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1. INTRODUCTION

In the paper [1] devoted to the axiomatic theory of differential equations,
O. HAEK introduced the notion of the process p in an abstract set P over a subset T

of the reals as a relation p in the cartesian product P x T, satisfying the following
three conditions:

(i) ((y, v), (x, u)) € p implies v = u;
(ii) ((», u), (x, u)) € p implies y = x;
(iii) ((y, v), (x, u)) € piff for each w € {u, v) there exists z € P such that ((y, v), (z, w)) e
ep, ((z, w), (x,u)) €p.

In [2], omitting the group property (iii), Hajek introduced the notion of a pre-
process and conjectured that many properties of the processes could be proved for
the pre-processes as well. This idea inspired the authors to develop the theory of
pre-processes (called pseudoprocesses in our terminology) and to prove some results
concerning local determinacy of these objects. For the motivation of both the notions
introduced and the investigations performed in the paper see [1], [2] and [4].

First of all we shall recall several notions and the notation concerning relations
between two sets, which will be used throughout the paper.

. 1.1. Relations. Let X, Y be arbitrary sets. Any subset r of the cartesian product
X x Y (in this order) is called a relation between X and Y. If X = Y, then a relation
r « X x X is called a relation in X. When a pair (x, ) belongs to a relation r, then
we write either (x, y) e r or xry.

Since relations are sets, the meaning of the symbols rcs, rus,rnsetc for any
two relations r, s between X and Y is obvious. Recall that the relation inverse to
r c X x Yis the relation r™! = Y x X defined as follows:

(1.1.1) xr~ly iff yrx.
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The identical relation in X will be denoted by 1, and defined by

(1.1.2) xlyy if x=yeX.

-

IfrcX xY, scYx Z, then the composition r o s of the relations r and s
(in this order) is the relation r o s = X x Z satisfying the following condition:

(1.1.3) xr o sz iff there exists y € Y such that xry and yrz.
For each r = X x Y we define the domain of the relation r as the set
. (1.1.4) D, = {ye Y| xry for some x e X} .
Given r c X x Y, we set
(1.1.5) ry ={xeX|(x,y)e D},
(1.1.6) rd = {xe X | (x, y) € D, for some y € A}
for each y € Yand A = Y. Analogously, we set

(1.1.7) xr={yeY|(x,y)eD},
(1.1.8) Br = {ye Y| (x, y) € D, for some x € B}

for each xe X and B < X.
The partialization of a relation r ¢ X x Yto a subset A = Y is the relation

(1.1.9) rla=rn(X x 4).

Recall that r ¢ X x Y is said to be reflexive, symmetric or transitive iff 1y r,
r=r"!orro.r c r, respectively.
It is evident thatif r, s « X x X, then

(1.1.10) rcs iff rrics™?,
(1.1.11) (ros)y *=s"tor !,

In what follows, P will denote an arbitrary fixed set and T will denote a subset
of the set R of all reals, ordered by the natural order relation < inherited from R.
The symbol R* will be used to denote the extended real line R U {— o0, + o} with
the ordering extended from R to R* in such a way that —o0 < x < + oo for each
x eR. If M is a subset of any one of the sets T, R, R¥, then sup M will denote the
least upper bound (L.u.b.) of the set M in the set R¥.

The main objects investigated in this paper are relations r in the cartesian product
P x T. Each such relation determines uniquely a system of relations ,r,in P, u,ve T,
such that

(1.1.12) (r, v)r(x, u) iff yrx.
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Conversely, each relation r (P x T) x (P x T) is uniquely determined by such
a system of relations ,r, = P, u, v e T according to (1.1.12).
Evidently, (1.1.5) and (1.1.7) imply

(1113) oFuX = {y € Pl yurux} s
(1.1.14) Yofu = {x€P|y,rx}.

1.2. Lemma. Let r, s be relations in P x T. Then the following assertions are
equivalent:

(@) res.
(i) (v, v) r(x, u) implies (y, v) s(x, u) for all (x,u), (y,v)eP x T.
(iii) y,r,x implies y,s,x for all x,yeP, u,veT.
(iv) ,rx = 8% forall xeP, u,veT.
(V) ofu = o5, for all u,veT.
1.3. Lemma. Let p, r, s be relations in P x T. Then the following assertions hold:

(@) (frus), =, s, forall u,veT.
(ii) (rns), = ,r,n,s, forall u,veT.
(i) (,p,)~* = .p, ' forall u,veT.

2. RIGHT PSEUDOPROCESSES

2.1. Definition. Let P be an arbitrary set, T < R*, p <= (Px T) x (P x T). The
relation p is said to be a pseudoprocess in P over T iff it satisfies the condition

1)) LPuc1p forall ueT.
A pseudoprocess p in P over T is said to be right iff
(R) WP. 0 implies u < v.
The set of all right pseudoprocesses in P over T will be denoted by Ps(P, T).

