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ON THE TOLERANCE EXTENSION PROPERTY

IvAN CHAJDA, Pferov’

(Received September 19, 1975)

The Congruence Extension Property is one of the important properties of classes
of algebras. Some conditions for classes of algebras to satisfy this property are
studied in [1], [2], [3] and [4]. It is proved in [1] and [4] that a class of algebras
closed under subalgebras satisfies the Congruence Extension Property if and only if
it satisfies the so called Principal Congruence Extension Property. The aim of this
paper is to give an analogous characterization for extensions of tolerances in the case
of classes of commutative semigroups.

Let A be a set. By a tolerance (or tolerance relation) on A we mean a reflexive
and symmetric binary relation on 4. A tolerance T on A is said to be compatible
(with an algebra A = (A, F)) provided {f(ay, ..., a,), f(by, ..., b,)> € T for each
n-ary feF (n > 0) and arbitrary ay,...,a,, by,...,b,e A with {a; b;) € T for
i=1,...,,n For the concept and properties of compatible tolerances see e.g.
[5]-[15].

Denote by LT(QI) the set of all tolerances compatible with an algebra 2. Clearly
every congruence on U belongs to LT(Y), thus LT(A) % §. As is proved in [6],
LT() is an algebraic lattice (i.e., complete compactly generated lattice) with respect
to the set inclusion. In the general case, L T(2) is not a sublattice of the congruence
lattice (see [6], [9]). If T; € LT() for i €I, denote by V ,{T}; i €I} the supremum
of {T;, i eI} in LT(Y). The infimum is clearly equal to the set-intersection.

Definition 1. Let % = (4, F) be an algebra, a, b€ A. The compatible tolerance
Ty(a, b) = N{Te LT(N); {a,byeT} is called the principal tolerance on U
generated by a, b.

The concept of principal tolerance is clearly an analogon of the principal congru-
ence in the sense of [1], [4].

If R is a binary relation on a set M and S = M, denote by R|g the restriction of R
onto S, i.e. Rls = RN (S x S). Evidently, the restriction of a compatible tolerance
onto a subalgebra is also a tolerance compatible with this subalgebra.
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Definition 2. A class € of algebras is said to satisfy the (Principal) Tolerance
Extension Property if for each % € € and each subalgebra B of U every (principal)
tolerance compatible with B is the restriction of a tolerance compatible with 2.

We abbreviate the Principal Tolerance Extension Property by (PTEP) and the
Tolerance Extension Property by (TEP). '

Lemma 1. Let B = (B, F) be a subalgebra of W = (A, F) and T,e LT(¥) for
ael. Then Vp{T|s; a €I} = (V{T; a €I})|s.

Proof. Let <a, b) eV,,{TaIB; ael}. Then a, be B and, by Theorem 2 in [6],
there exists a polynomial p(x,, ..., x,) over F and elements ay, ..., a,, by, ..., b,€ B
* such that <a; b;> € T,, for some a;€l (i=1,...,n) and a = p(ay, ..., a,), b =
= p(by, ..., b,). Hence by the same argument <a, b) €V {T,; «€I}. As a,b€eB,
the proof is complete.

Lemma 2. Let € be a class of algebras closed under subalgebras satisfying
(PTEP). Then Ty(a, b) = T,(a, b)|s for each subalgebra B = (B, F) of We € and
every a, b € B.

Proof. If Te LT(A) and Tya, b) = Tl,,, then clearly T,(a, b) = T, thus
T/(a, b)]B c Tl,,. Moreover, <{a, b) € T,(a, b)IB € LT(B) implies Ty(a, b) =
S Ty(a, b)l,,. Consequently,

TB(a, b) o= TA(a, b)lB < TIB = TB(a, b)
which proves the statement.
Notation. Let (S, o) be a semigroupand a € S. Puta' = a,a"*' = a.a"forn > 0.
Although (S, o) need not contain the unit element, let us agree upon the following

abbreviation: if a, be S and ¢ = a™ o b for m = 0, then ¢ = b is meant in the case
m = 0. Analogously for ¢ = a . b™.

Lemma 3. Let S = (S, c) be a commutative semigroup and a, b € S. Then
Ts(a, b) = {{x, y); x = a'ob"o 2%, y = al o b™ o 2*, where i,j,m,n 20,
ke{0,1}, zeS, i+ n+ k>0, i+n=j+ m}.
Proof. Put ’
R={xy);x=a'ob"oz" y=a’0b™oz* where i,j,n,m 20,
ke{o, 1}, zeS, i+n+ k>0, i+n=j+m}.

Clearly R < Tg(a,b). For k=0,i=1,n=0,j=0, m = 1 we have {a, b) €R,
fork=1,i=j=n=m=0 we have (z,z) € R for each z€ S; since i + n =
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= j + m, R is also symmetric, thus R is a tolerance on S. We shall prove that R
is a tolerance compatible with &. If (x, y)> € R, {u,v) € R, then x = a'. b/ o 2¥,
y=a'ob"oz* u=a"ob" ot*, v=a’" o b™ o t*' for prescribed i, j, n, m, i, j’,
n',m', k k', thus xou = a’*V o b"""'w", yov = a/* b™*™ o W, where clearly
(i+i)+(m+n)=({+j)+(m+m) Put ky =1 and w=z*.¢ for k +
+ k' > 0,k; = Ofork + k' = 0. Thus k, € {0, 1} and clearly (i + i') + (n + n') +
+ k; > 0, hence also {xou, yov)eR. Hence Re LT(S), thus Tga, b) = R
which proves the converse inclusion.

Lemma 4. Let M = (M, o) be a subsemigroup of the commutative semigroup
S = (S, ) and Te LT(WM). If

(x, y> € (Vs{Ts(a, b); <a, b> € T})|u »
then there exist ag, by € M with {a,, by) € T and {x, y) € Ty(a,, bo)lu-

Proof. Let x, ye M and {x, y) € Vs{Ts(a, b); <a, b) € T}. Then, by Theorem 2
in [6], there exist x,, y,€S (p =1, ..., r) and an r-ary (r > 0) semigroup polyno-
mial g with {x,, y,> € Ts(a,, b,) for some <a,, b,> € Tand x = ¢q(xy, ..., X,), y =
=q(yy, .- V). As TE M x M, clearly a,, b,e M. Since S is a commutative
semigroup, g(x, ..., x,) = x{' o ... o X}, g(¥1, --» ¥;) = ¥ o ... 0 yy for some s, = 0
(and s; + ... + s, > 0). By Lemma 3, there exist z,, ..., z, € S and i, n,, j,, m, 2 0,
k,e{0,1} such that x, = a o b} o 2%, y, = alr o b3» o 2k¢, i, + n, = j, + m,
i,+n,+k,>0forp=1,..,r.s(iy + ny) + ...+ s(i,+n) £ 0puti=1,
J=1 a5 ={(a; e ByP o...o(al o )", bo = (af* « b})* ... o (aF « BI*)". In the
opposite case, put i =0, j = 0. Put k = 1, w* = 24 ... o ¥ provided k, + ...
...+ k, > 0and k = 0 in the opposite case. Thus x = al o w*, y = b} o W, i = j,
ke {0, 1},i.e. {x, ) € Ts(ao, by) by Lemma 3. Hence {x, y) € Ty(a,, b0)|M. Further,
{a, b,y e Te LT(M) for p =1, ..., r imply <ao, bo) € T. As a,,b,e M and M is
a subsemigroup, we have ay, by € M.

Theorem 1. Let € be a class of commutative semigroups closed under subsemi-
groups. Then the following conditions are equivalent:

(a) ¥ satisfies (PTEP);

(b) € satisfies (TEP).

Proof. (b) = (a) is trivial. Conversely, let € satisfy (PTEP), let B = (B, ) be
a subsemigroup of A = (4, .)€ ¥ and Te LT(B). By Theorem 14 in [6], T=
= Vp{Ts(a, b); <a, b) € T}. Put T, = V {T(a, b); <a, by € T}. Then by Lemma 1
and Lemma 2,

Tyls = (V4{Tu(a, b); <a,b> € T})|s 2 Vs{Tu(a, b)|5; <a,b>e T} =
= Vp{Ts(a, b); <a,b>eT} =T.
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Conversely, if {x, y) e TAIB, then {x, y)> €(V4{T(a, b); <a, b) e T)IB and, by
Lemma 4, there exist aq, by € B with <{ay, bo) € T, {x, y) € Ty(ao, b0)|3. According
to Lemma 2, (x, y> € Ty(ao, bo) = T which proves the converse inclusion.

f

b

Fig. 1.

Example. The class of all semilattices does not satisfy (TEP). If e.g. (S, o) is semi-
lattice with the diagram in Fig. 1 and (P, o) its subsemilattice for P = {a, d, f, e, c},
then <d, e) ¢ Tp(a, c). However, {a,c) € Ty(a, c), <b, b) € Ty(a, ¢) = <{d, e) €
€ Ty(a, c)] p- According to Lemma 2, the class of all semilattices does not satisfy (TEP).

In [10], [11] compatible tolerances on semilattices with diagrams in the form
of a tree are studied. Let (S, o) be a semilattice. Call (S, o) a tree-semilattice, if it
satisfies

(*) a,b,ceS,aob=>b,aoc=cimply boc=>b or boc = ¢, which is equi-
valent to

(**) the Hasse diagram of (S, o) (ordering induced by b < a iff ao b = a) is
a tree.

Clearly, every subsemilattice of a tree-semilattice is also a tree-semilattice.

Theorem 2. Every class of tree-semilattices closed under subsemilattices satisfies
(TEP).
Proof. Let (P, o) be a subsemilattice of a tree-semilattice (S, o). With respcct to
the idempotency of semilattice operation, we obtain by Lemma 3:
Ts(a, b) = {<x, y>; x = a'ob" oz y = @’ o b™ o z*, Where z€ S and
g konyme{0,1}, i+n+k=+0,i+n=0ifj+m=0)

for each a, b € P. Clearly T(a, b)|r 2 Ti(a, b). Suppose <c, d) € Ty(a, b)|p, <, d) ¢
¢ Tp(a,b). Thus c = a'o b" 02", d = @’ o b™ o z* for z € S and i, j, n, m determined
in the above definition of Tg(a, b). Since coz* = ¢, d o z* = d, we have by (*)
cod=corcod=dork=0.Ifk=0,thenc=a'cb",d=a’-b"™ a,beP,
i+n=#0,j+ m=*0, thus clearly {c, d) € Ty(a, b), which is a contradiction.
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Suppose cod = c.

1°If j=m =0, then i = n =0, thus k = 1. Hence ¢ = z = d. Moreover,
¢, d € Ts(a, b)| implies z € P, i.e. {c, d) € Ty(a, b).

2°. Ifm=1andi=j=0,thenn =1 Hencec = bozXd=bozand (c,d) e
€ Tp(a, b) analogously as in 1°.

Ifm=1landi=1orj=1,thendob=4d and, by (*), dea=aoboz"=
=(a'ob"oz)o(alob™oz¥) = cod = ¢, hence {c,d) = {aod, bo.d)e Tya,b).

3°.If j=1 and n=m =0, then i = 1. Hence c=a.z* d =a.z* and
{c, d) € Tp(a, b) as in 2°.

Ifj=land n=1orm=1,thendoa=d and by (x), dob=ao.boz*=
=(@a'ob"oz¥)o(a’ob™ozX) =cod =c; thus also {c,d) =<bod, aod)e
€ Tp(a, b).

‘The contradiction is obtained in all cases for ¢ o d = ¢. For ¢ o d = d the proof
is analogous. Hence Tg(a, b)lr S Tp(a, b), thus Ty(a, b)|,- = Tp(a, b) for every
tree-semilattice (S, o) and each of its subsemilattices (P, o) and each a, b € P. Con-
sequently, the class of tree-semilattices closed under subsemilattices satisfies (PTEP),
and, by Theorem 1, the statement is proved.

We can easily show that in the case of lattices the assertion analogous to Theorem
1 is not true.

Proposition. Let A" be a class of lattices closed under sublattices. Then the
following conditions are equivalent:

(a) A satisfies (TEP);

(b) Le o implies Lis a chain.

Proof. The implication (b)= (a) is clear. Conversely, let X" satisfy (TEP),
Le A and let us assume that L is not a chain. Then there exist non-comparable
a, b e L. Consider the sublattice '

S ={a A b,a,a v b} and the relation

Ts = {<a,a),<{a A b,a A b),{a v b,a v b),{a A b,a),{a,a A b),{a Vv b,a),

{a,a v b)}.

Evidently, Ts is a tolerance compatible with S and {a A b, a v b) ¢ Ts. Suppose
that there exists a tolerance T compatible with L such that T[s = Ts. Then
{a A b,a)eT,<b,b)eT,thus also {<b,a v b)eT. As {a,a v b) € T, we obtain
{a A b, a v by e T which contradicts T|s = Ts. Thus % does not satisfy (TEP)
contrary to the assumption.

Remark. We can give an example of the class of algebras satisfying (PTEP) and
does not satisfying (TEP). If € is a class of all distributive lattices, then by
Proposition, € does not satisfy (TEP). On the other hand, € satisfies (PTEP) since
% satisfies the Principal Congruence Extension Property (see [1]) and T (a, b) =
= O, (a, b) for each Le ¥, a,be L as it was shown in [16] (O, (a, b) is the prin-
cipal congruence on L generated by a, b).
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A THEOREM ON NON-EXISTENCE OF A CERTAIN TYPE
OF NEARLY REGULAR CELL-DECOMPOSITIONS OF THE SPHERE

Mirko HorN£k, Kosice
(Received January 22, 1976)

1. Introduction. In GRUNBAUM [2] and MALKEvITCH [4] (cf. HORNAK-JucovIC
[3]) the following kind of maps on the sphere is investigated: The number of edges
of every face of the map is a multiple of k (the faces are multi-k-gonal), the valency
of its every vertex is a multiple of m (the vertices are multi-m-valent) with the
exception of at most two vertices or faces (exceptional cells), m, k are integers greater
than 1. CROWE [1] studies such maps with two exceptional faces with a prescribed
distance (i.e., the length of the shortest path — in the sense of the graph theory —
between a vertex of one exceptional face and a vertex of the other one). Here we
present a result of this kind for m = 3 and k = 5. We are dealing with classes of
cell-complexes decomposing the sphere in which all vertices are multi-3-valent and
all faces are multi-5-gonal with the exception of a) one face or b) two adjacent faces
or c) two vertices whose distance is 3. They are denoted M(3, 5; 0, 1; 0), M(3, 5; 0, 2,
0,0) and M(3, 5; 2, 0; 0, 3), respectively (cf. Horfidk-Jucovi& [3]). The aim of the
present paper is to prove emptiness of the class M(3, 5;2,0;0, 3) on the base of
emptiness of the other two classes (proved by Malkevitch [4]).

2. Theorem. The class M(3, 5; 2, 0; 0, 3) is empty.

Proof. Suppose that P = (uy, uywy, Wy, W,W,, Wy, Wolly, ) is the shortest path
joining the exceptional vertices u,, u, of a complex D, € M(3, 5; 2, 0; 0, 3). For 3r
edges with one end-vertex w;, i € {1, 2}, two possibilities can occur: a) n = 4 edges
lie on the same side of the path P. Then the above mentioned 3r edges can be denoted
e, e, ..., €3, in the cyclic order around the vertex w; so that the edges e,., e,
belong to the path P. b) At most three edges with one end-vertex w; lie on every side
of the path P. In this case the valency of w, is either 3 or 6. In the case a) change the
configuration around the vertex w; as depicted in Fig. 1. In the new complex D,
the valency of w; is decreased by 3, the number of edges of the face X (j € {1, 2, 3})
is greater by 5 than that of the face X;, new pentagons and 3-valent vertices arise,
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the path P has not changed and the distance between u; and u, remains 3. That is
why the complex D, belongs to M(3, 5; 2, 0; 0, 3). In this way the valency of the
vertex w; is successively decreased until the situation of the case b) is reached.

Fig. 1.

Similarly, if the valency of the exceptional vertex u; is greater than 6, it is decreased
by the above described procedure until it becomes 4 or 5; in this case the role of the
edges ey, e,, e;, e4 is'played by the four neighbouring edges with one end-vertex u;
which do not belong to the path P. These transformations lead to a final complex
De M(3, 5;2,0;0, 3) with exceptional vertices u,, u, of valencies 4 or 5 joined by
the path P with inner vertices w;, w, of valencies 3 or 6 (if the valency of w; is 6, then
at least one edge with one end-vertex w; lies on both sides of P).

The complex D can-be always depicted so that the upper side of the path P does
not contain more edges with one end-vertex w, or w, than the lower side. As in D
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the vertices wy, w, are 3-valent or 6-valent, the upper side of P contains at most four
edges; all possibilities are shown in Figs. 2a—2k (the dotted lines starting from the
vertices wy, w, indicate possible additional edges). It is suitable to distinguish three
cases: a) u; and u, are 5-valent, b) the valency of u, differs from the valency of u,;
¢) u, and u, are 4-valent.

XX AN Xk AKX

N, _T—T_'
s N\,
2 1\

Fig. 2a—2k.

a) If u; and u, are 5-valent and the situation from Fig. 2a occurs for them, the
faces W;, i e {1, 2,3,4, 5}, can be subdivided as marked in Fig. 3. In the new complex
D’ the vertices u,, u, are no more exceptional (they are 6-valent), the faces Wi,
i€ {1, 2,4, 5}, are multi-5-gons, but the faces U,, U, are not multi-5-gons (U1 has
the number of edges greater by 4 than the face W; of the complex D, U, is a 4-gon;
in these faces the number 4 in Fig. 3 denotes their type of exceptionality: if X is
a g-gonal exceptional face, its type of exceptionality is defined as the number x €
€ {1, 2, 3, 4} such that g = x (mod 5)) and they are the only exceptional cells of D".
Because of the adjacency of the faces U,, U,, the complex D’ would be a member of
the empty class M(3, 5; 0, 2; 0, 0) — a contradiction.

If the inner part of the path P looks like one of those in Figs. 2b, 2d, 2g or 2i, the
faces of the upper side of P can be changed in accordance with Fig. 4, 5a, 6a or 7a,
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respectively (possible additional edges starting from w, or w,, being unnecessary in
the procedure of the construction, are omitted for simplicity in Figs. 6a and 7a).
The resulting complex would be a member of M(3, 5; 0, 1; 0) (Fig. 4) or M(3, 5; 0, 2;
0, 0) (Figs. 5a, 6a and 7a) in contradiction with the emptiness of these classes.

U, 4 /
2
— /
b
w, w"
b
4
pd W,
W1 /
/
A 7K
7/
Fig. 3.
2
g p—g
o~ p—
—e p—¢
Fig. 4.

In the following part of the proof, three types of symmetry will be used — the
symmetry with respect to the axis containing the centre of the edge w,w, and perpén-
dicular to w,w,, the symmetry with respect to the axis containing w,w,, and the com-
position of these symmetries, i.e., the symmetry with respect to the centre of w;w,;
let us denote them a-symmetry, B-symmetry and y-symmetry, respectively. (It is
assumed, of course, that the edge w;w, of the complex D is depicted as a line
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segment, in general, however, the above mentioned geometrical symmetries can be
regarded only as symmetries in the combinatorial sense.)

It is clear that if a configuration C leads by a certain construction to a contradiction
with the emptiness of the class M(3, 5; 0, 1; 0) or M(3, 5; 0, 2; 0, 0), then the ‘con-
figuration o-symmetrical (o € {o, B, 7}) to C leads to the same type of contradiction

/3

/
3
b 3
Fig. 5a, b.
) NS 4
3
3
/[ l\ !
Fig. 6a, b.

by the construction which is g-symmetrical to the one mentioned above. This fact
is illustrated by the following examples: 2i and 2j are mutually a-symmetrical (as u,
and u, are 5-valent, we may consider the whole path P without the loss of the
a-symmetry) as well as Figs. 7a and 7b, the upper side of the configuration of Fig. 2g
(2d) is B (7)-symmetrical to the lower side of the configuration of Fig. 2k (2h), the same
being true for Fig. 6a (5a) and Fig. 6b (5b).
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As Fig. 2c (2e) is the image of Fig. 2a (2d) in the a-symmetry and the lower side
of Fig. 2f is the image of the upper side of Fig. 2d in the f-symmetry, every possible
shape of the path P with 5-valent exceptional vertices u,, u, leads to a contradiction.

Fig. 7a, b.

b) and c) If at least one exceptional vertex is 4-valent, a contradiction with the
emptiness of M(3, 5; 0, 1; 0) or M(3, 5; 0, 2; 0, 0) can be reached quite analogously
as in the preceding case by subdividing suitably the faces lying on one side of the
path P. That is why the corresponding figures are omitted in this paper.

So if a complex with multi-3-valent vertices and multi-5-gonal faces has two
exceptional vertices u,, u, and no more exceptional cells, no path of length 3 joining
u, and u, can exist; our Theorem is proved.

3. Remark. The assertion of Theorem does not hold only for cell-complexes,
but for a much wider class of decompositions of the sphere, namely for maps whose
countries are open discs.
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SEVERAL THEOREMS CONCERNING EXTENSIONS
OF MEROMORPHIC AND CONFORMAL MAPPINGS

ILiA CErNY, Praha
(Received October 11, 1976)

The main goal of the present paper is the proof of certain theorems concerning
extensions of meromorphic and conformal mappings which are stronger than the
well known ones (cf. [1], [2], [3], [5], [6], [7])- We prove the existence of extensions
across more general parts V of the boundary of the definition domain of the cor-
responding mapping, instead of holomorphic functions we consider the meromorphic
ones. While, as a rule, the results concern only local conformness of the extension
at points of the corresponding part ¥ of the boundary, we establish, among others,
sufficient conditions for conformness on a region containing the whole V.

As for definitions, conventions, and notation we refer the reader to [8] In addition
we shall use the following definitions and notation:

E; will stand for the set of all finite real numbers. Further, we put *E; = E, U
v {oo} By a real number we understand any number z € *E;. The open upper
(lower) half-plane will be denoted by E*(E™).

1. Definition 1. Let Q be a region and let V = 0Q. We saythat Vis a free part of 02,
iff there is a one-one continuous mapping A of an interval (o, B) (where —o0 <
S a < B =X +) onto V such that for each te(a, B) there are points ¢’ e(cx 1),
t" €(t, ) and a Jordan region G such that

(1) A<, "y isacutin G;
(2)  one component of G — A((¢, t")) is contained in @, the other one in § — Q.

Remark 1. If Vis a free part of 02, then each one-one continuous mapping A
of (a, B) onto V satisfies the above mentioned conditions.

Notation. For each continuous mapping 4 : (o, f) — S denote

(3:) (1) = A(=x B).
(32) () = {z €S; there are t, € (a, p) with t, - «, A(t,) = z},
(33) (1) = {z €$S; there are t, € («, f) with t, — B, At,) - z}.
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Remark 2. Obviously, we have
@ . 2() = 0 1w ) = s 2(o )

for any decreasing sequence of points a, € (a, f), o, — .

This implies 2(1) is a non-empty continuum. The equality #(1) = {a} (where
a € ) holds iff the limit A(«+) exists and equals a.

Similarly for o(4).

Lemma 1. Let Q be a region, V a free part of 0Q. Then the following two assertions
hold:

(5) For each zeV and for each sequence of points z, € Q with z, — z there is
a curve @ from the point z into Q such that z, € (@) for all n.
(6) For each z € V there is one and only one bundle &, € &(Q) with o(¥,) = z.

Proof. Let A be the same as in Definition 1. If z € ¥, then there is a t € (a, f)
such that A(t) = z. Let G be a Jordan region satisfying (1) and (2).

If z, € Q, z, = z, then there is an n, such that z, € G for all n > n,. Obviously,
for the unit circle U the following assertion holds:
(7) If w,eU, w, > wedU, then there is a curve ¥ from the point w into U such

that w, € <y for all n.

By a well known theorem (see [4]), a homeomorphism of G onto U exists. This,
obviously, implies that an assertion similar to (7) holds for the region G. Hence
there is a curve ¢* : {a, f) — S from z into G such that z, € {p*) for each n > n,.
As Q is a region, there is an extension ¢ :<{a,y> = S of ¢* with (¢)> = Q and
z, € {p) for all n. This proves (5).

Obviously,
(8) if w e AU, then there is one and only one bundle & € &(U) with o(¥) = w.
Consequently, an analogous assertion holds for each Jordan region. Since for each
curve ¢ : {a, B> — S from z into Q there is a y € («, f) such that ¢ | {a, ) is a curve
from z into G, all curves from z into Q belong to the same bundle of &(2). This
proves (6).

Lemma 2. Suppose that Q is a region, A : (¢, f) > 02 a one-one continuous map-
ping, (1) a free part of 0. Then for each t € (a, f) and for each 6 > O there are
numbers t', t" € (¢, B).and a Jordan region G satisfying conditions (1) and (2) such
that

)] t—d<t<t<t"<t+9é,

(10) ‘ diam* G < §,

(11) 3G = @) U {@3), where ¢; (j = 1, 2) are simple curves with i.p. ¢; = A(t’),
ep. ¢;=At"), (¢1) = Q, (p;) =S — Q.
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Proof. Let te(a, f) and & > 0 be fixed. Then there are numbers T’ € (a, ¢),
T" €(t, B) and a Jordan region G, such that
(12) A|<T', T") is a cut in Gy, Go — A(T", T")) = G, U G,, where G; = Q and
G, = § — @ are components of G, — A(T", T")).
Let h; (j = 1, 2) be a homeomorphic mapping of G; onto U which maps G; con-
formally onto U *). Obviously, there exist linear curves y; such that

(13,) i.p. l//,,’e.p. y,edl, (y;)cU,

(13,) i.p.¥; * hi(A1) * ep. ¥y,

(13;)  t =0 < (h)-1(i-p-¥y) = (h2)=1 (i-p-¥3) <t < (hy)-1(e-p-¥y) =
= (hy)-,(ep-¥3) <t + 9,

(13,) if M, (j = 1, 2) is the component of U — (;) containing h;((f)) on its bound-
ary, then diam* (h;)-, (M) < 4.

Take ¢; = (h)) -y o ¥, t' = (h;)=y (i-p-¥;), " = (h;)-1 (e-p- ¥;), and let G be the

component of § — ({@;> U {(@,)) containing A(t). Then all conditions required

above are fulfilled.

Theorem 1,1. Let F be a conformal mapping of Q onto U and let V = 0Q be a free
part of the boundary of a region Q, < Q.

Then there is a mapping F* of Q, U V such that the following conditions hold:
(14) F* = Fon Q;
(15) F* is continuous and one-one on Q, U V;
(16) C, = FX(V) is either an open arc of the circumference C = 0U or a set of the

form € — {a} where a € C;
(17) the function
o — sF_, on U,
\N(F*)_;y on C,

is continuous and one-one on U L C,.

Proof. Let 4 be a continuous and one-one mapping of (rx, B) onto V. By Lemma 1
and by our assumptions, for each point z € V there is one and only one bundle
&1 e §(Q,) with o(#}) = z. Let &, € &(Q) be the bundle containing &;. Take
7 F(z) for zeQ,,

\WH&,) for zeV.

Then (14) holds and F* is continuous on 2,. Let ze ¥, z, € ,, z, - z. By Lemma
1 there is a curve ¢ € {0, 1> — S from z into Q, with z, € (@) for all n. Then ¢ € &,
and, obviously,

(18) - F¥(2) =

lim F(z,) = (F - 0) (0+) = WiZ.) = F*(z).

1y The existence of such a mapping is proved e.g. in [9], p. 538.
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This proves that for each z € V, the function F* is continuous at z with respect to
Q, U {z}. By a well known theorem (cf. [9], p. 516), this implies the continuity of F*
on QU

Now, F* | Q,=F | 2, is one-one, Wj is one-one on &(Q) 2) (which implies that
F* I V is one-one), and the sets F¥(Q,) = U, F¥(V) < U are disjoint. Thus F*
is one-one.

Since, by (15), F* o 1 is one-one and continuous, the assertion (16) holds.

It remains to prove (17). The continuity of ®* on U is obvious, as the inverse of
a conformal mapping is conformal. By proving that

(19) w,elU, w,>w=F_ (w,) > (F*)_, (w)

for each w € C, the proof of continuity of ®* on U u C, will be completed.

