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CASOPIS PRO PESTOVANI MATEMATIKY
Vyddvd Matematicky ustav CSAY, Praha
SVAZEK 102 % PRAHA 21.11.1977 * &ISLO 4

DVACET PET LET MATEMATICKEHO USTAVU
CESKOSLOVENSKE AKADEMIE VED

Jikf FABERA, Praha*)

V listopadu 1977 uplynulo dvacet pét let od zaloZeni Ceskoslovenské akademie
véd; jeji vznik mé&l mimofadny vyznam pro rozvoj védy v nasi zemi. Soudasné se zalo-
Zenim Ceskoslovenské akademie v&d vznikl Matematicky tistav Ceskoslovenské
akademie v&d z tehdejsiho Ustfedniho tstavu matematického. Prvnim feditelem
Matematického tistavu CSAV byl akademik EDUARD CECH, nositel R4adu republiky
a Radu préce, jehoZ védecké vysledky byly dvakrat ocenény Statni cenou Klementa
Gottwalda. Eduard Cech koncipoval a postupné realizoval velkorysy plin vychovy
mladych pracovniki v fadé matematickych disciplin, v nichZ se do té doby v Ceskoslo-
vensku nepracovalo. To umoZnilo pozdé&jsi rychly rozvoj Ceskoslovenské matematiky.
Po odchodu Eduarda Cecha na Karlovu univerzitu se stal feditelem Matematického
ustavu CSAV ¢&len korespondent CSAV VLADIMIR KNICHAL, nositel Radu prace.
Vladimir Knichal stal v &le Matematického tistavu CSAV osmnéct let; mél plné po-
chopeni pro potfebu a vyznam aplikaci matematiky a sim na tomto poli aktivn€ praco-
val. Za jeho piisobeni Matematicky tistav CSAV vzrostl asi trojndsobné a ziskal svij
dnesni profil. V letech 1972—1976 byl feditelem Matematického ustavu akademik
Joser NoOVAK, nositel Radu price. Josef Novak vedl dlouhd 1éta oddéleni teorie
pravdépodobnosti a matematické statistiky Matematického tistavu CSAV a vyznamn&
ovlivnil rozvoj price v topologii. Zastdval fadu vysokych funkci v Ceskoslovenské
akademii v&d a v souasné dobé je predsedou védeckého kolegia matematiky CSAV.
Od r. 1976 je feditelem Matematického ustavu CSAV Prof. Jikf FABERA.

Matematicky ustav CSAV je dnes mezinirodn& uznivané védecké pracovistd
a vyznamné se podili na feSeni tikolti Statniho programu zakladniho vyzkumu. Ma
tato védecka oddéleni:
oddéleni oby&ejnych diferencidlnich rovnic,
oddéleni parcialnich diferencidlnich rovnic,
oddéleni konstruktivnich metod pro fefeni diferencidlnich rovnic,

*) Na ptipravé tohoto &lanku spolupracovali M. FmDLER, Z. FroLik, J. KURZWEIL, M. PRAGER,
V. PtAK, O. VEIVODA, J. VYSIN, F. Z{TEK.
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oddéleni numerickych metod, teorie grafii a matematické logiky,
oddéleni funkciondlni analyzy,
oddéleni teorie pravdépodobnosti a matematické statistiky,
oddéleni zdkladnich matematickych struktur. »

Soudasti Matematického tistavu CSAV je pobocka Matematického tistavu CSAV
v Brn& a Kabinet pro modernizaci vyu€ovani matematice.

Pokusime se nyni pfibliZit &tenafi, v kterych hlavnich smérech pracuji védecka
oddéleni a jak se tato prace vyvijela. Tento piehled vSak zdaleka neni vyCerpavajici.

Jiz v Usttednim ustavu matematickém se mald skupina pracovnikii zabyvala oby-
&ejnymi diferencidlnimi rovnicemi. Seminaf k této problematice se zacal pravidelné
schézet v r. 1954 a oddé€leni oby&ejnych diferencidlnich rovnic bylo ustaveno vr. 1955.
Témata, na ktera se soustfedovalo nejvice pozornosti, byla (i) periodické feSeni neline-
drnich soustav a (i) ljapunovska teorie stability. Ob& témata byla zvolena ¥fastng. Po-
mérné brzy bylo dosaZeno vysledkil o existenci a stabilité periodického feSeni v zavislos-
ti na parametrech a o charakterizaci riiznych variant pojmu ,,stabilni feSeni* pomoci
ljapunovskych funkci odpovidajicich vlastnosti. Kromé toho ob& témata podnitila
prici v dalSich sm&rech. Na téma (i) navézalo vySetfovani periodickych FfeSeni
parcidlnich diferencidlnich rovnic; o tom se je§té zminime v odstavci, vénovaném
parcidlnim diferencidlnim rovnicim. Ma-li autonomni diferencialni rovnice nekon-
stantni periodické feSeni, pak ma jednoparametrickou soustavu periodickych feSeni,
kterd z daného feSeni vzniknou posunutim v &ase. Proto s tématem (i) souvisi
vySetfovani tzv. invariantnich variet, tj. variet, které jsou vyplnény trajektoriemi
(resp. charakteristikami) FeSeni dané diferencidlni rovnice. Zejména zajimava je ta
situace, kdy invariantni varieta se jen malo zméni pfi malych zménach diferencidlni
rovnice. Pfitom u neautonomnich rovnic lze vyznamnym zpisobem zeslabit pojem
,,mald zména*; souvisi to s tzv. rychlymi a pomalymi pohyby v teorii oscilaci. Od
zeslabeni pojmu ,,mald zména diferencialni rovnice** vede pfima cesta k zobecnéni
pojmu ,,diferencidlni rovnice*; v podstaté jde o jisté ,,zaplnéni* mnoZiny klasickych
diferencidlnich rovnic. Toto zuplnéni lze provést rozmanitym zplisobem; napft. lze
zavést tfidu diferencidlnich rovnic, jejichZ feSeni nejsou nutn€ absolutné spojitd,
maji viak omezenou variaci. Za tyto vysledky byl &len korespondent CSAV J.
KURZWEIL vyznamendn Statni cenou Klementa Gottwalda v r. 1964. Metoda
invariantnich variet byla pozd&ji uplatnéna pfi vySetfovdni diferencidlnich rovnic
se zpoZdénym argumentem. Zobecnéné diferencidlni rovnice a studium obecnych
okrajovych uloh vyustily ve vySetfovani jistych operatorovych rovnic a integralnich
rovnic v prostoru funkci s omezenou variaci. Z tématu (i) se vyvinul zdjem o vliv
stochastickych poruch na feSeni deterministickych diferencidlnich rovnic a pozdéji
byla soustavn& vySetfovdna Itoova diferencidlni rovnice; byla vypracovdana metoda
odhadu diftize a nalezeny nové souvislosti s parcidlnimi diferencidlnimi rovnicemi
parabolického typu. Snaha oslabit pfedpoklad, Ze prava strana diferencidlni rovnice
spojité zdvisi na zdvisle proménné, vede k diferencidlnim relacim; s jejich vySetfova-
nim bylo zapo&ato neddvno.
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V Matematickém tstavu CSAV v Brn& v letech 1970—1972 a od r. 1972 v pobodce
Matematického tistavu CSAV v Brné& pokradovalo vySetfovani disperzi a transforma-
ci linearni rovnice druhého fddu, zahajené na pfirodovédecké fakulté Univerzity
J. E. Purkyné v Brné za¢itkem padesatych let. Byla vytvofena tplna teorie globalnich
transformaci linedrni diferencidlni rovnice druhého fadu, vyjasnéna souvislost té&chto
transformaci s feSenim jisté nelinearni diferencidlni rovnice tfetiho faddu a byly
odkryty hluboké algebraické zékonitosti v této tfidé transformaci. Tento, jednotici
pfistup k linedrnim diferencidlnim rovnicim druhého fadu umoZnil fesit celou fadu
specidlnich problémil. Za vytvofeni této teorie byl poctén Statni cenou Klementa
Gottwalda v r. 1968 akademik O. BORUVKA. V posledni dobé byla teorie globalnich
transformaci rozsifena na linedrni diferencidlni rovnice n-tého fadu..

Oddéleni parcidlnich diferencidlnich rovnic se v tstavu konstituovalo roku 1955.
Problematika, jiZ se oddéleni zabyvalo, byla v izké souvislosti s obecnou mechanikou
kontinua a n&kdy i se specidlnimi problémy technického charakteru (napf. vyvin
tepla pfi stavb& piehrady). Velkd pozornost byla vénovana numerickym metoddm,
jak o tom bude jesté fed niZe. Na konci padesatych let se od tohoto oddéleni oddélila
skupina pracovniki, jeZ si za sviij hlavni cil kladla soustavné vySetfovani pfedev§im
rovnic eliptického a parabolického typu. Z poéatku byly studovany pfedevsim kvali-
tativni vlastnosti feSeni linedrnich rovnic. Hlavni pozornost byla vénovina tzv.
zobecnénym (slabym) feSenim, kterd jsou z fyzikdlniho hlediska pfirozen&j§i nez
feSeni klasick4, i kdyZ vyZaduji naroéné&jsi funkcionalné-analyticky aparat. T€ZiStém
ginnosti této skupiny byl (a vlastn& dosud je) vyzkum rovnic eliptického typu. Jde
o tyto problémy: rozvijeni teorie slabych feSeni, a to pro rovnice i pro soustavy
rovnic, aplikace této teorie na konkrétni tulohy (pfedeviim z teorie pruZnosti),
zkoumani funkciondlnich prostori, souvisejicich se zobecnénymi feSenimi, a kone¢né
podrobné zkouméni regularity slabych feSeni (coZ souvisi velice tizce s devatendctym
Hilbertovym prob]émem). Shrnuti vysledkti dosaZenych v teorii linearnich eliptickych
rovnic pfedstavuje monografie J. NECASE Les méthodes directes en théorie des équa-
tions elliptiques (Academia, Praha, 1967).

Od roku 1965 se té€Zisté badani pfesunuje na nelinedrni eliptické rovnice. Jde
pfedeviim o systematické vySetfovdni modernich metod feSeni t&chto rovnic, zalo-
Zenych na hlubokych vysledcich z funkciondlni analyzy (variatni metoda, metoda
monoténnich operatoril). Pfedmétem zkoumaéni nebyly jen konkrétni rovnice; ve v3i
obecnosti byly vySetfovidny obecné nelinderni operdtory, podrobné byly popsany
jejich spektrélni vlastnosti a v poslednich letech byla nemald pozornost vénovana
i aktudlni problematice tzv. variaénich nerovnic. Lze fici, Ze v oboru nelinearnich
operatorovych rovnic vznikla v CSSR mezindrodn& uznivana 3kola, kterd vyviji
¢innost pfedeviim v Matematickém ustavu CSAV a na matematicko-fyzikalni fakulté
Karlovy university. Jisté shrnuti vysledkt pfedstavuje monografie Spectral analysis
of nonlinear operators (Lectures Notes in Mathematics No. 346, Springer Verlag
1973) autort S. FUika, J. NECASE, J. SOUCKA a V. SOUCKA.

DilleZitym apardtem v teorii parcidlnich diferencidlnich rovnic je teone funk&nich

323



prostori. V této problematice bylo v oddéleni dosaZeno vyznamnych vysledka
pfedeviim pfi zavadéni novych prostor (vahovych, anisotropnich apod.) a pfi
jejich uZiti pro-fefeni okrajovych uloh.

Od roku 1965 se v oddéleni také systematicky studuje teorie potencidlu. Vyznam-
nych vysledki bylo dosaZeno. pfi vySetfovani okrajového chovéani potenciald v sou-
vislosti s jejich aplikacemi na rovnice matematické fyziky i v abstraktni teorii
harmonickych prostori. Znaéna pozornost byla vénovana vySetfovani vlivu geome-
trické struktury v oblasti na chovani potencidli a jejich aplikabilité na feSeni okra-
jovych tloh eliptického i parabolického typu. Tato problematika je studovdna v se-
minéfi, na jehoZ praci se podstatné podileji rovnéZ pracovnici vysokych $kol, zejména
matematicko-fyzikalni fakulty Karlovy university.

V ramci oddéleni oby¢ejnych diferencialnich rovnic byla na zacatku Sedesatych let
studovana existence periodickych feSeni linearni i slabé nelinedrni vinové rovnice.
S pfibyvajicim podtem pracovniki, zabyvajicich se touto tématikou, vznikla nakonec
samostatna skupina, jeZ se pozdé&ji stala soucasti oddéleni parcidlnich diferencidlnich
rovnic. Tato skupina soustavné vysetfila existenci periodickych feSeni viech zakladnich
typl rovnic matematické fyziky (rovnice vinové, telegrafni, diftzni, rovnice ty&e,
desky, atd.). Postupng bylo zkoumdano uZiti rozliénych metod (metoda Poincarého,
Giinzlerova, Fickenova-Fleischmannova aj.) a riizné modifikace metody Fourierovy
a hodnocena jejich vlastnost v problémech linearnich i slab& nelinedrnich. Velkd
pozornost byla vénovéna resonanénim p¥ipadém, (tj. pfipadiim, kdy perioda ,,vn&j-
Sich sil“ je v raciondlnim pomé&ru k vlastnim kmitim limitni rovnice), jeZ zpravidla
vedou na feSeni obtiZnych siln€ nelinearnich tloh. Mnoho vysledkil, platnych pro
shora uvedené specidlni typy rovnice, se podafilo pfenést na abstraktni diferencidlni
rovnice typu

(1) u' + Au =g + & F(u),
(2 u" + Au =g + e F(u),
(3 u' + (¢ + pA)u' + Au =g + ¢ F(u),

kde A je neohraniCeny linearni operdtor v Banachové prostoru a F je obecné nelinear-
ni operétor ,,podfizeny‘* operatoru 4. DosaZené vysledky byly shrnuty do rozsiahlé
pfipravované monografie o periodickych feSenich parcidlnich diferencidlnich rovnic,
na niZ pracovala vétSina ¢lent skupiny. Kromé feSeni periodickych byla pro obdobné
problémy vySetfovdna i existence feSeni skoroperiodickych. Bylo zde dosaZeno
vyznamnych vysledki, a to &asto na zdklad€ hlubokych vét z funkciondlni analyzy.
Studium markovovskych procesti, zejména procestt diftiznich, dalo v padesatych
letech podnét ke studiu teorie semigrup operatori, kterd tizce souvisi s teorii pocate¢-
nfho problému pro rovnici (1) (pro g = 0 a & = 0). Zdroveil s touto teorii byla
v Sedesatych letech vypracovdna teorie ,,kosinovych® funkci, kterd tzce souvisi
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s poatetnim problémem pro rovnici (2) ( pro g = 0 a ¢ = 0). V poslednich letech je
studovdna korektnost a stabilita po€ate¢niho problému pro rovnici n-tého fadu

)] u™(t) + A, u" () + ... + A, u(t) =0, '

kde A, ..., A, jsou neohranifené operatory.

Pfi rozdéleni ptuvodniho oddéleni parcidlnich diferencidlnich rovnic pocitkem
Sedesatych let vzniklo oddéleni konstruktivnich metod feSeni diferencidlnich rovnic.
JiZ od zaloZeni ustavu vSak probihal vyzkum v oblasti aplikaci matematiky a numeric-
kého feseni diferencidlnich rovnic. V nasledujicim uvadime i tyto vysledky. V pade-
satych letech, po zaloZeni dstavu, se v oddé&leni feSily matematické problémy, spojené
s vystavbou vodniho dila Orlik. Pro urychleni vystavby se uvaZovaly dv€ varianty,
a to stavba ve vysokych pracovnich vrstvach a za druhé umélé chlazeni vodou
proudici v trubkach, uloZenych v betonovém masivu. Beton pfi tvrdnuti vyviji
dosti zna&né mnoZstvi tepla a bylo nutno posoudit nebezpedi vzniku trhlin v disledku
tohoto procesu. Pivodnim imyslem bylo aplikovat jiZ dfive rozvijenou matematic-
kou teorii rovinné pruznosti na zakladé€ teorie funkci komplexni proménné. Proble-
matika se v8ak ukdzala byt velmi rozsahlou a vedla v podstaté ke studiu eliptickych
rovnic zejména vysSich ¥ada (biharmonické ronice) a parabolickych rovnic (rovnice
pro vedeni tepla) v&etn& metod jejich numerického feSeni. Pfitom bylo v n€kterych
pfipadech nutno uvaZovat i nelinedrni vlivy, které vedly k formulaci a studiu spe-
cidlnich integrodiferencidlnich rovnic. V téchto souvislostech se zalinaly péstovat
varia¢ni metody feSeni parcidlnich diferencidlnich rovnic. V oblasti numerického
feSeni zminénych typid ravnic se rozvijela metoda siti. Tento velky komplex problé-
mil, na némZ prace skonlila koncem padesatych let, dal vznik i nékolika kandi-
datskym pracim a urdil i nadale po znaénou dobu tématické zaméfeni prace.

Dalfim dileZitym faktorem, ktery ovlivnil volbu problematiky, byl pfichod samo-
&innych potitad. Cast posledni faze vypoétil, souvisejicich s vodnim dilem Orlik, byla
provadéna, zaroveii je§t€ s rozsahlymi vypodty na stolnich kalkulackach, na pocitaci
URAL L V pozd&sim obdobi, zalitkem Sedesatych let, bylo dosaZeno zajimavych
vysledkii pfi vySetfovani zdvislosti feSeni okrajovych tloh pro eliptické rovnice na
malé zméné definiéni oblasti. Tato problematika je totiZz dileZitd z hlediska aplikaci
i numerického fefeni. DalSich vysledkil bylo dosaZeno pfi vySetfovdni chovani feSeni
pfi zmen$ovani jednoho rozméru oblasti. Jinym zajimavym vysledkem bylo vybudo-
vani teorie diskrétni Fourierovy transformace. Této metody bylo pouZito k feSeni
nekone€nych soustav algebraickych rovnic, vznikajicich v teorii pruZnosti. Krom&
toho byla timto aparitem studovadna problematika dislokaci v molekuldrni mfiZ,
které slouZi jako model pro vyklad pruZného chovéni materidli.

Od poloviny Sedesitych let, v podstaté az dodnes, ovliviiuje zamé&feni a praci
oddéleni problematika numerického feSeni diferencidlnich rovnic na poéitaich
a problematika numerickych vypoctii viibec. V této dobé pfichdzeji i mladi pracovni-
ci, jejichZ studium bylo zaméfeno na vyuZivani pocitatl. Vyzkum v tomto obdobi je
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charakterizovan studiem dvou velkych problémii: numerické stability a optimalizace
Pfichod problematiky numerické stability s vykonnymi po¢itaci byl zcela pfirozeny-
Velké mnoZstvi provadénych operaci nese sebou nebezpe€i ovlivnéni, p¥ipadné
i uplného znehodnoceni vypo&tu zaokrouhlovacimi chybami. Pro studium této
problematiky p¥i numerickém feSeni diferencidlnich rovnic byla vybudovéna teorie
numerickych procesii. Vypoc&et je zde chdpdn jako jeden celek, tj. diskrétni verze
plvodniho spojitého problému i metoda jeho feSeni se povaZuji za numericky proces,
jehoZ zdvislost na diskretizanim parametru se vySetfuje. Pfi tomto studiu bylo
nutno upfesnit n&které diivéj$i ndzory na problematiku zaokrouhlovacich chyb.
Vysledky, v této oblasti dosaZené, byly shrhnuty v kniZni publikaci. Problematika
optimalizace vychdzela z praci S. L. SOBOLEVA o kvadraturnich vzorcich, ale svym
pojetim univerzalni aproximace i aplikacemi na vypolet obecnéjsich funkcional
pfispéla podstatnou mérou k rozvoji této-teorie. I zde stimulujicim faktorem byla
moZnost ziskat vysledky, které by byly uZite¢né pfi aplikaci pro vypodty na pocitadi.

Koncem Sedesatych let se objevila problematika metody pfesunu podminek, ktera
se rozvinula zaatkem sedmdesatych let. Tato metoda, jiz dfive ve specidlnich pfipa-
dech aplikovand, je metoda numericky stabilniho pfevodu okrajovych tloh na
potatetni tilohy (na rozdil od metody stielby). Metoda pfesunu podminek byla
vyp;acovéna pro velmi obecny okrajovy problém pro linearni soustavu oby&ejnych
diferencidlnich rovnic s vnitfnimi a pfechodovymi podminkami. Podrobné byla
studovana numerick4 stabilita metody a vypracovan pfislu$ny vypodetni algoritmus.
Pozornost byla vénovdna i matematickym modelim v mechanice tuhé fdze. Jista
nelinedrni evoluéni tloha z teorie vazkopruZnych téles byla feSena v souvislosti
s navrhem teplotniho fizeni pfi Zihdni nadoby jaderného reaktoru. Vysledky byly
realizovany pfi vystavbé jaderné elektrarny A 1 v Jaslovskych Bohunicich.