2.2. Remark. In accordance with (1.1.4), the domain of a pseudoprocess p in P
over T is the set

D, = {(x,u)eP x T|(y,v) p(x,u) forsome (y,v)eP x T}.

Given a pseudoprocess p in P over T, we shall denote by I, the set

(2.2.1) I, = {(x,u) e D, | (x, u) p(x, w)} .

Quite illustrative examples of pseudoprocesses may be found e.g. in [5].
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.. The behaviour of many physical systems may be analysed by means of pseudo-
processes. From this point of view the following question is very natural: Given
pePs(P, T), (x,'’u) € D,, what is the set of such ¢t e T that ,p,x + 0? To answer this
question, we need ﬁrst to introduce several further notions.

2.3. Definition. Let p € Ps(P, T). The map

(@31) e:D, - R¥
deﬁned by
(23.2) e(x,u) = sup {te T| ,px + 0},

is called the extent of existence of the right pseudoprocess p.

A right pseudoprocess p is said to have local (global) existence at a point (x, u) €
€ D, iff (x, u) eI, and e(x, u) > u (e(x,u) = sup T).

A right pseudoprocess p is said to have local (global) existence iff it has local
(global) existence at each point (x, u) € D,,.

A point (x, u) €I, is said to be a start point of the right pseudoprocess p iff x,p, =
= @ for each te T n {— o0, u).

A point (x,u)el, is said to be an end point of the right pseudoprocess p iff
P.x = 0 for each te T N (u, +00).

2.4. Remark. Evidently, if ,p,x + 0, then necessarily u < ¢t < e(x, u).
A point (x,u)el, is an end point of a right pseudoprocess p iff y,p,x, t = u,
te T implies (y, t) = (x, u), i.e. iff e(x, u) = u.

2.5. Definition. Let p € Ps(P, T). The map
(2.5.1) d:D, - R¥,
defined by _
(252) d(x,u) =sup{weR | card (,p,x) < 1 forall te Tn (u, w)},

is called the extent of unicity of the right pseudoprocess p.

A right pseudoprocess p is said to have local (global) unicity at a point (x, u) € D,
iff d(x, u) > u (d(x, u) = + ).

A right pseudoprocess p is said to have local (global) unicity iff it has local (global)
unicity at each point (x, u) € D,,.

2.6. Lemma. Let p € Ps(P, T). Then the following assertions hold:

(i) If (x,u)e D, then u < d(x,u) £ +co.
(ii) If d(x, u) < + oo, then to any v > d(x, u) there exists t € T such that d(x, u) £
S t < v and card (,p,x) 2 2; especially, u < d(x,u) < e(x,u) S sup T.
(i) If d(x, u) < 4o, then e(x, u) > u.
(iv) If e(x,u) = u, then d(x,u) = +c0.
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2.7. Remark. Let p, p’ € Ps(P, T), p’ = p. Then evidently

(2.7.1) Py ,p, foral u<v in T,
2.72) D,<D,, I.cI,.

If ,p.x =+ 0, then also ,p,x + 0 so that the corresponding extents of existence ¢
and e of the pseudoprocesses p’ and p fulfil

(2.7.3) ¢(x,u) < e(x,u) forall (x,u)eD, .

Hence, if p’ has local existence at a point (x, u) € I, then also p has local existence
at the point (x, u). If a point (x, u) € D, is an end point of p, then also (x, u) is an
end point of p’. Finally, if D, = D, and if p’ has global existence, then also p has
global existence.

If card (,p,x) < 1, then card (,p,x) < 1 so that the corresponding extents of
unicity d’ and d of pseudoprocesses p’ and p fulfil

(2.7.4) d(x,u) < d'(x,u) forall (x,u)eD, .

Hence, if p has local or global unicity at (x, u), then also p’ has the same property.
If d'(x, u) < + o, then (2.7.3), (2.7.4) and 2.6. (ii) yield

(2.7.5) d(x,u) < d'(x,u) £ €(x,u) < e(x,u) forall (x,u)eD,. .
2.8. Definition. Let p e Ps(P, T), s = P x T. The relation s is called a solution of
the right pseudoprocess p iff the following three conditions are satisfied:
(i) the domain D, od s is an interval in T;

(ii) s is a map of D into P;
(i) s(v) ,p, s(u) holds for all u,ve Dy, u < v.

The set of all solutions of p will be denoted by S,,.

2.10. Remark. According to the preceding definition, each p € Ps(P, T) is assigned
a set S, of maps from T into P — the set of solutions of p. A question arises whether,
given an arbitrary set S of maps from T into P such that for each s € S its domain D,
is an interval in T, there exists a pseudoprocess p in P over T such that S = §,. Let
us show that the answer to this question is affirmative.

Givenaset P, T = R* and S a set of maps s : T — P with D, an intervalin T, let us
define a relation p° in the set P x T as follows:

(2.10.1)  (y, v) pS(x, u) iff there exists se S such that u,ve D,, u < v, s(u) = x,
s(v) = y.