Thus let w,e U, w, > we Cy. Let t (o, f) be the point with F*(A(f)) = w. By
Lemma 2, there are points ' €(a, ), t" € (t, f) and a Jordan region G satisfying (1)
and (2) such that

(20) 0G = <@,) U {@,), where @; (j = 1,2) are simple curves with i.p. @; =
= At), ep. ;= At"), (¢1) = @y, (¢,) = § — Q.

Then

(21) G- At 1) = G, uG,,

where G; (j = 1, 2) are Jordan regions such that

(22) 9G; = A<, 1)) v (9)),

(23) Giu(p) =, Gu(p,)c=S—2Q.

Denote by ¥/, the F-image of ¢,. Then
(24) u — (lﬁl) = Ul |9 Uz ’

where U,, U, are disjoint Jordan regions. As ¢, is a cut in Q, G, is obviously a com-
ponent of 2 — (¢;). Choose the notation so that

(25) U, = F(Gy).

Then, obviously, w e U, — U,, and the conditions w, € U, w, - w imply w, e U,
for all n sufficiently large. Further, it follows that z, = F_,(w,) € G, for such n.
Suppose z, — (F*)_; (w) is not true. Then there is a subsequence {z,} with z, —
- z' % (F*)_; (w). As obviously z' € A({t’, t")), we have by (15) w,, = F(z,,) —
- F“‘(z’) # w. This contradiction proves our assertion.

2y See [9], p. 535.
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Obviously, @* is one-one. This completes the proof of Theorem 1,1.

2. Definition 2. Let A:(x, f) > S (where —o0 < & < f < +0). Suppose there
exists a function 4 meromorphic on a region X containing (a, B) and conformal
at each point®) z € (a, B) such that A | (a, B) = 4. Then we say the mapping 1 is
analytic. We say the mapping 4 : (o, f) — S is strictly analytic iff there is a con-
formal extension A of 4 to a region X containing (o, ).

Remark 1. Obviously, any strictly analytic mapping is analytic’and one-one.
As the following example shows, the converse assertion is false.
Take

At) = " —ie" — 1 for te<0, 5{)

Then 4 is analytic: The meromorphic extension
A(z) = &% — ie” — 1 (z€E)

is conformal at each point z € E with A'(z) = 2ie*” + e % 0, i.e. at each point
z € E with e % }i; none of the points z with e’ = }i, however, lies in (0, 7).

A is one-one: If F(z) = z2 — iz — 1 and F(z,) = F(z,), z; * z,, then z; + z, =
= i. If 1, t, € (0, §m), t; * t,, then, as we easily see, ' + e’ % i. This implies
that A(t,) & A(t,) for each two distinct numbers t,, t, € (0, §n).

A is not strictly analytic: Since A(4n) = A(§n), we have A(U(3n)) N A(X*) + 0
for any U(4n) and for any region X* containing (4, §m). Hence it follows easily
that the mapping 4 is not one-one in any region X containing (0, §7).

Theorem 2,1. Let A : («, f) — S be a one-one analytic mapping. Then the following
conditions are equivalent to each other:

1. A is strictly analytic.
IL. (P(2) v H(A) " (4) = 0.
III. For each t €(a, B) and for each & > 0 there are points t', t" € (a, ) and an
open set G such thatt — 6 <t <t <t"<t+dand Gn (1) = M, 1")).

Proof. First we prove the implication I = II. If condition I holds, there is a con-
formal mapping 4 of a region X containing («, f) such that A | (o, B) = A. We may
suppose that X n *E; = («, B). Then a, f€0X and for each sequence of points
t, € (o, B) with either ¢, — a or t, — B we have Is A(t,) = 0A(X) (see [8], (3)). This
proves the inclusion (1) U H(A) = dA(X). As (4) = A((«, f)) = AX) = § —
— 0A(X), condition II holds.

3) We say a meromorphic function is conformal at a point z iff it is locally one-one at z.
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Now we prove the implication III = I. It is easy to see that the following general
assertion holds:

(26) If F is meromorphic on an open set £, one-one on a compact subset K < @,
and conformal at each point z € K, then there is a 4 > 0 such that F is con-
formal on U(K, 8) *). '

Suppose now that condition I1I holds and let A be a meromorphic extension of 4
to a region X containing (a, ). We have to prove that there is a region X* such
that (a, f) € X* = X and 4 |X* is one-one.

First we prove

(27) for each interval <o, B’> < (o, B) there is a & > 0 such that A is one-one on
the rectangle M = {z € E; Rez e (d, B>, |Im z] < 6} and A(M) 0 (o, o) U
Y (B.B) =0

Choose points o* € (a, o), p* € (f’, f); by (26) there is a 6* > 0 such that A is

one-one on the rectangle M* = {z; Re z € {a*, p*), |Im z[ < 6*}. Let us show that

(28) dist* (A<, B), M(a a*> L (B, B))) > 0.%)
Suppose (28) does not hold. Then there are points 1, € {a’, B>, 1y € (x, a*> U {B*, B)
with o*(A(t,), A(ty)) = 0. Since <&, B> is compact, we may suppose lim ¢, =t
exists. Then 1 e o, B> and, as 4 is continuous, A(t,) = A(f), A(fy) - A(¢). By 111,
there are points ¢, t” with a* < t' <t < 1" < f* and an open set G with A()e G
G N M, "y U 1", B)) = 0. This, however, is impossible, since A(ty) € G for all n
sufficiently large.

This completes the proof of (28). By (28), and since <{«’, ) is compact and A
continuous, there is a é € (0, 6*) with

(29) AM) 0 A(or, a*) U <B*, B)) = 0
(where M is the same as in (27)). M and («*, o) U (B’, B*) are disjoint subsets of M*,
A is one-one on M*, This implies
(30) AM) A M(o*, o) U (B, B*) =0.
By (29) and (30), we have
AM) 0 i(o, &)V (B, B) = 0.

This completes the proof of (27).
Choose numbers o, (Where # is an integer) such that «,, < «, for each pair m < n,
and lima_, = a, lim &, = B. For each pair of integers m < n and for each 6 > 0

n—+ o n— o

we set
(31)  A(m, n; 0) = {z; Re z € (o, ), Ilm Zl <6}, Ly = #Mo a)) »
4) By definition, U(K, ) = |J U(z, 9).

zeK
5) By dist* we denote the distance measured with the aid of the metric g*.
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We shall say a set M has the property W(m, n) (where m < n are integers) iff the
following four conditions hold:

1. M is a compact subset of X;
2. A | M is one-one;

3. M (o, f) = <y 2,3

4. AM) A (2) = Ly e

It is easy to see that the following two assertions hold:

(32) If M has the property W(m, n), if m < m; < n; < n, and if N is a compact
subset of M with N n («, ) = <a,,,, «,,>, then N has the property W(m,, n,).

(33) If M has the property W(m, n) and if either p < g < m or n < p < g, then
there is a 6 > 0 such that A(M) n A(A(p, g; 5)) = 0.
By (27) it also follows that

(34) for any two integers m < n there is a 8 > 0 such that the rectangle A(m, n; 6)
has the property W(m, n).

Now we shall construct (by induction) rectangles Ao, Ay, A_y, ..., 4,, A
such that

—ny e

+ o0
(35) . X* =int( U A4,) is a subregion of X,
(36) (o B) = X*,
+ o0
(37) A| U A, is one-one.

Rectangles A4 which occur in the construction have auxiliary significance only.

By (34), there is a 65 > 0 such that the rectangle Ay = A(—1, 2; J,) has the prop-
erty W(—1,2); set Ay = A(0, 1;J,). By (32), the rectangle A, has the property
W(0, 1), whence, by (33), there is a 6; > 0 such that

(38) A(Ag) N A(A(2,3;6,)) = 0.
By (34) and (32), we may obviously suppose that 6, € (0, §) and that
(39) therectangle AT = A(1, 3; d,) has the property W(1, 3).
Let us prove that
(40) the set A, U A} has the property W(0, 3).

If z,,z,€ Ay U A}, then either z,, z, € A§ or z,, z, € A%, or one of the points
24, Z, lies in Ay, the other one in A(2, 3; d,). The mapping 4 is one-one on A, one-one
on AT, and ( 38) holds. This implies A is one-one on A, U A}. All the other conditions
which together yield (40) are obvious.
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Set A; = A(1, 2; d,). By (32)—(34), there is a 6_, € (0, &) such that
(41) A(Ao U A¥) ~ A(A(=2, —1;5_,)) = 0
and that
(42) the rectangle A%, = A(—2,0; 6_,) has the property W(—2, 0).
Again, it is easy to see that
(43) theset A*; U A, U AT has the property W(—2, 3):

If z,,z,€ A* |, U Ay U A}, then either z,,z, € A} or z,,z,€ Ag U AT or z,,2, €
€ A%, or one of the points z,, z, belongs to 4, U AT, the other one to A(—2, —1;
5_4). Ais one-one on A3, Ay U AT, A%, and (41) holds.

Set A_; = A(—1,0;6_,). Suppose that for a certain ne N, positive numbers
Oy < O0py < .. <8y <8gy 6_py <O8_pyy1 <...<08_, <&, and rectangles A) =
= A(n,n + 2;6,), AX, = A(—n — 1, —n + 1;6_,), A, = A(k, k + 1; §;), where
—n =< k £ n are already constructed, and that
(44) the set A%, U U A, U A} has the property W(—n — 1, n + 2).

|k| <m
Then the rectangles AY,;, An+q, A%, 1, A_,_; will be constructed as follows:
By (44) and (32), the set 4%, U U A, has the property W(—n — 1, n + 1).

|k|<n
Hence by (32)—(34), there is a 6, , € (0, J,) such that
(45) A4, 0 U A)nAA(m +2,n + 3;6,4,) =0
k=—-n+1
and
(46) therectangle Ay, = A(n + 1, n + 3; 6,4,) has the property W(n + 1, n + 3).
As above, it is easy to prove that
(47) theset A%, U U A, U A4}, has the property W(—n — 1, n + 3).
k=-n+1
Denote A,4; = A(n + 1, n + 2; 8,4,). By (47) and (32), the set U 4, U 45,

k=-n

has the property W(—n, n + 3). Hence by (32)—(34), there is a number 6_,_, €
€(0, 6_,) such that

(48) AU Ao A% ) A AA(=n =2, —n = 16_,_)) = 0
k=-n
and '

(49) the rectangle A*,_; = A(—n — 2, —n,6_,_,) has the property
W(=n — 2, —n).
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Again, it follows easily that

(50) theset A*,_; U U A4, U Ay, has the property W(—n — 2, n + 3).
|kl <n+1
Putting A_,_, = A(—n — 1, —n; 6_,_,) we complete the induction step.
Now, for each integer n we have sets A4, A, satisfying (44). By (44) and (32),

(51) theset U A, has the property W(—n, n + 1)

k=-n

n
(for each natural number n). This implies the function A is one-one on ) A, for

k=-n
+ o0

any natural number n; as a consequence, it is one-one on |J A,. Obviously, con-
k=—oo
ditions (35), (36) hold as well. This completes the proof of the implication III = T.
It remains to prove the implication II = III. Let A be a meromorphic extension
of 4 to a region X containing (, §). Choose a, as in the proof of IIT = I and use the
same notation. By (26), for each n e N there is a number 4, > 0 such that A is
one-one on A(—n, n; 4,). By II and since 4 is one-one, the compact set 2(1) U
U (o, —p=1> U sy, B)) UAH(2) is disjoint with A(<a_,, @,»). Thus we may
suppose that 4, also satisfies the condition

(52)  A(A(=n, n; 4,)) 0 (P() U A(@ a_p_ 1> U {oyi1s B)) U H() = 0.

Let te(o, f) and 6 > 0 be fixed numbers. Then there is a number n e N with
t € (o, &,). Further, there is a 6" € (0, 6) such that

(53) Ut,6)c A(—n,n; 4,) n A(—n — 1,n + 1; 4,4,) .

Set ' =1 -0, 1"=1t+0, G=AU(t,d)). Since A is one-one on A(—n — 1,
n+1;4,.,) and U(t,8') 0 ((ot-pey, 1) U (", #,41)) = O we have

(54) GAM(o—per, )V ) = 0.
Conditions (52), (53) imply that
(55) G (P(A) U M(o, oy U g, B)) U H(R) = 0.

From (54), (55) and from the inclusion (¢, t") = U(t, 6') (which implies A((¢', t")) = G)
it follows that G n (1) = A((7, t")). This completes the proof of Theorem 2,1.

Remark 2. As we can see at the end of the proof just completed, we have even
Gn(A)=Gn (PR u(h)uH() = A, 1").

This implies, obviously, that (under the assumptions of Theorem 2,1) conditions
I—1III of Theorem 2,1 are equivalent to the following assertion:

III'. For each t € (a, B) and each & > 0 there are points ', ¢” € («, f) and a Jordan
region G such thatt — 8 < t' <t <1 <t + §and G n (2) = (7, 1")).
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(As A is one-one on A(—n, n;4,) = X and U(t,90") = A(—n, n; 4,), the set
G = A(U(t, &) is a Jordan region. The equality (1) = (1) U (1) U H(2) is
obvious.) .

Remark 3. As in Theorem 2,1, let 1:(«, f) - S be one-one and analytic. Tt
follows immediately that conditions I—1III of Theorem 2,1 are equivalent to the fol-
lowing assertion:

IV. If A is a meromorphic extension of 4 to a region X containing («, f), then there
is a subregion X* of X containing (a, B) such that A is conformal on X*.

3. Definition 3. We say that a free part V of the boundary of a region Q is analytic
iff there is a one-one analytic mapping 4 of an interval (, §) onto V.
Theorem 2,1 and Lemma 2 immediately imply the following assertion:

Theorem 3,1. Let Q be a region, A:(x, p) > 02 a one-one analytic mapping
such that () is a free part of 0Q. Then A is strictly analytic.

The following theorem is one of the fundamental theorems concerning the exten-
sion of a meromorphic function across a free part of the boundary:

Theorem 3,2. 1. Let V be an analytic free part of the boundary of a region Q,
i :(y, 6) > S a one-one analytic mapping. Suppose F is meromorphic on Q, con-
tinuous on Q U V, and F(V) < (u). Then there is a region Q* containing Q UV
and a function F* meromorphic on Q* such that F* = Fon Q U V.

2. Suppose, moreover, that F is one-one on Q L V. If F* is a meromorphic exten-
sion of F to a region Q* containing Q U V, then F* is conformal at each point
z € V. More generally: For each compact subset K of V there is a A > 0 such that
F* I U(K, 4) is conformal.

Proof. 1. Let the assumptions of the first part of the theorem be fulfilled. By
Theorem 3,1 (and Remark 3, Section 2), there is an interval («, f), a region X > («, f),
and a conformal mapping 4 : X — § such that A = 4| («, ) maps (a, B) onto V.
Besides, there is a region Y > (y, 6) and a function M meromorphic on Y, conformal
at each point of (y, 8) with M | (3, §) = p.

If F is constant, the assertion of the first part of Theorem 3,2 is obvious. Thus,
let us suppose F is not constant.

If z e ¥, then F(z) e (1) and pu_(F(z)) € (7, 6). Since M is conformal at u_(F(z)),
there is an 7, > 0 such that

(56) the points y, 6 do not lie in the set A, = U(u_,(F(z)), 1,)
and

(57) the mapping M* = M | 4, is one-one.
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The domain M(4,) of M%, ©) is a region containing F(z). Since F is continuous
at z with respect to Q U V, there is, by Lemma 2, a Jordan region G, such that

(58) zZE G;_v )

(59) G, — (%) = G} UG?Z, where G} = 2, G} = S — Q are Jordan regions with
z€dG! n dG?,

(60) F(G, N (QU V) « M(4,).

As z e V = (4), we have 2_,(z) € (a, ). Since A is continuous, there is a 4, > 0
such that

(61) B, = U(A_,(2), 4,) is a subset of X and does not contain any one of the points
o, B,

(62) A(B,) = G, .
Then obviously
(63) B, — (x p) = B; v B,

where B!, BZ are disjoint open half-circles. Since A is one-one on X, the regions
A(BY) (j = 1, 2) are disjoint with the set (4). Hence by (62), (59), each of the regions
A(BY) is a subset either of Q of or § — . Since the region A(B,) (containing the point
ze 3 (S — Q)) intersects both @ and § — @, one of the regions A(B]) must be
a subset of @, the other one a subset of § — Q. Hence one of the regions A(BJ) is
contained in G, the other one in G2. Choose the notation so that

(64) A(B}) = G} (<=Q), A(B)) < Gi(cS - Q).

The function M% | o F o A is holomorphic on B}, continuous on B} U (B, n E,),
and maps the interval B, n E, into the interval (7, 8). According to the Schwarz
reflection principle there is a function g, holomorphic on B, such that

(65) g.=M>,cFoA on B!uU(B,nE,).

Take

(66) F,=Mog,oA_; on AB,);

then F, is obviously meromorphic on its definition domain and

(67) F,=F on AB,)n(Ru V)= AB; u(B.nE,)).
Suppose z, { € V are two points with '

(68) A(B,) " A(By) + 0.

) We write MZ | instead of the more correct (M?)_ i-
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As A is one-one, it follows that B, n B; #+ 0. As B,, B; are circles with centres in E,,
we have B, n B, n E; #+ 0. As the set B, n B, n E; has accumulation points in
B, N By, the set A(B, n B; n E,) has accumulation points in the set A(B,) N A(B;) =
= A(B, n BJ, which is (as a conformal image of the region B, n B;) a region. By
(67) and by an analogous condition for B; we have F, = F, = F on A(B, n B, n E,).
By a well known ,,unicity theorem” this implies

(69) F,=F, on A(B,) n A(B).

As F is continuous on 2 U V, we have

(70) F,=F,=F on AB)nAB)n(QuUV).
This implies that on the set

(1) Q* = QU UAB,),

zeV

it is consistent to define a function F* as follows:

sF on QuUV,

*
(72) F* = \F, on A(B,) where zeV.

It is evident that Q* is a region containing Q U V and that F* is a meromorphic
extension of F to Q*.

This completes the proof of the first part of the theorem.

2. In the proof of the second part we shall use the following assertion (which is
important by itself):

Lemma 3. Let F be meromorphic on a region Z symmetric with respect to the
real axis *E, and let F(Z n *E,) < *E;. Then:

1. F is one-one on Z iff it is one-one on Z N E* and F(Z n E*) n *E, = 0.

2. If F is one-one on Z  E¥, then it is conformal at each point z € Z n *E,.

First we prove the second part of Theorem 3,2 by means of Lemma 3: If F is one-
one on 2 u V, then for each z € V the function g, is one-one on Bl U (B, nE,):
Lemma 3 implies g, is conformal at A_,(z). Further, it follows that F, is conformal
at z. The same is true for any extension F*.

The rest of the second part of Theorem 3,2 is a consequence of what has just been
proved, and of (26).

Proof of Lemma 3. Suppose the conditions for F and Z from Lemma 3 are
satisfied. :

1. Suppose first F(Z n E*) n *E; + 0; this means that F assumes a real value at
a certain point zeZ n E*. According to the Schwarz reflexion principle, this
implies F(Z) = 17(-5 = F(z); we have, of course, Z € Z, Z + z. Hence F is not one=one
on Z. '
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Suppose now F is not one-one on Z; we have to show that the following implication
holds: If F| Z A E™ is one-one, then F(Z nE*) " *E, % 0.If Fisone-oneon Z N E¥,
then by the Schwarz reflexion principle, it is one-one on Z N E™ as well. Since F
is not one-one on Z, there are points z, € Z n E*, z, e Z n E™ with F(z,) = F(z,).
Taking z* = Z, we have z} € Z n E¥, and by the Schwarz principle, F(z}) = F(z,).
If F(z,) € *E,, there is nothing more to prove. If F(z,) ¢ *E,, then one of the numbers
F(z,), F(z}) lies in E*, the other one in E™. Hence the set F(Z n E*) intersects
both E* and E~. As we prove easily, the set Z n E* is a region”). This implies that
F(Z N E*) is a region as well. Hence F(Z n E*) n *E; =+ 0, which completes the
proof.

2. Let F be one-one on Z N E*. First, suppose zo € Z N E,, F(zo) € E,. Choose
8 > 050 that U(zo, 8) = Z and that F is holomorphic on U(z, 6). Then the function
F [ (zo — 9, zo + 0) is real, finite, one-one, and continuous. Thus it is strictly mono-
tone, and F((zo — 8, zo + 8)) is a certain interval (a, f) (where —c0 < & < f <
< + ). Let n > 0 be such that (F(z,) — #, F(z,) + 1) = («, B). Since F is conti-
nuous, there is a 4 €(0,d) such that F(U(z,, 4)) = U(F(z,), ). As F is one-one
on Zn E—+, we have

(73) F(U(zo, 4) 0 E*) A F(U(z0, ) 0 E;) = 0.

Obviously, F(U(zo, 4) n E*) n *E, = U(F(z,), n) 0 *E; = (F(z) — 1, F(zo) + ) =
< (a, B) and F(U(zo, ) 0 E;) = F((zo — 9, zo + 9)) = (, B); this implies that

F(U(zg, ) NE*)n*E; = 0.

By the first part of the present Lemma, F | U(zo, 4) is one-one. This completes the
proof in the case zo € Z N E,, F(z,) € E,. If z, = oo, we investigate F o Id~! instead
of F; if F(z,) = oo, we investigate 1/F, and use what we have proved already.

Remark 1. The assumptions of the second part of Theorem 3,2 do not ensure
that the extension F* of F is one-one on a certain region @** < Q* containing Q U V.
This will be obvious, if we take e.g.

Q={z;|Rez| <1, 0<Imz <2}, F=exp, V=(-1,1), p=IdonkE,.

Indeed, any region Q** containing the set Q U V contains pairs of points z, z + 2mi
at which the exponential function assumes the same value.

Nonetheless, in this case there exists a region Q, containing V such that the
extension is one-one on £2,. However, take

ut) = " —ie* —1 for te|0,¢n).
7) This is a consequence of the symmetry of the region Z with respect to the real axis.
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Then S — (u)a) has precisely two components; one of them is bounded, the other
one unbounded. For the unbounded component G of § — {(u) we have G = {u)
so that G is a simply connected region. It may be proved that for any conformal
mapping F of U onto G there is an open arc C, of the circumference C = 6U such
that F may be extended to a homeomorphic mapping of the set U u C, so that
F(C,) = (u) (denoting the extension by the same letter F).

Take A = F_; o pon (0, 7). Then (1) = C, is an analytic free part of the bound-
ary of U, u | (0, $n) is a one-one analytic mapping, F((1)) = (x) and F is one-one and
continuous on U U (4). By Theorem 3,1, F may be extended to a meromorphic
function on a region U* containing U U (4). It is not too difficult to prove that the
extension is not one-one on any region U; < U* containing ()) (Cf. the example
in Remark 1, Section 2.)

As the following theorem shows, the essential point in the example above is that
the mapping p is not strictly analytic.

Theorem 3,3. Let V be an analytic free part of the boundary of a region Q, 1
a one-one analytic mapping of («, B) onto V, p : (y, ) - S a strictly analytic map-
ping. Suppose F is meromorphic on £, continuous and one-one on Q UV,
F(V) = ().

Then there is a region Q, containing V and a conformal mapping F, of Q, such
that F; = F on Q; 0 (2 U V); moreover, F o A is a strictly analytic mapping.

Remark 2. If the assumptions of Theorem 3,3 are satisfied, then by Theorem 3,2
there is a meromorphic extension F* of F to a certain region Q* containing Q U V.
For each extension F* there exists by Theorem 3,3 a region 2, — Q* such that
V < ©, and that the mapping F* | 2, is conformal.

Proof of Theorem 3,3. By Theorem 3,2 there is an extension F* of F to a region
Q* containing Q U V. Then the mapping ¢ = F o A = F* o A is one-one and analytic.
The function ¥ = u_; - ¢ is a one-one continuous mapping of the interval (o, f)
into the interval (7, &), hence a real strictly monotone continuous function.

Suppose ¥ is increasing; the proof for a decreasing ¥ is analogous. Y((c, f)) is
a subinterval (y', 8") of (7, ). As it is easy to see, the following assertions hold: If
' =y, then P(¢) = P(p); if ¥ > v, then P(¢) = {u(y')}; if 5’ = 8, then H (o) =
= A (p); if 8" < 6, then H(¢) = {u(8")}.

By Theorem 2,1 we have

(74) @AW A =0;
hence, according to what we have just said,
(75) (P(e) v H(9)) n(9) = 0.

8) (u) is a part of a cardioid similar to the figure 9.
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Thus by Theorem 2,1, the mapping ¢ = F o A is strictly analytic.

By Theorem 3,1 the mapping A is strictly analytic as well. Hence there is a region
X o (a, B) and a conformal mapping A : X — § such that A | (@, ) = A. Evidently
we may assume that A(X) = Q*. Hence by Remark 3, Section 2, the mapping
F* o A(whichis a meromorphic extension of the strictly analytic mapping ¢ = F o 1)
is conformal on a certain region X; = X containing («, §). This implies that F* =
= (F* o A)o A_, is conformal on the region @, = A(X,) containing V. Thus by
putting F, = F* ] 2, we complete the proof.

4. Definition 4. We say that a topological circumference®) T is analytic iff there is
a conformal mapping f of a region X containing C such that f(C) = T.

Theorem 4,1. Suppose Q is a Jordan region the boundary of which is an analytic
topological circumference. Let F be meromorphic on Q, continuous on Q. Then the
following two assertions hold:

1. Suppose that either there is a one-one analytic mapping p :(y, 6) - S with
F(0Q) = (u), or F(0Q) is an analytic topological circumference. Then there is
a region Q* containing Q and a function F* meromorphic on Q* such that F* = F
on Q.

2. Suppose that F is one-one on @ and that the topological circumference F(0Q)
is analytic. Then for each meromorphic extension F* of F to a region Q* con-
taining Q there is a A > 0 such that F* is one-one on U(02, 4).

Proof. Since 02 is an analytic topological circumference, there is a conformal
mapping f of a region X > C with f(C) = 9Q. By the compactness of the set C there
is an n €(0, n) such that G = {z;e™" < Izl < €'} is a subset of X. Of course, we
may suppose that

(76) X={ze"<|z| <e}.

For each z € 02 we have f_,(z) € C. Hence there is an «, € E, such that f_,(z) =
=e* If A, € (0, 77), then exp o ild is a conformal mapping of the open rectangle

I, ={z;|Rel — o < 4, |Im{| < 4,}
into X. Hence for each z € 0Q the function

(77) A1) = f(e"), te(a, — 4, a, + 4,),

is a one-one analytic mapping. Besides, the set ().,) contains the point z and, obviously,
it is an analytic free part of 0Q.

In the first part of the assertion of Theorem 4,1 we suppose that either there is
a one-one analytic mapping p : (3, §) > § with F(0Q) < (1) or F(0R) is an analytic

%) i.e. a homeomorphic image of C.
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topological circumference. In the former case put yu, = u for each z e dQ. Then
obviously

(78) - F((4;)) = (u,) foreach zedQ.

In the latter case choose a number 4, € (0, ) small enough to ensure F((,)) *
+ F(0Q). Then there is a point w, € F(0Q) — F((1,)). Since F(dQ) is an analytic
topological circumference, there is a conformal mapping g of a region Y > C with
g(C) = F(09). If we choose B, € E; with g(e”<) = w, and put

(79) pt) = g(e*) for te(B,, B. + 2n),

then y, is a one-one analytic mapping satisfying (78).

By the first part of Theorem 3,2, to each z € Q2 there is a region Q] containing
Qu (4,) and a function F; meromorphic on €} such that F; = F on Q u (4,).
For each z € 0Q we have z€(4,) = QF. Hence there is a 9, > 0 such that, taking

(80) Uz = U(f— 1(2)9 ‘9z) ’
we have
(81) U, X, f(U) <.

Suppose that for certain two points z, { € 02 we have f(U,) n f(U,) * 0. The
region U, n U, intersects C and, therefore, also U. Hence f(U,) n f(U;) = f(U, n Uy)
is a region intersecting Q. As

(82) F}=F on @nf(U), F!=F on 2nf(U),
we have
(83) F}=F=F on f(U)nf(U)n@Q.

