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CASOPIS PRO PESTOVANI MATEMATIKY
Vyddvd Matematicky ustav CSAV, Praha
SVAZEK 103 * PRAHA 21.8. 1978 * CISLO 3

DEUX MESURES SPECIALES DANS L’ESPACE E,

MiLosLAV JUzA, Praha

(Regu le 8 mars 1976)

C. CARATHEODORY a défini dans [1] la notion de mesure extérieure. F. HAUSDORFF
a défini et étudié dans le Mémoire [2] des types différents des mesures extérieures.
Dans le dernier temps, les mesures de Carathéodory étaient étudiées systématique-
ment par ex. dans [4] et [5].

En examinant les singularités des solutions des équations aux dérivées partielles,
on a besoin parfois de mesures de type spécial (voir [3], [6], [7]). Dans ce travail-ci,
nous examinons la relation qui existe entre deux mesures de ce type.

1. Ayons un espace euclidien E, avec un systéme de coordonnées cartésiennes.
Si x, yo sont des nombres réels et > 0, alors I’ensemble

(1'1) K={[xs}"]5E2:x05x§.xo+5,.Vo§}’§.}’o +5}

sera appelé carré fondamental; le nombre 6 sera appelé norme du carré K et
désigné par |K| Si M est un systéme de carrés fondamentaux, le nombre

|| = sup |K]|
KeM
est appelé norme du systéme M. L’ensemble de tous les systémes dénombrables’)

de carrés fondamentaux sera désigné par K.
Etant donné des nombres entiers ¢, d, k, k = 0, nous appellerons ’ensemble

.c c+1 d d+1
(1.2) K={[x,y]eE2.?§x§ b §§y§ 2"}

carré dyadic. L’ensemble de tous les systémes de carrés dyadics sera désigné par D.
Evidemment on a D < K.

1) Des ensembles finis sont aussi considérés comme dénombrables.
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2. Si M < E,, nous posons pour & > 0:
KeM

ou la borne inférieure est prise sur tous les systemes M tels que M e K, |§Ut| <
Mc K;
kel H(M) = inf ¥ |K]|
KeM

ol la borne inférieure est prise sur tous les systémes M tels que Me D, |M| < &,
M < UK. On a D c K, donc pour tout ¢ > 0 et pour tout ensemble M < E, on a

Ket
h(M) £ H(M).
Pour e,' 2 €, > 0 et pour tout ensemble M < E,, on a évidemment:
B (M) < b (M), H,(M) S H(M).
Alors, il existe des nombres (éventue]]ement égaux a + oo)
k(M) = lim h(M) = sup h(M), H(M) = lim H(M) = sup H(M)
&0+ e>0 g0+ >0

et on a
h(M) < H(M)

pour tout ensemble M < E,.
3. Pour tout & 1 > & > 0, et pour tout ensemble M < E, on a?)
H(M) £ 9.h(M), donc H(M)<9.h(M).

Tout d’abord nous allons prouver: Pour chaque carré fondamental K avec la
norme |K| =< 1 il existe un systéme My € D tel que

Ke UD, M=K, ¥ |b=9.lK|.
DeMx DeMx

Cependant, K étant donné par la formule (1.1), soit k le plus petit nombre naturel
tel que 27* < 4. On a alors
2—k é S < 2—k+1 .

1l existe un nombre entier c tel que
XoSc.2F<xo+ 6.
Sic.27% < xo + 46, posons ¢, = ¢ — 1; autrement posons ¢, = ¢ — 2. Alors on a
€o.27% < X0 < X0+ & < (co +3).27F. |

2y Voir [6], p. 43 et [7], p. 11.
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D’une fagon analogue, nous pouvons trouver un nombre entier d, tel que

do.27% < yo<yo+6<(dy+3).27%.

En désignant
cot+i+1l do+j
D,j={[x,y]eE2: 2 o +J

b 2k

co+i<x
2k = 9k

IIA
IIA
IIA

dy +j+1
y——~———°1},

2k
nous avons

2 2
|Dj|=2"*<6=|K|, KU UD,;,
j=0 i=0 -

ji=

2 2
Y YDy|=9.27<95=9.|K].

Jj=0 i=0

Alors nous pouvons poser My = {D;;}o<i<2-
0<js2

Si maintenant 1 > & > 0 et si 'ensemble M < E, est couvert par les carrés d’un
systéme M € K avec |sm| < &, nous pouvons couvrir M par I"'union

N = MeD.
KeM

On voit aisément que
wsim, lol= (3 |o)s 5o [K.
Delt Ked DeMK Kelt
D’ici on déduit que H(M) < 9. h (M), alors aussi H(M) < 9. h(M).

4. Nous allons prouver qu’il existe des ensembles M tels que (M) < H(M). En
effet, nous avons le

Théoréme 1. Soient o, a, b des nombres réels, a < b. Définissons I'ensemble

(4.1) My ={[x,y]eE:a<x<b y=x+a}.
Alors on a
(4.2) h(Mg) =b—a,
b—a
(4.3) H(Mg) = T~ ,
01®) ,
(4.9) Pa= lkim inf (min (a.2* — [«.2"], [«.2"] + 1 — «.2Y).
o

k naturel

3) r étant un nombre réel, [r] signifie naturellement le nombre entier ntel que n < r < n 4+ 1.
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La démonstration du théoréme 1 sera réalisée successivement dans les para-
graphes suivants.

-

5. Si o est un nombre réel, on a
(5.1) 0sp.=1%.

Démonstration. A) Evidemment «.2* — [0.2¥] 20, [«.2¥] + 1 — a.2F >
> 0, donc p, = 0.

B) Sia.2* — [a.2*] > % pour un certain k naturel, alors [a.2"] — a.2* < —14,
et [x.2"] + 1 — a.2* < 4. Donc

min (.2 - [0.2*], [¢. 2]+ 1 —a.2) < 4

pour tout a réel et k naturel.

C)Si a.2"-[a.2"] <4, alors «.2"' =2 . [«.2¥] <1, et [a.2"'] =
=2.[«a.2"].Siencore . 2* — [«.2*] > },onaa.2¥*! — [a. 2] = a. 2! —
—2.[a.2]>% [0.2"]-a. 2" < — % et [@a.2""']+1 —a. 2" < L

D)Si [¢a.2]+1—-a.2"<4, alors 2.[x.2"]+2— .21 <1, et
2. [0.2] +1 < «.2**"; mais parce que toujours [a.2] + 1 > «.2% on
a2 [a.2]+2>a.2%"; donc [x.2*"'] = 2. [«.2¥] + 1. Si encore [«.2*] +
+1—-a.2*>4alors[e. 2] — . 2" =2 [0. 2] +1 - a. 2" > % — 1,
donc . 2%+ — [a.2""1] < L.

E)Si a.2*—[a.2"]=14, alors a.2"*' —2.[a.2"] =1, et [x.2**'] =
=2.[«.2"] + 1, d’olt 'on déduit a . 2**! — [¢.2**1] =0 < L.

F) On déduit de B)—E), que si pour un certain k naturel I'inégalité

min (.2 — [0.2"], [«. 2] +1 - a.2%) >}

a lieu, alors
min (. 2**! — [a. 2**1], [@. 2**'] + 1 — «. 2**!) < &.

Alors d’aprés (4.4) on a p, < 4.

6. Légalité suiuante‘ est valable
h(Mg) = b —.a.
Démonstration. A) ‘Si K est un carré fondamental, notons
(6.1) #(K) = {x e R: il existe y € R tel que [x, y] €K} .
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Alors n(K) est un intervalle et sa longueur |n(K)| est égale a la norme |K|. Si M est
un systéme dénombrable de carrés fondamentaux couvrant I’ensemble Mg, alors
{a, by = U n(K), et

KeM

(62) K;ﬁ K| = Kezm |n(K)| 2 b —a,

donc on a h(Mj,) = b — a pour chaque ¢ > 0, d’ou il résulte que h(M3,) 2 b — a.

B) Par contre, ayant un nombre ¢ > 0, choisissons un nombre naturel n tel que
n2(b— a)fe. Pour i =0,1,...,n — 1, définissons le carré
i+ 1

n

(b -a),

Ki={[x,y]eE2:a+l(b-—d)§x§a+
n

a+i(b—a)+a§y§a+ﬂ(b—a)+a}.
n n

Nous avons
M:, cn(_)lK,-, |Ki| =(b—a)n<e
et -
':g:IKi|=n.b;a=b—a.

Alors h(M7,) £ b — a a lieu pour tout ¢ > 0, donc aussi h(M,) < b — a.

7. Pour m = 0,1, 2, ... écrivons

(1.1) 0.(a) = ¥ d*.

k=0

Alors pour chaque m entier non-négatif on a
(7.2) H(MZ,) 2 0.(p.) - (b — a).

Démonstration. A) Si p, = 0, alors Q,(p,) = 1. Mais si le systtme M de carrés
fondamentaux (spécialement de carrés dyadics) couvre I’ensemble Mj,, nous avons
(6.2), et dans ce cas pour chaque ¢ > Oon a

Hc(M:b) 2b—-a= Qm(pa) . (b_ a) s
donc aussi

H(MZ) 2 0.(p.) - (b — a).
B) Soit p, > 0. Tout d’abord nous allons prouver
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Lemme 1. Pour chaque nombre q, 0 < q < p,, il existe un nombre & > 0 tel
que, M étant un recouvrement arbitraire de I'ensemble My, formé des carrés
dyadics avec |ﬂR| < 8, pour chaque m = 0 entier on a

(7.3) K§R K| 2 Qu(g)-(b — a).

Démonstration du lemme 1. Ayons un nombre a et un nombre g tel que
0 < g < p,. D’aprés (4.4) il existe un nombre k, tel que I'on ait pour k = k,

(7.4) €. 2"~ [e.2]>q, [¢.2]+1-a.2">gq.

Posons & = 27%. Si |K| < & pour un carré dyadic K défini par (1.2), alors 27% =
= |K| < 6 =27%, donc k = ko, donc (7.4) a lieu. Nous allons prouver maintenant
que pour ce  le lemme 1 est valide pour tous les ensembles M, a < b étant ar-
bitraires.

Nous effectuons la démonstration par I'induction d’aprés m. Nous avons Qo(q) =
= 1. Mais pour un recouvrement arbitraire de I’ensemble Mj,, nous avons (6.2),
dons aussi (7.3) pour m = 0. Alors pour m = 0 le lemme 1 est valable.

Supposons que la formule (7.3) est déja prouvée pour m = u — 1 (u naturel)
pour tous les ensembles M}, (pour notre o fixé, mais pour a, b arbitraires) et pour
chaque recouvrement dyadic M de 'ensemble M, tel que || < 8. Ayons maintenant
un ensemble Mg, fixement donné et son recouvrement dyadic It avec |‘.Ul| < 6. Nous
allons prouver la formule (7.3) pour ce recouvrement M et pour m = p.

K étant un carré dyadic défini par (1.2), alors I'ensemble n(K) défini par (6.1) est
Pintervalle <c.27% (c + 1).27%). K, L étant des carrés dyadics avec K| 2 |L|,
alors (L) = n(K) ou n(L) N n(K) est vide ou contient un seul point.

Le recouvrement M est dénombrable, car le nombre de tous les carrés dyadics est
dénombrable. S’il existait un nombre n > 0 tel que |K| = 7 pour une infinité de
carrés K € M, on aurait %IKI = oo et (7.3) aurait lieu. Donc, nous pouvons nous

Ke

borner au cas ou il n’existe pour chaque nombre # > 0 qu’un nombre fini de carrés
K e M tels que |K| = 1.

Nous allons définir des systémes M, < M, N, <« M (i =0,1,2,...) et (pour
certains i naturels) les carrés L; € M de la fagon suivante:

My =M;

N, soit 'ensemble des carrés K € M, définis par la formule (1.2), pour lesquels on a

c+1
(7.5) = <a ou

[\

b;

Rle

M, N; étant déja définis pour tous j < i, nous allons poser

i-1

'(7-6) m, =M,_, —jyomj >
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si maintenant M; = O, posons aussi N; = O; dans le cas contraire nous choisissons
pour L; un carré arbitraire de I'ensemble M, tel que |L;| = |L| pour chaque Le M;
et N; sera I'ensemble de tous les carrés Le M; tels que n(L) = n(L;).

Par le symbol A nous désignerons le plus grand nombre i tel que L; est défini
ou oo dans le cas ou L est défini pour chaque i. Nous avons

(1.7) UR = m.

i=0,

Car si Le M, il n’existe (dans le cas auquel nous nous bornons) qu’un nombre fini n
de carrés K € M tels que |K| = ILI Alors si L n’a pas été choisi dans quelque R; pour
0<i<n-—1,onadfchoisir L, = L, donc Le N,. Comme N; = @ pour i > 4,
(7.7) a lieu.

Si K e M, désignons
(7.8) o(K) = n(K) n <a, b) .

Pour K e R; et i > 0, o(K) est toujours un intervalle. Nous désignerons par [a(K)J

sa longueur. Si x € (a, b), il existe un nombre y tel que [x, y] € Mj,. Le point [x, y

est couvert par un carré K € M. D’ici on déduit x € n(K). D’aprés (7.5) on a K ¢ Ry,

alors d’aprés (7.7) on a K € %; pour un i > 0. Mais d’ici on déduit x € n(L;), n(L;) >
A

> n(K). D’aprés (7.8) on a aussi x € o(L;). Alors (a,b) = U o(L;). De cela on
obtient i=1

(7.9) l_i lo(L)|2b—a.

Maintenant a partir de ’hypothése d’induction que la formule (7.3) a lieu pour
= pu — 1, nous alons prouver pouri =1,...,4

(7.10) 3 Ikl 2 0. Jo(L].

Pour la démonstration de (7.10), supposons que

(7.11) Ly= {[x, y]eE,: c_k,‘ <x =

5 9

ok’ gk 2

D’aprés (7.5) nous avons (c; + 1)[2* > a, ¢;/2% < b, car L; ¢ R,. Nous distingue-
rons deux cas:

a) Supposons d’abord que
(1.12) . M2d —c.
Le nombre d; — c; étant entier, on en déduit

[«.2%] 2 d; — ¢,
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donc
«. 2% —(di—c)za.2—[a.2"],

alors d’apres (7.4) on obtient
.2 —(d;—¢c)>q

ou bien
: c di+q
(7.13) 2—k;+d>—‘2T—.
Notons
N={[x,y]eEz:£'—-%‘<x<ﬁz_:—il, y=x+a}.

Si x >.(c, + 1 — g)/2* alors d’aprés (7.13) on a

1-qg_di+q 1-¢q d;+1
2ki > 2'(( + 2'” = 2k1

’

y-—x+a>2—h+a+

et d’aprés (7.11) aucun point de I’ensemble N n’est placé dans le carré L;.

@) Sini
C; +1- q C; +1 b C; Ci + 1
ae 2&( § 2*‘ ni € '—i"_' 5 2‘:!

n’a lieu, alors N = Mg, et N doit &tre couvert par les carrés de M. Mais N ne peut
étre couvert que par les carrés de 9;, car 'ensemble n(K) N n(L;) est pour K ¢ N,
vide ou contient un seul point, donc

ﬂ(x)n<ﬁ c"“)=o,

2ki 2 2k;

et a fortiori

n(K)n(c‘+1_q, c¢+l>=

ol

Alors I’ensemble N doit étre couvert par les carrés du systéme R, — {L;}. D’aprés
(7.3) et d’aprés la supposition d’induction, on a

Y K|z 0u-i(a). 2

KeW'2 (L) 2t
Comme |L;| = 27%, |o(L;)| £ 27", on en déduit selon (7.1):
S K227+ 0ui@)- 027 = 0a) .27 2 0u(a) - [olL)]
ce qui est la formule (7.10).
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(ii) Si ¢;/2 < b < (c; + 1 — g)[2%, alors |o(L;)| < (1 — ¢)/2%; on a encore
Y K| 2 |L| =27%, dou

Kgl“thl g 1—1—; ) |6(Li)| =k§‘0q" ’ |0(Li)| > Q“(q) . |0(L,-)| ’

ce qui est de nouveau la formule (7.10).
(iii) Si (c; + 1 — g)/2* < b < (c; + 1)/2*, nous avons avant tout

(7.14) |o(Ly)| < b — -267 £ 9%,

Définissons dans ce cas I’ensemble

N'={[x,y]eE2:c"+2#<x<b, y=x+a}cN.

L’ensemble N’ = M}, doit étre couvert par les carrés du systéme R; — {L;}. Alors
d’aprés (7.3) et (7.1) et d’aprés la supposition d’induction on a

L Kz 0 (b - et it . (b -2 %ilq" -

2k(

KeM;—{Li} j=0
1 Bl e Ao 1
-1 =-4).Yg=[b— L R I
pal 9) j;oq ( 2"‘) J';Oq 2k QM d

donc

AL |
LKz (b 2) T e

KeN;

d’apreés (7.14) nous obtenons d’ici

u=1 oo
b3 |K| = IG(L,-)| Y+ Ia(L,)l .q* = |a(Li)| g,
KeN,; ji=0 j=0
ce qui est de nouveau la formule (7.10).

(iv) Si enfin b¢(c)/2", (c; + 1)/2%), mais (c; + 1 — q)/2" < a < (c; + 1)2%,
alors
¢ + 1

2"

|°(Lx)| = -
Si nous définissons
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—N’={[x,y]eE2:a<x<-c"7t‘-—1-, y=x+a}cN,

nous avons N’ = M{,, et N’ doit étre couvert par les carrés du systéme 9; — {L;}.
Alors d’aprés (7.3) et d’aprés la supposition d’induction nous avons

> Kz i) (M5 ~ @) = ei(a)- o)

KeRi—{Li}

donc
KE%;JK] 2 |Li| + Qu-1(9) - |o(L)| 2 |o(L)| (1 + Qu-1(2)) >

> Jo(L)] - (@ + Qu-1()) = 2u(a) - |o(L)]
ce qui est de nouveau la formule (7.10).
b) Maintenant nous allons examiner le cas ou (7.12) n’est pas valable et alors
(7.15) .2 <d;—¢.
Le nombre d; — c; étant entier, on déduit de 1a que

[«.2]+15d;— ¢,
alors
0.2 —(di—c)Sa. 2%~ ([x.2] + 1),

et d’aprés (7.4) on a
.2 —(dj—¢c) < —¢q

ou bien
(1.16) LIPIPY.
. o o pral
Désignons
c ¢ +
N={[x,y]eE2:2—k"<x<—?‘—q, y=x+tx}.

Six < (c; + g)[2", alors d’aprés (7.16) on a

_ Ci q di—q
y—x-{\-oz<:27‘+a+?<——2h 2,“—2'“

Q_dd

’

alors d’aprés (7.11) aucun point de 'ensemble N n’est placé dans le carré L;.

(i) Siniae(cf2", (c; + 1)2) ni be(c)/2", (c; + q)[2*) n’a lieu, alors N = M3,
et N doit &tre couvert par les carrés de M. Mais N ne peut étre couvert que par les
carrés du systtme 9, — {L,}. Alors d’aprés (7.3) et d’aprés la supposition d’induc-
tion, on a
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K| = Qu-4(a) - %

Kegh {Li}

Comme |L;| = 27%, |a(L,)| < 27" on en déduit d’aprés (7.1):

K
KeN (| | 2"

Dt Qu-i(0) 5 = Qu0) - 2 Q) - [o(L)
ce qui est de nouveau la formule (7.10).
(ii) Si (c; + q)/2 S a < (c; + 1)[2%, alors |o(Ly)| < (1 — ¢)[2%; si de plus

y |K| |L| = 27" alors
KR,

5 K12 el = Tt Jo(L)] > 0,0) - Jo(L)

ce qui est la formule (7.10) de nouveau.
(iii) Si ¢;/2% < a < (¢; + g)[2*, on a avant tout

C; +1 1
< .
2 2kl

(7.17) |o(Ly)]| =
Définissons dans ce cas I’ensemble

N’={[x,y]eE2:a<x<fi—t—g, y=x+oz}cN.

a

L’ensemble N’ = M%, doit étre couvert par les carrés du systéme 9%, — {L,}. Alors
d’aprés (7.3) et (7.1) et d’aprés la supposition d’induction on a

K12 0ia). (%552 =) = (%5t - ) o' -

2kl

KeR;—(Li}

donc

d’ot selon (7.17) nous obtenons
n—1 W
> |K| 2 |o(Ly)| . ¥ ¢’ + |o(Ly)| ¢* = |o(Ly)| . X o,
KeM; j=0 j=0
ce qui est la formule (7.10) de nouveau.
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(iv) Si enfin a ¢ (c;/2*, (c; + 1)[2*), mais b e (c;[2", (c; + g)[2*), alors |o(L;)| =
= b — ¢;/2*. Si nous définissons

N’={[x,y]eE2:§;"—i<x<b, y=x+a}<:N,

nous avons N’ = Mj,, alors N’ doit &tre couvert par les carrés du systéme R; — {L;}.
Alors d’aprés (7.3) et d’aprés la supposition d’induction nous avons

K| 2 0,-1(a) (b - —) = 0,-4(a). |o(L)] .

KeRy—{L} ke

d’ou
K;Zm‘lKI 2 |L.’| + Q,,_l(q) . |G(Li)| > |U(Li)l . (1 4 Qu—l(Q)) >
> |o(Ly)] - (¢ + Qu-1(9)) = Qu(q) - |o(L))],

ce qui est de nouveau la formule (7.10).

Ainsi nous avons prouvé la formule (7.10) pour 1 < i < A sous la supposition que
la formule (7.3) a lieu pour m = y — 1. Maintenant par I'union de (7.10) et (7.9)
nous allons obtenir

xgm'Kl = t=i1‘ (xgthD ;12 Q"(q) ’ 'a(Li)l = Q,,(q) (b B a) ’

ce qui est la formule (7.3) pour m = u. Alors, le lemme 1 est prouvé par I'induction.

C) Du lemme 1 on déduit:

Si0 < g < p, et m est un nombre entier non-négatif, alors
H(MZ,) Z Qu(g) - (b — a).
D’ici nous allons.obtenir ‘
H(M) 2 (b — a) . lim Q,(q) = (b — a) . Qu(p.),
ce qui est la formule (7.2). o
D) Comme 0 < p, < 1, on obtient des formules (7.2) et (7.1):

b—a
l_pz.

(7.18) H(M) 2 lim Q,(p.) . (b — a) =

8. Il reste a prouver l'inégalité .
(8.1) HM,) < 2=@
: 1~ P.

La formule (8.1) résulte aisément de ce lemme:

224



Lemme 2. Etant donné deux nombres ¢ > 0, 6 > 0, il existe un recouvrement M
de 'ensemble M3, formé de carrés dyadics et tel que

(8.2) |m <5,

(8.3) TIK=279 4.
KeM 1 -

Démonstration du lemme 2. a) Compte tenu de (5.1), nous pouvons choisir un
nombre g tel que

1 e
8.4 , < g<mnf-, p,+——m-].
(8.4) Pa =4 (2 P 16| )

(b — a)

D’aprés (8.4) nous avons 1 — g >4, 1 —p,> %, q — p, <¢[16(b — a) et nous
obtenons

1 _ 1-p  _(-a+(@-p)_
1l-q (1-q90-p) (Q—-9q1-p)
1 4— Pa 1 1 €
= + 49 — p, 5
1—-p, (1—4q)(1-p) 1—p,+(q p)<1—g,+4(b—_a)
alors
(8.5) 08 228 o,

l-q 1-p,

B) 11 résulte de (4.4) et (8.4) I'existence d’un nombre naturel k, avec

(8.6) 3R <,
(8.7) kg )
16
et encore avec
(8.8) .2 —[a.2%] < ¢
ou avec
(8.9) [w.2T+1 -a.2" <q.

Pour i =1,2,...,N, = [b.2%] — [a.2"] + 1, définissons les carrés dyadics

1 _ . Ci ¢t 1 d; di+1
Ki—{[x’Y]EEz-?‘Téxé ok’ ?—S'yé k1 >
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ou
g=[a.2"7+i-1
et
d;=c; + [a.2%],
si (8.8) a lieu, ou
di=c+[a.2"]+1,

si (8.8) n’a pas lieu (et alors (8.9) a lieu).
De la définition des nombres c;, il résulte

o _[6.24 _a.28 o+l _[a.27+1 a2t

2*1 2k1 = 2"1 . 2k 2kt 2k| =a,
e _[6.2°]_, ewt+1_[b.2°7+1
Mg T T T gm T

Nous avons donc les inégalités

G+l e _c+1 ¢

€1
(8'10) F 'S_ B 2'(1 - 2’(1 2k1 - 2’“
cy—1 + 1 ey cy, +1
2 2 2

On en déduit que

N
1) _Cv, +1 ¢ 2

alors compte tenu de (8.7) nous avons

L

(8.11) %

Ny
“YIK|sb—a+ =9
i=1 8

D’aprés (8.6) on a encore
(8.12) K}=2%=6 pour i=1,..,N,.

Soit [x, y] € Mg,. Alors a < x < b et d’aprés:(8.10) il existe un i (1 £ i < N;)
tel que
c; + 1

c
L Ly 5
1

2k -
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Distinguons maintenant deux cas:

a) Soit (8.8) valable. Si maintenant ¢;.27" < x Z(¢; + 1 — ¢g).27", alors
x+aze. 27 +a=2"5(c; +a.2%) 2 278(c; + [a.2%]) = d;.27*; ensuite
x+a<2Me+1—q)+a=2"Mc+1—-g+a.2") <2Mc, +1+
+ [o. 2%]) = 27%(d; + 1); alors les points [x, y] € My, pour lesquels ¢;.27% <
Sx=Z(e;+1—-9q). 27" sont situés dans le carré K}. Alors les points non couverts
par les carrés K} ne peuvent étre que les points de I’ensemble M%, contenus dans les
ensembles

(8.13) L} ={[x,y]eE; :al” <x<b’, y=x+0a}, i=12,..,N,,

ou

a(l) _ C; +1 - q b(l) _ C; + 1
i - k1 ) i = % .
2 2

Il y a N, des ensembles L] et pour chacun d’eux on trouve
(8.14) bV~ £q.27", i=1,...,N,.

b) Supposons (8.9) valable. Si maintenant (c; + q).27% < x < (¢; + 1).27%,
alorsx + a 227", + ) +a=2""(c; + g + a.2%) > 27%(c; + [«. 2] +
+ 1) =27% . d; ensuite x + 2 <27(c; + 1)+ =2""(c; + 1 + «.2") <
< 27M(e; + [@. 247 + 2) = 27M(d; + 1); alors les points [x, y] € M%, pour les-
quels 27%(c; + q) < x < 27%(c; + 1), sont situés dans le carré K;. Alors les points
non couverts par les carrés K} ne peuvent étre que les points de I'ensemble M2
contenus dans les ensembles (8.13), ot

Il y a N, des ensembles L; et pour chacun d’eux (8.14) a lieu.

C) Maintenant pour chaque nombre naturel m formulons cette

Affirmation A(m). Pour chaque j = 1,2,...,m, un systéme de carrés dyadics
K3, K3, ..., K{vj est défini. Les ensembles LY, L3, ..., Ly ,

(8.15) L’,"={[x,y]eE2:a§""§x§b$"'),y=x‘+a}, i=1,..,N,,

existent, tels que

Nm m Ny
(8.16) “—UL'< U UK.
i=1 ji=1i=1
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Ensuite on a

(8.17) |K{|=2""’§6 pour i=1,,..Ny, j=1,..,m;

Nl . J .
(8.18) l;]xﬂ =N;.27% < g7 (b — a) + 4e(1 — q) Zlqm ol

pour j=1,....,m;
(8.19) B™ — g™ £ q.27%,

Démonstration des affirmations A(m). En B) on a prouvé que nous pouvons
définir des carrés dyadics K}, ..., Ky, tels que I'on ait A(1) (voir (8.12), (8.11) et (8.14)).
Supposons maintenant que A(m) vaille pour quelque m naturel. Sous cette supposi-
tion nous construirons des carrés dyadics K7*', ..., Ky*! tels que A(m + 1) sera

Nm+1
vraie. Par cela, A(m) sera prouvée pour chaque m naturel.

D’aprés (4.4) et (8.4), il existe un nombre naturel k,, . ; tel que 27*"*! < §, et que

1 e. (1 -
(8.20) 2km+1 = 16 .(N,,,.Z?"
et ou bien
(8.21) a. 25t — [a. 2] < g
ou bien
(8.22) [w. 2]+ 1 —-a.2"* <q.

Choisissons un tel k,,, ;. Pour chaque ensemble L™ définissons v; carrés dyadics

C,'J < x < Ci,‘ + 1 di,, < < di,l + 1} .

2km+l

(823) Kii'= {[x, y]€E,:

= km+1 km+1 km+1
2 2 2

=12, = [0 2] = [ 2] 4 1
ou
ciy=[a™. 2] +i-1
et

(8.24) di;=ciy+ [a.2*1], si(8.21)a lieu,
(825) diy=ciy+ [x.2"*] + 1, si(8.21)n’a pas lieu (et alors (8.22) a lieu).
De la définition des nombres c; ; on déduit '

(m) Km + 1 (m) km + 1
c a P a .2
1 - _ [ i ] < 2t - a?") ,

2kn.+| 2kmn = 2km+1
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¢y + 1 — [agm) 2,‘""*] +1 < a(‘m) et

— lm
2km+1 2km+l 2*:-.4»1 =&,
Coe _ [B7.270]
2k.,.+1 2hm'¢l
Civ, +1 _ [bgm) . 2km+‘] +1 b(m)
2km+1 - 2km+l e i :
Nous avons donc les inégalités
Ci1 m _ Ciat+1 ¢, Cipt+1 _ ¢
(8.26) Kmet é a; < Km + 1 - km+1 km+1 - Km + 1
2™ 2 2 2 2
" < ci.w;l + 1 — Civi é b?n) < Ci,v +1 .
Qkm+1 kau zkmn

D’ici on déduit que

’

Vi

civ, +1 c
Z |Km+1| — Siw _ tia = b(iM) _ a(‘"‘) +
I=1 ‘

L 2*...41 2km+1 2km;l

d’ou compte tenu de (8.19) et (8.20) nous obtenons

vi _
(8.27) L ) A/ I Gl I
=1

Soit [x, y] € L7. Alors a{™ < x < b{™ et d’aprés (8.26) il existe un (1 £ I < v))
tel que

Cii

% Cg,, + 1
2&,..“ 2km“

lIA
IIA

Distinguons maintenant deux cas:

a) Soit (8.21), donc aussi (8.24) valable. Si maintenant c¢;,. 2L < x <
S(cp+1—gq).27%* alors x + a = ¢;;. 27" 4 @ =27+ (c,, +
+ . 2501) 2 27 (e, ) + o, 2%41]) = d, ;. 27%*; ensuite x + a
S27Fmei(e + 1l —q)ra=2" (e, + 1 — g+ a. 2" ) <27F (e + 1+
+ [o. 25+1]) = 27%+Y(d,; + 1); alors les points [x, y] € L}, pour lesquels
.27 < x S (e + 1 — g).27%*1, sont situés d’aprés (8.23) dans le carré
K711, Alors les points non couverts par les carrés Ky ! ne peuvent étre que les points
des ensembles L' contenus dans les ensembles
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(8-28) Lt = {[x, y] e E; : a}* Y <x< bntY, y=x+a},

. I=12,..v,
ol _ '
- cu+l—q ci,l+1
(8.29) a(l,l+l) = 2km+l ’ b?.+1 = 2km+1 :

Le nombre des ensembles L',"_Tl est v; pour i fixe et pour chacun d’eux on a
(830) bV —antV <q.27* s I=1,..,v; i=1,.,N,.

b) Si (8.21) n’a pas lieu, alors (8.22) et (8.25) ont lieu. Si dans ce cas (c;; + q) .
27M S xS (e + 1) 275 alors x + a2 (cip+ q). 27 b=
=27hmi(e 4 g 4 . 20 > 27k, [, 2] 4 1) = d, . 270 en-
suite x + a S (c;p + 1). 27" +a=2"F4 (e, + 1 + o 25) < 270 (e, +
+ [a.2"*1] + 2) = (dy,; + 1).27%*1; alors les points [x, y] € LT, pour lesquels
(cop+g).27"** < x < (¢ + 1). 272, sont situés d’aprés (8.23) dans le carré
K71, Alors les points non couverts par les carrés K7; ' ne peuvent &tre que les

points des ensembles LT contenus dans les ensembles (8.28), out

m+1 Ci,1 m+ 1 Cq, + q
(8.31) a,f = 5;;: ’ bi,l = #

Le nombre des ensembles L7'; ' est v; pour i fixe et pour chacun d’eux on a (8.30).
N,

m
Posons maintenant N,,, = Y, v, et changeons le numérotage des carrés K;’:f‘ en
i=1

posant

KT+1 =K,1n,+11 s K;H—l = KT.-;I’ ""KT,-'.I — T;fv-ll ,
K:';:-ll = ,2".-:1’ ee9 K:':,_l” = Kg:’: 4 K;::n—l = ';:'IVN.”-‘ ’ Kp::: = K';:...IVN,., <
De la maniére analogue nous allons désigner des ensembles

L = L7, LY = L5, . Ly, = Lyl

et les nombres

‘m+1) __(m+1 (m+1) _ _(m+1)
a(l ) = 01":1 )’, v ONppyy = aN":n;VNm ’
+1) _ 3 (m+1 (m+1) _ +1
b(l.”I ) = bl,l ); seey Nmn) = b)(V".l,.,y;m *

D’aprés la construction des carrés K7+' et des ansembles L}** (8.16) a lieu aussi,
si nous y écrivons m + 1 au lieu de m. D’aprés (8.23) et d’aprés le choix du nombre
Km+1, (8.17) a lieu aussi pourj = m + 1.
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De (8.27) il résulte

Hatrd m m Nm 1-
i; IKi+1| Z ZlK +1| — 2"."“ - 2,‘“:]1 é e( ‘1) .