Clearly p’ e Ps(P, T) and ,p} # @ iff u < vin T and there exists s € S such that
(2.10.2) u,veD,, s(v),p;s(u).
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Hence

(2.10.3) ScS,s.

Let now p € Ps(P, T) be given and let us apply the preceding construction to the
sets P, T and S,. We obtain a right pseudoprocess p°*. According to (2.10.1), for
each (y, x) e ,p,° there exists se S, such that s(u) = x, s(v) = y, s(v) ,p, s(u), i.e.
(», x) € ,p,. Hence

(2.10.4) pS» < p.

The converse icnclusion does not hold in general. (Take, for example, any p € Ps(P, T)
with D, — I, = 0.) This result leads to the following definition.

2.11. Definition. Let p e Ps(P, T). The pseudoprocess p is said to be solution
complete iff for each pair ((y, v), (x, u)) € p there exists s € S, such that s(u) = x,
s(v) = y.

2.12. Remark. Let p e Ps(P, T) be solution complete and let (y, x) € ,p,. Then
there exists s € S, such that

s(u) = x, s(v) =y

and

(v, x) = (s(v), s(u)) € Pi7 -
Hence
(2.12.1) pc pr.

From (2.12.1) and (2.10.4) we obtain the following assertion.
2.13. Lemma. Let p € Ps(P, T). Then p is solution complete iff p = p°>. .

2.14. Remark. Let p,p’ePs(P,T), p’ = p. If seS,, then all u,veD,, u<v
satisfy

(s(v), s(u)) € ,Pi = WP
so that se §,. Hence

(2.14.1) S, S

p’ P

3. COMPOSITIVE. RIGHT PSEUDOPROCESSES

3.1. In the theory of processes one of the axioms for an abstract process in P
over T is the equality

(3.1.1) oPu=oProp, forall u<t<v in T.
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This equality is clearly equivalent to the following two inclusions

(3.1.2) oPu S oProepy forall u<t<ov in T
and .
(3.1.3) oPuD Procp, forall u<t=<v in T.

Now we shall investigate in some detail the right pseudoprocesses satisfying the
condition (3.1.2).

3.2. Definition. Let p e Ps(P, T). The right pseudoprocess p is said to be com-
positive iff the condition

(RC) oPu S oProp, forall u<t<v in T

is satisfied.

The set of all compositive right pseudoprocesses in P over T will be denoted by
Psc(P, T).

3.3. Remark. Given pePs(P, T), u,ve T, then ,p, + @ need not imply ,p, +
# 0 nor ,p, + 0. Nonetheless, if p is compositive, then from the condition (RC)
and the assumption ,p, + @ one obtains for t = u, t = v the inclusions

0*0Pu¢qu°uPus 0*quchv°vpu’

respectively; hence it follows ,p, + 0, ,p, + 0, respectively. Thus for p € Psc(P, T)
the sets D, and I, coincide and may be characterized as follows:

o =1, = {(x,u)eP x Tl,,p,,x +0}.
3.4. Lemma. Let p € Psc(P, T), (x, u) € D,. Then the following assertions hold:

(i) If u < e(x, u), then p,x + O for all te T A {u, e(x, u)).
(i) fu <t <v<d(x,u)in T and if z,p,x, y,p,X, then also z,p,y.
(iii) If u < v < d(x, u) in T and y,p,x, then

(3.4.1) d(x,u) 2 d(y,v), e(x,u) < e(y,v).

Proof. The assertion (i) follows easily from (RC).

The assertion (i) follows from (2.5.2) and (RC). Indeed, {z} = ,p,x, {y} = p.x
so that
. {Z} = oPuX S pPro PuX = ,PeY 5
ie. z,py.

We shall prove the assertion (iii). Let u < v < d(x, u), let-y € P be such that
{»} = ,p,x. Then (RC) implies

(3.4.2) PuX S PyoPX =,y foral u£v<t in T.
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Thus
. card (,p,x) < card (,p,) .

Hence and from (2.5.2) one easily obtains the first inequality in the assertion- (iii).
The second inequality follows from the inclusion

{te TI PuX *F 0} c {te Tl Poy *+ 0},
which is a direct consequence of 3.4.(i) and 3.4.(ii).

3.5. Definition. Let pe Ps(P, T), (x,u)e D,, s = P x T. The relation s is called

a characteristic solution of p through the point (x, u) iff it satisfies the following
two conditions:

(i) D, = {ve T|card (;p,x) = 1 for all te T A u, v)};
(ii) s(v) ,p,x holds for all ve D,.

3.6. Remark. It follows immediately from the condition 3.5.(i) that D, is an interval

in T and that s is a map of D, into P. Observe that a characteristic solution need not
be a solution.

3.7. Lemms. Let pePsc(P, T), (x, u)e D,, u < d(x, u), let s be a characteristic
solution of p through (x, u). Then s € S, with D, an interval of the form {u, ') or
{u,u'), where

' = min {e(x, u), d(x, u)} = <

e(x,u) if d(x,u)= +o0,
d(x,u) if d(x,u) < +o.
Proof follows easily from 3.5, 3.4.(ii) and (3.4.1).