By the ,,unicity theorem this implies that
(84) F!=F on f(U)nf(U).
Hence it is consistent to define a function F* on the set

(85) Q* = 8uUfU,)

2zed

(which is obviously a region containing £) as follows:

‘ «_ 7F on Q :
(86) . \F, on f(U) where zedQ.

Obviously, this function is meromorphic on Q* and F* = F on Q.
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Now let us prove the second part of Theorem 4,1. Suppose that F is one-one on Q
and F(0Q) is an analytic topological circumference. Let F* be meromorphic on
a region Q* o Q and let F* = F on Q. Suppose that for no 4 > 0 the function F*
;s one-one on U(0%, 4). Then there exist two convergent sequences {z,}, {zy} of
points of Q* such that z, # z),, F*(z,) = F*(z,) for all natural n, and that the points
2’ = lim z;, z” = lim 2 lie in Q. The continuity of F* implies that F*(z') =
= lim F*(z,) = lim F*(z,) = F*(z"). As F* = F on 2 and the function F is one-one
on @, it follows that z' = z”. Thus the function F* is not one-one in any neighbour-
hood of the point z' = z”. However, this is a contradiction to the second part of
Theorem 3,2, by which the mapping F}. is conformal at each point of (4,), in parti-
cular at z'.

This completes the proof.

References

[1] Carathéodory C.: Conformal representation (1932).

[2] Carathéodory C.: Funktionentheorie, Band I, II (1950).

[3] Toaysun I'. M.: TeoMeTpuyeckass TeOpus (PyHKIMII KOMIUIEKCHOrO mepeMeHHoro (1952).

[4] Kuratowski K.: Topologie I, II (1948, 1952).

[5] Leja F.: Teoria funkcji analitycznych (1957).

[6] Mapkywesuu A. H.: Teopus ananurayeckux dynxumit (1950).

[71 Rudin W.: Real and Complex Analysis (1966).

[81 Cerny L: Cuts in simple connected regions and the cyclic ordering of the system of all
boundary elements (Cas. pro pést. mat. — 103 (1978), 259—281).

[91 Cerny I.: Zéklady analysy v komplexnim oboru (1967).

Author’s address: 118 00 Praha 1, Malostranské n. 25 (Matematicko-fyzikdlni fakulta UK).

t 355



Casopis pro péstovini matematiky, ro€. 103 (1978), Praha

THE INSERTION OF REGULAR SETS IN POTENTIAL THEORY

Eva CerMAKOVA, Praha
(Received October 29, 1976)

Introduction. In 1924, N. WIENER [8] proposed a new construction of the gener-
alized solution of the Dirichlet problem for the Laplace equation. His method
essentially uses the following fact: Any couple (K, U) consisting of a compact set K
and an open set U with K < U is admissible in the sense that there is a set V regular
for the Dirichlet problem such that

KcVcVecU.

It is known that each couple (K, U) is also admissible for a wide class of more general
second order elliptic partial differential equations than the Laplace equation. In fact,
this follows from a result of R.-M. HERVE [4] (Proposition 7.1) established in the
context of Brelot harmonic spaces. A related question in the same context is also
investigated in [6]. On the other hand, a similar result is no longer valid e.g. for the
heat equation as observed by H. BAUER in [1], p. 147. Consequently, the original
Wiener’s procedure is not directly applicable. (Note that the Wiener type solution has
recently been investigated in [7] in the frame work of the axiomatic potential theory.)

The aim of this paper is to study in terms of Bauer’s axiomatics necessary and
sufficient conditions guaranteeing that a couple (K, U) is admissible. To this end,
a special hull r(K) of K is introduced in a suitable way so that the main result reads
then as follows: The couple (K, U) is admissible, if and only if 7(K) = U. For the
case of the heat equation, several characterizations of r(K) in terms of absorbent
sets and balayage are given.

1. Terminology and notation. In what follows, X will denote a strong harmonic
space in the sense of H. Bauer’s axiomatics. For all notions we refer to [1]. For any
set M we shall denote by M*, int M and ‘M its boundary, interior and closure,
respectively.

Let U be an open subset of X and K a compact subset of U. The couple (K, U)
is called admissible if there exists a regular set W such that K « W< W< U.Fora
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compact set K < X, we put
nK) = N{V; K = V < X; Vregular}.
If there is no regular set Vsuch that K < ¥, put r(K) = X.

2. Lemma. If r(K) + X, then
rK) = N{V; K = V < X; Vregular};
in particular, r(K) is compact.
Proof. According to Theorem 4.3.5 of [1] to eail regular set Wsuch that K = W,
there exists a regular set Wy suchthat K <« Wy, <« W, < W.

3. Theorem. The following statements are equivalent:
(i) a couple (K, U) is admissible;
(i) 7(K) * X, (K) = U.

Proof. Implication (i) = (ii) is obvious. Assume (ii) and let W be a regular set
such that K = W. We can limit ourselves to the case W (X \U) % 0. Then W
N (X\U) is compact and r(K)n (Wn (X\U)) =0, ie. [Wn(X\U)] <
c [X\N{V; K = V, Vreg.}], thus

WA(X\U)c U (X\7).
Vreg,
K<V

We can therefore choose regular sets Vj, ..., ¥, such that

W (X U) < [XN N 7]
i=1

By Corollary 4.2.7 of [1], N V; is a regular set. Obviously,
i=1

KeNv

i=1

and thus applying Theorem 4.3.5 of [1] we can find a regular set V,,
KeVoeVocenV,.
=1

Put Wy = Vo, n W. Then K < W,, W, is (according to Corollary 4.2.7 of [1] again)
regular. Moreover, W, < U.

4. Notation. For E c X, let A(E, X) be the smallest absorbent set in X con-
taining E. We shall write A(x, X) instead of A({x}, X).
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5. Lemma. The components of an absorbent set are absorbent sets.

Proof. For S connected, A(S, X) is always connected. (See Exercise 6.1.2 in [3].)
Let B be a c6mponent of 4. Then A(B, X) is a connected absorbent set containing B.
Consequently, B = A(B, X) and B is absorbent.

In what follows, X will denote the harmonic space corresponding to the heat
equation on a Euclidean space R**' (n 2 1) (see [1], Standard-Beispiel 2, p. 20).

6. Notation. Given a compact set K = X, the parabolic hull Mg of K is the union
of K and the set of all x € X \K for which A(x, X \ K) is relatively compact. Denote
by Tk the union of K and the set of all x € X \ K for which there exists no absorbent
set Bin X such that § + B = A(x, X \K).

Further put Ly = {x € X; R{(x) = 1}.

7. Theorem. For a compact subset K < X,
T(K) =MK= TK= LK'
Thus, together with Theorem 3 we obtained a characterization of admissible

couples (K, U) in terms of the parabolic hull of K.
The proof of this theorem will be divided into the following steps.

8. Proposition. Let Y be an open subset of X and A a closed set in Y. Then the
following assertions are equivalent:
(i) The set A is absorbent in the harmonic space Y.

(ii) For each x € A there exists a neighborhood U, and an absorbent set B in X
such that U, n A = U, n B.

Proof. Suppose (1) For x eint A, choose a neighborhood U, of x such that
U, A, and put B = X. If x € Y is a boundary point of 4, then we choose a > 0
in such a way that the set ’

Ux={yERn+1; Z(yi'_:x‘i)z_(a+xn+l —yn+1)2 <0;
i=1

Xp+1 = @ < Yny1 < Xpyy + a}

is contained in Y. (The sets of this form will be called standard cones. Recall that each
standard cone is a regular set — see [1], p. 21). For each y e U, n A(x, X), y * x,
there is a standard cone S such that xe S c § = U,, ye S*. Then yespt puS,
where 15 denotes the harmonic measure corresponding to x and the regular set S
(see [1], p. 21). Obviously, spt u3 = A and hence

U,nAx,X)c U, nA.
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Suppose now that there exists z € (U, n A)\ A(x, X). The supports of harmonic
measures i, corresponding to regular sets V, V < U, (consider e.g. standard cones)
for which z € ¥, cover the set [A(z, X) n U,] \{z}. Thus

xeint[U,nA(z,X)] cU,n A4,

which yields a contradiction with the assumption that x is a boundary point of A.
So we obtain U, n A(x, X) = U, n A and we can put B = A(x, X).

Now suppose (ii). By [2] absorbent sets in X are exactly those which are closed
and finely open. It follows that there is a fine neighborhood V, of x, contained in B.
Since U, n V, is a fine neighborhood of x contained in A, A4 is finely open, and
(using [2] again) 4 is an absorbent set in Y.

9. Corollary. Let Y be an open subset of X. For each component Q of the boundary
of an absorbent set in Y there exists c € R such that Q = {x € X; X4 = c}.

10. Lemma. For a compact K = X, Mg < r(K).

Proof. Assume that K # @ and choose x° e My\K. The standard cones are
regular, hence r(K) + X. Suppose that there is a regular neighborhood V of K, such
that x° ¢ V. Putting

L={xeX; x;=2x) forall 1L £ i Zm, %1 S %041},
there exists y € L such that
Yut1 = sup {X,41; X € LNA(X%, X NK)} .
According to Proposition 8, y,,; < x°, ;. Denote
Lo = {x€L; Xps1 > Vus1} -

By Proposition 8, y ¢ A(x° X \K). Simultaneously y e A(x°, X \K) and hence
y e K. It follows Ly N V* % @ and using the fact that L, = A(x°, X \K), we have

0% LonV* < Ax% X\K)n V*.
Let y° € A(x°, X \K) be chosen such that
¥oi1 = min {x,,; x€ A(x% X\K) n V*}.

First, consider the case when y° is a boundary point of A(x° X \ K) relatively to the
set X \ K. Using Proposition 8, there is a neighborhood U of y° such that

Upn(X\V)c{xeX; ypr1 < Xps1} -

It follows (cf. [1], Theorem 4.3.1. and p. 108) that y° is an irregular boundary
point of ¥, which is a contradiction. Using a similar argument, y° cannot be in the
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interior of A(x% X \K). Thus, Mg, \K < V and since V is an arbitrary regular set
containing K, we have Mx\ K < r(K). Obviously, K < r(K).
The proof gf the inclusion r(K) = My will be more complicated.
11. Lemma. For a compact set K in X, the set {x € X; R{(x) = 1} is bounded.
Proof. Obviously it is sufficient to prove that {x € X; Rf(x) = 1} is bounded for
K={xeX;|x|Sa,i=1..,n+1} (a20).
(a) If y € X is such that y,,; < —a,4,, then |
Ri(y) = Ri(y)=0.
We can take the superharmonic function (see [1], p. 34.)
"y {0 on A(y,X),
1 on X\A(yX).
(b) If y € X is such that lyi| Za;fori=1,..,n, y,.q > a,+, consider the set
D={xeX\K; |[x]|<a;+1 for i=1,..,m |x| <|vass| +1}.

Obviously, y e D. Choose z€ D, z; = —a; — }. Using (a), Rf(z) = 0. Applying
the maximum principle for the heat equation (e.g. Theorem 2.3 in [5] — note that R
is a harmonic function on D, Rf < 1) we obtain Rf(y) < 1.

(c) In the case that for yeX, y,;q = —a,4+, and there exists i (i = 1,...,n)
such that | y,[ > a; we can proceed analogously.

12. Notation. For a compact set § + K = X, we define a sequence {K,}:
K, = {xeX; dist (x,K) < 1/n}.

13. Lemma. Ly = M.

Proof. Let K # 0 and consider x° € X \ M. The set 4(x° X \ K) is unbounded,
thus using the preceding lemma and Proposition 8, there is y eint A(x% X \K)
such that Rf(y) < 1. The function 1 — R¥ is harmonic on X \ K. By the Harnack
inequality (see [1], Theorem 1.4.4) applied to X \K and to the Dirac measure at x°
there is & = 0 such that

0<1-Riy = ofl — R{(x9)).

It follows that Ri(x°) < 1.
Thus we proved that Ly = My. Let y° € Mg\ K, choose n, such that y°¢ K, .
Let n = n, be a natural number. According to Proposition 8 we obtain that the
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“parabolic boundary” (see [5] Chap. 3) of int A(y°, X \K) in X is contained in K.
Using the fact that Rf"(y) = 1 for all y e K together with the minimum principle
for superharmonic functions for the heat equation (see Theorem 2.1 in [5]), we have

inf {R"(y); yeint A()°, X\K)} = 1.

Since y° ¢ K,, Rf" is continuous at y° (compare with Corollary 2.3.5 in [1]) and
Ri"(y°) = R{"(»°) = 1. Now, applying the assertion of Appendix 3.2.1 of [1]
we have
R¥ = inf R% |
neN
and hence R{(y°) = 1 (note that K, > K, for n < ny and R{" = R{"). This means
y° € Lg. Obviously, K < Ly.

14. Remark. In the course of the preceding proof we used the equality

RY = inf R¥".
neN
It is an easy consequence that

{xeX; Ri(x) =1} = F\ {xeX; RI"(x) = 1}.
n=1
Obviously, {x € X; Rf(x) = 1} UK = {xe X; Rf(x) = 1}, so that
a{xeX; Ri(x) =1} = a{xe}ﬂ Ri"(x) = 1} .
n=1 n=1

15. Lemma. For a compact K = X, r(K) = My.

Proof. Assume that K # . Consider x° ¢ My. Using Lemma 13 and the preceding
remark, there exists a natural number n such that Rf"(x°) < 1 for all m 2 n.
Simultaneously,

inf Rf(x) = 1.
xeMg
The set M is a closed subset of the compact set r(K). Hence, using Proposition 3.1.2

of [3] there is a fundamental system of regular neighborhoods of My not containing
the point x°. Thus, x° ¢ r(K).

16. Lemma. Ty = M.

Proof. Suppose first that x € Mg\ T. If B is an absorbent set in X such that
B < A(x, X \K), then B is a compact absorbent set and hence (see [1], p. 31) must
be empty. It follows that My = Tg. Suppose now that the set A(x, X \K) is un-
bounded. Let D > K be an (n + 1)-dimensional cube in X such that its faces are
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parallel to the coordinate axes. Choose x°e A(x, X \K)n (X\D). Applying
Proposition 8, there is y° € A(x, X \ K) such that

0 .
Y41 < MINXp4q .
xeD

Again by Proposition 8, B = A(y°, X) < A(x, X \K).

17. Proposition. Let E be a compact subset of X. If E is convex (or more generally,
if the set {x € E; x,4, = c} is convex for each c € R) then r(E) = r(E*) = E.

Proof. Consider x° e X \E and let P be an arbitrary line which contains x°,
Pc {xeX; X,41 = Xg4}. Consider A(x°, X \E) and denote by P, the half-line
starting from x° for which P; n E = 0. Then according to Proposition 8, P, <
c A(x°, X \E), i.e. A(x°, X\E) is unbounded. This means x°¢ r(E). Thus we
have r(E) = E. Obviously E = r(E). Analogously we can show that r(E*) < E.
Further, if x° eint E, then int E is closed and open — hence also finely open — in
X \E* By [2] int E is an absorbent set in X \ E*. Hence 4 (x° X \E*) < int E,
ie. A(x° X \ E*) is bounded and x° e r(E*). Simultaneously E* = r(E*) and this
completes the proof.
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A PROPERTY OF ENTIRE TRANSCENDENTAL FUNCTIONS

ALEXANDER ABIAN, Ames
(Received November 17, 1976)

0

Let ) a,z" be an entire transcendental function and g and h two distinct complex
n=0

numbers. In this paper it is shown that the set of all complex numbers for which

o0

a truncated part of )_ a,z" takes on the value g or & has infinitely many accumulation
n=0
points.

First we prove:
Lemma. Let v & 0 be a zero of the entire transcendental function
o0
(1) f@)=—g + % az"
n=0

where g is a complex number. Then in every neighborhood of v there exists a zero w
of the truncated polynomial

k
2 pz) = —g + Y a,2" forsome k< o
n=0
such that w % v.

Proof. Since v is a zero of the entire transcendental function f(z), we see that
there exists a circumference C of positive radius with center at v such that f(z) has
no zeros on C. But then since | f (z)' is a continuous function on C, it has a positive
minimum r. Thus,

(3) If(z)]gr>0 for zeC.

©

Clearly, —g + Y, a,z" has uniform convergence on C and therefore, for some
n=0

m < oo, in view of (1), (2), (3), we have:

|pa(2)| + |f(2) = Pu(z)| 2 7 with |f(z) — Pu(z)| < 4r for zeC.
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Consequently, |p.(z)] > |f(z) — pu(z)| on C. But then since f(z) has a zero in
the disk D whose boundary is C, by Rouché’s theorem [1, p. 157], it follows that
Pm(z) must also have at least one zero u in D. If u % vthen wetakek = mand w = u.
If u = v then'let k be the smallest natural number larger than m such that a, + 0.
But then since v # 0, from the above it follows that p,(z) has a zero w in D such that
w ¥ 0.

Next we prove:

)

Theorem. Let ) a,z" be an entire transcendental function and g and h two
n=0

distinct complex numbers. Let
k
G={z|g=Y a2 forsome k< oo}
n=0
and

H={z|h=Yaz" forsome k < o}
\

Then the set G U H has infinitely many accumulation points.

Proof. Consider the entire transcendental function f(z) given by (1). Since h =* g,
by Picard’s big theorem [1, p. 341], at least one of the entire transcendental functions
f(z) or —h + g + f(z) must have infinitely many distinct zeros. Without loss of
generality, let f| (z) have infinitely many distinct zeros. But then, by the above Lemma,
each such zero is an accumulation point of the set G mentioned in the Theorem.

Thus, the Theorem is proved.

The author thanks Prof. Stuart A. Nelson for helpful discussions.

Reference
1] Saks, S. and Zygmund, A., Analyﬁc Functions, Warsaw, 1952.

Author’s address: Iowa State University Ames, Iowa 50011, U.S.A.
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ON A PROBLEM OF V. PTAK
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1. INTRODUCTION AND NOTATION

If x, y are reals, x < y, then [x, y], (x, y) denote respectively the closed and the
open interval with the endpoints x, y, (x, y] = (x, y) U {y}. N will always denote the
set of positive integers, @ the empty set etc.

Let T be a positive real number or co. The letters u, v, w will always denote map-
pings of the interval (0, T) into (0, T). For every such mapping w(x) and every
nonnegative integer n define

w(x)=x if n=0, w(x)=ww"'(x)) if neN,
W(x) = wo(x) + w'(x) + wi(x) + ...,

and quite analogously for u, U or v, Vinstead of w, W.

The function W(x) is a mapping of (0, T) into (0, o) U {o0}. By [1]; a function
w(x) is said to be small on (0, T), 0 < T' < T, if W(x) < oo for all x € (0, T").
A function w(x) is said to be small if it is small on (0, T). The aim of our paper is to
give conditions for a function w(x) to be small. V. Ptik suggested to study small
functions in connection with his results concerning generalizations of the Banach
fixed-point theorem and the closed graph theorem.

The main results of this paper are contained in Sections 4 and 5. Sections 2 and 3
contain some lemmas necessary in the proofs of the results in Sections 4 and 5.
Section 6 contains examples and counter-examples showing that it is impossible to
delete some assumptions in the theorems and lemmas of the previous sections.

All infinite series in the paper consist of nonnegative members and hence their
sums always exist; of course, they can be equal to co. Analogously all integrals are
integrals of nonnegative Lebesgue measurable functions, hence they exist but may
be equal to co. Measurability of functions is mentioned in theorems and lemmas if
necessary but it is not mentioned in their proofs if it is consequence of other as-
sumptions.
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2. INFINITE SERIES

2.1. Lemma. Let (ao, ay, a,,...) be a decreasing sequence of positive reals,
let k> 1 and

< o0.

ia 1n (an - an+1) + k'(an—l - an)
n=1 " a,, = a"+1

Then a; + a; + a3 + ... < 0.

Proof. Denote ¢,_; = a,_, — a, for all n € N. Then we have a, = (¢, + ¢,+1 +
+ Cp4y + ...) + a, where a = lim a,; the limit obviously exists and is nonnegative.

n—+o
We prove that it is equal to 0. If @ > 0 then
. G k.c,-
Zlng < ©
n=1 Cp
However, lim ¢, = 0 and hence ¢, < ¢,_, i.e.
n— oo

Ilc,,+k.c,,_l

1 > 1In (1 + k)

for infinitely many »n € N, which is a contradiction.
Obviously ¢, < ¢, for almost all n € N; for the sake of simplicity we assume that
¢, < ¢ for all n e N. Then we have

[+9]
0>Ya, Itk G

n=1 Cp

¢ +k.c c k.

=(¢1+Cz+03+...).1n—l——°+(cz+c3+...).lnz—u+
Cqy c,
k.
+(c,+c4+...).lnu+...=
. G
=c,.ln———c‘+k'c°+02.ln c‘+k'c°.c2+k'cl>+

€1 ¢y )

ot c1+k.co.cz+k.c1'c3+k.c2 .
31 €2 C3

=c1.1nc‘+k'c°+c2.ln<c‘+k'c°.c2+k'c‘-)+
Cq Cy (1

+c3.ln<cl+k'c°.62+k'cl.c3+k'c2)+...g.
\ C3 €1 C2
20.c;,. Ink+1.c;.Ink+2.c3.Ink+...=(a,+a;+a,+..).Ink.
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Hence a, + a3 + a4 + ... <oo and then also a; + a, + a; + ... < ©, q.e.d.

2.2. Lemma. Let (ay, a,, a3, ...) be a decreasing sequence of positive reals, let

)

Y a, < w0 and

n=1
aa; < asla, < aglas < ...
Then '

lee)

Ay — Qny1
Ya,, /2 < 0.
n=1 Apt+1 — Qut2

Proof. For an arbitrary non-decreasing sequence b = (by, by, b, ...) of positive
reals less than 1 and an arbitrary i € N define

F(b) =1+ bl + blbz + b1b2b3 + ...,

l_bl+b1b2.1_b2+b1b2b3.i—b3

1—b2 - U3 - Ya

G(b)=b1. +.'.,

F{b) = F(by, by, <5 by bys by, o) 5
Gl(b) = G(bl: bz, ceey bi! bi’ bi’ ...’) 5

Up to a finite number of members, Fy(b) and G,(b) are geometrical series with the
quotient b;, hence they are convergent. By an easy computation we can verify that

biyy — b

Fi+l(b) ~ F(b) = byb, ... bi-(l —b).(1 - bi+1) ’

o (2= b) . (birs = b))
Giyy(b) — G(b) = byb, ... b;. (1= b). (1= bisy)

Hence for all i € N we have
0= G,H(b) - G,(b) <2. (F,-“(b) - F,-(b)).

Comparing term by term the infinite series F(b), F(b) we obtain F(b) < F(b) for
alli € N. On the other hand, F(b) is greater than the i-th partial sum of F(b) and hence
lim F(b) = F(b). The i-th partial sum of G(b) is less than G (b) and hence lim G,(b) =
i—w i=

= G(b). (The limit exists but it may be co.)

Now we can prove the lemma. Without loss of generality we may assume a, = 1.
Denote b, = a,.,/a, for every ne N. The sequence b = (by, b,, b, ...) is non-
decreasing and b, € (0, 1) for all n e N. It holds

a, — a, 1-0,
a"+1 . ’_—L = b1b2 ces b"..l o« T a—
Aniy1 — Op+2 1 = Byuq

367



for all ne N — {1}. Hence it remains to prove that F(b) < oo implies G(b) < co.
However,

©6() S 1imG(b) = i) + 3, (G1ni(8) ~ Gib) 3
<2.Fyb) +¢§12 (Fisa(b) = F(b) = 2. F(b) < w0, qeed.

2.3. Lemma. Let k > 1, let (a,, a,, a, ...) be a decreasing sequence of positive
reals, let

Ya, <o
n=1
and let forallneNa,,, — @yiy < k.(a, — Gy41). Then

k.(a, — ay4y)

Api1 — Qpy2

Y apyq.In < .
n=1

Proof. Denote b, = a, — a,, for all n e N. Then obviously a, = b, + b,,, +
+ b,4+2 + ... for all n e N. Without loss of generality we may assume b, = 1 and
b,+1 < 1for all n e N. Then we have

o0 — o0
Sty dn O =) _w Bl
n=1 An+1 — Qni2 n=1 bys1
= (b, + b3 + by + ...).lnk'bl + (bs + by + ...).ln%’—z+
2 3
+ (by + bs +...).lnk'b3 + .=

4

=b2.lnk'b1 +b3,.<lnk'b1 +lnk—°—b—2)+
2 b, b,
+1b4.(lnﬂ)+lnk'—b2+lnl—c'—b3‘)+... =
b, bs 4

élnk.za,+l+2n:(b,,+l+e—")=
n=1 n=1
=(1+mk).Y ap; +Yn.e" <.
n=1 n=1 '
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We have used the inequality
b.|lnb|<n.(b+e" forall be(0,1) and neN.

To verify it, let us distinguish two cases. If Inb = —n then b.|lnb| < n.b. If
Inb < —n then we have b.|lnb| =|Inb|.e”!"™ < n.e™", since the function
x . e~ is decreasing on [1, ©), q.e.d.

3. OTHER LEMMAS

3.1. Lemma. Let a,b,ce(0,T), a<b <c, let wx)<x for all xe[b,c],
w(c) = b, w(b) = a and k > 1.

a) If w(y) — w(x) £ k.(y — x) for all x, ye[b, c], x < y then
¢ x.dx b

j,, x—wx) k

b) If w(y) — w(x) = —k.(y — x) for all x, ye[b, c], x < y then

c x.dx _ b ]n(b—a)+(k+1).(c—b)
J‘bx—w(x)=k+1' b—a '

v

Proof. a) Let u(x) = b + k.(x — c). Then w(x) 2 u(x) for all xe[b, c] and

hence
J‘c x.dx > ¢ x.dx _ ¢ dx ZJ‘C dx =2'
px—wx) Jpx—ux) J,1—ulx)x J,1—ub)b &k

b) Let u(x) = a — k. (x — b). Then w(x) = u(x) for all x € [b, ¢] and hence

¢ x.dx * x.dx ¢ x.dx :
px—wx) Jyx—ux) J,(k+1).x—k.b—-a’
by an easy computation we obtain the required expression, q.e.d.

3.2. Lemma. Let a,b,ce(0,T), a < b < ¢, let w(x) < x for all xe[b, c], let
w(c) = b, w(b) = a and let k be a real.

a) If ke (0, 1) and w(y) — w(x) 2 k.(y — x) for all x, ye[b, c], x < y then

J‘ x.dx §£.
»x —w(x) Kk

b)If k>1 and 0 = w(y) —w(x) S k.(y —x) for all x,ye[b.c], x<y

then
f x.dx §c+b.1n(c-b)'k.
» X — w(x) b—a
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c) If the function w(x)[x is non-increasing on [b, c] then

¢ x.dx éb.c—b.
» X — W(x) b—a

-

Proof. a) Let u(x) = b + k.(x — c). Then w(x) < u(x) for all xe [b, c] and
since u(x)/x is monotone on [b, c] we have

[ o[t s, s8).

. )
=max|—, ¢
(&

b) Let d = b + (b — a)/k and u(x) = b + k.(x — d) for xe[b,d], u(x) = b
for x € (d, c]. Then w(x) < u(x) for all x € [b, ¢] and therefore

il e o ek

b—a

IIA

£
-

c—b

)=c+'b.1n

b—a

§d+<c—d+ b.ln

c¢) We have

¢ x.dx _ € dx _[f_dx =bc—b -y
pXx—wx) Jyl—wkx)/x J,1—alb ‘b—a’

3.3. Lemma. Let w(x) <x for all xe(0,T), let k> 1 and w(y) — w(x) <
Sk.(y—x) forall x,ye(0,T), x <y or w(y) — w(x) 2 —k.(y — x) for all
x,y€(0, T), x < y. Let there be be (0, T) such that the point [b, b] is a limit
point of the graph of w(x). Then there are a, c€ (0, T), a < ¢ such that

¢ x.dx
—_— = 00
a X — W(x)
Proof. Let e.g. w(y) — w(x) £ k.(y — x) for x < y and let the point [b, b]

be a limit point of the graph of w(x). It can be easily shown that b — w(x) <
< k.(b — x) for all x €(0, b). Take ¢ = b and a € (0, ¢). Then

¢ x.dx k a.dx
= : = ©
aXx—wx) Jo(k—1).(b—x) _
If w(y) — w(x) 2 —k.(y — x) for x < y, the proof is similar. We choose a = b
and ce (b, T). Qed.
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3.4. Lemma. Let w(x) < x for all xe(0, T), let w(x) be Lebesgue measurable
on (0, T) nad let no point [b, b], b€ (0, T) be a limit point of the graph of w(x).
Then for all a,c€(0,T), a < c,

¢ x.dx
= . <.
j‘a x = w(x)
Proof. Take a, c€(0, T), a < c. Then there exists a positive number ¢ such that
w(x) < x — ¢ for all x € [a, c] and hence
x.dx = c.dx < oo. Q.ed.
a X — W(x) . &
3.5. Lemma. Let at least one of the functions u(x), u(x) be non-decreasing on
(0, 1), let u(x) < v(x) for every x € (0, t). Let a, b € (0, T), V(b) < oo and lim u"(a) =

= 0. Then U(a) < 0.