2&,.. g.om

Si nous appliquons maintenant (8.18) pour j = m, nous obtenons d’ici
Nm+1 m
'—21 |K7*Y| < q(g (b — a) + }&(1 — q) Zlq"'" 217+
8(1 — ) — m _ o m+l=t Al=¢ . -m
+ g o = q"(b —a) + $¢(1 q)zlq 2770+ te(l — g). 27,

ce qui est la formulé (8.18) pour j = m + 1.
Enfin, de (8.30) on déduit (8.19) avec m + 1 au lieu de m. Nous avons donc prouvé
laffirmation A(m + 1).

D) D’aprés (8.18) nous avons

Ni< g <(b—a)+%e(1—q)2(2). 1)

2%
=g’ (b~ a+ (1 - q).—————1 = (29) .
1-2g
D’aprés (8.4) on a 0 < 2g < 1; il en découle
limN,;.27% =0.

Jj=o

Choisissons un nombre naturel A tel que

(8:32) N;.27% <e.

De (8.16) il résulte

(8.33) u e u UK’.
=1 i=1i=1

Le carré K? soit donné par
Ki={[xyleE :n.27 < xS (y, +1).27%,
5,27 sy (5, +1).27%}.

a) Sia.2" — [a.2%] < q, alors d’aprés (8.23), (8.28) et (8.29) on a

+ 1= + 1
L;={[x,y]eEz:ﬂ—_zT_q§x§l’isz’ y=x+a}.
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D’aprés (8.24) nous avons dans ce cas encore

oy =y + [«.2%].

Définissons dans ce cas pouri = 1,..., N, des carrés
Ki={[xy]eE:(vi+3) .27 sx (0 +1).27%,
Gi+1).2<ys@ +3).27%.

Si maintenant [x, y] € L}, alors

M+l—q i+l ut+td o ntl
XE< 2ka ’ 2ka >C< 2ka ’. oka ‘

1n+l-—gq
2k

Ensuite

y=x+a= +a=2"M) +1-qg+a.2%2

227y +1-q+ [0.2%])=2"%0, + 1 — q) > §,.27%;
y=x+a<@+1).27% +a=2""F +1+ a.&"“) <
<27y + 1+ [@. 2+ q) =2""(6, + 1 + q) < (6; + 3).27*.
Il\en découle que [x, y] e K} ou [x, y] €K,

b) Silonn’apasa.2* — [«.2"] < g, alors [«.2"] + 1 — «.2" < q a lieu;
d’apres (8.23), (8.28) et (8.31) on a

Li={[xy]eE:y,. 27 Sx<(n+4q).27" y=x+a}

et d’aprés (8.25) on a -
=7+ [@.2%] + 1.

Définissons dans ce cas pour i = 1, ..., N, des carrés
Ki={[xyleE :p.27"sxs(n + -}).2"“,(;5, -3 .27 gy <45,.270),

Si maintenant [x, y] € L{, alors
I vu+ta "o onti
xe <2,‘“, o > e <274 : ok > .

y=x+a§‘(y,+q).2'*‘+a_= 2%+ g+ a.2M) <

Ensuite

<2+ g [0 2]+ 1) = 2756, + q) < (6, + 1) 27

-
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y=x+a2y.27%+a=2"%y +a.2%) >
> 2_“‘(?.' + [¢.2")-] +1 = q) - 2-k4(5i _ q) > (5.' o %).2—“_

1l en découle que [x, y] €K} ou [x, y]eK,.
Alors, dans les deux cas, nous avons

(8.34) L} <« K}UK;. s r
Puis d’aprés la définition des carrés K; et selon (8.17) on a

(8.35) |K‘| =4.27% <5, pour i=1,...N,,

et d’aprés (8.32) on obtient

Na
(8.36) YIK|=Ni.3.27% < 2e.
i=1

Pour le systéme M nous allons choisir maintenant ’ensemble des carrés
1 1 2 2 LKA A
Kl’ ooy KN]’ Kl’ ooy KNZ’ ceey K‘, ey KNA,’ Kl’ ey K.N;, .

1l résulte de (8.33) et (8.34) que M est un recouvrement de I'ensemble M,. D’aprés
(8.17) et (8.35), on a (8.2). Enfin, d’aprés (8.18), (8.36), (8.4) a (8.5) nous obtenons

A Ny N _ A . : A
YIKI=F SIKi|+ LIK| =X a7 Hb-a) + T ie.
KeM j=1i=1 i=1 j=1 i=1

™M

(1= q)‘;qj“.Z"' +3e<(b- a)-iqj—l + 1e(l — q)

A
Ya.
1 j=u

@

, .21-l+-}8<ll)_;:+§e(l—q) ) qu—‘-zl—'+}6<

1=1 j=1
b_ -]
< a+ie+§s(l~q)z 1__1.——1 + 3¢ =
- 12 1 ¢
=b_a+ie+4}e(l—q).——2 +<}8=b_a+e,
1—-p 1-g¢q 1 - p.

alors (8.3) est aussi valable. Donc le lemme 2 (et alors aussi la formule (8.1)) est
démontré.

9. a) Soit & un nombre rationnel de la forme a = ‘r .27! ou I est un entier non-
négatif, r entier. Alorsonae.2* — [a.2*] = 0 pour k 2 1, donc p, = 0 a lieu d’aprés
(4.4) et d’aprés (4.2) et (4.3) on a

h(M:b) = H(Mg,) .
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b) Soit « un nombre rationnel, mais pas de la forme a = r.2"'avecr, I entiers.
Alors (voir [8], chap. V, § 22, page 218)

8

S

+ 1 2H~U 2

_r
Y

ol r, s sont entiers, [ entier non-négatif, j naturel et 0 < s < 2/. On en déduit
a.2*-[a.2]=a.2" - [a.2"*] >0,
[@.2T+1-a.2*=[a.2**]+1—-a.2"*/ >0
pour k 2 1, d’ot d’aprés (4.4) il découle

p. = min (min (a. 2"** — [, 2"*¥], [«.2"** + 1 — «.2M*¥)) > 0.
0sk<j

D’aprés (4.2) et (4.3) on a donc dans ce cas toujours
h(MG,) < H(MG,) .

c) Soita =} =1212‘”. Alors pour k pair on trouve

0. 2*~[a.2]=1%, [¢.2]+1-a.2"=%,
pour k impair on aura

.2~ [«.2]=%, [0.2]+1-a.2"=1,
alors on a '
min (.2 - [0.2"], [0. 2]+ 1 - a.2%) =%

pour chaque k naturel, et d’aprés (4.4) on a p,;; = 3. D’aprés (4.3) nous obtenons
alors :
H(M?) = 3(b — a) = 3h(M_) .

@
d) Soit @ = ¥ 277°. Cet « est irrationnel. Nous avons
j=1

P L [a. 21:1] =1212k2—11 _ [2121:2-—12] = Z =it Zoz—u—l-j = 22k
= j=

i=k+1 j=
Alors d’aprés (4.4) nous obtenons
P, < liminf (x. 2" — [«.2¥]) < liminf27%* =0,
k- o k=
d’ou

p. =0, h(M;,)=H(M).
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-]
e) Soit a = Y 272/"IV/1, Cet « est irrationnel. Si k est un nombre naturel, et en
=1

désignant par j, le plus petit nombre naturel j tel que 2j + [J j] > k, nous avons

o 2% — [a . 21;] = Z 2k=2j-i1 5 2-3 ¥,
j=i
[«.2]+1 —a. 2t =1 24200 _ f; =W s,
J=j1+1
> 1 — 2k—2i1-Wi1l _ gk=2j1-IVi11-1 =>1- l — _1_. = _1_ .
2 22 4
Alors pour chaque k naturel nous avons

min (0. 2* — [¢.2"], [@. 2] + 1 — «.2%) > §,
donc d’aprés (4.4) on a p, = % et d’aprés (4.2) et (4.3) on obtient
H(M3,) < H(Mz)
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Casopis pro pEstovini matematiky, rot. 103 (1978), Praha

UNIQUENESS OF THE OPERATOR ATTAINING C(H,,r, n)

ZpENEK DosTAL, Ostrava

(Received May 24, 1976)

Introduction. Let r be a fixed real number, 0 < r < 1, n a fixed natural number.
Let L(H,) denote the algebra of all linear operators on an n-dimensional Hilbert
space H, and let the operator norm and the spectral radius of 4 € L(H,) be denoted
by |4] and |4|,, respectively.

In connection with the critical exponent, V. PTAK has introduced in [1] the quantity

C(H,, r, m) = sup {|A"| : Ae (H,), |4|, < r, |4] < 1}
and found a certain operator A € L(H,) such that
(1) C(H"’ T, n) = IA"l > lAIc é r, |AI é 1 .

The point of this note is to show that the operator A4 is unique in the following
sense: if Be L(H,) is any operator which satisfies (1) then there exists a unitary
operator U € L(H,) and a complex unit & such that

eA = U*BU .

2. Notation and preliminaries. Let M, denote the algebra of all n x n complex
valued matrices.

The adjoint and the spectrum of an operator A will be denoted by A* and o(4),
respectively.

An operator A € L(H,) is said to be extremal if |4| < 1, |4], < 7 and |4"] =
= C(H,, r, n).

For a given set W = {w,, ..., W} of vectors w; € H,, denote by G(W) the Gramm
matrix of W. If ze H, and A € L(H,), we shall abbreviate G(z, Az, ..., A" 'z) by
G(4, z). .

We shall denote, for 1 < i < n, by E; the polynomial

ey e €,
Efxy,..ox) = Y xpx..xe,
ese(0,1)
e +..ten=1i
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Let 9,,..., 0, be given complex numbers. For i = 1,2,...,n, put o; = (—1)""'
E,_i+1(0ys ---5 0,) so that the roots of the equation

X" =y + dpx + ...+ oox" !
are exactly g,, ..., 0,- Consider the recursive relation
(2) Xpgn = 01X + oo + XX yqp-1 -

For each i, 1 < i < n, we denote by wygy, ..., ¢,) the solution (w;g, Wiy, Wi, ...)

of this relation with the initial conditions

IIA

k=n-—1.

wik(Qh vens Qn) = 51,k+1 , 0
The result of V. KNICHAL ([1], Lemma 7) reads:

2.1. Foreachi=1,2,...,nand each k = n,

wik(els viswy Qn) = EiQik(Ql’ Loy Qn) ’

where ¢; = (—1)""" and

Qik(gl’ eosy Qn) = ZZO C"‘(el, coey e") Qell, vesy Q:n,
n+...-:1¢:=k—i+1
where all c,(ey, ..., e,) 2 0.

The point of the lemma is that, for k = n and i fixed, all coefficients of w;, are of
the same sign.

Following [1], we denote by P(gy, ..., g,) the linear space consisting of all solutions
of the recursive relation (2); it is spanned by the vectors w;(0y, - .., @n)s -+-» Wa(@1, - -
cees On)-

Now suppose that all |g;| < r. It is proved in [1] that, in this case, P(g,, ..., ¢,)
is a subspace of the Hilbert space I of all sequences (ao, @, a,, ...) of the complex

@
numbers such that Y |a,|* < oo.
i=0

Let S denote the shift operator on 1* which sends (aq, a;, a5, ...) to (a,, a3, a3, ...).
Its restriction on P(g,, ..., @,) is denoted by S | P(gy, ..., €)-

The solution (ao, a,, a,, ...) of (2) with the initial conditions ao = 1, a; = g, ...
ve., @,_4 = 0] ! is the eigenvector corresponding to ¢;. On the other hand,

(5~ w8t — = @) | Plew 5 0) = 0

so that the minimal polynomial of S| P(gy, ..., 0,) is a divisor of (x — ¢,)...
... (x — @,). We have thus

3 . o(S| Py, ---» 0w)) = {@1 -+ 04} -
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3. Shifts. V. Ptak has discovered extremal properties of restrictions of the shift S.
He has proved:

3.1. Theorem. (Pték). Let g,, ..., ¢, be complex numbers, |o;| S rfori=1,...,n;
AeL(H,), |[A| S 1 and (A — ¢,)(A - ¢;)...(A — @) = 0.

Then
@ 4] < |S"] Pless > )]
([1], Theorem 6).

Moreover,
(%) C(H,, r,n) = |S"| P(r, ..., 7)|

(ibid, Theorem 8).
The proof of (5) consists in showing that

(6) |S"| Pley, ---» @) < |S"| P(r, ..., 7)| .
An inspection of the proof of (5) suggests a supplement to the inequality (6).
3.2. Let gy, ..., 0, be complex numbers, |Q,| Zrfori=1,...,n. Then the rela-

tion
|S" I P(oy, - Q,,)I = IS" | P(r, ..., r)'

holds if and only if o, = ... = ¢, and |91| =r.
We shall follow [1] in the proof.

Let Q;, w; and E; be those of Section 2. With the aid of the recurrent relations
(2), it is easy to verify directly that

Qin = En.—i+1 and Ql,n+1 = El s En .

Now suppose all |¢;| < r and let there be i such that ¢, # g; or |¢;| < r. It follows
immediately that

(7 |Q1ms1(1s - @) < Qumia(s . 7)

and

(8) IQ,-',.(QI, . Q..)I < Qufr,.ost), i=2,..,m.
All coefficients of the forms Q;, being nonnegative, we have

) |Quless - @) £ Qu(rs..ir), i=1,..,n.

We intend to show that .
|S*| P(ey, ... @n)] < |S"| P(r, ..., )|
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To prove this, we associate with each x € P(gy, ..., ¢,), X % 0, a vector y € P(r, ..., 1)
such that .
S| |x|~* < |s"y] [y|™* .

Put y = ¥ |xi—4| (—1)""* w(r, ..., r). It follows that, for 0 < k < n — 1, we have
i=1

]x,l = |yk|. If k = n, then

(10) |xk| — |i=21, Xi—1 wik(Ql’ ) Qn)l §‘§|x5—1I IQu(Qx, cee Qn)' =

M:

< X Jxies] Qalrs 1) =z=zly‘—1("1)"_i Qu(r, - 7) = Y-

1

If xo # 0, then we can apply the inequality (7) together with (9) to get |x,,. 1| < Vus1s
otherwise by (8) Ix,,| < yn- We have thus |x,| = |yk| fork =0,1,...,n — 1; |xk|§y,‘
for k 2 n, |x,.| < Y, O [X,41| < y,+1 and this implies the desired inequality.

On the other hand, if ¢ = e'r, t real, then by (6) and (4)

|s"| Pe, ... @)| < |S"| P(r, ... 7)| = |(e"S)" | P(r, ....7)| < |S"| P(o. ... 0)| ,

which completes the proof.

We shall need a little more information about S | H(g, ..., ¢). Let |o| < 1, and
abbreviate S| P(g, ..., @) by S, wae,...,@) by w. Clearly [w| = |Sw| = ...
... = |S;™"w|. All the vectors w, Sw, ..., S; *w being linearly independent eigen-
vectors of S:S‘, %+ I corresponding to the eigenvalue 1, we have

(11) rank (I — S;S,) = 1.

We intend to show that IS:z| attains its maximum on the unit sphere for a unique
vector. To prove it, assume u,v€ P(g, ..., ¢) linearly independent, [u| = o] = 1,
[Seu| = |Sgo| = |Sq], ie. |Sp|* = |S3"S5| = (S;"Spu, u) = (S;"Sv, v). It follows that
both u and v are eigenvectors of S;"S; corresponding to the eigenvalue |S}|? and,
consequently, |Si|? |z|* = (S;"Siz, z) = |Siz|* for each z e Span(u,v). Since
dim Ker (I — S}S,) = n — 1 and S, is regular there exists a nonzero w, we
€ S"(Span (u, v)) N Ker (I — S;S,). Setting z = |S;"w| ™! S;"w we have

(12) (I-5;S)Siz=0, |Siz| =[S} = C(H,,7,n).

Hence we can write

(13) |Saz|? — |S5*12|* = (I — S7S,) S3z, Sz) = 0.

Now return to the proof of 3.2 and set y = Y z,_y(—1)""*. w(r, ..., 7). We have
i=1

again |z;| = || fori =0,1,...,n — land |z| £ y;fori = n,n +1,.... Applying
(12) we get even |z,| = y, for i 2 n. Since by (13) |S;z| = |S;*'z|, we have z, = 0.
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At the same time
n n
IZ,,I =‘ In =‘=21|zi—ll an(r9 AR ] T) =‘=lezi—1| En—i+1(r’ ke r) >0 s

which is impossible. We have proved the following result:

3.3. Let |Q| <1, u,veP(p,..,0), |u| = |v| =1 and |S"u| = lS"vI = C(H,, r, n).
Then u = e'v.

4. Spectrum of extremal operators. Now it is easy to describe the spectrum of
extremal operators.

4.1.'If A e L(H,) is extremal, then o(A) = {o}, |e| = .

Proof. Suppose g, ..., @, are the roots of the characteristic polynomical of an
extremal operator A € L(H ). If they were not all equal or some |g,| <r, then smce
(A4-e)...(4—0)=0by31a32

4] < [S"| Ploss s @0)] < |S"| P(ry o) = C(H ).
We shall need two easy consequences of 4.1.

4.2. If Ae (H,) is extremal, z € H,, |z| = 1and |A"z| A", then the vectors z,
Az, ..., A" 1z are linearly independent.

Really, otherwise we could define an extremal operator B which has 0 in its spec-
trum by setting Bx = Ax for x from the linear span of the vectors z, 4z, ..., A" 1z
and By = 0 on the orthogonal complement.

It follows that no extremal operator can be a root of the polynomial of a degree
less than the dimension of the space. Together with 4.1, this yields

4.3. If AeL(H,) is extremal then its minimal polynomial is (x — @), where
]e| =r.

5. We give a brief account of Ptik’s method of linearization that we need here
([1], pp. 250—253). In the sequel, let z € H, be a fixed unit vector, ¢ = e'r a fixed
real number and let T be the companion matrix of (x — 0)", that is

fj0 1.0 ...0
0 01 0
T=] Juveveninnons
0 00O 1
a oy oy a,l,
where a; are defined by -
x—@=x"-ax""!1—...—qa.
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If A€ L(H,) satisfies (4 — @)" = 0, then it is easy to verify directly that for each
zeH,

(14) G(A, Az) = TG(4, z) T* .

We denote by o the class of all operators 4 € L(H,) such that |4| < 1and (4 — @) =
= 0, by Z the class of all symmetric matrices Z € M, satisfying TZT* < Z and
z,, = 1. The mapping
g.: A 2A > G(A, z2)eZ

is epimorphic.

The crucial point is that there is a linear isomorphism between the cone J of all
symmetric matrices Z € M,, TZT* < Z, and the cone £ of all symmetric positive
semidefinite matrices. It is defined by

p:I33Z\>Z—TLZT*e 2.
Let us define a linear functional » A
f:M,5Z b q(T"ZT*),
where g(Z) denotes the (1,1) entry of Z, and let 2 = p(Z). If A € o, we may write
7! (p 9:(4)) = flg{4)) = |4z,

so that max |4"z|? for A € o equals the maximum of fp~* on the set 2. The last set
being compact and convex, the maximum of fp~! will be attained at an extreme point
of 4. Since the extreme rays of & are generated by matrices of the rank 1, the rank
of the extreme matrices of 2 is equal to 1.

Put & = {Pe 2: fp~*(P) = C(H,, r, n)*}. First we show what do the operators
from </, which are sent by pg, to the extremal point of &, look like.

5.1. Let A € L(H,) be extremal. If the rank of the matrix
G(4, z) — G(4, Az)

is equal to 1 and |A"z| = C(H,,, r, n), then there is a complex number g, IQI =r
and a unitary mapping :
u:H,- P(g,...,0)
such that
' A=u*Su:

Proof. Suppose A satisfies the assumptions of the theorem and put D =
= (I — A*A)!/2. We have seen already that o(4) = {g}, |e| = . Obviously,

G(A, z) — G(A4, Az) = G(Dz, DAz, ..., DA™ 'z).
By 4.2 the vectors z, Az, ..., A" 1z form a basis of the space H,. The rank of
G(Dz, ..., DA""'z) being equal to 1, the same holds for D, too.
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We denote by e the only unit eigenvector of D with the eigenvalue different from
zero and define a linear mapping

) u:H,ow((Dw,e), (DAw,e),...)el*.

Clearly u maps H, into P(g, ..., ¢). Since A" — 0 and Dw = (Dw, e) e, we hﬁve
W2 = 3 |(DA'w, O = 3 |Daw]? = ¥ (|4bw]? — |47 W) = [w]?
i=0 i=0 i=0

so that u is an isometry. The spaces H, and P(g, ..., ¢) having the same dimension n,
the range of u is P(a, 5 Q). Moreover, the shift S satisfies

. uA = Su,
which completes the proof.

The next step consists in showing that & is a singleton. To prove it, assume P, Q
are extreme points of & and let 4, B € & be such operators that p g(4) = P, p g(B) =
= Q, |A"z| = |B"z| = C(H,, r, n).

By 5.1 there are isometries u, v : H, > P(g, ..., ),

A=u*Su, B=v*Sv.
It immediately follows that

|S"u2[ = |S"vz| |A"z| = C(H,, 1, n),

by 3.3 we get uz = e''vz and clearly z = e~ "*v*uz. The desired relation
P=pg(4)=pg(B)=Q

is now an easy consequence of B = v*udu*v.

Now, if A is any extremal operator, then there is z € H, such that |z| =1 and
|A"z| = C(H,, r, n). Clearly p g,(A) € &. Since the only matrix belonging to & is
of rank 1, the rank of

pg,(k) = G(4, z) — G(4, Az2)

is equal to 1 and A satisfies the assumptions of 5.1.
We can summarize our results in the promised theorem.

5.2. Theorem. Let A€ I(H,), |4| £ 1,0 < r < 1,|d|, £ rand |4"| = C(H,, T, n).

Then o(A) consists of an only point ¢, |e| = r and A is unitary similar to the
restriction of the shift operator S on the space of all sequences (xo, Xy, X3, ...)
which satisfy :

‘ZO(’:) (—0) Xk4n-1=0.
The problem of uniqueness of extremal operators was raised by V. Ptak..
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Casopis pro p&stovini matematiky, ro&. 103 (1978), Praha

KONFIGURACE V PROSTORU 4, ODVOZENE UZITiM
o KONFIGURACI V PROSTORU 4,

JaroMirR KrYS, Hradec Kralové

(Doslo dne 30. ¢ervna 1976)

Uvod. V tomto &ldnku nejdfive vytvofime pomoci prostoru A, (afinni bodovy
prostor, jehoZ zamé&feni je vektorovy prostor dimenze k nad t€lesem redlnych &isel)
jisty model prostoru A,,. Potom odvodime konfigurace v A4,, pomoci konfiguraci
v A,. Préce je pokrafovanim resp. zobecn&nim praci [1] a [2].

Model 4,,,. Necht 4, = {4, Z,, &} je model afinniho bodového prostoru dimenze k
(A je neprazdnad mnozina, Z, je vektorovy prostor dimenze k a & pfifazeni, které
musi existovat mezi A a Z,). UvaZujme m-&lenny kartézsky soudin 4 X 4 x ...
...A = A', tj. mnoZinu vSech uspofddanych m-tic prvkii mnoZiny A. Struén& nazna-
¢ime zdkladni mySlenky dikazu, Ze mnoZina té€chto m-tic je pfi vhodné€ zavedenych
operacich modelem afinniho prostoru dimenze mk. Nejdfive zavedeme oznadeni:
B=[B,B,,...B,|a¥% = (Uy, U, ..., U,),kde Be A',B;e Aproi = 1,2,..., m,
UeZy X Zy X ... x Z, (m-tlenny kartézsky soudin), %, € Z, pro i =1,2,..., m.
Bod B; budeme nazyvat i-ty obraz bodu B a pravé tak vektor %; je i-ty obraz vek-
toru # pro i =1,2,...,m. V A, zvolime uspofddanou m-tici bazi: 0; = {0,
Uyt Uiy -, Upi}, proi = 1,2, ..., m. Bodu B = [By, B,, ..., B,] pfifadime mk-tici
&isel tak, Ze &isla na mistech ik, ik + 1, ..., ik + (k - 1) jsou soufadnice bodu B;
v bazi O; (op& pro i =1,2,...,m). Kazdé uspofddané mk-tici &isel (redlnych)
pfifadime bod, jehoZ i-ty obraz m4 za soufadnice v O, &isla na mistech ik, ik + 1, ...
...y ik + (k — 1). Zfejmé tedy existuje prosté zobrazeni mezi mnoZinou A’ a mnoZi-
nou viech uspofddanych mk-tic &isel — oznadme ji P,,. Vime, ¥¢ mnoZinu P,
miZeme pfi vhodném zavedeni pfislu§nych operaci uvaZovat jako aritmeticky model
afinniho prostoru dimenze mk, tj. A,;. Nyni zavedeme, Ze vektory s¢itime tak, Ze
seéteme pfislusné obrazy a podobné vektor a bod sefteme tak, Ze se€teme pfislu§né
obrazy. Je zfejmé, Ze uvaZované prosté zobrazeni mezi A’ a P, takto zavedené ope-
race zachovav4 a je tedy izomorfni. Lze tedy A’ uvaZovat jako model bodového
prostoru dimenze mk, jehoZ zaméfeni je vektorovy prostor dimenze mk nad télesem
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redlnych &isel. Oznadime: Ay = {A' = Ay X A, X ... X Ay Zy X Z, X ... X Z,, 8}
a také strubngji A, = A, X A X ... X A4;. .

Nyni uvaZime co vyplni resp. jak se interpretuji podprostory prostoru A,,. Plati
zfejmé, Ze kaZdy podprostor prostoru A, je uspofadand m-tice mnoZin prostoru A,
(i-tou mnoZinu tvofi i-té obrazy). Pfenechdme &tendfi, aby dokdzal, Ze zfejmé& uvaZo-
vané mnoZiny jsou podprostory prostoru 4,. Ozna&ime: A, = [Ay;,, Azip, -+ > Amin)>
kde A, je podprostor prostoru A, dimenze s, 4;;, jsou podprostory prostoru 4,,
pfi¢emZ prvni index, tj. j (j = 1, 2, ..., m) urCuje, kterym obrazem daného 4, je A iy
a druhy index, tj. i, urluje rozm& podprostoru A; (zfejm& p=1,2,...,m,
aviak &islo i, je &islo z mnoziny {0, 1, ..., k} a &isla i, a i,, kde p + p’, nemusi byt
riiznd).

Pro nase udely, tj. hleddni konfiguraci, nepotiebujeme znat v§echny mozZné typy
podprostorli prostoru 4,, a proto uvazime jenom ,,pfipustné‘“ podprostory.

Véta 1. KaZdou uspofddanou m-tici podprostori [A”l, Ay oo A,,,,-m] prosto-
ru A,, pficemz platii, + i, + ... + i,, = s, kdes <mkai,=0,1,..., k miZeme
uvaZovat jako podprostor A; = A,

Diikaz. Zvolime-li bazi zaméfeni podprostoru A;;, vektory %, U,, ..., Uy,
potom zaméfeni A, miZeme urdit vektory: (%;y,0,...,0), (%129,... .
v (%44, 0, ..., 0), (0, %54, 0,...,9), (0,%,,,9,...,9),...,0, %,,,, 0, ..., 0), ...
s (0,9, 00,0, %50, 0,000 0), (0,05, 0,%p5,0, .., 0), oo0s (B5.., 0, %), 9, ..., 0),
e (0,0, ..,0, %), 0,...,0, ps), ..., (0, ., 0, Up,)

Zavedeme jest&: %;;, = 0 (0 je nulovy vektor A,) pravé kdyZ i, = 0. Nyni je zfejmé,
Ze zaméfeni prostoru A, je uréeno pravé i, + i, + ... + i, linedrné nezdvislymi
vektory a uvaZovany A, ma dimenzi s

Konfigurace v A, odvozené pomoci konfiguraci v 4,.

Pfiklad. V roving A4, je dana konfigurace K typu (93, 9;) Odvodte v prostoru
Ag = A, x A, x A, konfigurace K; pomoci konfigurace K.

Reseni I. a) Bodem konfigurace K je uspofddand trojice bod konfigurace K —
je jich ztejm& 9° = 729. _

b) Pfimkou konfiguracee K; je uspofadand trojice [A,;, Azi, Asi,], piGemz
prav€ jedno i, = 1 a ostatni dv& jsou rovna nule; 4, je prvek konfigurace K.
Vsech pfimek K; je 9.81 .3 = 2187, nebot v K je 9 pfimek a 81 riiznych uspofdda-
nych dvojic bodil a kazda pfimka mizZe byt prvnim, druhym resp. tfetim obrazem.
Na ka?dé ptimce v K, leZi zfejmé pravé tfi body z K.

¢) Rovinou konfigurace K; je uspofddand trojice podprostort konfigurace K:
[Ayis Azi, Asy,], pYiGemZ pravé jedno i, = 0 a ostatni dv& jsou rovny jedné. Viech
rovin v K; je 81.9.3 = 2187, nebot existuje 81 uspofddanych dvojic pfimek,
bod je 9 a kaZdy z nich miZe byt 1., 2., 3. obrazem. Necht [ABC, EFG, H] je rovina
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konfigurace K, jeji¥ prvni obraz je pfimka obsahujici body 4, B a C konfigurace K,
druhy obraz pfimka obsahujici body E, F a G a kone¢né tfeti obraz je jediny bod H.
Tato rovina zkejm& obsahuje téchto dv&t bodu: [4, E, H], [A4, F, H], [4, G, H],
[B, E, H], [B, F, H], [B, G, H], [C, E, H], [C, F, H], [C, G, H]. Dile tato rovina
obsahuje t&hto Sest pfimek: [4, EFG, H], [B, EFG, H], [C, EFG, H], [ABC, E H],
[ABC, F, H] a [ABC, G, H]. Toto plati zfejm& pro kaZdou rovinu.

d) Trojrozmérnym prostorem konfigurace K, je uspofddand trojice [A;y, A3y, A31],
tj. uspotddand trojice pfimek konfigurace K — je jich zfejmé& 9% = 729. V kazdém
trojrozmérném prostoru leZi 27 bodd, nebof dany trojrozmé&rny prostor lze napf.
vyjadtit ve tvaru [ABC, EFG, HKM] a zfejm& pocet bodi tohoto prostoru je roven
trojndsobku poltu bodli obsaZenych v rovin€. Pravé tak v tomto trojrozmérném
prostoru leZi 27 pfimek. [4BC, E, H], [ABC, E, K], [ABC, E, M], [ABC, F, H],
[4Bc, F,K], [ABC, F, M], [4ABC, G, H], [4ABC, G, K], [4BC, G, M] a obdobn&
dostaneme devét pfimek s konstantni pfimkou EFG a pravé tak devét pfimek s pfim-
kou HKM. Zfejmé& v kaZdém tomto prostoru leZi devét rovin.

€) Ctyfrozmérnym prostorem konfigurace K, je uspofadana trojice [4;:,, 424,
Aj,,] podprostori konfigurace K, pfi¢emZ pravé jedno i, = 2 a ostatni dvé& jsou rovny
jedné. Vsech uspofddanych dvojic pfimek je 81 a rovina miZe byt prvnim, druhym
resp. tfetim obrazem daného prostoru — tedy viech Ctyfrozmérnych prostorii
konfigurace K; je pravé 81.3 = 243. V kazdém C&tyfrozmérném prostoru leZi
81 bodi; je to devitindsobek poc¢tu bodii leZicich v roving. Nechf dany étyfrozmérny
prostor je [ABC, EFG, ABCEFGHKM]. V tomto prostoru lezi 27 pfimek s kon-
stantnim prvnim obrazem ABC, 27 pfimek s konstantnim druhym obrazem EFG
a 81 pfimek, jejichZ tfeti obraz je pfimka konfigurace K; lezi tedy v kazdém &tyf-
rozm&rném prostoru 135 pfimek. V kaZdém d&tyfrozmérném prostoru leZi pravé
devét trojrozmé&nych prostori — napf. v uvaZovaném prostoru [ABC, EFG,
ABCEFGHKM] le#i jedin& trojrozmérné prostory [ABC, EFG,...], kde tfetim
obrazem je pfimka konfigurace K a téchto pfimek je pravé devét.

f) Nadrovinou konfigurace K; je uspofddana trojice [A;;,, Az, A3, pFiCemi
pravé jedno i, je rovno jedné a ostatni dv& jsou rovny dv€ma. Zfejmé t€chto nadrovin
je 27, nebof rovinou miiZe byt prvni a druhy obraz, prvni a tfeti, druhy a tfeti — zby-
vajici obraz musi byt vZdy pfimkou a téch je pravé devét — tedy 3.9 = 27. V nad-
roviné leZi 243 bodd, nebof je-li napf. [ABCEFGHKM, ABCEFGHKM, ABC],
potom bodii leZicich v tomto prostoru a majicich za tfeti obraz bod 4 je 81 a pravé
tak je 81 bodi s tfetim obrazem v bod€ B i C. Polet pfimek obsaZenych v daném
podprostoru je 567 a sice 81 ptimek m4 za tfeti obraz pfimku ABC, 243 m4 za prvni
obraz pfimku a zbyvajici dva jsou body a 243 m4 druhy obraz pf¥imku a zbyvajici
dva jsou body. V daném podprostoru leZi celkem 405 rovin a sice 243 z nich m4 prvni
a druhy obraz pfimku, 81 m4 prvni a tfeti obraz pfimku a 81 m4 druhy a tfeti obraz
pfimku. Podet trojrozmé&rnych prostorl leZicich v nadroving je zfejmé& 81 a snadno
spotitdme, Ze nadrovina obsahuje prav€ 18 &tyfrozmérnych podprostori.
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Cisla na a pod hlavni diagondlou matice konfigurace K, jsme dostali v pfedcha-
zejici ivaze. Pfenechdme &tenafi, aby ovéfil spravnost i ostatnich Cisel, pfi€emz
nezapomeneme, Ze musi platit a,, . dy = @y, . a, (je-li s < k, potom p¥edchézejici
zapis &teme: podet s-rozmérnych prostori konfigurace nasobeny poétem k-rozmér-
nych podprostori prochdzejicich danym s-rozmérnym podprostorem je roven sou-
¢inu s-rozmérnych podprostori obsaZenych v daném k-rozmérném prostoru s po¢tem
v§ech k-rozmérnych podprostorii dané konﬁgurace). Matice konfigurace K, :

729 9 27 27 271 9

3 2187 6 9 15 7

9 6 2187 3 1 5

27 27 9 729 3 3

81 135 9 9 243 2
[243 567 405 81 18 27|

Reseni I1. a) Bodem, pfimkou a nadrovinou necht je v K, t¥ trojice jako v K.

b) Rovinou konfigurace K, je uspofddand trojice podprostordi konfigurace K:
[Ayi,> Az, Asi,], pFiCemZ pravé jedno i, = 2 a ostatni jsou rovny nule. Uspofida-
nych dvojic bodl konfigurace K je pravé 81 a rovina miZe byt prvnim, druhym resp.
tfetim obrazem dané roviny. Viech rovin konfigurace K, je tedy 81 . 3 = 243.

c) Trojrozmérnym prostorem je uspofddana trojice [Ay;, Az, Asi,], pFiemZ
pravé jedno i, = 0, pravé jedno i, =1 a prav€ jedno i, = 2. Zvolime-li napf.
rovinu jako prvni obraz, dostdvame 81 .2 = 162 rliznych trojrozmérnych prostori;
konfigurace K, obsahuje celkem 162 .3 = 486 navzdjem riznych trojrozmérnych
prostortl. ' :

d) Ctyfrozmérnym prostorem konfigurace K, je uspofddana trojice [4;;,, 424,
Aj;;,], pfiGemZ pravé jedno i, = 0 a ostatni jsou rovny dvéma. Zfejmé viech téchto
prostorii je 27.