3.8. Theorem. Let p € Ps(P, T). Then the following assertions hold:

(i) If p is solution complete, then it is compositive.
(i) If p is compositive and has global unicity, then it is solution complete.

Proof. Ad (i). We have to prove the inclusion
(3.8.1) oPu S ProP, forall u<t<v in T.
Let (y, x) € ,p,. Then there exists s € S, such that s(u) = x, s(v) = y and

s(v) oPes(t), s(t) Pus(u) forall u <t<v in D,.
Thus ' :

(3.82) s(v) oPe© 1Py s(u) forall u<t<wv in D,.

Since s(u) = x, s(v) = y, it follows from (3.8.2) that (y, x) € ,P¢ o (Pu- The pair (y, x)
was taken arbitrarily from ,p,, hence (3.8.1) holds.
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Ad (ii). The assertion follows from 3.7 and 3.5.

3.9. Remark. In [2] Héjek applies some methods of the lattice theory in order to
construct least upper bounds and greatest lower bounds of sets of processes. This
idea motivates also the following definition.

3.10. Definition. Let p, p* € Ps(P, T). The pseudoprocess p* is called a lower
modification of the pseudoprocess p iff

(@) p" = p;
(ii) p* € Psc(P, T);
(iii) p’ € Psc(P, T), p’ = p implies p’ = p*.

3.11. Lemma. Let p € Ps(P, T). Define p~ € Ps(P, T) as follows:

(3.11.1) P = N{PioPu|uSt<vinT}.
Then p~ has the following properties:

@) P~ < p;

(i) p~ = p iff pePsc(P, T);
(iii) p’e Psc(P, T), p’ = p implies p' = p~.

Proof. Ad (i). Setting ¢ = v in (3.11.1) one obtains easily
(3.11.2) P ucS P, forall u<v ,in T,

whence p~ < p.
Ad (ii). Let p~ = p. Then

oP " = oPu = ﬂ{»P:o:Pu|u StsSv in T}
so that

(3.11.3) oPu © ProsPy forall u<t<v in T.

Thus p is compositive. _
Conversely, if p is compositive, i.e. if (3.11.3) holds, then

oPu S NfoProPu|uSt=<0 in T}=,p,.

‘Hence and from (3.11.2) we obtain easily that p~ = p.
Ad (iii). If p’ < p, then (2.7.1) implies '

oPto Py © Prop, forall u<t=<v in T.

Since p’ is compositive, the inclusions
’ ’ ’
oPu < va o ¢Py © oPto tPu
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hold forallu £t £ vin T. Hence
.,p,"cn{',,p,a,p,lu St<v in T}=,p", foral u<v in T,

which yields p’ < p~.

3.12. Construction of a lower modification. Let us define, by transfinite induction,
pseudoprocesses p, as follows:

Po=Ps Pwt1 =P n> Po=0Pn>s

n<ow

where p~, denotes the pseudoprocess connected with p, according to the preceding
lemma. The sequence (p,),s o is then constant starting at least from a certain ordinal,
say m; thus p~,, = p,,. Let us show that this p,, is the lower modification of the
pseudoprocess p.

Clearly, pseudoprocesses p, and p~, for each n satisfy the assumptions of Lemma
3.11. Hence all p~, satisfy conditions 3.10.(i) and 3.10.(iii) with p~, instead of p*.
Since p~,, = Pms 3.11.(ii) yields p,, € Psc(P, T) so that p, satisfies all three conditions
of Definition 3.10.

3.13. Remark. Let p € Ps(P, T) and let p* be its lower modification. Since p* < p,
(2.7.2) implies

(3.13.0) D,. c D,.

The inclusion in (3.13.1) cannot be in general replaced by the equality. However,
if p is such that

(3.13.2) | D,=1,,
and (x, u) € D, is arbitrary, then according to (3.11.2)
WPrX = px = {x},
hence (x, u) € D,. Thus D, = D,.. This together with (3.13.1) gives the assertion
(3.13.3) - D, =D,, whenever (3.13.2) holds . -

From 3.3 there follows tilat the equality.D, = D,. holds for all p € Psc(P, T).
Now, let I be an arbitrary set and let p; e Ps(P, T) for all i e I. Set

P=NP:.
el

Clearly, p € Ps(P, T). However, if all p, are compositive, p need not be compositive.
Let Ap; denote the lower modification of (\p;. According to Definition 3.10 it
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holds Ap; € Psc(P, T). From Ap; < p; for all i € I one obtains

(3.13.4) D,, = D,, forall jel,
hence
(3.13.5) Dy, =ND,,.

Jjel
If all p, satisfy the condition (3,13.2), then the same holds also for their intersection
and the equality

D,y = n D,,
‘JEI
takes place. The condition (3.13.2) is fulfilled e.g. if all p; are compositive.