V tomto obdobi ve sv&tovém méftku zdrovet zadind rozvoj matematické teorie
metody koneénych prvki. K rozvoji této metody prispéla fada praci, které rozpra-
covavaji uZiti dudlnich a smiSenych variaCnich principt. Tato problematika zasahuje
aZ do soudasnosti, kdy je velkd pozornost v&novana ulohdm s jednostrannymi okra-
jovymi podminkami i uloham kontaktnim. Tyto tlohy spadaji do obecné problema-
tiky varia&nich nerovnic. Teoretickych vysledkt bylo pouZito pfi vystavbé praZského
metra a ke konstrukci turbin. Kromé& toho byla vypracovidna metodika konstrukce
aproximaénich funkci v metodé koneénych prvki, které ddvaji ¥4d aproximace,
z4visly jen na aproximované funkci.

V poslednim obdobi se péstuje problematika numerického feSeni evoluénich pro-
blémi. Na zdkladé vypracované siln& implicitni metody bylo dosaZeno uZite¢nych

. vysledk pro numerické FeSeni soustav oby&ejnych diferencidlnich rovnic s velmi
rozdilnymi asovymi konstantami (stiff systémy) a pro numerické feSeni parabolic-
kych rovnic. Tato metodika umoZnila zkonstruovat metody s libovolnym fiadem
aproximace vzhledem k &asovému kroku déleni. Tato price se nyni dale rozviji pfi
aplikaci metody na abstraktni rovnice. V oblasti aplikaci se fe§i problematika chla-
zeni transformatord s velkym vykonem.
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Algebraické numerické metody se v Matematickém ustavu CSAV péstovaly jiZ od
doby jeho zaloZeni. Podnéty ze semindfe V. Knichala vedly k prvnimu vysledkim.
Ustavila se mal4 skupina pracovnikd, kterd se v r. 1955 stala oddélenim numerickych
metod. Bylo dosaZeno vysledkli o feSeni polynomidlni rovnice, hlavni néplni vSak
byla, a z&4sti je dosud, problematika iteraénich metod a s ni spojené otazky rychlosti
konvergence. Vyznamnych vysledkt bylo dosaZeno ve vySetfovani Gaussovy-Seidelo-
vy metody pro feSeni soustav linedrnich rovnic uréitého typu, pozdgji i o feSeni soustav
nelinearnich rovnic, problému vlastnich &isel atd. Byla vybudovéna teorie zobecnég-
nych (vektorovych) norem a rozvinuta teorie M-matic (matic tfidy K). Obou sméri
bylo pouZito k ziskdni velmi silnych odhadi vlastpich &isel matic.

Dalsi smér, ktery upoutal a dosud poutd pozornost pracovnikli odd€leni, byla
problematika souvislosti kombinatorické struktury nenulovych prvki matice s né-
kterymi charakteristikami matice. Zde se uplatnila terminologie a metody teorie
grafd, ostatné jiz dfive pouZité ke studiu simplexti v n-rozmérném euklidovském
prostoru. Tak bylo nalezeno vyjadfeni hlavnich minorit matice pomoci ohodnoceného
grafu matice, vyjadfeni struktury inverzni matice k matici dané kombinatorické
struktury a struktury matic, které vznikaji pfi aplikaci eliminaéni metody. V posledni
dobé je v této souvislosti vénovana pozornost linedrnim problémtim s velkou fidkou
matici, tj. s matici, kterd ma jen malé procento nenulovych prvkd. Takové problémy
se vyskytuji v ekonomii, ve stavebnictvi, v jaderné technice i jinde.

Rada vysledkt se tykala specidlnich tf¥id matic, maticovych nerovnosti a nov&
zavedenych maticovych funkci (napf. zobecnénych sloZenych matic). Zejména byly
vySetfovany nezdporné matice, jejich spektralni vlastnosti, jakoZ i zobecnéni téchto
matic na operatory zachovavajici konvexni kuZel.

Dilezitych vysledkt bylo dosaZeno i v samotné teorii grafii. Pracovalo se zde mj.
v problematice koster grafii a vnofovéni grafii do grafii specidlniho typu (napf. do
grafu hran n-rozmérné krychle).

Soudésti oddéleni numerickych metod je také skupina matematické logiky. Mate-
matickd logika méla v Matematickém ustavu CSAV vynikajiciho pfedstavitele
v pfedCasné zesnulém doc. L. RIEGROVI, ktery pracoval v intuicionistickém vyroko-
vém podétu, v algebraickych metodich logiky a v axiomatické teorii mnoZin. Jeho
Zaci navazali zejména na vyzkum v teorii mnoZin a podileli se na studiu metamatema-
tickych vlastnosti teorie mnoZin (dﬁkazy nezdvislosti riznych tvrzeni na axiomech
teorie mnoiin) a na vybudovani systémi teorii mnoZin zobecfiujicich nebo nahrazu-
jicich. ~

Dile¥ity byl rovn&% rozvoj logickych aspektii informatiky (Computer Science)
a obecnych matematickych zékladi této discipliny. Byly studovany formalni jazyky
a rozvinuta obecnd teorie algoritmickych struktur. Jako aplikace matematické logiky
v informatice byly vyvinuty nékteré metody automatické formace hypotéz.

Nékteti pracovnici dne$niho oddéleni numerickych metod, teorie grafi a mate-
matické logiky maji hlavni podil na spoluprici MU CSAYV s n. p. Aritma. V minulych
letech byl zde vypracovan pfeklada& programovaciho jazyka Fortran pro pocita
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A 1010, v soutasné dob¢ se pracuje na problematice programového vybaveni nového
vypocetniho systému KA 10 pro préci s databdzemi.

Funkciondlni analyzou se zabyvala maléd skupina pracovnikl jiz v Ustfednim
Ustavu matematickém. V padesatych letech se zafal pravidelné schizet seminaf
z funkciondlni analyzy, pozdéji se konstituovalo oddéleni topologie a funkcionalni
analyzy; od né&j se v r. 1977 oddélila skupina topologie. Od samého pocéatku se kladl
velky dliraz na souvislosti s numerickou matematikou. Vznikla cela fada praci
ve spolupraci s oddélenim numerickych metod, vénovanych otdzkam linedrni algebry,
dileZitym pro aplikace, zejména v numerické matematice, ale i v jinych oborech,
jako je napf. teorie pravdépodobnosti nebo matematickd ekonomie. Jejich vyznam
viak zasahuje i ddle, napf. do navrhovani obvodi s transistory. Zaroveii se studovaly
nékteré zakladni souvislosti uplnosti topologickych linedrnich prostort s otevienosti
linedrnich zobrazeni. Jednim z vyznamnych vysledki t&chto vySetfovani, je charakte-
rizace prvki tiplného obalu lokalné€ konvexniho prostoru, kterého se u nds dosdh-
lo nezavisle na francouzském badateli A. GROTHENDIECKOVI.

V téZe dobé vznikla myslenka studia dopliiovani topologickych prostort formal-
nimi linedrnimi kombinacemi bodil. Uzavér takto vzniklého linearniho prostoru lze
potom interpretovat jako jistou mnoZinu mér. Takové linedrni kombinace lze
pfirozenym zptlisobem povaZovat za linedrni funkcionély na prostoru spojitych funkci,
takZe dany topologicky prostor S je vnofen do dudlniho prostoru C(S)'". Vyvrchole-
nim téchto vySetfovani je véta, kterd poddvd nutné a postadujici podminky pro to,
aby separdtné€ spojitd funkce na kartézském soudinu dvou topologickych prostori
S x Tméla rozsifeni na C(S)' x C(T)', které je separdtng spojitou bilinearni formou.
Tato vé€ta obsahuje jako specidlni pfipad obé klasické véty o slabé kompaktnosti,
vétu Eberleinovu i vétu Krejnovu o slabé kompaktnosti konvexniho obalu. V inter-
pretaci teorie her jde v podstaté o to, aby pfislusnd funkce, definovana jen na &istych
strategiich, méla separatné spojité bilinedrni rozsifeni na smiSené strategie. Za vysledky
v teorii linedrnich prostorii byla udélena Statni cena Klementa Gottwalda Prof.
V. PTAKOVL

Dalsim velikym celkem, ktery tizce souvisi s numerickou matematikou, jsou otazky
konvergence iteranich procesil. V této souvislosti vznikla mySlenka tzv. kritického
exponentu. V podstaté jde o tuto otdzku: pro fadu iteranich procesti jsou znamy
teoretické podminky, jejichZ splnéni zaruduje konvergenci procesu. Jejich verifikace
miZe viak byt velmi obtiZznd, dokonce né€kdy obtiZn&j§i neZ feSeni samého problému.
Myslenka kritického exponentu spoéivd, zhruba feleno, v tomto: Jestlize kri-
ticky exponent uvaZovaného procesu je roven &islu g, znamena to, Ze lze o kon-
vergenci tohoto procesu rozhodnout na zdklad€ chovéni prvnich g kroki, aniZ se
verifikuji jakékoli podminky konvergence. Pozdgjsi vysledky umoZiiuji dokonce ziskat
nejen kvalitativni vysledek, zda metoda konvérguje, ale dokonce i kvantitativni
informaci o rychlosti konvergence. .

M¢feni rychlosti konvergence iteraénich procest je pfedmétem dalsiho rozsihlého
souboru praci, vénovaného mirdm konvergence.
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Byly poloZeny zaklady k nové teorii existenénich vét iterativniho typu, tzv. metoda
spojité matematické indukce, kterd umoziluje vySetfovani procesu pfevést na feSeni
jistych systémt funkcionalnich nerovnosti. Zejména se touto metodou podafilo
poprvé v historii ziskat odhady pro Newtontiv proces ostré v kazdém kroku.

V Sedesatych letech se oddéleni rozrostlo o nékteré mlad$i pracovniky; z jejich
prispévkil vynikly zejména cenné prace z teorie linearnich operatort a jejich aplikaci;
v novéjsi dobé vznikly né€které prace z nelinedrni analyzy, z nich je nutno jmenovat
price tykajici se probléml podrelaxovanych metod a tzv. malych déliteld, které
zobeciiuji vysledky KOLMOGOROVA a ARNOLDA. Mezi cenné aplikace metod funkcional-
ni analyzy patfi téZ studium rozpadu nestabilnich &astic (ve spolupraci s Fyzikélnim
tistavem CSAYV).

Také v teorii pravdépodobnosti a v matematické statistice se v Matematickém
ustavu CSAV pracuje od poéitku jeho existence; ostatn& jiZ v Ustfednim tstavu
matematickém byla nevelkd skupina pracovnikil, ktera se zabyvala predevsim
aplikacemi metod matematické statistiky.

Tato tradice izké spoluprice s praxi a s aplikovanym vyzkumem, zvlasté v zemé-
délskych, biologickych a lékafskych védach, trvd dodnes. Pohled na dlouholetou
¢innost v tomto sméru a jeji konkrétni vysledky nds pfesvéd&uji o uelnosti a uéin-
nosti téchto aplikaci. Pracovnici Matematického tstavu se tu podileli na rozséhlych
prizkumech antropologickych, na vyzkumu kazivosti zubti, na fadé Slechtitelskych
vyzkumt v zem&d&lské rostlinné i Zivodi¥né vyrobé. '

Neslo oviem jen o pouhé pouZiti znamych metod. Pro ucely hodnoceni vysledki
sloZitych experimenti, napf. polnich pokusi, byly vypracovany nové modely a postu-
py, mj. metoda vyloudeni pudnich trend@ v blokovych pokusech, v&etné odvozeni
nutnych a postacujicich podminek existence fefeni pro pfislu$ny matematicky model.

V souvislosti s aplikacemi matematické statistiky v zemé&délstvi ma zvlastni vyznam
geneticky semina¥, v némzZ se mnoho let zkoumala problematika genetiky populaci;
ucdast pracovnikit Matematického ustavu na tomto seminafi byla podstatna.

Plodnéa spoluprice s praxi ovlivnila také praci v matematicko-statistické teorii.
Za hlavni sméry vyzkumné &innosti Matematického tistavu CSAV v tomto oboru Ize
oznadit jednak teorii vyb&rovych Setfeni, zejména teorii vybéru z koneéné populace,
kde byla vykondna skuteén& prikopnickd price, jednak teorii neparametrickych
testil, kde byla hlavné vybudovana asymptoticka teorie poZadovanych testii. Ziskané
vysledky, napf. odvozeni nutnych a postadujicich podminek pro asymptotickou
normalitu poZadovanych testil, pfitom dosahly opravdu svétového uznéni. V soulas-
né dobé€ se vyzkumnd innost v Matematickém tstavu orientuje na tématiku linedr-
nich modelti a mnohorozmérnych statistickych problémi.

Druhou souddsti prace v oddéleni je vyzkum ve vlastni teorii pravdépodobnosti.
Také zde lze vy¢lenit tfi hlavni sméry, které tu byly v prib&hu uplynulého &tvrt-
stoleti p&stovany.

Pomé&rné nejstalej§im byl smér, ktery se — v podstat€ po celou dobu existence
ustavu — orientoval na topologické ziklady teorie pravdépodobnosti a teorie miry
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a ktery nakonec vyustil v relativné samostatné studium tzv. konvergenénich struktur.

Druhou velkou oblasti teorie pravdépodobnosti, k niZ pracovnici Matematického
ustavu CSAV pfispivali, je teorie stochastickych procesil, zejména procesii marko-
vovskych. Byly podrobné studovany otdzky podminénych limitnich pravdépodob-
nosti za pfedpokladu, Ze proces ziistava v urité mnoZiné stavi, teorie vétvicich se
procesil se spojitym systémem stavil a otdzky klasifikace a ergodickych vlastnosti
Markovovych fetézci s obecnym systémem stavii. Zde bylo mj. dok4zdno, Ze u ne-
rozloZitelnych Markovovych fetézcil Ize provést obdobnou klasifikaci jako v klasic-
kém ptipadé, ale jejich spektrdlni vlastnosti se vyrazné lisi.

K tomuto sméru lze pfipojit téZ studium nékterych aplikovanych partii teorie
stochastickych procesili, napf. teorie hromadné obsluhy, kde jsou markovovské
procesy hlavnim pracovnim néstrojem.

Tfeti vyznamny smér prace tohoto oddéleni Matematického ustavu leZi na pomezi
teorie pravdépodobnosti a matematické statistiky. Tvof jej vyzkum statistickych
problémi ve stochastickych procesech, jednak gaussovskych, jednak integrovatel-
nych s kvadratem. Zde byla origindlnim zplisobem vybudovana teorie obecnych
regresnich odhadd. Byly odvozeny jak ryze teoretické vysledky, tak i metody vhodné
pro konkrétni vypocty.

Vedle t&hto hlavnich sm&rt vznikla v Matematickém dstavu CSAV fada praci,
orientovanych k jednotlivym problémim teorie pravdépodobnosti. Za zvlastni
zminku stoji pfedev§im prace o podminénych pravdépodobnostech a podminénych
stfednich hodnotéch. :

Mezi topologicka témata, na ktera se od r. 1962 zaméfovala pozornost skupiny
topologil (nyni odd&leni zékladnich matematickych struktur) patfilo

(i) zkouméni obecnych struktur spojitosti,

(ii) zkouméni filtrd,, a to mj. v souvislosti s problematikou klasifikace nespojitych
funkci.

Ve sméru (i) byly pfedeviim zkoumany merotopické prostory, jeZ zahrnuji jako
specidlni pfipad prostory topologické a uniformni (merotopické prostory se fakticky
vyskytly jiz u E. Cecha, jenZ v¥ak je nezkoumal jako zvlistni druh prostoridl). Byly
ziskany diileZité obecné poznatky o téchto prostorech, jeZ, jak se ukézalo, lze dostat
jako kvocienty uniformnich prostorii. Mj. byla nalezena jednoduchd ,,universilni*
tfida t&chto prostoru, tj. takova tfida, kde kazdy tplné reguldrni merotopicky prostor
Ize vnofit do vhodného prostoru z této tfidy, a bylo dokdzéno, Ze — pfi omezeni na
jistou tfidu merotopickych prostorii — lze pfirozenym zplsobem zavést prostory
zobrazeni (coZ, jak zndmo, nejde pro topologické prostory). Ve sméru (ii) byla mj.
dosti podrobn& zkoumana konvergence podle filtrii (i jiné druhy konvergence), co
je ostatn& pojitkem obou zmin&nych tématickych sméri. Na zdkladé filtrové konver-
gence byla poddna tplnd klasifikace t&ch nespojitych funkci, jeZ jsou spole¢né dosa-
Zitelné spojitymi fukcemi; tato klasifikace zahrnuje klasické Baireovo tfidéni: V této
souvislosti byly téZ zkoumdny souéiny filtrii a byly konstruovdny souéinové idempotent-
ni filtry, coZ mj. poskytuje jednotnou proceduru pro vytvafeni viech Baireovych funkci.:

330



Od roku 1965 se soustfedila pozornost mimo jiné téZ na tzv. separabilni deskrip-
tivni teorii mnoZin a na teorii ultrafiltri. '

Za prace v deskriptivni teorii mnoZin byla v roce 1972 RNDr. Z. FroLikovi, DrSc,,
udélena Stdtni cena Klementa Gottwalda. Bylo napf. dokdzédno, Ze bairovsky méfi-
telné zobrazeni analytického (k-analytického v terminologii G. Choqueta) do me-
trického prostoru lze bez Gjmy na obecnosti poklidat za spojité, coZ je silné tvrzeni,
které ma aplikace napf. na projektivni limity mér.

V teorii ultrafiltri byla zavedena a studovdna dv€ zdkladni uspofdddni R-K
a R-F a problém nehomogenosti extremalné nesouvislych kompaktnich prostorii
byl redukovan na otdzku linearity uspofadani R-F.

Od roku 1968 byla znaénd pozornost vénovdna studiu uniformnich struktur
motivovan4 aplikacemi v neseparabilni teorii mnoZin a v teorii miry (v navaznosti
na price RAJKOVA a LECAMA byly studovéany tzv. uniformni miry a volné uniformni
miry; tato teorie obsahuje velkou &ist topologické teorie miry a cylindrické miry).
V obou zaméfenich bylo dosaZeno fady hlubokych vysledkid. Ve vlastni teorii
uniformnich prostort bylo napf. dokdzdno, Ze lokdln€ jemné prostory jsou sub-
jemné, coZ fesilo jeden z centralnich problémti v monografii J. ISBELLA. VySetfovéni
uniformnich mér bylo nosnym programem pro studium teorie miry z nejriznéj$ich
hledisek; v posledni dob& se objevily prvni vysledky v deskriptivni kvantové teorii
pole.

V poslednich letech se zacaly zkoumat otdzky, souvisejici s aplikacemi matematiky
v psychologickych a biologickych oborech, a to

(1) po strance matematické tématiky motivované problémy zmin&nych obord,

(ii) po strdnce matematického modelovani n&kterych jevii z oblasti psychologie
a lékafstvi.

Ve sméru (i) byly ziskany n&které véty o soustavich prahové linedrnich transforma-
ci a jejich souvislostech s klasifikaci nespojitych funkci, v posledni dobé pak véty
o charakteristikdch kone&nych metrizovanych pravdépodobnostnich poli (v souvis-
losti s teorii informace). Ve sméru (ii) se nyni na konkrétnim materidlu zkouma
problematika modeld onemocnéni, v jejichz priibéhu se vyskytuji jak prudké
oscilace, tak i povlovna deteriorace.

V roce 1970 vznikla poboka Matematického tistavu CSAV v Brné. M4 sice jen
maly pocet pracovniki, vyviji vSak bohatou &innost. Kromé problematiky oby¢ejnych
diferencidlnich rovnic, o niZ jiZ byla fet, se pé&stuje diferencidlni geometrie (teorie
jet a prostorli s konexi) a algebraick4 lingvistika. V obou t&chto disciplindch bylo
dosaZeno hlubokych vysledki.