Proof. Without loss of generality we may assume a < b < t. Now we can prove
u"(a) < v"(b) by induction. If n = 0 then obviously u"(a) = a < b = v"(b). For
n € N we have '

w(a) = u(u'X(a)) < X < (" 1(b) = o(b)

where X = u(v""!(a)) if u(x) is non-decreasing and X = v(u""*(a)) if v(x) is non-
decreasing. Comparing U(a), ¥(b) term by term we obtain U(a) < V(b) < w0,
q.e.d.

4. CRITERIA OF SMALLNESS

Let t be a fixed element of (0, T); it is suitable to imagine it small. An obvious
necessary condition for a function w(x) to be small is

(4.0) lim w'(x) = 0 forevery xe(0,T);

this condition will be called the zero-condition for the function w(x). It is easy to

see that if a function w(x) satisfies the zero-condition and is small on (o, t) then it

is small (i.e. small on the whole (0, T)). The problem whether a function w(x) is

small is usually much more difficult than the problem whether w(x) satisfies the zero-

condition. Therefore it is usually reasonable first to verify (4.0) and only if it holds

to find out whether w(x) is small. Hence it is suitable to investigate smallness on (0, t).
We shall also assume

(4. w(x) < x forall xe(0,1]

in most theorems. The condition (4.1) is obviously very natural even if it is not
necessary for w(x) to be small (see Example 6.5). Our basic result is the following
theorem.
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4.1. Theorem. Let w(x) satisfy (4.1) and (4.0), let there be a real k such that

(42) wy) —wx) £ k.(y —x) forall x,ye(0,t], x<y
or
(4.3) w(y) —w(x) 2 k.(y —x) forall x,ye(0,1], x<y,
and let

fox.dx
(44) [ ==

Then the function w(x) is small.

Proof. We may obviously assume |k| > 1 and prove only W(a) < oo for all
a € (0, t). Denote a, = w"(a) for all ne Nu {0}. The sequence (ao, aj, a,, ...) is
decreasing and its limit is 0. Now let us distinguish two cases.

If (4.2) holds then using Lemma 3.1a for b = a,, ¢ = a,_, we obtain

an-1

W(a)=ao+2an§ao+2k.J 21 -
n=1 n=1

w X = W)

a t
=ao+k. —x"i.{‘"._ao'i‘k —x-ﬁ—<w.

0 X — w(x) 0 X — w(x)

Let (4.3) hold. Using Lemma 3.1b we obtain
a e Gn-1

oo>'[ x.dx =ZJ‘ x.dx >

ox —w(x) n=1), x—wx)

> But1 . 4o (@ = @usr) + (—k + 1) .(ay—y — a) .
-k +1 ’ a, — ap44q

Now we can use Lemma 2.1. It implies that a; + a, + a3 + ... < o and hence
W(a) = ao + a; + a; + ... < ©, q.e.d.

Theorem 4.1 shows that (4.4) is a sufficient smallness condition for a rather large
class of functions w(x). Generally speaking, it is not a necessary condition (see
Example 6.7). However, (4.4) can turn out to be a necessary and sufficient smallness
condition if we restrict the class of functions w(x) considered. Some convenient
restrictions are given in the next three theorems. In their proofs the necessity of (4.4)
is verified only, the sufficiency being obvious consequence of Theorem 4.1.

4.2. Theorem. Let w(x) satisfy (4.0) and (4.1), let there be a positive real k such
that (4.3) holds. Then the function w(x) is small if and only if (4.4) holds.
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Proof. We may obviously assume k < 1. Let w(x) be small. Denote a, = w"~'(f)
for all n € N. By Lemma 3.2 we have

J" x.dx =§J’“" x . dx éian=W(t)<oo_ Q.ed.

sy X — W(X) a=1 N

4.3. Theorem. Let w(x) satisfy (4.0) and (4.1) and let the function w(x)/x be non-
increasing on (0, t]. Then the function w(x) is small if and only if (4.4) holds.
Proof. Let w(x) be small. Denote a, = w"~!(¢) for all n € N. Then

J" x.dx i “ x.dx O Gy — Qg
x —wx) =1 )g,, X — W(xX) #=1G,4y — Guys

IA

2 lpyy < O

the first inequality follows from Lemma 3.2c and the other from Lemma 2.2, q.e.d.

4.4. Theorem. Let w(x) satisfy (4.0) and (4.1), let w(x) be non-decreasing and let
there be a real k such that (4.2) holds. Then w(x) is small if and only if (4.4) holds.

Proof. We may obviously assume k > 1. Let w(x) be small. Denote a, = w"~(t)
for all n e N. It holds

f’_&=§r» §§<an+an+l.ln("—"L‘)'k>=

an+1 W(X) A Api1 — Quia

=Y a, +Za,,;rl ln———————( —a’f“)'k<oo.

n=1 Any1 — Qpy2

The first inequality follows from Lemma 3.2b, the second from W(f) < oo and
Lemma 2.3. Q.e.d.

Up to now we have tried to find smallness conditions which were as general as
possible. Now we are going to give some more easily applicable conditions. We
begin with a simple theorem for verifying (4.0).

4.5. Theorem. A continuous function w(x) satisfies the zero-condition if and
only if w(x) < x for all x € (0, T).

Proof. Let w(x) < x for all x € (0, T), and a € (0, T). Denote a, = w"(a) for all
neNuU {0}. The decreasing sequence (ao, ay, a,, ...) has a limit b 2 0. If b is
positive then w(b) = b, which contradicts the assumption. Therefore b = 0.

Conversely, let w(a) 2 a for some a € (0, T). We have to find b such that W(b) =
= o0. If W(a) = oo take b = a. Otherwise there is n € N such that w*(a) 2 w"**(a),
w"(a) < a. Denote ¢ = w"(a). It holds w(c) < ¢, w(a) 2 a, and therefore thereis
b € [c, a] such that w(b) = b. Then obviously W(b) = o, qed.
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Now we shall reformulate Theorems 4.1 —4.4 for the functions w(x) which have
the first derivative on (0, f). The proofs of both reformulated theorems are very
easy and wg shall“omit them.

4.6. Theorem. Let w(x) satisfy (4.0) and (4.1), let w'(x) exist for all x € (0, t],
let there be a real k such that w'(x) < k for all x (0, t] or w'(x) 2 k for all x€
€(0, t] and let (4.4) hold. Then the function w(x) is small.

4.7. Theorem. Let k be a positive real, let w(x) satisfy (4.0) and (4.1), let w'(x)
exist for all x € (0, t] and let at least one of the following conditions hold:
(i) w'(x) = k for all x€(0, t]; '
(ii) w'(x) £ w(x)/x for all x€(0, t];
(iii) 0 = w'(x) £ k for all x€(0, t].
Then the function w(x) is small if and only if (4.4) holds.

4.8. Corollary. Let a function w(x) satisfy (4.0) and (4.1), let r be a real, t < e™*
and let for all x € (0, t) either

w(x) = x — x>7"
or
w(x) = x — x> . |Inx[**"
or
w(x) = x — x*. |In x| . (In |In x[)**".

Then w(x) is small if and only if r > 0.

Proof. Let e.g. w(x) = x — x*. |In x|**". Then

fox.dx _ t dx _ [ 4y
oXx —wx) Jox.|mx** o) V2T

The last integral converges if and only if r > 0. Now it suffices to use Theorem 4.7.
The other two cases for w(x) are similar. It is also clear how to continue the sequence
of formulae for w(x); then the number e~ must be replaced by a smaller number
depending on the considered formula. Q.e.d.

4.9. Corollary. Let a function w(x) satisfy (4.0) and (4.1) and let
wx)=ci.x+c3.x*+¢c3.%° + ...

for all x (0, t] where c, are real constants. Then w(x) is small if and only if
¢ < 1.

The corollary is an immediate consequence of Theorem 4.7. Notice that if w(x) =
=co + €y .% + ¢y .x* + ... then w(x) can satisfy (4.1) only if ¢, = 0.
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5. COMPARATIVE CRITERIA

In the preceding section we have given a list of small functions. Now we give
some theorems which enable us to conclude that a given function is small if it is
related in a certain way to some other small functions. As in Section 4, t denotes
a fixed element of (0, T).

5.1. Theorem. Let u(x) satisfy the zero-condition, let at least one of the functions
u(x), v(x) be non-decreasing on (0, t), let u(x) < v(x) for every x € (0, t) and let the
function v(x) be small on (0, t). Then the function u(x) is small.

Proof. Take an arbitrary x € (0, T). The zero-condition implies that there is n € N
such that a = u"(x) (0, t). Obviously U(x) < o if and only if U(a) < oo. Since
the function v(x) is small on (0, ) it holds ¥(a) < co. Then by Lemma 3.5 (used for
b = a) we have U(a) < o, and hence U(x) < o, g.e.d.

Another corollary of Lemma 3.5 follows by taking u(x) = v(x) = w(x).

5.2. Theorem. Let w(x) satisfy the zero-condition and be non- -decreasing on
(0, t]. Then w(x) is small if and only if W(t) < o.

If we want to use Theorem 5.1 it is sometimes useful to extend the list of small
functions by the theorem below.

5.3. Theorem. Let w(x) satisfy the assumptions of Theorem 4.7, re (0, 1), let
u(x)=r.x+ (1 —r).w(x) for allx € (0, t] and let u(x) satisfy the zero-condition.
Then u(x) is small if and only if w(x) is small.

Proof. The function u(x) also satisfies the assumptions of Theorem 4.7 and

fx.dx 1 ' ox.dx
ox—ux) 1—r Jox—wx)
The integral on the left converges if and only if the intégral on the right converges.

Now it is sufficient to use Theorem 4.7. Q.e.d.
We give one example how to use Theorem 5.3.

5.4. Corollary. If w(x) satisfies the zero-condition, r > 0 and

lim inf x = w(x) 0
1?-21 x*.|lnx|.(In |In xl)1 P

then the function w(x) is small.

The assumption that at least one of u(x), o(x) is non-decreasing cannot be omitted
in Theorem 5.1. (See Examples 6.3, 6.4.) However, it can be replaced by the continuity
of v(x). We shall see that from the following theorem. :
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5.5. Theorem. (J. Smital). Let a continuous function w(x) be small and let for all
x€(0,T)

‘ u(x) = sup {w(y); y (0, x]}.
Then the function u(x) is small.

Proof. Let b €(0, T). There is the least real a, satisfying w(a,) = w(b). Denote
a, = u"(a,) for all ne N. Since w(x) is continuous and small, we have w(x) < x

for all x € (0, T). Then u(x) < x for all x € (0, T), u(x) being continuous. Therefore
u(x) satisfies the zero-condition.

Denote by G, the set of all x € (0, T) such that u(x) is constant in a (sufficiently
small) neighbourhood of x. Further, denote for all n e N

G, = {xe(0, T); u"(x) e Go},
Ao=[a1,ao]—Go, An=A”_l'—G".

All sets Ay, A, A,, ... are closed and Ay 2 A, 2 A, 2 .... We shall show A, + 0

for all n e N U {0}. If we denote u"(X) = {u"(x); x € X} for every X < (0, T) then it
holds

(5.1) u"*1(A,) = [ans2, Gnie] »
(5.2) u"(A)Nn G, =90.

For n = 0, (5.1) and (5.2) obviously hold. Let they be true for some n; we prove
them for n + 1. It holds w"*!(A,,,) = u"*Y(A, — G,11) S [Gp+2, @nss] — Go,
hence u"*!(A,;,) N Go = 0. Further, we have u"*%(A,,,) = u"**(A, — G,,,) =
= u(“"+1(An - Gn+1)) =2 u(u"+1(An) - u"+1(Gn+l)) = u([an+2s an+l] - GO) =
= [@,+3, a,+2]- The converse inclusion is obvious: u"**(A,,,) < u"**([a,, ao]) =
= [an+3’ n+2]

We have proved (5.1) and (5.2). (5.1) 1mp11es A, + 0 for all ne N and since A; 2

2 A, 2 A; 2.... are closed sets we have n A, += 0. Take ce n A,. It holds w"(c)

= u"(c) for all ne Nu {0}. Therefore U(c) W(c) < oo. Now we use Theorem
5 2. Since u(x) is obviously non-decreasing and satisfies (4.1), it is small, g.e.d.

5.6. Corollary. A continuous function w(x) is small if and only if w(x) < x for
all xe(0, T) and W(t) < oo.

5.7. Corollary. Let 1(x) be a continuous small function and let u(x) < v(x) for
all x € (0, T). Then the function u(x) is small.
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6. EXAMPLES AND REMARKS

6.1. Example. A function w(x) such that w(x) < x for all x € (0, T) which does
not satisfy the zero-condition.

Let w(x) = x/2 for x€(0, t], w(x) = (x + t)/2 for xe(t, T). Then obviously
w(x) < x for all x € (0, T). However, for every a € (t, T) it holds lim w"(a) = ¢t > 0,
hence w(x) does not satisfy the zero-condition.

Remark. The just constructed function w(x) is continuous from the left on (0, T).
From Theorem 4.5 we know that it cannot be continuous. It is easy to see that it
cannot be even continuous from the right on (0, T).

6.2. Example. A function w(x) satisfying the zero-condition, w(x) < x for all
x€(0, T) and W(t) < oo which is not small on (0, ¢).

Choose r € (0, t) such that r/t is irrational (e.g. r = t/\/2) and for all x € (0, T)
define w(x) = r/(r/x + 1) if r/[xe N, w(x) = x[2 otherwise. The function w(x)
obviously satisfies (4.0) and w(x) < x. It holds also W(t) = t + t[2 + t[4 + t[8 + ...
... < w. However, W(r)=r+r[2+r[3 + r[4 + ... = oo, hence w(x) is not
small on (0, 7). :

6.3. Example. Functions u(x), v(x) satisfying the zero-condition and u(x) <
< »(x) < x for all x € (0, T), such that (x) is small and U(x) = oo for all x € (0, T).
Let for all ne N

u(t/(2m)) = 1](4n + 1), o(t/(2n)) = 1[(4n),
u(t/2n — 1)) = t/2n + 1), o(t/(2n — 1)) = t/(2n)
and for all x € (0, T) such that t/x ¢ N let
u(x) = t/(2n + 3), o(x) =1t/(2n + 2),

where n is the integer part of ¢/x. Then for every x € (0, T) there is m € N such that
u(x) = t/2m + 1), vo(x) = t/(2m) and we have

U(x) = x + U(u(x)) = x + t/2m + 1) + t|2m + 3) + t[2m + 5) + ... = 0,
V(x) = x + V(o(x)) = x + t[2m) + t/(4m) + t/(8m) + ... < .
Remark. Neither u(x) nor v(x) can be non-decreasing, and 1(x) cannot be con-

tinuous.

6.4. Example. A small function v(x) and a continuous but not small function u(x)
satisfying the zero-condition and u(x) < »(x) for all x € (0, T).
Letforall neN

u(t)@n — 1)) = t)@n + 3), u(t)(2n)) = )(4n + 2),

3717



let u(x) = /5 for all x € (, T) and let u(x) be defined by linear interpolation on each
interval (t/(n + 1), t/n), ne N. Let for allne N

: (i) = f(4n),
o(x) =t/(2n + 2) for xe(t/(2n + 1), t/2n — 1)] — {t/2n}

and let o(x) = #/2 for x (t, T). Then obviously u(x) is continuous and u(x) <
< v(x) < x for all x € (0, T). It is easy to verify that v(x) is small. However, u(x)
is not small because U(f) = ¢ + 1[5 + t[9 + t/13 + ... = co.

Remark. If we replace the linear interpolation by a finer construction we can reach
e.g. that u(x) has all derivatives on (0, T).

6.5. Example. A small function w(x) such that w(x) > x for all but countably
many x € (0, T). :
Let (to, ty, ta, .. )be an increasing sequence, t, = t and lim¢, = T. Denote t_

n—> o

=t[2"forallneN, Z = U {t_, t,} and for all integers n and all x € (0, T)
n=0

Wx) = tyyy if x€(t-rsty), W)=ty if x=1,.

Then for all x € (0, T) — Z we have w(x) > x. In spite of that the function w(x) is
small: For each x, W(x) converges if and only if ¢t_; + t_, + t_3 + ... <oo, which
obviously holds.

6.6. Example. A function w(x) satisfying (4.0), (4.1) and (4.4) which is not small.
Let for all xe (0, T)

wx) =x/2 if t/lx¢N, wx)=t/t[x+1) if t/xeN.

Then w(x) satisfies (4.0) and (4.1). It also satisfies (4.4) because w(x) can be replaced
by x/2 in the integral. However, w(x) is not small since W(f) =t + t2 + t[3 + ...
.. =00,

Remark. The function w(x) just constructed is not continuous. However, a con-
tinuous function with all the mentioned properties can be found. It could be con-
structed as an “approximation” of the function w(x). Therefore in Theorem 4.1 the
conditions (4.2) or (4.3) cannot be replaced by continuity of w(x).

6.7. Example. A non-decreasing small function w(x) satisfying (4.0) and (4 1)
which does not satisfy (4.4), ,
Denote a, = t[2" for all ne N, and define

W(x) = ay4y for all xe(a,+y,a,], wx)=a, forall x>a,.
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Then obviously. w(x) satisfies (4.1) and is non-decreasing. Further, w(x) is small
since W(x) £ x+ a, +a, +a; + ... <o, and hence it satisfies (4.0), too.
However, (4.4) does not hold. Moreover, for every positive k we have

ko x . dx
_—_—:@
J‘ox—w(x)

because the graph of w(x) has a limit point [a,, a,] for some a, € (0, k).

Remark. There is also an increasing continuous small function w(x) satisfying
(4.0) and (4.1) and not satisfying (4.4). It can be constructed as an “approximation”
of the function from Example 6.7. Hence we cannot replace (4.3) with a positive k
by the assumption that w(x) is increasing in Theorem 4.2. Analogously we cannot
replace the assumption (i) in Theorem 4.7 by the assumption w'(x) > 0.

6.8. Example. A decreasing sequence (ay, a,, as, ...) of positive reals such that
a; +a,+a3+ ... < ®©, a4y — a4, < a, — a,4, for all ne N and

Z a" . ln &—a—""'l = 00 .
n=1 Apn+1 — Qp42
(Compare with Lemma 2.3.)

Let € = 11 Crt1 = Cp - ec,., bn = l/cm ap, = bn + bn+l + bn+2 + ... for all
n e N. Then

¢} (-] (o}
a, —a 1 c
Ya, m——L >% — 2l =Y1=ow.
n=1 a"+1 - a,,+2 n=1 C,, C,, n=1

The other conditions can be easily verified.
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ON PERIODIC SOLUTIONS OF NONLINEAR
SECOND CRDER ORDINARY DIFFERENTIAL EQUATIONS

G. G. HAMEDANI, Tehran

(Received December 29, 1976)

In our previous paper ([2], Theorem 1) we established the existence of w-periodic
solutions of the differential equation x” + Kx = F(t, x, x’) for the case K > 0.
In this note we prove an existence (and uniqueness; Corollary 2) theorem for this
differential equation for K # 0. This theorem is stronger than Theorem 1 of [2]
in the sense that there is no restriction on w (except that [0, w] < [0, n/\/K] for
K >0, and [0, w] = [0, + ) for K < 0). Furthermore, its extension (which can
be obtained with out difficulties) to a system of nonlinear second order differential
equations provides a stronger theorem than Theorems 1 and 2 of [1].

Consider the scalar boundary value problem
) x" + f(t, x,x') =0,
) x(0) — x(w) = x'(0) — x'(w) =0,
where f is a continuous real-valued function with domain [0, w] x R2.

Theorem 1. Let there exist constants K + 0 and C > 0 such that

3) M= Max {|Kx — f(t,x, x')| : te[0,w], |x| <C,
¥ = (VIKl) ¢} < |K| C.

Then in [0, w] < [0, n/\/K] if K >0, and in [0,w] < [0, + ) if K <0, the
problem (1), (2) has at least one solution x(t) satisfying |x(t)| < C, |x'(t)] < (V|K]) €
for0<t<w

Proof. If K > 0, then problem (1), (2) is céuivalent to the integral equation
@ *(f) = J G(t, 5) F(s, x(s), (s)) ds.,
0
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where F(t, x, x') = Kx — f(t, x, x") and G(t, s) is Green’s function
1 cos(VK)(3w + s —
2K sin(VK)w)2

1 cos (VEK)(3w + t —
2K sin (K) w2

If K < 0, then (1), (2) is equivalent to (4) where

t
) for 0<s<t<w

() 6=

s) for 0<t<s

IA
B3

L exp [ (JVIK)( = s)]exp[(v/IK]) w] + exp [(V|K])(t = 5)]
2 JI¥| 1 — exp [(V[K]) ] f
or s<t
6) G(t,s) =
O I epl WIKDG = espLIKDw] + s (IKD(s - 9]
2 JIK]| 1 — exp [(V|K]) w] .
or t<s.

Let S = {xec'[0,w]:|x(1)| < C, |x'(1)] = (V|K]|) C} and define an operator U
on S by

U x(i) = f :G(t, ) F(s, x(s), x'(s)) ds .

From (3), it follows that

IUx t)| < M‘[ |G(t s)| ds <

M

Kl =€

b

l: U x(1)

<M f IG(t, 5)| ds < l_(\/IKI)

IS

and hence U maps S continuously into itself. Therefore by Schauder’s theorem (4)
(and hence (1), (2)) has a solution with the desired properties.

Corollary 1. If in addition to the hypotheses of Theorem 1, the function f(t,x,x")
is w-periodic in t and locally Lipschitzian with respect to (x, x'), then (1), (2) has
a w-periodic solution.

Corollary 2. If in addition to the hypotheses of Theorem 1, the function f(t, x, x")
is w-periodic in t and if '

|F(t, x4, x1) — F(2, x3, x3)| = €, {lxl Xa| + —— \/|K| |xy — le} 0O<t<w



Jor (x;, x})eQ = {(x,x): le <C, |x'| < (\/|K|) C}, where C; > 0 is a constant
such that

then (1), (2) has a unique w-periodic solution.
Proof. If, for x € S, we let
) 1
%] = Max {Ix(t)l + L ymi0<i< w},
, JVIK|
we can easily show that U is a contraction with respect to ||| on S.

Applications. Three applications of Theorem 1 for the case K > 0 can be found
in ([2], pp. 73—75). We give below three applications for the case K < 0.

(A,) Consider the equation
(7) x" + f(x)x"+ax=pp(t), a<0, n>2

where n is an integer, all coefficients are continuous, f(x) is locally Lipschitzian
in x, 0 < f(x) < b for all x, and |u| sufficiently small. If K < a|2 and if p(t) is
periodic of period w, then (7) has a w-periodic solution.

Proof. The hypotheses of Corollary 1 aresatisfied by choosing C = |u|*/" with |u]
sufficiently small.

(A,) Consider the equation

() x" + a(t) x + b(t) f(x?) = pp(t),
and let

() a(?), b(?), p(t) be continuous and a(t) non-positive,
(i) f(x) be locally Lipschitzian, non-negative, non-decreasing for x = 0 and
for some C > 0

B@+Iulgs -E.
C C

where
B = Max |b(f)|, D = Max |p(t)|, E = Maxa(t).
te[0,w] te[0,w] ) te[0,w]
If K < A = Min a(t) and if a(t), b(t), p(t) are periodic of period w then (8) has
te[0,w] )

a w-periodic solution.
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Proof. The hypotheses of Corollary 1 are satisfied by choosing C as in (ii).
(A;) Consider the equation

) x" 4+ x'(1 —x*) —x=ppt),

where p(t) is continuous in t. If K < —% and if p(t) is periodic of period w then
(9) has a w-periodic solution.

Proof. If 0<C<1 0<e<1/J|K|, and |u| < (1 — &(J|K])) C/B, where
B = Max |p({)|, then by Corollary 1 (9) has a w-periodic solution.

te[0,w]
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Casopis pro péstovani matematiky, ro¥. 103 (1978), Praha

BEMERKUNG UBER GEMEINSAME BEZIEHUNG
ZWISCHEN KARTESISCHEN GRUPPEN UND
KARTESISCHEN ZAHLENSYSTEMEN

VAcLav HAVEL und FvAN STUDNICKA, Brno
(Eingegangen am 6. Januar 1977)

Das kartesische Zahlensystem wurde von R. BAER im Jahr 1942 eingefiihrt ([1],
S. 145), wihrend die kartesische Gruppe von G. PICKERT im Jahr 1952 ([4], S. 335).
Zu dem Zusammenhang zwischen diesen beiden Begriffen hat sich schon im Jahr
1954 L. LoMBARDO-RADICE ([3], S. 133—134) geduBert, aber nur in Richtung zu
seinen ,,Refraktionsebenen‘‘.

Im vorliegenden Artikel ordnen wir jeder vertikal-transitiven Ebene IT mit einem
Bezugssystem B schon eindeutig eine kartesische Gruppe CGj; g und zugleich ein
kartesisches Zahlensystem CNSp g zu, kliren den beiderseitigen Zusammenhang
(Behauptung 1) und schlieBen einige Folgerungen (Behauptungen 2, 3, 4). Dabei
kann man die Frage stellen, ob eine kartesische Gruppe existiert, die mit dem ange-
schlossenen kartesischen Zahlensystem zusammenfallt und entweder keine Distri-
butivitat erfiillt oder aus beiden Distributivititen genau die linke Distributivitit
erfiillt. Es ist nicht schwierig Beispiele von solchen kartesischen Gruppen zu kon-
struieren (§ 3).

1. Es sei eine projektive Ebene gegeben mit einer ausgezeichneten Geraden g,
und einem ausgezeichneten Punkt X, auf g,,.") Ist diese Ebene (X, g,,) — transitiv
im Sinne von [1], S. 140, dann werden wir fiir sie die Benennung vertikal-transitiv
gebrauchen.

Fiir ein Bezugssystem einer solchen vertikal-transitiven Ebene erklaren wir jedes
geordnete Quadrupel (0, X, Y,, E) von Punkten in allgemeiner Lage und mit
XY, =g, und setzen Z_ :=0E[ g, 2, := (Ex,m10Y,)(EY, M 0X,)) M
Mg, Im weiteren untersuchen wir eine vertikal-transitive Ebene IT mit einem
Bezugssystem B = (0, X, Y, E). Setzen wir # := 0Y, \{Y,} und fiihren binire
Operationen +, @, ., © auf .# folgendermaBen ein (Abb. 1—4):

1) Im weiteren bezeichnen wir mit 4B die Gerade durch Punkte 4 & B und mit a M5 den
Schnittpunkt der Geraden a ¥ b. Die Geraden fassen wir als Punktmengen auf.
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(1) a+b:=0Y,M((aX,M0Z,) Y, MbZ,) X, Va,be # ,
(2,) ©a :=0Y,M((a2Z,M0X,)Y,M0Z,)X, Vae #,

(2,) (®a)®b:=0Y,M((aZ, M 0X,) Y, M0Z,)X, Va,be #,
(3) a.b :=0Y,M X,(aX,M0Z,)Y, M0(bX,MEY,) Va,be s,
(4) aOb:=0Y,MXH(a2,10X,) Y, MO(bX, M EY,) Va,be.#.

Y-
b
i Y. _ ©a @b - Z‘
a +0 z. + E
% P 3 y V4 ¥
b
a - a
0 . Xa 0 " Xa
2"
Abb. 1. Abb. 2.
Y.
b
Y, %
b z
. { ’
d‘b + r ﬂob
a 3 a P
P 4
'd £
0 Xe
a ., X. \ A
Abb. 3. Abb. 4.