Dostali jsme ¢isla na hlavni diagonale matice konfigurace K, a pfenechdme &tenafi
ovéfeni spravnosti ostatnich ¢isel matice konfigurace K,:

(729 9 3 18
3 2187 1 8
9 9 243 6
27 36 3 486
81 162 18 18 27
243 567 54 T2 3 21].

- NN W
uAmﬂ\o'

Reseni IIL. Bodem, pfimkou, rovinou a nadrovinou v konfiguraci K3 necht je
taZ trojice jako v konfiguraci K;. Trojrozmérny a &tyfrozmérny prostor v konfigu-
raci K; necht je taZ trojice jako v konfiguraci K,. Snadno zjistime, Ze konfigurace K,
ma matici:
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1729 9 27 18
- 3 2187 6 8
‘ & 9 6 2187 2
27 36 9 486
81 162 81 18 27
243 567 405 72 3 27|

—_ - N W

Redeni IV. Nechf v konfiguraci K, je rovina a trojrozmérny prostor taZ trojice
jako v konfiguraci K, a ostatni prostory jsou stejné jako v konfiguraci K. Dosté-
vame:

729 9 3 18 27
3 2187 1 8 15
9 9 243 6 9

27 36 3 486 3

81 135 9 6 243

1243 567 54 72 18 271.

[\ S -

Na pfedchdzejicim pfiklad€ jsme si ovéfili, Ze zcela jednoduchym (aviak hodn&
pracn)'lm) zplisobem miiZeme pomoci konfigurace v 4, odvozovat konfigurace v 4.
Dile jsme vidéli, Ze dostdvame celou fadu moZnosti pro volbu ,,pfipustnych pod-
prostoril. Je§t€ poznamendme, Ze nelze volit vSechny moZné kombinace, napf.
Styfrozmé&rny prostor jako v konfiguraci K,, ostatni jako v konfiguraci K;, nebof
zvoleny &tyfrozmérny prostor neobsahuje Zidny trojrozmérny prostor.

Jedno z moznych pokradovéni tohoto &ldnku by bylo (tak jako v [2]), zcela
obecn€ k dané konfiguraci najit matice pfisluSnych konfiguraci. Pfedchdzejicim
piikladem: jsme ukdzali, Ze tato prace by byla znacné€ rozsihld a proto ukonéime
tento &lanek obecnou vétou.

Véta 2. Necht existuje v prostoru A, konfigurace K. V prostoru A, = A, x
X Ag X ... X A, uvafujme mnoZinu podprostori, pro které plati:

1. Jestlife A; patfi uvaZované mnofiné, potom A; = [Ayi, Asiyy ..., A, )s
pficemz Ay, eKaiy + i, + ... + iy =]

2. Necht A; a A; jsou dva riazné podprostory uvaZované mnofiny a Aj =
= [4,¢,, 421y - .os Apyr, ), POtom v souétu iy + i + ... + i,, Ize provést zdménu
séitancii tak, Ze plati iy = i}, i, = i}, ..., iy = ij.

3. KaZdy podprostor uvaZované mnoZiny md vlastni podprostory vSech dimenzi
ndleZejicf dané mnoZiné. :

VSechny podprostory s pFedchdzejicimi vlastnostmi uréuji konfiguraci (oznadme
Ji K;) v prostoru Ay, = Ay X Ay X ... X A,
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Dikaz. Je tfeba dokdzat, Ze kaZdy s-rozmérny podprostor mnoZiny K; je incident-
ni vZdy s tymz potem k-rozmérnych podprostort mnozZiny K;. Ka¥dy s-rozmérny
resp. k-rozmérny podprostor konfigurace K ; je uspofddana m-tice jistych podprostorit
konfigurace K. V konfiguraci K plati, Ze kazdy s'-rozmérny podprostor je incidentni
s tymZ poétem k’-rozmérnych podprostorti. Z naseho piikladu a pfedchazejici uvahy
je vidét, Ze pocet s-rozmérnych podprostorit K; incidentnich s k-rozmérnym pod-
prostorem K; vypoéteme tak, Ze budeme vhodné néasobit a s¢itat ¢isla matice konfi-
gurace K. Z vlastnosti 2) plyne, Ze poéet t&hto s-rozmérnych podprostori incident-
nich s danym k-rozmérnym podprostorem bude vZdy stejny.
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Zusammenfassung

KONFIGURATIONEN IM RAUM 4,;, DIE MIT HILFE
DER KONFGURATIONEN IM RAUM 4, HERGELEITET SIND

JarOMIR KRYS, Hradec Krilové

Sei 4, = {4, Z,, ¢} ein Modell eines affinen Punktraumes der Dimension k. Das
m-gliedrige kartesische Produkt 4" = A X 4 X ... X A kann man als ein Modell
des Raumes A4,,, d. h. des affinen Punktraumes der Dimension mk untersuchen. Ein
Unterraum des Raumes A4, ist ein geordnetes m-tupel der Unterrdume des Raumes
A,. Es sei K eine Konfiguration in 4,. Dann kann man die Konfigurationen K;
in A, herleiten, wobei die Unterrdume der Konfigurationen K; passend gewihlite
geordnete m-tupel der Unterraume der Konfiguration K sind. Wenn diese Ergebnisse
fiir ein Modell gelten, dann gelten sie fiir alle, d. h. die erwédgten Konfigurationen
existieren im affinen Raum gegebener Dimension. '
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RELATIVE BICOMPLEMENTS - AND TOLERANCE EXTENSION
PROPERTY IN DISTRIBUTIVE LATTICES

Joser NIEDERLE, Brno

(Received August 11, 1976)

It is a well-known result of A. DAY that if L is a sublattice of a distributive lattice D
then every congruence relation on Lcan be extended to a congruence relation on the
whole D. The purpose of the present paper is to give a characterization of such pairs
[D, L] that every compatible tolerance relation on Lcan be extended on D.

By a tolerance relation we mean a reflexive and symmetric binary relation. It
need not be transitive. The concept was introduced by ZeeMAN and compatible
tolerance relations on algebras were for the first time studied by B. ZELINKA. Some
properties of compatible tolerance relations on distributive lattices are important:
Let D be a distributive lattice, T a compatible tolerance relation on D. Then

1) {x € D|[x, a] € T} forms a convex sublattice of D for each fixed a € D;

2) [x,y]eT<[x A y, x v y] e T for arbitrary x, y € D;

3) the intersection of an arbitrary set of compatible tolerance relations on D is
again a compatible tolerance relation on D;

4) to every binary relation R on D there exists a least compatible tolerance relation
T(R) on D containing R. T(R) will be called the compatible tolerance relation
generated by R. T(R) = {[a, b]| there exists an (m + n)-ary term t such that a =
= t(@y, .0, Gy Xgy ..0s X,), b = t(by, ..., by Xy, ..., X,) for some [a,, b;] € R U R*}
where [x, y]e R*: < [y, x] €R.

The following result is well-known:

Lemma 1. Let D be a distributive lattice, J an ideal (dual ideal) in D, ae D\ J.
Then there exists an ideal (dual ideal) I, J= 1, a ¢ I, which is maximal with this
property. I is prime.

Lemma — Definition. Let D be a distributive lattice, a, be D, a < b, I an ideal
in D not containing b, F a dual ideal in D not containing a, which are both maximal
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with these properties and let D =1 U F. Then T= (I x I)U (F x F) is a com-
patible tolerance relation on D.
Such tolerance relations will be called to be of the type .

Definition. By a relative bicomplement of a subinterval <{a, b) of an interval
{a, b) we mean an element x with the property x A @ =a,x v b = b.

A sublattice L of a lattice D is said to be closed under relative bicomplements
if whenever (@, b) has a relative bicomplement in <a, b) in D, a, b, @, b e L, then
{a, b) has a relative bicomplement in <{a, b) in L, too. _

Let L be a sublattice of a lattice D, T'a compatible tolerance relation on L. A com-
patible tolerance relation Ton D is said to be an extension of T'if Tl =T

[D, L] is said to have the tolerance extension property (TEP) (t-tolerance
extension property (t TEP)) if every compatible tolerance relation on L(of the type
7) has an extension on D.

‘

Lemma 2. Let T be a compatible tolerance relation on the distributive lattice D.
Leta,be D,[a, b] ¢ T, a < b. Then there exists a compatible tolerance relation T,
of the type t containing T and not containing [a, b].

Proof. Suppose a,be D, a < b, T is a compatible tolerance relation on D,
[a,b] ¢ T. Let A= {xeD|[x,a]eT}, let J be the ideal in D generated by A.
Clearly b ¢ J, hence there exists (by Lemma 1) an ideal I, containing J and not
containing b which is maximal with this property, I,, prime. Let B denote the set
{xe D| [x, y] € T for some y e D\1,}. B % 0 for b e B. B is a dual ideal in D not
containing a:

(i) x,yeB::»EIx y eD\I,,,,, [x, ], [»,y]eT=[x A y,x’ A y]eT, x' A
A y' € DN\, (for I, is prime) = x A y € B;

(i) xeB, x < y=>3Ix"e D\I,, [x,x']eT=>[yvx, yvx]eT, yvx=y,
yvx'eD\I,,= yeB;

(iii) a¢ B for [x,a]eT=>xeA < J S I,

By Lemma 1, there exists a dual ideal F,, containing B and not containing a which is
maximal with this property. T < T,, = (Iab X Ip) U (Fg % F,,,) Clearly [a, b] ¢
¢ Top. Q.E.D.

Proposition 1. Let T be a compatible tolerance relation on a distributive lattice L.
Then T can be represented as an intersection of a set of compatible tolerance
relations of the type 1.

Proof. Let C = (L x L)\T. Clearly T< () T, Conversely, if'[x y]¢T,

[a.b]ec
a<b

then by (2) [x Ay, x vy]¢T hence [x A y, x V y] ¢ Teryxvy agam by (2)

[X, Y] ¢ Tenyxv, and therefore [x, y]¢ N T, Consequently T= (\ T, Q.E.D.
(a,b}eC [a,b}eC :

a<b a<b
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Proposition 2. [D, L] has TEP if and only if it has © TEP.

Proof. = Clgar.

< Let T be a compatible tolerance relation on L. By Propositibn 1T= N T,

[a,b)eC
a<b

T,, have extensions T,,. ) T,,isan extenswn of T:Itis clearly acompatible tolerance

[a,b]leC
a<bd

relauononD T= N T,< N Tpx,yeL[x,yle N T,=[x,y]eT, Va, beL,

[a b]eC [a,b]eC [a,b]eC
a<b a<b

a< b,[a,b]¢T=>[x,y]eT,,,Va,beL,a <b,[a,b]¢T=[x,y]e N Tp,=T.
, : [a,bleC

a<b

QED.

Proposition 3. Let L be a sublattice of a distributive lattice D not closed under
relative bicomplements. Then [D, L] has not TEP.

Proof. Let (@, b) be a subinterval of <{a, b) which has a relative bicomplement x
in D but no relative bicomplement in L. A compatible tolerance relation T of the
type T on L which has no extension on D will be constructed. Let A denote the set
{deL|d A @ = a}, let J be the ideal in Lgenerated by A U {b}. b¢ J (as be J =

=>bvVd 2b deA=>bv(baVd)=(bvb)a(b v\"/d,)=b, an
i=1 i=1 i=1

A(b AVd)=a,ie bAVdis a relative bicomplement of <@, b) in <a, b)
i=1 i=1

in L), therefore there exists in Lan ideal I containing J and not containing b which is
maximal with this property. Let E be the dual ideal in Lgenerated by the set (L\1) U
v{al.a¢E(asacE=>3Ixel\I,x nd<a=>xvael L (xva)rd=a=
=x v aeAc JcI) Asfar as F is the maximal dual ideal containing E and not
containing @, T = (I x I) U (F x F) is a compatible tolerance relation on L. If T
were an extension of T on D, then a=a va=a v(xAZi), b=bAb=
=(bvx)aA(bvb)=bv(xab),[lav(xaa),bv(xab)]eT=[ableT
which is a contradiction. Q.E.D.

Proposition 4. If Lis a sublattice of a distributive lattice D closed under relative
bicomplements, then [ D, L] has t TEP.

Proof. Let Thbe a compatlble tolerance relatlon of the type t on Lformed by an
ideal I and a dualideal F. Suppose the compatlble tolerance relation Ton D generated
by T'is not an extension of T, i.e. there exist x, y € L x<y [xy]eT [x,y]¢T
Itisclearly xe L\ F, ye L\I.

[x, ¥] € Timplies the existence of an (m + n) -ary term t such that

() = t(al, o235 By Xgs » .,ﬂx,,) , y= t(b,, sk s By sy 23

for some a;, b;€eL, [a,, b]eT, x;€eD.
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It is known that in distributive lattices every p-ary term t = t(¢,, ..., £,) is equi-
valent to a term of the form

VA&, iefl,...p}.

It is easy to see that () implies

q q
x= V(i A¥) and y= V@A)

for some ¢, dje L, [c}, d;] e T, y,e D, geN.
Denote

c=yAaxviad)), di=ya(xvevd), yi=ya(xvy).
Evidently, it holds

q 9
(u) x = i\—/1(Ci AY), y= '\—/l(d, A y,-) s
cidieL, x<c¢;£d; Sy, [Ci,di]GT, XSEWusy.
It can be supposed that the binomials in (#) are indexed so that

ci,d;el for i=1,...,r<gq and c;,d;eF for i=1;+1,...,q

q _ q r q
Denote c= Acia a Vd A Ci» 2 = V dh z = V.Vi, zZ= V Vi

i=1 i= i=r+1 i=r+1 i=1 i=r+1
Clearly x S ¢ Sd<y,x<Esd<y,x<ZZy,x<is<y

x=@EAZ)v(EAZ= (/\c,AVy,)v( /\ c_,A V y;)—

i=r+1

r

—V(A%AY)V V(A eny

i=1 j=1 i=r+1 j=r+1

IIA

r q
SV(@Ay)v V (ciay)=x, hence x=(CAZ)v(EAZ).
i=1 i=r+1

y?_.(ZIAE)v(=Az)—(Vd AVy)v( V d; A V yi) =

Jr+ i=r+1

—V(Vd;/\y:)v V ( V d /\y)2

i=r+1 j=r+1

r q _—
gi\!l(d; A Yi) v‘=VH(d,- Ay)=y, hence y=@dAZ)v(dnaZI).
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If F I = 0, then Tis a congruence and T is an extension of T.

Suppose FNI+ 0, let eeFNI, x<e<y Denote d=dve i=CAe.
Clearly £ d¢ ¢, deInF. ThenZ Ai=2ACAe=x,y22vd=2vdv
ve2(2Aad) v (ZAad)ve=y,thus Zis a relative bicomplement of ¢, d) in
{x, y> in D. But {&, d) cannot have a relative bicomplement in {x, y» in Lfor if b
were such a bicomplement, x = x v x=x v (b A &), y=dvb=d v (b Ay),
[x v(bAg),dv(ba y)]eT=[x, y]eT Consequently, Lis not closed under
relative bicomplements. Q.E.D.

An immediate consequence of Propositions 2, 3, 4 is

Theorem. Let L be a sublattice of a distributive lattice D.[D, L] has TEP if and
only if Lis closed in D under relative bicomplements.
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NOTES ON LATTICE CONGRUENCES

IvaN CHAIDA, Pferov

(Received August 11, 1976)

It is well-known that each ideal of a lattice Lis a kernel of at least one congruence
relation on Lif and only if Lis distributive (see e.g. [1]), and that there exists a one-
to-one correspondence between congruences and ideals for relatively complementary
distributive lattices (see [2]). An approach adopted in [3] enables us to investigate
the relationship between congruences and ideals also for modular lattices.

Definition 1. Let J be an ideal of a given lattice L. Denotea v J = {a v j;je J}.
A binary relation T; on Ldefined by the rule ‘

{x, y) € T, if and only if there exists u € Lwith x, yeu v J is said to be induced
by the ideal J.

It is clear that T, is a symmetrical relation on L Further, for each a € Land an
arbitrary je J we have a = a v (a A j); clearly a A je J, thus aea v J, which
implies the reflexivity of T;. Thus T} is a tolerance relation on L (see [3]). In [3],
conditions of the compatibility of 7, are studied (for the compatibility, see [4]).
We shall now investigate the conditions for T to be a congruence relatlon By Defini-
tion 1, if T, is a congruence relation, J is a kernel of Tj.

Theorem 1. Let L be a lattice and J an ideal of L. If the relation T, induced
by J is compatible on L, then Ty is a congruence relation on L. ‘

Proof. As T, is reflexive, symmetrical and compatible, we must prove only its
transitivity. Suppose a, b, ¢ € Land (a, b) € Ty, {b, ¢) € T;. Then there exist u,ve L

and i,j,k,leJ with a=uvi,b=uvjb=vvk c=vvli As ilel,
we have
(1) G 1YeTy.

From ueu v J, aecu v J it follows {u, a) € T;. Analogously it can be proved
that (u,b>e Ty, {v,b)e Ty, {(v,c)eT;. As T, is symmetnca] also <b,v)>eT,.
From the compatibility of T, then
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(29) u,b)e Ty, <b,vd)eTy=<{(u A b),(bAv)eT;.

From b = u v j we have b 2 u, from b = v v k then b 2 v. Then (2°) implies
u, v) € Ty, which together with (1°) implies

(uviyvipeT,

thus {a, ¢) € T,;. Hence T} is transitive.

Lemma 1. Let L be a lattice and J its ideal. Let T, be the relation induced by J.
If a,b,c,de Land {a, b) e T,, {c,d) e Ty, then

{ave)y(bvdpyeT,.

Proof. If (a,b)eT;, {c,d>€eT,, then a=uvi, b=uvj, c=vvVvek,
d=vv ! for some u,vel, i,j,k,leJ. Hence ave=(uvv)v(ivk),
bvd=@uvo)v(jivl, thus avce(vv)vJand bvde(vo)vl,
ie{(ave),(bvd)eT,.

Lemma 2. Let L be a lattice, J an ideal of L and T, the relation induced by J.
If a,beL and {a,b)e Ty, then a=(a Ab)vi, b=(a Ab)vj for some
i,jeld.

Proof. If {a, b) € T, then by Definition 1, a = u v i,b = u v jforsomeuelL,
i,jeJ.Hence a2anb2u,azithusa=avi2(@aab)vizuvi=
=a, i.e. a =(a A b) v i. Analogously it can be proved that b = (a A b) v j.

Lemma 3. Let L be a modular lattice, J an ideal of Land T; the relation induced
by J. Let c,de Land ¢ £ d. If {c,d)ye Ty and T, is transitive, then {(a A d),
(@ A ¢)) €T, for each ae L.

Proof. Let {c,d) € T;. Then there exist ue Land i,jeJ withc=u v j, d =
=u vi. As ¢ £ d and Lis modular, we have j < i, thusd = ¢ v i.

Putx=aAd,y=xvec,t=yAiTheny = c,d = x. From these inequali-
ties and by the modularity of L we obtain

cvt=cv(yai)=(cvi)rAy=day=da(xve)=
=(dax)ve=da(@rd)ve=(@anrdve=y.

As t e J, this implies (y, c) € T,. From y = ¢ v t,t < x v t and by the modularity
of Lit follows

((xvt)Ac)vtA=(xvt-)A(c‘vt)=(xvt)A(cvtvt)='
=(xv)a(yv)=(xv)a(xvevi)=xvt,
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hence {(x Vv 1) A ¢, (x v 1)) € T;. Clearly also {(x v t), x) € T,. By the transitivity
of Ty, {(x v 1) A ¢, x) € T;. By Lemma 2, there exists ge J with x = (x A ((x v
vi)Aac)v g However, x A((x vE) Ac)=x Ac/thus x =(x Ac) Vg, ie.
x,(xAc))eT, As x Ac=andAc=anc, this implies {(a A d),
(a nc))eTs

Theorem 2. Let L be a modular lattice, J its ideal and T; the relation induced
by J.If T, is transitive, then it is a congruence relation on L.

Proof. If Tj is transitive, it is an equivalence relation on L. It remains to prove the
compatibility of T,. Let a, b,c,de L and {a, b) e Ty, {c,d) € T;. By Lemma 1,
we must prove only that T, preserves the operation A. By Lemma 2, there exist
i,jeJwitha=(aAb)vib=(anb)vj By Theorem1lin[3],a A b)v J
is a convex sublattice of L, thus

ac(@anb)vJ,be(anb)vi=>avbe(anb)vl,

hence {(a A b),(a v b)) e T,. Analogously it can be proved that {(c A d),
(¢ v d)> € T,. By Lemma 3, this implies '

ancad,(@an(cvad)eT,.

Thus a A c Adeuy v J, a A(cAd)euy v J for some uye L. By Theorem 1
in [3], uo v J is a convex sublattice of L; clearly

arncandZanc=sanr(cvd), ancadsand=zan(cvd),

thus also a A ceuo v J and a A deuy v J, hence {(a A ¢),(a A d))eT,
Analogously also {(a A d), (b A d)) € T}, thus the transitivity of T, implies {(a A c),
(b A d)) € Ty, i.e. T, is a compatible relation.

Corollary. Let L be a modular lattice, J an ideal of L and T, the relation induced
by J. Then the following assertions are equivalent:

(a) Ty is a compatible relation on L.

(b) Tj is transitive.

(¢) T,is an equivalence relation on L.

(d) T, is a congruence relation on Lwith the kernel J.

Proof. The implication (d) = (a) is clear and (a) <> (d) follows by Theorem 1.
The implication (d) = (c) = (b) is also clear and (b) = (d) by Theorem 2.

The following concept is transferred from [3]:
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Definition 2. Let L be a lattice and ¢ € L. If for each a, b € L the element ¢ fulfils
the identity v
e (@veya(bve)=(anb)ve,

cis called a semi-distributive element.

Theorem 3. Let L be a modular lattice and je L a semi-distributive element.
Let J be a principal ideal generated by j and T, the relation induced by J. Then
T, is a congruence relation on L(with the kernel J).

Proof. By Theorem 2 in [3], T, is a compatible relation for the principal ideal J
generated j (it means J = {x € L; x < j}). By Theorem 1, T} is a congruence relation
on L. Clearly, J is the kernel of this congruence.
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CUTS IN SIMPLE CONNECTED REGIONS AND THE CYCLIC
ORDERING OF THE SYSTEM OF ALL BOUNDARY ELEMENTS

ILia CerNY, Praha
(Received September 16, 1976)

1. In the present paper we shall work in the extended complex plane S; the open
complex plane will be denoted by E. By a neighbourhood of a point z € E we mean
any circle U(z, &) = {{ € E; |{ — z| < &} (where & €(0, ©)); neighbourhoods of the
point oo will be the sets U(c0, &) = {{ € S; |{| > 1/} (Where & € (0, c0) again). Neigh-
bourhoods of points z € § will be denoted briefly by U(z) also. N will always denote
the set of all natural numbers, U = U(O, 1) will be the unit circle, C = U the
unit circumference. By o* we denote the metric in S obtained by transferring the
cartesian metric of the threedimensional euclidean space by means of the stereo-
graphical projection of the unit sphere onto S (see [4], p. 24).

We shall use the common definition of the topological limes superior of a sequence
of points z, € S or non-empty sets M, = S : Is z, denotes the set of all accumulation
points of {z,}, Is M, = U Is z, where the summation extends over all sequences of
points z, € M, (cf. [1]). Note that Is z, and Is M,, are non-empty compact sets (as $
is compact). Besides, in what follows, we shall use the following two simple assertions:

(1) 0+M,cN, forall n=IsM,<IsN,,
(2 if {M,} is a nonincreasing sequence of (non-empty) sets M,, then

IsM,=NM,.
n=1

The following implication concerns one of the basic properties of any conformal
mapping F of Q onto G (where ©, G are open subsets of S):
(3 z,€Q, Isz, < 0Q=1sF(z,) = 9G.
It immediately implies that
4 - 0+M,cQ, IsM, < 0Q =1s F(M,) = G .
(See [4], pp. 488—489.)
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By a curve in M we understand any continuous mapping ¢ : {a, ) > M (where
-0 <o < f < +0); a curve will be a curve in S. If ¢ : (a, B> — S is a curve,
we denote .

) ip.o =9, epo=09),
(6) (o> = o(Ka, BY), (0> = o((2 B), <o) = (<, B)) (®) = ¢((. B)) -

We say that the curve ¢ : {a, B> - S is simple, iff the mapping ¢ is one-one. By
a closed curve we understand as usual a curve ¢ with i.p. ¢ = e.p. . A Jordan
curve will be any closed curve ¢ : {a, > — S such that both restrictions ¢ | {a, B),
@ | (2, B> are one-one. If ¢ is a Jordan curve in E, we denote by Int ¢ (Ext @) the
bounded (unbounded) component of S — {@). A Jordan region will be any region
(connécted' open set) Q the boundary 0Q of which has the form (@) where ¢ is
a Jordan curve (in S).

We introduce the index of a point z€ S — (@) with respect to a closed curve ¢
as usual (see e.g. [4], p. 214); notation: ind, z. We say that a Jordan curve ¢ in E is
positively (negatively) oriented, iff ind, = 1 (ind, = —1) on Int ¢.

If @ : (&, B> — S is a curve, we define the curve =~ ¢ by

() (=0) (1) = o(-1), te{=p —0o).

If Y : {y,8) — S is another curve and if ¢(B) = Y(y), we define the oriented sum
¢ + ¥ of the curves ¢, { by setting

/fp(t) for te<a, B,
Ny(t—B+7y) for telB,B+d—1yp).

We write ¢ ~ ¢ for ¢ + (=) and speak of the oriented difference of ¢, . Sure it
is clear what we mean by ¢; + ... + @, (where nzx2).

We say the curves ¢ :{a, B> = S, ¥ : {y, &) — S differ only unsubstantially,
iff there is a continuous increasing mapping @ of {y, §) onto {a, f) with ¥ =
= @ o .

It is clear that (=~¢) = {¢), that {p) = (¥, if the curves ¢, ¥ differ only un-
substantially, and that (¢ + ¥) = (@) U (YD, if the oriented sum (difference)
exists.

In what follows we shall use the following “0-curve theorem”:

(8) (@ +¥)() =

Theorem 1,1. Suppose ¢ = ¢, + @, is a positively oriented Jordan curve,
A a simple curve such that i.p.A = i.p.¢,, e.p.A = e.p. ¢y, (A) = Inte. Then
W, = @, ~ A, w, = @, + A are positively oriented Jordan curves and

9) Int ¢ — (1) = Int 0; L Int w,

where the sets on the right are disjoint.
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(This theorem is -an immediate consequence of the well known ‘“topological
O-curve theorem” — see e.g. [1] — and of the basic properties of the index of a point
with respect to a curve.)

If Qs a region and ¢ a curve such that i.p. ¢ € 02, ((p) < 2 we speak of a curve ¢
from the boundary 0Q of the region Q into Q (or: from i.p. ¢ into Q). The following
theorem is well known in the theory of conformal mappings (see [4], p. 531).

Theorem 1,2. Suppose that F is a confofmal mapping of Qonto Uand ¢ : {a, ) -
— S is a curve from 0Q into Q. Then the limit (F o ¢) (x+) exists. Besides, if
o* : (a*, p*> — S is another curve from 0RQ into Q, we have

(Fo9)(a+) = (Foo*)(e*+),
iff the following condition is satisfied:

(10)  @(x) = @*(a*), and for each neighbourhood U(@(x)) there is a curve A in
U(p{e)) 0 Q with i.p. A€ (@), e.p. A€ {@*).

Remark 1. An assertion analogous to the first part of Theorem 1,2 holds, of
course, for any curve ¢ : {a, B> — S with ¢(B) € R, {p) = Q. Instead of (F - ¢) (x+)
we investigate, naturally, the limit (F o ) (8—).

This implies immediately that for any curve ¢ : <a, B) — S with (¢) = Q and for
any conformal mapping F of Q onto U it is consistent to define a curve Y : {a, f) = S
by

(Fop)(at), if t=ua,

(11) W= E00. e,
(F )(p-), if t=8

(If, e.g., @(x) € 2, we have (F . ¢) (a+) = F(p(«)), of course.) We shall say that
(under above conditions) the curve (11) is the F-image of ¢.

Let Q be a fixed region. Let us write, for a moment, @ ~ ¥, iff ¢ : {a, > = §,
@* : {a*, B*) — S are curves from 09 into Q satisfiing (10). It is obvious that the
binary relation ~ is reflexive, symmetric, and transitive, hence an equivalence. It
partitions the set of all curves from 022 into 2 into equivalence classes, which we call
bundles of curves (from 02 into Q). (Cf. [4], p. 527.) By 6(0) we denote the set of
all bundles of curves from 02 into Q. If S € &(Q), pe ¥, ¢p*€ &, then i.p. ¢ =
= i.p. ¢*. Thus, it is consistent to define o(¥) = i.p. ? where ¢ € #. The point
o(&) will be called the origin of &.

In what follows we shall use that
(12) in any bundle & € &(R) there are simple curves.
(Proof. Let pe &, ¢ :<a, B) = S. Then ¢(a) + ¢(f) and, by a well. known
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theorem — see, e.g., [1] — there is a simple curve ¥ : <a, B) — {@) such that
¥(®) = @(a), ¥(B) = ¢(B). Obviously, y € £.)

By Theorefn 1,2, we have: If F is a conformal mapping of Q onto U, & € &(Q),
@ € ¥ a curve defined in {a, B), then the number (F o ¢) (x+) is independent of the
choise of the curve ¢ € &. We denote it by We(<). (Cf. with [4], p. 537.)

Thus, for any region 2 conformally equivalent to U and for any conformal

mapping F of Q onto U, we have defined the function Wy : &(2) - C. By Theorem
1,2,

(13) Wy is one-one (on &(2).).
In what follows it will be important that
(14) WAS(@)) = C.

(The proof of this assertion see, e.g., in [3], p. 402; of course, a little different termi-
nology is used there.)

On the unit circumference C we define a cyclic ordering of triples of distinct
points: We write w; < w, < w,, iff there is a positively oriented Jordan curve
:<{a, B> = S with {(w) = C, and a triple of points t;e<a,f) (j = 1, 2, 3) such
that t; < t, < t; and w; = a(t)) for j = 1, 2, 3. Further, we write w; <X w, < ws,
iff either w, < w, < wj, or wy = w,, or w, = w;. Symbols like w, X w, < w,,
w; < w, = w; have an analogous meaning. The symbol

Wy < Wy <L oo < W< < Wp <. < W< < W< W)

will also appear; it will mean that there is a positively oriented Jordan curve  :
:{a, ) = S with {w) = C, and points 1,1, t, € {a, f) such that w, = w(t,),
wy = a(ty) for each n e N, wy = o(t,), and

Hh<h<. .S . << <QZ<... <t <],

If wy % w,, the set C; = {we C; w, < w =X w,} is an arc of the circumference C
joining w, with w,; {we C; w;, <w < w,} is the corresponding open arc, C, =
= {we C; w, < w < w,} the complementary arc.

Any mapping
. /aziz for zeE,
cz
(15) 1&)=L
alc for z= o0

where a, b, ¢, d € E are numbers with ad — bc + 0 will be called a linear fractional
Junction').

1y We define 4/0 = o for 4 €S, 4 # 0.
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Besides very familiar properties of linear fractional functions (see [4]) we need,
in what follows, the following two ones:

(16) If F is a conformal mapping of U onto itself, then there is a linear fractional
function f such that f = F on U.

(17) If fis a linear fractional function satisfiing f(U) = U, then the relation wy <
< w, < w; implies the relation f(w,) < f(w;) < f(w,).

(For proofs of (16) and (17) see, e.g., [4], p. 470 and 543 resp.)

2. Suppose that 2 is a region and let ¢ = ¢; = @, be a simple or Jordan curve
such that the curves ¢,, @, belong to distinct bundles from &(£2). (The last condition
is, obviously, independent of the decomposition of ¢ into the oriented difference of
two curves.) Then the curve ¢ will be called a cut in Q.

Theorem 2,1. If ¢ is a cut in a region Q conformally equivalent to U, we ‘haue
(18) Q-(p)=02,00Q,
where Q,, 2, are disjoint regions conformally equivalent to U and
(19). (@) € 09, N 0Q,, 09,V =0u(p).

Proof. By assumption, there is a conformal mapping F of 2 onto U. Let y be the
F-image of ¢. By the definition of a cut and by the second part of Theorem 2,1,
Y is a simple cut in U 2). By the “topological” “f-curve theorem”, this implies that

(20) U-(@¥)=U,ul,

where U,, U, are disjoint Jordan regions. Besides, there exist two distinct points
wy, w, € € such that the arcs

(21) Ci={weCw, Sw=w}, Co={weC w, Zw=w}

have the following property:

(22) U, = Cyu(y) for j=1,2.3)
This implies that
(23) Wy = 08U, ndU,, 38U, udU, =Cu(y).