3.14. Theorem. Let p € Ps(P, T) and let p* be the lower modification of p. Then
Sp=S,..°

Proof. Let s € S,. Then D, is an interval in T and
(3.14.1) (s(v), s(u)) e ,p, forall u<wv in D,.
Let us show that
(3.14.2) (s(v), s(u))e p~, forall u<v in D,,
where, according to (3.11.1),
(3.14.3) P u=N{PioPu|ust<vinT}.
From (3.14.1) it follows

(s(v), s(t)) € P, (s(t), s(u)) e ,p, forall u<t<v in D,,
hence '
(s(v), s(u)) € o P, forall u<t<wv in D,.

This and (3.14.3) imply immediately (3.14.2). From (3.14.2) and from the construction
of the lower modification p* described in 3.12 it follows easily that

(s(v), s(u)) e p*, forall u<v in D,,

i.e. se S,.. We have proved the inclusion S, = S,.. Since S,. = S, according to
(2.14.1), the theorem is proved.

3.15. Corollary. Let p; € Ps(P, T) for i from an arbitrary index set I. Then

1

Spee =N Sp.a .
Jjel
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3.16. Remark. Let e; and d; denote the extent of existence and the extent of unicity,
respectively, for p, € Ps(P, T), i € I, and let e and d denote the extent of existence and
the extent of urdicity, respectively, of p = Ap;. Then

(3.16.1)  e(x,u) < inf {e(x,u)|iel}, d(x,u) 2 sup{d(x,u)|iel}

for all (x, u) € D,,. Hence it follows immediately that each start or end point of some p;
is the point of the same type of p. The converse does not hold. If some p; has local or
global unicity at (x, u), then p has the same property. The analogous assertion for
local or global existence is not valid.

1
4. TRANSITIVE RIGHT PSEUDOPROCESSES

4.1. In 3.1 we decomposed the equality (3.1.1) into two inclusions (3.1.2) and
(3.1.3). In the preceding section we have investigated right pseudoprocesses fulfilling
the condition (3.1.2). Now we shall investigate the right pseudoprocesses which
fulfil the condition (3.1.3) and also those fulfilling both the conditions (3.1.2) and
(3.1.3).

4.2. Definition. Let p € Ps(P, T). The right pseudoprocess p is said to be transitive
iff the condition

(RT) oPu D oProspy forall u<t<v in T
is satisfied.

The right pseudoprocess p is called a right process in P over T iff it is compositive
and transitive.

The set of all transitive right pseudoprocesses in P over T will be denoted by
Pst(P, T) and the set of all right processes in P over T will be denoted by P(P, T).

4.3. Lemma. Let pe Ps(P, T). Then pe P(P, T) iff po p = P.

Proof. Indeed, the equality p = p - p is equivalent with

oPu = Pro.p, forall u<t=<v in T.

4.4. Lemma. Let pe Ps(P, T), let J be an interval in T and I an arbitrary set.
Then the following assertions hold: '

() If seS,, then 3|, €S,
(ii) If s, € S, for i €I are such that D,,,, is an interval in T, then (\s; € S,,.

(iii) If p is transitive and s;€ S, for i€l are such that D, 0 D, % @ and s; U s,
is a map for all i, jel, then \Js; € S,,.

124



4.5. Lemma. Let pePst(P, T), u < v in T, y,p,x. Then the following assertions
hold:

(i) If v = e(x, u), then (y, v) is an end point of p.
(i) Ifv S win T, z,p,y, then also z,p,x.
(iii) d(x, u) < d(y, v), e(x, u) = e(, v).
(iv) If peP(P, T), v < d(x,u) in T, then

d(x,u) = d(y,v), e(x,u)="e(y,v).

4.6. Example. In the assertions 3.4.(iii) and 4.5.(iv) the local unicity of p at the point
(x, u) is assumed. As will be shown, this assumption may not be omitted.
Define the right pseudoprocess p in P = {x, y, z, u} over T = {0, 1, 2} as follows:

oPo = {(x, x)} >
Po = {(0, %), (. x)}, +Ps = {(», ¥) (w, u)},
2P0 = {(z, x)}, 2P = {(Z’ u)}, 2Pz = {(z z)}

Clearly y,pox, zzPoX, 2 = €(x,0) > e(y,1) = 1, 0 = d(x,0) < d(y, 1) =

4.7. Remark. If p é. Psc(P, T), it may happen that y,p,x, d(x, 4) = +o0 and
d(y, v) <"+ oo. Lemma 4.5.(jii) yields that this situation is impossiblé if p is a process.

4.8. Remark. Let us show what is the advantage of passing to a lower modification
of p in the case when p is transitive. From the construction of a lower modification p*
of p, described in 3.12, one easily obtains that if p € Pst(P, T), then p* e Pst(P, T).
Smce p” € Psc(P, T) holds for each p e Ps(P, T), it is clear that if p € Pst(P, T) then

~eP(P, T).

