, a p; z asociovanych kongruencii L, resp. L; existuje takd
simplektickd kolineicia H, Ze kongruencie L, a HL; maji pozdlz priamky Py, analyticky styk
2. rddu, potom tito koreSpondencia (C)) nazyva sa simplektickou deforméciou druhého radu.
Nutné a postacujice podmienky pre takuto simplektickd deformaciu st vyjadrené reldciami medzi
relativnymi invariantami kongruencii L a L’ a daji sa vhodnym geometrickym spésobom inter-
pretovat.

Spomenul tiez totdlnu simplektickii deformdaciu druhého radu (ak vsetky koreSpondencie
Cy : L,— Ly su simplektickymi deforméciami 2. rddu realizovanymi tou istou simplektickou
kolineédciou). Uviedol vlastnost kongruencie: Krivky, ktoré lezia na fokdlnych plochich kongru-
encie L a su obsiahnuté v absolitnom komplexe K sui kvaziasymptotické. Poukazal na kvazi-
asymptotické krivky typu (n — 1, n), ktoré si odpovedajii v bodovej kore§pondencii indukovanej
kongruenciou L medzi fokdlnymi plochami a st vnorené do pevnych (n — 1)-rozmernych pod-
priestorov priestoru Sp,, _ ;.

Ciefom prednasky prof. RNDr. MARkA Sveca, DrSc. Neoscilatorické riesenia istych typov
nelinedrnych diferencidlnych rovnic bolo podaf triedenie neoscilatorickych riefeni a popisat ich
asymptotické vlastnosti. Uviedol, o rozumieme neoscilatorickym rieSenim pri vy3etrovani vlast-
nosti neoscilatorickych rieSeni diferencidlnych rovnic tvaru (E) L,y + h(¢, y, y', ..., y(n — 1)) =
= 0. Ide o také rieSenie, ktoré existuje na nejakom nekoneénom intervale [Ty, o) a ktoré splita
podmienku sup {| yi) ity < t< o} > 0 pre kazdé t, € [Ty, ). Neoscilatorickym riefenim sa
rozumie také rieSenie y(¢), Ze existuje prefi t; = Ty, Ze y(t) = O pre t = ¢,.

Hovoril o kvaziderivaciach funkcie y a s ich pomocou ukazal niektoré asymptotické vlastnosti
neoscilatorickych rieeni.

V prednéske O niektorych problémoch vieobecnej algebry podal prof. RNDr. MiLAN KOLIBIAR,
DrSc. prehlad niektorych vysledkov, ktoré sa dosiahli na pracoviskdch v Bratislave, KoSiciach
a bud vznikli z podnetu akademika Boruvku, alebo suvisia s jeho pracami z algebry.
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Prva séria vysledkov sa tyka zvdzov L, L’, medzi ktorymi existuje urlitd vdzba, ktord sa da
charakterizovat napriklad tak, ze L, L’ maju izomorfné (neorientované) grafy, alebo ze L, L’ su
,,slabo izomorfné*.

Druha séria vychadza z pojmu dopliikovych rozkladov mnoZiny (v terminoldgii ekvivalencii —
zamenitelné ekvivalencie). Tento pojem sa zovSeobecnil na [Tubovolny pocet rozkladov a aplikoval
sa v rozli¢nych situdciach, ako napriklad priame a polopriame rozklady, nezavislost ekvacional-
nych tried, aritmetické triedy a pod.

Dalsia séria sa tyka reprezentdcie zvdzov pomocou rozkladov mnozZiny a pomocou usporiadani
vhodnej mnoziny.

Prof. RNDr. MirosLAv NovoTNY, DrSc. v prednéske O jednom probléme O. Boriivku poukézal
na to, ze akademik Borivka ma zvlastny zmysel pre vSeobecné matematické otazky, rieSenie
ktorych sa uplatiiuje v roznych matematickych disciplinach. Uviedol, Ze akademik Bortivka
zatiatkom 50. rokov, ked sa zapodieval linedrnou algebrou, pri §tidiu otdzky ako najjednoduchsie
popisat vetky linedrne zobrazenia zameniteIné s danym linearnym zobrazenim uviedol, Ze by
bolo vyhodné abstrahovat z linearity tychto zobrazeni a riesit vieobecnejsi problém. Prednasatel
ukazal zovSeobecnenie problému, ktory akademik Bortvka vyriesil v r. 1952 a na ktorom je
Tahko poznaf, Ze ho staci riesit pre suvislé algebry — vSeobecny pripad sa uz potom da previest
na $pecialny pripad. Popisal kon$trukciu, ktord uréuje homomorfizmus stvislej, monounérnej
algebry do pripustnej algebry.

