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ON AN INTEGRAL FORMULA

Avois Svec, Olomouc

(Received January 13, 1977)

One of the main tools used in the global differential geometry is the integral formula
(1.14.1) of [1] for the so-called Codazzi-tensors. In the following paper, I present
a more (possibly the most) general integral formula; the above mentioned formula
appears then as its simple corollary.

Given a Riemannian manifold (M, g), dim M = n. Let V be its associated Eucli-
dean connection. In each coordinate neighborhood U of M, we may choose ortho-
normal sections {v, ... v,} of T(U) such that V is given by

(1) Vm = o'v;, Vo, =ol;; ol +woj=0

and we have

(2) do'=0' Aw) do]=of o] - R0 A ®', Rl +Ri=0.
The curvature tensor (at m € U)

%) R : Tp(M) x T(M) x T,(M) - T(M),

R(y'v;, z'v;) (x'v;) = Riux'y*z'v;
satisfies (2;) and

4 Riy+ Rjy=0, Rly=Ri;, R+ Rh;+Rj=0,
i.e.,
) R(y,z)x + R(z, ) x =0, g(x,R(z,t)y) + g(y, R(z, ) x) = 0,
9(», R(z, 1) x) = g(t, R(x, y) 2),
000, Rz 1) %) + o(2 Rt 3) %) + gt R0 2) ) = 0

for x, y, z, t € T,(M).
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Let (E, g*), dimE = n + N be a Euclidean vector bundle over M; on E, let
a metric connection V* satisfying

() ) Vig*(& ) = g*(Vi& n) + g*(& Vin)

for each x € T, (M), m € M and local sections £,  : M — E defined in a neighborhood
of m be given. Suppose that E is trivial over U, and let w,:U - E (o, B, ... = 1,..., N)
be orthonormal sections; V* is then given by

7 V*w, = thw,, T +15=0.

We have

® . d = At - 180 A, S+ S8, =0,

the curvature tensor of V* being

) S:T,M) x T,(M) x E,, > E,,,
S(x'v;, y'v;) (E°w,) = SE;E%x yIw, .

Evidently,

(10) . St + S5 =0,

i.e., S satisfies
(1)  S(x,y) &+ S(y,x) & =0, g*& S(x, y)n) + g*(n. S(x, ) &) =0

for each &, n € E,,; x, y € T,(M).
For each m € M, let a p-linear mapping

(12) F: x?T,(M)—E,
be given. The mappings
(13) FO: x?*1T (M) E,, F®:x?*?T/(M)->E,
let be introduced by
(14) F‘l‘)(x(,), coes Xy X) = VEF(X(1y, -5 X(pp) —
"gF(x(l)’ v Xe=13 VX X130 200 Xip) »
F@ — (Fu))(x) ,

where xy), ..., X5, X € T,(M) and xy), ..., X, are local sections of T(M) such that
’ ’
X1y (M) = X(ay, --s Xpp(m) = X
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Lemma. The mappings F) and F® are well defined, i.e., they do not depend
on the choice of the sections X, ..., X(p). Further,

(15) FO X135 oes Xpps Vs X) — FO X135 110y Xy X, ¥) =
=r§1F(x(l), cees Xg—1)s R(X5 ) X(eyy Xt 1ys -0 Xpy) — S ¥) F(X(1ys ++0s X(p)) -
Proof. Let us write, in U,
(16) F(x(3yis +o» X(y00) = Fi,.ipX(1) -+ XGyWa -

The components Fj,_; ; let be introduced by

1. i;l
(17) dF?n .ip Z ieip—giir+ 1. i,, :,- + Ffl...i,,r; S F7|‘..I,,lwi .

Then it is easy to see that
. . . . ey f
(18) F(l)(le)v,-, “oey xzp)vi, x’v.') = F?l'_,;p,-xzi) o x(;)x‘wa .

The exterior differentiation of (17) yields

(19) (d ig.ipi T Ffl lpJ ZF?x dp—1jir+1.. iplwir i Fln 'p‘rﬂ) A (l) =

P
= ‘}(Z T -,,Ri,,u - f. Ay pu) o’ A @
The components F;_; ;; let be defined by
(20) dF?,...i,i .1 ;,jw Z itenire 1 firggo.ipi® ..+ F?,...i,iT; = F?;...i,ijwj'
Clearly,

; ; S ; o
(21) FO(x ()03, - s X(p0is X'05, Y'0;) = Fi, s ii%h - x2yxhrtw, ,
and (19) implies
p
k

(22) 7....:,,11 i, Jdpif T Z igecdr—1kipgg.. .,R Ffl...t,S;U ’
i.e., (15). QED.

Let us introduce the following notation. For H : x? T, (M) — R a g-linear mappmg,
q221=<gq; <q, = q, write
(23) H(x(1ys -+ 0s Xqu= 10 As Xiqu 132 -+ X@a=1p» As Xzt 130 -+ » X@) =

=xZ‘1H(x(”’ e X@=19 Vb Kigi# 130 -+ Xga=1)» Vs Xzt 1 -+ (@) »

where {v,, ..., v,} is an arbitrary orthonormal basis of T,,(M); (23) is well defined.
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Theorem. Let (M, g), (E, g*, V*) be as above. At each m e M, let p-linear map-
pings F, G : x? T,(M) - E,, be given. On M, consider the 1-form

(24) (P(x) = g*(F(Al, ceny Ap—l’ x), G(l)(Al, ceey Ap—l’ B, B)) =
- g*(F(Al, seey Ap-l’ B), G(l)(Al, ssay Ap—l’ x, B)) .

Let OM be the boundary of M and » the Hodge operator. Then
(25) J. *Q = f {g*(F* (4, ..., A1, B, B), GINA,, .., 4, ,,C, C))—
oM M
— g*(FY(Ay, ..., Ap—y, B,C), GV(A,,...,4,_,,C, B)) +
p—1
+ g*(F(Ay, ..., Ap—y, B), Z,IG(A,, vy Ay R(B.C)A,, Apyy, .oy Apoy, ©) +

+ G(Ay, ..., A,_;, R(B,C) C) — S(B, C) G(4;, ..., A,_,, C))} do,
do being the volume element on M.
Proof. On U we get
(26) @ = 808"t ... 8PN FY Gy — Flaty o kGhygy i) @
Hence
(27) ds=5,0"" ... 5"“""’5”5”(1’?1...:,-,qu,...;,,-.u = F?p..i,,_,kjcgl...J,..lil +
+ H,...i,_;iGg;...j,_;ku - Fz...i,-,qu,...j,-,m) do =
= 0yp0"Jt .. 8IS FY G gyt = Fhytyo Gyt +
+ F?,...i,_.i(G’,...j,_lku = 1....1,-,;]1)} do;
using (22) for G, we get (25). QED.

Corollary. Let (M, g) be a Riemannian manifold. Let T(x, y) be a symmetric
tensor on M, and let there be a function ©: dM — R such that T(x, y) = 1g(x, y)
on OM. Further, let T(x, y) have, at m € M, orthonormal eigen-vectors {v,, ..., v,}
with the corresponding eigen-values ky, ..., k,, and let K;; be the sectional curvature
corresponding to the 2-direction {v;, v;}. Then

(28) f {T"(4, B, B) TY(4, C, C) — T"(A4, B, C) T™)(4, C, B) —
M e

- Y Kyki—k)*}do=0.

1si<jsn
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