2y j.e. a simple curve which is a cut in U.
3) Of course, we have {w;, wo} = {i.p. v, e.p. v}.
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Put
(24) Q; = F_,(U,) for j=1,2.

Then Q; are disjoint regions conformally equivalent to U (since the Jordan regions U
are conformally equivalent to U). The equality (18) follows immediately from (20).
The rest of the assertion of theorem 2,1 is an easy consequence of (3) and of the
definition of the boundary. '

Remark 1. It is easy to see that in the assertion of Theorem 2,1 it is not possible
to replace the inclusion {¢) = 0Q; N 2, by equality. More detailed informations
about boundaries of the regions £2; are contained in Theorem 6,2 which follows.

Suppose that all assumptions of Theorem 2,1 are fulfilled and let ¢* be another
cut in Q. As it is easy to see, £, is a component of both 2 — (¢) and Q — (¢*),
iff either the curves @, ¢*, or the curves ¢, = ¢* differ only unsubstantially (as only
then () = <@*)).

Lemma 1. Let Q be a region conformally equivalent to U, let ¢ be a cut in Q.
For each conformal mapping F of Q onto U denote by Y the F-image of ¢; further,

(25) Cr ={weC; ipyr=w=ep s},
Cr ={weC; ep.Yr X w=ip yr}

and suppose that Ug resp. Ug is the component of U — () satisfiing

(26) Uy = Cy U (Yr) resp. Uz = Cg U (Vg).
Then, for any two conformal mappings F, G of Q onto U we have
(27) F_(UF) = G_,(UE), F_4(Ur)=G_,(Ug).

Proof. Let {a, f) be the domain of the cut ¢. If F, G are conformal mappings
of Q onto U, then F o G_, is a conformal mapping of the circle U onto itself. By (16),
there is a linear fractional function f such that f = F o G_; on U. This implies that

i.p. Ve = (Fop)(2t+) = ((fo G) o ¢) (x+) = f(G - ) (x+)) = f(i-p. ¥) -
Similarly, e.p. ¥ = f(e.p. ¥g). By (17), this implies that
(28) ¢ =1(Cd), Ci=1(C3).
Further, it follows that
Ur = f(Us), Ur = f(Us)
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so that
F_y(UF) = G_i(f-1(f(Ug))) = G_4(Ug) .

This is the first equality in (27); the proof of the second one is analogous.

Remark 2. If all assumptions of Lemma 1 are satisfied and if we use the same
notation, then the regions F_;(Uy), F_,(Uy) are independent of the choise of the
conformal mapping F (of 2 onto U). They depend only of the region 2 and the cut ¢.
Therefore, it is consistent to define

Q, =F_(Us), @, =F_,(Uy)

(where F is any conformal mapping of  onto U and where Uy, U are as in Lemma
1). We say then that the component Q:f resp. Q, of Q — ((p) lies on the right side
resp. left side of the cut ¢.

Example 1. Suppose all assumptions of Theorem 1,1 are satisfied and use the
same notation. Then the region Int @, (Int w,) lies on the right (left) side of the cut A
(in the Jordan region Int @).

Remark 3. Let @, o* be cuts in a region Q (conformally equivalent to U). Then
Q, = Q.. (and, as a consequence, 2, = Q.), iff the curves ¢, ¢* differ only un-
substantially. The equality Q, = Q. (and, as a consequence, ‘also the equality
Q, = Q.) holds, iff the curves ¢, ~¢* differ only unsubstantially.

3. Definition. Let 2 be a region conformally equivalent to U. For each ne N
let ¢, = ¢, ~ @, be a cutin Q and let 2, be a component of Q — ((p,,). Suppose
that the following four conditions hold:

I. The sequence {£,} is nonincreasing.

II. For each pair of natural numbers m % n we have (¢,) N (¢,) = @ and the
CUIVES Py 1, Pm,2> Pn,1> Pn,2 Delong to four distinct bundles from @(9).

n. N@a,co.
n=1

IV. If pe &, o*e F*, where &, $* € &(Q), and if (> N 2, + 0 + {p*> N Q,
for all n e N, then & = &¥*. -
Then we shall say that {Q,,} is a normal sequence in Q.

Remark 1. If Q, are as in the above definition, then the following condition
(stronger than I) holds: '

I*. For each ne N we have 2,,, n Q c Q,.
Condition I implies, namely, that @,,, = Q,. As, by theorem 2.1,

6Qn < 0Qu ((Pn) ’ aQn+1 < 0Qu ((p""’l) ’
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the inclusion &,,, = @, implies that
'Qn+l Y (¢n+1) = Qn+l NQc fzn NQ = Qnu ((pn) .

By condition II, however, (@,+1) N (¢,) = 0, so that (¢,+;) < 2,. This and the
inclusion Q,,, = Q, imply that 2,,, N Q = Q,.

Theorem 3,1. Let F be a conformal mapping of Q onto U. For each ne N let
On = Pn1 = P, be a cut in Q and VY, the F-image of ¢,. Then the following 3
assertions hold:

1. If condition 1 holds, then the condition 1l is equivalent to the following one:
For each n € N, we have mn U c F(,), and the arc FT(Q—,H.I)_n C is a subset
of the open arc F(Q,) 0 C — {i.p. Y, e.p. ¥,}.

2. If conditions I—III hold, then the condition IV is equivalent to the statement

@ —_—
that the set () F(R,) contains only one point.

n=1

3. Suppose that the sequence-{,} is normal in Q (so that conditions I—1IV hold)
and denote by w the only point of the set () F(R,). Then the sequence {F(Q,)} is

n=1
normal in U, for each ne N the arc m N C is contained in the open arc
F(_Q;)'n C — {i.p. y,, e.p.¥,}, the point w lies, for each ne N, on the open arc
m N C — {i.p. Y,, e.p. ¥}, and the distance of w and the component of U — (¥)
distinct from F(R,) is positive. Finally,

(29) N 2, = {z € 0Q; there are z,€ Q with z, —» z, F(z,) > w}.
n=1

Proof. As we can take =¢, instead of ¢,, we may, without loss of generality,
suppose that each region , lies on the right side of the cut ¢,. Then

FQ)nC={weC; ip.y,Sw=Xep.y,}

for each ne N.

1. If Lis satisfied, we have F(,,,) n € = F(2,) n C for each n € N. By Theorem
1,2, condition II is equivalent to the statement that, for any two distinct natural
numbers m, n, the sets (,,), (¥,) are disjoint and i.p. Y., e.p. Y, i.p. ¥,,, e.p. ¥, are
four distinct points. Hence, the arc F(£,.,) n € is a subset of the open arc F(H,,)- N
N € — {i.p. ¥, e.p. !ﬁ,!}.

The proof of the reverse assertion is similar.

2. Now suppose conditions I—IIT hold. Condition IIT may be, by (2), written
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equivalently in the form Is , = dQ and it implies, by (4) (where G = U must be
set), that

X}

F(@,)=1sF@Q)<C.

[}

n=1

@ —_—
By a well known theorem, () F(£,) is a continuum. Obviously, it is both non-empty
n=1

and not equal to C. Hence, it is an arc of the circumference C or a one-point set.
Suppose it is an arc. By (14), there exist two distinct points w’, w” of this arc, not
equal to the end points of the arc, and belonging to the set W,(@(Q)). Hence, there
exist two distinct bundles &', & € &(Q) with w' = WH&'), w" = Wg(&"). Choose
curves ¢’ € &', ¢" € &”; without loss of generality we may suppose their domain
is €0, 1>. Let §', " be the F—image of ¢, ¢, respectively. As w' ="y'(0), w" = ¥"(0)

are interior points of the arc ﬂ F(Q ) #), they are interior points of each arc F(£2,) N

n C. Hence, <y') n F(Q,) 4: (2) + (Y") n F(Q,) for each n, and, consequently,
@'Y N 2, £ 0 £ <"> nQ, for each n. Since the curves ¢', ¢” belong to two
distinct bundles from G(Q), the condition IV does not hold.

Reversely, suppose the condition IV does not hold. Then there are curves ¢’, ¢”
belonging to two distinct bundles &', #" € &(Q) such that {¢') N Q, + 0 *
+ <¢"> n , for each n. This implies, as it is easy to see, the points Wi(&'), W{S")

@
belong to the continuum () F(£2,). By (13), these points are distinct (so that the con-
n=1

@ R
tinuum () F(,) contains more than one point).
n=1

3. Suppose the sequence {€,} is normal in Q. According to what we have proved
already, the continuum () F(Q,,) contains one and only one point; denote it by w.
n=1

As we easily see, it remains to prove the equality (29); all remaining assertions are
either proved already, or they are obvious consequences of what has been said above.

Letze n Q.. Then there is a sequence of points z, € 2, with z, — z. This implies
n=1

Is F(z,) = Is F(Q,) = ﬂ F(2,) = {w} so that F(z,) - w. This proves that the left
n=1

side of (29) is a subset of the right one. Suppose, reversely, that z € 2 and that
there are points z, € Q with z, — z, F(z,) — w. Since, for each m € N, the distance
of the point w and the component of U — (y,,) distinct from F(2,,) is positive, there
is, for each m € N, an index n,, such that F(z,) € F(,,) for each n > n,,. This implies

z,€Q, for all n > n, and z = limz,e @, for all me N, hence z e &2,. This
completes the proof of the equality (29). m=t

4) i.e. points of this arc distinct from both end points of it.
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4. We shall say two sequences {€,}, {2} (for the time being, of arbitrary non-
empty sets) are mutually inscribed, iff the following conditions hold:

-

(30) AV A[Ri=2]. AV Al2 cell].

n mp m>mp m ny, B>nm

This represents a binary relation between some pairs of sequences of non-empty
sets. As it is easy to see, the relation is reflexive, symmetric, and transitive. If Q is
a fixed region conformally equivalent to U, the above relation partitions the set of all
normal sequences in £ into equivalence classes; these classes will be called boundary
elements of the region Q. '

Thus, a boundary element of € is any non-empty system 5# of normal sequences
in Q satisfiing the following two conditions:

A. If {Q,} € # and if normal sequences {®,}, {25} are mutually inscribed, then
{Qn}est.

B. If {@,}, {23} € o#, then the sequences {Q,}, {@n} are mutually inscribed.
By 5(9) we denote the system of all boundary elements of the region Q.
The geometric image of a boundary element # € $(Q) will be the set

(31) (F> =8, where {Q)e.

(Obviously, N &2, = N 2, for any two mutually inscribed normal sequences {Q,},
n=1

m=1

{Qn} so that the definition is consistent.)

If any conformal mapping F of Q onto U is given, we define the following map-
ping yp of the system $(R2) into C: For each # € $(22), yz(3#) is the only point

of the set () F((,) where {®,} € #. (The set ) F(2,) contains, by theorem 3,1, one
n=1 n=1

and only one point, which is, obviously, independent of the choise of {2,} € #.)

Theorem 4,1. If F is a conformal mapping of Q2 onto U, then yp is a one-one
mapping of () onto C.

Proof. First we prove the mapping yp is one-one: Let y{(#) = yo(H#*) = w
for a pair of elements o, #* € H(R). Let {Q,} € &, {2} € #* Then N F(2,) =
- n=1

= {w}, and, by theorem 3,1, dist (w, U — F(R,)) > 0°) for each ne N. Hence,
for each ne N there is a neighbourhood U,(w) such that U, w)n U = F(2,).

5 u— F(82,) is the component of U — (y,,) distinct from F(22,).

268



Since {w} = ) F(2},) so that, obviously, diam F(Q}) — 0, there is an m, such that
m=1
F(Q}) < U,(w) for all m > m,. This proves that

AV A [F(@7) < F(2,)].

n mp m>mp

Since the interior of the closure of any Jordan region is equal to this region (see [4],
p. 556), it follows that

AV A [F(2) = F(2,)].

n mpy m>mp

This implies the first condition of (30); the second one holds similarly. This proves
the sequences {€Q,}, {Q%} are mutually inscribed so that # = #*. This completes
the proof the mapping yf is one-one.

For the proof of the implication
(32) w e C = there is an & € H(Q) with y(H#) = w
we need the following auxiliary assertion:

(33) For each w e C and each U(w) there is a cut ¢ in Q with F(2,) = U(w) such
that the point w is an interior point of the arc F(2,) n C.

First, let us prove the implication (32) by means of (33). The assertion (33) easily
implies the existence of cuts ¢, in Q such that:

a) F(Q,..) = F(2;) n U(w, 1/n) for each ne N,
b) denoting by ¥, the F-image of ¢, we have <Y, ,> n {¥,> = 9 for each n and
ip Y, <..<ipyYy,<..<w<..<epy,<..<ep y,.

By Theorem 3,1, we easily prove the sequence {©;,} is normal in Q. Denoting by #
the boundary element of the region 2 containing the sequence {,,} we obviously
have y(a) = {w}.

It remains to prove (33). Suppose the point w, € C and its neighbourhood U(w,)
are given. By (14), there are points wy, w, € U(wp) n Wo(&(Q)) with w; < wy <
< w,. Let #;€ &(Q) (j = 1, 2) be bundles such that W{¥;) = w;. By (12), each
bundle &; contains a simple curve ¢;; we may suppose the domains of both curves ¢;
are equal to a certain interval <a, B>. If {; denotes the F-image of ¢;, then y; is
a simple curve from the point w; into U.

As we easily see, there is a simple curve ¥ : {a, y> — U(wo) such that:

a) ()= U,
b) ¥ = w; + w, ~ w3 where @, =y, | {a, 0D, w3 =V, l {a, 6) for an ap-
propriately chosen 6 € (a, B).
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Then the function ¢ defined on {a, > by
o(@) = of#1), () = F_y(¥(1) for te(x7), @(y)=o(%2)

is, obviously, a cut in Q. Since the boundary of the Jordan region F(£2,), equal to
W) u {weC;w, X w=w,},is a subset of U(w,), the same holds for the set IW.
Besides, we have woe{weC; w, <w<w,} and F(Q])nC={weC; w, X
Sw=Zw}

This completes the proof of (33).

Theorem 4,2. Let Q be a region conformally equivalent to U. Then for each
bundle & € &(Q) there is one and only one boundary element # € $(Q) such
that for each ¢ € & and each sequence {Q,,} € H# we have {¢) N Q, *+ O for all n.
This element ) has, further, the following two properties:

1. for each conformal mapping F of Q onto U we have Wi(¥) = yg(F);

2. if #* £ H is another boundary element of the region Q, then for each
curve ¢ € & and each sequence {Qn} € H#* there is an my such that {p) O Q5 = 0
for all m > m,.

Proof. Suppose the conformal mapping F of Q onto U is fixed. By Theorem 4,1,
for each bundle & € &(Q) there is one and only one boundary element # € $(2)
such that Wi(&) = y{#).

Let ¥ €@(Q) and let # = (yp)-1 (Wi(¥)) be the corresponding boundary
element. If ¢ € & is a curve defined on <{a, > and {Q,,} € S an arbitrary sequence,

we have Wi(&) = (F » ¢) (a+) and, also, {Wx(&)} = N F(2,). The point Wx{(¥)
is an interior point of any arc F(T)T) N C. If y denotes th: Fl-image of @, then i.p. ¥ =
= Y(a) = WH¥). Hence, for each n, <y» N F(Q,) + 0 (since by Theorem 3,1,
dist (W(), U — F(2,)) > 0). It follows immediately that <) N @, + @ for each n.

If #*eH(Q), H*+ #, o, (O} eH* then y(#*) + y#) and
dist (ye(£*), <¥>) > 0 (where Y is the F-image of ¢). Since diam F(2y) — 0 for

m — oo, we have F(Q25) n <y> = 0, hence Q) n<{p> = @, for all m sufficiently
large.

It remains to prove that for each conformal mapping G of Q2 onto U the following
implication holds:

If ¥ e @(Q), # e H(Q), W(&) = ye(#), then Wg(&) = y4(o).
Then, however, G o F_, is a conformal mapping of U onto itself, and there is

a linear fractional function f such that f = G o« F_; on U. This implies that for each
curve @ : {a, B> = S, ¢ € & we have

(34 We(#) = (Go0)(a+) = (o F) > 0) (x+) = f((F > ¢) (2+)) = (W) -
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If {Q,} € #, then, further,

() bel)} = N 5@ = NFIF@)) = /(N F@) = )

Hence, the equality We(&) = ye(o#) implies the equality We(#) = yg(5#), which
completes the proof of Theorem 4,2.

Definition. Suppose Q is a region conformally equivalent to U and & e &(2).
The boundary element (of the region Q) determined by the bundle & will be the
boundary element J# e $(R2) with the property that the condition {¢p)> N 2, % 0
for each n holds for a certain (hence, for each) curve ¢ € & and for a certain (hence,
for each) sequence {Q,} € #.

Remark 1. As we easily see, for the boundary element # € $(2) determined
by the bundle & € @(Q) the following condition holds: If ¢ : {a, B> = S, ¢ € &,
{9,} € #, then for each n € N there is a §, > 0 such that ¢((a, « + 6,)) = @,

5. It is convenient to introduce a cyclic ordering into the system $(Q2) (where Q
is a region conformally equivalent to U) as follows: We write o#; < o, < ¥, °),
iff for any conformal mapping F of Q onto U the relation

(36) 1H# 1) < v(#2) < 7(F3)
holds.

Let us note that the validity of (36) for one conformal mapping F of 2 onto U
implies the validity of a similar relation for any such mapping. Suppose, namely,
G is another conformal mapping of 2 onto U. Denoting by f the linear fractional
function satisfiing f = G o F_; on U we have the equality y5(o#) = f(yH##)) for
each boundary element # € () (cf. (35)). By (17), the relation y¢(s#,) <
< y6(#3) < y6(3#3) is a consequence of the relation (36).

Theorem 5,1. For each boundary element 3, of the region Q and for each open
set M containing {H,) there are elements #,, #, € H(Q) with # < K, < H#,
such that

(37) H < H<LH,=>(H>M.

Proof. Suppose the assertion does not hold. Then there is an element #, € $(Q)
and an open set M containing {3,) such that for each two elements 3#,, #, €
€ H(Q) satifiing H#; < #, < #, there is an element H € H(2) such that #’; <
<H# <LH,and (HF)— M + 0.

6) The confusion of the sign < for cyclic ordering in C with the sign now introduced will sure
not take place.
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Fix a conformal mapping F of 2 onto U and let wy = y¢(3#,). Choose points
w}, w? € C such that
(38) ] Wa = Wo, Wy = Wo,
(39) wi<wy <. <wi<..<wyg<..<w<...<wi<w
and denote
(40) H! = (yr)-y (W) for j=1,2 and neN.

Then #) < #, < #? for each n and, by assumption, there are elements 5, €
€ H(Q) with #, < #, < H#} and (H#,> — M # 0. Denote w, = yz(#,) and
choose points z, € (3#,> — M. By (29), for each n € N there is a point zj € Q such
that

(41) e*(zn 2,) < %, o*(F(zy), w,) < i .

The relation #, < o, < #; implies that w, < w, < w;. Thus, by (38), we have
w, = Wo; (41) implies that F(zy) — w, also. There is a convergent subsequence
{z,.} of {z,}; denoting z, = lim z,_ we have

z:k > zo ’ F(z:k) =% wO >

which implies z, € {3#,). This is a contradiction to the fact none of the points z,,
lies in the open set M containing {3¥,).
This contradiction completes the proof of Theorem 5,1.

6. It is quite easy to prove the following theorem (the proof of which we do not
present, since we need it only for making clear the significance of the assertion which
then follows):

Theorem 6,1. Suppose Q, Q* are two regions conformally equivalent to U. Let
H; € H(Q), #] € H(Q*) be two arbitrary triples of boundary elements such that

(42) H, < H, < Hy, K<L HF< HE.

Then there exists one and only one conformal mapping F of Q onto Q* such that
for each j = 1, 2, 3 the following implication holds:

43) ' z,€Q, sz, c (H;)=1sF(z,) = (HT).

Theorem 6,1 shows the cyclic ordering of the system of all boundary elements
plays an important role in certain fundamental questions of the theory of conformal
mappings. Theorem 6,2 contains several criteria for the relation J#; < #, < ¥#;.
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Note that the verifiing of this relation immediately by the definition is, excluding the
most trivial cases, practically impossible, since further properties of conformal map-
pings ‘F of Q onto U are unknown. The assertions presented in what follows make it
possible to decide (also in many concrete situations) which component of 2 — (¢)
lies on the right (left) side of the cut @ in Q. Further informations, very useful in
many aplications, about boundaries of the components of Q — ((p) are presented
also. Besides, these assertions contain several fundamental informations connected
with the possibility of a continuous extension of a conformal mapping to a certain
part of the boundary of its definition domain.

Theorem 6,2. 1. Suppose ¢ is a cut in a region Q conformally equivalent to U;
let a, B be its definition domain. Denote by &, resp. &, the bundle from &(Q)
containing the curve ¢ | <o, ¥ + B)> resp. ~o| <3 + B), B), and let .,
resp. 3, be the boundary element of the region Q determined by the bundle &,
resp. %;. '

Then
(44) U #u(p)caic U vy,
Ho<H<LH, : HoSH=,
(44" U BHu(p)ci, = U <#>u(e).
H <H<LHo . H,ZSH=Ho

Further, if both sets (o), {(H#> contain only one point, the following equalities
hold: ’

(45) Q= U #ule), a2, = U F>u(e).
v Ho=H X, H XK=< -

2. Let all assumptions of the first part of the theorem hold. Let ¢, be a simple
curve satisfiing i.p. o, = ¢(t;), e.p. ¢, = ¢(t;), where a <t; <t, <p, and
(91) = Q — (). Putp, = ¢ { {ty, 1), @* = @, = @,. Suppose the Jordan curve ¢*
is positively oriented and Int p* < Q.

Then Int ¢* U (¢,) = Q.

3. Let all assumptions of the first part of the theorem hold. If ¢ is a negatively

oriented Jordan curve, then Q; = Q n Int @, and the following two implications
hold: :

(46) < H>cIntop=>H < H <H,, (H)Exto=H,<H <H,.

4. Let all assumptions of the first part of the theorem hold. Let ¢ be a simple
curve, A a simple curve in 0Q such that a) i.p. A = i.p. ¢, e.p. A = e.p. @, b) the
Jordan curve A ~ ¢ is positively oriented, and c) Int (A ~ @) = Q.

Then Q; = Int(1 ~ ¢).
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Further, suppose the definition domain of the curve 4 is €0, 1). For each t € (0, 1)
let &#,€ &(Q) be the bundle containing a curve from A(t) into Int (2 =~ @). Denote
by #, (where t € (0, 1)) the boundary element of the region Q determined by the
bundle &,. Then the following four assertions hold:

(47) #o< H, < H, foreach te(0,1).
(48) If t,,1,€(0,1), then Ho<H, <H, <K, iff t,<t,.

(49) The function yg(3#,) is a one-one and continuous mapping of the interval
<0, 1) onto the arc {we C; y(3#,) X w X y{##,)} of the circumference C.

(50) <of,> = {A(t)} foreach te(0,1).

5. Let all assumptions of the first part of the theorem hold. Suppose ¢ is a Jordan
curve in Eand 4 :0,1) — 0Q n E is a Jordan curve with i.p. A = i.p. .

If (p) = Int A (resp. (¢) = Ext A), denote G = Int A n Ext ¢ (resp. G = Ext A n
N Int ) and suppose the curves ¢, A are positively (resp. negatively) oriented.
Suppose, further, G = Q, and for each t € (0, 1) let &, € &(Q) be the bundle
containing a curve from A(t) into G, #, € H() the boundary element determined
by the bundle &,.

Then Q, = G, and assertions (47)—(50) hold.

Proof. Since ¢ will be a fixed cut in the region Q, we shall write 2% resp. 2~
instead of 2, resp. 2, . Let us fix a conformal mapping F of Q onto U and denote
by ¥ the F-image of ¢. Then

(51) U-(y)=U*uU"

where U*, U~ are components of U — (), hence disjoint Jordan regions. Choose
notation so that ‘ '

(52) out = (\l/) uCt, U™ =(y)uC~

where

(53) Cct={weC;yYy(@)Zw=2yYP)}, C ={weC; y(B) w2 Y(v)}.
Then, by definition,

(54) Q*=F_,(U*). @ =F_,(U").

Since o, resp. o, is the boundary element determined by the bundle &, resp. &,,
we have, by definition of these bundles,

(55) Vo) = We(Fe) = ¥(a), 7Hs) = W) = W(B).

1. We first prove (by assumptions of the first part of the theorem) the inclusions
(44'). The condition o#, < H# < X, means, by definition and by (55), that () <
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< y#) < Y(B), i.e. yH(#) € e+, (If Lis an arc with end points a, b we denote,
in what follows, by L the corresponding open arc L — {a, b}.) This implies

dist (y(o#), U”) > 0. If {2,} € &, then {y{o¢)} = N F(Q,) and diam F(2,) - 0.
n=1
This implies F(2,) = U™ for all sufficiently large n, so that, for such n, we have
Q, c QF, hence @, = @*. Thus, (H#) = N2, =« 8" N 6Q, and, by Theorem 2,1,
n=1

Q% N 0Q < Q*. This proves that ) <(#) < dQ*; by Theorem 2,1, this
implies FiHE S

(56) U <> u(p) < ort.
_ X <H<H,
Now suppose that z € 92* — (¢); then, by Theorem 2,1, we have z € 0Q. Since
z € 0Q*, there are points z, e Q% with z, — z. Since there is a convergent sub-
sequence, we may suppose that lim F(z,) = w exists. Since F(z,)eU*, we have
w e dU™; since z € 0Q, we have w € C. This yields we dU* n C = C™.

Let o € H(Q) be the element with y/(o#) = w. Then #, <X # =< #, and
z € {M#). This proves the inclusion

(57) 0 —(p)= U <#).
KoL X<,

(56) and (57) implie (44'). The proof of (44") is analogous.

Now suppose the set (&> contains only one point z,. Since Y(«) € oU™, there
are points w,e U™ with w, —» y(«). By (29) and by definition of {(3#,), we have
Is F_y(w,) = <#o> (={20}), so that lim F_,(w,) = z,. Since F_,(w,)eQ*, we
have, by (3), zo € 92" . Hence, the inclusion {3, = dQ* holds. We prove similarly
that (o) = 0Q*, if (#,) contains one point only. By Theorem 2,1, we have
() = 0Q*.

Thus, by (56), if both {o¢,) and {3#,) contain one point only, we have

(58) U < u(e) cot. |
Ho=SH =L,

This, together with (57), yields the first equality in (45); the proof of the other one
is similar.

2. Let all assumptions of the second part of the theorem be fulfilled. By them,
we have Int o* < Q. Since the curve @* is positively oriented and since the mapping F
is holomorphic on @, by a well known theorem (see [4], p. 572), the curve Y* =
= F o @* also is positively oriented.

Choose simple curves w*, ™ such that {(w*) = C*, (@™) = C~ and that

= w* + o~ is a positively oriented Jordan curve. Then, by Theorem 1,1, the
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curves * =~ ¥, ™ 4 ¥ also are positively oriented, and Int(w* =~ y)=U",
Int(w” +¢)=U".
The -inclusion (y;) = U~ for the curve Y, = Foo, would by Theorem 1,1,

implie the curve ~y* =Fo.q, ~ =y | {ty, t;) = Y is positively oriented,
which is a contradiction. Therefore, (l// ) = U* so that (¢,) = Q*.

As {@;> = ¢({ty, t;)) is a subset of the boundary of the region Int ¢*, we have

(59) o(<ty, 1)) nInt@* = 0.

From the inclusion Int ¢* < Q it follows that 02 = § — Q < Ext ¢*. Since the
sets @(<a, t,)), @((t2, BY) are connected and disjoint with (¢*) = 9(Ext ¢*), and

since the sets @(<a, t;)) N 02, ¢((t, BY) N Q (containing ¢(a), ¢(B), respectively)
are non-empty, we have

(60) o(<a, ty)) U o((t,, BY) = Ext o*.

(59) and (60) implie {¢) N Int o* = @. Thus, the connected set Int p* = Q is
a subset of one of the components Q*, Q~ of the set Q — (¢), whereas Int ¢* is
disjoint with the other one. Since (¢;) = 2+  Int @*, we have Int p* U (¢,) = QF,
which completes the proof of the second part of the theorem.

3. Let all assumptions of the third part of the theorem be fulfilled. It is not too
difficult to prove the sets

(61) QnInte, QnExte

are components of the set 2 — (). (The proof will be left to the reader.) In order

to prove 2% = Q N Int ¢ it is sufficient, by the 2. part of the present theorem, to

find a curve @, with properties mentioned there and such that (¢,) = Q A Int .
We prove easily that

(62) 4(Q N Int .(p) (62 N Int q)) v {p)

and that the set (qo) is open in 4(2 n Int ¢). By a well known theorem (see e.g. [4],
p. 527), the set of all points z € (¢) accessible from Q N Int ¢ (i.e. all points z € (@)
such that there is a simple curve from z into Q N Int @) is dense in (¢). From this it
follows easily there are numbers t,, t, € (, f), t; < t,, and a simple curve ¢, such
that

(63) i.p.¢, = @(t), ep.or=09(t), (p))=Qnnte.

Putg, = ¢ | {t4, t,). Since the curve ¢, by assumptions, is negatively oriented, the
curve @* = @, = @, is, by Theorem 1,1, oriented positively.
- By the same theorem, Int ¢* < Int @. Obviously, ¢(x) € Ext ¢*. Since (p*> = Q,
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we have {¢*) N (§ — Q) = 0, so that the connected set § — Q 7) is disjoint either
with Int ¢*, or with Ext ¢*. Since the set (§ — 2) n Ext ¢* contains ¢(x), we have
(S — Q) nInt ¢* = 0 so that Int ¢* = Q.

Thus, we have Int ¢* = Q N Int ¢. This proves, by the 2. part of the theorem, that
Qnlnte = QF.

It remains to prove the implications (46). Let o € $(Q), (¥ < Int ¢, {Q,} € #.

As (#> = N Q,, it follows from the inclusion {J#) < Int ¢ that Q, = Int ¢ for

n=1

all n sufficiently large. For such n we have, further, F(2,) = F(Q nInt ¢) =

= F(Q*) = U* so that the arc F(2,) n C is a subset of C*. By Theorem 3,1, this
implies y(#) is a point of the open arc C*, i.e. Y(a) < ys(#) < y(B), which means
that o, < F < #,.

This completes the proof of the first implication (46); the proof of the second one
is analogous.

4. Now let all assumptions of the fourth part of the theorem hold. Since the region
G = Int (4 ~ ¢), by these assumptions, is contained in Q and since it is disjoint
with (@), it is contained in a certain component 2* of the set 2 — (¢). Provided
that G + Q*, the region Q* would intersect both G and § — G, hence 0G also. This,
however, is a contradistion, as

Q*r\aG=Q"‘n((l)u(tp))c(ﬂ—(¢))n(6Qu(¢))=0- |

Hence G = Q*, which means G is a component of the set Q — ((p)

Let us prove that G = Q*. The conformal mapping F I G (of the Jordan region G
onto one component of the set U — (), hence onto a Jordan region) may be, by
a well known theorem (see [4], p. 538), extended to a homeomorphic mapping F*

of G onto F(G). According to another well known theorem (see [4], p. 541) the
curve F*, (1 = (p) = F*, A =~ ¢ has the same orientation as the curve A =~ ¢,
hence the positive one. The curve F* - 4 is simple, and (F* . A) is equal either to C*
or to C~. Provided that (F*.A) = C~, the curve F* . A ~ § would, obviously,
be negatively oriented. Hence {(F*.1) = C*, which implies F(G) = U* and
G =Int (A ~ @) = 2, as we had to prove.

Let us note that in consequence of what has been said above also the following
assertion holds:

(64) The mapping F* o A admits of an extension to a positively oriented Jordan
curve x such that i.p. x = i.p. (F*o 1) = Y(a), (x> = C.

Now let us suppose the curve A is defined on the interval <0, 1). &,, #, (where
t€<0,1)) let be defined as in assumptions. Let t € (0, 1) and suppose y, € &, is
a curve from A(t) = o(¢¥,) into G = Int (1 ~ ¢) defined on <0, 1). Then

7 The region £2 is conformally equivalent to U, hence its complement is connected.
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YHH) = WHS,) = (F o ) (0+) = F*(ul0)) = F*(A(r)) ;

besides, obviously,

1H# o) = ¥(@) = FHA0)), yA#,) = ¥(B) = F*(A(1)).

From this it follows that
(65) yH(o#,) = F¥(A(t)) foreach te<0,1).

Since F* o A is one-one and continuous on <0, 1> and (F*. 1) = C*, (49) holds.
By (64), (47) and (48) also hold.
Thus, it remains to prove (50). If ¢ € (0, 1) and z € {(3#,), there are points z, € Q
such that z, — z, F(z,) = y{(#,) = F*((t)) (cf. (29)). Since F*(A(t)) e C*, we have
F(z,) e U* for all n sufficiently large. Since the mapping (F*)_, is continuous on U*,

the relation F(z,) — F*(A()) implies z, — A(f). Hence z = A(t). Thus, A(f) is the only -
point of the set (J#,).

5. Let all assumptions of the fifth part of the theorem hold. Suppose first (¢) =
< Int A. Let

(66) | . G=TntAinExtg cQ

and suppose the curves @, A are positively oriented. As (1) < dQ, we have either
Q c Int A or Q = Ext A. Hence, the inclusion (q)) < Q n Int A implies Q < Int A.
As we easily see, the set G is a component of the set Int A — (¢). As G = Q, the
inclusion G < Int 4 implies G is a component of the set 2 — (¢) also. The other
component of the set 2 — (¢) equals to 2 N Int ¢. Besides, obviously,

(67) 0G = (AU <p) Y.