V prednaske Globdlna transformdcia linedrnych diferencidlnych rovnic n-tého rddu doc. RNDr.
FrRANTISEK NEUMAN, CSc. po struénom uvode ukdézal, ako akademik Borivka v pétdesiatych
rokoch zacina systematicky tvorit svoju origindlnu teériu globalnych transformadcii linearnych
diferencidlnych rovnic 2. radu. Tuto svoju tedriu pocas viac nez 20 rokov hlboko prepracoval a
zakladné vysledky publikoval v monografii o Linearnych diferencidlnych transformdciach 2. radu,
ktora vysla nemecky a anglicky. Svoje hlboké znalosti z algebry a diferencidlnej geometrie uplat-
fiuje akademik Bortivka k popisu globalnej Struktiry linedrnych diferencidlnych rovnic 2. radu
a vyvodzuje zavazné vysledky.

V prednaske doc. Neuman v naviznosti na vysledky akademika Boruvku popisal globalnu
Struktiru linedrnych diferencidlnych rovnic vys$Sich radov. Upozornil na postupy, ktoré mozno
z tedrie rovnic 2. rddu rozsirit pre rovnice vyssich rddov a poukdzal na modifikaciu tychto postu-
pov ako aj na javy, ktoré st vlastné rovniciam vysSich radov.

Niektoré vysledky umoZfiuju riesit otvorené problémy ¢asto bez zdihavych vypodtov, niektoré
metddy davaju dostatoCne zretelny popis globdlneho chovania rie$enia, z ktorého je zrejmé, aky
tvar vysledkov mozno odakavat.

V zavereCnej prednaske seminara Podiel prdce akademika O. Borivku na rozvoji matematiky
na VSD v Ziline RNDr. JarosLAv KrBIrA, CSc.,zhodnotil podiel akad. O. Bortivku na rozvoji
matematiky na VSD v Ziling. Zdéraznil, Ze seminar z diferencidlnych rovnic na Katedre mate-
matiky fakulty SET V8D, ktory vedie doc. RNDr. Jozef Moravéik, CSc. zadal svoju précu
v roku 1965 $tidiom vysledkov prac akademika Bortuvku.

V ramci spominaného semindra riesila sa na V8D v Ziline v rokoch 1966—1975 vedecko-
vyskumnd uloha I-4-1/6 b: ,,Diferencidlne rovnice oby¢ajné v redlnom komplexnom obore‘,
ktorej priebezna a zaveretna oponentura boli uskuto¢nené v r. 1973 resp. v r. 1975.

Vedecko-vyskumna praca pokracuje v rdmci &iastkovej ulohy I-5-1/4b: ,,Oby¢ajné a funkcio-
ndlne diferencidlne rovnice*‘, ktorej priebeZzna oponentiira (za roky 1976—1978) bola v r. 1978.

RNDr. Krbila, CSc. poznamenal, Ze¢ vplyv akademika Borivku na spominané vedecko-
vyskumné préce sa prejavoval jednak jeho osobnymi prednaskami, ktoré ochotne konal na letnych
Skolach poriadanych JSMF alebo na V8D, ako aj bezprostredne cez ¢lenov riesitelského kolekti-
vu, ktori navstevovali jeho semindr z diferencialnych rovnic na PF UJEP v Brne, jednak prednas-
kami a ucasfou jeho Ziakov z PF UJEP v Brne, PF UK v Bratislave a PF UP v Oloumouci na
letnych alebo zimnych $kolach a inych podujatiach zilinskej pobocky JSMF.
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Prednéasatel podrobne oboznamil G¢astnikov semindra s aplikiciou tedrie transformécie aka-
demika Bortvku v pracach dnes uZ pocetnej skupiny diferencidlnych rovnidiarov. S menovitym
uvedenim previedol struény prierez vysledkami préc:

— Vybudovanie teérie hyperbolickych, resp. parabolickych fiz dif. rovnice (gq):y” = q(¢) y,
ktord bola pouZitd na $tidium rydze, resp. $pecidlne disjungovanych diferencidlnych rovnic
prvého a druhéo druhu. '

— Transformécia nelinedrnych diferencidlnych rovnic prvych a druhych amplitid, Riccatiho
diferencidlne rovnice a diferencidlnych rovnic nelinedrnych $pecidlnych tvarov.