If p; for i from an arbitrary index set are right transitive pseudoprocesses, their
intersection is again a transitive right pseudoprocess. If p; are right processes, their
intersection need not be a right process, because the intersection of compositive right
pseudoprocesses need not be compositive. However, the lower modification’ Ap,
of the intersection of transitive right pseudoprocesses or right processes is a right
process.

5. LOCAL DETERMINACY OF RIGHT PSEUDOPROCESSES -

5.1. In this last section we are going to invesiigate the question, when the knowledge
of the local behaviour of a right pseudoprocess enables us to make conclusions
concerning the local behaviour of another right pseudoprocess. In this context we
shall study also the problem of the local equivalence of right pseudoprocesses.

Given p € Ps(P, T), let us denote

L,={(s;u)eS, x T|ueD,},
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where, as usual, D, denotes the domain of the solution s € S, and let & or &, stand
for the set of all start or end points of p, respectively.

-

5.2. Definition. Let p e Ps(P, T), (x, u) € D,. The right pseudoprocess p is said
to have right (or left) local existence of solutions at a point (x, u) iff the following
conditions are fulfilled:

(@) (s u) ¢ &5 (or (x, u) ¢ Fo);
(ii) there exist & > 0 and se S, such that

(u,u +eynTe D, (or iu—¢euynTcD,),

respectively. The right pseudoprocess p is said to have right (or left) local
existence of solutions iff it has this property at each point (x, u)e (D, — é’p),
(or (x, u) e (D, — &,)), respectively.

5.3. Definition. Let p e Ps(P, T), (x,u)e D,. The right pseudoprocess p is said
to have bilateral local existence of solutions at a point (x, u) iff it has
(i) right local existence of solutions at the point (x, u) if (x, u) € (D, — &,);
(ii) left local existence of solutions at the point (x, u) if (x, u) € (D, — &)
_The right pseudoprocess p is said to have bilateral local existence of solutions iff

it has this property at each point (x, u) € D,,.

5.4. Remark. Observe that if p € Ps(P, T) is solution complete then it has bilateral
local existence of solutions. If p is compositive and has local unicity at a point
(x, u) with u < d(x, u) < + oo, then p has right local existence of solutions at the
point (x, u).

5.5. Definition. Let p, p’ € Ps(P, T). The right pseudoprocess p’ is said to determine
the local behaviour of the right pseudoprocess p (which is shortly written as p’ < p)
iff the following conditions are fulfilled:

@) P <= p

(ii) there exists a map

(5.5.1) : k:L, - R

such that k(s, u) > u for u < sup D,, k(s, u) = u for u = max D, and

(5.5.2) sl(u.k(s.n)) € SP’ .

5.6. Definition. Let p, p’ € Ps(P, T). The right pseudoprocess p is said to determine
the bilateral local behaviour of the right pseudoprocess p (which is shortly written
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as p’ X p) iff the following conditions are fulfilled:
@ p <= ps
(ii) there exist maps
(5.6.1) ki, ky : L, > R¥
such that
ky(s,u) <u for inf D, <u, kys,u)=u for min D,=u,

ky(s,u) >u for sup D, > u, ky(s,u)=u for max D, =u
and

(5.6.2) S| k(a0 k(s> € Sp -

5.7. Remark. Clearly the property < is stronger than <, i.. if p, p’ € Ps(P, T),
P’ < p, then p’ < p. Since many assertions concerning the relations < and < may
be formulated simultaneously, we shall do it using the symbol <. In these assertions
the symbol < has to be replaced either by < or by <.

5.8. Lemma. Let p, p' € Ps(P, 7).
(@) If p' < p, then S,, = S,, and D, < D,
(ii) If p' < p, then &, = &, D,..
(iii) If P’ <X P, then &, = &, D, and &, = &, 0 D,..

(iv) If p' < p and p has right or left local existence of solutions, then D, = D
&, = &,; if, in addition, p’ X p, then also &, = ¥,,.

.24

5.9. Lemma. Let p, p’, p" € Ps(P, T), p” = p’ = p. Then the following assertions
hold:

@) If p" < p, then p’ < p.
(ii) If p" < p, then p" < p'.
(iii) If p" < p’, P’ < P, then p” < p.

5.10. Lemma. Let p, p' € Ps(P, T), p = p’. Then p < p’ iff p* < p'.

5.11. Lemma. Let p, p’,p"€ Ps(P, T). Then the following three.assertions are' -
equivalent. ’

@ p <p p"<p
(i) P~ p" < p.
(iii) p* A p” < p.
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Proof. Let us prove the equivalence of the assertions (i) and (ii). According to
Definitions 5.5 and 5.6 p’ < p, p” < p iff p’ = p, p” = p and for each (s, u)e L,
there exist intewals I, I, = D, such that

(s(t), s(v)) e ,p, forall v<t in I,
(s(t), s(v)) e ,p, forall v<t in I,.
This occurs iff p’ N p” = p and
(s(t), s(@) e P, P, =[PP, forall v<t in I, nI,,
ie. iff p' N p” < p.
The equivalence of the assertions (ii) and (iii) follows directly from 5.10.
5.12. Definition. Let p, p’ € Ps(P, T). The right pseudoprocesses p and p’ are said
to be locally equivalent or bilaterally locally equivalent (which is shortly written

as p <> p’ or p<>= p') iff there exists p” € Ps(P, T) such that p” < p, p” < p’ or
P"<XP P"XP.