Daraus folgt, daB (#, +, 0), (#, @, 0) Gruppen mit neutralem Element 0 sind, daB
fiir jedes x € A die Beziehungen 0 =x.0=0.x=x00=00x, x=1.x =
=x.1,x=10x, ©x = x O (©1) gelten und daB

(5) #{xeM|x.a=x.b+c}=4#{xeM|c+b.x=a.x} =1
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fiir jedes a, b, c € # mit a £+ b, und
#{xeM|xQa=x0b®c}=#{xeM|c®DPOy=a0y} =1

fiir jedes a, b, c € A mit a % b gilt.

Damit sind die nachstehenden Definitionen motiviert. Ein geordnetes Quadrupel
(.//l, -G 0) heiBt verallgemeinerte kartesische Gruppe, falls # eine wenigstens zwei-
elementige Menge ist, wobei (.#, +, 0) eine Gruppe bildet, x.0 = 0.x = 0 fiir
jedes x € . gilt und die Bedingung (5) erfiillt ist. Wenn iiberdies ein ausgezeichnetes
Element 1€ .# existiert mit x.I =1.x = x fiur jedes x € .#, bzw. mit
—(x.(=1)) =1.x = x fiir jedes x € .#, so heiBt (.#, +,.,0) eine kartesische
Gruppe, bzw. ein kartesisches Zahlensystem.

Wir konnen nun die obigen Betrachtungen kiirzer fassen: Die gegebene vertikal-
transitive Ebene IT mit ihrem Bezugssystem B bestimmt eindeutig eine kartesische
Gruppe C€CGj 4 und ein kartesisches Zahlensystem CNSp . Umgekehrt ist jede
kartesische Gruppe, bzw. jedes kartesische Zahlensystem isomorph?) mit der karte-
sischen Gruppe CGj;  beziiglich einer geeigneten vertikal-transitiven Ebene IT mit
einem geeigneten Bezugssystem B, bzw. mit dem kartesischen Zahlensystem CNSy; &
beziiglich einer geeigneten vertikal-transitiven Ebene IT mit einem geeigneten Bezugs-
system B. Diese wohlbekannte Tatsache lassen wir hier ohne Beweis.

2. Es sei IT eine vertikal-transitive Ebene und B = (0, X, Y,,, E) ihr Bezugs-
system. Wir bezeichen wie oben CGy g = (M, +, .,0,1) und CNS; & = (M, D,
©,0,1). Wir setzena.b =c<>a=:c/bund a @ b = c<a =:¢/[b.

Behauptung 1. Fiir die binaren Operationen +,., ®, © gelten die Beziehungen
() +=e,

(i) (—a/—=1).b=aOb Va,be,

(i) (¢//[1) ©d=c.d Ye,de M .

Behauptung 2. Die binaren Operationen ., © fallen zusammen, wenn und nur wenn
(ivya.(-1)= —a Vaed,
bzw. wenn und nur wenn
(v) a©@l=a Vaed.
ist.

Behauptung 3. CGy; i erfiillt die linke, bzw. rechte Distributivitdt®), wenn und
nur wenn CNSp o die linke, bzw. die rechte Distributivitdt erfiillt.

2) Gemeint ist der iibliche Isomorphismus der algebraischen Systeme mit derselben Signatur.
3) Wir gebrauchen hier die Unterscheidung der beiden Distributivititen nach G. Pickert
(Addition bevorzugt die Multiplikation).
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Behauptung 4. Die Assoziativitdt fiir . ist genau dann der Assoziativitdt fiir ©
dquivalent, wenn die Operationen ., © zusammenfallen.

Beweis der Behauptung 1. Es seien a, b beliebige Elemente der Menge . \ {0}.
Dann gilt (©a) @ b = (—a) + b genau dann, wenn fiir die Punkte B, C' BX,, =
= C'X,, gilt. (B' und C’" werden so konstruiert, daB fiir 4 = a, A’ = b zuerst
B:=0X,[1AZ,, C:= 0X_ [ AZ,, gefunden wird und dann B’ := A'Z_ [ BY,,,
C':=AZ,[1CY,.) Die Geltung von B'X, = C'X,, ist aber eine Folge des

A‘=AY° Aza "

Abb. 5. ¢ Abb. 6.

Desarguesschen Satzes (mit Zentrum Y, und Achse g,), angewendet auf die
Punkte 4, B, C, A’, B', C' (Abb. 5). Insbesondere fiir b = 0 bekommt man Qa =
= —a, so daB} das Zusammenfallen von . und © daher folgt (Abb. 6). Die Gerade
(EX,0Y,)(EY, 10X,), bzw. aZ,, hat beziiglich CGp g die Gleichung y =
=x.(=I1)+ I,bzw.y = x.(—1) + a,sodaB(—a/—1).be((aZ, M 0X,) Y, M
Mo(bX, M EY,)) X, ist. Daraus folgt (—aj—1).b = a © b fiir jedes a, be /.
Setzen wir —a/—1 = ¢, dann ist ¢ . b = a © b, wihrend (ii) ergibt (—a/—1).1 =
=aQ®1,d.h.a=c/[l,und folglichc.b = (c/[[])Ob. =
Behauptung 2 ist eine unmittelbare Folge der Behauptung 1.

Beweis der Behauptung 3. Angenommen es gilt die linke Distributivitat
(A) (@+b).c=a.c+b.c Va,byced.
Es soll die linke Distributivitat
(B) (@+b)Oc=aQ@c+bOc Va,bced

hergeleitet werden.
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Fir jedes a,b,ce# ist a@c+bOc=(—a[-1).c+ (=b/-1).c=
= ((—a/—1) + (=b/—1)).c und weiter auch (a + b) O ¢ = (—(a + b)[-1).c.
Fiir jedes a, b, u, ve .# ist die Summe von —a = u.(—1), —b = v.(—1) gleich
u.(=1)+v.(=1)=(u +v).(—1),s0daBalsou + v = (—a — b)/—1. Nachdem
aber (A) die Komutativitit der Addition + zur Folge hat (vgl. z. B. [4], S. 336), ist
auch —a — b = —(a + b) fiir jedes a, b € 4. Daraus folgt schon (B).

Im weiteren setzen wir (B) voraus und wollen (A) herleiten. Erstens ist fiir jedes
a,b,ce# a.c+b.c=(af[l)Oc+ (b/][]1)Oc=(a]]l + b/[I) O c und zwei-
tens (a + b).c = ((a + b)//I) © c. Fiir jedes a, b, u,ve # ist die Summe von
a=uQ@lL,b=v0Olgleichu®@Il+v0O1=(u+0v)0O1,s0daBalsou+v=
= (a + b)//1 und daraus folgt schon (A).

Es gelte nun die rechte Distributivitit

(© a.(b+c)=a.b+a.c Vabced.

Wir wollen die restliche rechte Distributivitit

(D) aO(b+c)=a®@b+a®c Va,bceM

herleiten: Die linke Seite von (D) ist gleich (—a/—1). b + (—a/—1).c = (—a[-1).
.(b + ¢) und die rechte Seite ist gleich (—a/—1).b + (—a[—1).c = (—a[-1).
.(b + ¢). Damit ist (D) erfiillt.

Falls (D) gilt, dann ist a © (b +¢)=(af/I).(b+¢) und a.b+a.c=
= (a/[1) © b + (a[[1) © ¢ = (a/[1) . (b + c), womit ist (C) erfiillt.

Beweis der Behauptung 4. Fiir a,b,ce # gelte (a O b)Oc=aQ(bO ).
Nach (ii) ist dann (—(—a/—1).b/—1).c = (—a[-1).((=b/—1).c) und fiir
u=—a/—1, v=—b/—1, w= —(u.b)/—1 also w.c=u.(v.c). Zur Geltung
von (u.v).c = u.(v.c)ist also notwendig sowie auch hinreichend, daB w = u . v
oder auch —(u.b) = (u.v).(—1) gilt. Fiir v = I folgt daraus b = I und —u =
=u.(—1),sodaBdann .=0. ,

Fir a,b,ce # gelte nun (a.b).c =a.(b.c). Dann folgt nach (iii) auch
(((a/]1) © b)[[1) © ¢ = (a/[1) © ((b//1) © ¢) und fiir u = af[1, v = b][] und w =
=uODb)[1 ist also wOc=u® (v Oc). Zur Geltung von (uQv)Oc =
=u © (vOc) ist also notwendig und hinreichend, daB w = u ©® v oder auch
uOb=(u0Ov)O1ist. Fir v =1 folgt daraus b =1 und weiter u O I =
= (u © 1) © 1, woraus sich schon (v) und .= O ergibt. =

3. Es sei (®, +,.,0,1) der Korper der reellen Zahlen. Wir nehmen eine auf
{xe®|x < 0} von — oo zu 0 stetige monotone reelle Funktion f und definieren die
Multiplikation ., auf &, so daB a ., b:=f(a).b, falls a,b <Ound a ,b:=a.b
in allen iibrigen Fillen ist. Nach [3], S. 136—137, ist (®, +, .1, 0, 1) eine kartesische
Gruppe mit x .(—1) = —f(x) fiir jedes x < 0. Ist f % id(;ca(x50) 50 gibt es xo < O,
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so daB xo .c(—1) * xo. Daher ist (®, +, .1, 0, 1) kein kartesisches Zahlensystem.

Es ensteht die Frage nach der Existenz einer kartesischen Gruppe, die zugleich ein
kartesisches Zahlensystem ist und wenigstens eine Distributivitdt nicht erfiillt.
M. HALL fand schon in seiner grundlegenden Arbeit [2] (in Appendix, S. 273 —276)
Linksquasikdrper R, S, T, U (in seiner Bezeichnung) der Ordnung 9, von denen
keiner die linke Distributivitat erfiillt; R hat assoziative Multiplikation und S, T, U
nicht; das Element —1 liegt bei R, S, Tim Zentrum, bei U aber nicht, so daB R, S, T
zugleich kartesische Zahlensysteme sind, wihrend U nicht diese Eigenschaft hat.
Somit hat man also ein Beispiel der kartesischen Gruppe, wo die linke Distributivitat
verletzt ist.

Wir kehren nun zu dem Kérper (%, +, ., 0, 1) der reelen Zahlen zuriick. Definiert
man weiter eine neue Multiplikation *; auf 2 mittels a *;b := b .pa fir jedes
a, b € &, wobei die obige Funktion fso gewéhltist,daBf(—1) = —1,f # idzeqx<0)>
so sind in der kartesischen Gruppe (9?, +, *, 0, 1) beide Distributivitidten, sowie
auch die multiplikative Assoziativitat verletzt, jedoch gilt x *¢(—1) = —x fiir jedes
x € A.

Zuletzt wollen wir ein Beispiel der kartesischen Gruppe angeben mit kommuta-
tiver Multiplikation, aber mit verletzter Distributivitdt. Wir nehmen den Korper der
rationalen Zahlen (2, +,.,0, 1) und wandeln die Multiplikation . in eine neue
Multiplikation © wie folgt um: Wir setzen 2’ := { p/q ] p ist eine ungerade ganze
Zahl; g eine nichtverschwindende ganze Zahl; p, q teilerfremd}, «, = 2 fiir jedes
x€2\2,a, =0fiirjedesxe2unda @b =a.b.(l + a,.a)fir jedesa, be 2.
Offensichtlich ist © kommutativ. Wegen 2 © (4 + 1) +204+201 ist die
Distributivitit verletzt. Die Giiltigkeit von #{x € 2 ] xQa=x0b+c}=1fir
jedes a, b, c € 2mit a #+ b priifen wir folgendermaBen nach. Esistx ©a — x © b =
=x.a.(1+a.0)—x.b.(1 +a,.q), so daB die Gleichung x Oa =x 0O
Ob+cals x.(a—b+a,.(a.a, —b.ag)) = c iiberschriecben werden kann.
Diese Gleichung lautet fir x € 2":(*) x.(a — b) = ¢ und fiir x € 2\ 2": (**)
x.(a—b+2.(a.a, — b.a,)) = c. Es seien nun a, b, c drei vorgegebene Elemen-
te aus 2, wobei a #+ b. Ist erstens ¢ = 0, dann ist 0 die einzige Losung in 2’ der
Gleichung (*) und im Fall a — b+ 2.(a.o, — b.a,) + 0 gibt es keine Losung
der Gleichung (**)in 2\ 2'.

Bemerken wir, daB fir a — be 2, bzw. €2,92 auch a—b+2.(a.o, —
—b.a)e2, bzw. € 2\ 2" ist. Daraus folgt, daBl der Fall c =0, a — b + 2.
(a.oq,—b. @) = 0 nicht mdglich ist, weil aus der zweiten Gleichung einerseits
a — be 2'\ {0}, anderseits aber auch a — b= —2.(a.a, — b. ) e 2\ 2 folgt,
was einen Widerspruch liefert. Zweitens setzen wir nun ¢ # 0 voraus, so daB die
Gleichung (*) hochstens eine Losung in 2’ und die Gleichung (**) hochstens eine
Losung in 2\ 2’ hat. Weil aber a — b und a — b + 2.(a ., — b.a) zugleich
zu 2’ oder zugleich zu 2\ 2’ gehdren, hat entweder die Gleichung (*) eine Losung
in 2’ und die Gleichung (**) keine L6sung in 2\ 2’ oder die Gleichung (*) keine
Losung in 2’ und die Gleichung (**) eine Losung in 2\ 2'.
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SOME GLOBAL CHARACTERIZATIONS OF THE SPHERE IN E*
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1. Let M be a surface in the 4-dimensional Euclidean space E*. Let {U,} be
a covering of M such that in any domain U, there is a field of orthonormal frames
{M; vy, v, v3, 04} such that vy, v, € T(M), vj, v, € N(M), T(M), N(M) being the
tangent and the normal bundle of M, respectively. Then we have

(1) dM = o'v + 0y,

2 4 2 3 4
dvl = (01172 + a)iv3 + wlv4 s dvz = —'(Dlvl + w2U3 + (0204 s
3 3 4 4 4 4.,
dvy; = —wijv; — w30, + w3v,, dvy, = —iV; — WV, — W3V;;
(2) do' = o’ A 0}, dol =} A of,

ol+oj=0, o =0*=0.

Using the exterior differentiation and applying Cartan’s lemma, we get from (2) the
existence of real functions a;, b; (i = 1,2,3); 0, B, (i = 1,2, 3,4); 4;, B;, C;, D, E;
(i = 1, 2) in each U, such that

(€)) 0} = a,0' + a,0%, o3 = a0 + a;0?,
o} = byjo! + b,0?, w} = b,0! + byw?;
4 da, — 24,0} — b0} = 0,0 + 0,07,

da, + (a; — a;) @7 — b0} = w0 + 0307,
da; + 2a,0} — b0} = a;0' + au0?,
db, — 2b,0? + a,0% = 0! + B,0?,
db, + (b; — b;) 0} + a,0% = 0" + B30?,
db; + 2b,0% + a;0% = By + fi0?;
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(%) do; — 3,0} — B 0w} = A;0' + (B; — a,K — 3b.k) 0?,
da, + (¢, — 203) 0] — B0} = (B; + a,K + 3b,k) o' +
- +(Cy + aK — 3byk) ?,
doy + (20, — ag) @] — Bsws = (C; + a;K + 3byk) 0! +

+ (Dy + a;K — 1bsk) @?,
day + 3ey0] — B0 = (D; — a,K + 3b3k) o' + E 02,
dB, — 3,0} + yw; = 4,0' + (B, — b,K + }a k) 0?,
dB, + (By — 2B;) i + a,0% = (B, + b,K — }a,k) o' +
+ (C; + byK + }a,k) 0?,
dBs + (2B, — Bs) 0F + asw§ = (C, + b3K — }ak) o' +
+ (D, + bK + }a3k) 0?,

dBs + 3Bs0% + aywi = (D, — b,K — }a;k) o' + E,0?,
where

K=a1a3_a§+blb3—b§, k=(al_a3)b2—(b1—b3)az.
Denote further as usual
H = (a1 + a3)2 + (bl + b3)2 .

The invariants K, H are the Gauss and the mean curvature, respectively.
Now, let us introduce some elementary remarks necessary in the following.
As mentioned in [1], a normal vector field X = xv; + yv, is parallel, if

(6) dx — yo} =0, dy + x0} =0.

In this case we can choose orthonormal frames {M; v,, v,, v3, v,} in each U, in
such a way that . '

k=0.

Further, let v, v, € T(M) generate an orthogonal conjugate net of lines on M.
Then it is easy to see that

a, =0, by=0, k=0

on M. Hence, because of (4), we see that w] is the mean 1-form and there are real
functions g, o such that

(7 o? = ! +.00?,
a; = o(a; — as), ay =o(a; — a3),
B, = Q(bl - ba)s Bs = U(b1 = bs)-
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Now, let us revert to the object of our consideration.
Let f : M — 2 be a function. Its covariant derivatives f;, f;; to U, for each a with
respect to the frames {M ; U1» Uz, U3, v4} are defined by the formulas

(8) df = fio' + f,0°,
df, —fzwf =f11‘91 +f1zw2’ df, +f1wf =f12(1’1 + f220° -“

In all following proofs we use the maximum principle in this form:
Let M be a surface in E* and 0M its boundary. Let f be a function on M and

fi fi; its covariant derivatives. Let (i) f 2 0 on M; (ii) f = 0 on 0M; (iii) f satisfy
in U, the equation

ay1fis + 2a12f12 + az2f22 + a1f1 + axf, +agf = a
with a;;x'x’ positive definite, ap < 0 and a = 0. Then f = 0 on M.
2. In the following consider the mean curvature vector field
(9) é = (al + a3)‘v3 + (bl + b3) U4

on M. Further, vy, v, € T(M) being the tangent orthonormal vector fields, define
normal vector fields ¢;, &;; (i,j = 1,2) by

(10) ¢ = (U1¢)N , &= (Uzﬁ)N 5
(11) i1 = (Ulél)N , €2 = (Uxfz)N » Eo1 = (szl)N, $22 = (vzéz)n,

where (X)V denotes the field of normal components of X. Under this notation
introduce the fields

(12) V41 = (UIUI)N s Ugpy = (UzUz)N .
Now, we are going to get another proof of the assertion mentioned in [2]:

Theorem 1. Let M be a surface in E*. Let

(i) K > 0 on M;
(ii) & be parallel in N(M);
(iii) OM consist of umbilical points.

Then M is a part of a 2-dimensional sphere in E*.
Proof. On M, consider the function
(13) f=H—4K = (a; — a;)* + (b; — b;)* + 4a} + 4b3.

Relations (8) yield for f especially, by virtue of (4), (5),
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(14)  fi1 = —2[(a; — as)a; + (by — bs) by — 4a3 + b3)]K —
— [k + 4(asb, — azby)] k + 2(a; — a3)® + 2(B; — B3)* +
+ 8(c2 + B3) + 2(a; — a3) (4, — C)) + 2(by — b3) (4, — C,) +
+ 8(ayB; + b,B,),
fa2 = 2[(a, — as)ay + (by — b3) by + 4(a3 + b3)]K —
— [k + 4(azby — asby)] k + 2(o; — ag)® + 2(B, — Bu)* +
+ 8(c? + B2) + 2(a; — a3)(Cy — E;) + 2(b; — b3)(C, — E,) +
+ 8(ayD, + b,D,).

-

Adding these equations under the condition (ii) which implies k = 0 on M, we get

(15) fis + faz — 2fK = 2V + 20 + 8¢ + 8(aZ + b3)K

where

(16) V= (= a3)’ + (22 — @)’ + (B — B3)* + (B2 — Ba)® +
+ 4o + a3) + 4Bz + B3),

(17) ® = (a, — a3)(4; — E)) + (b, — b) (4, — E,),

@ = ay(B; + Dy) + by(B, + D,).
Now, we have from (ii) using (4), (6), (9)
(18) ay +0a3=0, a+0a,=0,
Bi+B3=0, B+ Bs=0.
By exterior differentiation of these equations we obtain
(4; + C; + a3;K) o' + (By + Dy) @* + (o + o) @F + (By + B3) 03 =0,
(By + D) @' + (Cy + E; + a;K) @ — () + o3) 0% + (B2 + B4) @3 =0,
(42 + C; + b3K) @' + (B, + D,) ? + ([32. + Ba) @ — (2, + a3) 03 =0,
(B, + Dy) o' + (C, + E; + byK) 0* — (B + Bs) wf — (22 + 2g) @3 =0
and hence using (18)" .
Ai+C;+a;K=0, C;,+E, +aK=0, B, +D, =0,
A, +C,+b;K=0, C,+E,+bK=0, B,+D,=0.
By means of these relations we finally have ¢ = 0 and

® = [(a; — a3)* + (b, — b3)*]1K.
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Thus the equation (15) reduces to
Jin + fo2 — 4K =2V

and the maximum principle yields our assertion.
3. The following theorems are generalizations of this basic result. One of them is

Theorem 2. Let M be a surface in E*. Let

(i) K> 0 on M;

(i) vy, v, € T(M) generate an orthogonal conjugate net on M;
(iii) &, &, € N(M) be parallel in N(M);
(iv) OM consist of umbilical points.

Then M is a part of a 2-dimensional sphere in E*.
Proof. Recall that the condition (ii) implies the relations (7) and
a,=0, b,=0, k=0
on M. Thus the equation (15) has the form
fis + faz — 2K = 2V + 20

where V, @ are the functions introduced in (16), (17) respectively.
Now, we get from (9), (10) using (4)

(19) &y = (o + az)v3 + (By + B3) v4s
&y = (on + a4) v3 + (B2 + Ba) V4
As &, is parallel according to the assumption (iii), we have from (6) using (5)
(4; + C; + asK) o' + (B; + D)) & + (0, + o) @3 =0,
(45 + C; + b3K) ' + (B, + D) w* + (B, + Ba) @] = 0.

Multiply these equations by a, — a3, b; — bj respectively. Then using (7) we get
in particular

(20 (ay — a3)(4; + Cy + a3K) + ay(0; + a4) =0,
(by — b3)(4; + C3 + b3K) + (B + Bs) = 0.
In the same way we obtain from the condition of parallelness of &,
(21) (ay — a3)(Cy + E; + ayK) — as(oy + a3) =0,
(by — b3)(C, + E; + byK) — B3(By + B3) = 0.
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Hence from (20), (21)

(ay — as3)(4; — E;) = (a; — a3)* K — a5(0; + o3) — ay(0; + ),
(by — bs) (4 — E;) = (by — b3)* K — By(B + Bs) — Ba(B + Ba)

and
D = fK — as(a; + a3) — ax(ay + ag) — B3(By + B3) — Ba(B: + Ba) -

Thus we have
Ji1 + f22 — 4K =

= 2V — 2[a(a, + a3) + ay(a; + ag) + Ba(By + B3) + Ba(B: + B4)]
V being the function (16), and further

Jiu + f22 — 4K = %(“g +of + B3+ B3) +
+ 2[(o, — ’}0‘3)2 + (g — %‘12)2 + (B, — 363)* + (Bs — 3B,)*]

so that by means of the maximum principle f = 0 on M. This completes our proof.

4. A generalization of the characterization of the sphere in E* is formulated in the
following

Theorem 3. Let M be a surface in E*. Let
(i) K> 0 on M;
(i) vy, v, € T(M) generate an orthogonal conjugate net on M;
(i) (a) <&11 + S(&12 — &21), v11 — 022> 2 0 0on M where S : M — R is a func-
tion satisfying |S| < 4./(2) — 5 and
(b) &, € N(M) be parallel in N(M);
or
(iii') (a') (=& + S(¢y2 - éZI)’ Vg3 — V30 20 on M where S: M — Z is
a function such that |S| < 4./(2) — 5 and
(b’) &, € N(M) be parallel in N(M);
(iv) each point of M be umbilical.
Then M is a part of a 2-dimensional sphere in E*.

Proof. We are going to prove the case of the assumption (iii), the proof of the
theorem under the condition (iii’) being analogous.
First of all, we get from (19) by means of (5), having in mind that k = 0 on M,

dé, = [(4; + C, + asK)v3 + (4, + C; + b3K) v, ] 0 +
+ [(By + D) vs + (B, + D;) v4] @* + &,01,
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dé, =[(C, + E; + a;K) v3 + (C; + E, + b,K) v,] @* +
+ [(By + Dy) vy + (B, + D) v,] o' — {,wf  (mod vy, v,)
and hence, using (7) implied by (ii) we get from (11)
(22) ¢ = (4, + C; + a3K) v + (4; + C, + b3K) vy + 0,
¢12 = (By + Dy) vy + (B, + D) vy — @&y,
&1 = (By + Dy)vs + (By + Dy) vy + 0&,,
&2 =(Cy + E; + a;K)v3 + (C, + E;, + b;K) vy — 6&; .
Further, we have from (12) directly
(23) vyg — vz = (ag — a3) vy + (by — b3) vy
Assumption (iii) (b) yields immediately, see (21),
(a; — a3)(Cy + E; + a,K) + (b, — b3)(C, + E;, + bK) =
= o3(0; + o3) + B3(By + Ba) -
From (22), (23) using (7) we obtain
(ay — a3)(4; + Cy + a3K) + (by — b3) (4, + C, + b3K) =
= (&1 + S(E12 — E21) D11 — V22D — ax(y + ) — Ba(By + Ba) +
+ S[az(ay + a3) + oa(ay + ag) + Bo(By + Bs) + Ba(B2 + Ba)] -
Hence the relation (17) has the form
@ = &gy + S(&y2 — &3y), 041 — V25 + K —
— og(oty + a3) — ooty + ag) — B3(By + B3) — Ba(B2 + Ba) +

+ S[ax(oy + a3) + as(xz + ag) + Ba(By + Bs) + Bs(B2 + Ba)]
and

(24) i1 + fa2 — 4K = 2{&1 + S(¢12 — &21) V11 — V22D + 2W

where

@25) w=vV- as(oy + a3) — ax(o; + ag) — Ba(By + B3) — Ba(B2 + Ba) +
+ S[oy(ay + o3) + as(az + og) + B2(By + B3) + Ba(B2 + B4)] -
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Now it is easy to see that

(26) _ W= (o — Jos + 3Sw,)? + (04 — 30, + 3S0;3)” +
+ (B — 385 + 1SB,)* + (Bs — 3B, + 1SBs)* +
+ 3[(7 — 52 o2 + 20Swy0; + (7 — S2) 3] +
+ (7 — 5%) B} + 20SB.B;s + (7 — S?) B3] -

The two last terms of (26) are non-negative for each o;, §; (i = 2, 3) because of (iii) (a).
The assumption (iii) (a) and the maximum principle complete again the proof.
As a special case of this assertion, we introduce

Ceorollary 1. Let M be a surface in E*. Assume (i), (ii), (iv) and let
(iii) (@) &y + S(&12 — €21) =0o0n M, S: M — 2 being a function such that
|S| <£4./(2) —50n M and
(b) &, be parallel in N(M)
or
(iii") (') — &22 + S(&;2 — &21) = 0on M where S : M — R is a function satis-
fying |S| £ 4/(2) — 50n M and
(b") &, be parallel in N(M).
Then M is a part of a 2-dimensional sphere in E*.

Other trivial consequences can be obtained by putting S = 0 in Theorem 3 and
Corollary 1.

5. Finally, we are going to prove a more general version of Theorem 3.

Theorem 4. Let M be a surface in E*. Let
(i) K> 0 on M;
(i) vy, v, € T(M) generate an orthogonal conjugate net of lines on M
(iii) <€11 = 22 + S(C12 = &21)s V11 — 022> 20 on M where S:M - R is
a function such that |S| <4./(2) - 50nM;
(iv) each point of OM be umbilical.

Then M is a part of a 2-dimensional sphere in E*.
Proof. From (17), (22) and (23) we have immediately
D =&y — &+ S(flz = 521), vy — 30 + K —
= az(oy + a3) — ap(ay + ) - Bs(B: + B3) — BBz + Ba) +

+ Slay(oy + o3) + as(xz + &g) + B2(By + B3) + Bs(B2 + Ba)]
and hence"

i1 + fas — 4K = 2{&;; — &5 + S(&12 — &21)s V11 — 22D + 2W
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where W is the function introduced by (25). Thus we get again the relation (26)

and, according to the condition (iii), M is a part of a sphere in E* by virtue of the
maximum principle.