Sou¥4sti Matematického ustavu CSAV je té% Kabinet pro modernizaci vyu€ovéni
matematice. Vznikl v roce 1969 pfi¢lenénim matematické &asti tehdejsiho Kabinetu
pro modernizaci vyu€ovani matematice a fyzice k Matematickému tstavu CSAV.
Kabinet provadi zakladni vyzkum ve vyu€ovani matematice. Spolupracuje s tfindcti
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experimentélnimi ¥kolami (10 zékladnimi, 3 gymnazii) a se Sesti vysokoSkolskymi
fakultami. Byly vypracovany pokusné osnovy a udebni texty pro vSechny ro¢niky
ZDS i gymnazii. ZkuSenosti ziskanych pfi vyufovani na experimentalnich $kolich
se vyuZiva pfi tvorb& osnov a uéebnic pro ZDS a gymnaézia.

Priace Kabinetu tématicky navazuje na praci oddéleni elementdlni matematiky,
které bylo v Matematickém tistavu CSAV v letech 1952—1964. Toto oddéleni m&lo
vyznamnou ulohu ve dvou smérech. Pfedev§im pfispélo praci na poli elementarni
a $kolské matematiky k zvySeni irovné Skolské matematiky a zdjmu o ni jak v Mate-
matickém ustavu, tak i v §ir$i vefejnosti. Pracovniku oddéleni doc. J. HOLUBAROVI
byla udélena Komenského medaile. Déle pak mélo toto oddéleni hlavni podil na
organizaci matematické olympiddy. Tato jiZ vieobecné zndma soutéZ byla zaloZena
z podnétu akademika E. Cecha v roce 1951 a od svého vzniku je Matema-
ticky ustav CSAV jejim spolupofadatelem.

Védecko-vyzkumnou ¢innosti se zdaleka nevyferpava prace ustavu. Matematicky
ustav se také podili na zpracovéni a kontrole matematickych ukoll statnich progra-
mi zdkladniho vyzkumu a na organizaci védecké priace v matematice vibec. Je
vyznamnym $kolicim pracovi$§tém, na kterém vyrostlo a vyristdi mnoho mladych vé-
deckych pracovnikil Ceskoslovenskych i zahrani¢nich. Vénuje také velkou pozornost
mezindrodni védecké spoluprdci. Uzaviel celou fadu dohod s matematickymi
pracovisti zemi RVHP, pravideln€ pofada ,,PraZska topologickd symposia —
TOPOSYM* a ,,Porady d&eskoslovenskych a sovétskych matematiki‘, spole¢né
s jinymi matematickymi pracovisti v CSSR pak ,,Ceskoslovenské konference o dife-
rencidlnich rovnicich a jejich aplikacich — EQUADIFF*, ,,Ceskoslovenska sym-
posia o teorii grafi‘, konference ,,Zdkladni problémy numerické matematiky*
a mnoho dalgich konferenci a symposii.

Matematicky tstav CSAV vydéava &asopisy Czechoslovak Mathematical Journal
a Casopis pro péstovdni matematiky, které jsou pokragovanim ptivodniho Casopisu
pro péstovani matematiky a fysiky, vyddvaného Jednotou &eskoslovenskych matema-
tikt a fysiku, a Casopis Aplikace matematiky, zaloZzeny roku 1955.

Knihovna Matematického tstavu, do niZ byly v roce 1951 zafazeny knihy a ¢aso-
pisy z byvalé knihovny JCSMF a kter4 je jednou z nejvétsich odbornych matematic-
kych knihoven v CSSR, slouZi celé &eskoslovenské védecké vefejnosti.

Uplynulé ¢&tvrtstoleti bylo obdobim hlubokych pfemén celé naSi spole€nosti.
Soudasti té&chto pfemén byl i velky riist védecko-vyzkumné zikladny, ktery odpovida
stile rostouci tloze v&dy. Tento rlst by nebyl moZny bez viestranné a velkorysé
podpory, kterou nase stranické a statni organy trvale vénuji rozvoji védy.

Dokumentovalo to i jedndni XV. sjezdu KSC, kde byla jak v hlavni zpravé general-
niho tajemnika s. Gustdva Huséka tak i v diskusnim vystoupeni pfedsedy Cesko-
slovenské akademie v&d s. Jaroslava KoZe$nika v&€novdna pozornost problematice
zdkladniho vyzkumu, jeho efektivnosti a uplatnéni v praxi i potfeb& jeho dalsiho
rozvoje.
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Zavéry XV. sjezdu KSC byly pfedmétem jednani vedoucich organtt CSAV, které
je rozpracovaly do konkrétnich tikold pro védecka pracovi§té. Pracovnici Matematic-
kého tstavu, jsouce si védomi toho, jak skvélé podminky pro rozkvét védy poskytuje
socialistické zfizeni, soustfedi viechny své sily a schopnosti k tomu, aby se cti splnili

naro¢né ukoly, jez pfed nasi matematickou vé€du klade vystavba rozvinuté socialistic-
ké spole¢nosti.
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Casopis pro p&stovini matematiky, roé. 102 (1977), Praha

ON CONDITIONS ON RIGHT HAND SIDES OF DIFFERENTIAL
RELATIONS

Jikf JARNIK and JAROSLAV KURZWEIL, Praha
(Received April 25, 1977)

0. INTRODUCTION

We are interested in the solutions of
(0.1) xeF(t,x),

which are locally absolutely continuous and fulfil (0.1) almost everywhere. Let X,
be the set of nonempty convex compact subsets of R”, G = R x R" and assume that

(0.2) F:Go A,
(0.3) for almost all ¢ the map F(t, *) is upper semicontinuous

(of course, F(t, *) (x) = F(t, x) if the right-hand side is defined). In order to guarantee
the existence of solutions, some conditions are to be added. For example, analogously
to the ordinary differential equations it may be assumed that

(0.4) for every x the map F(, x) is measurable ,
(0.5) F is bounded (in some sense)

or (0.4) may be replaced by a more general selection property (cf. [1]).

The map F may fulfil (0.2), (0.3) and (0.4) and at the same time behave rather
unreasonably as a function of the pair of variables (¢, x); an example is given in Sec-
tion 4. Nevertheless, if F fulfils (0.3), then (0.1) may be replaced without loss of gener-
ality by
(0.6) x e F(t, x)

where F is in a certaint sense regular as a function of the pair (t, x).
Let X0 = o, v {0}, let Z be a metric space, H:Z — X'y. H is called upper
semicontinuous, if for every open set U < R” the set {z e Z | H(z) = U} is open.
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(This is equivalent to the usual definition if H : Z — X,.) If S < Z, let the map H|s:
S — A be defined by H|s(z) = H(z). Denote by m(B) the Lebesgue measure of
a set B = R. The above statement is made precise in the following

0.1. Theorem. Let F fulfil (0.2), (0.3). Then there exists such an F : G — X', that

(0.7) to every & > O there exists such a measurable set A, = R that m(R — 4,) <

< & and that F|g. 4, xgn is upper semicontinuous,
(0.8) F(t,x) = F(t,x) for (1,x)eG,
(0.9) every solution of (0.1) is simultaneously a solution of (0.6) .

It follows from (0.8) that every solution of (0.6) is simultaneously a solution of (0.1),
so that the sets of solutions of both the equations are identical. Moreover, if the
existence theorem holds for (0.1), then m(B) = 0 by Theorem 3.1, B being the set
of such t € R that (t, x) € G, F(t, x) = @ for some x. Without loss of generality we
may change F on G n (B x R") and obtain that F(t, x) # 0 for (¢, x) € G ((0.7)—(0.9)
being in force simultaneously).

Theorem 0.1 is an immediate consequence of the following more general theorem,
which is not concerned with differential relations but with a selection problem.
Let X be a separable metric space.

0.2. Theorem. Assume that
(0.10) "GcRxX, F:Go X,

and that (0.3) holds. Then there exists a function F : G — ') satisfying (0.8),

(0.11) to every & > O there is a measurable set A, = R such that m(R — A4,) < ¢
and the function F'Gn(A,XX) is upper semicontinuous,

(0.12) if I = R is measurable,u : I — X measurable,(t, u(t)) € G for tel,v:I - R"

measurable, v(t) € F(t, u(t)) for almost all t € I, then w(t) € F(t, u(t)) for almost
all tel.

Theorem 0.2 is proved in Section 1 (see Theorem 1.5). As u in Theorem 0.2 is required
to be measurable (and not continuous) and X is a general separable metric space,
Theorem 0.1 may be extended to differential relations the right-hand sides of which
depend on the values of the solution x or its derivative X with deviated arguments or
on the “portion” x, of x, x, : [—1, 1] > R" being defined by x,(z) = x(t + 7). These
extensions of Theorem 0.1 are not described in more detail, the application of Theo-
rem 0.2 being straightforward.

The conditions (0.7), (0.11) are analogous to that of Scorza-Dragoni which had
been introduced for differential equations [2]. The same condition was used in [3]
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where the result by Scorza-Dragoni was extended to differential relations. The
necessity of admitting F(t, x) = 0 is clear from the following example.

Let M; = R, i = 1,2 be non-measurable sets, m*(M;) = 1 (the asterisk denotes
the outer measure), M; " M, = 0, M; U M, = (0, 1) and put F(¢t, x) = {f()} where
f(t) = 1 for te My, f(f) = O for t € M,. The condition (0.7) implies that F(-, x) is
measurable. However, with regard to (0.8) this is only possible if F(t, x) = 0 for
(t,x)e G n (A x R) where G = (0,1) x {0,1}, m(R — 4) = 0.

0.3. In Section 2, assuming that the metric space X is complete separable and that
the set G is of type F,, we prove that the function F from 0.2 is unique in the following
sense: If F,: G —» o3, i = 1,2 fulfil the conditions (0.8), (0.11), (0.12) with F,
instead of F, then there is a set A = R such that m(R — A) = 0 and F,(t, x) =
= Fy(t, x) for (t, x) € G n (4 x X). (See Note 2.7.)

In Section 3 we prove a theorem which gives sufficient conditions that F(t, x)=90
occurs only for ¢ from a set of measure zero.

The results of Sections 1—3 may be extended to the case when X is a topological
space with some additional properties; e.g. in Section 1 it is sufficient to assume that X
is a topological space with a countable open basis.

0.4. In Section 4 the existence of such functions F, Q : [0, 1] x R — {{0}, [0, 1]}
is proved that Q(t, x) = F(t, x + t) and that

(0.13) for every t € [0, 1] the set {x | F(t, x) = [0, 1]} contains at most one point ,

(0.14) for every x e R the set {t| F(t, x) = [0, 1]} contains at most one point,

(0.15) for every x € [0, 1], the function Q(+, x) is not measurable on any interval
[%8, 0<ax<Bs<1. '

By (0.13) and (0.14) F fulfils (0.3) and (0.4) but Q does not fulfil (0.4) by (0.15). For
this result the authors are indebted to I. VRKOC.

1.

1.1. Definition. Let X be a metric space, R the real line, G = R x X. The metric
in X is denoted by g, the metric § in R x X is given by §((t;, x,), (t2, x;)) =
= max {|t; — 1,], o(x,, x,)}. Let P(G) be the set of such t€ R that (t, x)e G for
some x € X. G(t, *) dénotes the set of such x € X that (¢, x) e G. The set of all
f:G — R such that f(¢, -) is upper semicontinuous for almost all ¢ is denoted by
US%,(G — R); the set of all f : G — R which satisfy the condition

(1.1) to every & > O there is a measurable set 4, = R with m(R — 4,) < & such
that f|g. 4, x) is upper semicontinuous

is denoted by ¥2*(G — R).
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1.2. Theorem. Let X be separable, let fe U#S€,(G — R) have a finite range.
Then there exists f e $9*(G — R) so that

(i) f(t, x) < f(t, x) for (t,x) € G N (A x X) where A = R, m(R — A) = 0;

(ii) if I = R is measurable, u :1 - X measurable, (t,u(t))€ G for tel, v:I - R
measurable and o(t) < f(t, u(t)) almost everywhere (a.e.) in I, then o(t) <
< f(t, u(t)) a.e. in 1.

Proof. Without loss of generality we may assume that the set P(G) is bounded.
Let B be a subset of P(G) such that m(B) = 0 and that f(t, *) is upper semicontinuous
for tel — B. Let a4, a5, ..., o be the values of the function f, a; < a; < ... < 0.
Let us choose numbers f;, i = 1, 2, ..., k so that

o0 < By <ay... <Py <o <pPi.
1t follows from the upper semicontinuity of f(¢, -) that the sets

U(t) = {x|f(t.x) < B}, i=12..,k

are relatively open in G(t, *) for te P(G) — B. Let {V;}, j = 1,2, ... be a countable
open basis of X and

Duy={t|V;nG(t,") cU)}, j=1,2,... i=12..,k.

If D;; is measurable, we denote D;; = E;;; if not, let E;; be a measurable set, D;; =
< Ej;, m*(D;;) = m(E;;) (the asterisk denotes the outer measure). Obviously
0 < m*(Dj;;) < o, as P(G) is bounded.
Let us put
9. - {ai for (t,x)e E;; x V;,
L o otherwise
and define

f(t, x) = inf 8,(t, x) for (t,x)eG.
i,j

We shall prove (i). Let us assume that (t, x)€ G n (C x X), C = P(G) — B and
f(t, x) = a;. Then x € U(t), U(t)is relatively open in G(¢, *) and there exists a positive
integer j such that xe V;, V;n G(t, -) = U(t), ie. te D;; = E;;. Hence (t,x) €
€E; x V;and 9;(t, x) = a,,

f(t, x) = itxle 9,(t, x) < o; = f(t, x)

and (i) holds.

Now let us prove (u) To this aim assume that u : I = X, v : I - R are measurable,
(t,u(t)) e G for tel, o(t) < f(t, u(t)) a.e. in I.
Let us denote '
L={t|u(eV}, j=12...
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Then L; are measurable sets. Let the indices i, j be fixed. Choose an arbitrary t €
€D;;n L, Then u(t)e V;n G(t, *) = U(t), hence f(t,u(t)) < B; and o(f) < o,
Consequently, D;; n L; = H;, where

={t|ut) < a}.
Since E;; was chosen to satisfy m(E;;) = m*(D;;), we have evidently
(1.2) m(E;; n L;) = m¥Dj;n L)).

Moreover, we have D;; n L; = H; and thus m(E;; n L; — H;)) = m(E;; n L;) —
—mEy;nLinH)=m*D;nL)—mE;nL;nH)=m*DjnLnH) —
— m(E;; n L; n H;) £ 0since D;; < Ej;. This means that v(f) < «; a.e. in E;; n L;.

Ori the other hand, if t eI — L, then u(r) ¢ V; by definition, therefore 9;(t, u(f)) =
= oo0. Hence the inequality v(f) < 9;(¢, u(f)) holds in I — N;;, m(N;;) = 0. Putting
N = U N;; we have m(N) = 0 and »(f) < f(t, u(t)) for I — N, which proves (ii).

It remains to show that fe £92*(G — R). Let i, j be fixed. Let us define

§j,-(t)={ui for tekE;;,

o0 otherwise .

Given ¢ > 0, find A’ R, m(R — 4}}) < 27%*D¢ so that §;; is upper semicon-
tinuous on 4;’. (Such sets exist in virtue of Lusin’s theorem.) Put 4, = U 4J’; then
ij

obviously m(R — 4,) < &. We have
9t x) = {‘Zél(t) for xeV;,

otherwise .
Since the sets ¥, are open, it is easily seen that 3;; are upper semicontinuous on
Gn (4, x X).
By definition, f(t, x) = inf 8;(t,x) for (t,x)e G. Consequently, flonu,xx) is
1J

upper semicontinuous which completes the proof of the theorem.
1.3. Theorem. Let X be separable, let fe US%€,(G — R). Then there exists
e DG — R) such that (i), (ii) from Theorem 1.2 holds.

Proof. Without loss of generality we can assume that f (G) = [0, 1]. Let us define
functions ¥, : G —» [0, 1] for k =1,2,..,1=1,2,...,2 — 1 by

% it 7, %) < El*
ll’k'(t,.x) =, 1
1 if f(t, X) = ?
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and put fi(t, x) = min (s, x). Then evidently f(t, x) = inf fi(t, x).
2k-1 k

=1,..,
Since the functions Y,(t, +) are upper semicontinuous, the same holds for f,(t, *)
(for almost all t). Moreover, the range of f, is finite. Hence we can find fe
€ $2%(G — R) by Theorem 1.2 satisfying (i), (ii) with f,, f; instead of f, /. Put

(1.3) f(t, x) = irll‘ff,‘(t, x) .

Then evidently f e #2*(G — R).
It remains to prove (i), (ii). The first point is evident since f(t, x) < fi(t, x) <
< ft,x) for k =1,2,... and hence f(t, x) < inf fi(t, x) = f(t, x). To prove (i),
k
suppose that u : I — X is measurable, v : I — R is measurable and o(f) < f(¢, u(t))

a.e. in I. Then also 1(t) < f(t, u(t)) and hence by Theorem 1.2 (ii) v(t) < fi(t, u(t)).
The assertion now follows immediately from (1.3).

1.4. Definition. Let X be a metric space, R” the n-dimensional Euclidean space,
R =R! Gc R x X. Then X, denotes the family of all non-empty compact
convex subsets of R", ') = X, U {0}. If S is a family of subsets of R", then the set
of all F : G — S such that F(t, -) is upper semicontinuous for alnfost all ¢ is denoted
by %y%Z(G — S); the set of all F : G — S which satisfy the condition

(1.4) to every & > O there is a measurable set 4, = R such that m(R — 4,) < ¢
and the function F lGn( 4.xX) 1S Upper semicontinuous

is denoted by ¥2*(G — S)
The main result is formulated in the following

1.5. Theorem. Let X be separable, Fe US€,(G — X,). Then there exists
F e $9*%(G - A7)) such that '

(@) £(t, x) = F(t, x) for (t,x)eG,
(ii) if I = R is measurable, u : 1 — X measurable, (t, u(t))e G fortel, v:I -» R"
measurable, o(t) € F(t, u(t)) a.e. in I, then v(t) € F(t, u(t)) a.e. in 1.

Proof. Let {u;},j = 1,2, ... be a countable dense set in R" and denote
(t, x) = sup {(y, u;) | y e F(t, %)} .

Then w; € #S#%,(G — R) in virtue of the assumption on F. Therefore, by Theorem
1.3 we find to every ; a function &; € #9*(G — R) such that (i), (ii) from Theorem
1.3 holds with w;, @; instead of f, f. Define

(1.5) F(t, x) =161{y R

(. u)) < o1, x)} .
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By a standard separation theorem

© R =0 0eR|(nw) S 00},

so that (i) holds.
If u, v are functions from Theorem 1.5 (i), then (v(f), u;) < w(t, u(f)) a.e. in I,
j=12,.... By Theorem 1.3 we conclude that then

(o(t), u) < &t u(t)) ae.inl, j=1,2,...
and hence by (1.5)
o(t)e F(t, u(r)) ae.inl.

Theorem 1.5 is proved completely.

2.

Before we pass to the problem of uniqueness of the function F from Theorem 1.5,
let us introduce several lemmas. In the sequel, if M = R x X then P(M), Px(M)
denote the projections of M onto R and X, respectively.

2.1. Lemma. Let Y be a separable metric space, ¢ : Y - R an upper semiconti-
nuous function. Then there exists a sequence of continuous functions y;: Y —» R
such that

¢j+1(y) é .//J(y)’ j = 1, 2’ ceey
L ¥i(») = o(y)
for ye Y.
For the proof, see [4], p. 88, Theorem 14.7.5.

2.2. Lemma. Let X be a complete separable metric space, Q = R x X a compact
set. Then

(i) both P(Q) and P,(Q) are compact;
(i) there is @ measurable function w : P(Q) — X such that (t, w(t)) € Q for t € P(Q).

Proof. (i) holds, as P and Py are continuous maps and Q is compact.

Since Px(Q) is compact by (i), it can be covered by a finite number of closed balls
BV, i=1,2,..., k,, with centers 5;;, and radius equal to one. Denote D{") =
= B{" n Px(Q); then D{V are compact and cover Py(Q). Let us define a function
wy : P(Q) — X as follows: _

Put wy(f) = sy, for te P(Q n (R x D{V)) = P,,; if P,y,..., P;_y,, have been
defined (i 2 2), then put

wl(t) =5, for te P(Q N ((R _‘Olpql) x Dgl))) )
q=1
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Thus we obtain a measurable function w, : P(Q) — X. Evidently, it may be assumed
that B{" n Px(Q) # 0; consequently, (, w,(t)) € 2(Q, 1) for t € P(Q) where (M, &)
denotes the e-neighborhood of the set M.