By the theorem on accessibility of points of the boundary of any Jordan region
from this region (see [4], p. 196), it immediately follows there is a simple curve A*
and numbers t* € (0, 1), T* e («, ) such that

(68) i.p.A* = A1*), ep.A* =¢(T*), (*)<=G.
Take
(69) A =A<, L=Al<N1), 01 =0|LT*, @,=0|<TB).
Then the Jordan curves
(70) vi=A +A* =g, sz/lz*qh*).'

8) This is an analogy of the topological -curve theorem (see [1]). Instead of a topological
circumference (a set homeomorphic to C) and an arc the end points of which are the only points

common with the circumference, here we have two topological circumferences with one and only
one point common.
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are, by Theorem 1,1, positively oriented. Besides, it is obvious that
(71) ind,, + ind,, = ind; — ind,

on § — ({A) U (@) U (A*)).

If zeInt v; for j = 1 or j = 2, then (71) implies that ind, z — ind, z = ind,, z +
+ ind,, z 2 ind,, z = 1. From this it follows that ind; z = 1, ind, z = 0, which
means that z € Int A n Ext ¢ = G. This proves the inclusion

(72) Intv, ulntv, = G.

Thus, any curve going from the point l(t), where 0 < t < t*resp. t* < t < 1, into
Int v, resp. Int v, goes into G also.

Taking into account that A* € ¥, @, € &y, ~ ¢, € & We see that, by the 4. part
of the theorem (aplied to the curves v; = 4; = (@, =~ A*), v, = 1, = (1* + ¢,)),
we have

(73) Ho<H, < H,. for te(0,t*), H,.<H <H, for te(t*1).

From this (47) and (48) follow easily.
By the 4. part of the present theorem, the function yH{5#,) whcre t <0, t*) resp.
t € {(t*, 1), is one-one and continuous, and

(74') {ye(o#.); 1€<0, 1*)} = {we C; y{(#,) = w X yH#,.)}

resp.
(74" {yHot); tet* 1D} = {we C; yd#,) I w 2 yH#,)} -

This proves (49). It is obvious also that F(G) = U™, which implies G = Q*.

The assertion (50) will be proved similarly as in the proof of the fourth part of the
theorem. .

This completes the proof of the 5. part of the theorem in case that (¢) < Int 4.
If (¢) = Ext A (and if corresponding assumptions of the 5. part hold), we proof
analogously the components of the set 2 — (¢) are the sets G = Ext 1 N Int o,
Q N Ext @; (67) also holds.

Defining the curves v;, v, by (70) we prove once more they are positively oriented.
The rest of the proof also is similar as in case (¢) < Int 4.

This completes the proof of Theorem 6,2.

Remark 1. Theorem 6,2 yields some informations of the relations between {#,)
resp. {,) and 02, , dQ, . In the general case, however, not much can be said. Of
course, it is e.g. o(Fo) € {(H,> N 02, N 8N, and (H,) = 0Q; U 02, . In what
follows we show by examples that the relations between {(J¢,) (and, similarly,
{o#,>) and 02, , dQ, may be rather complicated.
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Example 1. The inclusion {#,) < 69; N 0Q,, as we know, holds if (o)
contains one point only. However, it also may hold in case {J#,) is a proper con-
tinuum. If e.g.-

(76) Q={zeE; 0 <Rez <2, |Imz|<1}—((0,1>u6i;1+£)9)
n=2nNn n

and

(77) o()=1+ 1+ i)t for te0,1),

then
(H#y> =K0,1) c E}Q; N o, .

Example 2. If

(78) Q={zeE; 0<Rez<2,0<Imz<1}-U >;1+-
n=2 h n
and if @ is as in (77), we have o(¥,) = 1, (o> = <0, 1), and

Example 3. In examples 1 and 2 both sets (o) N 69;, {Ho) N 0Q, were
connected. In the general case, nothing like this holds. Take, namely,

(79) Q={zeE;0<Rez <2 |Imz| <1} -
—<(0,1)UU i'; 1 +iu{zeE; 3 <Rezg% —-31= Imz§0}>,
n=2 N n

and let ¢ be as in (77). Then {#,)» = €0, 1) and
(Ho) <09, , (Ho)ndy =<0,3ul1).

It is easy to see an analogous example may be given with {3#,) N 69; equal e.g.
to the Cantor discontinuum.

Example 4. Examples 1—3 may sugest the set (o,) always is a subset either
of 6(): or of 92, . In general, however, nothing like this hold. Take, namely,

(80) J={zeE; |Rez| <4, 0<Imz < 8};

for each ne N let

(81) ,,=6U(0;6iu2i—2;2i, 1)h{z;Rez§0,0§lmz§6},
n

%) If a, b €E, a + b, then 7; b denotes the set {z; z= a + (b — a), # €0, 1)}.
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(81") B, = 6U<0;6iu4i;4i+2, 1)r\{z;Reng, 0<Imz<6}.

n

Put

(82) Q=J—(U(A,,uB,,)uO;6iu2i—2;2iu4i;4i+2)
n=1

and

(83) o(t) = 6i + 2it, te0,1).

Then (o> = 0,6iU2i —2;2i U di;4i +2, (Ho) n 02, = 0;6i U
U 2i — 2; 2i, {Ho> N OR; = 0; 6i L 4i;4i + 2.
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NEW UPPER BOUNDS FOR THE CROSSING NUMBER OF K,
ON THE KLEIN BOTTLE

MILAN KoMAN, Praha
(Received October 7, 1976)

1. INTRODUCTION

The crossing number of a graph G for an orientable as well as for a nonorientable
surface with the genus g is defined as the least possible number of crossings in a draw-
ing of G on the mentioned surface. For an orientable surface we use the notation
cry(G), for the nonorientable one cr(G), g = 1,2,3,....

The crossing numbers are most frequently investigated for the complete graphs K,
and the complete bipartite graphs K,, ,. Most papers deal with the plane. The other
surfaces mentioned are the torus, the projective plane and the Klein bottle.

We shall give briefly the most important results in the chronological order.

1. ZARANKIEWICZ 1954 [1] and URBANIK 1955 [2];

cwnaa [ )

2. Guy 1960 [3], HARARY and HiLL 1962 [4], BLAZEK and KOMAN 1963 [5], SAATY

1964 [6]:
it el el el

3. Guy, JENKYNS and SCHAER 1967 [7]:

k) = 2 (=1, nz10.
216\ 4

4. BLaZex and KomaN 1967 [8, 9], HARBORTH 1971 [10]:

C":(Kn,n,...n,‘) = z:,aibiAiBi - Z:}a,b‘ajbj +

+ Y (aaaa, + aacc, + acca, + 0, + cca.a, + caa,.c,),
r<s<t<m
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where

[ o o]
Ay = [(;”1 - n)2], B;= [(;"1 - n; — 1)/2].

5. Guy and JENKYNS 1969 [11]:

crr(Km,,)gé("’; 1)(" ) 1>, mnz4s.

6. KoMaN 1969 [12, 13]:

39 (n—-1
crl(Kn)él_zg-( 4 >’

cry(K,) < il (" - 1), n

128 4

e
v

10;

1\%

10.
7. Guy and HiLL 1973 [14]:

cro(C,) < 6i4(n —3)*(n — 5)*, nodd;
1
64

< —n(n —4)(n — 6)*>, neven,

where C, is the complement of a circuit of the length n.

cry(Km,) < é(mz_ 1) (n 2 l)

for infinite integers m and n. It is a hiatus that the inequality holds for all m, n = 45.

8. KoMaN 1974 [13]:

From the given survey it is seen among other that on the torus as well as on the
Klein bottle the same upper bounds for the crossing numbers of the complete bi-
partite graphs K,, , hold.

In this paper we shall show that for the complete graph K, the known value

é?_ n-—1
216 4

is the upper bound not only for the torus but also for the Klein bottle.
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2. PRECISE VALUES AND BOUNDS FOR n < 15

The results for the Klein bottle and for the torus are given simultaneously (see

[7, 12]):

cry(K;) =1, eri(K;) =0,
cry(Ks) = 4, cri(Kg) = 4,

crz(Kg) = 9 s Cr:(Kg) = 9 >

For n = 10 in contradistinction to the torus, where the precise value cry(Kjo)
is known, only the upper and lower estimates are known for the Klein bottle:

22 § crz(Klo) é 24 N cr:(Klo) = 23 .

The upper bounds for the both surfaces follow from Figs. 1 and 2.
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For 11 < n < 15 we can give for the Klein bottle as well as for the torus the following
estimates:
35 S cry(Kyy) S 43, 37 £ orf(Kyy) S 42,

53 S cry(Kyy) £ 72, 56 < cri(K;,) £ 70,
77 < ery(Ky3) < 109, 81 < crf(K;;) < 105,
108 < cry(Ky4) < 161, 114 < cri(Ky,) < 154,
148 < cry(Kys) S 225, 156 < cr¥(Kys) < 225

The inequality cr,(K,,) < 43 gives Fig. 3. The upper bound is here lower by 1 than
that given in [12]. The inequality cr,(K,s) < 225is a consequence of the construction
which will be presented in Part 3. For n = 15, the upper bound for cr (K s) decreases
from 239 (see [12]) to 225.

3. BOUNDS FOR n = 16

The drawing of the graphs K,, n = 3 on the Klein bottle, which gives the upper
bound for the crossing number cr,(K,), arises by a simple modification of an analo-
gous Guy-Jenkyns’s drawing on the torus [17]. For n = 12 the both drawings are
obvious from Figs. 4 and 5.

Fig. 4 (cry(Kyp) < 72) Fig. 5 (crf(K5) £ 72)

For other n’s the drawings for K, are generalizations of Figs. 4, 5. All n vertices are
divided into three approximately equal parts: white, black and grey. We dislocate
the vertices according to Fgs. 6, 7. After sticking the appropriate pairs of vertices
we obtain in the first case the Klein bottle, in the second the torus.
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I

A—1
Fig. 6 (Klein bottle) Fig. 7 (torus)

On the constructed surface we join all the vertices having the same colour with the
identically coloured circuit. In this way three disjoined circuits arise: white, black
and grey, which form already a crossingfree subdrawing of the sought drawing. The
edges joining two vertices with different colours are determined by these crossingfree
circuits. The other edges are constructed according to the following rule.

First of all we label all the vertices with cyclical orders on each of the crossingfree
coloured circuits with the integers

1,2,3,...,n;

(n; is the length of the white, black and grey circuit C; respectively). We join two
identically coloured vertices u, v coinciding with a crossingfree circuit C; (with
length n,) on one side iff the edge uv is parallel to some of the edges

w, w=2,3,...,[nf2].

Other remaining joins of the vertices belonging to C; are constructed on the opposite
side of the circuit C;. Two edges uv, wt, whose endpoints belong to the same crossing-
free circuits C; of length n; are called parallel iff

u+v=w+t(modn,)
holds.

The just obtained drawing of the graph K, on the Klein bottle as well as that on
the torus contains three subdrawings of complete graphs generated by white, black
or grey vertices respecti%zely. These subdrawings are homeomorphical with the draw-
ing given in [5] by means of the construction B.

From the table and from [12, 13] we obtain the inequalities

g3 ('h)
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As in [7] we obtain the following upper bounds:

Common upper bound for cr,(K,) and cry(K,)

6k = 3u
6k+ 1=3u-+1

6k +2=3u—1

6k + 3 = 3u

6k + 4=3u+1

6k + 5=3u—1

u(u — 2) (59u® — 98u + 24)/64 = n(n — 6) (59n* — 294n + 216)/5184

u(1774® — 412u* + 180u + 64)/192 =

= (n— 1) (59n° — 589n% + 1541n — 435)/5184
(u— 1) 177u® — 707u® + 727u — 117)[192 =
= (n— 2) (59n° — 530n® + 944n + 480)/5184
(u— 1) (594 — 1574 + 45u — 27)/64 =

= (n— 3) (59n° — 471n% + 405n — 243)/5184
(u— 1) (177u® — 2354 — 9Tu + 27)/192 =

= (n— 4) (59n° — 412n% 4 356n + 240)/5184
(u— 2) 177u® — 5304 + 416u — 96)/192 =
= (n— 5) (591 — 353n* + 365n — 87)/5184

l
|
|
I
|
|
|

To compare the upper bounds for the same graph (class of graphs) but for different
surfaces it is useful to investigate the coefficients by the leading members:

Kn Km,n En
Euclidean plane 5% = 0:0156. . 1% = 00625 &5 = 0-0156. ..
Projective plane T3z = 00126.. ? ?
Torus 197 = 00113 25 = 00416 ?
Klein bottle 53197 = 00113 24 = 0-0416 ?
I
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ON A PROBLEM OF R. HAGGKVIST CONCERNING
EDGE-COLOURINGS OF GRAPHS

BOHDAN ZELINKA, Liberec
(Received October 25, 1976)

At the 5th Hungarian Colloquium on Combinatorics in Keszthely in 1976 R.
HAGGKVIST has proposed the following problem [1]:

Let Q(n, G) be the set of n-line-colourings of G. Let q € Q(n, G). Define L(q)
(I(g)) as the maximal (minimal) length of a cycle with edges from two of q’s line-
colour classes. Put

L(n,G) = min L(q), ¥n, G) = max I(q).
9¢Q(n,G) 9¢Q(n,Q)
Give bounds on L(n, G) and I(n, G) for reasonable defined graphs G. Especially:
Is L(n,K,,) = 2n? '

In this paper we shall study L(n, K, ,) for n which is a power of 2. Instead of “line”

we shall say “edge”.

Theorem. Let n = 2™, where m is a positive integer. Then L(n, K, ,) = 4.

Proof. For each positive integer m denote G(m) = K, ., where n = 2™. Denote
N={1,2,...,n}, P={n+ 1,n + 2,..., 2n}. The vertices of G(m) are u,, ..., u,
vy, ..., Uy, the edges are u;v; for each i and j from N. For each G(m) we shall introduce
an edge-colouring q(m) by n colours such that no vertex of G(m) is incident with
any two edges of the same colour. We define it recurrently. In the graph G(1) we
colour the edges u,v,, u,v, by the colour 1, the edges u,v,, u,v; by the colour 2.
Now let the colouring g(m) of G(m) by the colours from N be given for some m; we
shall construct the colouring Q(m + 1) of the edges of G(m + 1). Consider four
graphs H,, H,, H;, H, which are all isomorphic to G(m). The vertices of H, are
denoted in the same way as in G(m); we may consider G(m) and H, as the same
graph. The vertices of H, are u,,y, ..., Uzn Up4 1, -.., V3, and the edges are uv; for
all i and j from P. The vertices of H; are uy, ..., U,, Upsys --.» V5, and the edges
are u;v; for each i from N and each j from P. The vertices of H, are u,y, -.., Uy
vy, ..., U, and the edges are u;v; for each i from P and each j from N. Now we shall
colour the edges of the graphs H,, H,, H,, H,. The graph H, is considered the same
as G(m), therefore its edges will be coloured by the colours from N in the same way
as the edges of G(m). Also the edges of H, will be coloured by the colours from N;
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the edge u;v; is coloured by the same colour as the edge u;_,v;_, of G(m). The edges
of Hj will be coloured by the colours from P; the edge u;v; is coloured by the colour
¢ + n, where c-is the colour of the edge u;v;_, in G(m). The edges of H, will be
coloured also by the colours from P; the edge u;v; is coloured by the colour ¢ + n,
where ¢ is the colour of the edge u;_,v; in G(m). Now we shall take the graphs
H,, H,, H,, H, and identify all pairs of vertices which are denoted by the same
symbol in two of these graphs; thus we obtain the graph G(m + 1). We preserve the
colours of edges; evidently the colouring thus obtained is a colouring of G(m + 1)
by 2n colours and no vertex of G(m + 1) is incident with two edges of the same
colour.

Now consider the cycles in G(m + 1) whose edges are coloured only by two colours.
In G(l) we have only one cycle and it has the length 4. We shall proceed by induction;
suppose that in G(m) each cycle whose edges are coloured by two colours in g(m)
has the length 4 and consider the graph G(m + 1) with the above constructed
colouring g(m + 1). Let ¢;, ¢, be two of the colours 1,...,2n. If ¢, €N, ¢, €N,
such a cycle is either wholly in H,, or whollyin H,. As these graphs were coloured in
the same way as G(m), this cycle must have the length 4. Analogously if n + 1 <
<c¢ =2n n+ 1= ¢, £ 2n, such a cycle is either wholly in H;, or wholly in H,
and it must have the length4.Letl < ¢, S n,n+ 1 < ¢, < 2n. Let C be a cycle
whose edges are coloured only by the colours ¢; and c,. Without loss of generality
we may suppose that C contains an edge uv; of H,; it is coloured by c,. Now let k
be such a number that v;u, is an edge of C coloured by c,; this means that the edge
v;uy—, of G(m) is coloured by ¢, — n. Let [ be such a number that v, is an edge
of C coloured by c,; then u,_,v,_, in G(m) is coloured also by c;. The edge vu; is
in H; and is coloured by the colour ¢ + n, where c is the colour of the edge u;v,_,
in G(m); but ¢ = ¢, — n, because in G(m) there is a cycle with the length 4 with the
vertices u;, v, Uy_,, U;—, Whose edges are coloured by the colours ¢, and ¢, — n.
(The only exception is k = i + n, I = j + n, but also in this case we have evidently
a cycle of the length 4.) Thus v, is coloured also by ¢, and C has the length 4.
Analogously if n + 1 = ¢; = 2n, 1 £ ¢, < n. Thus for every positive integer m
we have L(g(m)) = 4 and L(n, G(m)) < 4. As in a bipartite graph without multiple
edges no cycle has a length smaller than 4, we have L(n, G(m)) = 4 and this means
L(n,K,,) = 4 for each n = 2™, where m is a positive integer.

This is also the negative answer to the question at the end of the problem. If
n = 2", where m 2 2 is an integer, then L(n, K, ,) * 2n.
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U BER DIE CHARAKTERISIERUNG DER VERBANDE
DURCH IHRE ¢-TEILVERBANDE

VACLAV VILHELM, Praha

(Eingegangen am 22. Dezember 1976)

Ein Teilverband L, eines Verbandes L heisst ein c-Teilverband in L, wenn jede
Kette in L,, die keine echte Verfeinerung in L; besitzt, zugleich keine echte Ver-
feinerung in Lhat. Sei K eine Klasse der Verbinde, K, ihre Teilklasse. Die Klasse K,
heisst nach JAkuBfk [1] in der Klasse K durch c-Teilverbidnde charakterisierbar,
wenn es eine Menge S < K\ K,; mit der folgenden Eigenschaft gibt: ein Verband
Le K gehort zu K\ K, genau dann, wenn er einen zu einem Verband der Menge S
isomorphen c-Teilverband enthilt. In der vorliegenden Arbeit wollen wir u. a. das
in [1] gestelltes Problem iiber die Charakterisierbarkeit der Klasse aller distributiven
Verbdnde in der Klasse aller modularen Verbande durch c-Teilverbdnde untersuchen.

Ist L ein Verband und K seine Kette, so werden wir unter der Lénge l(K) der Kette K
die Michtigkeit der Menge K verstehen; die Kardinalzahl (L) = sup {{(K) | K eine
Kette in L} heisst dann die Lange des Verbandes L. L heisst ein Verband mit lokal
endlicher Lange, wenn die Linge jedes Intervalls {a, b) — L endlich ist. L heisst
ein Verband mit lokal endlichen Ketten, wenn jede seine Kette von lokal endlicher
Léange ist.

L

Sei C eine Klasse der Verbédnde, die mit jedem Verband alle mit ihm isomorphen
Verbinde, mit jedem System der Verbdnde der Klasse C auch sein cartesisches
Produkt und mit jedem direkten System der Verbdnde aus C zugleich den direkten
Limes des Systems enthilt. Setzen wir weiter voraus, dass C eine nichtleere Teil-
klasse C, # C enthilt, in der mit jedem Verband L, alle Verbinde der Klasse C
liegen, welche einen mit L, isomorphen Teilverband besitzen. Unter diesen Voraus-
setzungen iiber die Klassen C und C, werden wir fiir jede regulire Kardinalzahl m
einen Verband L(m) e C, konstruieren, in dem I(K) = m fiir jede seine maximale
Kette K zwischen beliebigen Elementen a, b € I(m) (a < b) ist.

Konstruktion des Verbandes.L(m). Es sei w die erste transfinite Zahl der regularen
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Michtigkeit m. Wahlen wir in C, einen Verband L,. Infolge der Voraussetzungen
iiber C; muss L, mehr als ein Element enthalten. Es sei ¢ (1 < ¢ < o) eine transfinite
Zahl. Setzen wir voraus, wir haben schon die zunehmende Kette {L,},<,<, der
Verbinde der Klasse C konstruiert. Ist ¢ keine Limeszahl, so setzen wir

Li=L_yxL_,

und betten den Verband L,_, mittels der Abbildung a i~ (a, a) fiir jedes aeL,_,
inden L, ein. L,_, ist dann ein Teilverband des L, und L, ist ein Element der Klasse C.
Es sei ¢ eine Limeszahl. Fiir jedes « (1 < « < ¢) bilden wir das cartesische Produkt

S,=JIL,(a sy <y

der Verbande L,. Wieder ist S, € C. Definieren wir nun fiir jede Zahlen a, f (x <
< B < ¢) den Verbandshomomorphismus

g;:sa—)sﬁ’

wo g5[(a,)esy<.] = (a,)p<y<. ist. Das System (S,, g3) ist offenbar ein direktes System
der Verbinde der Klasse C. Es sei lim S, = (L,, (I7)s<.) sein direkter Limes. Dann ist
L, € C und fiir jede Zahlen &, f (1 < « < B < ¢) ist das Diagramm

la

t

Sﬂ = LL
T

g5 l
Sp

lﬂ

kommutativ. Die Einbettungen h,:L, > S, (1 £ a < ¢), wo ha) = (a,)agy<1>
a, = a ist, geben die Homomorphismen [[h, : L, - L, und das Diagramm

L, = L

I*h, Ih,

— L, <

ist wieder fiir jede o, f (1 < a < B < ¢) kommutativ. Die Homomorphismen [/},
sind schon injektiv: es seia, b € L,, I{ h(a) = I h(b). Danngibteseiny (¢ <y < ¢),
so dass

| 95(ha)) = g(h(2))
ist. Es ist also (a5),<s<. = (bs)yss<i» @ = @, b; = b. Daher ist @ = b. Jedes Element
aeL, (1 £a¢) kann so mit dem Element 1fh(a)e L, identifiziert werden;

jeder Verband L, (1 £ & < ¢) ist dann ein Tcllverband des L,. Setzen wir endhch
L(m) = lim (L) = UL, (1 £ ¢ < w). Es ist L(m)e C.
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Satz 1. Der oben konstruierte Verband L(m) liegt in der Teilklasse C, und jede
seine maximale Kette zwischen Elementen a, b eL(m) (a < b) hat die Mdchtig-
keit = m.

Beweis. Die erste Behauptung ist klar, denn L(m)e C, L, = L(m), L, € C, ist.
Sei K eine Kette im L(m) der Linge I(K) < m und es sei a £ x < b fiir jedes x € K.
Offenbar geniigt es die Existenz eines solchen Elementes c € [(m) zu beweisen,
dass x < ¢ < b fiir jedes x e K ist: dann kann K U {a, b} keine maximale Kette
zwischen a, b sein. Zu jedem x € K U {a, b} gibt es eine transfinite Zahl a(x) < o,
fir die x € Ly, ist. Weil Card {«(x)|xeK U {a, b}} < m und m eine regulire
Kardinalzahl ist, kann man eine transfinite Zahl ¢« < @ finden, so dass a:(x) <o
fiir jedes x € K U {a, b} ist. Die Kette K U {a, b} liegt also im Verband L, = L(m).
Hat K das grosste Element d, sei ¢ = (d, b)e L, X L, = L,,,. Fiir jedes x e K ist
dann im L(m)

x<d=(dd) <(db)<(bb)=b.

Nehmen wir jetzt an, K besitze kein grosstes Element. In diesem Fall enthilt K eine
in der Anordnung < wohlgeordnete und mit K konfinale Teilkette T. Schreiben wir
die Elemente der Kette T'in der Form x,, wo die Indexen die Menge M = {y ] a s
< y < ¢} der transfiniten Zahlen durchlaufen und x, < x; gleichbedeutend mit
y < dist. Es gilt « < w, Card M £ Card K < m and o ist die erste transfinite Zahl
der Michtigkeit m; daher ist ¢ < w. Die Zahl ¢ ist offenbar eine Limeszahl. Nehmen
wir das Element y = (x,),<,<: € S, und sei ¢ = I}(y) € L(m). Wahlen wir ein f € M,
so ist fiir jedes 6 (B < 6 < ¢)

g:(ha(xﬂ)) = (ta)6§a<t sy I

g:(ha(b)) = (za)6§a<L s Z,=Db,

Xg

g:()’) = (xo')d Sa<t

Fiir jedes ¢ (6 < 0 < ¢) ist aber t, = x; < X, < b = z,. Darum gilt _
g5(hxp)) < 95(») < g3(ha(b))
im S, fiir jedes 6 (8 < 6 < ¢)und im L, = L(m) ist also
X5 = I hy(x5) < I5(y) = ¢ < B h(b) = b

fiir jedes ff € M. Weil die Kette T mit der Kette K konfinal ist, folgt daraus fiir jedes
x € M die Ungleichung x < ¢ < b, q.e.d.

Satz 2. Die Klasse C, = C\C, ist nicht in der Klasse C durch c-Teilverbdnde
charakterisierbar. '
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Beweis. Setzen wir voraus, der Satz ware falsch. Sei S die entsprechende Menge,
mit deren Hilfe die Klasse C, in C durch c-Teilverbande charakterisiert ist. Sei
S = {K, | Be B}. Weil C; + C ist, muss B % 0 und I(K,) > 1 fiir jedes B € B sein.
S ist eine Menge; daher gibt es eine Kardinalzahl m, so dass I(K,) < m iiber jedes
B € B ist. Wir konnen voraussetzen, dass m eine regulire Kardinalzahl ist. Fiir die
Zahl m bilden wir den Verband L(m)e C,. L(m) ist ein Verband der Klasse C,
welcher nicht zur Klasse C; gehort. Es gibt also einen mit einem Verband K (f € B)
isomorphen c-Teilverband L des L(m). Weil I(K,) > 1, enthlt L verschiedene ver-
gleichbare Elemente a, b. Jede maximale Kette in L zwischen a, b ist aber zugleich
die maximale Kette im D(m) zwischen a, b und diese hat nach dem Satz 1 die Mich-
tigkeit = m. Es ist also I(L) = m, aber gleichzeitig ist L = K,, I(K;) < m; das ist
ein Widerspruch. '

Als eine unmittelbare Folgerung des Satzes 2 bekommen wir die folgerde Be-
antwortung der Fragen (a) und (b) in [1].

Korollar. (a) Die Klasse K, aller distributiven Verbdinde ist nicht in der Klasse K,,,
aller modularen Verbdnde durch c-Teilverbdnde charakterisierbar.

(b) Sei K, die Klasse aller Verbinde. Es sei K, (0 + K, + K,) eine Teilklasse
der K,, die mit jedem Verband alle zu seinen Teilverbdnden isomorphen Verbdinde
enthdlt. Dann ist die Klasse K, nicht in der Klasse K, durch c-Teilverbdnde cha-
rakterisierbar.

Beweis. Die Klassen K,, und K,,\ K,, resp. K, und K, \ K, erfiillen offenbar
die Voraussetzungen iiber die Klassen C und C,. Die Behauptungen folgen dann
aus dem Satz 2.

II.

Wesentlich verschieden ist der Sachverhalt in der Klasse K aller Verbinde mit
lokal endlichen Ketten. Bezeichnen wir mit K, resp. K,, resp. K,,, resp. K, die Teil-
klassen aller Verbiande mit lokal endlicher Lénge, resp. aller semimodularen, resp.
modularen, resp. distributiven Verbiande der Klasse K. Es sei weiter K, die Teil-
klasse der Verbinde der Klasse K, in denen jede zwei maximale Ketten R:, S° zwi-
schen beliebigen vergleichbaren Elementen a, b des Verbandes die gleiche Lénge
haben. Es ist gut bekannt, dass die Teiklassen K, K,,, K; in der Klasse K; durch
c-Teilverbande charakterisierbar sind. (Siehe z. B. [1].)

Diese Ergebnisse kann man noch etwas verscharfen. Fiihren wir zu diesem Zwecke
die folgende Definition ein. : :

Definition. Sei K eine Klasse der Verbdnde, K sei ihre Teilklasse. Die Teilklasse K,
heisst in der Klasse K durch c-Teilverbande stark charakterisierbar, wenn es eine
Menge T < K\K, gibt, so dass Le K\ K, genau dann ist, wenn L ein Intervall
{a,b) und im {a, b) solche c-Teilverbande L, (xe 4, 4 + 0) enthilt, dass
sup {I(L,) | « € A} = I(<a, b)) und L, = L, L, e Tfiir jedes a € A ist.
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Seien m,n (2 < m, 2 £ n) natiirliche Zahlen. Mit L(m, n) bezeichnen wir den
Verband mit Elementen

X=X <X < ...<Xp=Y, X=)<P<...<y,=Yy,

wo x;, y; fiir 1 < i < m, 1 <j < n unvergleichbar sind. (L(m, n) ist also ein zykli-
scher Verband.) Ferner sei M5 ein modularer nicht distributiver Verband mit fiinf
Elementen, B ein Verband mit dem Diagramm auf Abb. 1 und B’ der zum B duale
Verband.

Abb. 1

Satz 3. (a) Die Klasse K, ist in K durch c-Teilverbinde stark charakterisierbar.
Die entsprechende Menge aus der Definition ist T = {L(m, n)l 3<m<n}

(b) Die Klasse K,, resp. K, resp. K, ist in der Klasse K,, resp. K,, resp. K,,
durch c-Teilverbinde stark charakterisierbar; die entsprechende Menge ist
{L(m, m)| 4 £ m} U {B'}, resp. {B}, resp. {Ms}.

Fiir den Beweis beweisen wir zuerst das folgende

Lemma. Sei Le K, {a, b) ein Intervall in L. Dann sind entweder jede zwei
maximalen Ketten in L zwischen a, b von derselben Linge oder es gibt ein Teil-
intervall {a’, b') < (a, b), so dass <a’,b') c-Teilverbinde C, (xe A % 0) des L
enthdlt und sup {I(C,) | xe A} = I(<a’, b)), C, = L(m,, n,) (m, * n,) ist. (Vergl.
[2], Thm. 7.)

Beweis. R, S seien maximale Ketten in L zwischen a, b. Ist I(R) = 2, so ist die
Behauptungen richtig. Setzen wir voraus, die Behauptung gelte fiir jedes Intervall
{c¢,d)y = L, welches eine maximale Kette P mit I(P) < n (n 2 2) enthalt. Es sei
{a, b) ein Intervall in L, in dem n die kleinste Lénge seiner maximalen Ketten ist.
R sei eine maximale Kette in {a, b), l(R) = n. Fiir den Beweis kann man sich offen-
bar nur auf den Fall begrenzen, in dem {a, b) eine maximale Kette S (I(S) > n)
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enthdlt und R, S keinen zyklischen Teilverband des Verbandes L erzeugen. Die
Elemente der Kette R, resp. S seien

a=a,<a,<..<a,=b, resp. a=b;<b,<...<b,=b.

Es gilt also a, v b, =c < b oder a <d =a,_; A b,_,. Untersuchen wir den
ersten dieser dualen Falle. Es sei T, resp. U, resp. V eine maximale Kette in Lzwischen
¢, b, resp. a,, ¢, resp. by, c. Es gilt [R)) =n — 1, wo R' = R\{a} ist. Sind die
Langen der Ketten R, U U T verschieden, dann gilt die Behauptung des Hilfsatzes
nach der Induktionsvoraussetzung. Es sei also (U U T) = n — 1. Dann ist l(U) <
< n — 1; also ist (U u {a}) < n. Infolge der Induktionsvoraussetzung kénnen wir
uns auf den Fall I({a} U U) = I({a}) U V), also (U) = (V) begrenzen. Es ist daher
(VuT)=WUuUT)=n—1. Aber fir die Linge der Kette S’ = S\{a} gilt
I(S) = m — 1 > n — 1. Die Ketten §' und V U Thaben daher verschiedene Lingen
und es ist I(Vu T) = n — 1. Die Behauptung ist wieder nach der Induktionsvoraus-
setzung richtig.

Beweis des Satzes 3. Die Behauptung (a) folgt unmittelbar aus dem Lemma;
(b) ist die Folgerung der Behauptung (a), der Inklusionen K, c K,, < K; =« K; n K,
und der Sitze (A), (B), (C) in [1].
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Casopis pro péstovani matematiky, ro¢. 103 (1978), Praha

UBER EINE EIGENSCHAFT VON OVALEN

VAcLAV MEDEK, Bratislava

(Eingegangen am 11. Januar 1977)

1. Im weiteren werden wir unter einer projektiven Ebene R entweder eine endliche
projektive Ebene ungerader Ordnung n, oder eine unendliche projektive Ebene
verstehen und wenn es zu keinem Missverstindnis kommen kann, werden wir nur
iiber eine Ebene sprechen. ’

Ein Oval in einer Ebene ist eine Menge O solcher Punkte, dass jede Gerade der
Ebene mit der Menge O héchstens zwei gemeinsame Punkte hat und durch jeden
Punkt der Menge O gerade eine Gerade (Tangente des Ovals) geht, die mit der
Menge O keinen weiteren Punkt gemeinsam hat. Ein Oval in einer endlichen Ebene
ist eigentlich ihr maximaler k-Bogen, d. h. eine Menge O solcher n + 1 Punkte,
von welchem keine drei auf einer Geraden liegen.

Die Geraden einer Ebene R kann man in 3 Gruppen, beziiglich des Ovals O,
zerteilen: a) Sekanten, die mit dem Oval O zwei verschiedene Punkte gemeinsam
haben, b) Tangenten, die mit dem Oval O gerade einen Punkt gemeinsam haben
und c) dussere Geraden, die mit dem Oval O keinen gemeinsamen Punkt haben.
Durch jeden Punkt des Ovals geht gerade eine Tangente. Durch einen Punkt einer
unendlichen Ebene R, der nicht auf dem Oval liegt, konnen entweder zwei verschie-
dene Tangenten des Ovals gehen (ﬁusserer Punkt), oder es geht durch ihn keine
Tangente (innerer Punkt) [1].