Again we can formulate

Corollary 2. Let M be a surface in E* satisfying the assumptions (i), (ii), (iv)
of Theorem 4. Let

(iii) &4 — 22 + S(&y2 — &29) =0 on M, S: M — R being a function such
that |S| £ 4./(2) — 5 on M.
Then M is a part of a 2-dimensional sphere in E*.
We have got trivial consequences of Theorem 4 and Corollary 2 for S = 0 on M.
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SOME PROPERTIES OF SEMIBASE PFAFFIAN FORMS
ON THE TANGENT BUNDLE

ToMAS KLEIN, Zvolen
(Received May 3, 1977)

Let M be a differentiable manifold. Let TM, or T*M denote the tangent, or the
co-tangent bundle of M. In the theory of the mechanical structures (see [1] p. 173)
the semibase forms on the bundle TM are of particular interest. In this paper we shall
describe some properties of these forms and of the related structures.

1. Let (x%), (x4, »9), (x% z;), (x%, ¥%, &, 1), (%%, z;, 6%, 7,) be local charts on M, TM,
T*M, TTM, TT*M, respectively. Let A(TM) denote the graded algebra of exterior
differential forms on TM. Denote %(TM) the subalgebra of all semibase forms
on TM (see [1] p. 167). If w € A(TM) is a I-form, then w € #(TM) if and only if,
with respect to a local coordinate system, we have

(1) o = fx, y)dx'.

There is a bijection between the vector space of all semibase I-forms on TM and
the vector space of all morphisms TM — T*M. The morphism p determined by the
form (1) can be written locally

p:(x' y) = (x) 2 = fi(x, ) .
Then the morphism
Px TTM - TT*M

will be written locally in the form

xt=x' z;=f(x»),

@ P - of, of
ol=¢, 1=t 4 iy,
5 i 6"6 ayj'l

Definition 1. A semibase I-form w e A(TM) is called an L-form iff the corre-
sponding morphism p is linear.
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Locally, w is an L-form if and only if
o = fi(x) y dx*.

2. Let Vor V* be a Liouville vector field on TM or T*M, respectively. Locally,
we can writte

V=y'oloy', V*=z0[0z.
Using (2) we get

(3) p,,.(x‘, yi’ 0, yi) = (xi’ Z; = fi(x’ y)’ 0, % ,V') .

Theorem 1. The morphism p, maps a Liouville vector field V on TM into a Liou-
ville vector field V* on T*M if and only if the form w is homogeneous of the 1-st
order.

Proof. A semibase form w is homogeneous of the I-st order iff its Lie derivative
L, = w, which is equivalent to

Hence and from (3) the theorem follows.

Corollary. If w is an L-form then p,(V) = V* (see [2]).
Let

X = a'(x, y) 8[ox* + bi(x, y) 0/dy*

be a vector field on TM, w a semibase form (1) and p, the corresponding morphism
(2). We ask under which conditions we have

(4) p*(X) = V*,
We can see easily that (4) holds iff
a=0, z;= Yi g 5
oy’
or equivalently, iff
_Ofi
- fi= oy b

Definition 2. The vector fields X on TM which are mappzd into a Liouville vector
field V* on T*M we shall call Z-fields.
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Theorem 2. For the Z-fields from Definition 2 and for the form w from (1)

Lyw=w, i;0=0, ido=w, L;do=do
hold. °

Proof.
Ly = Y[2(7) dx' + £, d(2(x)] - z[% b dx‘] = fidit =

if we use (5).
iz0 = w(Z) = 0, because Z is a vertical field. From the relation

(6) Lyw = iydo + diyw
(see 1] p. 92) we get

if we use last relations.
Relation (6) can also be written as follows

(8) Ly do = izddo + dizdo.

However ddw = 0, so izddw = 0. By the (7) i;dw = w, therefore (8) implies
L;dow = do, q.e.d.

Definition 3. The form  from (1) will be called regular or singular at u € TM,
if the map p, is regular or singular at u.

3. Let w be the singular form and dim Ker p, be the constant function on TM.
In such a case the tangent spaces Ker p, form distribution y. The distribution is
known to be integrable. As can be seen from (2) the distribution is vertical. The
equations (2) also imply that the vector field

Y = b oy’

is a subfield of vertical distribution p if and only if

o ;
9 — b =0.
©) L

Theorem 3. Vertical vector Y is a vector of distribution y if and only if iy dw = 0.

Proof. The exterior differentiation of @ from (1) is

10 dw:é&dx’/\dx'+%dy’/\dx'.
j
0x oy’
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Then

iydo = 9 b’ dx!
oy’

which with respect to (9) demonstrates Theorem 3.

Corollary. Denote by Ay(w) the set of all such tangent vectors Ye T,TM that
iydw = 0. Then
Kel‘ p*(h) = A,,(w) N TthhM N

where n : TM — M is a fiber projection.

Theorem 4. Let Y be a vector subfield of distribution . Then the form  from (1)
is invariant with respect to vector field Y, i.e. Lyw = 0.

Proof. According to Theorem 3 iy dw = 0. The form w is semibase, the vector
field Y is vertical and therefore iyw = w(Y) = 0; moreover, according to (6) also
Lyw = 0, q.e.d.

Theorem 5. Let w be a closed form, M be connected manifold and X be a vector
field on TM. Then the form w is invariant with to respect to vector field X if and
only if iyw is a constant function.

Proof. If w is a closed form then dw = 0. Relation (6) implies that Lyw = dixw.
This further implies that Lyw = 0 (the form w is invariant) iff diyw = 0, i.e. iyw is
a constant function and vice versa.

Corollary. If Y is a vertical vector field and o is a closed form then w is variant
with respect to the vector field Y.

Theorem 6. Let w be a semibase 1-form on TM. Let
X = d'(x) 9[ox*

be a vector field on M. Let X, or X* respectively, be a prolongation of vector
field X on TM, or T*M respectively. Then

P*(th) =1X :u.) iff [Li(@)]=0,
where he TM and X, e T,TM.

Proof. In local coordinates we get

i
(11) 1X, = a' ofox' + % ¥ ooy,
J
IX:(,') = ai 6/5x‘ = Zixtfj a/azi .
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The following expression is obtained by calculation

of, , of o oa’
12 L@ =Y | Lo+ Zi 08 kg 5 98 gyt
(12) . (L1 ()]s %[axf oy’ o Si 6xi] ¥

From (2) we have

) of, . of, oa’
13 1X,) =a'ofox' + (= al + = . —y*)0/oz;.
(13 i) = atdfex + (oo + 1. 25 ) g

Comparing (11), (12), (13) the statement of Theorem 6 is confirmed.

4. The equations (2) imply that
p*(T;lTnhM) = Tp(h)T:hM .

Let us consider a vector field
X = a'(x) 9/ox’,

i.e. a section M — TM. Let X,, = X(m) € T,,M. Let us denote map
Px: Tx,, TuM = Tyx,\TaM
by p,.,/X - Using canonic identification
Ty, TuM = T,M, T,y ,TaM = TAM
we obtain the linear morphism
Pa/Xp: TuM > TEM,

which can be locally expressed according to (2) as follows

(14) Pa/Xﬁxi=xi, zi=g'i(x’—a()i)y.i.
oy’
The linear map (14) determines the semibase L-form on TM
(15) B = (w]X) = Lt(xg_‘jﬁ‘ﬂ .
y

Theorem 7. Let V = y' 8/0y' be the Liouville vector field on TM. Let X be a vector
field by means of which the form (15) was formed. Then the following is true for
any me M: '

(iy dw)xm = ﬂxm o

Proof. By contraction of form (10) we obtain

(16) - iy do = Yix.y) ¥ dxt.
oy’
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Comparing (15) and (16) the statement of Theorem 7 is confirmed.
By exterior differentiation of the form (15) we obtain

_ azfz(x, a) 62fi(x’ a)' 5_(1' j 4k i 6f,(x, a) j i
(17) dp X ; yhdxk A dxt + /= dy’ A dx'.
dy’ ox* oy’ oyt oxt oy’

From (10) and (17) we get:

Theorem 8. Form df belongs to class 2n on TM if and only if form dw is a 2-form
of class 2n along the section X : M - TM. The form dw — df is semibase along
the field X.

Corollary. Let us recall that symplectic structure on TM (see [1] p. 123) is deter-
mined by a closed differential 2-form 6 € A*(TM) of a constant class 2n. In our
case the symplectic structure on TM is determined by form df iff dw is the sym-
plectic form along section X : M — TM.

Theorem 9. Let Y = ¢' 0/ox’ + b' 0[0y’ € Ty, TM. Let iz or i, be the map Y i—
> iy dp or Y 1= iy dw. Then i)(Y) — i,(Y) is a semibase form.
Proof.

(18) ip:Yi—> ISl a) 2Yix.a) 0o al(c* dx' — ¢'dx’) +
: o oyl ox* | 9yl ay' " ox*

+ ____6],-(x,' 9) b’ dx' — —afi(x’,i) ctdy’),
ay’ oy’

(19) iy:Yi—> (——afi(gx; ) (¢fdx* — ' dxf) + 52— 6f,(x, (¥’ dx' — ¢ dyj)) -
X
Comparing (18) and (19) we obtain confirmation of the statement of Theorem 9.

Theorem 10. Let X be a projectable vector field on TM. Then dixf is a semibase
form if and only if dix = 0.

Proof. Let us remember that vector field X on TM is projectable iff 7, X is a vector
field on M, i.e. locally

(20) X = a'(x) 9/ox' + bi(x, y) ofoy*.

By contraction of form (15) by the vector field (20) we obtain

ixB = fi yja
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Therefore

2 2 1 i
(21) dixp = o/ + 97 . da ylat + ifl . aiy" dx* + Lk a'dy*.
- L\ay/ ay*  ay’ oyt ox* oy’ ox* oy*

Form diyf is semibase iff

(22) Jigizy.

By differentiation (22) we obtain

(23) (azf‘ + 2 ai')awﬁf—‘ o

dyl ox* oyl ay' oxt oy’ oxk

By c;)mparing (21) and (23) the statement of Theorem 10 is obtained.

Theorem 11. If w is a semibase form and X is a projectable vector field on TM
then Lyw is a semibase form.

Proof. For the form w from (1) and vector field X from (20) the following is true:

P ) i i aa' ; 0 i .
(24) diyw = (E)%Ja + f; ;3;) dx’ + a—yf—i a'dy’
and
(25) ixdo = a—fiaj—if-’—_a’+%bf dx"—-%a'dy".
ox’ ox* dy’ oy’

By substituting from (24) and (25) into (6) we get the result that Lyw is semibase
form, g.e.d.

Theorem 12. Let X be the vector field on TM. Then Lxw is a semibase form for
any semibase form o if and only if X is a projectable vector field.

Proof. The contraction of any form w from (1) along a vector field
X = a'(x, y) 8[ox' + bi(x, y) 8/0y' on TM
is
iyw = fi(x, y) ai(x, ).

By exterior differentiation we obtain

N afg 1 aa‘ . 5f, aai
26 diyo =(=a' + fi—)dx' + (= a' + f;, —)dy’.
( ) X (6x’ fi o) 2y fi 2y y

The form iy do for any vector field X on TM can be expressed in form (25). From

406



(6) and from the addition of (25) and (26) we get that the form Ly is semibase on
™ iff
i
fi?i_ = 0 .
ay’

This is possible for all f; iff a’ are functions of x only, i.e. if the vector field X on TM
is projectable, g.e.d.
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STRUCNE CHARAKTERISTIKY CLANKU OTISTENYCH V TOMTO CISLE
V CIZiM JAZYKU

IVAN CHAIDA, Pferov: On the tolerance extension property. (O vlastnosti roz§ifovani toleranci.)

Toleranci na algebfe Y = (4, F) se nazyva reflexivni a symetricka relace na A4 spliujici tzv.
substitu¢ni podminku pro kaZdou operaci f€ F. V praci jsou studovdny nutné a postalujici
podminky pro to, aby kaZdou toleranci na podalgebie bylo moZno roziif® na celou algebru.
Specidlné je tento problém feSen pro polosvazy a svazy.

Mirko HorNAK, KoSice: A theorem on non-existence of a certain type of nearly regular cell-
decompositions of the sphere. (Veta o neexistencii uréitého typu skoropravidelnych bunkovych
rozkladov gulovej plochy.)

V ¢&lanku je dokazané, Ze neexistuje bunkovy rozklad gulovej plochy s multi-5-uholnikovymi
stenami, v ktorom prave dva vrcholy nie si multi-3-valentné a vzdjomn4 vzdialenost tychto
vrcholov (v zmysle tedrie grafov) je rovna 3.

ILsa CerNY, Praha: Several theorems concerning extensions of meromorphic and conformal
mappings. (N&kolik vét o rozsifeni meromorfnich a konformnich zobrazeni.)

V &lanku se dokazuje né&kolik tvrzeni o roz$ifeni meromorfniho resp. konformniho zobrazeni,
ktera jsou obecné&j§i neZ b&zné citovana. RozSifovani se provadi pfes obecnéjsi ¢asti ¥ hranice
oblasti, v niZ je dané zobrazeni meromorfni resp. konformni. Kromé lokdlni konformnosti
roz§ifeni v jednotlivych bodech mnoZiny ¥V se vySetfuje i konformnost rozsifeni v jisté oblasti
obsahujici V.

Eva CerMAKOVA, Praha: The insertion of regular sets in potential thegry. (VloZeni regularnich
mnoZin v teorii potencialu.)

V klasické teorii potencidlu existuje ke kazdé kompaktni mnozZiné K a oteviené mnoziné U,
K c Uregularni mnozina V takov4, ¢ K V< ¥ < U. Obecnéji, v axiomatické teorii potencid-
lu — napf. pro rovnici vedeni tepla — to jiZ neplati. V praci je dokdzdno né&kolik ekvivalentnich
podminek pro existenci takové reguldrni mnoZiny.

ALEXANDER ABIAN, Ames: A property of entire transcendental functions. (O jedné vlastnosti
uplnych transcendentnich funkci.)

o
Necht " a,z" je tiplna transcendentni funkce, g, & dvé& riznéd komplexni &isla. Autor dokazuje,
n=0
%e¢ mnoZina viech komplexnich &isel, pro néZ né&ktery &isteény soulet fady Z a,z" nabyva
hodnoty g nebo & mé nekone¢né¢ mnoho hromadnych bodi.
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IvaN KoREc, Bratislava: On a problem of V. Ptdk. (O jednom probléme V. Ptdka.)

Zobrazenie w(x) intervalu (0, T) do (0, 7) budeme nazyvaf malou funkciou, ak plati x +
+ w(x) + ww(x)) + ww(w(x))) + ... < o pro vietky x € (0, T). VySetruju sa kritéria malosti
funkcii. Napriklad sa dokazuje, Ze ak w(x) = cy+ c;x + c2x2 4+ ...€(0, T) pre vietky
x € (0, T), tak funkcia w(x) je mald prave vtedy, ked ¢, = 0acy < 1.

G. G. HAMEDANI, Tehran: On periodic solutions of nonlinear second order ordinary differential
equations. (O periodickych fe§enich nelinearnich oby&ejnych diferencialnich rovnic druhého fadu.)

Autor navazuje na svilj dfivéjsi ¢lanek, v némz dokazal existenci w-periodickych feSeni rovnice
x” + Kx = F(t, x, x") pfi K > 0. V &lanku je dok4zdna véta o existenci a jednozna¢nosti feseni
uvedené rovnice pfi K + 0 bez podstatné&j§ich omezeni na w. Roz$ifeni tohoto vysledku na neli-
nearni diferencialni rovnice druhého ¥adu pfedstavuje rovnéZz zobecnéni dosavadnich autorovych
vysledk.

VAcLAvV HAVEL, IVAN STUDNICKA, Brno: Bemerkung iiber gemeinsame Beziehung zwischen
kartesischen Gruppen und kartesischen Zahlensystemen. (Poznamka o vzajemném vztahu kar-
tézskych grup a kartézskych &iselnych systémii.)

V ¢&lanku je provedeno vzajemné srovnani obou v nadpisu uvedenych planarnich terndrnich
okruhu pfislu§nych k téZe (A4, a)-transitivni roviné (4 inciduje s a).

KAREL SVOBODA, Brno: Some global characterizations of the sphere in E*. (O glob4lni charak-
terizaci sféry v E*.)

Clanek pojednava o globalni charakterizaci sféry mezi plochami v E* uzitim paralelnosti
vektorového pole stfedni kfivosti & a jistych normdlovych poli z £ odvozenych.

ToMAS KLEIN, Zvolen: Some properties of semibase Pfaffian forms on the tangent bundle.
(Niektoré vlastnosti polobdzovych Pfaffovych foriem na TM).

Nech M je diferencovatelnd varieta a TM resp. T*M je jej dotykovy resp. kodotykovy bandl.
Existuje bijekcia » : #(TM)— F(TM, T*M), kde #(TM) je fibrovany priestor vietkych polo-
bazovych Pfaffovych foriem na TM a #(TM, T*M) je mnoZzina vietkych morfizmov priestorov
TM, T*M. V praci st najdené niektoré vlastnosti foriem w € #(TM) s pouZitim bijekcie x.
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RECENSE

W. Maier, H. Kiesewetter: FUNKTIONALGLEICHUNGEN MIT ANALYTISCHEN
LOSUNGEN, VEB Deutscher Verlag der Wissenschaften, Berlin 1971, 184 stran, vdzané.

Kniha poddva moderni vyklad funkcionélnich rovnic zejména z hlediska jejich pouziti v teorii
analytickych funkci jedné i vice proménnych.

V prvni kapitole autofi vychdzeji z klasickych Abelovych vy$etfovani integralnich soudti
s algebraickymi integrandy. Linedrni funkciondlni rovnice tvaru

.l;a,f(x,) +k;1akf((p,‘(x1, Xgp 355 X)) == @

vytvateji pfechod mezi aditivnimi vétami typu Abelovy véty a funkciondlnimi rovnicemi pro
n-logaritmy. Modernosti a jasnosti vykladu v 1. kapitole pfispiva podstatné ten fakt, Ze se feSenf
g jejich vlastnosti studuji v terminech vhodnych algebraickych struktur.

2. kapitola je v&novéna tzv. mfizovym funkcim (Gitterfunktionen), pfi¢emZ se pouzivd Rie-
mannovy myslenky charakterizace anatickych funkci pomoci jistych funkciondlnich vlastnosti.
Vysledkt kapitoly se v jejim zdvéru pouZivad k vykladu a dal§imu rozvijeni Hurwitzovych a Ler-

" chovych myslenek tykajicich se zobecnéni Riemannovy {-funkce.

Ve 3. kapitole jsou vyloZeny nékteré aplikace teorie v oblasti analytické teorie ¢isel, nap¥. pri
vyjadteni podtu Yedeni diofantické rovnice x? + x3 + ... + x2, = n pomoci eliptickych funkci
2. druhu. Dadle autofi rozvijeji n&které ideje Rademachera, Isekiho a Glaeskeho tykajici se reci-
prokého chovéani Dedekindovych soucti.

Ve 4. kapitole se autofi témé&f vyhradné zaméfili na objemy v zakfiveném prostoru R, _4
interpretované jakozto aditivni funkcionaly. Napf. Euleriv dialgoritmus a Kummerovy n-algo-
ritmy se pouzivaji k urfeni objemil ve variatich s konstantni k¥ivosti. '

Zivérem lze Fici, Ze kniha bude uzite¢nd pro kazdého zdjemce o funkciondlni rovnice a jejich
poutziti v teorii funkci a analytické teorii &isel.

: Jaroslav Mordvek, Praha

SYMPOSIUM ON THE THEORY OF SCHEDULING AND ITS APPLICATIONS,
editor S. E. Elmaghraby, Lecture Notes in Economics and Mathematical Systems, Vol. 86,
Springer-Verlag 1973, 437 stran, cena DM 32,—,

Tento svazek Lecture Notes in Economics and Mathematical Systems obsahuje ¢lanky pied-
nesené na symposiu ,,Symposium on the theory of scheduling and its applications‘‘ konaném
na universit& Severni Karoliny v Raleigh od 15. do 17. kvétna 1972. V souhlasu s rozd&lenim
symposia na sekce jsou rozdéleny i proceedings na &tyfi ¢asti: I. Pfehledné referaty, II. Aplikace,
II1. Teorie, IV. Modely procesii.

Teorie optimalniho uspotddani (theory of scheduling) ma stale rostouci vyznam v opera&nim
vyzkumu, ekonomickych a inZenyrskych aplikacich matematiky a pro matematiky zabyvajici
se kombinatorickymi strukturami je cennym zdrojem zajimavych ale i obtiZnych problémi.
P¥i fefeni redlnych problémi z teorie optimalniho uspofddéni jsou neodmyslitelnym prostfedkem
téz samodinné potitace.
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Sbornik bude uziteny vSem kdo se zabyvaji operaénim vyzkumem, pouZitim matematiky
v ekonomii, jakoZ i diskretnimi a kombinatorickymi partiemi teoretické matematiky.

* Jaroslav Mordvek, Praha

Gerhard Preuss, ALLGEMEINE TOPOLOGIE, Springer-Verlag 1972, edice Hochschultexte,
brozované, 488 stran, cena DM 28,—.

Kniha vznikla na zdklad¢ autorovych pednd$ek na Freie Universitidt Berlin. Jejim cilem je
vyklad zakladl obecné topologie s pouZitim moderniho matematického jazyka a s pomérné& &asty-
mi exkurzemi do teorie kategorii. Je psdna velmi pe¢livym a srozumitelnym zptsobem, zejména
pokud jde o diikazy vét. Srozumitelnosti pfispivaji v nemalé mife i vhodn& zvolené motivujici
a vysvétlujici pozndmky za formulacemi vét popf. jejich diikazy. Pro ziskani pfedstavy o struktuie
knihy uvadime potadi jednotlivych kapitol spolu s jejich stru¢nym obsahem:

Uvodni kapitola obsahuje spolu s p¥ipravnymi ivahami zdkladni mnoZinovou symboliku a téZ
zavadi pojem metrického prostoru.

Kapitola 1. zavadi pojem topologického prostoru a téZ pojem spojitého zobrazeni jakoZ
i jeho obecnéj$i pojeti pomoci pojmi kategorie a funktor.

2. kapitola obsahuje elementy teorie filtri ndzorn€ ilustrované celou fadou ptikladi tykajicich
se konvergence spoletnych posloupnosti v prostorech splitujicich 1. axiom spo&etnosti (je§t&
specidlné&jsim ptikladem jsou metrické prostory).

Ve 3. kapitole se opét systemati¢t&ji pouZiva jazyka kategorii a funktorl. Jsou vyloZeny pojmy
uplnosti a kouplnosti kategorie topologickych prostori.

Studium topologickych prostort spliiujicich riizné axiomy oddé&litelnosti je pfedmétem 4. ka-
pitoly.

Obsahem 5. kapitoly jsou pojmy souvislosti v topologickych prostorech a 6. kapitola se zabyva
vzajemnym vztahem mezi pojmy oddé&litelnosti a souvislosti v topologickych prostorech.

7. kapitola je vénovana riznym pojmim kompaktnosti a s nim souvisejicim kompaktifikacim,
napt. Cechové-Stoneové kompaktifikaci.

8. kapitola pojmenovand ,,Epireflexe a monoreflexe‘‘ navazuje na zavéreénou ¢&ist konce
7. kapitoly. Jejim pfedmétem je vySetfovani podminek, za nichZ ma funktor vnofeni podkategorie
do dané kategorie levy adjungovany funktor.

9. kapitola je vénovdna zdkladim teorie uniformnich prostord a jejich né€kterym vztah@im
k pfedchozim pojmim. Napf. se zkoumd metrizovatelnost uniformnich prostori.

Desitd a zdvére¢na kapitola knihy obsahuje uivod do teorie proximitnich prostort. Je zde
probrana i otdzka izomorfismu mezi kategorii proximitnich prostort a kategorii totdlné omeze-
nych uniformnich prostor.

Na z4vér Ize ¥ici, Ze kniha je vhodna pro zikéni solidnich zdkladd obecné topologie v modernim
pojeti. Hodi se jak k pfipravé pfednasek tak i pro samostatné studium. Posledni bude zejména
usnadnéno celou fadou vhodnych cvi¢eni umisténych na konci knihy.

Jaroslav Mordvek, Praha

Wolfram Menzel: THEORIE DER LERNSYSTEME (Teorie systémi ufeni), Springer-
Verlag, Berlin— Heidelberg— New York, 1970, viii + 159 str., DM 22,—.

Z4kladni pojmy jsou zavedeny v kap. 3 (str. 13—19). Neprdzdnd mnozina X ‘pi‘ip. Y se nazyva
mnoZinou vstupit (podnétit) ptip. vystupi (ozvén). Dvojice (x, y) € X X Y se nazyva akci (je ji
uréena ozvéna y na podnét x). Vlastni uéeni (chovdni) je kone¢nou posloupnosti akci, kterd se
zapisuje ve tvaru v = iyt %22, ..., x™™) misto zdlouhav&¥iho ((x!, y!), (x%, ¥?), ...
vouy (™, ™). Pedmétem zkoumdni tedy jsou fetézy nad abecedou X X Y. Prdzdny fetéz se
znadi symbolem A a délka Fetézu v symbolem /(v), takZe /(v) = m a I(4) = 0.
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Pfedeviim se uvaZuje zobrazeni 4, které kaZzdému fetézu v nad X X Y ptifazuje podmnoZinu
A(v) © X X Y ,,moZnych nésledujicich akci*. Retéz v = (x'y!, ..., x™™) se nazyva A-pFipustny
jestlize xly1 e MA) a jestlize x't1yitleaxtyl, ..., x%) pro kazdé i=1,2,...,m— 1.
Zejména tedy prazdny fetéz A je A-pfipustny. Systémem uceni nad X, Y se nazyva takové zobraze-
ni A, Ze plati:«je-li v A-pfipustnym fetézem pak {x; x € X a existuje y € Y takové, Ze (x,») €
€ }.(v)} = X. .

Déle se uvaZuje zobrazeni f, které kazdému fetézu v nad X X Y pfifazuje podmnoZinu f(v) < X
,,moZnych nésledujicich podnéta*. Retéz v = (xl yl, xzyz, ...y X™Y™) se nazyva P-dosazitelnym
jestlize x' € B(A) jestlize x'*!ep(x'y!,..., x'y") pro kazdé i=1,2,...,m— 1. Zejména
prazdny Fetéz A je p-dosaZitelny. Poudenim nad X, Y se nazyva takové zobrazeni f, Ze plati:
je-li v p-dosaZitelny, potom B(v) == 0.

Kone&né, cilem uceni nad X, Y se nazyva takovd pomnozina { < X X Y, pro kterou plati:
{x; x € X a existuje y € Y takové, ze xy € C} = X. Zda se, ze u¢ebni cil je zde pojat pfili¥ obecné,
kdyz se totiZ pfipousti, aby na tyz podné&t x byly mozné &i pFipustné dv& rtizné ozvény y = )/,
totiz miZe se stat, Ze xy € { i xy’ € {. Obvykle v8ak poZadujeme, aby na kazdy podnét byly
nejvyse jedna ozvéna, coz odpovida pozadavku, aby u¢ebni cil { byl funkci.

Kapitola 4 a 5 (str. 20— 57) jsou pomocné (podobné& jako kapitoly 1 a 2) a ukazuje se v nich,
Ze a jak se da systém udeni vyjadFit Mealyho automatem. V souvislosti s tim se zavadi celd fada
dal8ich pojmu.

Vlastni proces uéeni je uréen pétici (X, Y, 4, B, {), ale jeho vlastni vySetfovani za&ind aZ v ka-
pitole 6 (str. 58—75). Retéz v = (x'y!, ..., x™y™) se nazyva PA-chovdnim, jestlize je f-dosaZitelny
a soutasné& A-pfipustny. MnoZina viech fA-chovani se oznacuje symbolem Vg na str. 21 a symbo-
lem }.‘ﬁ na str. 60. Tedy pfi procesu u€eni viibec nezileZi na téch fetézech nad X X Y, které bud
nejsou A-pfipustné nebo nejsou f-dosazitelné. Proto se systém uceni A p¥ip. pouleni B nazyva
normovany, jestlize mnozina viech A-pfipustnych fetézil V‘,’_ pfip. mnozina v§ech f-dosazitelnych
fetéztt V# spliiuje podminku: » € V; <> A(v) ¥+  ptip. v € VP < B(v) & (. Zfejme ke kazdému
systému uéeni A ptip. ke kazdému poudeni S existuje pravé jeden normovany systém A pfip.
pravé jedno normované poudeni B.