Given a finite covering of Py(Q) by compact sets D, i =1,2,..., k; with
diam D{? < 27U~1, we find a finite number of balls BY* ", i = 1,2, ..., k;,, with
centers s; ;,, and radius 27/ with the following properties: BY*", i =1,..., q,
cover DY), BY*Y, i =¢q, +1,...,q, cover DY, .., B, i=¢q, _; +1,..., 4,
cover D{”. Further, we define D{*" = B(’“) N D“) for i=q,_; +1,..., 4,
Evidently DY*V,i = 1, ..., k;4, cover P,(Q). We define a function w;,, : P(Q) - X
as follows:

Putw;.y(f) = 51,4 forte (@ N (R x DY*V)) = Py j4q3 i Py jags e Picy g
have been defined (i = 2), then put

i-1
Wj+1(t) = si,j+1 fOl' tGP(Q N ((R — Uqu,j+l) X D§J+1))) .
q=

Similarly as for w,, we conclude that w;,, : P(Q) — X is measurable and
(t, wj+1(1)) € 2(Q, 277) for t € P(Q).

The functions w,, w,, ... form a Cauchy sequence. Indeed, it is easily seen that the
values wj(), w;4,(t) are centers of balls (in X) with radii 27Y*", 27/ respectively.
These balls have a non-empty intersection, hence g(w;(t), w;4,(f)) < 27/* and
o(w,(t), w(t)) < 277*2 for p < gq.

As X is complete, there exists a measurable function w : P(Q) — X, w(t) = hm w ,(t)

for t € P(Q). Moreover (t, w(t)) € Q for t € P(Q) in virtue of (1, w;,(?)) € Q(Q,
Lemma 2.2 is proved.

2.3. Lemma. Let X be a complete separable metric space,  + Q; = R x X,
Q; closed sets, j = 1,2, .... Let Q;.; < Q;, Q = (\ Q;. Let the set Q; have a finite

27inet,j=1,2,.... j=1
Then the set Q is non-empty, compact and
@ 70) - N Q).
j=

Proof. Evidently Q is closed and has a finite e-net for every & > 0. Since X is
complete, this implies that Q is compact. Since Q; + @, we can choose a sequence
Zy, Z3, ... such that z;€ Q;, z; = (t;, x;), j = 1,2, ...

Since Q, has a finite 2™ '-net, there is a point {, of this net and a subsequence of
{z,}, say {z,,} such that

é(zlj, Cl) <271, j=12,....

Given a sequence {z,;}, j = 1,2, ... and k positive integer, we find {,,, belonging
to the finite 2~**-net of Q,,, and a subsequence {z;4,,}, j = 1,2, ... such that

@(an,j, {iay) < "¢ . j=1,2...

341



Thus we can define by induction sequences {z,;}, j = 1,2,... for every positive
integer k so that

. 0(zup 2i)) < 27%, Kk, p, q positive integers .

Taking the diagonal sequence {z;;}, j = 1,2, ... we conclude by a standard argu-
ment that it is a Cauchy sequence and hence in virtue of completeness of X there

exists z€ X, z = lim z;;. Since z,,€ Q; for p =j,j + 1, ... and Q; are closed, we
Jjo®

have ze Q;, j = 1,2, ... and consequently Q + 0.
It remains to prove (2.1). The inclusion

H0) = N A(0)

is evident. Let t € P(Q,). Then there exist x;, j = 1,2, ... such that (¢, x;) € Q;.
j=1

Similarly as above we construct subsequences of {x j}, find that the diagonal sequence
has a limit x and that (t, x)€ Q;, j = 1,2, ... . Then obviously (t, x) € Q and hence
te P(Q).

Lemma 2.3 is proved.

2.4. Theorem. Let X be a complete separable metric space, G = R x X a set
of class F,, F e SDXG —» X)), i = 1,2, = {(t, x) e G| Fy(t, x) — F,(t, x) + 0}.
Then the set D = P(Q) is measurable and there exist measurable functions
v:D—> R, w:D — X such that
(t, w(1)) e G and off) e Fy(t, w(t)) — F,(t, w(t)) a.e.in D.

The theorem is an easy consequence of the following

2.5. Proposition. Let us keep the notation of Theorem 2.4. Let 0 < m*(D) < oo,
0 < { < m*(D). Then there exists a compact set Q = G with m(P(Q)) 2 ¢,

(2.2) Fi(t,x) — Fy(t,x) # 0 for (t,x)eQ.
Further, there exist measurable functions ® : P(Q) > R", W : P(Q) — X such that
(2.3) 0(t) € Fy(t, W(t)) — Fy(t, w(t)) for te P(Q).

a
Proof. Let { +2n <m*(D), { >0, n>0. Let G=UH, H;<H;,, for
. i=1
i=1,2,..., the sets H; being closed. Without loss of generality we may assume that
the set P(Q) is bounded. Obviously D = P(Q) =U P(Qn H)), P(Qn H) <
: i=1

c P(2 N H;y,) for i =1,2,... so that m*(D) = lim m*(P(2 n H;)) and there
exists such an integer r that v

m*(P(2nH,) >+ 21.
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There exists a closed set 4, = R such that m(R — A4,) < # and the functions
F;IG,,( a,xx) §=1,2 are upper semicontinuous. Let the set {u}, i=1,2,... be
dense in R" and put

@{t, x) = sup {(u;, y) | y e Fo(t, x)} for (t,x)eG (4, x X).

Then the function ¢; is evidently upper semicontinuous, i = 1, 2, ... and according
to Lemma 2.1 there exist continuous functions ¥,; : G n (4, x X) — R so that

Vi it x) S ¥4 %), jlim Yt x) = oit, x) .
For k=1,2,... put
(29 2, = {(t, x) e H, n (4, x X)| F,(t, x) n

AU {2 e R | (s 2) 2 Valt 9] 9}

These sets are closed, since F, is upper semicontinuous, ¥;; are continuous and the
sets H,, A, are closed. Moreover, £,,; > Q,, k = 1,2, .... Let us prove

(2.5) QnH (4 xX)=U0,.

Let (t,x)e 2 n H, 0 (A4, x X). Then there exists he F,(t, x) = F,(t, x). Since
F,(t, x) is closed convex, there is u € R” such that

(u, h) > sup {(u, y) | y € F,(t, x)} .
Since F,(t, x) is compact, there is an index [ such that
(ug, ) > @(t, x) .

Consequently, if k is such that k 2 1 and (u;, ) > y,(t, x) we have (t, x)e @,
and hence

@
QnH N4, *xX)cUQ.
k=1
The converse inclusion being obvious, we conclude that (2.5) holds.
Obviously P(2 n H, n (4, x X)) = P(2 n H,) N A, and since m(R — 4,) <1,

m*(P(2 n H,)) > { + 21, we have m*(P(2 n H,) n A,) > { + . In virtue of (2.5)
we have

P@nH)n A4, = le(a,‘) ,

P(2,,,) > P(2,) and hence there is a positive integer p such that m*(P(%2,)) >
>+

343



Let the set {g;},i = 1,2, ... be dense in R x X. Then
-] 1
. P(R,) = ll_JlP(Qp o) (kL_JIE(gk, 1))

I
and there exists I; such that m*(P(Q,)) > { + 4n, where Q; = 2, n (U B(gs, 1)).

k=1
Livy

By induction we find I,, I3, ... so that Q;; = @;n( U B(gs 277)) and
k=1

(2.6) m*(P(Qy+,) > ¢ +270* )y,
Put Q = N Q;. Obviously Q = Q, = 2, < H, = G and the sets Q; are closed.
i=1

By Lemma 2.3 the set Q is compact, non-empty and satisfies (2.1); moreover, Q < G.
It follows from (2.6) that m*(P(Q)) = {. Since P(Q) is compact by Lemma 2.2 (i),
we conclude

m(P(Q) 2 ¢

By Lemma 2.2 (ii) there exists W : P(Q) — X measurable and such that (t, w(t)) € Q
for te P(Q), i.e.

F(t 9(0) — Faft, (0) + 9.

Now we shall find a measurable function 9 : P(Q) — R” satisfying

@) MR () LU {ze R (D) 2 bl ¥O)]

for te P(Q). In virtue of (2.4) and the inclusion 2, > Q, the set on the right-hand
side of (2.7) is a non-empty set for ¢ € P(Q). Evidently (2.7) implies (2.3).
Let j be a positive integer. Find a closed set C; = P(Q) with

m(C;) > m(P(Q)) (1 — 27),

such that the function W|c , is continuous and the function F, |G,,(c , % Rn) 1S UPpET semi-
continuous. The composed function F(t, #(t)) is upper semicontinuous on C;. The
continuity of the functions y;,, i = 1, 2, ... implies that the set

H;={(t,y) | te Cj, ye Fy(t, W(t)) n
L0 (e 2) 2 vile MO

is compact. Consequently, by Lemma 2.2 (ii) there exists a measurable function
v;: C; = R" such that (t, v(t)) e H; for te C;.
The function § defined by #(t) = v,(t) for te Cy, 8(t) = v)(t) for j = 2,3,..., te
ji-1
€ C; — U C,; is measurable, defined a.e. in P(Q) and satisfies (2.7). This completes

i=1
the proof of Proposition 2.5.
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2.6. Proof of Theorem 2.4. According to Proposition 2.5, to every ¢ > O there is

a compact set Q, = G such that m*(D) — m(P(Q,)) < &; hence D is measurable.

Further, consider compact sets Q,-, and find functions 9;, W; from Proposition 2.5

satisfying (2.3) for te P(Q,-;). Similarly as above, put v(t) = 9,(t), w(t) = W,(t)
Jj—1

for te Q,-1, v(t) = Dt), w(t) = w(t) forj = 2,3,...,t€ Q-5 — U Q,-+. Then the
i=1

functions v, w are defined a.e. in P(Q) and satisfy the assertion of Theorem 2.4.

2.7. Note. Let the metric space X be complete separable and let G = R x X be
of type F,. Let F;e $9*(G —» A'}), i = 1, 2 fulfil the conditions (0.8), (0.12) with F,
instead of F. Put

Q, ={(tx)eG | Fi(t,x) — Fy(t, x) + 0},

Q, = {(t,x)e G| Fy(t, x) — Fy(t, x) + 0} .

By Theorem 2.4 the sets D; = P(Q,) are measurable and there exist measurable
functions v; : D; - R", w;: D; - X, i = 1, 2 such that

(2.8) vy(t) € Fy(t, wy(t) — Fo(t, wi(t)) ae.in Dy,
vy(t) € Fy(t, wy(t)) — Fy(t, wy(t)) ae.in D,.

By (2.8) and (0.8) v,(f) € F(t, w,(t)) a.e. in D, and by (0.12) v,(t) € F,(t, w,(1)) a.e.
in D,. Consequently m(D,) = 0 and similarly m(D,) = 0. The assertion from 0.3
holds with 4 = R — (D, u D,).

3.

3.1. Theorem. Let Fe S9*(G - A')) where G = R x X, X being a metric
space. To every (1, X) € G let there exist a non-degenerate interval I and a function
w:I — X such that
(3.1) lim w(t) = %,

(3-2) F(t,w(f)) #+ 0 ae.in I.

Let E be the set of all te R such that there exists x € X with F(t,x) = 0.
Then m(E) = 0.

Proof. Let us assume that m*(E) > 0. Let A = R be a measurable set such that
m(R — A) < m*(E) and the function F|g,.x, is upper semicontinuous. Then
m*(A N E) > 0. Let B be the set of t € A which are points of metrical density of the
set A. Then m(A — B) = 0, hence m*(B n E) > 0.

Let us choose € B n E and find % so that F(#, X) = 0. Let w : I — X be the func-
tion from the assumptions of Theorem 3.1.
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Since F |Gn( 4x x) is upper semicontinuous, there exists an open set U < G so that
(!, %)e U and F(t, x) = 0 for (t, x) e U n (4 x X). By (3.1) there exists 6 > 0 such
that F(t, w(t)) = 0 provided tel n 4, It - ?| < 8. However, since 7 is a point of
metrical density of the set 4, (3.2) cannot hold.

4.

Notation. Let 4 be a set of real numbers and r a real number. The sets A + r, r4
are defined by A+ r=1{a+r|aed} and r4 = {ra|ae A}. Denote by x(x)
the cardinal number corresponding to an ordinal type a. Let x be the cardinal number
of continuum and  the first ordinal type fulfilling x(w) = x. If A is a set then x(4)
is the cardinal number of 4.

First we shall formulate without proofs four well-known results.

4.1. Lemma. Let F be the system of all closed subsets of [0, 1]. Then »(F) = x.
4.2. Lemma. Let A be an uncountable closed subset of [0, 1]. Then x(A) = x.
4.3. Lemma. The set of ordinal types {B|0 < B < o} is of the ordinal type a.

4.4. Lemma. If ¢ is an infinite cardinal number, then 26 = ¢* = 0.

Since #({x | 0 < @ < ®}) = ©(w) = » (cf. Lemma 4.3), there exists a one-to-one
mapping « — r, of {« | 0 < a < w} onto the interval [0, 1].

4.5. Lemma. If Z is a set, Z < [0, 1], *(Z) = x, then there exists a real function g
defined on {a|0 < o« < w} such that g(x) € Z for every o, g is one-to-one and the
mapping « — g(«) + r, is one-to-one.

Proof. Let g be a function defined on a set {a | 0<a< 5}, d £ o which fulfils
g(x) e Z and

(4.1) g(x) + g(ﬂ) and g(a) + r, + g(B) + 14

for all a, B from its definition domain, & + B. Let Q be the set of all such functions g.
Denote by < a partial ordering on Q defined by g =< ¢g®’ if the domain of defini-
tion DM of gV is contained in the domain of definition D‘® of g® and gV, g‘®
coincide on D™, Let now A %+ 0 be a set of indices, g e Q for AeA and
let {g®|ieA} be a linearly ordered subset of Q. Denote by D™ = {x|0 <

< a < 8®} the corresponding domains of definition. Put 6 = sup6¥, D =
Aed
={a|0Sa<d}ie D= U D®. For every a€ D there exists A€ 4 such that

ae DP, Put g(a) = g¥(a). Obvxously ge Q and g < g for A€ A. This implies
(by the Zorn lemma) that Q has a maximal element § with a domain of definition
= {a | 0<a<d}
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Assume § < . Denote V = {g(a)|0 < a <8} U {g(e) + r, — 5|0 S « < &}.
Evidently »(V) < #(8) + %(8)%< »(w) = x (see Lemma 4.4 and the definition of w).
Thus Z — V& 0 and there exists ze Z — V. Define §(«) = g(x) for 0 S a < &
and §(%) = z.

Obviously § € Q with the domain of definition D = {« | 0<a<d+1} and,
moreover, § + § and g < 4. This contradicts the fact that g is maximal. We conclude
d = w and Lemma 4.5 is proved.

Denote by F the family of all closed subsets A of [0, 1] fulfilling m(4) > 0. It can
be deduced from Lemma 4.1 that %(F) = x and since #({x | 0 < a < w}) = x there
exists a one-to-one mapping o — F, defined on {« | 0 < @ < w} which maps
{a|0§a < w} onto F.

4.6. Lemma. Let C = {(a, p) | 0 < B < «a < w}. There exists a real function f
defined on C such that

(4.2) f(@,B)eF, for 0SP=<a,
(43) f(@ B) + f(«, B) for (xB)+ («,B),
(4.9 f(a, B) + rg * f(«', B) + rpe for (a, B) * (', B).

Proof. Denote C¥ = {(«, f)|0 < B < a < 6} for all 5 < o and let G be the
set of all real functions defined on sets C® fulfilling (4.2) to (4.4). As in the proof
of Lemma 4.5 we introduce a partial ordering on G. We write f® < f@ if the
corresponding domains of definition satisfy C;, = C, and f = f® on C,.

The existence of a maximal element of G can be proved analogously as in the
proof of Lemma 4.5. Denote the maximal element by f and the corresponding domain
of definition by C = {(«, 8) |0 < B < « < 5}.

Assume & < w. Put W, = {f(x, B)| 0 < B < «} for « < 8. Obviously »(W,) =
= x({ﬁ|0 S B = a}) =) + 1 < x(5). Denote W = UEW, = {f(a, ﬁ)IO <B=

<

< a < 8}. Since #({x |0 < a« < §}) = #(§) we obtain »(W) < %*(8) = x(5) (see
Lemma 4.4; notice that (5) cannot be finite). Let W’ = {f(a, f) + r; — r, |0 <
SB=La<d 05y 5}. Analogously as for W we can estimate

(W) x({(@p)|[0<p<sa<d x{y|osy=d))=

= (3) (3) = u(3)..

Denote :
(4.5) Z=F;-W-W.

Using the above estimates for x(W) and x(W’), we obtain due to Lemma 4.2
#Z) = »x. .

Let g be a function from Lemma 4.5. Denote f(a, f) = f(«, f) for 0 < B
0

b
< a < 5,f(3, B) = g(B) for 0 < B < 3. The function fis defined on € = {(a, p) o=
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<B=<a<?d+1}, f(e B)€F, and f fulfils (4.3) and (4.4) due to (4.1) and (4.5).
Evidently fe G, f < f and f + f. This contradiction nplies § = @ and Lemma 4.6
is proved.

Given M < [0, 1], then m*(M), m,(M) stand respectively for the outer and the
inner Lebesgue measure of M.

4.7. Lemma. To every ordinal type a, 0 < o <  there exists a set M, and a real
number r, such that M, = [0, 1], r,€[0, 1], m*(M,) = 1, my(M,) = 0, {r, | 0=
Soa<ow}=[0,1] and M,n My =0, (M, +r,))n(My+r15) =0 for o=+ §p.

Proof. Let a —» r, be the mapping defined above. Since this mapping is
onto [0,1] we have {r,|0 <o <w}=1[0,1]. Put M, = {f(a, B)| B < & < w}
where f is the function from Lemma 4.6. Obviously M, < [0, 1] and the last two
disjointness properties follow from (4.3) and (4.4), respectively.

We shall prove m*(M 5) = 1. Let B be a given ordinal type, f < ®, and assume
m*(Mg) < 1. Then there exists an open set U, M; = U, m(U) < 1. Denote F(*) =
= [0,1] — U. Obviously m(F*’) > 0. Put F® =F* n[0,4] and m(d) =
= m(F®). Then m(2) is a continuous function, m(0) = 0, m(1) > 0. Let 0 < £ <
< m(1). Define A(¢) = min {4 | m(%) = &}. Evidently A(¢)e F'*) for every &€
€ (0,m(1)]and A(¢;) + A(&;)for &, + &,. Denote 4 = {A(¢) | ¢ €(0, m(1)]}. Evidently
#(4) = x and x({y |0 = y < B}) = x(B) < »(w) = ». Hence there exists a couple
u, 8 such that u € A, d is an ordinal type, f < 6 < w and F* = F,. Thus the set F®
contains the point f(6, ) and consequently F®) n My =+ 0, ie. F) n My + 0.

We conclude M, ¢ U. This contradiction proves m*(M,) = 1. Since M, are dis-
joint we obtain

myMg) =1 - m*[0,1] - My) <1 — m*M,)=0, o+§.
Since the mapping B — r, is one-to-one and onto [0, 1] there exists to every r,

0 = r £ 1 an ordinal type f < w such that r = r;. Put M, = M,. Using this new
notation, Lemma 4.7 can be reformulated.

4.8. Lemma. To every r, 0 < r < 1 there exists a set M, such that M, c [0,' 1],
m*(M,) =1, myM,)=0,M,n M, =0,(M, + r)n (M, + g) =0forr + g.

4.9. Theorem. There exists a set S in [0, 1] x R such that
(4.6) {x|( x) € S} contains at most one point for every t,
4.7) {t|(t,x)e S} contains at most one point for every x,

(48) m*t|(Lt+x)eS} =1, myt|(t,t +x)eS} =0 forevery x,

0x=<1.
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Proof. Denote S, = {(t, t + x) | te M.} for a given x and
S=USx=U{(t,t+x)|teM,}.

Since (t, x)€ Sifand onlyif te M,_,and M,,0 < r < 1 are disjoint sets, it is evident
that to a given ¢ there is at most one x such that (t, x) € S.

Denote by P : R* - R the projection P(t, x) = x. Since P(S,) = M, + x and the
sets M, + r are disjoint, we conclude again that to a given x there is at most one ¢
such that (¢, x) € S.

Finally, {t|(t,t + x)eS} ={t|teM,} for a given x, 0 < x < 1. Hence
m*{t| (1, t + x)e S} = m*(M,) = 1 and m,{t|(t,t + x) € S} = my(M,) = 0.