Ein Oval in einer endlichen Ebene ist gerade dann ein Kegelschnitt, wenn die
Ebene eine desarguessche ist [2].

2. Definition 1. Ein in ein Oval eingeschriebenes Viereck bilden vier verschiedene
Punkte des Ovals; diese vier Punkte nennen wir Ecken des Vierecks, die durch zwei
verschiedene Ecken gehende Gerade nennt man die Seite des Vierecks und zwei
Seiten nennen wir gegeniiberliegende Seiten, wenn sie keine gemiensame Ecke haben.
Die Durchschnittspunkte der gegeniiberliegenden Seiten nennen wir die Diagonal-
punkte des Vierecks.
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Definition 2. Sei P ein Punkt, der nicht auf dem Oval O liegt; konstruieren wir alle
solche in das Oval O eingeschriebene Vierecke, fiir die der Punkt P sein Diagonal-
punkt ist. Quasipolare des Punktes P beziiglich des Ovals O ist die Menge aller
anderen Diagonalpunkte aller solchen Vierecken zusammen mit den Beriihrungs-
punkten der Tangenten des Ovals O, die durch den Punkt P gehen (wenn solche
Tangenten existieren). Die Quasipolare eines Punktes P des Ovals O (beziiglich des
Ovals 0) ist die Tangente des Ovals O in dem Punkte P.

Aus der Definition 2 folgt unmittelbar

Satz 1. Wenn der Punkt Q auf der Quasipolare des Punktes P beziiglich des Ovals
O liegt, dann enthdlt die Quasipolare des Punktes Q beziiglich des Ovals O den
Punkt-P.

Bemerkung. Eine Quasipolare muss nicht ein Teil einer Geraden sein. Z. B. fiir
das Oval von HuGHES O(H) = {Ao, A;, Ag, A7, B,, Cs, Co, Dg, Dy, E,} sind die
Quasipolaren aller Punkte 4; (i =0, 1, ...,12) (und selbstverstindlich auch aller
Punkte des Ovals) Geraden. Die Quasipolaren aller anderen Punkte sind aber nicht
Teile von Geraden. (Uber das Oval O(H) siehe z. B. [3].)

Satz 2. Sei O ein endliches Oval der Ordnung n; die maximale Anzahl der
Punkte der Quasipolare des Punktes P € R beziiglich des Ovals O ist: a) fiir einen
inneren Punkt P: (n* — 1)/4, b) fiir einen dusseren Punkt P: (n* — 4n + 11)[4
und c) fiir einen Punkt P des Ovals O: n + 1.

Beweis. a) Ist der Punkt P ein innerer Punkt, dann kann man gerade (n + 1)/2
solcher verschiedenen Sekanten des Ovals O konstruieren, die durch den Punkt P
gehen. Die Menge aller solcher Vierecke, die fiir die Quasipolare des Punktes P in
Betracht kommen, enthalt gerade

n+1

2
2

= (* - V)8

Vierecke und die Anzahl der Punkte der Quasipolare ist also am meisten (n* — 1)/4.

b) Ist der Punkt P ein dusserer Punkt, dann kann man gerade (n — 1)/2 solcher
verschiedenen Sekanten des Ovals O konstruieren und dieselbe Betrachtung wie im
Falle a) fiihrt uns zur maximalen Anzahl der Punkte der Quasipolare:

Y (i

= (n? —4n + 11))4.
2
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Im Falle c) ist die Behauptung evident.

Bemerkung. Die Zahlen von dem Satz 2 kann man nicht verbessern. Z. B. fiir
ein willkiirliches Oval der Ordnung 5 enthélt die Quasipolare eines ihren willkiirli-
chen inneren Punktes gerade 6 Punkte. Die Quasipolare des dusseren Punktes B,
beziiglich des Ovals O(H) von Hughes enthélt die Punkte A, By, Bs, C4, Co, Do,
Dg, Dyy, Eo, Eyo, Eyy, F3, Fs, Gy, also 14 Punkte. (Diese Punkte findet man mittels
der direkten Konstruktion der zugehérigen Vierecken). Es existieren solche inneren
und auch dusseren Punkte der Ovalen, deren Quasipolaren die maximale Anzahl der
Punkten nicht enthalten.

Satz 3. Die Quasipolaren eines willkiirlichen Punktes einer endlichen projektiven
Ebene der Ordnung n beziiglich des Ovals O enthdlt mindestens n — 1 verschiede-
ner Punkten.

Beweis. a) Ist der Punkt ein innerer Punkt des Ovals O, wir konstruieren eine will-
kiirliche Sekante s des Ovals O, die durch den Punkt P geht. Ausser der Sekanten s
gehen durch den Punkt P noch (n — 1)/2 weitere Sekanten. Jede diese Sekante
zusammen mit der Sekante s bestimmt ein in das Oval O eingeschriebenes Viereck
und die Diagonalpunkte aller dieser Vierecke (ausser dem Punkt P) sind verschieden.
Wir bekommen so 2(n - 1)/2 = n — 1 verschiedene Punkte der Quasipolare des
Punktes P. :

b) Ist der Punkt P ein Ausserer Punkt des Ovals O, dann existieren (ausser der
Sekanten s des Ovals 0) noch (n — 3)/2 weitere Sekanten des Ovals O, die durch den
Punkt P gehen, und dieselbe Anzahl der Vierecke mit verschiedenen Diagonal-
punkten, also wir bekommen 2(n — 3)/2 = n — 3 verschiedene Punkte der Quasi-
polare des Punktes P. Zwei Beriihrungspunkte der Tangenten des Ovals O, die durch
den Punkt P gehen, ergeben weitere zwei Punkte der Quasipolare des Punktes P,
also zusammen n — 1 Punkte.

c) Fiir einen Punkt des Ovals ist die Behauptung evident.

Bemerkung. Den Satz 3 kann man auch nicht verbessern, da z. B. fiir ein Oval
in der Ebene der Ordnung 5 die Quasipolare eines dusseren Punktes P zwei Be-
rithrungspunkte der Tangenten des Ovals enthilt, die durch den Punkt P gehen, und
zwei Diagonalpunkte des einzigen in das Oval eingeschriebenen Vierecks mit dem
Diagonalpunkt P, also zusammen 5 — 1 = 4 Punkte.

Satz 4. Sei die Quasipolare des Punktes P beziiglich des Ovals O ein Teil der
Geraden p; sei s eine willkiirliche Sekante des Ovals O, die durch den Punkt P
geht; dann liegt der Durchschnittspunkt der Tangenten des Ovals O in den Durch-
schnittspunkten S, S’ der Sekanten s mit dem Oval O auf der Geraden p.

Beweis. Fiir einen Punkt P € O ist die Behauptung evident. Bezeichnen wir jetzt
den Durchschnittspunkt der Tangenten ¢ des Ovals O im Punkte S mit der Geraden p
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mit T. Sei ¢’ die Verbindungslinie der Punkte T und S’ und setzen wir voraus, dass
diese Gerade das Oval O in einem weiteren Punkte R’ % S’ durchschneidet; dann
muss die Gerade PR’ das Oval O in einem weiteren Punkte R + R’ durchschneiden.
(Der Punkt R’ kann nicht der Beriihrungspunkt einer Tangenten des Ovals O, die
durch den Punkt P geht, sein, da dann miisste der Punkt S’ auf der Geraden p
liegen. Aber der Punkt S’ kann nicht auf der Geraden p liegen. Hat die Gerade p
mit dem Oval O keinen gemeinsamen Punkt, ist das evident. Wenn der Punkt S’
auf der Geraden p liegt, dann wéhlen wir einen solchen Punkt U e O, der nicht
auf der Geraden p liegt und so, dass die Gerade PU eine Sekante des Ovals O ist.
Sei U’ der zweite Durchschnittspunkt der Geraden PU mit dem Oval O. Dann liegen
die Diagonalpunkte des Vierecks UU’'SS’ nicht auf der Geraden p, was ein Wider-
spruch. zur Voraussetzung ist). Dann ist SS'RR’ ein in das Oval eingeschriebenes
Viereck und der Durchschnittspunkt seiner gegeniiberliegenden Seiten SR, S'R’
sollte auf der Geraden p liegen. Da aber die Verbindungslinie S'R’ die Gerade p
in dem Punkte T schneidet, miisste auch die Gerade SR durch den Punkt T gehen,
was unmoglich ist.

Satz 5. Sei die Quasipolare des Punktes P beziiglich des Ovals O, das mehr als
5 Punkte enthdlt, ein Teil der Geraden p; dann gehort jeder Punkt der Geraden p
zur Quasipolare des Punktes P.

Beweis. Liegt der Punkt P auf dem Oval O, folgt die Behauptung unmittelbar
aus der Definition der Quasipolare. Liegt der Punkt P nicht auf dem Oval O, wéhlen
wir auf der Geraden p, die die Quasipolare des Punktes P beziiglich des Ovals O
enthilt, einen willkiirlichen Punkt M, der verschieden von méglichen Durchschnitts-
punkten der Geraden p mit dem Oval O ist (der Durchschnittspunkt p N O gehort
zur Quasipolare, da er der Berithrungspunkt der Tangenten des Ovals, die durch den
Punkt P geht, ist). Sei m die Sekante des Ovals O, die durch den Punkt M geht,
verschieden von der Geraden p ist und nicht durch den Punkt P geht. Seien A, B
die Durchschnittspunkte der Geraden m mit dem Oval O und A’, B’ die Durschnitts-
punkte der Geraden PA und PB mit dem Oval O (die Geraden PA, PB konnen nicht
Tangenten des Ovals O sein, da dann die Punkte A4, B zu der Geraden p gehdren
miissten). Der Diagonalpunkt M’ = AB n A'B’ des Vierecks ABA'B’ muss der
Quasipolare des Punktes P beziiglich des Ovals O gehdren; er muss also auf der
Geraden p liegen. Das ist nur so méglich, wenn M = M’ ist, also wenn der Punkt M
zu dieser Quasipolare gehort.

Bemerkung. Der Satz 5 erméglicht uns die Quasipolare, die eine Gerade ist,
einfach die Polare zu nennen. )

Jeder Punkt P der Ebene R, der nicht auf dem Oval O liegt, bestimmt eine involu-
torische Bijektion P der Punkten des Ovals O und zwar so: Sei A ein willkiirlicher
Punkt des Ovals O; dann ist das Bild P(4) des Punktes 4 in der Involution P ent-
weder der Punkt A, wenn die Gerade PA eine Tangente des Ovals O ist, oder ist es
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der zweite Durchschnittspunkt 4’ der Geraden PA mit dem Oval 0. Da wir uns mit
keinen weiteren Involutionen beschiftigen werden, werden wir im weiteren unter
der Involution gerade die beschriebene Abbildung verstehen.

Definition 3. Zwei verschiedene Involutionen I, J nennen wir quasivertauschbar
(beziiglich des Ovals 0), wenn ein solcher Punkt A € O existiert, der nicht auf der
Geraden IJ liegt und auch kein Fixpunkt keiner der Involutionen 7, J ist, fiir welchen
1J(A) = JI(A) ist.

Satz 6. Zwei Involutionen 1, J sind gerade dann quasivertauschbar, wenn ein
solches in das Oval eingeschriebenes Viereck existiert, dass die Punkte I, J seine
Diagonalpunkte sind.

Beweis. Sei ABCD ecin in das Oval O eingeschriebenes Viereck und sei
I =ABnCD,J = AD n BC; dann ist I(A) = B, JI(A) = J(B) = C, J(4) =
1J(A) = I(D) = C, also IJ(A) = JI(A).

Umgekehrt, setzen wir voraus, dass ein solcher Punkt 4 € O existiert, dass IJ(4) =
= JI(A) ist und seiI(A) = B % A; J(A) = D + A, B; J(B) = C. Dann ist notwendig:
C = J(B) = JI(A) = 1J(A) = I(D), also ist der Punkt D das Bild des Punktes C
in der Involution I und die Punkte C, D liegen auf einer Geraden, die durch den
Punkt I geht. Die Punkte C, D sind verschieden, da wenn C = D, d. h. J(4) = J(B)
wire, miisste A = B gelten. Die Punkte A4, B, C, D sind also 4 verschiedene Punkte
des Ovals O und die Punkte I, J sind Diagonalpunkte des Vierecks ABCD.

Satz 7. Die Quasipolare des Punktes I, der nicht auf dem Oval O liegt, beziiglich
des Ovals O, ist die Menge aller solchen Punkte X € R, fiir die die Involutionen
I, X quasivertauschbar beziiglich des Ovals O sind erweitert um die mdglichen
Beriihrungspunkte der Tangenten des Ovals O, die durch den Punkt I gehen.

Beweis folgt aus der Definition der Quasipolare und aus dem Satz 6.

Definition 4. Zwei verschiedene Involutionen I, J nennen wir vertauschbar, wenn
iiber jeden Punkt 4 des Ovals O gilt: 1J(4) = JI(A).

Satz 8. Seien die Quasipolaren aller Punkte P € R beziiglich des Ovals O (P ¢ 0)
Geraden und sei card O > 7; dann liegen alle Punkte X € R, fiir die die Involution X
vertauschbar mit der Involution P ist, auf der Polare p des Punktes P beziiglich
des Ovals O und umgekehrt fiir jeden Punkt X der Polare p (mit der Ausnahme
der Punkten des Ovals 0) gilt: PX = XP.

Beweis folgt unmittelbar aus den Sétzen 5, 6 und 7.

Setzen wir im weiteren voraus, dass O ein Oval einer desarguesschen Ebene R
ist, card O > 5 und dass die Quasipolaren aller Punkten der Ebene R, die nicht auf
dem Oval O liegen, Geraden sind.
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Zu jedem Punkt P € R, der nicht auf dem Oval O liegt, ordnen wir eine zentrale
Kollineation of mit dem Zentrum P, mit der Achse in der Polaren p des Punktes P
beziiglich des Ovals O zu, die den gegebenen Punkt A4 € 0, der nicht auf der Gera-
den pliegt,in den Punkt A’ = PA abbildet. Das Zentrum P, die Achse p, der Punkt A
und sein Bild A’ bestimmen die zentrale Kollineation *. Wir werden beweisen, dass
das Oval O in der Kollineation o invariant ist. Wirklich, sei B + A, A’ ein Punkt
des Ovals O, der nicht auf der Geraden p liegt und sei B’ = PB; dann ist AA’'BB’
ein in das Oval O eingeschriebenes Viereck und hat den Diagonalpunkt P. Dann
miissen die weiteren zwei Diagonalpunkte des Vierecks AA’BB’ auf der Geraden p
liegen, also die Geraden AB und A’B’ miissen sich auf der Achse p der Kollineation o*
schneiden. Der Punkt B’ ist dann das Bild des Punktes B in der Kollineation oF.
Wenn der Punkt Tein Durschnittspunkt der Geraden p mit dem Oval O ist, dann ist
d(T)=T

BUEKENHOUT [4] hat diesen Satz bewiesen: Ist R eine desarguessche Ebene und O
eine solche perspektive quadratische Menge in R, die keine Vereinigung von zwei
Geraden ist, dann ist R eine pappussche Ebene und O ein Kegelschnitt. Die quadra-
tische Menge Q ist eine Verallgemeinerung des Ovals und wir nennen sie perspektiv,
wenn fiir jeden Punkt aus R, der nicht der Menge Q gehort, eine solche perspektive
Kollineation existiert, die die Menge Q invariant ldsst.

Aus diesem Satz folgt

Satz 9. Sei R eine desarguessche Ebene und sei O ein Oval der Ebene R; ist die
Quasipolare jedes Punktes, der nicht auf dem Oval O liegt, eine Gerade, dann ist
die Ebene R eine pappussche Ebene und das Oval O ist ein Kegelschnitt.

Der Beweis folgt daraus, dass die Abbildungen ¢ perspektive Kollineationen
sind und dass sie das Oval invariant lassen.

Bemerkung. Da jede endliche desarguessche Ebene eine pappussche Ebene ist
und da jedes Oval in einer solchen Ebene ein Kegelschnitt ist, gibt der Satz 9 nur
fiir unendliche Ebenen ein neues Ergebnis.
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ON AN INTEGRAL FORMULA

Avois Svec, Olomouc

(Received January 13, 1977)

One of the main tools used in the global differential geometry is the integral formula
(1.14.1) of [1] for the so-called Codazzi-tensors. In the following paper, I present
a more (possibly the most) general integral formula; the above mentioned formula
appears then as its simple corollary.

Given a Riemannian manifold (M, g), dim M = n. Let V be its associated Eucli-
dean connection. In each coordinate neighborhood U of M, we may choose ortho-
normal sections {v, ... v,} of T(U) such that V is given by

(1) Vm = o'v;, Vo, =ol;; ol +woj=0

and we have

(2) do'=0' Aw) do]=of o] - R0 A ®', Rl +Ri=0.
The curvature tensor (at m € U)

%) R : Tp(M) x T(M) x T,(M) - T(M),

R(y'v;, z'v;) (x'v;) = Riux'y*z'v;
satisfies (2;) and

4 Riy+ Rjy=0, Rly=Ri;, R+ Rh;+Rj=0,
i.e.,
) R(y,z)x + R(z, ) x =0, g(x,R(z,t)y) + g(y, R(z, ) x) = 0,
9(», R(z, 1) x) = g(t, R(x, y) 2),
000, Rz 1) %) + o(2 Rt 3) %) + gt R0 2) ) = 0

for x, y, z, t € T,(M).
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Let (E, g*), dimE = n + N be a Euclidean vector bundle over M; on E, let
a metric connection V* satisfying

() ) Vig*(& ) = g*(Vi& n) + g*(& Vin)

for each x € T, (M), m € M and local sections £,  : M — E defined in a neighborhood
of m be given. Suppose that E is trivial over U, and let w,:U - E (o, B, ... = 1,..., N)
be orthonormal sections; V* is then given by

7 V*w, = thw,, T +15=0.

We have

® . d = At - 180 A, S+ S8, =0,

the curvature tensor of V* being

) S:T,M) x T,(M) x E,, > E,,,
S(x'v;, y'v;) (E°w,) = SE;E%x yIw, .

Evidently,

(10) . St + S5 =0,

i.e., S satisfies
(1)  S(x,y) &+ S(y,x) & =0, g*& S(x, y)n) + g*(n. S(x, ) &) =0

for each &, n € E,,; x, y € T,(M).
For each m € M, let a p-linear mapping

(12) F: x?T,(M)—E,
be given. The mappings
(13) FO: x?*1T (M) E,, F®:x?*?T/(M)->E,
let be introduced by
(14) F‘l‘)(x(,), coes Xy X) = VEF(X(1y, -5 X(pp) —
"gF(x(l)’ v Xe=13 VX X130 200 Xip) »
F@ — (Fu))(x) ,

where xy), ..., X5, X € T,(M) and xy), ..., X, are local sections of T(M) such that
’ ’
X1y (M) = X(ay, --s Xpp(m) = X
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Lemma. The mappings F) and F® are well defined, i.e., they do not depend
on the choice of the sections X, ..., X(p). Further,

(15) FO X135 oes Xpps Vs X) — FO X135 110y Xy X, ¥) =
=r§1F(x(l), cees Xg—1)s R(X5 ) X(eyy Xt 1ys -0 Xpy) — S ¥) F(X(1ys ++0s X(p)) -
Proof. Let us write, in U,
(16) F(x(3yis +o» X(y00) = Fi,.ipX(1) -+ XGyWa -

The components Fj,_; ; let be introduced by

1. i;l
(17) dF?n .ip Z ieip—giir+ 1. i,, :,- + Ffl...i,,r; S F7|‘..I,,lwi .

Then it is easy to see that
. . . . ey f
(18) F(l)(le)v,-, “oey xzp)vi, x’v.') = F?l'_,;p,-xzi) o x(;)x‘wa .

The exterior differentiation of (17) yields

(19) (d ig.ipi T Ffl lpJ ZF?x dp—1jir+1.. iplwir i Fln 'p‘rﬂ) A (l) =

P
= ‘}(Z T -,,Ri,,u - f. Ay pu) o’ A @
The components F;_; ;; let be defined by
(20) dF?,...i,i .1 ;,jw Z itenire 1 firggo.ipi® ..+ F?,...i,iT; = F?;...i,ijwj'
Clearly,

; ; S ; o
(21) FO(x ()03, - s X(p0is X'05, Y'0;) = Fi, s ii%h - x2yxhrtw, ,
and (19) implies
p
k

(22) 7....:,,11 i, Jdpif T Z igecdr—1kipgg.. .,R Ffl...t,S;U ’
i.e., (15). QED.

Let us introduce the following notation. For H : x? T, (M) — R a g-linear mappmg,
q221=<gq; <q, = q, write
(23) H(x(1ys -+ 0s Xqu= 10 As Xiqu 132 -+ X@a=1p» As Xzt 130 -+ » X@) =

=xZ‘1H(x(”’ e X@=19 Vb Kigi# 130 -+ Xga=1)» Vs Xzt 1 -+ (@) »

where {v,, ..., v,} is an arbitrary orthonormal basis of T,,(M); (23) is well defined.
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Theorem. Let (M, g), (E, g*, V*) be as above. At each m e M, let p-linear map-
pings F, G : x? T,(M) - E,, be given. On M, consider the 1-form

(24) (P(x) = g*(F(Al, ceny Ap—l’ x), G(l)(Al, ceey Ap—l’ B, B)) =
- g*(F(Al, seey Ap-l’ B), G(l)(Al, ssay Ap—l’ x, B)) .

Let OM be the boundary of M and » the Hodge operator. Then
(25) J. *Q = f {g*(F* (4, ..., A1, B, B), GINA,, .., 4, ,,C, C))—
oM M
— g*(FY(Ay, ..., Ap—y, B,C), GV(A,,...,4,_,,C, B)) +
p—1
+ g*(F(Ay, ..., Ap—y, B), Z,IG(A,, vy Ay R(B.C)A,, Apyy, .oy Apoy, ©) +

+ G(Ay, ..., A,_;, R(B,C) C) — S(B, C) G(4;, ..., A,_,, C))} do,
do being the volume element on M.
Proof. On U we get
(26) @ = 808"t ... 8PN FY Gy — Flaty o kGhygy i) @
Hence
(27) ds=5,0"" ... 5"“""’5”5”(1’?1...:,-,qu,...;,,-.u = F?p..i,,_,kjcgl...J,..lil +
+ H,...i,_;iGg;...j,_;ku - Fz...i,-,qu,...j,-,m) do =
= 0yp0"Jt .. 8IS FY G gyt = Fhytyo Gyt +
+ F?,...i,_.i(G’,...j,_lku = 1....1,-,;]1)} do;
using (22) for G, we get (25). QED.

Corollary. Let (M, g) be a Riemannian manifold. Let T(x, y) be a symmetric
tensor on M, and let there be a function ©: dM — R such that T(x, y) = 1g(x, y)
on OM. Further, let T(x, y) have, at m € M, orthonormal eigen-vectors {v,, ..., v,}
with the corresponding eigen-values ky, ..., k,, and let K;; be the sectional curvature
corresponding to the 2-direction {v;, v;}. Then

(28) f {T"(4, B, B) TY(4, C, C) — T"(A4, B, C) T™)(4, C, B) —
M e

- Y Kyki—k)*}do=0.

1si<jsn
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Proof. Set E = M x R, F(x, y) = G(x, y) = T(x, y). Then
o(x) = T(A, x) T"X(4, B, B) — T(A4, B) T'")(4, x, B) =
= 60" T, Tmx’ — ™6/ T, Tyumx' .
At m e M we have T;; = 14;; and

0(x) = 5Ty — Tyn) %/ = 0.
Further, at me M,

T(A, B) {T(R(B, C) A, C) + T(A, R(B, C) C)} =

= aimé‘ip(squijanrknpq + 5"‘5”5«"‘leanl =

mpq

mpq

=Y, 6™6"5"k kR, + Y. P66k kiR, py =
ik ik

= izkkikkR’i‘ik + géquizRf,,,q = %kikkKik - iantszi = = Z P (ki - k])z Ku -
5! byl »J n

15i<j

Inserting these into (25), we get (28). QED.
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Casopis pro p&stovini matematiky, ro¥. 103 (1978), Praha

STRUCNE CHARAKTERISTIKY CLANKU OTISTENYCH V TOMTO CISLE
V CIZIM JAZYKU

MiLosLAv JUzA, Praha: Deux mesures spéciales dans I’espace E,. (Dvé specidlni miry v prosto-
ru Ey)

BudiZz k jednorozmérnd Hausdorffova mira v prostoru E,, vznikld pokryvdnim mnoZiny
&tvercovymi intervaly, H budiZ jednorozmérna sitovd Hausdorffova mira v E,, vznikla pokryva-
nim mnoziny dyadickymi intervaly. Dokazuje se, Ze pro nékteré mnoziny M je h(M) < H(M).

ZpeNER DostAL, Ostrava: Unigueness of the operator attaining C(H,, r, n). (Jednozna&nost
operédtoru C(H,, r, n).)

V. Ptak zavedl v souvislosti s kritickym exponentem konstantu C(B, r, m) a nalezl operator 4
takovy, Ze |A"| = C(H,, r, n). V &lénku je dok4zano, Ze A je v jistém smyslu jediny.

Joser NIEDERLE, Brno: Relative bicomplements and tolerance extension property. (Relativni
bikomplementy a rozsifitelnost relaci tolerance v distributivnich svazech.)

Relace tolerance je reflexivni a symetrickd binarni relace. Relativni bikomplement dvou prvki
z ohrani¢eného intervalu ve svazu je tfet{ prvek z téhoz intervalu takovy, Ze supremum viech tfi
prvki je horni hranice intervalu a jejich infimum dolni hranice intervalu. V ¢ldnku je pomoci
relativnich bikomplementt studovdna roziifitelnost relaci tolerance z podsvazu distributivniho
svazu na cely svaz.

IvaN CHAIDA, Pierov: Notes on lattice congruences. (Pozndmky o svazovych kongruencich.,)

Je zndmo, Ze kazdy idedl svazu L je jadrem aspoii jedné kongruence na L tehdy a jen tehdy
je-li L distributivni. V préaci jsou diny nutné a postadujici podminky, aby dany ideal byl jddrem
aspoil jedné kongruence na moduldrnim svazu. Je-li J idedl svazu L, zavedme {x,y) € T,
tehdy a jen tehdy, kdyZ x = a Vv i, y= a Vv j pro nékteré a € L, i, j € J. Hlavni vysledek:

Je-li L moduldrnf svaz a J idedl v L, pak je ekvivalentni: (a) T je kompatibilni relace na L,
(b) T, je transitivni relace na L, (c) T je ekvivalence na L, (d) T je kongruence na L s jadrem J.

Déle je v préci ziskdn vysledek pro specidlni pfipad idedlu.

ILsa CeRNY, Praha: Cuts in simple connected regions and the cyclic ordering of the system of all
boundary elements. (Rezy v jednoduSe souvislych oblastech a cyklické uspotfddéni systému viech
hrani¢nich elementi.)

V &lénku je podén vy&erpavajici vyklad pojmid a tvrzeni potfebnych k vybudovani teorie
hrani¢nich elementt (Caratheodoryho ,,Primeneden‘‘) oblasti konformé& ekvivalentni s jednotko-
vym kruhem. Definuji se hrani¢ni elementy takové oblasti a cyklické uspofddanf systému viech
té&chto elementd. Je dok4zdno nékolik kritérii tykajicich se cyklického uspofddani a dalSich vlast-
nost{ hrani¢nich elementd.

308



MILAN KoMAN, Praha: New upper bounds for the crossing number of K, on the Klein bottle
(Novy horni odhad pro prise¢ikové &islo K, na Kleinové 1ahvi.)

Pro priise¢ikové &islo cr,(K,), n = 10 kresby uplného grafu X, na Kleinové l1dhvi jsou odvozeny

odhady
1/n 59 (n—1
= < s
4(4) =) = 216( 4 )

Horni odhady souhlasi s hornim odhadem prusedikového (isla cr',"(K,,) pro kresby tplného
grafu K, na anuloidu.

BoOHDAN ZELINKA, Liberec: On a problem of R. Haggkvist concerning edge-colourings of graphs.
(O problému R. Higgkvista tykajicim se obarveni hran grafu.)

V ¢lanku se dokazuje, Ze pro n = 2", kde r je pfirozené &islo, Ize hrany uplného sudého grafu
K, , obarvit # barvami tak, Ze kazda kruznice v tomto grafu, kterd obsahuje hrany pouze dvou
barev ma délku &tyfi. Je to negativni feseni jednoho problému R. Haggkvista.

VACLAV VILHELM, Praha: Uber die Charakterisierung der Verbinde durch ihre c-Teilverbdnde.
(O charakterizaci svazti pomoci jejich c-podsvazii.)

Priace odpovida na otazky z ¢lanku J. Jakubika: Sublattices with saturated chains, Czech.
Math. J. 25 (100), (1975), 442— 444, Bud C tfida svazi, ktera je vzhledem k isomorfnim svaziim,
kartézskym sou¢iniim a direktnim limitdm svazt tfidy C uzaviend; C; (@ + C; + C) bud jeji
podtfida, kterd s kazdym svazem obsahuje v§echny svazy, které jsou izomorfni k jeho podsvaziim.
Ke kazdému reguldrnimu kardindlnimu ¢&islu m obsahuje pak tfida C — C; svaz, ve kterém
kazdy maximdlni fet€z mezi libovolnymi srovnatelynmi prvky ma mohutnost = m a tfida C,
neni v C charakterizovatelna pomoci c-podsvazii.

VAcLAV MEDEK, Bratislava: Uber eine Eigenschaft von Ovalen. (O jednej vlastnosti ovalov.)
V préci sa popisuje takd vlastnost ovalu v projektivnej rovine, ktora predstavuje podmienku

pre to, aby rovina bola pappusovska.

Avrois Svec, Olomouc: On an integral formula. (O integralnim vzorci.)
V &lanku je dokdzén obecny integralni vzorec pro tenzory na riemannovskych varietach.
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Casopis pro pé&stovani matematiky, ro¥. 103 (1978), Praha

° RECENSE

Jaroslav Jezek: UNIVERZALN{ ALGEBRA A TEORIE MODELU, Matematicky seminaf
SNTL, sv. 8. Vydalo SNTL (Praha) v r. 1976; 226 str., cena 18 K&s.

Se sympatiemi pozoruji, jak pribyva Cesky a slovensky psané algebraické literatury. Z po-
sledniho desetileti si pfipomefime zejména KuroSovy Kapitoly, Birkhoffovu a McLaneovu
Algebru, a Beranovy Grupy a svazy. Nyni k nim pfibyla pékna knizka JeZkova v€novana dis-
cipling, kterd u nés zatim kniZné zpracovand nebyla. Ostatné i ve svétovém méfitku lze sou-
hrnna dila o této partii algebry spocitat na prstech.

Kniha je rozd&lena na predmluvu, Gvod, 5 kapitol a komentafe. V Uvodu (14 str.) autor
vysvétluje elementy teorie mnoZin. Zhruba fe¢eno jde o neformélni vyklad Godelovy-Bernaysovy-
-von Neumannovy koncepce. Ze zdkladnich 9 principl se odvozuji potfebna dalii tvrzeni, v&etné
nékterych zaleZitosti z obecné topologie. Kapitola I (15 str.) obsahuje potiebné partie z teorie
kategorii: limity a né&které jejich specidlni pfipady, pfisluiné dualni situace, a modifikace (tj. v jiné
terminologii reflexe). Jde o dost hutny vyklad. Autor spravné doporuduje, aby ¢tendf-zaatednik
prostudoval kapitolu nejprve spi§ orientadné&, a pfi dal§i Cetbé se k ni podle potieby vracel.
V kapitole II (51 str.) se vysvétluje pojem kvazistruktury (tj. mnoZiny s parcidlnimi operacemi
a relacemi, které jsou pojmenovany operaénimi a rela¢nimi symboly .daného jazyka), struktury
a algebry. Studuji se kategorie kvazistruktur daného jazyka. Z obsahu: homomorfismy, podstruk-
tury, kongruence, kartézské a subkartézské souciny, sumy, kvaziprimitivni a primitivni tf¥idy,
volné kvazistruktury, termy a algebraické operace, extenzivni tfidy (tj. tfidy, jejichZ kazda kvazi-
struktura je podstrukturou kvazistruktury s idempotentem), volné kompozice amalgamu. Tato
kapitola je vhodnym uvodem do problematiky dne¥ni algebry. V kapitole 111 (39 str.) se &tenaf
seznami s nékterymi partiemi teorie modell. Po uvodu vénovaném formulim se studuje reduko-
vany soudin struktur podle filtru a véta o kompaktnosti. Z dal§iho obsahu kapitoly: Gplné teorie,
definovatelnost (zde je napf. odvozena Craigova-Lyndonova interpolaénf véta), axiomatizovatelné
tfidy, univerzalni tfidy, kvazivariety.

Té&zZi§t& knihy je nesporné v kap. IV (50 str.), nazvané Variety algeber. Zde pfedevsim kniha
pfestdvd byt (jen) uvodnim textem a stivd se monografii. Kapitola za¢ina vcelku ,klasicky*
Birkhoffovou vétou. Déle se vy$etiuji né€které specidlni typy variet a svazy variet. Za nejzajima-
v&j8i povaZuji paragrafy, vénované vétam Malcevova typu. To jsou véty, podle kterych z jistych
podminek (zpravidla jde o mnoZinu néjakych identit) plyne néktera vlastnost svazu kongruenci
(napf. modularita ¢i distributivnost). Autor odvozuje i jedno zna¢né obecné malcevovské schéma.
Dile se vySetfuji variety algeber, jejichZ kongruence maji nékterou ,,pfirozenou‘* vlastnost. Napf.
kongruence je charakterizovana kaZdou svou rozkladovou tfidou, kazdé poduniverzum je rozkla-
dovou tffdou n&které kongruence atp. S podobnymi situacemi se &tenaf mozni uZ setkal tfeba
v teorii svazii. Midm na mysli napf. Hashimotovu vétu (v. str. 56 a 124 Skornjakovovy knihy
DnemenTel Teopuu cTpykTyp). Kapitola V (35 str.) se nazyva Algoritmické problémy algebry.
Algoritmus se zde definuje jako Turinguv stroj. Autor formuluje slovni problém a ukazuje, Ze
ve varieté pologrup neni tento problém feSitelny. Uvadi nékteré typy variet s feSitelnym slovnim
problémem. V zdvéru se zabyv4 dalsimi otdzkami, souvisejicimi s rekurzivnosti. Nap¥. rekurzivni
axiomatizovatelnosti teorie a rozhodnutelnosti. Komentafe (2 str.) jsou privodcem po literatuie
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(72 polozek). Nékterd doporudeni k dalsi &etb& jsou uvedena uz v pfedmluvé (3 str.), kterd se
také letmo dotyka historie. Dilo uzavira rejstfik (4 str.).