5.13. Remark. Clerly, if p <3 p’, then p <> p’. In what follows, the symbol <>
has to be replaced either by <> or by <.
5.14. Lemma. Let p, p’ € Ps(P, T). Then the following assertions are equivalent:
@) p <> p. v »
(@ pnp <ppnp <p.
i) pApP <p,PAP <P.
_ 5.15. Theorem. The local equivalence and the bilateral local equivalence of
right pseudoprocesses in P over Tare equivalence relations on Ps(P, T).

Proof. The relation <> is clearly reflexive and symmetric. So it remains to prove
that it is also transitive.

Let p, p’, p"€Ps(P, T) be such that p <> p’, p’ <> p”. Then 5.14. (ii) yields
pnp <p,p np”" <p,hence pn p’ n p" < p’ according to 5.11. This together
with the inclusions

pPApnp cpnp cp’, pnpnp’cp np’ cp

guarantees that the assumptions of Lemma 5.11 are fulfilled. Applying this lemma,
one obtains ’

PAP NP <pNpP <p, PNP' Nnp'<p' np’"<p’,

which means that p <> p”.
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5.16. Theorem. Let p, p’ € Ps(P, T) have right local existence of solutions. Then
p <> p’ iff the following conditions are fulfilled:

(i) D, = Dy, &, = &,;

(ii) there exists a map

(5.16.1) riL,— R*

such that r(s, u) > u for u < sup D,, r(s, u) = u for u = max D, and
(5.16.2) | curris.ipy € Soe -

Proof. Let p <> p’. There exists p"e Ps(P, T) such that p" <p, p" <p'.
According to 5.8.(iv) we have D, = D,. = D,,, &, = &,» = &, so that (i) holds.
Take any (s, u) € L,. Since p” < p, there exists a real k(s, u) such that

s|<u.k(sm)) € Sp" = Sp' &

Hence the condition (ii) is satisfied with r = k.

Now we shall prove the second part of the theorem. Let p, p’ € Ps(P, T) satisfy
the conditions (i) and (ii). We have to prove that p <> p’. According to 5.14.(ii)
it is sufficient to show that pn p’ < p, pn p’' < p'.

Clearly pn p’ = p, pn p’ = p’, hence 5.5.(i) holds.

Take any (s, u) € L,. Then, according to (5.16.2), there exists (s, u) such that

S| cusre.ur> € Sp -
Since s € S, it holds also

S|curtsnr> € Sp -
Hence

sl(-«,r(s.u)) €Sy NS, = Spnps

which is the condition 5.5.(ii). Thus p <> p'.

5.17. Example. Let us show that locally equivalent pseudoprocesses may have
different start points.
Define a right pseudoprocess p in R over R as follows:

ypPx ff y=x—-u+1t for u<t in R, x,yeR.
Define a right pseudoprocess p’ in R over R as follows:
ypox iff y=x—-—u+t

for u < tin R and x, y € (— o, 0) or x, y €0, + ). Clearly D, = D,.. For any
(s, u) € L, there exists a real r(s, u) such that r(s, u) € (u, +o0) if s(u) = 0, r(s, u) e
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€ (u, u — s(u))if s(u) < 0and it holds

sI(“l'(’r")) € SP' *

-

Finally, neither p nor p’ has an end point, hence p <> p’ according to Theorem
5.16. However, p has no start point, while each point (0, u) with u € R is a start
point of p'.

5.18. Theorem. Let p, p’ € Psc(P, T) have local unicity. Then p <> p’ iff there
exists a map

(5.18.1) h:D=D,uD, — R*

such that

(5.18.2) h(x,u) > u for all (x,u)eD

and

(5.18.3) Pux = px forall u<t=<h(x,u) in T.

Proof. Let p <> p’ so that the conditions (i) and (i) of Theorem 5.16 are
satisfied. Denote D = D, = D, and construct the map h from (5.18.1) having the
properties (5.18.2) and (5.18.3).

Take (x, ) € D. If a point (x, ) is an end point of p, then it is also an end point
of p’ and Definition 2.3 yields

Px=px=0 forall t>u in T.

In this case we may define h(x, u) > u arbitrarily. If the point (x, u) is not an end
point of p, then p has local existence at (x, u). Since p is compositive and has local
unicity at (x, u), there exists a solution s € S, with a nondegenerate D, and satisfying
s(u) = x. From 5.18.(ii) we have a real r(s, u) such that

sl(l«.r(s,u)) € Sp’ ’

whence the equality (5.18.3) follows with h(x, u) = r(s, u).