Let F(t, x) be defined by

F(t, x) = {0} for (1,x)¢S,
F(t,x) =[0,1] for (t,x)eS.

Then (4.6) to (4.8) imply (0.13) to (0.15).

References

[1) J. L. Davy: Properties of the solution set of a generalized differential equation. Bull. Austral.
Math. Soc. 6 (1972), No. 3, pp. 372—398.

[2] G. Scorza-Dragoni: Una applicazione della quasicontinuitd semiregolare delle funzioni
misurabili rispetto ad una e continue rispetto ad un’altra variabile. Atti Acc. Naz. Lincei
XII (1952), 1, pp. 55—61.

[3] J. Jarnik - J. Kurzweil: Extension of a theorem by Scorza-Dragoni to differential relations
and functional differential relations. To appear in Comment. Math. (special issue to the
honour of WI. Orlicz).

[4] E. Cech: Point Sets. Academia, Prague 1969.

Authors’ address: 115 67 Praha 1, Zitna 25 (Matematicky ustav CSAV).

349



Casopis pro p&stovini matematiky, roé. 102 (1977), Praha

CATEGORIAL APPROACH TO GLOBAL TRANSFORMATIONS
OF THE n-TH ORDER LINEAR DIFFERENTIAL EQUATIONS
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1. INTRODUCTION

Investigations on linear differential equations started in the middle of the last
century. They were connected with the names of E. E. KUMMER [4], E. LAGUERRE
[5], F. BrioscHi, G. H. HALPHEN, A. R. ForsYTH, P. STACKEL [13], S. Lig, E. J.
WiLczynski [15] and others. Their results, however, were of local character. The
global study began with second order equations about 25 years ago by O. BORUVKA
[1], [2], and results of algebraic character form the essential part of his theory.

Here we describe algebraically the global structure of n-th order linear differential
equations (n = 2). The geometric approach was given in [6] and the importance of
global transformations for studying and understanding asymptotic behavior, pe-
riodicity, boundedness, zeros, oscillatory behavior, disconjugacy and other global
properties of solutions essentially connected with the whole interval of definition was
demonstrated in [6], [8], [9], [10], [11].

2. GLOBAL TRANSFORMATIONS

Let C¥(I, R*) denote the set of all (column) vector functions u : I - R* with con-
tinuous derivatives up to and including the order s, s = 0, let I be an open interval
of R, k 2 1, let u” denote the transpose of u. Coefficients of linear homogeneous
differential equations of the n-th order are supposed to be real and continuous on the
corresponding open (bounded or unbounded) intervals of definition. For n = 2,
P. STACKEL [13] in 1891 derived the most general pointwise transformation that
converts any linear homogeneous differential equation of the n-th order into an
equation of the same type. This transformation consists in changing the independent
variable (x > h(t)) and multiplying the dependent variable by a factor f(t), i.e.
yef(1) y.
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With respect to this result we say that an n-th order linear homogeneous dif-
ferential equation % on I with n linearly independent solutions y,, ..., y, on I is
globally transformable into an equation 2 of the same type on J admitting n linearly
independent solutions z, ..., z, if

1) 2t) = 4. /(1) - y(h(1))

for a real regular n by n matrix 4, fe C"(J,R), he C*(J, I), f(¢) . dh(t)/dt + 0 on J,
and h(J) = I, where (yy, ..., y,)" is denoted by y and called a fundamental solution
~ of the corresponding equation . Similarly z is a fundamental solution of 2.

The global transformation (1) can be expressed as & * « = 2, where a is called
the transformation of ¥ into 2. Since every fundamental solution of % is of the
form Cy, C being an arbitrary regular n by n matrix, the transformation a essentially
depends on f, called multiplier, and h, parametrization.. We shall write & =
== <f ’ h> &z

Let us note that the global character of transformations is achieved by h(J) = I,
and linear independency of coordinates of z in (1) is guaranteed by the conditions -
on A, f, h, and y. For more detail see [7]

Since global transformations form a reflexive, symmetric and transitive relation,
the set of all n-th order linear homogeneous differential equations (n =2) is

decomposed into classes of globally transformable equations. Denote by A the
decomposition.

3. STATIONARY GROUPS

Proposition 1. Let A € A be a class of globally equivalent differential equations.
The set of all global transformations, %(A), between every pair of equations
from A together with the composition rule form a Brandt groupoid.

Proof. A Brandt groupoid is a category each element of which is invertible, and
such that if « and y are its elements, there exists B for which afy is defined, see [3],
p- 81-—83.

Let &, 2, 2 be equations from 4 and let I, J, K denote the corresponding intervals
of definitions. Let L *a =P, Z*f = 3, a e B(4), pe B(4). Define «f € B(4)
by (£ *a)*p =% *(axf). Evidently ,£ = <1,,id;)e is the left unit and ¢ =
= (l,,id,)s is the right unit of a, where 1,:1 — {1} €R, and the associativity
holds. Further, if a = (f, h)¢ and B = (g, kDg, then af = {(fok).g, hok)e
which always defined provided &, = s¢; o denotes the composition of functions.
Evidently «™! = (1/(fo h™*), h™*) 4, where h™! is the inverse to h. For y € B(4)
there always exists g € C'(K, R) and k € C*(K, J) such that g . k'(f) # O on K, k(K) =
= J, where ,&¢ = {lg, idg),. Hence for B := (g, k)4, ay is defined. m

We always consider each B(4) with the structure of Brandt groupoid.
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For each Z € 4 define A(Z) as the set of all global transformations that trans-
form & into itself, A(Z) := {ae B(4); L €4 and £ »a = £}. Evidently A(L)
is a group called the stationary group of £. With respect to (1), & = (f, h), € (L)
if and only if

@ ¥(0) = A.£(). Y(HD) . WD) =1,

for a suitable regular n by n matrix A, where I is the interval of definition and y
is a fundamental solution of Z.

Proposition 2. If L e de A, & xa = P, a € B(A), then
(3) AP) =a ' AL) .

In other words: Each two stationary groups of any pair of globally transformable
differential equations are conjugate.

Proof. For e A(P?) we have L *xafa™ = (P*P)ra ' =Pxa"! = Z or
afat € A(L), hence fea™! A(L)a. For fea™ A(L)a we have afa™! € A(L)
or & *afa”! = & which gives (£ *a) * f = £ o, or P » p = P, hence f € U(2P).
See also [3], [14]. =

An interesting r6le is played by sugroups QIG(.?) of QI(.?), elements of which leave
invariant a certain subspace of solutions of %, G assigning the corresponding sub-
groups of matrices A occuring in (2). In particular, U g (Z), E being the unit matrix,
is characterized by the fact that each solution of & is transformed into itself, or

) (1) = £(t) - y(h(9), H(I) =1.

Transformations o = {f, h), with increasing parametrizations h, b’ > 0, are
important for studying global properties of solutions (like periodicity, boundedness,
asymptotic behavior, I?-solutions, and others, see [6], [8], [9], [10], [11]), since
they often enable us to describe the global behavior of solutions according to their
local character and some information of discrete kind (e.g., conjugate points). Hence
denote B*(4) = {a = {f, h), € B(4); h’' > 0}, and for L €4 also A (L) =
= L) " B*(4) and AL = UG(L) N B*(4). Evidently B*(4) has the struc-
ture of Brandt groupoid, and A*(&), A (L) are groups.

4. NONTRIVIAL STATIONARY GROUPS %*(£) AND Uf;,(2)

‘Functional equations (2) and (4) that correspond to (Z) and W (Z) were
studied in [12]. From the results obtained there we have

Theorem 1. Let £ €4 €A, I being the interval of definition of £. If U*(Z)
is not trivial, i.e., a = {f,h)oe A" (&), a + &, then {tel; h(t) =t} has no

352



accumulation point in I. On each maximal subinterval (a, b) = I where h(t) * t,
the equation % restricted on (a, b) is globally equivalent to a differential equation
with periodic coefficients on (— o0, c0).

Theorem 2. If % is globally equivalent to a differential equation with periodic
coefficients on (— 0, ), then its stationary group U* (&) is not trivial.

Theorem 3. Let & € A. ‘21(})(.?) is not trivial if and only if there exists an equa-
tion in A having only periodic solutions on (-— 0, o) with the same period.

5. PHASES AND AMPLITUDES

Let a differential equation &(4) € 4 be assigned to each 4 € A (e.g., called ca-
nonical). For each ¥ €4 we have a e B(4) such that &(4)*a = £. The a =
= {f . h) g4, is called a shift of & with respect to &(4), its multiplier f is an amplitude
and its parametrization, h, is a phase of & (with respect &(4)). The set of all shifts
of all equations from 4 with respect to &(4) will be denoted as ©,. The stationary
group A(&(4)) of &(4) will be called the fundamental group and denoted by & .

Theorem 4. If ¥ € A, then
) L) = a 'Fu,
where o is a shift of .’
Proof follows from Proposition 2. W
Theorem 5. Let Aec A, L €4, Pe A, let a be a shift of & and B a shift of P

(with respect to 8(A)). Then o™ "B is a transformation of £ into P, i.e., & * (¢~'p) =
= @P. All transformations of £ into P form the set

(6) a7 IFB = WL 1p = a B U2P).
Proof. Since &(4) * « = £ and &(4) * p = P, we have & » (¢ !p) = J(A) *p =
= &. Each y such that & *y = 2 satisfies & » yf~'a = &, hence y~'a € A(L),

or y € A(L) «~'B. Conversely, for each y e ?I(.?) o~ !B we get &£ +y = 2. Finally,
using (3) or (5) we obtain (6):

UL)a 1 = a G 'p = o 'F,p = T HUS) pTP. m

~ Theorem 6. For AcA, {F; ac S} is a decomposition of the set S, of all
shzfts from 4, called the right decomposition of S, with respect to the fundamental
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group &, and denoted by S,/§,. There exists a ,natural” bijection between A
and S,[§,.

Proof. The bijection can be constructed so that we assign each £ € 4 all shifts
of & = &(4)  a, that is, according to Theorem 5, exactly F,z. W

6. SECOND ORDER LINEAR DIFFERENTIAL EQUATIONS

Let us apply the above considerations to the set 4* formed by all both-side oscil-
latory equations of the form y” = ¢(t) y on (— o0, ), g € C%(R, R), see [1], [2].
A4* is a subclass of the class of globally transformable second order homogeneous
differential equations both-side oscillatory on arbitrary open (bounded or unbounded)
intervals. If £(4*) = y" = —y on (— o0, ), then A(&(4*)) is the fundamental
group €, the stationary group U(.%) is the group of dispersions of the 1st kind of
the equation % € A* that is conjugate to the fundamental group € (Theorem 4).
Ay (&) is the group of the central dispersions of the 1st kind of %, both A(Z) and
A5, () being nontrivial, since each solution of y” = —y is periodic on R, Theorems
1,2, and 3. Each shift « € €. with respect to &(4*) corresponds to a phase fe
€ C3(R, R), f(?) + 0 on R, in the sense of formula « = <1/./|f’|, f, 1//|f’| being
the amplitude of a with the phase f.

We may introduce a group theoretical structure into the set €,. by the function
composition rule for phases in distinction of the Brandt groupoid structure.
This is the reason why we write a = <1/\/|f’|, f> without the index of a specified
equation. Then ©4./F 4 = S,4./€ is the right decomposition of the group of phases
with respect to the fundamental (sub)group €, the elements of the decomposition
being in 1-1 correspondence to the equations in A4* (Theorem 6). Theorem 5 describes
all global Kummer transformations of an equation (g,) € 4* with a shift (phase) «
into an equation (g,) € 4* with a shift (phase) B as elements of a ™ 'Gp.
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PERIODIC VIBRATIONS OF AN EXTENSIBLE BEAM

MARIE KoPACKOVA AND OTTO VEIVODA, Praha
(Received May 11, 1977)

1. INTRODUCTION

In the last years both free and forced vibrations of an extensible elastic beam have
been studied by several authors ([1]—[6]). Under certain conditions forced vibrations
of such a beam are described by the equation

Uty X) + Uty x) + aul(t, x) — Pu (2, x) J nu?(t, &)d¢ = f(t, x) .
0

We are interested in the existence of periodic solutions to this equation. In the pres-
ence of damping (¢ > 0) this problem is examined in the paper of V. LOVICAR [9].
It may be shown (correspondingly to [8]) that there exists a sequence of free vibrations
of undamped beam with hinged ends. However, in the case of f # 0 we are not able
to solve this problem for « large. Thus limite ourselves to looking for a solution of
the equation

(1) Z"(t, x) + zxxxx(t’ x) = g(t’ x) +
+¢ [f(t, x) + Zy(t, X) J.:zg(t, &)dé + e F(z) (1, x)]

with homogeneous boundary conditions

(2 2(t,0) = z(t, 1) = z,,(t,0) = z,(t,®) = 0

and the condition of periodicity

(3) (t, x) = z(t + o, x). _

We make use of the results of the paper by N. KryLovA, O. VEsvopa [7].
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2. NOTATION AND AN AUXILIARY LEMMA

Let H™ be the Hilbert space of real functions u(x) on [0, =] which have generalized
square integrable derivatives ¥)(x), j = 0, 1, ..., m equipped with the norm

elin = %, [T 0.

Denote by °H?™ the space of functions from H?™ satisfying the conditions u*(0) =
=u®)(n) =0,j=0,1,...,m — 1, with the norm |u|,,, = [4®*™|go. Denoting

= (2[=)'/? J. u(x) sin kx dx ,

let h™ be the space of real sequences {u,; k = 1, 2, ...}) in the sequel, we write u =
o}

= {u,}) for which |u|2 =Y k*™u < +o0. The spaces °H*" and h®™ are isometric
k=1

and isomorphic.
The solution of the equation (1) will be sought in the space % = {u € C(R, °H*) n
n CY(R, °H?*) n C*(R, H®); u(t + w) = u(t), t € R} with the norm

|u|q, = mztax |u(t)[4 + max Iu,(t)lz + mflx lu,,(t)[o =
t

= max (3, [k* u(t)]’)"* + max [ ¥ (k* ui(1))’]"* + max [} (ui(1))’]"* .
t k=1 t k=1 t k=1
Then z € % satisfies the equation (1) in the sence of H for all t € R. The right hand
sides of (1) will be elements of the space ¢ = {u € C(R, °H?); u(t + @) = u(f), te R
with the norm |uly = max |u(t)|, = max (Y, k* ui(r))*/2}.
t t k=1
For a while, let us investigate the limit problem given by (1), (2), (3) withe =0

and g € 4. Looking for a solution z in the form z(t, x) = 2 z)(t) sin kx we find
easily that z,(f) must satisfy the equation

(4 z(t) + k* z(1) = gi(1) ,

for k = 1,2, .... By a well-known theorem from the theory of ordinary differential
equations this equation has an w-periodic solution if and only if g is orthogonal to
the every w-periodic solution to the corresponding homogeneous equation.

If k satisfies the relation k?w = 2nn (n integer) then the homogeneous equation
(4) has two linearly independent w-periodic solutions cos k*t, sin k?t. Denote by S
the set of such k. For the other k there exists no w-periodic solution. Hence, the
orthogonality conditions read

B) J gx(t) cos k*t dt =0, J g(t)sink?*tdt =0, keS.
0 0
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Clearly, if v = 2rnw ™! is rational the set S is infinite. On the other hand, if v is irra-
tional the set S is empty, but we can not study this case in the sequel, because by the
theorem 6.4 from [1] the nonlinearity in (1) includes derivatives of too high order.
If these conditions are fulfilled the w-periodic solution of (4) is of the form

t
(6) z(t) = a, cos k*t + b, sin k*t + k'zj gi(7) sin k*(t — 1) dt
0

(k =1,2,...), where a, b;, Y k®aj + Y k®b; < oo are arbitrary for ke S and

a, = [2k?sin (k* )] 1 ngk(t) cos k*(1w — 1) dr,
0

b, = —[2k* sin (k* 3w)] " J. gi(t) sin k* (3o — 7)dr
)
for k€ S.
Let g € 4, satisfy (5) for ke S and let z°(t, x) be the solution to (1), (2), (3) for
¢ = 0 of the form z°(t, x) = ¥ zJ(t) sin kx, where z(t) is given by (6) with a, = b, =
k=1

= Ofor k € S. Then the problem (1), (2), (3) may be reduced to that of finding a func-
tion u satisfying the equation

(1’) uﬂ + uxxxx =¢& F(“)

and the conditions (2), (3), where
) Fu) (6 %) = (22 + u)en (1, %) I :(z° + ) (s, &) dE +

+f(tx) +eF° +u)(t,x), z=u+2°.
Hence we have easily
Lemma 1. Let F(u): % — 9, F(u)(t,x) = iF,,(u) (O)sinkx, ue, u(t,x) =
= iu,(t) sin kx. Then u(t, x) is a solution of Ei—-’s, (2), (3) if and only if there exist
a,.kI: IE h* such that

(8) 5 : G(“: a, b’ 8) =0 s
where ‘
G = (Gl’ Gz, G3) s

9 Gulu, a, b, &) (f) = —u(t) + a; cos k*t + by sin K*t +

t
+ ak'zj‘ Fy(u)(z)sin k*(t — 7)de, for k=1,2,...,

0
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(10)  Gu(u, a, b, ) = —a, + &(2k? sin (k* $w)) ! J‘:Fk(u) (t) cos k*(3w — 7)dr,

Gy(u, a, b, £) = b, + &2k? sin (k* $w))™! J. Fy(u) (7) sin K*(3w — 7)d7,
0
for k€S,

(11) Gu(u,a.b,¢) = k'ZJmF,‘(u) (7) cos (k*7) dt ,

V]

Gyu, a, b, ¢) = k‘ZJ‘ Fi(u) (7) sin (k*7) d7,
0
for ke S.

Note, that
Q0 L]
u(0, x) = (2[m)'/2 Y. a sin kx, u0, x) = (2[r)'/* Y. k*b, sin kx .
k=1 k=1
These equation will be solved by means of the following implicit function theorem

Theorem 1. Let the following assumptions be fulfilled:

(a) G(v, €) is a mapping from Banach space B, x [—¢,, ¢,] into Banach space B,;
(b) the equation G(v, 0) = 0 has a solution v, € B; ‘

(¢) the mapping G(v, €) is continuous in & and has G-derivative G(v, &) continuous
in v, & for Iv - vol,,l <K, Isl < 8

(d) [Gifvo, 0] ! exists, is bounded and maps B, on B,.

Then there exists &, > 0 such that the equation G(v, &) = 0 has a unique solution
(¢) € B, for e € —[&o, &0] which is continuous in & and such that v(0) = v,.

3. MAIN RESULTS

For the sake of simplicity of calculations we shall find solution to the problem (1),
(2), (3) only for g of the form

(12)  g(t, x) = cos (vkot) {g1[1 — (vKk3)] sin x + g;[3* — (vk3)] sin 3x},

where k is a positive integer such that vk,  3if 1€ S, vk, + Sif lor3 € S, vk, + 4
if 1 or 2 or 3 € S. In that case

(13) 2°(t, x) = cos (vkot) (g, sin x + g, sin 3x).

We prove the following

Theorem 2. Let g be of the form (12), fe &, |f|, + |g|, > 0, w rational. Let
F(u) : % — ¥ have a continuous G-derivative in %.
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Then there exists &, > 0, u® € % such that the problem (1), (2), (3) has a unique
solution z(g) € U for e e[ —&o, €] which is continuous in & and such that z(0) =
= z° + 4% a° is a solution of the equation G(u, a, b, 0) = 0,

(14) u%(t, x) = Y. [ay cos (k*f) + by sin (k)] sin kx .
keS
First, we shall prove two lemmas.