— Transformdcia linedrnych diferencidlnych rovnic vy$8ich rddov ako druhého a $tidium ich
oscilatorickych a asymptotickych vlastnosti.

— Zovseobecnenie Floquetovej tedrie pre linedrne diferencidlne rovnice n-tého rddu s neperiodic-
kymi koeficientami.

— Nutné a postadujice podmienky transformovatelInosti linedrnych diferencidlnych rovnic vy33ich
rddov na rovnice s kon§tantnymi koeficientami a $tidium niektorych vlastnosti transformova-
telnych rovnic.

— Vy3etrovanie kvadratickych funkcionélov.

— Skimanie monotonnych vlastnosti vy$Sieho radu rieSeni linedrnych diferencidlnych rovnic.

— Niektoré vlastnosti diferencidlnej rovnice (g), ktorej koeficienty si komplexné funkcie realnej
premenne;.

Skoda, %e pre chorobu nemohol uskuto&nif plénovanu prednasku prof. RNDr. JAROSLAV
KurzweIL, DrSc. Jacobiho rovnice, jej transformdcia a tedria distribiicie — iste by bola vhodne
zapadla do programu seminara.

Prihovory a prednasky vyznievali ako vdak a vcta k osemdesiatym narodeninim akademika
Otakara Boriivku. V tomto znameni venovala aj skupina I'udového stiboru STAVBAR pri n. p.
Pozemné stavby Zilina, nositel vyznamenia ,,Za vynikajicu pracu* a ,,Ceny Antonina Zapotoc-
kého* Tudové piesne, hudbu a tance milému jubilantovi.

Na znak vdaky, uznania a tucty boli akademikovi Bortivkovi odovzdané diplomy a pamétné
medaily UV JSMF, V8D Zilina, VST v Kogiciach, list dekana PFUK v Bratislave a ostatnych
zéastupcov vedeckych pracovisk a vysokych $kol.

V zdveretnom prejave akademik Boruivka s uznanim zdodraznil hodnotné vysledky, ktoré
odzneli v prednesenych prednaskach, podakoval sa za organizovanie seminira o matematike,
ktorého program vyznacoval sa vysokou uroviiou.

Ladislav Berger, Zilina

KONKURS NA ULOHY PRO MATEMATICKOU OLYMPIADU

Pfipomindme ¢tenditim, Ze konkurs vyhldSeny JCSMF a JSMF stale probihd. Je zdjem o pl-
vodni ilohy s jakoukoliv tématikou vhodné pro soutéz. Zvlasté vitdny jsou vtipné technicky nenéa-
ro¢né ulohy pro niz8i kategorie, tilohy s praktickymi ndméty a ulohy z modernizované matema-
tiky. Chcete-li se zuastnit, zadlete dva exemplafe tlohy na formatu A4 na adresu Ustfedni vybor
matematické olympiady, Zitnd 25, 115 67 Praha 1. Za ptijatou tilohu se vyplici odména 50,— K&,
za zv14§t kvalitni tilohy i vice. Usttedni vybor MO tak ziska pravo ulohu upravit a pouZit pro
soutéZ. Nepfijaté Glohy se vraceji. Autofi na sebe berou zavazek, Ze aZ do pouZiti (nebo vriceni)
tlohy ji utaji. ’

Ustiedni vybor matematické olympiddy

430



	
	Periodical issue
	Title page
	Article
	Obituary
	Article
	Table of literature references
	Article
	Table of literature references
	Article
	Table of literature references
	Article
	Table of literature references
	Article
	Table of literature references
	Article
	Table of literature references
	Other
	Other
	Article
	Figure

	Article
	Figure

	Article
	Article
	Article
	Article
	Article
	Article