Suppose now that there exists a map h from (5.18.1) having the properties (5.18.2)
and (5.18.3). Then one verifies easily that the condition (5.18.3) together with 3.3, 2.3,
3.5 and 3.7 yields the conditions 5.16.(i) and 5.16.(ii), hence p <> p'.

5.19. Remark. Example 5.17 shows that locally equivalent right pseudoprocesses
need not coincide. A similar situation described in terms of local semi-dynamical
systems may be found in [3], chap. III, items 2.12 and 2.13 and in [7]. As will be
shown in Theorem 21, if local equivalence is replaced by bilateral local equivalence,
we are able to obtain a more definite result. First we shall formulate the counterpart
of Theorem 5.16 for bilaterally locally equivalent right pseudoprocesses.
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5.20. Theorem. Let p, p' € Ps(P, T) have bilateral local existence of solutions.
Then p <= p’ iff the following conditions are fulfilled:

(i) D, =Dy, 6, =&y, ¥y =Fps;

(ii) there exist maps

(5.20.1) ri,ry:L, > R¥

such that
ris,u) <u for inf D, <u, rys,u)=u for min D,=u,
ros,u) >u for supD;>u, ry(s,u)=u for maxD,=u

and

(5.20.2) sl(n(s,u),rz(s,u)) € SP' .

Proof is an easy modification of the proof of Theorem 5.16.

5.21. Theorem. Let T be a closed subset of R and let p, p’ € P(P, T) be solution
complete processes. Then p = p' iff p = p.

Proof. If p = p’, then evidently p <XX= p’. So the only nontrivial part of the proof
is that p <= p’ implies p = p'.

Let p < p’. We shall prove that p < p'.

Take arbitrary ((v, v), (x, u)) € p. Since p and p’ are solution complete, they have
bilateral local existence of solutions so that we can use Theorem 5.20. If v = u,
then necessarily y = x and using the equality D, = D, from 5.20.(i) one obtains
(x, u) € D,,., so that

(5.21.1) (v, ), (x,u)ep’.

Thus, in what follows it will be supposed that v > u.
First, let us suppose that (x, u) ¢ &, and (y, v) ¢ &,. Then there exist points (x’, u’),
(v, v) such that u' < u < v < v’ and

(e u), x5 w)ep, ((v,0) (nv)ep.
Since p is solution complete, there exists a solution s € S, such that
sw)=x", s(u)=x, s() =y, s(v)=y

Clearly <u,v) = (u’,v') = D,. The assumption p <> p’ and Lemma 5.14.(ii) imply
PNP X P, PN P < p’ so that there exist maps k,, k, from (5.6.1) such that

S| ckscs00 k205,03 € Spmpr © Spr foreach tedw,v’) in T.

Thus for each t € {u’, v'> N T there holds

§ = sl(h(s,t).kz(s.r)) €Sy .
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The set {u, v) N T, being an intersection of the compact set {u, v» and the closed
set T is compact and

Cu, ) 0 T < U{(ky(s, 1), ka(s, 1) | te<u, v) A T}

Thus there exists a finite number of t,, ¢,, ..., t, such that

lu,od N T cigjl(kl(s, 1), ks, t.) -

Since s,, = sforeachi = 1,2, ..., n, it is also

n
s'=Us,cs
i=1
with

{u,v) nT< D, < L") (ky(s, 1), ka(s, t)))
i=1

Certainly D, is an interval in T containing the set (u, v) N T. From s,, € S, and from
Lemma 4.4.(iii) one obtains s’ € S,.. Hence and from s’ < s, u, v € D;, we conclude

s'(u) =s(u) =x, s@)=s()=y, s(v),p,s(u)

so that (5.21.1) holds.
Now, let us suppose that (x, u) € &,. To each s € S, with s(u) = x, s(v) = y there
exists a real k,(s, ) > u such that

8| cukatos € Sprpr = Spr -
Denote
w=ky(s,u), " =5s|qu, z=25(w).

Clearly ((y, v), (z, w)) € p', (z, w) ¢ (&, U &,) so that according to the first part of
the proof ((y, v), (z, w)) € p’. Since ((z, w), (x, u)) e p’ as well and p’ is transitive,
one has (5.21.1) also in this case.

Finally, let us suppose that (y, v) e &,. Corresponding to se€ S, with s(u) = x,
s(v) = y there exists a real k,(s, v) < v such that

8| cka(s,00,05 € Speapr = S -

Now applying the same argument as in the preceding part of the proof one obtains -
again (5.21.1).

Since the pair ((y, v), (x, u)) was taken arbitrarily in p, we have proved te inclusion
pep.

The assumptions concerning p and p’ are the same. So interchanging the role of p
and p’ in the above reasoning we obtain the opposite inclusion p’ = p. Thus p = p/,
which completes the proof.
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