Zakladni text je zpracovan obv. formou véta — dikaz. Nékterd snadnéj$i odvozeni jsou &te-
nafi pfenechdna jako cvieni. MnozZstvi pfikladi z ,,klasi¢téjsich* algebraickych teorif motivuje
definice a demonstruje dosazené vysledky. V téchto pfikladech je obsaZena fada dalSich cennych
informaci. Zde se zpravidla diikaz nepoddva. Autorovi se podafilo zpracovat text zcela korektné
a zahrnul do dila spoustu péknych vysledk, ¢asto i z posledni doby a dosud kniZné nezpracova-
nych. Vyklad je srozumitelny. To ma nékolik pfi¢in: Jednak je to promyslenost koncepce. Jde
o organicky celek, z néhoz lze sotva co vypustit, aniz bychom ménili cely dal3i text. Jednak je tu
vhodné zvolena terminologie a symbolika. To neni zanedbatelné v discipling, kde oznacenf a ter-
minologie dosud velmi kolisa. Sympaticky je také styl autorova vyjadfovéni. Jeho gramatické véty
jsou struéné a srozumitelné. Svou z4sluhu m4 také redakce a tiskarna.

Kniha je pfistupnd pro kazdého pozorného &tenafe, ktery mé zdlibu v abstrakci a zcela pra-
mérnou zb&hlost v &etb&é matematickych textl. Lze ji doporudit viem matematikiim, ktefi se
chté&ji seznamit s metodami moderni algebry. K tomuto téelu 1ze za minimum povaZovat kap. II.
Pieju této pékné kniZce co nejvic poctivych &tenafa.

Teo Sturm, Praha

BEITRAGE ZUR NUMERISCHEN MATHEMATIK 4 (Pfispévky k numerické matema-
tice), sbornik vydany k 70. narozenindim Prof. H. Heinricha pod redakci F. Kuhnerta a J. W.
Schmidta, VEB Deutscher Verlag der Wissenschaften, Berlin 1975, 268 stran, cena 57 M.

Svazek je uveden Zivotopisem jubilanta i zhodnocenim jeho v&€decké a organiza¢ni &innosti.
Nisleduje 24 ptvodnich prispévka rliznych autord, které jsou vénovany aktuilnim problémiim
numerické analysy. Dva z pfispévkil jsou napsiny rusky, dva anglicky, ostatni v jazyce némeckém.
Vsechny nesou v zdhlavi vénovani Prof. Heinrichovi k sedmdesdtinam. Skéda, Ze v recensnim
vytisku chyb&lo nékolik stranek.

Vlastimil Ptdk, Praha

A. N. Kolmogorov, S. V. Fomin: ZAKLADY TEORIE FUNKCi A FUNKCIONALNI
ANALYZY. Teoretickd kniZnice inZenyra, SNTL, Praha 1975, 584 stran, vaz. K& 60,—, broZ.
Kés 52,—.

Znama udebnice A. N. Kolmogorova a S. V. Fomina vy$la doposud ve tfech ruskych vydanich
(v r. 1954, 1960 a 1972), ve dvou piekladech do angliétiny a byla pfeloZena i do francouzitiny.
Nyni mame k dispozici i &esky pfeklad tietiho (oproti prvnim dvéma zna&né upraveného a rozii-
feného) ruského vydani. Kniha je vhodna nejen pro matematiky a fyziky, ale také pro posluchade
téch vysokych $kol, na kterych matematika hraje podstatnou roli, a rovnéZ pro kvalifikované
pracovniky ve vyzkumu i v inZenyrské praxi. V pfedmluvé k druhému ruskému vydéni se fika:
,,TtebaZe v knize jsou pfedeviim vyloZeny obecné pojmy teorie mnoZin a funkciondlni analyzy,
muze &tendf skoro ve viech jejich &astech najit klasickou problematiku s nimi souvisici*. Vybér
a usporadani probirané litky' jsou skutedn& natolik $fastné, %e &tenaf si utvofi dobry prehled
o zidkladech funkciondlni analyzy a ziskd na né spravny pohled. Pfitom je kniha psdna velmi
srozumitelné a pfehledné. Je pfistupnd kazdému, kdo ovladd4 zéklady klasické matematické ana-
lyzy (bez teorie miry a Lebesgueova integralu) a linedrni algebry.

Kniha je rozd&lena do deseti &4sti. Prvni &4st seznamuje &tenafe se zéklady teorie mnozin,
druhd pojednava o metrickych a topologickych prostorech, tféti o normovanych a topologickych
linedrnich prostorech. Ctvrtd &4st se zabyva linedrnimi funkciondly a operatory, mj. zde &tenaf
najde i kapitolu o distribucich (i s kratkym vykladem o jejich uZiti v teorii diferencidlnich rovnic).
P4t4 &ast je vénovéana mife, méfitelnym funkcim a integralu. Teorie miry je zde vysvétlena nejdfive
pro mnoZiny v roviné a teprve pak se pfechdzi k obecné teorii miry, obecnym otdzkdm prodlou-
Zen{ miry, obecnému pojmu méfitelné funkce a jejim vlastnostem atd. Teorie Lebesgueova inte-
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gralu je vyloZena pro pfipad obecného prostoru s mirou, ale nechybi ani srovnani s Riemanno-
vym integralem v jednorozmérném piipad&. Neurcity Lebesguetiv integrél, obecné véty o derivaci
(pro funkce jedné redlné proménné), dile Stieltjesiiv a Lebesguetiv-Stieltjestiv integral a nékteré
aplikace jsou pfedmétem Sesté &asti. Sedmd &4st pojedndva o prostoru L, funkcf integrovatelnych
a o prostoru L, funkcf integrovatelnych s kvadratem, pfi¢emz zvlastni kapitola se zabyva ortogo-
nélnimi systémy funkcf v prostoru L, a fadami vzhledem k ortogonélnim systémiim. Na to nava-
zuje osm4 &ast, vénovana podrobnému vykladu Fourierovych fad a Fourierovu integrilu. Devata
C4st obsahuje zdklady teorie linedrnich integrdlnich rovnic a struéné jsou zde vysvétleny i nékteré
fyzikdlni aplikace. Posledni &4ist se zabyvd vykladem né&kterych zdkladnich pojmé neline4rni
funkcionélni analyzy, pfedeviim z4kladd diferencidlniho poé&tu v linearnich prostorech. V dodat-
ku, ktery byl napsan teprve pro tfeti ruské vydani V. M. Tichomirovem, se &tenaf ve struénosti
seznami s Banachovymi algebrami.

Piekladatelé se snaZili srozumitelnost ruského origindlu jest€ zvysit fadou dopliiujicich pozna-
mek pod ¢arou i nékterymi drobnymi tipravami pfimo v textu. K pfehlednosti pfispéli podrobnym
pfehledem oznadeni, vécnym rejstiikem a rejstf¥ikem symbold. Siroky seznam literatury uvedeny
v origindlu doplnili je$té¢ n&kolika &eskymi tituly. Je nutno vyzdvihnout i p&€knou grafickou
upravu knihy. Cely pfeklad je bezesporu zdafily. Jako u kazdého rozsdhlého dila, i zde je oviem
mozno (podle minéni recenzenta) najit nékteré (skuteéné drobné) nedostatky, resp. vady na krése.
(Napf. termin podprostor nul pro jidro operatoru nezni v &e$tin€ pravé nejlépe; srozumitelnost
vykladu pojmu mohutnosti mnoZiny na str. 43 ponékud utrpéla tim, Ze pfi pfekladu vypadla
jedna vysvétlujici véta.)

Jak uZ bylo fe€eno, jde o knihu srozumitelnou §irokému okruhu &tenafi a vzhledem k velkému
zdjmu o viechna jeji pfede§ld vydani lze odekdvat, Ze jeji pfeklad do &eftiny bude uvitdn nasi
odbornou vefejnosti neméné dobfe.

Milan Kuéera, Praha

Gyorgy Bizdm - Jdnos Herczeg: LOGIK MACHT SPASS, 85 Aufgaben mit Losungen, Aka-
démiai Kiad6, Budapest 1976, stran 391, cena neuvedena.

Pfi vyuCovini se v matematice obvykle sleduji dva cile: jednak se rozviji logické mysleni
a jednak se Z4ci seznamuji s konkrétnim matematickym materidlem. To je dvojité zatiZeni, jez
mnohym adepttim zt&€Zuje cestu k uspéchu. Tato novd kniZka nepfedpokldada proto Z4dné pfed-
b&Zné znalosti a chce, aby se ¢&tenadf soustiedil jen na rozvoj svého matematického mysleni.
Publikace je urfena &trnactiletym §koldkidm, ale autofi soudi, Ze po ni sdhnou i dospéli s vysoko-
$kolskym vzdélanim, aby se pobavili pfi feSeni riznych hfi¢ek. Pravi se, Ze aZ na n€kolik vyjmeno-
vanych vyjimek vSechny tlohy jsou pivodni. Déti bude moZn4 bavit, ¥e skoro kazd4 tloha je
zaobalena do obSirného pfibéhu, &imZ text ztrici na hutnosti. Pro matematicky naro¢né&jsiho
studenta, jaké zndme napf. z naSich matematickych olympidd, je v§ak takova redundance spise
na obtiz.

V prvni &sti knihy je uvedeno viech 85 tloh, druh4d pak pfind$i podrobni fefeni s mnoha
pozndmkami. Na vydanf se spojilo nakladatelstvi Madarské akademie véd v Budapesti se zipado-
némeckym nakladatelstvim Ernsta Kletta ve Stuttgartu. Tém, kdo sleduji populariza¥ni litera-
turu, je symbidza téchto dvou vydavatelstvi znama4.

JiFi Sedldéek, Praha

I. M. Gelfand a kolektiv: SURADNICOVA SUSTAVA. Alfa, vydavatelstvo technickej
a ekonomicke;j literatiry, Bratislava 1976, 112 stran, 88 obr., cena 5,— K¢&s.

Na originélu, jenZ uZ &yfikrat vy3el rusky, se vedle hlavniho autora podileli J. G. Glagolevova
a A. A. Kirillov. KniZku do slovenstiny pfeloZila Viera Zafkova a bratislavské vydavatelstvi
Alfa ji zaFadilo jako druhy svazek do své edice Epsilon.
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Text je rozdélen do dvou kapitol. Prvni z nich je delsi a skldda se ze tii paragrafu (soufadnice
bodu na pifimce, v roviné, v prostoru). Druh4 kapitola je &lenéna rovnéz do tii &isti (dvod, &tyf-
rozmérny prostor, &tyfrozmérna krychle). Struéné se da fici, Ze je to elementarni ivod do analy-
tické geometrie uréeny stfedo$kolskym studentiim i jinym zdjemctim. V kniZce je fada tiloh a cvi-
¢eni s ndvody k samostatnému piremysleni.

Jifi Sedldcek, Praha

W. D. Wallis - A. P. Street -J. S. Wallis: COMBINATORICS: ROOM SQUARES, SUM-
FREE SETS, HADAMARD MATRICES, Lecture Notes in Mathematics, 292, Springer-Verlag,
Berlin— Heidelberg— New York 1972. Stran 508, cena DM 50,—.

V uvaze ,,Combinatorial Analysis‘* (The Mathematical Sciences: A Collection of Essays,
M.LT. Press, 1969) Gian-Carlo Rota uvadi pozndmku: ... n€kolik poslednich let je pravdé-
podobné svédkem explose kombinatorické aktivity ..., kterou béhem dalSich let miZeme jen
potvrdit. Za pokradujiciho rozmachu lze je§té stdle (viz Marshall Hall, Jr., Combinatorial
Theory, Blaisdell, Waltham, 1967), ... za ustfedni Glohu nejnovéj§i kombinatoriky poklddat
sestavovdni pfedméti podle zvlastnich pravidel a vyhleddvani viech moZnych zplsobti sestrojeni
téchto sestav ... . Hlubsi rozbor uvedené ulohy se pak stal pracovni osnovou recensované knihy,
uvedené autory jen jako &ast jmenované explose. Obsahuje tfi samostatné monografie o tfech
pojmech, z nichZz kaZzdému je dodnes vénovana zvla§tni pozornost. Sami autofi, Walter Denis
Wallis, Jennifer Seberry Wallis (oba z University of Newcastle, New South Wales, Australie)
a Anne Penfold Street (University of Queensland, St. Lucia, Queensland, Australia), uZ dlouho
a uspésné badaji v kombinatorice a predstavuji samostatnou a vyznamnou §kolu tohoto oboru,
umisténou u protinoZci. Tento svazek monografii pfedpoklada zdkladni v€domosti z teorie grup
(i kvazigrup), z linedrni algebry a z teorie &isel (zde zejména z teorie o cyklotomii). V kazdé z téchto
monografii se pouziva teorie grafl, aviak Zddna z nich teorii grafii neni. Déle kaZd4 z nich tvofi
samostatny a uzavieny celek (nikoliv bez vzdjemnych souvislosti), ktery nevyzaduje Z4dné
specifické kombinatorické znalosti a je chdpédna jako vstupni piehled do studia prislu§ného pojmu.
Aby vyklad byl pokud moZno nezavisly na dal§ich pramenech, je celd kniha uvedena spolednym
seznamem zékladnich definic z kombinatoriky.

Jak bylo fe€eno, 1. &ast knihy tvofi spoleény tivod s my$lenym ndzvem ,,Co by mél kazdy mlady
kombinatorik znit*‘. Tato &4st m4 jen 28 stran a sled sedmi odstavci je nasledujici. Aritmetika
(Galoisova pole, kvadratické zbytky, Legendreovy symboly, Fermatova &isla, cyklotomicka
&isla), vyvazend neuplnd blokovd schémata ((b, v, r, k, A)-konfigurace, (v, k, A)-konfigurace),
matice (matice incidence blokového schématu, Hadamardova matice, Kroneckerovy soudiny),
diferenéni mnoZiny (cyklickd diferenéni mnoZina, diferenéni mnoZina na aditivni abelovské
grupé), grafy (podgrafy, linedrni faktorizace, obarveni hran), grupy (grupoid, pologrupa, kvazi-
grupa, lupa, latinsky ¢&tverec), rozklady (Ramseyova &isla, sou¢tové volné mnoZiny, Schurova
funkce). Méné zkuseny &tenaf mize dal$i podrobnosti vyhledat v u¢ebnicich. Z citovanych uvedme
pfedev§im uz citovanou knihu M. Halla, Jr., [1970], dale nasleduje Frank Harary,Graph Theory,
Addison-Wesley,Reading, 1969, [1973], jest€ Herbert John Ryser, Combinatorial Mathematics,
Carus Mathematical Monograph, 14, M.A.A.,1963, [1966] a kone¢né I. M. Vinogradov, Ziklady
teorie &isel, NCSAV, Praha 1953, [Osnovy téorii &sel, GITTL, Moskva, 1952]. B& o knihy
u nas vesmés dostupné [v hranatych zdvorkéch jsou data vydani v rustin€].

2. &4st, kterd ma 92 stran a sepsal ji W. D. Wallis, nese ndzev Roomovy ¢&tverce. T. G. Room
uvedl pojem Roomova &tverce v kratké pozndmce: A new type of magic square, Math. Gazette,
39, (1955), str. 307. Brzy na to nasledovaly aplikace ve statistice a souvislosti s dal§imi matematic-
kymi pojmy. Necht r je liché pfirozené &islo a necht R = {0, 1, cois r}. Sestava bunék o r fadcich
a r sloupcich, jejiz buiiky jsou bud prdzdné, nebo obsahuji neuspofddanou dvojici prvki z R,
se nazyvd Roomovym ¢&tvercem Z o strané r nad R, kdyZ plati: (i) kaZd4 neuspofddand dvojice
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prvki z R se vyskytuje pravé jednou v %, (ii) kazdy prvek z R se vyskytuje pravé jednou v kazdém
f4dku a pravé jednou v kazdém sloupci z Z.

V uvodni kapitole se doviddme o tom, Ze isomorfismus Roomovych &tverca vede k jeho stan-
dartisaci, kde ne‘uspoi"édanou dvojici 0, i obashuje buiika v i-tém fadku a v i-tém sloupci. Odtud
se pies matici incidence Roomova &tverce dostivame k pojmiim: Roomiiv &tverec Hadamarda —
matice incidence Roomova ¢&tverce je matici incidence blokového schématu odpovidajiciho
Hadamardové matici, doplitkové Roomovy ¢&tverce — soudet matic incidence je roven souétu
jednotkové matice a matice ze samych jedni¢ek, Roomuv &tverec vnofitelny do fecko-latinského
&tverce, $ikmy Roomilv &tverec — kdyZ transponujeme jeho matici incidence, obdrZzime matici
incidence jeho dopliikového &tverce, Roomiiv pod¢tverec. Dile, linedrni faktorizace tiplného
grafu na mnoZiné R, jakoZto mnoZiné jeho uzld, vyvoldvd fadkovou a sloupcovou faktorizaci
Roomova ¢&tverce nad R. K témto faktorizacim lze pak pfifadit latinské &tverce a tak se dostane-
me k souvislosti Roomova &tverce s kvazigrupami. Nasledujicich p&t kapitol je vénovano kon-
strukcim Roomova ¢&tverce. Pfedeviim mame zde metodu startér-ndsledovnik: Nechf s je pfiro-
zené ¢&islo. Startérem v aditivni abelovské grupé G fddu 25 + 1 rozumime takovou mnoZinu
X={{x1. 71} {x2s 72} .., {x0 s}}, Ze mnozina {x, x5, ..., Xs ¥y,¥2, ..., 75} obsahuje
kazdy nenulovy prvek z G pravé jednou a vyrazy 4(x; — y;), +(x3 — ¥3), ..., £(xg — ¥g)
ddvaji také vSechny nenulové prvky z G. Nésledovnikem Ay startéru X rozumime uspofddanou
mnoZinu riznych nenulovych prvki z G, totiz Ax = [ay, a,, ..., a,] takovou, Ze {xl + ay,
X3+ ay ..o xs+ag, ¥+ ay, o2+ ag, ..,y + a,} obsahuje viechny nenulové prvky z G.
Specidlné je zde uZivdn startér Steinerova systému trojic. Ndasleduje zobecnéni konstrukce
Mooreova typu — jisté vroubeni Roomova ¢&tverce, kdy z existence Roomova &tverce o strané r
plyne existence Roomova ¢&tverce o strané 4r + 1. Déle, jestlize zarAmujeme Roomovy &tverce do
jednoho ramce (k zafazeni do raimce ndm poslouZi vhodny fecko-latinsky &tverec), potom lze zis-
kat dal$i Roomiv ¢&tverec, na pfiklad zardmovanim deviti Roomovych &tvercti o strané r, obdrZi-
me Roomiv tverec o stran€ 3r. Také lze diagondlné sdruZovat Roomovy &tverce o stranach ry
a r, a doplnit na Roomtv &étverec o strané ry + r,. Zde se uvadi jen jeden jednoduchy pfipad této
ulohy. Dal3i konstrukce se opiraji o kone&né projektivni prostory, o nasledovniky startéra s vlast-
nosti x; + y; = 0, pro kazdé 1 < i < s a 0 vyvaZen4 schémata. Hlavni véta 7. kapitoly hovofi
o existenci Roomovych &tverc je$té takto: Roomovy &tverce o strané r existuji pro kazdé r,
vyjma r = 3, 5 (takové neexistuji), 257 (o tomto pfipadu se pochybuje). Od té doby, co byla kniha
uvefejnéna, byl problém existence Roomovych &tverci Gplné roziefen. John F. Dillon a Robert
A. Morris sestrojili v praci A skew Room square of side 257, Utilitas Math., 1973, 4, Nov.,
187—192, 3ikmy Roomuv ¢tverec o strané 257 a W. D. Wallis pak sam v praci Solution of the
Room square existence problem, J. Combin. Theory, 1974, A 17, No 3, 379— 383, piSe o existenci
Roomova ¢&tverce o strané 257 vibec. Vyklad 8. kapitoly je pfevzat z universitnich pfednasek
W. D. Wallise z roku 1971 a tykd se Roomovych &tvercti o strané r = 7. Nésledujici dv& kapitoly
hovofi o Roomovych &tvercich vy$Sich dimensi, o souvislosti Roomovych &tverctt s Howellovymi
rotacemi a o aplikacich pfi pofddani turnaji v bridge a ve statistice.

Kniha obsahuje fadu autorovych pivodnich vysledkii a kapitoly 4 a 5 jsou zcela plvodni.
Préci dopliiuje seznam 10 nerozfefenych problémi. Hluboce zpracovany souhrn bibliografickych
pozndmek ke kaZdé kapitole zfetelné ukazuje na vzruiujici prab&h badatelské prace v tomto
oboru. Podet odkazt k literatufe je roven 50.

A. P, Street napsala 3. &ist o 148 stranich s nidzvem Soudtové volné mnoziny. Uvodni praci
o téchto mnoZindch podal I. Schur, Uber die Kongruenz x™ 4 y™ = z™ (mod p), Jahresbericht
der Deutschen Mathematiker Vereinigung, 25, (1916), 114—117, vzhledem ke studiim L. E.
Dicksona, On the congruence x" + y" 4 z" = 0 (mod p) a Lower limit for the number of sets
of solutions of x¢ 4 »° + z° = 0 (mod p), publikované v J. fiir reine und angew. Math., 135,
(1909) na strankdch 134—141 a 181—188 postupné. Tyto mnoZiny byly déle studovény v jed-
notlivych souvislostech, zejména v3ak ve spojitosti s Ramseyovymi &isly. Necht je dana aditivn
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pologrupa a necht § # 0 je jeji podmnoZina. Definujme mnoZinu S+ S takto, S+ S =
= {5y + 55| 51, 5, € S}. Rekneme, Ze S je souétové volnd mnozina, pravé kdyz S N (S+ S)=0
Prvni kapitola druhé monografie je vénovana diikazu Ramseyovy véty. Tuto vétu uvedl F. P.
Ramsey v praci On a problem in formal logic, Proc. Lond. Math. Soc., 2nd series, 30 (1930),
264—286. Necht S + @ je s-mnoZina (tj. |S| = s) a necht IT,(S) je soubor viech r-podmnozin
mnoziny S. Ddle, necht IT(S) = 4; U 4, U ... U 4, je rozklad IT(S) na n navzdjem dis-
junktnich mnoZin. Kone¢né, nechf pro nékteré k = r existuje k-podmnoZina K mnoZiny S
takov4, Ze vSechny r-podmnoZiny mnoZiny K patii té%e 4; pro n€které i = 1, 2, ..., n. Potom
mnozinu K nazyvame (k, 4;)-podmnoZinou mnoZiny S. Ramseyova véta pak zni: Necht n, k,
k3, ..., ky, r jsou pfirozend &isla, pronéz k; = r, i = 1, 2, ..., n. Pak existuje nejmensi pfirozené
islo R(ky, ks, ..., k,, r) takové, Ze plati ndsledujici tvrzeni pro kaZdé s = R(ky, k3, ..., k,, P):
Pro kaZdou s-mnoZinu S a pro kaZdy rozklad souboru IT,(S) na » tfid 4,, 4,, ..., 4,, exis-
tuje podmnozina K; < S, jeZ je (k;, A;) - podmnoZinou pro né&které i = 1, 2,
Dale, Schurovou funkci f(n) se rozumi nejvétsi pfirozené &islo takové, Ze Ize mnoZinu pfirozenych
¢&isel {l 2, ..., f1 (n)} rozlozit na n sou¢tové volnych mnozin. Ve druhé kapitole se uvaZuje ptivodnf{
Schurtiv problém a pfi studiu rovnice x; + x, — x3 = 0 jsou nalezeny hranice 89(*/4)~clogn
< f(n) < [n! e] — 1 pro nékterou kladnou konstantu ¢ a né€které n. Tento vysledek je aplikovan
k odhadu Ramseyovych ¢&isel. Zde je Ramseyovo &islo R, (3, 2) (jestlize ky = ky = ... = k, =
= k = 2, pak misto R(ky, k,, ..., k,, 2) piSeme stru¢n€ R,(k, 2)) nejmensim pfirozenym &islem
takovym, Ze pfi obarveni hran tplného grafu na R,(3, 2) uzlech n barvami se vyskytuje mono-
chromaticky trojihelnik. Na pfiklad dostivame, Ze R,(3, 2) = 6. Kapitoly 3 a 4 zlep§ujf odhad
pro f(n), zejména pfi pfihlédnuti k systému (S) simultdnnich linedrnich rovnic, kde rozkladem
mnoZiny celych ¢&isel se dostaneme k (S)-volnym mnoZindm, tj. k mnoZindm, jeZ neobsahujf
Z4dné feSeni systému (S). Pro &eskoslovenskou matematickou obec je povzbuzujici, Ze mezi
¢lanky o n&Z se opird vybudovani kapitoly 4 je citovdna prace slovenského matematika Stefana
Znama, On k-thin sets and n-extensive graphs, Matematicky &asopis, 17 (1967), 217—307.
Piibuzny problém k vy$e uvedenému problému se studuje v kapitole 5. Necht X a Y jsou mnoZiny
pfirozenych &isel. X nazveme piipustnou vzhledem k Y pravé kdyz Zadny soudet dvou riiznych
prvkl z X nepatii do Y. Zde se zejména sleduje pfipad X & Y. Ozna¢me g(A) podet prvkil v nej-
vét§i podmnozZiné mnoZiny A, pfipustné vzhledem k A4. Pro funkci g(N) = mm g(A) je nalezen

|4
odhad pro nékteré kladné c a k a pro dostate&n& velké N: ¢ log N < g(N) < kN (2/ 5)*¢ pro kaz-
dé e > 0. 6. kapitola obsahuje soubor aditivnich v&t o kone¥nych grupidch. Navazuje na praci:
Henry B. Mann, Addition theorems: The addition theorems of group theory and number theory,
Interscience Tracts in pure and applied mathematics, Number 18, John Wiley, New York—
London— Sydney, (1965), a je ivodem ke kapitole 7, kde se studuji sou¢tové volné mnoziny v gru-
pach a k 8. kapitole pojednavajici o uziti pfedchozich vysledki k odhadiim Ramseyovych &isel.
" Problematika téchto kapitol je pfedloZena jen v hrubych rysech, nebof je velmi mélo znamych
vysledki k disposici. Proto také uz nejsou uvadéna dalsi zobecnéni, na pfiklad o sou¢tové volnych
mnozindch u semigrup a podobné. Sympaticka autorka dodava: inu také proto, Ze se nékde ma
prestat. Je toho totiz v matematice stale je§t¢ mnoho neprobadaného.

I zde nalezneme celou fadu plivodnich autor¢innych vysledkil, zejména v kapitole 7. Kazda
kapitola je uzaviena odstavcem, ktery obsahuje pelivy, obsaZny a chronologicky popis vyvoje
problematiky. Celou knihu uzavira rozbor o moznosti dal$ich roziifeni, dile nasleduje seznam 7
nerozieSenych problémui a 77 odkazi na literaturu. s

Ve 4. &4sti pide J. S. Wallis o Hadamardovych maticich na 216 stranach. Ctenaf se nemusi
obavat mnoZstvi latky, protoZe pocet stran je zna¥né& ovlivnén zdpisem matice. I tak se v této
monografii poddvd jen pfehled o konstrukcich Hadamardovych matic, o jejich ekvivalenci
a o jejich uziti. Hadamardovou matici stupné n rozumime matici stupné n sestavenou z prvki
+1 a —1, jejiz fadkové vektory jsou navzdjem ortogondini.
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V uvodni kapitole je uveden uZitedny Zivocichopis n&kterych druht Hadamardovych matic.
Pfedey$im se uvadi souvislost kazdé Hadamardovy matice stupné 4¢ (¢ pfirozené) se symetrickym
vyvdZenym nedplnym blokovym schématem s parametry v =4t— 1, k=2t— 1, A=1t—1
a s jeho doplitkem a tedy i s pfislu§nymi diferenénimi mnozinami. Ddile nésleduji tyto druhy
Hadamardovych matic: Sikm4 Hadamardova matice H stupné 4¢ (¢ pfirozené) — Hadamardova
matice tvaru H= S + I, kde S je antisymetrickd matice a I matice jednotkova; symetrickd
konferen¢ni matice N stupné » = 2 (mod 4) — matice sestavend z prvkii +1 a —1 tvaru N =
= R+ I, kde R je symetrick4 s hlavni diagondlou ze samych nul, dale plati RRT = (n — 1) I
a RJ = 0, kde RT je matice transponovana k R a J matice sestavena ze samych -+ 1; dv& Hada-
mardovy matice M a N se nazyvaji pfibuzné matice, kdyz M je §iknd Hadamardova matice
a plati N T N, MN T - NM T; dvé Hadamardovy matice M a N se nazyvaji specidlni Hada-
mardovy matice, kdyZ plati MNT = — NMT. Vsechny tyto pojmy se daji uvést v komplexnim
tvaru, kdyZ definujeme: Komplexni Hadamardovou matici C stupné ¢ rozumime matici sestave-
nou z prvkﬁ +1, —1, +i, —i, pro niz plati CC* = cI, kde C* je Hermitian konjugovany s C
ai= \/ —1. Ve 2.—6. kapitole se podéavaji konstrukce jmenovanych druhtit Hadamardovych
matic. B&Zi zde vesmés o vysledky, které ve svych badatelskych pracich uvefejnili V. Belevitch,
P. Delsarte, J. H. Goethals, R. E. A. C. Paley, J. J. Seidel, G. Szekeres, R. J. Turyn, A. L. White-
man, J. Williamson a jini. Objevuji se zde dalsi pojmy: Kdyz S I'je §ikmd Hadamardova matice
nebo symetricka konferen¢ni matice stupn& s, potom SST = (s — 1) I a bud ST = — S, nebo
ST = 8. TakZe S je ortogonalni matice s hlavni diagonalou ze samych nul. Dale Paleyova matice,
jeZ souvisi s mnoZinou bodu na projektivni pfimce — viz R. E. A. C. Paley, On orthogonal matri-
ces, J. Math. Phys., 12 (1933), 311— 320. Pfipomefime, Ze kapitoly 2 a 4 jsou v podstaté ptivodnimi
vysledky autorky. Hadamardovy sestavy se studuji v kapitole 7. Hadamardovou sestavou
HIh, k, 2] nad neur&itymi x,, x,, ..., X;, kde k < h, rozumime matici stupn& 4 s prvky vybranymi
Z mnoziny {xl, X1y X9y — X35 +c0y Xgs —xk} tak, ze (i) v kazdém fadku je A prvkd +x; (=
=1,2,..., k) a podobné ve sloupcich, (ii) fddky jsou formdlné ortogondlni v tom smyslu, Ze
jsou-li prvky x;, x5, ..., x, prvky komutativnfho okruhu, pak faddky jsou vzdjemné ortogondini
a podobné pro sloupce. Zde se studuji sestavy typu Williamsona, Baumerta-Halla, Goethalse-
-Seidela, Baumerta-Halla-Welche, H[h, h, 1] a stupné & délitelného osmi. Konstrukce uvedenych
druht Hadamardovych matic a vysledk plynouci odtud lze uzit ke konstrukci Hadamardovy
matice samé. To je obsahem kapitoly 8, kde je toto téma pfehledné zpracovano. Kratka 9. kapitola
uvadi vysledky A. T. Butsona, P. Delsarta a J. M. Goethalse o zobecnénych Hadamardovych
maticich. Matice H stupné k, jejiz viechny prvky jsou p-nasobné komplexni kofeny jednotky,
se nazyva zobecnénou Hadamardovou matici H(p, k), kdyz HH* = hl. V 10. kapitole se studuji
nasledujici ekvivalence Hadamardovych matic: Dvé Hadamardovy matice H; a H, se nazyvaji
Z-ekvivalentni, kdyz H, obdrzime z H; sledovanim niZe uvedenych uprav: (a) Pfi¢teme k jednomu
fadku celodiselny nasobek jiného fadku. (b) Zménime znaménko jednoho fadku. (c) Zaménime
libovolng potadi fddki. (d) Provedeme odpovidajici Gipravy se sloupci. Upravy pro H-ekvivalenci
jsou tyto: (a) Zménime znaménko jednoho fadku. (b) Zaménime libovolné pofadi fadki. (c)
Provedeme odpovidajici upravy pro sloupce. Upravy pro S-ekvivalenci jsou tyto: (a) Zménime
znaménko j-tého fadku a j-tého sloupce. (b) Zamé&nime i-ty fadek s j-tym fddkem a i-ty sloupec
a j-tym sloupcem. Monografie je uzaviena struénym pifehledem (nikoliv podrobnym) o uZiti
Hadamardovych matic. Pfipomina se tato problematika: vyvédZené neuplné blokové schéma;
siln& reguldrnf grafy; v elektrotechnice — telemetrické systémy (telemetricky systém Marineru ’69
je zaloZzen na Hadamardové matici stupné 32), telefonni sité; v teorii informace — napodobeni
bilého $umu, maximélni k6dy, vytvifeni Walshovyc¢h funkci; ve statistice — blokova schémata,
vahové diagramy; v psychologii — relace Fizeni, struktura Zivo&i¥nych spole&nosti a dalsi.