Lemma 2. Let 6 2 0,0, 20, 0, = 0 for k + 1,3, Y k%(pi + qi) < + 0. Then
keS
the system of algebraic equations

(15) . a[k*(a? + b2) + 2(c + 6)] = pr,

b[k*(ai + b) + 20 + 0)] = g,
has a unique solution ay(c), b(c), ke S, Y k%[ai(o) + bi(0)] < +o0 for ¢ > 0,
the function A(o) Ek}; k*[az(o) + b,f(a)]kesis strictly decreasing on (0, + o),

0 < A(0) < + oo and lim A(c) = 0.

g~

Proof. The equations (15) imply
ak=0©p,‘=0, bk=0¢‘h=0-

Hence we may suppose p; + g > 0. Substituting a, = pVi, bi = @y k€S
into (15), these equations reduce to the equations

W+ w.[2c+a)k Xpi +ai) '] -k 2(pf +9i) ' =0, keS
for y,, which have a unique real root for every k € S, namely
y(e) = B{[(1 + (4Bi(c + 0,)[3)*)'/* + 1]*° —
— [(1 + (4By(o + 0,)[3)%)"/* — 1]/} where B, = [2k*(p + q7)]"*/*.
As y(0) < 3[2(c + 0;)] ! the following estimate holds
ar + b; < 9[2(c + )] * (p? + g7) which implies

Y k%ai + bf) < Ca™2y k%(p? + q7).
Kes Kes

Since y;(¢) < 0 for o > 0, y,(o) is strictly decreasing on (0, + o) for k€ S and‘so
is A(0). As y,(0) = 2B, for k # 1, 3 and

n0) = B{[(1 + (4Byoy[3)°)* + 1]'° - [t + (4Biaf3)°)/2 — 1]'7°
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for k = 1,3, we have 0 < A(0) < C[ Y k%(p? + 42)]'* < + 0. Finally, the ine-
keS
quality A(c) < Co™2 Y k*(p? + q;) implies lim A(c) = 0 if ¢ - oo.

Lemma 3. Let Y k%(r; + s7) < + o0, D, = 2(¢ + o) + k*(ai + b2), ay, by, 0, 0
be from Lemma 2. Then the system of linear equations for ¢, dy, k€ S

(16) Dyc, + [2Y j%(ajc; + bjd;) + K*(aex + bidi)] ax = 7,
Jjes
Dyd, + [2) j*(ajc; + bjd;) + K*(axex + bdy)] by = s, keS
JjesS

has a unique solution ¢, d,, k € S and the following estimate holds
(17) Z k¥(ci + d}) < Cz K&(ri + 7).
Proof. If a; = b, = 0 then
¢t + di = D*(ri + s7)

Now, let ag + bj > 0. Multiplying the first equation of (16) by a, the second by b,
multiplying the first equation of (16) by b, and second by a, we get an equivalent
system to (16)

(18)  [Dy + 2k*(az + b2)] (axei + bidy) + 4(ag + b,f) o' = ra, + by,
D,‘(bkck = a,,dk) = rkb,‘ — Sy keS
where ¢’ = Z]z(a icj + b i)

Multlplymg the first equation by k*[D, + 2k*(a; + b;)]~* and summing it for
k € S we have
0" = z kz(r,‘ak + skbk) [Dk + 2kz(ak + bk)] 1
kes

AL + 4Y k*(a? + b7) [Dy + 2k*(af + b7)]7*} 7!
keS
which implies the following estimate (using the Holder inequality)
(19) |o')? < ¢ YKkX(ri + s2)
Further, from (18) we get
(a: + b:) (C,‘ + dk) = (rkbk - S,,a,‘) Dk
+ [rax + sibe — 4az + b7) 0']? [D, + 2k*(af + bk)] *,

from which follows

K(ci + di) < [ri + st + 16(a; + b}) (o')*] D; 2.

This estimate together with (19) imply (17).
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Proof of Theorem 2. It suffices to show that the operator G defined by (9), (10),
(11) satisfies the assumptions of Theorem 1 with B, = B, = % x h* x h*. The
assumptions {(a) and (c) are fulfilled in virtue of Lemma 1 and of the assumptions of
Theorem 2. To verify the assumption (b) requires to show that the system

(20) —uy + aycos k*t + b, sink?t =0, k=1,2,...,
ak = 0,
bk = 0, kG S .

(21) k"j Fi(u, 0) (1,) cos k*rdr = 0,

. 0

k"ZI F(u,0)(z,)sink*tdt =0, keS

0

has a unique solution (u°, a° b°)e % x h* x h*, which means, in fact, that the
equations (21) have a solutions ay, by, ke S, Y k®[(a})* + (b7)*] < + 0. Inserting
keS

(7), (20) into (21) we get after some calculation the equations
(22) afgi + 943 +j§;j2(af + b)) + K¥ai + b}) + o] = f%,

bgl + 993 + X j%(a] + b)) + K*(ai + b7) + o] = fi, keS,
where a

fi= Z(nkz)‘lj j. f(t, x) cos k*t sin kx dx dt,
0J0

fi = 2Ank?)~! I I f(t, x) sin k*t sin kx dx dt,
odo

o= kg, for k=13, a,=0 for k=+1,3.

In the case of more general function g(t, x) the equation (22) will be more complicated.
By Lemma 2 (putting p, = f¢, gi = fi, o = g} + 993 + Y. j*(a} + b)) this
system has a solution if and only if the equation o

o =gi + 995 + A(0)

has a real solution oy > 0. However this is an immidiate consequence of Lemma 2.
Thus a; = a,(0,), by = by(0,), k€ S from Lemma 2 are the solutions to (22). By
Lemma 2 Y k®. [(af)* + (b)?] is finite for fe & and hence a°, b° = {ay, b, for
keS ay = b} =0, for k€S} and u° are the solutions of (20), (21), a°, b° € h*
and u° is of the form (14).

To prove (d) let us show that the system

Glu,am(u® a% b°,0) (@, @, b) = (f, P, 7)
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1.¢.
—ﬁk(t)+(7kcosk2t+Eksink2t=fk, ‘—lk=p-k’ Bk=qk’ kES,

[TEO 50 + 60 + 220 + 80)-
Z& J2(23(2) + uj(1)) (1)} cos k2t dt = 1% P, keS
[ "m0 50 + S0P + 220 + @) +

+ Y i2(z5(r) + u)(t)) u (1)} sin k*tdt == gG,, keS
JjeS

E R

has a unique solution for every (f, P, §) € % x h* x h* satisfying

(23) s + |@]se + |Blss S C(|F|a + |B]us + |@|s) -

Obviously, it is sufficient to prove this assertion only for the last two equations and
ay, by, k € S. Integrating we obtain equations (16) with

Fo = 2Dk, S5 =28y, & =4ay, dp=Db,, o,=k*% for k=1,3, 0,=0
for k + 1, 3,

From Lemma 3 it follows the existence and uniqueness of such a,, b, and the estimate
(23), which completes the proof.
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PERIODIC SOLUTIONS OF NONLINEAR ABSTRACT SECOND
ORDER EQUATIONS WITH DISSIPATIVE TERMS

VLADIMIR LOVICAR, Praha
(Received May 27, 1977)

1. INTRODUCTION

Notation used in this paper is clear. In particular, R denotes the real line, D(4)
denotes the domain of an operator 4 and x, — x or x, - x means that a sequence x,,
converges weakly to the element x in a Banach space B.

Let H, be a separable Hilbert space (with an inner product denoted by (+,*)o and
the corresponding norm denoted by |°|0 and let A be a positive definite selfadjoint
operator in H,. For « > 0 we shall denote by A* the positive a-th power of 4 and
by H, the (separable) Hilbert space D(4%) (with the inner product (x, y), =
= (A%, A%y)o (x, y € D(A%)) and the corresponding norm II,) Further, let F be
a continuous operator on on R x H; x H,into H,. Under the (generalized) solution
of the equation

(1) u'(t) + A% u(t) = F(1, u(?), u'(t))

on an interval [a, b] = R )we understand a function u € C'([a, b]; Ho) N
n C([a, b]; H,) for which

(2 u(t) = cos A(t — a)u(a) + A~ " sin A(t — a) u'(a) +

+ J"A" sin A(t — s) F(s, u(s), u’(s)) ds

a

holds for t € [a, b].

Remark 1. It may be easily verified that if u € C*([a, b]; Ho) n C([a, b]; H,) n
n C([a, b]; H,) satisfies the equation (1) in the classical sense then it is a (generalized)
solution of (1). (More about (generalized) solutions of the equation (1) is found e.g.
in [3] (putting y = 0 in the notation of the paper [3]).)
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Remark 2. If u is a solution of (1) on [a, b] then

(3) u'(f) = —Asin A(t — a) u(a) + cos A(t — a) u'(a) +

+ f'cos A(t — ) F(s, u(s), u'(s)) ds

holds for t € [a, b].

Remark 3. If ue C([a, b]; H;) and ve C([a, b]; Hy) are such that u(t) =
= cos A(t — a)u(a) + A™'sin A(t — a) v(a) + [; A" sin A(t — s) F(s, u(s), v(s)) ds
and ot) = —A sin A(t — a) u(a) + cos A(t — a) v(a). + [; cos A(t — s) F(s, u(s),
1(s)) ds hold for t € [a, b] then u is a solution of (1) on [a, b] and v’ = v.

The aim of this paper is to find assumptions on the operator F under which there
exists at least one w-periodic (generalized) solution of (1), i.e. such a solution u on
the interval [0, ®] for which u(0) = u(w) and u'(0) = u'(w). The basic tool for
obtaining this result is the following well known fixed point theorem which is a cose-
quence of the Schauder-Tichonov Fixed Point Theorem (see e.g. [1], p. 456):

Proposition. Let B be a separable reflexive Banach space, K a nonempty closed
bounded convex subset of B and T a weakly continuous operator on K into K (i.e.
x, €K and x, = x implies T(x,) = T(x)). Then T has at least one fixed point in K,
i.e. there exists x, € K such that T(x,) = X,. ~

To prove the existence of an w-periodic solution of (1) we shall show that there
exists a nonempty closed bounded convex set K = H; x H, such that to any
(x, ¥) €K there exists a unique solution u of (1) on [0, w] with initial values (x, y)
(i.e. u(0) = x, u’(0) = y). Further, the operator T defined by T(x, y) = (u(), u'(»))
is a weakly continuous operator on K and maps K into K. Thus according to Proposi-
tion, T has at least one fixed point which will prove the main result. This method
was used in fact e.g. in [4].

The assumptions on F and the main theorem are stated in Section 2. In Section 3
some Lemmas are given from which the main theorem immediately follows. An
example showing the applicability of the main theorem is given in Section 4. (This
example deals with the equation of an extensible beam, see e.g. [5].)

2. MAIN THEOREM

We shall suppose that the right hand side of the equation (1) satisfies the following
assumptions:

(4) F is continuous operator on R x H; x H, into Hy; to any r > 0 there exists
a constant ¢(r) such that

|F(t, X1, }’1) - F(t, X2, .Vz)lo = C(r)'(lxl - x2|1 + LVI - Y2|o)
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holds-for te R, x;€ H,, |x,-|1 < r, y;€H,, |y,-|0 sr(j=12).
(5) There exist G, g, d, p, Bo and r, such that

(5a) G is a continuous operator on H, into H;

(5b) g is a continuous convex real functional on Hy;

(5¢) g is Gateaux differentiable on H, and g'(x) (v) = 2 Re (G(x), ), holds for
any x, ye€ Hy;

(5d) d = min {|x|} + g(x); xe H,};

(5¢) p is a real nondecreasing continuous function on [d, o) which is locally
Lipschitzian on (d, ©);

(5F) 2 Re (F(t, x, y) + G(x) + 2Boy + B3x, ¥ + Box)o + 2B, g(x) —
— 2Bo(G(x), x)o < p(|x|3 + |y + Box| + g(x)) holds for te R, x € H, and
y € Ho;

(58) 7o > d and —2Bgry + p(ro) < 0.

(6) If x, € Hy, x, 1= x, y, € Hy, y,"°= y then F(t, x,, y,) " = F(t, x, y) for all
teR.

Theorem. Let @ > 0. Let H, be a separable Hilbert space, A a positive definite
selfadjoint operator in Hy, Hy = D(A) and let F be an operator on R x H, x H,
into H, which satisfies the assumptions (4), (5) and (6). Then there exists an w-
periodic solution of the equation (1).

The proof of Theorem follows immediately from Lemmas 5 and 6 (see next
section) and from the above Proposition.

Remark 4. Obviously, it suffices to suppose that F is defined only on [0, @] x
x H, x H,. We shall use this fact in Section 4.

3: AUXILIARY LEMMAS

Lemma 1. Let F satisfy the assumption (4). Then to any r >0 and a,beR
there exists 6 > 0 such that for (x,y)e H, x H, with lxll <r |y|o <r and
to € [a, b] there exists a solution u of (1) on the interval [t,, t, + 8] with u(ty) = x
and u'(ty) = y.

Lemma 2. Let F satisfy the assumption (4) and let u,, u, be solutions of (1) on an
interval [a, b] < R with u,(a) = u,(a) and ui(a) = u3(a). Then u, = u,.

The above assertions may be proved in the same way as the analogous results
from the theory of ordinary differential equations (the essential means being Banach
Contraction Principle and Gronwall’s Lemma). Therefore their proofs are omitted.
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Lemma 3. Let u be a solution of the equation

)] u'(t) + A u(t) = f(1)
on an interval [a, b] = R where fe C([a, b]; H,). Then
® O+ W) + Bufs = e u(@)fi + |u'(a) + Bu(a)s) +

+ ZJ-te_”("‘) Re (f(s) + 2B u'(s) + B* u(s), u'(s) + B u(s))o ds

holds for any Be R and t € [a, b].

Proof. The proof of (8) may proceed in the same way as that for the usual energy
equality. If ue C*([a, b]; H,) n C'([a, b]; H,) n C([a, b]; H,), then denoting
z(s) = |u(s)|f + |u'(s) + Bu(s)|5 onme immediately verifies that z'(s) + 28 z(s) =
= 2 Re (f(s) + 2B u'(s) + B* u(s), u'(s) + B u(s))o holds for any f € Rand s € [a, b].
Multiplying this equality by e~ 2#¢~* and integrating over [a, {] we obtain (8). The
validity of (8) for any solution u is obtained by the usual approximation process.

Lemma 4. Let F satisfy the assumption (4) and let G, g satisfy the assumptions
(5a), (5b) and (5¢). Then for any solution u of (1) on an interval [a, b] < R we have

©) u@IF + [w(®) + Bu(fs + 9(u(®) =

= e‘z"(":"(|u(a)lf + |w'(a) + Bu(a)|5 + g(u(a))) +
" 2.[ te_zp('_’)[Re (F(s, u(s), w'(s)) + G(u(s)) + 2Bu'(s) +
+ B u(s), u'(s) + Bu(s))o + Bg(u(s)) — A(G(u(s)), u(s))o] ds

forany Be R and te [a, b].

Proof. It is easy to see that the function s — g(u(s)) is continuously differentiable
on [a, b] and g(u(-)) (s) = 2 Re (G(u(s)), u'(s))o. The relation (9) follows now
immediately from (8).

Lemma 5. Let F satisfy the assumptions (4) and (5) and let us denote

(10) K = {(x,y)e H, x Ho; |x|} + |y + Box[5 + 9(x) < o} .
Then

1. K is a nonempty closed bounded convex subset of H; x Hy;

2. to any (x, y) €K there exists a solution u of (1) on the interval [0, ®] with
initial values (x, y). Moreover, (u(t), u'(t)) e K for t € [0, ].
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Proof. It is easy to verify 1. To prove 2 it is sufficient to show, with respect to
Lemma 1, that if  is a solution of (1) on [0, ] with (u(0), u’(0)) € K then (u(t), u'(t)) €
€K for te [0, ®]. For te [0, ®] let us denote z(t) = |u(f)|} + |u'(t) + Bo u(t)|5 +
+ g(u(?)), d(r) = z(0) e~ #°¢~9 p(z(s)) ds. Clearly z € C([0, w]) and q € C([0, w]).
With respect to (5f) and Lemma 4 z(f) < ¢(f) holds for ¢ € [0, ®]. Since p is non-
decreasing, q'(t) = —2pB, q(t) + p(z(t)) < —2B, a(t) + p(q(t)) holds for t € [0, w].
The assumption (5g) implies that z(f) < g(f) < r, or, in other words, (u(t), u'(f)) e K
for te [0, o].

For (x, y) € K let us define

(11) T(x, y) = (u(@), w'(«))

where u is a solution of (1) on [0, @] with initial values (x, y). Lemmas 5 and 2 imply
that Tis a single-valued operator which maps K into K.

Lemma 6. Let F satisfy the assumptions (4), (5) and (6) and let K and.T be defined
by (10) and (11). Then T is a weakly continuous operator.

Proof. Let (x,, y,) € K (X, y,) = (x, ). First let us notice that it is sufficient to
show that there exists a subsequence (x,,, y;,) such that T(x,,, y;,) = T(x, y). Let u,
be solutions of (1) on [0, @] with initial values (x,, y,). It is easy to see from the
expressions (2) and (3) that for any z e H, (z € H,) the functions t — (u,(t), z); .
. (t = (u;(1), z)o) are equicontinuous on [0, w]. Hence (with respect to the separability
of the spaces H,, H, and using Cantor’s diagonal method) we obtain that there
exists a subsequence u, such that

(12) u(£) "1 u(t), i, (1) "0 oft) (1€ [0, 0]).

The assumption (6) implies (with respect to theorems of Pettis and of Bochner —
see e.g. [2] p. 131 and 133) that the function ¢t — F(t, u(t), v(f)) belongs to L,(0, w; H,)
and that the relations u(f) = cos Atx + A" 'sin Aty + [( A™'sin A(t — ).
. F(s, u(s), o(s)) ds, v(t) = —Asin At x + cos At y + [§ cos A(t — s) F(s, u(s), u(s)) .
. ds hold for t € [0, ®]. Hence, by Remark 3, the function u is a solution of (1) on
[0, @] with initial values (x, y) and 4’ = v. The relation (12) for ¢t = w says in other
words that T(x,,, »i,) = T(x, y).

4. EXAMPLE

On [0, w] x J (J = [0, 1]) let us consider an equation
(13) u,ft. x) + auft, x) + teealt, x) — b ( J. 1|u,‘(t, &) d{) u(t, x) = f(t, x)
. 0
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with boundary conditions
L

(14) u(t,0) = u(t, 1) = u (1, 0) = u(t, 1) =0 (te[0, w]),
where a > 0 and b = 0.

Solutions of (13), (14) may be defined as solutions of an equation of the form (1)
where we set H, = Ly(J), D(A) = WZ(J) n W3(J), Au = —u,,, F(t,u,v)=
= —av —b|A"?u|} Au + (1) (h(t) (x) = f(t, x) for xe J). If he C(J; Ho) then
it is easy to see that F satisfies the assumptions (4) and (6). To verify the assumption
(5) we put G(u) = b|4"?ul5 Au, g(u) = 27'b|4"?u|§, d = 0. Then it is easy to see
that (5a), (5b), (5c) and (5d) are satisfied. Moreover, g(u) — (G(u), u), < 0 for
u e H,. Let ¢ be such that Iulo =< clulx for u € H,. Further, let 8, be a real number
satisfying 0 < B, < 27'a, =2 + (2a — 4B,) " (a — Bo)* ¢*Bo + 2¢®B5 < 0. Define
p(r) = 2|h| /2 + ((2a — 4Bo)~" (a — Bo)* c*B3 + 2¢*B3) r (re [0, c0)), where |h|
denotes the norm of h in C(J; H,). Then (5¢) and (5f) are satisfied and (5g) also if
we take r, sufficiently large. Theorem gives now the existence of an w-periodic solu-
tion of (13), (14) for any right hand side f for which h € C(J; Hy).
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AND AN n-DIMENSIONAL ANALOGUE OF A THEOREM BY POMPEIU
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INTRODUCTION

Isodynamic tetrahedrons and more generally, isodynamic n-simplexes have been
studied in [1], [2].

We shall investigate here isodynamic systems of points in Euclidean spaces, i.e.
unordered systems of points A4, ..., 4,, such that for some positive numbers c, ..., Cp,

(1) Q(Ab Ak) = CiC

foralli,k = 1, ..., m,i + k. By ¢ we mean throughout the whole paper the Euclidean
distance. In particular, we shall be interested in maximal isodynamic systems in an
n-dimensional Euclidean space and their properties.

PRELIMINARIES

Under an (n — 1)-sphere we understand here and in the sequel a hypersphere in
an n-dimensional Euclidean space; a generalized (n — 1)-sphere is either an (n — 1)-
sphere or an (n — 1)-dimensional linear space. We say that, in an n-space, a gener-
alized (n — 1)-sphere K, bisects the (n — 1)-sphere K, with centre 4, and radius r,
iff either r} = @*(4,, 4,) + r3 in the case K, is an (n — 1)-sphere with centre 4,
and radius r;, or if K; contains 4, in the case K, is a hyperplane. If K, and K, are
two (n — 1)-spheres in E, with centres 4, and radii r, (i = 1, 2) then we call (K, K,)-
harmonic (n — 1)-sphere the set {X; o(X, 4,)[e(X, A,) = ry[r,}. It is thus the
(generalized) sphere of Apollonius of the points A, and A, with the ratio r,/[r,.