Uéebni ulohou se nazyva dvojice (B, {) sestdvajici z poudeni B a z u€ebniho cile {. O ietézu
o™ = (xlyl, ..., x™y™) tikdme, Ze konéi v uebnim cili {, jestlize existuje takovy index i, 0 < i <

< m, ze plati |J A(v") = {, coZ je podminka velice silnd a obtiZn& testovatelnd (protoZe zahrnuje
nzi
vneV

nekoneéné mnoho fetézi).

Ulebni systém A Fesi ulebni ulohu (B, (), jestlize kaidé PA-chovani konéi v u€ebnim cili {.
MnoZina viech u&ebnich wloh, které jsou fefeny systémem uceni A, se nazyva kapacitou uéebniho
systému A a oznaduje se C(4). Je-li ¢ mnozinou uéebnich uloh, fikdme, Ze A Fesi G, jestlize Fesi
kaZdou uebni ulohu z G. Nap¥. je-li A libovolny systém udeni nad X, Y, Ize za pouCeninad X, Y
zvolit takové zobrazeni #, Ze n(v) = X plati pro kaZdy fetéz v nad X X Y (n je tzv. jednotkové
pouceni), takZe A fedi kazdou uebni ulohu (B, {) kde { > (J A(v).

veV

Uloha (8, {) se nazyvé lehéi nez tloha (8’, {') kdyz { o (" a B [ B, co% je definovéno takto:
B C B = B(v) = B'(v) plati pro kazdé v € V8. Tedy tloha je leh&i, kdy vyzaduje mén& poudeni
a pfi tom jeji uCebni cil v sob& zahrnuje udebni cil Glohy t&Z§i. To je ve shod& s obvyklym chapa-
nim obtiZnosti n&aké ulohy potud, pokud chidpeme uZ§i udebni cil jako obtiZné&jsi, protoZe je
v ném méné libovile, ale na druhé strané to je zcela proti intuitivnimu chap4ni obtiZnosti ulohy
jakmile se omezime na funkéni ulohy. Potom totiZ plati: { © (' = { = {’, a tedy zdleZi jenom
na poudeni. <

Retéz v € V), se nazyvé termindinf (vzhledem k 1), jestliZe v kon&i v kaZdém takovém udebnim
cili {, k némuz existuje poudeni f takové, Ze (B, {) € C(4).

V nésledujicich kapitoldch 7—9 se feSi n&které otdzky, které se tykaji rtiznych specidlnich
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pfipadt zdkladnich pojmu. V kapitole 7 (str. 76— 96) se systém uceni A nad X, Y nazyva lokdlné
finitni, jestlize ke kaZzdému Fetdzu v = (x'y!, ..., x™y™) € V, existuje takovy index i, 0 < i < m,
%e tetéz (xy!, ..., x'y") je termindlni. PodmnoZina udebnich uloh B < C(A) se nazyva bdzf pro
systém uéeni A jestlize: (1) ke kazdé tloze a € C(4) existuje Uloha b € B, ktera je lehéi nez a; (2)
je-li b, c € B a b je lehéi nez ¢, potom b = c; (3) kazda uloha v B je normovana, tj. normované je
jeji poudeni. Napf. se dokazuje véta 8, kterd fikd, Ze ucebni systém A nad X, ¥ md bdzi pravé
tehdy, kdyZ (a) pro kaZzdé pouceni § a pro kaZdou mnozinu ucebnich cilt Z nad X, Y takovych,
ze (B, {) € C(A) plati pro kazdy { € Z, jsou splnény dv& podminky: (i) n Z je také uéebnim cilem
nad X, Y, a (i) (B, () Z) € C(4), a kdyz déle plati podminka (b) pro kazdou neprazdnou mnoZinu
pouceni A4 a kaZdy takovy cil { nad X, ¥, Ze (B, {) € C(4) pro kazda g € 4, plati (|J B, {) € C(A).
PeA

Odtud plyne dusledek 7.13, Ze kazdy lokalné finitni systém ufeni ma bazi.

Pouleni v nad X, Y se nazyva neredundantni na A, jestlize existuje takovy cil {, Ze (v, {) € C(4)
a pro kazdé pouceni f nad X, Y plati, Ze je-li (8, {) € C(1) potom B [ v. U&ebni cil $ nad X, Y
se nazyva A-minimdini, jestlize existuje takové pouceni B, Ze (B, 9) € C(4) a pro kaZdy cil { nad
X, Y plati: je-li (B, {) € C(4), potom { D 8. Véta 9 fikd, Ze kazdy systém uleni, ktery ma koneg-
nou bazi je lokdlng finitni. Tvrzeni 7.22 napf. #ikd, Ze jsou-li X a Y kone¢né mnoziny a plati-li
(b) z véty 8, pak A mé kone¢nou bazi.

Kapitola 8 (str. 97—115) je v&€novana konednym systémum uceni. Systém uCeni A nad X, Y
se nazyva finitni, jestlize existuje takové nezdporné celé &islo &, e pro kazdou ulohu (B, {) € C(A)
a kaZzdé chovéni v € Vﬁ takové, Ze I(v) = k, plati, Ze v kon&i v u¢ebnim cili {.

Mnozina tloh G nad X, Y se nazyva finitné Fesitelnd pomoci A, jestliZe existuje neziporné celé
¢&islo k takové, Ze pro kazdou ulohu (8, {) € G plati ze kaZdé BA-chovéani v € Vf délky k& konei
v {. G se nazyva finitné Fesitelnd (bez ohledu na 1), jestliZe existuje systém uceni 4, s jehoZ pomoci
je G finitng FeSitelna.

Kapitola 9 (str. 116—124) je vénovana syntéze systému uceni, ktery ¥e$i danou, finitné fesitel-
nou, mnozinu uloh G nad X, Y, av§ak induktivni definice 9.4 systému uceni je pfili§ sloZitd neZ
aby mohla byt zde uvedena.

Posledni kapitola 10 (str. 125—150) pojedndva o riznych typech systémi u&eni a pokousi se
je srovnat s autorovym pojetim. AvSak autor se omezuje pouze na formalni popis u¢ebni tlohy
(B, {), a v Zadném pfipadé nezaddva i pFisluiny ucebni systém A. Jsou uvaZovany tyto typy udeni:
1) vznik Pavlovova podminé&ného reflexu, 2) u€eni pomoci odmény a trestu, 3) klasifikace vzorka
(podle N. J. Nilsson: Learning Machines, New York, McGraw Hill 1965), 4) uéeni se pfedpo-
vidani dalgich ¢lend posloupnosti podle odhalované zékonitosti, 5) uéeni se stanovit induktivni
zavéry (podle A. M. Uttley: The Design of Conditional Probability by Computers, Information
and Control 2, 1959, 1 —24), 6) udeni se pii hled4ni cesty z bludi§té, 7) ufeni se hrdm, 8) statistické
modely uéeni, které vedou ke stochastiskym systémtim uéeni, aj.

Karel Culik, Amherst

John G. Kemeny, J. Laurie Snell, Anthony .W. Knapp: DENUMERABLE MARKOV CHAINS
(Spo&etné markovovské fetézce). Vyslo jako 40. svazek edice Graduate Texts in Mathematics
v nakladatelstvi Springer, New York— Heidelberg— Berlin 1976; 484 stran, cena 41,— DM.

Jde o druhé vydani knihy rozsifené o kapitolu vénovanou ndhodnym polim, kterou napsal
David Griffeath. Autofi vyuZili p¥ileZitosti nového vyd4dni k opraveni chyb, k roziifeni seznamu
literatury a uvedeni kapitoly Additional notes, ve které se zmiituji o rozvoji a pokrocich v teorii
markovovskych fetézcii od prvého vydéani knihy (1966), tj. za poslednich deset let.

Utelem knihy je podat systematické pojedndni o spodetnych markovovskych Petézcich, které
obsahuje nejen zédklady, ale které je roziifeno o teorii potencidlu a teorii hranice pro ndhodné
fetézce. Velka &ast materidlu, ktery kniha zpracovava, byla d¥ive soustfed®na pouze v &lancich
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a vyzkumnych pracich. K vySetfovani markovovskych fetézci je v této knize pouzito nekoneénych
matic, které zjednodu$uji znadeni, zkracuji tvrzeni a jejich diikazy a &asto davaji i nové vysledky.
Umoziiuji také plné vyuziti duality mezi mirami tj. fAdkovymi, a funkcemi tj. sloupcovymi vek-
tory. -

Kniha se pfirozen& rozpada do 5 &dsti. Prvni obsahuje zdkladni pojmy a tvrzeni z analyzy
a algebry, tykajici se hlavné& teorie nekone&nych matic, teorie miry a uvod do teorie stochastickych
procest, zejména martingali. Ke studiu a pochopeni dallich ¢asti &tenaf vystadi se znalostmi
této prvni, vyjma kapitol, které se zabyvaji teorii hranic. Tam se pfedpoklddd hlubsi znalost
topologie a teorie miry v kompaktnich metrickych prostorech. Druha &ist obsahuje zdkladni
teorii spodetnych markovovskych fetézci. Za definici néasleduji pfiklady, je poukdzdno na sou-
vislost s martingaly a na zavér je provedena podrobna klasifikace stavli na zdklad€ dosazitelnosti
a pottu priuchodd danym stavem. V dalSich &astech se vZdy rozliSuje zv14$t pfipad rekurentniho
a transientniho fetézce. Jejich vlastnosti se zkoumaji v nésledujicich dvou kapitoldch. Treti ¢ast
se zabyva teorii potencidlu. Jeji prvni kapitola se soustfeduje na motivaci potencidlu, ukazuje se
jednozna¢ny vztah mezi Brownovym pohybem a teorii potencidlu a vztahy mezi klasickou teorii
potencidlu a markovovskymi fetézci. Daldi kapitoly jsou vénovéany teorii potencialu pro tran-
sietntni a rekurentni Fetézce. Jsou definovdny pojmy ndboj, potencial, kapacita, energie a jiné,
jeZ se pouzivaji k odvozovani riiznych vlastnosti markovovskych fetézcti. Ctvrta &st pojednava o
teorii hranice, a to opét pro oba druhy fetézcti zvlast. Pro transientni pfipad je definovdana Martinova
hranice vstupu a vystupu a vy$etfovana napf. konvergence fetézct k hraniénim bodiim. Vzhledem
k tomu, Ze rekurentni fetézec je v kazdém stavu nekone¢nékrat, nema nap¥. otdzka konvergence
smysl. Intuitivné je viak vidét, Ze o jistém limitnim chovéni lze uvaZovat. Postupuje se ndsleduji-
cim zpusobem. K rekurentnimu fetézci P je pfidan absorbéni stav a aplikuje se teorie hranice
pro transientni Fetézce. Ziskana hranice je hranici i pro P. A% sem se 1. a 2. vydani naprosto
shoduji. Na zavér 2. vydani je pfidéna jest® jedna kapitola s ndzvem Uvod do ndhodnych poli,
coZ jsou v jistém smyslu zobecnéné Fetézce. Autor se zabyvd markovovskymi poli, Gibbsovymi
poli, jejich vzdjemnymi vztahy, pfi CemZ je vyuZito jak teorie potencidlu, tak teorie hranice. Na
zavér jsou uvedeny ptiklady téchto poli. Kazda kapitola, vyjma posledni, obsahuje paragraf
s ndzvem ,,Basic example*, coZ je jednoduchy pfiklad markovovského fetézce, na némz se de-
monstruji vysledky pfislu$nych kapitol. Pfiklad slouZi ke srovndni a snaz§imu pochopeni celé
teorie. Na konci kazdé kapitoly (vyjma 1.a 7.) je fada nefe§enych problém, celkem 239, a vétsi-
nou kazda kapitola obsahuje n&kolik vyfeSenych pfikladi. Kniha je uzaviena kapitolou, kterd
obsahuje historické poznamky k jednotlivym kapitoldm s vyétem literatury zabyvajici se danym
tématem. Jako posledni je umistén p¥ehled uZitych znadeni a jmenny rejstiik.

Autofi do knihy nezahrnuli viechny vysledky, které se tykaji markovovskych fetézci, o n&-
kterych se pouze zb&#n& zmitluji (nap¥. soudty nezivislych ndhodnych veli¢in, limitni véty), ale
na druhou stranu se jim podafilo dosdhnout toho, Ze kniha je uzavienym celkem, ktery &tenaf
miuZe &ist bez dal§iho nahliZeni do jinych prameni. Je tedy vhodna pro ty, ktefi se cht&ji zabyvat
hlub¥im studiem markovovskych fetézct, pro aspiranty, ¢i jako naplit semindfd nebo postgra-
duélnich kurst. Vzhledem k tomu, Ze v nékterych &4istech se uZivi pomérné sloZitého znadeni,
neni kniha pf¥ili§ vhodna pro ty, ktefi by méli zdjem jen o studium nékolika kapitol.

Véra Ldnskd, Praha

W. Velte: DIREKTE METHODEN DER VARIATIONSRECHNUNG. Teubner Studien-
bicher: Mathematik, Leitfdden der angewandten Mathematik, Band 26. B. G. Teubner, Stuttgart
1976, 208 stran, DM 24,80. ’

Podtitul této publikace je: Uvod se zfetelem na okrajové tlohy pro parcidlni diferencidlni
rovnice. Tim je bliZe specifikovand oblast, které se kniha dotykd a ke které je svym obsahem
zaméfena. )
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Pfimé metody variaéniho poétu umoZiiuji dat konstruktivni dikazy existence feSeni okrajové
ulohy pro parcidlni diferencidlni rovnici, pokud tuto lze pfevést na extremdlni ulohu. Dulezit4 je
také ta skutenost, Ze tyto konstruktivni dikazy vedou k numerickym metoddm pro uréeni
pribliznych feSeni.

Po obecném tivodu o zdkladech funkcionélni analyzy a linedrnich okrajovych tlohach v prvni
kapitole se autor ve druhé kapitole zabyvd metodou nejmensich &tverct a energetickou metodou
pro kvadratické extremdalni ulohy (Rayleighova a Ritzova metoda). Numerickou stabilitou,
vlastnostmi konvergence projek&énich metod a metodou kone&nych prvki se zabyva tfeti kapitola
knihy. V kapitole &tvrté autor popisuje metodu komplementirnich extremalnich tloh pro li-
nedrni okrajové problémy. Tyto Glohy umozZni stanoveni dolni meze pro odhad chyby pfiblizného
fefeni (Treftzova metoda, ktera je podobnéd Ritzov& metodg). V p4até kapitole je popsédno, jak lze
ziskat oboustranné odhady pro hodnotu funkcionalu spolu s odhady pro feSeni okrajovych tloh.
ZavéreCna 6. kapitola se zabyva nelinedrnimi tlohami, pro které pfislu§ny funkcional neni
kvadraticky, resp. tilohami, kde vazbové podminky jsou dany ve tvaru nerovnosti. Teorie mono-
tonnich operatort ziustdva vzhledem k elementdrnéj$i povaze knihy stranou.

V knize je mnoho ptikladl, které dobfe ilustruji popisované metody. Jde o dobry tivodni text,
ktery poskytne zdkladni informace o pfimych metodach varia¢niho po&tu.

Stefan Schwabik, Praha

William Arveson: AN INVITATION TO C*-ALGEBRAS. Graduate Texts in Mathematics 39.
Springer-Verlag, New York 1976. Stran x + 106, cena DM 31,30.

Algebry typu C* predstavuji G€inny ndstroj pro hlubsi studium operatort v Hilbertové prosto-
ru a samy o sob€ zaujimaji vyznamné postaveni mezi obecnymi Banachovymi algebrami. Jejich
teorie je zna¢né rozsahld a zahrnuje jiZz n&€kolik monografii (napf. Dixmier, Sakai). Nova knizka
Williama Arvesona, jednoho z pfednich badateli v teorii operatorovych algeber, mize slouzit
jako vhodny tvod na tomto poli.

Zékladni vysledky o obecnych C*-algebrach jsou uvedeny v prvé kapitole. Pozornost je zde
vé€novana téz specidlnim tfidam C*-algeber, majicim vztah ke kompaktnim operatoriim, jejichz
teorie je vice rozpracovana.

Dalsi &asti knihy pFipoust&ji volngjsi vybér podle zdjmu &tenafe. Druhd kapitola pojednava
o teorii multiplicity. T¥eti kapitola, do zna¢né miry nezavisld na ostatnich, je péknym tivodem
do teorie borelovskych struktur v polskych prostorech. Vysledku této kapitoly se uzZiva v zavé-
re¢né &tvrté kapitole, vénované teorii reprezentaci.

Jaroslav Zemdnek, Praha

John L. Kelley, Isaac Namioka: LINEAR TOPOLOGICAL SPACES. Graduate Texts in
Mathematics 36. Springer-Verlag, New York 1976. Stran xv + 256, cena DM 36,20.

Toto je druhé, v podstaté nezménéné vydani knihy zndmé od r. 1963. Pfedmétem jsou hlavné
geometrické aspekty funkciondlni analyzy, tj. studium prostori jako takovych. Jsou uvedeny
obecné vysledky spocivajici na pojmu konvexity, uplnosti, kompaktnosti, kategorie a duality.
Pozornost je vénovana téZ pojmu uspofddéni v prostoru, moZnost nadsobeni prvki se viak neuva-
Zuje. Je tieba fici, Ze v takto zvoleném pojeti kniha vnik4 dosti do hloubky teorie, takZze mize
byti zvlasté cennd pro pracovniky, ktefi se jiZ sami mohou orientovat v tomto oboru a potfebuji
vyhledat uréitou specidlni informaci geometrického charakteru. Na druhé stran& pon&kud Gzké
zaméfeni a ne vZdy dostateénd motivace vysledki mohou &init knihu méné& p¥itazlivou pro zéklad-
ni studium. Podobné jako ve zndmé knize o topologii od prvniho z autord je i zde mnoho tloh
pro &tenéfe.

Jaroslav Zemdnek, Praha
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Richard B. Holmes: GEOMETRIC FUNCTIONAL ANALYSIS AND ITS APPLICA-
TIONS. Graduate Texts in Mathematics 24. Springer-Verlag, New York 1975. Stran x + 246,
cena DM 39,10.

Autor knihyje zndm pfedevsim svymi pracemi z teorie aproximaci. Geometricka povaha teorie
aproximaci podstatnym zplisobem ovlivnila autoriv pohled na funkciondlni analyzu, tento
pohled umoznil zjednodusit fadu dukazi, a to v§echno se obraZi na strankdch nové knihy. Budiz
feteno pfedem, Ze tento pfistup je ve svétové literatufe ojedindly a zcela originalni.

Sjednocujicim pojmem v celé teorii je pojem konvexity. VétSina vysledk se pfimo tyka anebo
podstatné zdvisi na vlastnostech konvexnich mnoZin. Dal$i vyznamné pojmy jsou kompaktnost
a dualita. Tyto pojmy hraji dileZitou roli p#i formulaci a feeni optimaliza¢nich dloh.

Klasické vysledky funkciondlni analyzy jsou snad ve vSech paragrafech oziveny krasnymi
aplikacemi. To ¢ini knihu neoby&ejné obsaznou a uZite¢nou. Jako pfiklad by bylo mozno uvést
diikkaz Schauderovy véty o pevném bodu, vétu Borsukovu-Dugundjiho o rozsifovani spojitych
funkci, Michaelovu vétu o spojitych selektorech, Jamesovu charakterizaci reflexivnich prostor,
vétu Bishopovu-Phelpsovu o subreflexivité, véty o pevném bodu pro funkce 's mnoZinovymi
hodnotami (Fan-Kakutani), a fadu jinych aplikaci. Pozornost je vénovdna téZ pojmu univerzal-
niho prostoru a pfenormovani. Dalsi dilezité vysledky, obriceni vét a protipfiklady je moZno
najit ve cvi€enich, kterych je v knize celkem asi pfes dvé st&. PEkny je téZ vyklad Rieszovy-Kaku-
taniho charakterizace funkcionalii na prostoru spojitych funkci.

Pfedb&iné poZadavky kladené na &tendfe jsou minimélni. V&ci z linearni algebry jsou ptipo-
menuty v uvodni kapitole, teorie miry se potfebuje vétinou jen v prikladech. Voln& se uziva
pouze zékladnich pojmi obecné topologie. Kniha se tak stdvd pfistupnou Sirokému okruhu
¢tendfh. Pravdépodobné bude vyddna téZ v ruském piekladu a lze ji viele doporudit pozornosti
viech matematiki.

Jaroslav Zemdnek, Praha

F. F. Bonsall - J. Duncan: COMPLETE NORMED ALGEBRAS. Ergebnisse der Mathematik
und ihrer Grenzgebiete 80. Springer-Verlag, Berlin 1973. Stran x + 301, cena DM 68,—.

Teorie normovanych algeber je jednim z téch mist v soudasné matematice, kde se zvI4aste
vyrazné projevuji hlub$i vztahy mezi jednotlivymi obory, konkrétné mezi analyzou, algebrou
a topologii. Jako pifiklad uvedme pozoruhodny vysledek B. E. Johnsona: polojednoduchost
Banachovy algebry implikuje jednozna¢nost jeji topologie. Plisobime-li tedy na prostor ,,alge-
braickousilou‘ (tj. poZadujeme-li polojednoduchost algebry), m4 to topologicky G&inek. Obdobné&
napf. piisobeni mechanické sily miva nejen mechanické G¢inky, ale miZe téz vyvolat vznik tepla,
tj. jiné kvality. Oba zmin&né jevy jsou zfejmé& projevem obecné&j§iho pfirodniho principu, ktery si
zasluhuje, aby byl studovan. Nebof objasnéni kvalitativnich zmén by zfejm& umoznilo hloubégji
proniknout do skuteénych tajemstvi pfirody. Je proto zvlasté cenné, jestlize ideje normovanych
algeber pfispivaji (alespoii tedy ve filozofickém smyslu) téZ k bliZz§imu pochopeni tohoto obecného
problému.

Recenzovand kniha si v§imé obecnych principt spektralni teorie v obecné situaci Banachovych
algeber, nikoli jejich specidlnich tfid jako jsou C*-algebry, uniformni algebry, grupové algebry
apod., které maji svou vlastnf specidlni literaturu véetn& fady monografii. Knihy tohoto obecného
zam&eni oviem existovaly ji¥ kolem r. 1960 (viz napf. Gelfand-Raikov-Silov, Naimark, Rickart),
avBak nyné&j§i kniha do zna¢né miry bere v ivahu mohutny rozvoj, k némuZ do$lo v obdobi,
Fekn¥®me, 1967—1973. Tento rozvoj stdle pokratuje, takZe Gpln& nejnové&jsi vysledky nemohly
byt do knihy za¥azeny. Nicméné& jestato kniha cennym pfisp&vkem a vhodnym doplitkem existuji-
cich monografii. :

Materiél je roztlenén do sedmi tématickych celki. Prv4 kapitola uvaddi zdkladnf vysledky
o spektru prvku v Banachové algebfe, fundamentalni formuli vyjadfujici vztah mezi spektridlnim
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polomérem a normou, funkciondlni kalkulus zaloZeny na Cauchyové integralu, elementarni
funkce, pojem numerického oboru, zékladni fakta o algebrach s aproximativni jednotkou, pojem
idealu a modulu, algebry s involvuci, aj. Druha kapitola je vénovdna Gelfandové teorii komuta-
tivnich algeber a vysledkim Silova; potiebn4 tvrzeni z teorie analytickych funkci vice proménnych
jsou zde citovdna bez dliikazu. Analogie této teorie pro nekomutativni algebry je zaloZena na
pojmu ireducibilni reprezentace a je pfedmétem kapitoly tfeti. Tato kapitola obsahuje téz
Johnsonovy vysledky z r. 1967 o automatické spojitosti ireducibilni reprezentace jakoz i vyse
zminénou vétu o jednoznacénosti topologie v polojednoduché algebfe. Rovnéz je v této kapitole
zaveden klasicky pojem Jacobsonova radikélu.

Ctvrta kapitola, pojednévajici o minimalnich idedlech, je zfejmé zv14st& blizk4 individudlnimu
zajmu autorl. Pata kapitola, vénovana algebrdm s involuci a s tim spojenym pojmem pozitivniho
funkciondlu, obsahuje rizné charakterizace C*-algeber (Gelfand-Naimark, Vidav-Palmer,
Russo-Dye), jakoZ i teorii hermitovskych algeber zaloZenou na vysledcich V. Ptdka z r. 1970.

Sesta kapitola je p&knym uvodem do kohomologickych metod, které v posledni dobé na-
chazeji stale vétsi uplatnéni. Z4vére¢nd sedma kapitola je vénovdna nékolika rtznorodym
vysledktim (napf. Halmostv pojem kapacity, charakterizace nilpotentnich algeber), a téZ nékte-
rym vysledkiim z praci samotnych autord.

Zv143té cenna je rozsihla bibliografie zahrnujici 488 titulti. Tato bibliografie oviem neni tplnd,
neboft jsou citovany jen prace, které maji blizky vztah k obsahu knihy. Tak se stalo, Ze byl opo-
menut dilezity vysledek E. Vesentiniho z r. 1968 o subharmonicité spektralniho poloméru, ktery
se ukdazal byt zvlasté uZiteény v rtznych aplikacich. Opomenuti tohoto krdsného analytického
vysledku je moZno povaZovat za snad jedinou zdvaZné&j§i vadu, kterou tato kniha v dob& svého
vydani (1973) mohla nést.

Vyklad je veden peélivé, néktera drobnd nedopatfeni nebo zlep$eni si Etend¥ sim miiZe doplnit.
Teorie Banachovych algeber by mohla mit i znaénou pedagogickou cenu pro zdkladni studium
na vysokych §kolach matematického zaméfeni, nebof v rdmci jednoho pfedmétu by bylo mozno
velmi ndzorné demonstrovat zdkladni pojmy a metody (pojmy, o jejichZ misté v matematice neni
pochyb), které se dosud prednaseji oddélené nejméné ve tfech pfedmétech. Tim by se podpofila
tendence ke zblizovani jednotlivych obori matematiky a vynikly by vyhody, které takové zbliZeni
vidy pfinasi. V tomto smyslu mtZe recenzovand kniha (resp. nékteré jeji upravené &asti) slouZit
i jako udebnice.

Knihu vhodné& dopliiuji t¥i specidlngjsi knizky vydané v posledni dob& v Cambridge University
Press: dvé& broZury od t&hZe autorti vénované teorii numerického oboru, a tfeti od A. M. Sinclaira
vénovana automatické spojitosti linearnich operdtorii. Kniha sama o sob& miZe se stdt velmi
uzite¢énou pomuckou pfi studiu jakychkoli otdzek spektrdlni teorie.

Jaroslav Zemdnek, Praha

F. Kdrtészi: INTRODUCTION TO FINITE GEOMETRIES. Akadémiai Kiad6, Budapest
1976, str. 266, obr. 118.

Kniha obsahuje material pfednaseny autorem od roku 1948 na E&tvos Lorand University of
Budapest pod ndzvem Projektivni geometrie. Je psdna velmi ndzorné€ a srozumiteln&. Mnohy nové
zavedeny pojem je interpretovan na néjakém modelu, &tenafi uZz zndmém. Naptiklad modelem
konedné projektivni roviny je pravidelny n-uhelnik. Kniha obsahuje $est kapitol, dodatek a 25
citaci pouzité literatury. Vyklad je provdzen ndzornymi obrdzky a za kaZdou kapitolou jsou
ulohy k procvi¢ovani.