Nésleduje jest® 11 tabulek titulovanych: Znamé ttidy jistych Hadamardovych matic a podobné.
Zde je tedy zfetelné patrné jest& stdlé Siroké pole pusobnosti. Autorka mimo jiné sama zformulo-
vala 21 nezodpovézenych otdzek. Odkazh na literaturu je uvedeno 183.
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V3ichni tfi autofi zpracovali dnes Zivé oblasti kombinatoriky. V&t§ina literatury této oblasti
je stale roztroudena po &asopisech. Cily styk autor s dal§fmi badateli oboru (jako jsou H. L.
Abott, L. D. Baumert, K. R. Matthews, L. Moser, G. Szekeres, E. G. Whitehead, A. L. Whiteman
a jini) umoznil autorim p¥ihlédnout i k neuvefejnénym studiim. Tak na pfiklad vysledky kapi-
toly 8 &asti 3 jsou objevy J. G. Kalbfleische a R. G. Stantona, atd. Pfes zfejmy hluboky pfistup
ponechavaji si tyto monografie znaénou svéZest a srozumitelnost. KaZzdému, kdo se chce sezndmit
s témito oblastmi kombinatoriky, 1ze nejen tuto knihu viele doporucit, ale i pokladat za spolehli-
vou a pohodinou branu, srde¢n€ zvouci k tvaréi Gcasti na zmin&€né explosi. A neni na svété tolik
prilezitosti, jez davaji moZnost nerusené, aviak prece jen s jistym vzrusenim se pohybovat v samém
ohnisku neutuchajici explose.

Nekteré drobné nedostatky, na piiklad na strance 35'! misto (i, /) pat¥i (i, i), na strance 36°
misto x, y je leps$i vzhledem k pfedchozimu zavedeni psat {x, y}, a podobné, jsou zfejmé vyvo-
lany zptisobem tisku edice Lecture Notes in Mathematics. Ty snadno odhali kaidy d&tendf
sbéhly ve &teni matematického textu. Nemohou tedy zplsobit Z4dné obtiZe a ani nemohou
odradit nikoho od &etby tak srozumitelného textu, i kdyZ zna&né obsazného.

Véroslav Jurdk, Podébrady

Daniel D. Joseph: STABILITY OF FLUID MOTIONS 1., II. Springer Tracts in Natural
Philosophy. Springer-Verlag, Berlin— Heidelberg— New York 1976. 1. dil: 57 obr., XIII + 282
str., cena DM 97,—; II. dil: 39 obr., XIV + 274 str., cena 97,— DM.

V této dvoudilné monografii D. D. Josepha je vySetfovdna stabilita proudovych polf nestlaci-
telnych vazkych tekutin. Tato proudova pole jsou popsdna Navierovymi-Stokesovymi rovnicemi,
resp. rovnicemi podobného typu. Stabilita feSeni takovychto rovnic je jiZ dlouhou dobu pfedmé-
tem zajmu mnoha v&deckych pracovisf, protoZe jeji zmény pomérné dobfe odrai podstatné
zmény v charakteru proudéni, jako napi. pfechod od lamindrniho proudé&ni k turbulentnimu
proudéni. Teorie stability dosud zdaleka neni uzaviena a mnoho cennych vysledki z této oblasti
je nedavného data.

V prvnich kapitolach knihy D. D. Josepha je podan piehled zejména novéjSich &asti teorie
stability i nestability fe$eni Navierovych-Stokesovych rovnic véetné souvislosti s dal$imi vlast-
nostmi feSeni, jako napf. jejich bifurkaci. Autor se neomezuje pouze na stabilitu ve smyslu
Ljapunova, ale zabyva se i asymptotickou stabilitou, globalni asymptotickou stabilitou a tzv.
globalni monotdénni stabilitou. Pfi odvozovéani postadujicich podminek pro stabilitu je pouZivina
pfedev8im energetickd metoda, ktera vychazi z odhadi derivace celkové kinetické energie poruch
puvodniho proudéni podle &asu. Tato derivace je vzhledem k pfedpokladu o nulové rychlosti
proudéni na hranici proudového pole a o pevnosti této hranice stejnd, af pouzivime Navierovy-
-Stokesovy rovnice, nebo tzv. linearizované Navierovy-Stokesovy rovnice pro poruchy proudéni.
Proto vysledky, odvozené energetickou metodou, maji globalni charakter a tykaji se pfedev§im
globalni asymptotické stability a globalni monotonni stability.

Dile je v knize uk4zdna konstrukce periodického feleni, které se p¥i zménach Reynoldsova
&isla bifurkuje od staciondrniho fe$eni Navierovych-Stokesovych rovnic v okamZiku ztraty
stability ptivodniho staciondrniho fe¥eni a je téZ vySetfovdna stabilita bifurkovaného feSeni.
Na zékladé hypotéz Landaua a Hopfa jsou podrobné& vysvétleny souvislosti postupného vétveni
stale slozit&jsich typu feSeni Navierovych-Stokesovych rovnic se vznikem turbulence.

Ve tieti kapitole je fyzikalni vyznam energetické metody ilustrovin na studiu poruch laminar-
niho Poiseuilleova proudéni v trubici. Je zkouman typ prvnf poruchy, kter4 se objevi p¥i zvétSova-
ni Reynoldsova &isla a jejiz kinetickd energie se s rostoucim ¢asem zvétSuje. Podobné problémy
jsou pomoci teorie bifurkaci a variadniho po&tu studovény i ve &tvrté kapitole. Zbyvajici kapitoly
prvniho dilu jsou v€novéany studiu globdlni stability Couettova a Couettova-Poiseuilleova prou-
déni mezi rotujicimi valci a proudéni mezi rotujicimi koulemi.

317



Ve druhém dilu knihy D. D. Josepha je zkoumdna nejprve stabilita konvektivnich proudéni,
kde pohyb je zpusoben pouze rozdilem hustot tekutiny, souvisejicim se zménami teplot a che-
mického sloZeni tekutiny. Tato proudova pole lze popsat Oberbeckovymi-Boussinesquovymi
rovnicemi. Aufor vénuje pozornost zejména stabilité¢ tzv. nehybnych feSeni Oberbeckovych-
-Boussinesquovych rovnic, protoze v téchto pfipadech je moZné studovat procesy vedouci eventual-
né& k nestabilité¢ bez komplikaci, zptisobenych pohybem. Devitd kapitola je v€novana stabilit&
nehybnych feSeni v pfipadé heterogenni tekutiny, jako napf. slané vody. Velké rozdily hodnot
koeficientli difuse tepla a soli vedou k novym mechanismiim nestability, které jsou vySetfovany
zobecnénou energetickou metodou.

Diéle je zkoumdna stabilita a bifurkace konvektivnich proudéni v poréznich materidlech.
Ve dvanacté kapitole je pfi studiu takovychto typh proudovych poli pouZita tzv. variaéni teorie
turbulence. Ve tfindcté kapitole lze nalézt n&které nové metody vySetfovani stability proudéni
vyzkoelastickych tekutin. Zavéretnd ¢&trnactd kapitola je v€novana otazkam stability ploch,
oddélujicich dvé razné tekutiny.

Vyklad je doplnén mnoiZstvim cvi¢eni, komentaid a poznamek, tykajicich se napf. dalSich
praci o stabilit¢ nebo bifurkacich feSeni Navierovych-Stokesovych rovnic. Na zdvér prvniho
dilu je pfipojena fada dodatkl, vénovanych pfedev§im matematickému aparatu, ktery je v knize
pouzivén.

Kniha je urlena &tendfam, ktefi maji zdkladni znalosti z teorie parcidlnich diferencidlnich
rovnic a z teorie proudéni nestladitelnych vazkych tekutin. Ponékud hlubsi znalosti z matematiky
viak vyZaduje dikladné porozumeéni &isti, vénovanych teorii bifurkaci. Lze pfedpokladat, Ze
odbornici, ktefi se zabyvaji matematickou teorii pfechodu laminarniho proudéni v turbulentni
proudéni, naleznou v knize cennou pomiicku.

JiFi Neustupa, Praha

L. E. Sigler: ALGEBRA. Undergraduate Texts in Mathematics. Springer-Verlag, New York—
Heidelberg— Berlin 1976. Stran XI + 419, cena DM 36,20.

Kniha je tvodni udebnici algebry a svym obsahem nepfili§ piekraduje dvousemestrovy uni-
versitni kurs zdkladi algebry. Hlavni pozornost tu vénoval autor dvéma hlediskiim: pfedné snaze
po plné srozumitelnosti a dostatetné konkrétnosti vykladu, na druhé stran€ pak usili o to, aby
celkové uspofddéni i vnitfni obsah knihy byly v souladu s metodami universalni algebry a aby
tak byly zdiiraznény spole¢né vlastnosti rozmanitych algebraickych struktur a tim aby byla za¢a-
te¢niku co nejvice uleh&ena orientace v obsahu a metodach algebry. Snaha uéinit studium knihy
pro ¢tenéfe co nejvic pfehlednym a pfitazlivym se projevuje i v rozdéleni textu jednotlivych kapitol
na kratké vét§inou dvou aZ pétistrankové &lanky. Pfitom kaZdy z nich je ukonéen nékolika jed-
noduchymi otdzkami ov&fujicimi, zda &tendf obsahu &lanku porozumél a fadou samostatnych
cviteni. Spravné odpovédi na otdzky jsou pak uvedeny na konci knihy.

Pro pfedstavu o obsahu udebnice jisté posta&i uvést vycet jednotlivych kapitol: 1. Teorie
mnoZin; 2. Okruhy: z4dkladni teorie; 3. Okruhy: pfirozena a celd &isla; 4. Okruhy: pouZiti celych
&isel (konedné mnoziny, podilové téleso, charakteristika okruhu); 5. Polynomy a rozklad v prvo-
¢initele (euklidovské okruhy, okruhy hlavnich idedld, obory integrity s jednoznaénym rozkladem
v prvolinitele, nadtéleso); 6. Linearni algebra: moduly (zdkladni pojmy, vektorové prostory);
7. Linearni algebra: modul morfismi (zména béze ve vektorovém prostoru, dudlni prostor, li-
nearni rovnice, determinanty); 8. Abstraktn{ systémy (algebraickd struktura, morfismy, kongruen-
ce, soudiny algebraickych struktur); 9. Monoidy a grupy; 10. Linearni algebra: moduly nad obory
integrity hlavnich ideali a podobnost. :

Viclav Vilhelm, Praha
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Casopis pro péstovini matematiky, rot. 102 (1977), Praha

ZPRAVY

SEDESAT LET DOC. RNDR. KARLA DRABKA, CSC.

BoRivos KEPR, Praha

Dne 2. ledna 1978 se doZil Sedesati let doc. RNDr. KAREL DRABEK, CSc., dlouho-
lety uditel deskriptivni geometrie katedry matematiky a deskriptivni geometrie na
stavebni fakult¥ CVUT. Narodil se v Chra§fanech (okres Rakovnik) jako syn Zelezni-
garfe. Vystudoval s vyznamendnim na staroslavné redlce v Rakovniku a jako chudy
a nadany student byl pfijat do Hldvkovy studentské koleje, aby mohl po maturité
pokracovat ve studiu svych oblibenych pfedmétii, matematiky a deskriptivni geo-
metrie, na pfirodovédecké fakulté University Karlovy. Tan\ si brzo viimli nadaného
studenta Drébka profesofi FR. VYEICHLO a V. HLAVATY a tak se stalo, Ze byl na§
jubilant od 1. 11. 1938 pfijat jako pomocnd védeck4 sila k prof. Hlavatému. Kratce
poté pfisla neblahd léta okupace hitlerovskym faSistickym Némeckem. Po demon-
stracich studentt dne 15. 11. 1939 pfi pohibu ,,Hlavkafe‘“ JANA OPLETALA, studenta
mediciny, byl Karel Drabek spolu s mnoha jinymi dne 17. 11. 1939 zatlen a odvezen
do koncentraéniho tdbora Sachsenhausen-Oranienburg. Odtud se vratil domu
po 20. 1. 1942, nastoupil zaméstnani u byvalé firmy Otta v Rakovniku a navazal
stdlé spojeni s profesory Vy&ichlem a Hlavatym. Po osvobozeni v roce 1945, jesté
jako student pfirodovédecké fakulty UK se stal asistentem tstavu deskriptivni
geometrie tehdejsi Vysoké Skoly inZenyrského stavitelstvi CVUT. Tento tistav vedl
prof. Ing. Dr. techn. FR. KADERAVEK, DrSc.. Od roku 1945 pilisobi Karel Drabek
na katedfe matematiky a deskriptivni geometrie v podstaté stale. V podstaté proto,
Ze od roku 1948 doslo postupné k mnoha reorganizacim vysokych $kol a tustavi.
Menily se ndzvy vysokych §kol a fakult, riizné fakulty byly spojovany apod. A tak
doc. Drabek u&il deskriptivni geometrii na Vysoké 3kole (pak fakult&) inZenyrského
stavitelstvi, na fakulté zemé&d&lského inZenyrstvi (obor lesniho inien)"rstvi), perspek-
tivu na Akademii vytvarnych uméni a na Vysoké Zkole umélecko-primyslove,
deskriptivni geometrii na pedagogické fakulté v ddlkovém studiu pro stfedoskolské
uditele, na tehdej$i Vysoké $kole architektury a pozemniho stavitelstvi pro kandidaty
uditelstvi kresleni a deskriptivni geometrie na stfednich skoldch, na fakult& ekono-
mického inZenyrstvi a kone&n& na stavebni fakult&€ CVUT. Z tohoto vy&tu je patrna
vskutku rozsahld pedagogickd &innost doc. Drabka. Jeho pedagogické zkuSenosti
tomu pak v nejlep§im slova smyslu odpovidaji.

Na elektrotechnické fakulté CVUT obh4jil K. Drabek v roce 1966 usp&sn& svoji
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kandidatskou disertaéni praci ,,Kinematické zobecnéni de la Hireovych kruZnic
a byl mu udélen védecky titul kandidata fyzikdln€ matematickych véd. V roce 1968
obhdjil svoji habilitaéni praci ,,Kinematika n-rozmérného euklidovského prostoru*

a na zakladé toho byl v roce 1969 jmenovén docentem matematiky na katedfe
matematiky a deksriptivni geometrie stavebni fakulty CVUT. V roce 1971 ziskal na
matematicko-fyzikalni fakult€ UK titul RNDr.

Vyznamna je rovnéZz priace doc. Drabka na useku odborné a védecké &innosti
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a z toho plynouci rozsahlé ¢innosti publikaéni, ktera je podrobn€ uvedena na konci
&lanku. Je autorem, piip. spoluautorem studenty oblibenych vysokoskolskych skript
z deskriptivni geometrie, v dohledné dob& vyjde v SNTL dvoudilnd celostatni
udebnice z tohoto pfedmétu pro stavebni fakulty, na niZ se doc. Drabek jako spolu-
autor podilel vyznaénou mérou. TE&Zisté€ védecké Einnosti doc. Drébka spociva viak
v praci na problémech kinematické geometrie. Radu let je vyznaénym a aktivnim
pracovnikem v semindfi o kinematické geometrii, ktery vede prof. RNDr. Zp. Pirko,
DrSc. Prace v tomto seminafi tvofi souédst védecko-vyzkumného ikolu ,,Metody
kinematické analyzy a syntézy*. Tu vznikla kandiddtska i habilitaéni prace doc.
Drabka a celd dlouhd fada védeckych &lankit, jichZ je doc. Drabek autorem nebo
spoluautorem. Podrobnosti jsou opét uvedeny na konci tohoto ¢lanku. O vysledcich
své védecké prace v kinematické geometrii referoval doc. Drabek na védeckych
konferencich CVUT, dile pak v Némecké demokratické republice (DraZdany)
a v Bulharsku (Sofie).

Dalsim velice dileZitym usekem price doc. Drabka je jeho dlouholeta Cinnost
zabyvajici se historii deskriptivni geometrie v Ceskych zemich v minulém stoleti
a na pocatku naseho stoleti. Je vedoucim pracovnikem védecko-vyzkumného tkolu,
jehoZ ndplni je pravé uvedenad problematika. Plivodné byl tento ukol zafazen jako
fakultni, po uspé&$né oponentufe, coZ bylo zasluhou vskutku mravenéi prace doc.
Drébka, byl tento tkol poéinaje rokem 1976 zafazen jako soudast stdtniho planu
zékladniho vyzkumu pfi Ustavu &. a svétovych d&jin CSAV.

V roce 1977 jsme si pfipomnéli uctyhodné stdfi 125 let katedry matematiky a de-
skriptivni geometrie stavebni fakulty CVUT. Pi pfileZitosti tohoto vyro&i za pomoci
a podpory dé€kanatu stavebni fakulty byl vydan sbornik. K ndplni tohoto sborniku
a ke, zdaru pfislu$ného slavnostniho zaseddni podstatnou mérou, zejména na tvseku
historie, pfispél doc. K. Drabek.

Doc. Drabek ma velice bohatou a zasluZnou ucast i v praci politicko-vychovné
a na useku vefejné &innosti. Celd 1éta pracuje jako aktivni funkciona¥ ROH, SCSP
a SPB. Kazdy rok u pfileZitosti Mezinarodniho dne studenstva vyklada posluchacim
prvnich roénikt fakulty jak to tehdy 17. listopadu 1939 a potom ddle bylo. Od roku
1972 az do konce roku 1977 vykondval obétavé naro¢nou funkci zastupce vedouciho
rozsahlé katedry matematiky a deskriptivni geometrie na stavebni fakult¥ CVUT.
Od roku 1936 je ¢lenem Jednoty Ceskoslovenskych matematikt a fyziki.

Za svoji ¢innost v obdobi okupace a za politicko-vychovnou préci ziskal doc. K.
Dréabek od Svazu osvobozenych politickych véziili a od Svazu protifasistickych bo-
jovnikli fadu pamétnich medaili, estnych odznakl, pamétnich plaket a diplomi.
Za obétavou a dlouholetou pedagogickou &innost &estnd uznini od rektora CVUT
a d&kana stavebni fakulty. Ke svym Sedesitindm byl dne 11. ledna 1978 doc. Drabek
vyznamenén zlatou medaili CVUT.

Spolupracovnici a pfatelé doc. Drabka vysoko hodnoti jeho obé&tavou a zasluZnou
praci a pfeji mu ze srdce do dalich let mnoho zdravi, pracovnich tspéchit a osobni
spokojenosti.
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SEZNAM PRACI DOC. RNDR. KARLA DRABKA, CSC.

A. Knihy: .

[1] Pfehled uZité matematiky: Kap. 4. Kfivky a jejich konstrukce. SNTL, Praha 1963, str.
131—175 (2. vyd. 1968, 3. vyd. 1973).

[1a] Survey of Applicable Mathematics: Chap. 4. Plane Curves and Constructions. SNTL,
Praha 1969 (pfeklad pro Iliffe Boocks Ltd, London), str. 150—204.

[2] Deskriptivni geometrie I. dil (spol. s F. Harantem a O. Setzerem). SNTL Praha, v tisku.

[3] Deskriptivni geometrie II. dil (spol. s F. Harantem a O. Setzerem). SNTL Praha, v tisku.

B. Skripta:

[1] Deskriptivni geometrie a stereotomie. Cast 1 (spoluautor a redakce), SPN, Praha 1951
(detisky v SNTL 1954, 1959).
[2] Deskriptivni geometrie a stereotomie. Cast II (spoluautor a redakce), SPN, Praha 1952
(dotisky v SNTL 1953, 1954).
[3] Promitaci metody a konstrukce kfivek a ploch druhého stupné (spol. s F. Harantem).
SNTL, Praha 1958 (dotisk 1959 a 1961).
[4] Sbirka tiloh a ptikladii z deskriptivni geometrie a stereotomie (spol. s F. Harantem). SNTL,
Praha 1959 (dotisk 1961 a 1963).
[5] Deskriptivni geometrie I (spol. s F. Harantem, St. Hordkem a Al. Urbanem). SNTL, Praha
1962 (dotisk 1964 a 1974).
[6] Deskriptivni geometrie II (spol. s F. Harantem, M. Mensikem a O. Setzerem). SNTL,
Praha 1962 (dotisk 1964 a 1974).
[7] Deskriptivni geometrie III (spol. s F. Harantem, M. Men3ikem a B. Keprem). SNTL, Praha
1963 (dotisk 1965 a 1974).
[8] Piiklady pro cvileni z deskriptivni geometrie. SNTL, Praha 1964.
[9] Pfedlohy ke cvieni z deskriptivni geometrie II. dil (spol. s VI. Jislem). SNTL, Praha 1968
(dotisk 1972, 1973).
[10] Predlohy ke cvieni z deskriptivni geometrie 1. dil (spol. s VI. Jislem). SNTL, Praha 1969
(dotisk 1972 a 1973).
[11] Pfedlohy pro cvi®eni z deskriptivni geometrie I. dil (spol. s J. Buresovou, J. Cernym, K.
Maleékem a B. Rosovou). Vydavatelstvi CVUT Praha, 1975, dotisk 1977.
[12] Predlohy pro cviten{ z deskriptivni geometrie II. dil (spol. s kolektivem jako v [11]). Vyda-
vatelstvi CVUT Praha, 1976, dotisk 1977.

C. Védecké a odborné ¢lanky:

[1] Pozndmka k eliptickému pohybu (spol. s V. Mahelem a M. Pislem) Prace CVUT, IV, &is. 1s
¢ast 2, 1963, str. 25—33. '

[2] Kinematické zobecnéni de la Hireovych kruZnic. Kandidatsk4 diserta¢ni prace, 1966, str.
79+ 1.

[3] Kinematické zobecnéni de la Hireovych kruZnic. Strojnicky &asopis (XVII), 1966, str.
562—579.

[4] Durch ein Geschwindigkeitsfeld erzeugte Bewegungen des Raumes (R,). Acta Polytech-
nica — Prace CVUT, IV, 1967, se8. 3, str. 5—14.°

[5] Kinematika n-rozmé&rného euklidovského prostoru. Habilitadni prace, 1968, str. 105.

[6] Pohyb neproménlivého n-rozm&rného euklidovského prostoru. Strojnicky &asopis (XX),
1969, str. 58— 70.

[7] Zékladni pélové vlastnosti n-rozmérného afinnfho, ekviformniho a euklidovského pohybu.
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Sbornik referati VIII. celostatni konference kateder mechaniky, pruznosti a pevnosti
v Ostravé (10.—13. 6. 1969), &ast I, str. 7.

[8] Z4klady afinni kinematiky v roviné (spol. s Zd. Pirkem). Pokroky (XV), 1970, ¢&is. 1, str.
1—16.

[9] Afinni kinematika v roviné I (spol. s Zd. Pirkem). Strojnicky &asopis (XXI), 1970, str.

307—328.

[10] Kubika spjatd s rychlostmi pohybu neproménlivého télesa. Strojnicky &asopis (XXII),
1971, str. 167—172.

[11] Piiklad afinniho pohybu (spol. s Zd. Pirkem). Acta Polytechnica — Priace CVUT, IV,
1971, str. 21—48.

[12] Zur Verallgemeinerung eines Satzes von Weyr (spol. s O. Setzerem). Acta Polytechnica —
Prace CVUT, 1V, 1, 1972, str. 91—96.

[13] Affine Kinematik in der Ebene II (spol. s Zd. Pirkem). Strojnicky &asopis (XXIII), 1972,
str. 339—352.

[14] Cesarovy metody v kinematice roviny. Sbornik tézi referat konference o teorii mechanismi
a stroji v Liberci (11.—13. 9. 1973) na str. 2.

[15] Affine Kinematik in der Ebene III (spol. s Zd. Pirkem). Strojnicky &asopis (XXIV), 1973,
str. 338—347.

[16] Kurven, welche mit den Geschwindigkeiten der n-dimensionalen Euklidischen Bewegung
des starren Systems verbunden sind. Aplikace matematiky (/8), 1973, str. 445—451.

[17] Linearni vazby v afinnim pohybu. Acta Polytechnica — Prace CVUT, IV, 3, 1974, str.
93—98.

[18] Vyzkumné zprava k tkolu I-4-2/15 ,,Metody kinematické analyzy a syntézy** (spol. s prof.
Zd. Pirkem), 1975. .

[19] Cesarovska analyza rovinné ekviformni kinematiky. Sbornik referat dil B z II. konference
o teorii strojii a mechanizm v Liberci (14.—16. 1976), str. 133—141.

[20] Beitrag zur &-Kinematik der Ebene: Hiillkurven der &-Bewegung (spol. s J. Chudym).
Acta Polytechnica — Prace CVUT, 1976, I6, 4, 3, str. 87— 96.

[21] Vyzkumné zprava k fakultnimu ukolu F 2/76 ,,Metody kinematické analyzy a syntézy*
za rok 1976 (spol. s J. Chudym, O. Glossem, Zd. Jankovskym, Zd. Pirkem a J. Somrem).

[22] Gruppentheoretische Grundlagen der Affinkinematik in der Ebene (spol. s Zd. Pirkem).
Strojnicky ¢asopis (28), 1977, &is. 3, str. 312—331.

[23] Pfirozené elementy geometrického pohybu v roving. Acta Polytechnica — Price CVUT,
v tisku.

[24] Beitrag zur X -Kinematik in der Ebene: Gruppentheoretische Grundlagen der ¥ "-Bewegung.
Acta Polytechnica — Priace CVUT, v tisku.

[25] Beitrag zur &-Kinematik in der Ebene: Gruppentheoretische Grundlagen der &-Bewegung
(spol. s J. Chudym). Acta Polytechnica — Prace CVUT, v tisku.

[26] Piispévek ke X -kinematice roviny: Roz§ifeni Chaslesovy véty a Catalanova véta v geomet-
rickém pohybu roviny. Sbornik spistt vyddvanych stavebni fakultou CVUT v Praze, v tisku.

D. Clianky Zivotopisné a &ldnky tykajici se historie deskriptivni geometrie:

[1] K vyro&i smrti prof. Rudolfa Skuherského, Rozhledy (42), 1963 — 64, str. 92—94.
[2] Sto let od smrti Rudolfa Skuherského, Pokroky (VIII), 1963, str. 288—290.

[3] Vzpominka na prof. Kadetdvka, Rozhledy (44), 1965—66, str. 286— 287.

[4] Sedesét let doc. RNDr. Miroslava Mensika, Casopis (97), 1966, str. 367— 368.
[5] Sedesat let doc. Oty Setzera, Casopis (91), 1966, str. 369— 370.

[6] Dv& jubilea na stavebni fakult® CVUT, Pokroky (XI), 1966, str. 318—319.

[7] 125. vyro&i narozenin Karla Pelze, Rozhledy (49), 1970— 71, str. 92—94.

[8] 225. vyrodi narozenin Gasparda Monge, Rozhledy (50), 1971—72, str. 86— 88.
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[9] Pracovnici v deskriptivni geometrii na redlkdch v &eskych zemich, Vytah z referatu na II.

védecké konferenci CVUT (12.—14. 6. 1973), Acta Polytechnica — Price CVUT, 1V, 1973,
str. 25—28.

[10] Vyzkumn4 zprava k fakultnimu vé&decko-vyzkumnému ukolu 424 A /69— 74 ,,Historie
deskriptivni geometrie v &eskych zemich*, 1975. .

[11] Vyro&i narozenin péti profesorii prazské vysoké technické $koly, Rozhledy (53), 1974—75,
str. 515—519.

[12] Stodvacetp&t let katedry matematiky a deskriptivni geometrie stavebni fakulty CVUT
v Praze. Sbornik fakulty stavebni, 1977, str. 8—21, 45—47, 55— 59, 68.

[13] Stodvacetpét let katedry matematiky a deskriptivni geometrie na stavebni fakult¢ CVUT
v Praze. Pokroky (22), 1977, pfiloha ¢&. 5, str. 1—2.

[14] Stodvacetpdt let katedry matematiky a deskriptivni geometrie na stavebni fakulté CVUT
v Praze. Déjiny véd a techniky, v tisku.

[15] Ustavy matematiky a deskriptivni geometrie CVYUT 1939— 1945, Zasldno do &asopisu Dé&jiny
véd a techniky.

E. Popularizujici odborné &lanky:

[1] O vlastnostech nékterych kfivek inZenyrské praxe (spol. s B. Keprem), Sbornik Geometrie
v technice a uméni k 70. narozenindm prof. Ing. Dr. techn. Fr. Kadefdvka, SNTL, Praha
1955, str. 20—46.

[2] O délicim poméru na pfimce, Rozhledy (38), 1959— 60, str. 304— 307.

[3] Sestrojeni sdruZenych primériu elipsy s danym thlem ¢, Rozhledy (38), 1960—61, str.
64— 68.

[4] Né&kolik uloh o parabole s danym parametrem, Rozhledy (39), 1960— 61, str. 447—453.

[5] SdruZené priméry kuZelose¢ky o daném tihly ¢, Rozhledy (40), 1961— 62, str. 13—17.

[6] Sestrojeni paraboly pomoci pevné kruZnice a pfimky, Rozhledy (40), 1961 — 62, str. 156—159.

[7] Sestrojeni elipsy a hyperboly pomoci dvou pevnych kruznic, Rozhledy 1961 — 62, str. 212 az

217.
[8] Redeni tilohy z konstrukci trojuhelnika (spol. s J. B. Pavlickem, Rozhledy (41), 1962—63,
str. 104—107.

[9] P6l a polara kruZnice, Rozhledy (42), 1963— 64, str. 304— 308.
[10] Konstrukce druhého ohniska kuZelose¢ky, Rozhledy (42), 1963— 64, str. 400—404.
[11] Konstrukce trojihelnika daného stranou, pfislu$nou vy$kou a polomérem vepsané kruZnice,
Rozhledy (44), 1965— 66, str. 4—7, 49—52.
[12] Pouziti komplexnich &isel v geometrii, Rozhledy (44), 1965— 66, str. 289— 293, 348—352.
[13] Te¥na a normala stfedové kuzeloseky, Rozhledy (45), 1966— 67, str. 8—11.
[14] K zobecnéni Pythagorovy véty, Rozhledy (45), 1966— 67, str. 110—112.
[15] Mocnost bodu ke kruznici, Rozhledy (45), 1966— 67, str. 270— 272.
[16] Svazky kruZnic, Rozhledy (46), 1967— 68, str. 123—126.
[17] KuZelosedky vytvofené ve svazcich kruZnic, Rozhledy (46), 1967— 68, str. 175—180.
[18] K pf¥iblizné konstrukci &isla e, Rozhledy (47), 1968 — 69, str. 274—276.
[19] Geometrické pfibuznosti, Rozhledy (48), 1969— 70, str. 359— 366.
[20] Konstrukce s rovinou totoZnosti, Rozhledy (48), 1969— 70, str. 446—448.
[21] Duélni &isla, Rozhledy (49), 1970— 71, str. 13—16.
[22] Pouziti Skuherského axonometrie v praxi, Rozhledy (49), 1970— 71, str. 101—106.
[23] Z4klady cyklografie, Rozhledy (49), 1970—71, str. 405—413, 450—455.
[24] KuZelose¢ky v Gaussové roviné, Rozhledy (57), 1972— 73, str. 301—309.
[25] Analytickd geometrie kuZelosetek Gaussovy roviny, Rozhledy (51), 1972—73, str. 337— 341.
[26] Oskulaéni kruZnice kuZelosetek, Rozhledy (53), 1974—75, str. 66— 70.
[27] Uloha o elipséch a Fibonacciova &sla, Rozhledy (53), 1974 —75, str. 446—448.
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[28] Dualni ¢&isla v geometrii, Rozhledy (54), 1975— 76, str. 243—251.
[29] Styk dvou kfivek, Rozhledy (55), 1977—78, str. 161 —164.
[30] Z4klady kinematické geometrie v roviné, Rozhledy, v tisku.

F. Razné:

[1] Cetveruchin - Manevi¢: Né&které zakladni sméry a problematika v deskriptivni geometrii.
Pieklad z rustiny pro Casopis (88), 1963, str. 364— 370.

[2] Piijimaci zkousky z deskriptivni geometrie na CVUT (spoluautor: kotované promitani),
Rozhledy (44), 1965— 66, str. 259— 260.

[3] Lidice a Lezaky stale varuji, Rozhledy (50), 1971—72, str. 433—434.

Kromé uvedenych publikaci napsal doc. K. Drabek pro rizné Casopisy 54 recense knih, 28
recenzi ¢lanka, dale 11 lektorskych posudka skript a knih, 3 oponentské posudky a zpracoval
7 ¢lanka pfi fakultnim védecko-vyzkumném ukolu ,,Kritické zhodnoceni dila prof. Jana Sobotky*‘.

KONFERENCE CESKYCH MATEMATIKU A II. VALNE SHROMAZDENT
MATEMATICKE VEDECKE SEKCE JCSMF

Ve dnech 13.—15. unora 1978 uspofadala ve Zvikovském Podhradi matematickd védecka
sekce JCSMF ve spolupraci s plzetiskou pobotkou JCSMF Konferenci eskych matematiki
a II. valné shrom4zdéni matematické védecké sekce. 75 Gastnikdl vyslechlo téchto 6 pfednasek
na téma netradi¢ni aplikace matematiky: *

J. ANDEL: PouZziti nékterych statistickych metod v nestandardnich aplikacich,

J. MILOTA, S. SCcHWABIK: Dynamika populaci,

M. VLACH: Paradoxy racionality,

M. KATETOV: Nékteré novéjsi aplikace v biologickych a psychologickych oborech,

P. HAJex, T. HAVRANEK: Matematické zdklady mechanizované formace hypotéz,

E. KINDLER: Pouziti kompartmentovych systémii pro modelovdni v biologii a mediciné.

Piednéasky byly pro posluchale velmi atraktivni a podnétné a na jejich zdklad€ doslo k fadé
kontakti mezi pracovniky riiznych oborii matematiky. Ué&astnici se shodli na tom, Ze by se mély
podobné konference stat tradi¢nimi.

Soudasné s Konferenci Ceskych matematikd se konalo II. valné shromdzdéni matematické
védecké sekce JCSMF, na kterém byl zvolen novy vybor MVS a byly stanoveny cile price MVS.
Novym pfedsedou vyboru MVS byl zvolen SvatorLuk Fulfk z matematicko-fyzikalni fakulty
University Karlovy v Praze.

Vladimir Dolezal, Praha
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