As usual, the power of a point X in E, with respect to an (n — 1)-sphere K (in E,)
with centre A and radius r is ¢*(X, 4) — r%. If K is a hyperplane, we shall agree that
any point of K has any real number as its power with respect to K, and no point
outside K has a defined power with respect to K.
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Two points X, Yin E, are inverse with respect to a generalized (n — 1)-sphere K
iff either they are symmetric with respect to K if K is a hyperplane or, in the other
case, if they lie on one ray starting in the centre 4 of K and ¢(X, 4) . (Y, 4) = r?,
r being the radius of K.

RESULTS

It will be useful to assign to an isodynamic system satisfying (1), a new set of
numbers ty, ..., t, by
2
i>»

t,'=c i=1,...,m.

We shall call these numbers t; radii of the isodynamic system corresponding to the
points A;. The following theorem is easy to prove.

Theorem 1. Let A, ..., A,, m = 3, be points in a Euclidean space which form an
isodynamic system with the corresponding radii t,, ..., t,, i.e.

)] (A A)=1tt, ik, i,k=1,..,m.

Then the radii t; are uniquely determined by (2).
Another trivial observation is formulated in the following

Theorem 2. Any subsystem of an isodynamic system of points is isodynamic
as well.

Theorem 3. A system {'Al, ...s Ap} of points is isodynamic iff any subsystem with
four points is isodynamic.

Proof. The “only if” part following from Thm. 2, assume that any subsystem
with four points is isodynamic.

To prove that the given system is isodynamic, we shall use induction with respect
to m. For m < 4, the assertion is clearly true. Suppose that m > 5 and theassertion
holds for any system with m — 1 points. Thus A4, ..., 4,,; is isodynamic with
(uniquely determined) radii t,, ..., t,,—. Let %, %,,7,, ; be radii of the isodynamic
subsystem {A4,,, A, 4,, A;}. Since the radii of {4,, 4,, 43} are uniquely determined
by Thm 1, we have ¥; = ¢t; i = 1, 2, 3. Similarly, if k > 3, let #,, %,, 1,, 3, be radii
of the subsystem {A4,, 4,, 4,, 4;}. Then &, =1, %, =t, }, = t,, { = t, so that

Qz(Ai, Ak) = titk (i 4: k)

is satisfied for all i,k =1,..,mift, = 1,. This completes the proof.
Remark. It is easily seen that a quadruple {4,, 4,, A;, A,} of points is isodynamic
iff these points are mutually distinct and

Q(Al’ Az) Q(As: A4) = Q(Au A3) Q(Az’ A4) = Q(Av A4) Q(Az, A3) .

n



To investigate existence of isodynamic systems, we recall the following theorem
essentially due to MENGER [3] which is a point analogue of the well known theorem
that the Grag matrix of a vector system is positive semidefinite and conversely.

Theorem 4. Let m be a positive integer. The m* real numbers e;; = e;;, i,j =
= 1,..., m, are squares of distances of some m points A, ..., A,, in a Euclidean
space:
‘ Q*(4i, 4)) = ey,

iff e, =0,i=1,...,m,and for any real m-tuple (x, ..., x,,) satisfying

) él:lxi —o0,

the ir'nequality

4) Y eyxx; <0

i,j=1
holds.

If this is the case, the points A, ..., A,, are linearly independent iff the only m-
tuple satisfying (3) for which equality in (4) is attained, is the zero m-tuple. More
generally, all linear dependence relations among the points A, ..., A,, are exactly
those relations

Z yid; =0
i=1
satisfying
Z Yi= 0,
i=1
for which

m
2 e;yy;=0.
-Lj=1
Now we are able to state the existence theorem on isodynamic systems.

Theorem 5. Let m = 2, let ty, ..., t, be positive numbers. A necessary aﬁd suf-
ficient condition that there exist in a Euclidean n-dimensional (and not (n — 1)-
dimensional) space m points Ay, ..., A,, the mutual distances o(A;, A;) of which
satisfy

®) (A, 4)=1tt; (i+j,ij=1,...,m)
is : either

@ n=m-1 and

© m-0%5<(53)

k=11
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or
(i) n=m —2 and
m 1 m 1 2
™ (m—1)3 < ={% —}.
k=1 tk k=1 tk
In the second case, the only relation among the points Ay, ..., A, is

(®) (i }-)_lilflk—(}mj l>—lil44,‘=0.

2
k=1 1) k=1t =112) &1 i

Proof. Let first A, ..., A4, satisfy (5). We shall show that then

©) - s (1)

k=1 tf k=1 1
By Thm. 4,

titxx, =0,
15i<ksm

whenever x, ..., x,, satisfy Y x; = 0. Especially, the numbers y, ..., y,, where
i=1

=l

*n—a

(10) Yi

M=
el

]
-

, i=1,....m

-~

i k

e
Ms

10

satisfy ) y, = 0; therefore,
(11) 2 Y ttyy=0.
1<i<ksm

The left hand side is equal to

o 301 (e5- ()] -3
S EDE)-(xi-E)
(e-z-(23),

The first factor is by the Schwarz inequality nonnegative, and positive if not all
the ¢;’s are equal. If the t;’s are equal, (9) is satisfied. If not, the first factor is positive
and (9) is satisfied by (11).

Observe that-(7) implies that for e;; = o(4;, 4;) = t;t; (i # j) and e;; = 0,

zleiniJ’j =0.
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The numbers (10) are easily seen not to be all equal to zero. By Thm. 4, (7) implies
that the points 4, ..., 4,, are linearly dependent, i.e.

(12) . n<m-2,

and moreover, (8) holds.

This means that if Ay, ..., 4,, are linearly independent then (6) is satisfied.

Let us show now that conversely, (9) implies that there exist, in a Euclidean space,
points A, ..., A, satisfying (5) and even that (6) implies that they are linearly
independent.

We shall use Thm. 4 again. Let x,, ..., x,, be real numbers satisfying ) x; = 0.

Assume first (6). Then
1 12 1 1%
my=—-(¥Y-) <—— (XL~
T () <mmalEd)

and we can write for e;; = 0, e;, = ¢,; = t;t, (i + k):

B ewmin = L (00 = /@) - (2 - o)) -

_ mrEz—‘—l)z (- i (B5) onmetst - e +
t;

N
t;
(2= (BF)) et - ) =

2= (B 2o
o) P

t

(B m5)) Bom )=

by the Schwarz inequality. By Thm. 4, this implies the existence of linearly indepen-
dent points 4, ..., 4, in a Euclidean space which satisfy (5). If only (9) is assumed,

a similar chain of inequalities as above yields Y e;;x;x; < 0and by Thm. 4, m points
i,j=1

Ay, ..., A, satisfying (5) also exist but are not necessarily linearly independent.
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It remains to show that if (7) is fulfilled then n = m — 2. By (12), it suffices to
disprove that n < m — 2. Suppose n < m — 2. Then some n + 1 points, say
Ay ..., Ayyq of the points 4,, ..., A, are linearly independent and the points 4, ...
v.us Ayy3 also satisfy (5) Consequently, for each k, 1 < k < n + 3, the relation
corresponding to (7) holds, i.e.

. n+31 n+3 1 2
(13) (n+ 1)y == (-Zl 7) ,
i*k ;;k i

since the points A, ..., Ax_1, Ags1s ..., Ay43 are linearly dependent. Also
n+3 1 n+3 1 2

(14 e 9% 5=(%7)
i=1 t,' i=1 t‘

by the same reason.
However, (13) can be rewritten in the form'

1 1)\
(15) 3 ===} = ¥ =,
1gi<jsn+3 \{ t; i=1t;
i*k+j i*k

(14) in the form

1 1 2 n+3 1
16 LI i 9
( ) 1§i<zj:§u+3 (ti t-) 521 tf

J

Subtracting (15) from (16), we obtain

n+3 2
Z (1___1.> =1—2, k=1,..,n+3.

i=1 t‘ tk

Therefore, by summing up these equalities,

1 1 2 nt+3 1
SN CEE R
15i<jsn+3 \I; t; k=1 1t}
a contradiction with (16). The proof is complete.

This theorem enables us to call complete such an isodynamic system which
consists of m 2 3 points and is contained in an (m — 2)-dimensional Euclidean space.

Theorem 6. (1) In a Euclidean n-dimensional space, n = 1, the maximum number
of points in an isodynamic system is n + 2.

(ii) A linearly independent isodynamic system with m 2 3 points is contained
in exactly two complete isodynamic systems in the same space, with the only
exception that the points A,, ..., A, form vertices of a regular (m — 1)-simplex;
in this case, there is only one complete isodynamic system in the same space in

which the given system is contained. The additional point is the center of the
simplex.
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(iii) For any m Z 3, there exist complete isodynamic systems with m points.

(iv) Any complete isodynamic system &, with m = 3 points in E,_, is con-
tained in a complete isodynamic system &, with m + 1 points in E,_, (con-
taining E,,,:z). @, is determined in E,,_, uniquely up to congruence leaving all
points of E,,_, invariant. The radius of the (m + 1)-th point is '

1 &1y
by =(—— Y =
i (m—hgx ti>

where t,, ..., t,, are the radii of the points of S,.

(v) Any isodynamic system which contains a complete isodynamic subsystem
is complete.

(vi) 4 complete isodynamic system & contains a minimal complete isodynamic
subsystem, i.e. a complete isodynamic subsystem which is contained in every
complete isodynamic subsystem of &. This minimal subsystem contains exactly
those points of & whose coefficient in the (up to a factor unique) relation among
the points in & is different from zero.

(vii) If {4y, ..., 4,} is a complete isodynamic system and {A,, ..., A} its minimal
complete isodynamic subsystem then A, ., ..., A, are vertices of a regular simplex.

(viii) Any three different points in a line form a complete isodynamic system.

Proof. (i) is a consequence of Thm. 5. To prove (ii), let {4;, ..., 4,} (m = 3) be
a linearly independent isodynamic system so that (5) and (6) holds. Assume this
system to be contained in a complete isodynamic system {4, ..., Apn+,} (by (i), not
more than m + 1 points exist). By Thm. 1, the corresponding m + 1 radii are unique
and the first m coincide with t,, i = 1, ..., m. Let 1,,,, be the (m + 1)-th. Then, an
analogous relation to (7) holds:

m+11 m+11 2
"t (E )

1t k=1 1}
so that
1 1 &1 1 R
m—1 - 2: —4+m) = - —) =0.
( ) fhi Im+1 ‘;1 1 ';1 1] (‘gl ti)

The discriminant of this quadratic equation for 1/t,,., is easily computed to be
positive by (6).

If the t;’s are not all equal, the absolute member of the equation is positive by the
Schwarz inequality and the two positive roots yield two distinct complete isodynamic
systems. -

If all the t;s are equal, t; = t, i = 1, ..., m, i.e. if the given system is the set of the
vertices of a regular (m — 1)-simplex (with all edges having the same length), one
root of the equation is zero and there is only one positive root

m-—1

t.

tm+l =
m
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(ii1) follows e.g. from the preceding case of the vertices and center of the regular
simplex.
To prove (iv), assume &, consists of the points A, ..., 4, with radii t, ..., t,

so that
m 1 m 1 2
m —1 - = —-1].
( )igl tiz (i;l ti)

Assume S, arises from &, by adding a point 4,,,, with radius t,., (the radii

13, ..., t, coincide).
1 o 1- 1 Y
('21 A tm+l) (Z t m+l)

Then
from which, the discriminant of the quadratic equation for 1/t,,,, being zero,

1 1 2 1
=1 sl
tm+l m — 1i=l ti

Since the converse is also true, S, exists by Thm. 5. The distances ¢(4;, A,,,H)
are thus uniquely determined which completes the proof of (iv).

(v) follows from the fact that the assumption implies the points of the system are
linearly dependent so that case (ii) of Thm. 5 occurs.

To prove (vi), we shall also use the fact that an isodynamic system is complete iff
its points are linearly dependent. Thus, if the essentially unique relation among the
points of & has non-zero coefficients corresponding to points A4; for j € J, the sub-
system {4 j} jes 1s complete and every complete subsystem contains this subsystem.
Before proving (vii), we shall prove the following lemma:

Lemma. Let k, n be integers, 2 < k < n. Let x,, ..., x, be real numbers such
that
k

(k= )5t = ).

i=1
Then
(= )Y xi = (X x)?
i=1 i=1
iff
1 k
x B e = Ky = Y Xy
k+1 P ;1 i

Proof. From the equality

*ilx'__(kilx‘)z th‘—(z 1)2+"—_( 1—“"‘2 )

k-1 k—1i=1
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it follows that
k+1 1 k+1

k 1 k
Yxi = =(Xx) 2 Yx ——— (T x),
- =1 k =1 i=1 k—1 =

with equality iff

1 k
X = — X
k+1 k _ llgl i

Thus,l

n . n k k
S - —— (TP 2.2 Y5 - ——(Tx),
i=1 n—1i=1 i=1 k—1"i=1

with -equality of the first and last member iff

1 k 1k+1 1 k
= — Y x;, x == ) X;=——— ) Xjyeee
ket k — ligl k2 k i=1 k — lizl
n—1 k
Xp = 1 Z 5= —1— .le

The lemma then follows.

To prove (vii), use the lemma forn = m, x; = 1ft;, i = 1, ..., m.

The assertion (viii) being trivial, the proof is complete.

Remark. The two (or one) additional points in (iii) of Thm. 6 are the isodynamic
centres [2] of the corresponding (m — 1)-simplex.

In the following main theorem about complete isodynamic systems several
characterizations are given,

Theorem 7. Let Ay, ..., A,, be different points in a Euclidean n-space E,. Then
the following conditions are equivalent:

1° Ay, ..., A,+, is a complete isodynamic system in E,, i.e. there exist positive
numbers ty, ..., t,,, such that

0*(Ay A) = tit, forall i,k=1,...,n+2, i+k;

2° there exists a system of n + 3 real (n — 1)-spheres Ko, Ky, ..., Ky+, such
that

21° K; has centre in A, for i = 1,...,n + 2 and bisects K,
22° for each pair i,j (i * j), i,j = 1,...,n + 2, the (K;, K;)-harmonic (n — 1)
sphere K;; contains all points A, for i + k =*-j;

3° there exists a system of (n -2'- 2) generalized (n — 1)-spheres K,(=K}),
i,j=1,...,n + 2, i+ j, such that

'
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31° A; and A; are inverse with respect to K;;,

32° K;; contains all points A, for i  k =* j;

33° there exists a point having the same negative power with respect to all
(n — 1)-spheres K;;.

4° there exists a point R in E, and a point B, = R in a Euclidean (n + 1)-
space containing E,, on the line perpendicular to E, in R such that the second inter-
section points B; (i=1,...,n + 2) of the lines A;B, with the n-sphere K =
= {X; o(X, R) = ¢(Bo, R)} form vertices of a regular (n + 1)-simplex.

5° there exists, in a Euclidean (n + 1)—space E,., containing E,, a regular
(n + 1)-simplex X such that A,, ..., A,, correspond to the vertices of Z in an
inversion in E, ,.

6° there exists, in a Euclidean (n + 1)-space E,,, a regular (n + 1)-simplex
with vertices By, ..., B,4, and a point X (different from all the points B)) on its
circumscribed n-sphere such that, for some k > 0,

k
A Ay =
e ) = o5 3 2, )
foralli,j=1,...,n+ 2,i +j.

7° there exists, in a Euclidean (n + 1)-space E,.,, a regular (n + 1)-simplex
with vertices By, ..., B,,, and a point X (different from all the points B;) such that,
for some k > 0
k

ApA)= ——
e~ 55,385, %)
Joralli,j=1,...,n+ 2,i % j.

Proof. We shall prove the implications 1° = 2° = 3°=4° = 5°= 6° = 7° = 1°,

Assume 1°. By (iv) of Thm. 6, the system {A,, ..., 4,,} is contained in a complete
isodynamic system, with the additional point A,.;, of an (n + 1)-dimensional
space E,,, containing E,. Define for i = 1,...,n + 2, K; = {X € E,; ¢*(X, 4,)) =
= @*(Ap+3, 4;)}. If R is the orthogonal projection of the point 4,3 on E, and r =
= o(R, A,+3)then K, = {X € E,; o(X, R) = r} satisfies ¢*(4;, R) = ¢*(4;, Ay+3) — 1*
which means that K; bisects K,. Moreover, let i % j. The (K, K,) — harmonic
(n — 1)-sphere K ;j is easily checked to contain the points A, for all k, i # k + j.
Thus 1° = 2°, .

To prove that 2° implies 3°, it suffices to show that the (K,, K;) — harmonic
spheres K;; satisfy 31°, 32°, 33°. 31° follows from the harmonic property of A4;, 4;
and the intersection points of the line 4;4y with K;;, 32° is immediate. To prove 33°,
take R as the centre of K in 2°. Since K, is bisected by K; and K}, it is bisected by K;;
(belonging to the pencil determined by K; and K ;) as well. Thus R has the same nega-
tive power with respect to all K;;’s which are nonlinear. According to our agreement,
this is also true if some — but not all — of the K;;’s are linear. However, all the K;’s
cannot be linear since in this case the mutual distances of n + 2 points 4; in E,
would be equal.
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Assume 3°. Let E,,, be any Euclidean (n + 1)-space containing E,. Let B, be
a point on the line perpendicular to E, passing through R, such that ¢*(B,, R) =
= —p, p being the power of R with respect to all K;;’s. Let K,-j (i %] ij=1,..
..o + 2)°be the generalized n-sphere in E,,; with the same centre and radius
as K,;; if K;; is an (n — 1)-sphere; if K ; 1s linear, let R ;; be that n-dimensional linear
space in E, . ; which contains K;; and is orthogonal to E,. It follows that ) i contains
the point B, for alli,j = 1,...,n + 2, i % j. Let K be the n-sphere with centre in R
and radius g(R, B,), let B; (i = 1, ..., n + 2) be the second intersection point of the
line A;B with K. Denote by K the n-sphere with centre B, which bisects K. Using
the well known properties of inversion, it follows that E, corresponds to K in the
inversion .# with respect to K; 4, corresponds to B;in £, K, ; corresponds to a hyper-
plane H;;, i,j = 1,...,n + 2, i # j. Since K,-j is orthogonal to E,, H; is orthogonal
to K and thus contains R, as well as all the points B, for i & k = j. 4;and A4; being
inverse with respect to K ij» B; and B; are symmetric with respect to H;; (since any
sphere containing both B; and B; is orthogonal to H,;, this being true for their
transforms in #). Consequently, ¢(B;, B,) = ¢(B;, B;) for all i,j, k, i & j + k # i.
It follows that the points B;, i = 1,...,n + 2, form vertices of a regular (n + 1)-
simplex. The proof of 3° = 4° is complete.

The implication 4° = 5° is immediate since B; and A; correspond to each other
in the inversion determined by the n-sphere K having the centre B, and bisecting K.

Assume 5°. Denote by # the inversion, by B, (i = 1, ..., n + 2) the points in E, .,
corresponding to A; in J so that B, are vertices of a regular (n + 1)-simplex Z.
Let X be the centre of the inversion S. Thus X & B;foralli=1,....,n+ 2. If C
is the circumscribed n-sphere of Z, C corresponds to E, in # and thus contains X.

We have then fori = j,i,j=1,...,n + 2

(17) o(4, X) (B, X) = o(4;, X) o(B,, X)
so that the triangles 4;4;X and B;B,X are similar to each other. Thus

(4, 4;)/e(4;, X) = o(B,, B))/e(B, X)
as well as

e(4s 4)/e(4), X) = o(B;, B))/e(B;, X) .
By multiplication,

*(4;, 4;) = ¢*(B, B) o(4s, X) o(4;, X) (e(Bs» X) o(B;X)) ™! =
= o? ¢’(B,, B,)[(e*(Bs, X) 0*(B;, X))

by (17), if the common value is denoted by o. Since ¢*(B;, B,) is constant for all pairs
i, J, i # j, 6° follows (where E = E, ., § = ¢ is taken).
The implications 6° = 7° as well as 7° = 1° being trivial, the proof is complete.
A well known theorem from plane geometry, sometimes called Pompeiu’s theorem,
states:

380



If A;A,A, is an equilateral triangle and X another point of the plane thenXA4,,
XA,, XA, form lengths of sides of a triangle iff X does not belong to the circum-
scribed circle of 4,4,4;.