V prvni kapitole jsou zdklady kone¢né geometrie: Kone¢nd projektivni rovina, jeji konstrukce,
incidenéni tabulky, soufadnicovy systém. Galoisova t&lesa, soufadnice bodu, rovnice pf¥imky.
Podrovina konené projektivni roviny, afinni rovina, hyperbolickd rovina. Galoisovy roviny
a Desarguesova vé&ta, model nedesarguesovské roviny a vytvofeni jeji incidenéni tabulky. Grupa
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kolineaci kone¢né projektivni roviny, samodruzné elementy, Fanova rovina. Kolineace v afinni
roviné, jejich rozli§eni. Souvislost koneéné roviny se systémem ortogondlnich latinskych &tverci.
Druha kapitola se jmenuje Galoisova geometrie. Je v ni stat o Galoisové prostoru. Déle autor
rozliSuje korre¢né projektivni roviny sudého a lichého ¥ddu a dokaZe jejich zdkladni vlastnosti.
V této kapitole jsou také blize rozvedeny nékteré véci z prvni kapitoly: Soufadnice bodové,
pfimkové, transformace soufadnic, dvojpomér. Vlastnosti nesinguldrniho linearniho zobrazeni,
kolineace. Dalsi ¢ast druhé kapitoly je vénovana ovalim v kone¢né projektivni roviné. Hovofi
se tu o ovalu, o jeho vlastnostech v roviné sudého, pfipadné lichého ¥ddu. Déle jsou tu uvedeny
kuZzelosetky v Galoisové roviné (tj. mnoziny bodi, které vyhovuji kvadratické rovnici). Dile se
probiraji regularni a singuldrni kuZelose¢ky, jejich vlastnosti a polarita. Zde se také autor zmifuje
o faktu, Zze v Galoisovych roviniach fadu 2", kde r > 2, existuji ovaly, které se nedaji vyjad¥it
anulovanim kvadratické formy, ale ddle se jimi v knize nezabyva. V dalsi ¢asti kapitoly nachazi-
me korespondenci mezi dv€ma svazky pfimek, jednozna¢né uréeni kuZelose¢ky, Pascalovu vétu,
Segreho vétu a ditkaz jeji platnosti v rovinach lichého fadu. Nasleduje konstrukce Galoisova
télesa, podtélesa a studuje se izomorfismus a automorfismus téchto téles. Specidln& se tu studuji
kolineace a homografie v Galoisové rovin€. Nechybi ani dikaz tvrzeni, Z¢ v Galoisov& roviné
plati Desarguesova véta.

T#eti kapitola je vénovana geometrickym konfiguracim a tkdnim. Jsou v ni probriny rizné
typy konfiguraci v roviné, tkdni a R-tkdni.

Ve &tvrté kapitole jsou uvedeny zdkladni pojmy teorie grafli a to: Graf, stupeii uzlu grafu,
reguldrni graf, izomorfismus grafti, Petersentiv graf a graf Desarguesovy konfigurace.

PAat4 kapitola je navzana kombinatorika a kone¢né geometrie. Je vénovana zdkladim kombi-
natoriky a riznym aplikacim kone&nych geometrii. Je tu uvedena inverzni geometrie, dale sféric-
k4 geometrie, Mobiusova rovina a stereografickd projekce. V zavéru kapitoly je pojedndno
o blokovych schématech a inciden¢nich strukturach. V §esté kapitole jsou néktera podle autora
,,pfidatnd témata‘‘: Fanova rovina a Gleasonova véta, Moultonova nedesarguesovskd rovina,
afinni rovina a afinni prostor. -

V dodatku &tendf najde podrobnosti o algebraickych strukturach a souvislost koneénych
téles s teorii ¢isel. Na zavér dodatku je kratkd stat o terndrnich okruzich.

V knize je n&kolik tiskovych chyb, které si ¢tendf snadno opravi sam.

Recensovand kniha je uéebnice, nikoliv kompendium. Je uréena pfedev§im studentim a Sirsi
matematické vefejnosti, nejen specialistim v kone¢né geometrii. Vyborné se hodi pro za&ate¢niky
v tomto oboru. Sezndmi je s problematikou kone&né geometrie a se souvislostmi s jinymi obory.
Kniha je psdna pedagogicky zdatn&, prozrazuje autorovy dlouholeté zku¥enosti v prici se
studenty.

Zderika Tischerovd, Praha

Lars Garding: ENCOUNTER WITH MATHEMATICS. Springer-Verlag, New York—
Heidelberg— Berlin, 1977. 270 stran, cena DM 22,30.

Pfedstavovat autora knihy tém, ktefi z parcidlnich diferencidlnich rovnic ovlidaji o trochu
vice nez pouze definici parcidlni derivace, je zbyte¢né. Tento ,,majitel dileZité nerovnosti‘
se pustil do velice zdsluZného a t&Zkého tikolu: pro &tendfe se znalostmi zhruba posluchade prvni-
ho ro¢niku matematiky universitniho sméru se pokusil podat vyklad historie riiznych disciplin
matematiky s diirazem na vypichnuti nosnych idei a s ukdzkou né&kterych nefesenych problémd.

Kniha je rozdélena do dvandcti kapitol. 1. Modely a realita, 2. Teorie &isel, 3. Algebra, 4. Geo-
metrie a linedrni algebra, 5. Limity, spojitost a topologie, 6. Heroické stoleti (rozumi se 17. sto-
leti), 7. Derivovéni, 8. Integrace, 9. Rady, 10. Pravdépodobnost, 11. Aplikace, 12. Sociologie,
psychologie a vyuka matematiky. Téme&¥ kaXd4 kapitola konéi citdty z praci a dopisfi slavnych
matematikl, pPipadn& vyobrazenim t&hto osob a jejich Zivotnimi daty.
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Ctenéfe recenze asi napadne jistd analogie s knihou S. Marcus: Matematickd analyza &tend
podruhé, ktera vysla v Academii v r. 1976. Tyto dvé& publikace v8ak neni moZno srovndvat vzhle-
dem k tomu, Ze Gardingova kniha ma podstatné §ir§i zabér, kdeZto kniha Marcusova jde vice
do podrobnosti.

Typografickd uroveii publikace je vysoka. Ostatné na tuto uroveii jsme si u Springeri jiz
zvykli a toto hodnoceni neni nic nového. Jednoduchymi poétenimi vykony se mi podafilo odhalit
drobnou nesrovnalost na str. 54, kde se v podstaté piSe: ,,Evariste Galois (1811—1822) died in
a duel at the age 21*.

Cetba knihy je prijemnou zaleZitosti pro kazdého, kdo to s matematikou mysli dobte. Ten,
kdo matematiku pfednasi, by se s touto knihou mél rozhodné sezndmit.

Svatopluk Fuéik, Praha

A. V. Balakrishnan: APPLIED FUNCTIONAL ANALYSIS. Applications of Mathematics,
svazek 3. Springer, New York— Heidelberg—Berlin 1976. Str. X -+ 309; seznam literatury,
resjtfik. Cena DM 36,20.

Recensovana publikace vznikla podstatnym rozSifenim a pfepracovanim autorovy knihy
Introduction to optimization in a Hilbert space (42. svazek Lecture Notes in Operations Research
and Mathematical Systems, Springer 1971), ktera je u ndas pfistupna v ruském pfekladu. Rozsah
knihy se zvétsil na dvojndsobek a toto zvétSeni se projevilo jak ve vykladu teoretickych zdkladu,
tak i v kapitolach, vénovanych aplikacim funkciondlni analyzy v teorii regulace.

Autorovym cilem bylo podat takovy vyklad zdkladnich pojm® a metod funkciondlni analyzy,
které by ¢tenafi umoznily pochopit mozZnosti jejich aplikaci v teorii regulace ¢i v systémové analy-
ze. Tento zdmér vedl autora k tomu, Ze neusiluje 0 maximalni moZnou obecnost ivah, ale pracuje
prakticky v celé knize v Hilbertové prostoru. To mu umoZiiuje podat bohatsi vysledky, uZite¢né
pravé pro aplikace. Pfikladem mulze byt teorie semigrup v Hilbertové prostoru, kterd, fedeno
autorovymi slovy, leZi pro dany ucel ve spravné rovnovaze mezi pfili§ obecnym a p¥ili§ specidlnim.

Kniha je rozdélena do $esti kapitol, z nichZ tfi maji aplikovany charakter: jsou to kapitoly
2,5a6.

Kapitola 1. je ivodnim pojedndnim o Hilbertovych prostorech a jejich zdkladnich vlastnostech.
Definuje se zde linearni prostor, linearni funkcional, vnit¥ni sou¢in a norma, konvexni mnoZina,
ortogonalita atd. Nalezneme zde Rieszovu vétu o representaci, vétu Hahnovu-Banachovu, vyklad
pojmu slabé konvergence atd.

2. kapitola za&ind podrobng&j$im, i kdyZ zhuiténym vykladem vlastnosti konvexnich mnoZin,
zejména definici Minkowského funkciondlu a vétou o oddélovani. Pokraduje pak aplikaci této
véty na problém minimalizace konvexniho funkcionalu (Convex Programming) a na teorii her
(Minimax Theorem). Nakonec se dokazuje s jeji pomoci Farsova véta, dileZita pro jisté optimali-
za¢ni problémy v koneéné dimensionalnim pfipadé.

Obsah 3. kapitoly je charakterizovdn jejim ndzvem: Funkce, transformace, operitory. Je
pomérné& rozsahlym (asi 100 stran) Gtvodem do spektralni teorie operatorii v Hilbertovych prosto-
rech. (Tato &4st je oproti zmin&né plivodni knize nova.)

4, kapitola je vénovana teorii semigrup linedrnich operdtort, zejména disipativnim, kompakt-
nim a Hilbertovym-Schmidtovym semigrupdm. Tato teorie je ilustrovdna aplikacemi na parcidlni
diferencialni rovnice matematické fyziky.

V 5. kapitole ukazuje autor aplikace nékterych funkciondln&-analytickych metod na problémy
optimdlni regulace.

Koneéné 6. kapitola je vénovana uvodu do problémiu stochastické optimalizace. Autor pouZiva
netradi¢né jen konetné& aditivni miry. Po pfipravnych uvahéach, v nichZ se dojde k pojmim
bilého $umu a stochastické rovnice, nasleduji hlavni odstavce, vénované problémim filtrace
a stochastické regulace.
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Dilo je doplné&no rejstiikem a representativni bibliografii kniZni literatury. Autor navic opatfil
kaZdou kapitolu ivodem, v némzZ mj. specifikuje literaturu, vhodnou k hlubsimu studiu jednotli-
vych problém.

Kniha je psdna dobfe srozumitelnym slohem, tisk je zfetelny a hledny. K jejimu pochopeni
je tfeba jen zdkladnich znalosti z redlné analyzy. Vzhledem ke zhusténosti vykladu bude &teni
snazsi pro toho, kdo ma jisté pfedbé&zné znalosti funkciondlni analyzy v Hilbertovych prostorech.

Dilo 1ze doporuéit studentiim vy$8ich ro¢nikil a pracovnikiim v matematice, aplikované mate-
matice, teorii pravdépodobnosti, informatice, teorii regulace apod.

JiFi Jarnik, Praha
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Casopis pro p&stovini matematiky, ro&. 103 (1978), Praha

ZPRAVY

SEDESAT LET PROF. RNDR. KARLA SVOBODY
Avors Svec, Olomouc

Profesor KAREL SvoBoDA se narodil 9. prosince 1918 v Kunovicich v rodiné
Zelezni¢niho zfizence. Maturoval v r. 1937 na st. redlném gymndziu v Uh. Hradisti.
Matematiku a deskriptivni geometrii studoval na pfirodovédecké fakulté brnénské
univerzity, studia ukonéil aZ po osvobozeni v r. 1946 a dosdhl aprobace pro vyu€ovdni
matematice a deskriptivni geometrii na stfednich $koldch. Hodnost doktora pfirod-
nich véd ziskal v r. 1948, v r. 1957 se stal kandiddtem fyzikdlné-matematickych véd;
habilitoval se v r. 1958. V dob& okupace byl od 17. 11. 1939 do poloviny kvétna 1940
véznén v koncentraénim tdbofe Sachsenhausen. Po ndvratu pracoval aZz do konce
valky u Stavebni spravy pro tpravu feky Moravy v Uh. Hradisti. Po osvobozeni
nastoupil jesté pfed ukondéenim studii jako vypomocny asistent Matematického
ustavu pfirodovédecké fakulty brnénské univerzity. Asistentem byl ustanoven
v 1. 1946, odbornym asistentem v r. 1950, docentem v r. 1958, zdstupcem profesora
v 1. 1963, mimofddnym profesorem je od r. 1966.

Svobodovy védecké prdce z algebraické geometrie jsou pod vlivem védecké &in-
nosti prof. L. Seiferta — tykaji se poldrni teorie kubické nadplochy ve ¢tyfrozmérném
projektivnim prostoru, kterd je vytvofena bisekantami raciondlni normdlni kfivky
&tvrtého stupné. Z podnétu prof. O. Boriivky se zabyval studiem Cartanovych metod
a zaméfil se na diferencidlni geometrii. Studoval a) plochy v prostorech s konstantni
kfivosti, jejichZ indikatrix normdlni k¥ivosti je kruZnici, kterd m4 stfed v pfisluSném
bodé plochy nebo leZi na kulové plose se stfedem v bod& plochy; b) otdzky, tykajici
se deformace neparabolickych kongruenci pfimek v projektivnich a simplektickych
prostorech a titvarii k nim invariantné& p¥ifazenych (v ndvaznosti na price E. Cecha);
¢) bodovou a projektivni deformaci pln€ fokdlnich pseudokongruenci linedrnich
prostorti. Spole¢né s V. Havlem a 1. Koldfem vypracoval metodu konstrukce kano-
nického reperu podvariety. O svych vysledcich pfedndSel na IV. sjezdu sovétskych
matematikd v Leningrad€¢ a na pfedndikovych pobytech v NDR a Rumunsku.
Podilel se na Cinnosti semindfe diferencidlni geometrie, vedeného od r. 1952 prof.
J. Klapkou; od r. 1971 je vedoucim tohoto semindfe. Spolupracoval na fe§eni vyzkum-
ného tkolu statniho pldnu ,,Studium variet prostord projektivnich a prostort s pro-
jektivni konexi* a vytvofil samostatnou odbornou skupinu, sloZzenou vét§inou z pra-
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covnikii vysokych $kol technického sméru. V soucasné dobé je odpovédnym fesitelem
vyzkumného tkolu ,,Geometrie pfimkovych utvart a jejich zobecnéni®.

Prof. Svoboda pfedndsel rtizné obory geometrie v uditelském i odborném studiu,
na fakult® organizaén& zajisfoval vyuku deskriptivni geometrie. Spoluptsobil pfi
sestavovdni celostdtnich udebnich plani a osnov geometrickych pfedmétii. Pro
potfeby poslucha¢ii uditelskych kombinaci s matematikou vydal dvojdilny ucebni
text z analytické geometrie, ktery byl pouZivén i na jinych vysokych $koldch.
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Na pfirodovédecké fakulté vykonal mnoho organizadni i vetejn€ prosp&€sné prdce.
Po vélce pomdhal znovu vybudovat matematicky ustav (hlavné jeho knihovnu), byl
tajemnikem katedry matematiky, vedoucim katedry algebry a geometrie a pusobil
i v fad€ jinych funkci (v n€kterych pracuje dodnes). Po téméf celou dobu pobytu
na fakult& se podilel na odbord¥ské prdci. Dile byl funkciondftem JCSMF a &lenem
redakénich rad Casopisu pro péstovdni matematiky a Archives of Mathematics.
V soudasné dob& je &lenem komise pro obhajoby kandiddtskych praci v oboru
geometrie.

Toto jsou jen chladnd a strudnd fakta o dosavadni prdci prof. Svobody. Vidy se
citil spiSe ucitelem neZ v€deckym pracovnikem. BudiZ mi vSak dovoleno napsat, Ze
je vice neZ uditelem i v&deckym pracovnikem: je pfitelem, rddcem, neunavnym
pomocnikem. VZdyt kolik z nds d€kuje prdavé jemu za pomoc a cenné rady pfi vlastni
védecké prdci, vychovu b&hem aspirantury, ipravu prace do tisku.

Prof. Svoboda nemiluje jubilea (pisatel rovnéZ). Svoboda je vSak &dsti naseho
matematického (a pro mnohé z nds i osobniho) Zivota. Proto nechf dovoli, abychom
mu vichni pféli mnoho zdravi a spokojenosti do dal§ich let.
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M. FIEDLER A V. PTAK LAUREATY NARODNI CENY

21. dubna 1978 ptevzali vedouci védedti pracovnici Matematického ustavu CSAV prof.
RNDr. MirosLAv FIEDLER, DrSc., a prof. RNDr. VLasTiMIL PTAK, DrSc., z rukou piedsedy
Ceské narodni rady Nérodni cenu, ktera jim byla spoleén& udélena za soubor praci z teorie matic.

Oba studovali matematiku na Karlové université hned po valce. Déle se vzdé&lavali jako aspi-
ranti tehdej§iho Ust¥edniho ustavu matematického. V Matematickém tustavu CSAYV, ktery z této
instituce pozdé&ji vznikl, pisobi dodnes. Prof. Fiedler zde vede oddéleni numerickych metod,
teorie grafi a matematické logiky a prof. Ptak oddéleni funkciondlni analyzy.

Prof. Fiedler zadal publikovat po¢atkem padesatych let. Jeho prvni prace jsou vénovany studiu
algebraickych k¥ivek a geometrii simplexu. K druhému tématu se pozdé&ji je§té nékolikrat vratil.
Mezi pracemi z druhé poloviny padesatych let pievladaji numerické metody feSeni algebraickych
rovnic a soustav linedrnich rovnic. O numerické metody se prof. Fiedler stile zajima a pat¥i
v tomto oboru k na$im pfednim znalctim. Koncem padesétych let vychazeji také prvni jeho prace
z teorie grafii, zamé&fené tehdy zejména na aplikace v ekonomii. Hlavni oblasti ¢innosti prof.
Fiedlera je uZ pres dvacet let teorie matic, ve které patfi ke svétové §pi¢ce. Rliznym aspektiim
linedrni algebry je vénovano na Sedesat z vice nez osmdesati jeho dosud uvefejnénych &lanka.
Jsou v nich kombinovdny algebraické, kombinatorické i geometrické ideje a vysledki bylo
zpravidla dosaZeno dimyslnym vyuZitim pomérné elementdrnich prostfedki. Jde o vysokou
matematiku, kterd kofeni v praktické realit€ a svymi disledky se do ni zase vraci.

Prof. Ptk se zabyva pfedev§im funkcionélni analyzou. Prvni své prace o pologrupach uvefejnil
kolem r. 1950. Potom nésledovala série ¢lanka o topologickych linearnich prostorech a od polo-
viny padesatych let pak vychdzeji jeho pfispévky k nejriizn&$im oborim funkcionalni analyzy
i k sousednim disciplindim (topologie, teorie matic, analyza). Dosud publikoval vice neZ sto praci.
Jsou v nich obsaZeny i vysledky, které maji zdkladni vyznam pro pfislu§né partie (nap¥. topolo-
gické linearni prostory, hermitovské algebry, kritické exponenty operadtorti, véty o uzavieném
grafu) a za nékteré z nich byl r. 1966 prof. Ptdk odmé&nén Statni cenou Klementa Gottwalda.
Pro jeho styl je pfizna¢né pfirozena motivace zkoumanych otazek a jejich elegantni vyklad v $iro-
kych souvislostech. Prof. Ptdk uZ mnoho let vede pravidelny seminaf, ktery se stal Mekkou
&eskych i slovenskych odbornikii i zahrani&nich hostti. U&astnici seminéafe dobfe znaji jeho zajem
o matice — pfi referovani byvaji v nejabstraktnéj§ich mistech pferuSovani dotazem ohledné
vyznamu pro kone¢nou dimenzi.

Jak je vidét, prinikem z4jmi prof. Fiedlera a prof. Ptdka je prave teorie matic. Neni divu, Ze
za dlouholetého pobytu ve spole¢né pracovné doSlo k syntéze diskrétniho, geometrického,
algebraického i funkciondlné analytického pf¥istupu k této problematice a vzniklo tak 16 spolec¢-
nych praci. Jejich vynikajici vysledky jsou zatazeny do viech hlavnich monografii, které v posled-
nich letech vysly (Faddéjev-Faddg&jeva, Gantmacher, Householder, Marcus-Minc, Seneta, Todd,
Varga), a jsou citovdny snad ve stovkdch &asopiseckych &ldnki.

Pokusme se n&kolika slovy naznadit, v &em je hlavni pfinos praci zafazenych do ocenéného
souboru, i kdyZ je t&#ké vytrhnout je z kontextu ostatnich praci obou autorii. Zejména prof.
Fiedler se zabyval n&kterymi ddle uvedenymi otdzkami i v fadé& svych samostatnych praci.

Nejprve si v§imn&me praci, vénovanych hlavn& numerické matematice. V praci [4] byl poprvé
ve svétové literatuie vySetfovan vliv §té€peni symetrické matice na rychlost konvergence pfislu§né
iteraéni metody Gaussova-Seidelova typu. V prici [5] je k dané symetrické matici 4 konstruovdna
posloupnost unitérnich matic U, takov4, %e matice U, 4 Uy za urditych predpokladt kvadraticky
konverguji k diagondlni matici, a je tak vlastné navrZena iteraéni metoda pro vypo&et kompletni-
ho spektra symetrické matice. Numerické aplikace md i prace [10], kterd se v podstaté zabyva
otdzkou, jak pfevést invertovéani velké matice na invertovani matic menSich. To lze vyuZit zejména
pfi invertovani 3patné podminénych leont&vovskych matic. I ve vét§in& ostatnich praci viak
najdeme numerické dusledky.
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Riizné souvislosti (lokalizace vlastnich &isel, konvergence itera¢nich metod, analyza elektric-
kych obvodii) vedly ke zkoumani matic s nekladnymi rediagonédlnimi prvky (Fan, Kotéljanskij,
Ostrowski). V praci [7], kterd patii k nejcitovanéj§im z celého souboru, byla provedena syntéza
dosavadnich vysledk( a byly odvozeny vyznamné nové vysledky i jejich vyznam pro spektralni
teorii, konvergenci itera¢nich procest linedrni algebry a maticové nerovnosti. Matice, patfici
do zde zavedené t¥idy K, tj. &tvercové redlné matice s nekladnymi nediagonédlnimi prvky a s klad-
nymi hlavnimi minory, byly pak ddle studovany v pracich [13], [14], [15] a [16]. V praci [13] jsou
kvantitativné vylepS§eny nékteré vysledky préace [7], zejména pokud jde o aplikace na spektralni
otazky, a pak jsou zkoumdny souvislosti s vétami o konvergenci relaxa¢nich metod. Vysledky
prace [4] rozS‘iiené.pozdéji R. S. Vargou na nesymetrické matice jsou zde zobecnény na obecné&jsi
tfidu procestt Gaussova-Seidelova typu. Prace [16] byla inspirovana Kotéljanského vétou o odha-
du determinantu matice pomoci determinantu majorantni matice z tf¥idy K. Ta je zde dokazana
pfirozenym zpusobem a podstatné zesilena. Mezi vlastnostmi pozitivn€ definitnich matic a matic
tfidy K lze pozorovat nékteré pfibuzné rysy. Obé tfidy jsou v§ak na druhé strané natolik rozdilné,
ze se zda, jako by nékteré podobnosti byly Cisté ndhodné. V praci [14] v8ak byly pfibuznosti
vysvétleny — jejich pfi€inou jsou vlastnosti bilinedrnich forem. Jinou t¥idou souvisejici s maticemi
téidy K jsou matice s dominatni diagonalou. V praci [15] je navdzdno na Ostrowského studium
tiid matic diagonalné podobnych maticim s pfevladajici diagondlou a jsou charakterizoviny
tfidy matic diagonalné podobnych maticim, u nichZ diagondla dominuje ve slabsim smyslu.

V dalsi sérii praci jsou hledana kritéria regularity &tvercové matice. Aplikujeme-li je na matice
A — AI, dostaneme tak oblasti, v nichZ leZi vlastni ¢isla matice 4. Tak napf. klasickda Hadamardo-
va véta o regularité matice s dominantni diagondlou dav4 klasické Ger$gorinovy kruhy. O t&hto
otazkach je rozsahld literatura a v kritériich znamych pired uvefejnénim préce [6] vesmés figuro-
valy hodnoty prvkl matice. V praci [6] byly odvozeny daleko obecné&jsi odhady, v nichZ vystupuje
jen norma nediagonalni ¢asti matice, pfi¢emz vysledky plati pro $irokou t¥idu norem v&etn€ norem
nejfrekventovanéjsich. Formuluji-li se vysledky pro matice rozdélené na bloky, vyjastiuje se odli§-
na role diagonalnich a nediagonalnich blokl. Kritéria jiného typu jsou odvozena v praci [8].
Kone&né dimenziondlni prostor je zde rozloZen na direktni soudet podprostorti, na kazdém z nichz
je ddna né&jaka norma. Ty pak indukuji operdtorové normy bloki, na né? je p¥islusnym zplisobem
rozlozena dand matice. Kritérium spodiva v tom, Ze matice je reguldrni, pokud jist4d matice sesta-
vena z uvedenych norem patfi k tfidé K. Variujeme-li riiznym zplisobem rozklad prostoru a volby
konkrétnich parcialnich norem, dostdvidme rozmanita specidlni kritéria regularity a pfislu§né
véty o lokalizaci vlastnich &isel, zahrnujici i pfedtim zndamé vysledky (Ger3gorin, Ostrowski,
Fan, Brauer). Také prace [1] se zabyva touto problematikou. V pracich [2], [11] a [12] jsou ddle
vylepSeny konkrétni odhady odvozené v [8]. Prvni dvé z téchto praci téZ rozvijeji nasledujici ideu:
Je-li &tvercova matice 4 rozdélena na bloky

- 3

kde « je ¢islo, d4 se &ekat, Ze pokud budou vektory a, b malé, bude nékteré vlastni &islo matice A
blizké &islu a. V préci [12] je problém zobecnén: matice je rozdélena na &tyfi bloky a odhaduje
se spektrum matice pomoci spektra ¢tvercovych diagonalnich poli. V této souvislosti se také
navrhuji itera¢ni procesy pro vypodet vlastnich &isel.

Neékteré vlastnosti matic souviseji jen s rozloZenim nulovych a nenulovych prvka a lze je tedy
studovat &isté kombinatorickymi metodami. V préci [3] jsou tak z klasické Perronovy-Frobe-
niovy véty o vlastnim &isle nezaporné matice odvozeny p¥es kombinatorickou strukturu mocnin
matice dal8i informace o rozloZeni spektra nezdporné matice v zavislosti na jejim indexu imprimi-
tivity. Perronova-Frobeniova véta inspirovala i préaci [17]. Podle [3] z ni totiZ plyne, Ze dvojité
stochastickd matice mé vlastni &islo —1, jen kdyZ ma sudy index imprimitivity, tj. jen kdyZ ma.
(az na stejnou permutaci fadka a sloupcti) blokov& diagondlni tvar. V praci [17] je odhadnuta
vzdilenost ostatnich vlastnich &isel dvojité stochastické matice, kterd tuto vlastnost nemd, od

425



¢isla —1 pomoci jeji vzdalenosti od matic, které uvedenou vlastnost maji, a pomoci jeji miry
ireducibility. Kombinatorické postupy miiZeme &asto najit i v jinych pracich, o nichZ jsme se zde
zminili. Se vzddlenost{ prostoru matic se setkdvame téz v praci [9], kde se studuje aproximace
linedrnich transformaci kone&n& dimensionédlniho prostoru singuldrnimi transformacemi. Je
zajimavé, Ze minimdlni vzdalenost dané matice 4 od matic hodnosti nejvy$e r je rovna (r + 1)-
vému (podle velikosti) vlastnimu &islu matice AA4*. ’

Posledni dvé prace ptispivaji k teorii kuZeltt v koneéné rozmérnych prostorech. V praci [18]
je zaveden ndzorny pojem diagondly konvexni mnoziny a jsou studovany diagonaly polyedrickych
kuZelli, zejména pak jejich souvislost s linedrni zavislosti extremdlnich paprskd. DosaZenych
vysledk je pak v praci [19] vyuZito ke studiu kuZelti linedrnich operdtorg. Hlavni vysledek
ukazuje, Ze v kone¢n& rozmérném prostoru miZe mit extremalni operator jakoukoliv hodnost A
s vyjimkou A = 2.

Srde¢né blahopfejeme lauredtim a t&ime se na dalsi p€kné prace z jejich dilny.

Pavla a Antonin Vrbovi, Praha
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