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NOTES ON LATTICE CONGRUENCES

IvaN CHAIDA, Pferov

(Received August 11, 1976)

It is well-known that each ideal of a lattice Lis a kernel of at least one congruence
relation on Lif and only if Lis distributive (see e.g. [1]), and that there exists a one-
to-one correspondence between congruences and ideals for relatively complementary
distributive lattices (see [2]). An approach adopted in [3] enables us to investigate
the relationship between congruences and ideals also for modular lattices.

Definition 1. Let J be an ideal of a given lattice L. Denotea v J = {a v j;je J}.
A binary relation T; on Ldefined by the rule ‘

{x, y) € T, if and only if there exists u € Lwith x, yeu v J is said to be induced
by the ideal J.

It is clear that T, is a symmetrical relation on L Further, for each a € Land an
arbitrary je J we have a = a v (a A j); clearly a A je J, thus aea v J, which
implies the reflexivity of T;. Thus T} is a tolerance relation on L (see [3]). In [3],
conditions of the compatibility of 7, are studied (for the compatibility, see [4]).
We shall now investigate the conditions for T to be a congruence relatlon By Defini-
tion 1, if T, is a congruence relation, J is a kernel of Tj.

Theorem 1. Let L be a lattice and J an ideal of L. If the relation T, induced
by J is compatible on L, then Ty is a congruence relation on L. ‘

Proof. As T, is reflexive, symmetrical and compatible, we must prove only its
transitivity. Suppose a, b, ¢ € Land (a, b) € Ty, {b, ¢) € T;. Then there exist u,ve L

and i,j,k,leJ with a=uvi,b=uvjb=vvk c=vvli As ilel,
we have
(1) G 1YeTy.

From ueu v J, aecu v J it follows {u, a) € T;. Analogously it can be proved
that (u,b>e Ty, {v,b)e Ty, {(v,c)eT;. As T, is symmetnca] also <b,v)>eT,.
From the compatibility of T, then
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(29) u,b)e Ty, <b,vd)eTy=<{(u A b),(bAv)eT;.

From b = u v j we have b 2 u, from b = v v k then b 2 v. Then (2°) implies
u, v) € Ty, which together with (1°) implies

(uviyvipeT,

thus {a, ¢) € T,;. Hence T} is transitive.

Lemma 1. Let L be a lattice and J its ideal. Let T, be the relation induced by J.
If a,b,c,de Land {a, b) e T,, {c,d) e Ty, then

{ave)y(bvdpyeT,.

Proof. If (a,b)eT;, {c,d>€eT,, then a=uvi, b=uvj, c=vvVvek,
d=vv ! for some u,vel, i,j,k,leJ. Hence ave=(uvv)v(ivk),
bvd=@uvo)v(jivl, thus avce(vv)vJand bvde(vo)vl,
ie{(ave),(bvd)eT,.

Lemma 2. Let L be a lattice, J an ideal of L and T, the relation induced by J.
If a,beL and {a,b)e Ty, then a=(a Ab)vi, b=(a Ab)vj for some
i,jeld.

Proof. If {a, b) € T, then by Definition 1, a = u v i,b = u v jforsomeuelL,
i,jeJ.Hence a2anb2u,azithusa=avi2(@aab)vizuvi=
=a, i.e. a =(a A b) v i. Analogously it can be proved that b = (a A b) v j.

Lemma 3. Let L be a modular lattice, J an ideal of Land T; the relation induced
by J. Let c,de Land ¢ £ d. If {c,d)ye Ty and T, is transitive, then {(a A d),
(@ A ¢)) €T, for each ae L.

Proof. Let {c,d) € T;. Then there exist ue Land i,jeJ withc=u v j, d =
=u vi. As ¢ £ d and Lis modular, we have j < i, thusd = ¢ v i.

Putx=aAd,y=xvec,t=yAiTheny = c,d = x. From these inequali-
ties and by the modularity of L we obtain

cvt=cv(yai)=(cvi)rAy=day=da(xve)=
=(dax)ve=da(@rd)ve=(@anrdve=y.

As t e J, this implies (y, c) € T,. From y = ¢ v t,t < x v t and by the modularity
of Lit follows

((xvt)Ac)vtA=(xvt-)A(c‘vt)=(xvt)A(cvtvt)='
=(xv)a(yv)=(xv)a(xvevi)=xvt,
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hence {(x Vv 1) A ¢, (x v 1)) € T;. Clearly also {(x v t), x) € T,. By the transitivity
of Ty, {(x v 1) A ¢, x) € T;. By Lemma 2, there exists ge J with x = (x A ((x v
vi)Aac)v g However, x A((x vE) Ac)=x Ac/thus x =(x Ac) Vg, ie.
x,(xAc))eT, As x Ac=andAc=anc, this implies {(a A d),
(a nc))eTs

Theorem 2. Let L be a modular lattice, J its ideal and T; the relation induced
by J.If T, is transitive, then it is a congruence relation on L.

Proof. If Tj is transitive, it is an equivalence relation on L. It remains to prove the
compatibility of T,. Let a, b,c,de L and {a, b) e Ty, {c,d) € T;. By Lemma 1,
we must prove only that T, preserves the operation A. By Lemma 2, there exist
i,jeJwitha=(aAb)vib=(anb)vj By Theorem1lin[3],a A b)v J
is a convex sublattice of L, thus

ac(@anb)vJ,be(anb)vi=>avbe(anb)vl,

hence {(a A b),(a v b)) e T,. Analogously it can be proved that {(c A d),
(¢ v d)> € T,. By Lemma 3, this implies '

ancad,(@an(cvad)eT,.

Thus a A c Adeuy v J, a A(cAd)euy v J for some uye L. By Theorem 1
in [3], uo v J is a convex sublattice of L; clearly

arncandZanc=sanr(cvd), ancadsand=zan(cvd),

thus also a A ceuo v J and a A deuy v J, hence {(a A ¢),(a A d))eT,
Analogously also {(a A d), (b A d)) € T}, thus the transitivity of T, implies {(a A c),
(b A d)) € Ty, i.e. T, is a compatible relation.

Corollary. Let L be a modular lattice, J an ideal of L and T, the relation induced
by J. Then the following assertions are equivalent:

(a) Ty is a compatible relation on L.

(b) Tj is transitive.

(¢) T,is an equivalence relation on L.

(d) T, is a congruence relation on Lwith the kernel J.

Proof. The implication (d) = (a) is clear and (a) <> (d) follows by Theorem 1.
The implication (d) = (c) = (b) is also clear and (b) = (d) by Theorem 2.

The following concept is transferred from [3]:
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