We shall generalize now this theorem as follows:

Theorem 8. Let A,, .., A,,, be vertices of a regular n-simplex X in E,. If X is
a point in E, then there exists an n-simplex with vertices By, ..., B,,, such that
edges BB, (i + k, i,k =1,...,n + 1) have lengths proportional to (g(4,; X) .
. 0(Ay, X)) iff X does not belong to the circumscribed (n — 1)-sphere of X.

Proof. Assume first that X belongs to the circumscribed (n — 1)-sphere of Z.
If X = A, for Some i, the n-simplex clearly does not exist. If X + A, for all i =
=1,...,n + 1, the equivalence of 7° and 1° in Thm. 7 shows that the realization of
the points B; leads to a complete isodynamic system which is linearly dependent.

Assume now that X does not belong to the circumscribed (n — 1)-sphere of X.
Let # be any inversion with centre X. If B; are points which correspond to the
points A; in £, we have similarly as in the proof of 5° = 6° in Thm. 7,

o(B;, B,) = k(e(A: X) o( A X)) ™" .

Moreover, the points B; do not belong to a hyperplane since this would correspond
in 4 to the circumscribed sphere of X and this would contain the centre of inversion X,
a contradiction. The proof is complete.
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The present paper, the first of a series, represents the first part of an investigation
of abstract convolution equations. A preliminary communication [8] appeared
already in the Soviet Doklady in 1974. .

The aim of these investigations is to develop a functional-analytic theory of
Hormander’s results on convolution equations. It is obvious that such a theory must
contain two essential parts. The first task is to find a suitable abstract analogue of
the notion of “singular support” of a distribution. This line of research started with
the 1966 paper [5] and was pursued further in [11], [1] and [8], [8"]. The second
step consist in formulating criteria for F’' = (limF N E,) or F =limF nE,
where E, is a sequence of Fréchet spaces and F < E = lim E, Results in this direc-
tion have been obtained in [9].

We shall use the following terminology and notation. An F, space will be a locally
convex space the topology of which is given by a sequence of pseudonorms; it follows
that a separated and complete F, space is a Fréchet space.

Given two topologies u, and u, on a set T we say that u, is coarser than u, or
that u, is finer than u, if u; < u,. In other words, a finer topology has more open
sets and gives, accordingly, smaler closures. We shall denote by u; v u, the topology
generated by the union u, U u,, in other words, the coarsest topology which is finer
than both u, and u,.

(1,1) Lemma. Let F be a linear space and w, and w, two convex topologies on F.
Letu = wy; v w,. Then (F,u) = (F,w,) + (F,w,).

Proof. The mapping x —» [x; x] is an algebraically and topologically isomorphic
injection of (F,w; v w,) into (F, w,) @ (F, w,). Its adjoint mapping takes the
pair [fy, o] € (F, w,) ® (F, w,) into its sum.

(1,2) Proposition. Let (E,, u,), (E,, u,), (Es, u3) be three F, spaces. Let
T: (En “1) - (Es, us)v,
A: (Ey uy) = (Ep uy)
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be two continuous linear mappings. Let U be a fixed closed absolutely convex
neighborhood of zero in (Ey, u,). Denote by u the topology on E, generated by the
set U and suppose that (E,, u) is a normed space.

Then the following conditions are equivalent
1° A'E) = T'E; + (E,, u).
2° A is continuous from (Ey,u v T~ 'uy) into (E,, u,); in other words: if x, — 0
in (Ey, u) and Tx, — 0 then Ax, — 0.
3° If x, is sequence such that x, is Cauchy in (E;, u) and Tx, is Cauchy in (E;, u3)
then there exists a sequence x, such that x, — x, - 0 in (E,, u), Tx, — Tx, > 0
in (E3, u3) and Ax, is Cauchy in (E,, u,); furthermore, if z, — 0 in (E,, u),
Tz, - 0 in (E;, u3) and Az, is Cauchy in (E,, u;) then Az, — 0 in (E,, uy).
4° If x, is sequence such that x,, is Cauchy in (E;, u) and Tx, is Cauchy in (E;, us)
then there exists a sequence x, such that x,, — x, —» 0in (E,, u) and Ax, is Cauchy
in (E,, u,); at the same time, if z, — 0 in (Ey, u), Tz, = 0 in (E3, u;) and Az,
is Cauchy in (E,, u,) then Az, — 0 in (E,, u,).

Proof. According to lemma (1,1) we have
(Ey,u v T 'us) = (Ey,u) + TEj.

Condition 1° may thus be restated as follows: the mapping A is continuous in the
weak topologies corresponding to u v T~ 'uj; and u,. All spaces in question being F,,
spaces weak and strong continuity coincides. This establishes the equivalence of 1°
and 2°. ;

For the rest of the proof, it will be convenient to introduce some notation. Let T,
and A, be the mapping from (E,, u) respectively into (E,, ;) and (E,, u,) which
coincide with T and 4 as mappings of linear spaces, hence T = Tyv and A = Agv
where v is the injection of (E;, u,) into (Ej, u).

Denote by G(T,) and G(A,) their graphs in (E,, u) x (E;, u3) and (Ey, u) x
x (E,, u,). Denote by A" the mapping of G(T,) into G(4,) defined as follows

AP[x, Tx] = [x, 4x] .
We set
T~ = TP, | G(Tp) = P,TY, A~ = AP,|G(T,) = P,A".

The implications 2° — 3° — 4° are immediate. Suppose now that condition 4° is
satisfied. J

Consider the set M = (E,u)" x E; x E3 defined as follows: The triple [e,, 3,
e,] belongs to M if and only if [e;, e;] € G(T,)™ and at the same time [ey, e,] €
€ G(A4o)~. Here the closures are taken in the completions of the spaces in question.
It follows from the definition of the set M that it is closed in (Ey, )" x E3 x Ej.
It follows from the second part of assumption 4° that the inclusion [0, 0, e,] € M
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implies e, = 0. The set M is, therefore, the graph of a mapping from G(T,)~ into E3.
Hence the mapping A" is closable. Let us show that the domain of M is the whole
of G(T,)”. Indeed, let [e,, e5] € G(T,)™. It follows that there exists a sequence
x, € E, such that x, - e, in (E,,u)" and Tx, — e; € (E3, u3)". According to 4°
there exists a sequence x, € E such that x, — x, —» 0 in (E,, u) and Ax, is a Cauchy
sequence in E,. It follows that x, — e, in (E,, u) and Ax, — e, for a suitable e, €
€ (E,, u,)" so that [e;, e;] € G(4,)~; hence [e,, 3, e,] € M. To sum up; the closure
of AU is again a mapping and is defined on the whole of G(T,)". It follows from the
closed graph theorem that A is continuous so that A~ = P,A4" is continuous as
well. We complete the proof by proving the implication 4° — 1°.
Since the mapping

A~ = P,A" : [x, Tx] — Ax

is continuous from G(T,) into (E,, u,), it follows that, for each e} € (E,, u,)’ the
function
[x, Tx] > {4x, €3>

is continuous on G(T,). Hence there exist two functionals e} € (E;, u)’ and ej €
€ (Es, u;)’ such that

(Ax, e3) = (x, €'Y + {Tx, e3> = {x,¢ + T'e3)

whence A'e; = ¢’ + T'ey €(E,, u)’ + T'Ej. This proves 1°.

Conditions 3° and 4° may be restated in the form of statements about domains
of definition of certain mappings. We shall use the following notation. If G is the
graph of a mapping from F, into F, we shall denote by D(G~) the projection on F{
of the closure G~ in F{ x F3. The set D(G ™) will be called the domain of definition
of G™; of course, in the general case, G~ need not be the graph of a mapping from F{
into F3.

First of all, let us notice that the second part of conditions 3° and 4° asserts that
the mapping A~ is closable. Using this fact, condition 3° assumes the following form
5° The mapping 4 is closable and

G6(T)~ = D(G(A™)").

Since clearly D(G(T~)~) = G(T,)", we have the following equivalent form of 3°
6° The mapping A~ is closable and

D(G(T7)7) = D(G(47)7) -

Let us turn to condition 4°. Its second part may be interpreted as the closability of 4°.
In view of this condition 4° may be restated in each of the two following equivalent
forms

7° The mapping A" is closable and G(T,)~ = D(G(A")"),
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8° The mapping A" is closable and

D(G(T,)™) = D(G(4o)7) -

In the sequel we shall often identify G(T,) with the space (E,, if) where @ =
= u v T lu;. Accordingly, T~ and A~ will be taken as the mappings T and A
considered as mappings of (E,, #) into (Ej, u;) and (E,, u,) respectively.

(1,3) Proposition. The following conditions are equivalent:

1° If x,€ U and Tx, — 0 then Ax, tends to zero in the weak topology of E,.
2° For every ¢ > 0, the set A'E}, is contained in T'E} + eU°.
3° The mapping A~ is continuous and

KerT™" <« Ker A™".

4° The mapping A~ is continuous and Ker Ty = Ker (T, @ A,)".

5° The mapping A~ is continuous and if &€ (E,u)" annihilates (E,u) n T'E}
then & annihilates (E, u)’ n (T'Ey + A'E}).

6° The mapping A~ is continuous and the subspace (E,u) n (T'Ej + A3E3) is
contained in the closure of (E,u) n T'Ej in the strong topology of the space
(E, u). _

7° The weak topology on E, generated by A'E; is coarser than that generated
by T'E} when restricted to U; in other words

“o(E,, A'E;) | U < o(E,, T'E}).

8° The weak topology on E, generated by A'E), is coarser than the topology T 'u,
when restricted to U; in-other words if Wis an arbitrary neighbourhood of zero

in the topology o(E,, A'E}) then there exists a neighbourhood of zero U, in
(E3, u3) such that

UnT 'U;cW.

Proof. Suppose that condition 1° is satisfied and that a positive number ¢ is given.
Let us prove that A'(E,, u,)’ = T'(Es, u3) + eU° If not, then there exists a go €
€ (E,, u,) such that, for each n, the point A'gg lies outside the set eU°® + T'W,’ where
W, runs over a fundamental system of neighbourhoods of zero in (Ej, u5). The sets
eU° + T'W, being o((E,, u,)’, E;) compact, there exists, for each natural number -
n, an element x, € E,; such that {x,, eU° + T'W?) < ¢ and {x,, A'go) > &.

In particular, {x,, U°) <1 whence x,e U® = U and (Tx,, W) £ 1 so that
Tx, € W,. It follows from condition 1° that Ax, tends to zero weakly in (E,, u,);

however, {Ax,, go> = {x, A'goy > € which is a contradiction. This proves condi-
tion 2°.
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Now assume condition 2°. It follows that A'E; = T'Ej + (E,, u)’ = (E,, @)’ so
that A is continuous as a mapping of (E,, if) into (E,, u,). Suppose now that ¢ e
€ (E,, )" = ((E,, @), B((E,, @), E,))’ is given and that T"¢ = 0. It follows that
(¢, T'(E3, us)'> = 0. Now let us denote by P¢ the restriction of & to (E,, u)'. Since &
is bounded on the polar B® of some set B bounded in (E,, @), ¢ is bounded on U°®
since B = AU for some A. It follows that P may be considered as an element of the
second dual of the normed space (E;, u). Let § be a number greater than |P€|, the
norm of P¢ in (E,, u)".

Now let g’ € (E,, u,)' and a positive ¢ be given. According to our assumption,
there exists an f’ € (E,, u;)' and an x’ € (E,, u)’ such that A'g’ = T'f’ + x’ and
x’l < ef™1. Tt follows that <& A'g"> = (& Tf") + (& x') = (P x"y whence
CE, A’g'>| < &. Since ¢ was an arbitrary positive number, we have proved that
(¢ A'g") = 0 for every g’ € (E,, u,)’ or, in other words that 4"¢ = 0.

Let us prove that condition 3° implies 1°. Let x, € U and suppose that Tx, — 0.
Denote by M the set of all elements of the sequence x,. Since M is bounded in
(E,, @) and 4 is continuous, the set AM is bounded in (E,, u,). Let g’ € (E,, u,) be
given and suppose that {Ax,, g’> does not tend to zero. The sequence {A4x,, g')
being bounded, there exists a subsequence y, of the sequence x, such that {Ay,, g’>
converges to a limit different from zero. Since y, € M there exists a cluster point #
of the sequence y, in the topology o((E,, @)", (E,, i)). Let us prove that 77 = 0.
Indeed, if f' € (E;, us) is given, the product <{n, T'f") is cluster point of the sequence
D T'f'> = {Ty,, f'> = 0. 1t follows that <{n, T'f'> = 0. Since f’ was arbitrary we
have T"n = 0. It follows from our assumption that 4”7 = 0 so that, in particular,
{n,A'g’) =0.

Now (n, A’g’) is a cluster point of the sequence {y,, A'g’> because 4 is con-
tinuous. This sequence, however, tends to a limit different from zero, a contradiction.
This proves condition 1° hence the equivalence of the first three conditions.

Conditions 5° and 6° are equivalent by the Hahn-Banach theorem. Let us prove
the implications 2° — 5° — 1°. .

Suppose 2° satisfied. It follows from Proposition (1,2) that 4 is continuous. Con-
sider a ¢ e (E,, u)" which annihilates T'E; n (E,, u)’. Suppose that ¢’ = T'e} +
"+ A'e; € (E,, u)’ and let € > 0 be given. According to 2°, we have a decomposition

Ae,=Tf3+9
where g € (E;, u)’ and |g| < t-:|£|‘1 if &€ & 0. Hence
e =Tey+Tf3+g.
Since ¢’, g €(E,,u)’, we have T'(e; + fg)etEl, u) so that, by our assumpti-on,
<& T'(e5 + f3)> = 0. Hence [(¢ eD| = <& g)| s | lg| < e Since ¢ was an

arbitrary positive number, (£, ¢’) = 0 and 5° is established.
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Now assume 5° satisfied and let x,e U, Tx, — 0. Let e} € (E,, u,)’ be given.
Since 4 is continuous, there exists, by Proposition (1,2), a decomposition

Aey, =Tes+ f

with f € (E,, u)'. It follows that f'e (A'E; + T'E3) n (E;, u)’. Suppose that {Ax,, €3>
does not tend to zero. Then <x,, f) does not tend to zero. Otherwise we would have
(Ax,, e3) = {x,, A'ey) = {x,,, T'e3> + {x,, f» — 0 which is a contradiction. There-
fore there exists a cluster point & € (Ey,u)"suchthat<{¢, /) + 0. If he T'Ey n (Ey, u)
then h = T'e} for a suitable e} € Ej.

Since h € (E, u)’, the number (&, h) is a cluster point of the sequence {x,, T'e}).
We have, however, {(x,, T'e3> = (Tx,, e3> — 0. Since h was an arbitrary element
of the intersection T'E3 N (E;,u)’, wesee that £ annihilates T'E3 N (Ey, u)'. It follows
from our assumption that ¢ annihilates (T'Ej + A'Ej) N (El, u) in particular,
¢ annihilates f. This is a contradiction.

Clearly the conditions 5° and 6° are equivalent by the Hahn-Banach theorem.

Let us prove now the equivalence of 4° and 5°. If S is linear mapping from a locally
convex space P into another locally convex space Q and if £ € P” we write £ € Ker S”
if and only if ¢ annihilates the range of S’. The range of S’ is the set of all x" € P’
such that

(8x, y'> = <x, x')

for a suitable y’ € Q' and all x € D(S). The equivalence of 4° and 5° will therefore be
established if we show that

R(Ty) = (Ey, u) n T'Ej,
R((T, ® A4o)) = (E;, u) A (T'Ejy + A'Ey).

First of all, x’ € R(Ty) if and only if there exists an e} such that

<T0xs e’3> = <xv x,>

for all x € Ey; in other words if and only if x' = T'e} or x’ € (E,, )’ n T'Ej. Simi-
larly, x" € R((To, @ Ao)') if and only if there exist e} and e} such that

{Tox, e3> + {Aox, e3) = {x,x")

for all x e E,; in other words if and only if x’ = T'ej + A'e; or x’ € (E,, u)' N
N (T'E; + A'E}).

This completes the proof of the equivalence of 4° and 5°.

To complete the proof, we intend to prove the implications 2° — 7° — 8° — 1°,
First of all, the inclusion

o(Ey, T'E3) = T 'u,
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is obvious. Hence 7° — 8°. Also, the implication 8° — 1° is immediate. It remains
to prove the implication 2° — 7°.

Suppose that 2° is satisfied and let us prove the following fact. If x, € U and if V
is a o(E, A'E}) neighbourhood of x, then there exists a o(E, T'E3) neighbourhood W
of x, such that Wn U < V. First of all, there exist fi, ..., f, € E; such that
|(x — Xo» A’f,)| <1l forj=1,2,..,n implies x € V. According to 2°, each A’f;
has a decomposition of the form

where g; € E} and h; € 3U°. Denote by W the set

W= {x; |[<x — xo0, T'g,>| < 4} .

If x e Wn U, we have, for each j
[<x — xo, A'fj| S [<x = %0, T'gD| + [<x = x0, hjd| < 1

so that x € V. The proof is complete.
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SHLUKOVA ANALYSA

ApoLF FILACEK, VAcLAv KouTNiKk a Jiki VONDRACEK, Praha
(Doslo dne 1. &ervna 1977)

Metody shlukové analysy (anglicky cluster analysis) se vyvinuly z potfeby analyso-
vat a vhodné€ koncentrovat informaci obsaZenou v mnohorozmérnych tudajich.
Jednotlivé postupy feSici problém klasifikace idaji se objevuji ve étyficatych a pade-
satych letech. Teprve v posledni dob& v§ak dochéazi k pokusiim vybudovat ucelenou
teorii, kterd by umoziiovala analysu vlastnosti jednotlivych postupt, jejich porovnani
a posouzeni, za jakych podminek je moZno je pouZit. Nicméné je shlukova analysa
stdle spiSe stfechovy nazev pro volny soubor heuristickych postupft neZ ucelena
disciplina aplikované matematiky.

Zakladni situaci pfi shlukové analyse miZeme popsat takto:

Je dano N objekti. Na ka¥dém objektu je zméfeno p charakteristik, takZe ziska-
vame N p-rozmérnych vektort X,, X,,..., Xy. MiZeme ztotoZnit pozorovani
a pfislu$né objekty, takZe v dal§im nazyvame vektory X; objekty. Oznaéme X mno-
Zinu viech objektd, tj. X = {X,, X,, ..., Xy}. Ukolem shlukové analysy je seskupit
objekty X; do n shlukd S,, S5, ..., S, (tj. mnoZina § = {S,, S,, ..., S,} tvofi rozklad
mnoZiny X) tak, aby si objekty pattici do tého¥ shluku byly v jistém smyslu podobné
¢i blizké, kdeZto od objektl patficich do riiznych shlukt poZadujeme, aby byly odli§né
¢i vzdalené. Pfitom obvykle chceme, aby podet shlukii n byl podstatné mens3i neZ
pocet objekti N. N&kdy je tloha shlukové analysy formulovdna obecn&ji v tom
smyslu, Ze shluky nemusi byt disjunktni, a cilem neni rozklad, ale pokryti mnoZiny X
jejimi podmnoZinami.

Podle cile miiZzeme rozeznéavat tfi druhy tloh shlukové analysy:

1) Cilem je nalezeni rozkladu S = {S1, S3, ..., S,}, kde polet shlukii n neni pfedem
stanoven.
2) Cilem je nalezeni rozkladu S pfi pfedem daném poétu shlukd n.

3) Cilem je vytvofit tzv. hierarchicky strom, tj. posloupnost rozkladé $, t =
=1,2,..,K, kde S = {{X,}, {X,}, ..., {Xn}}, $® = {X} a ka¥dy rozklad S
je zjemn&nim rozkladu S+,
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Zikladnim pfedpokladem tspéSného pouZiti shlukovacich metod je, Ze objekty
maji tendenci seskupovat se do shlukil a nemaji charakter vice méné€ homogenniho
chaosu. Ovéfeni tohoto pfedpokladu byva obtizné a neni mu vzdy vénovana néleZita
pozornost. Dalsim dilezitym problémem je volba vhodného shlukovaciho postupu.
Obecné pravidlo, jak zvolit pro dany problém optimalni postup, neexistuje a volba
byva &asto subjektivni. Vyznamnou roli zde hraje studium vlastnosti jednotlivych
postupti a vyuZiti nékterych kriterii pro hodnoceni ziskanych shlukd z hlediska jejich
konipaktnosti a vzdjemné isolovanosti.

Problematice shlukové analysy byl vénovdn seminaf, ktery probihal v oddéleni
teorie pravdépodobnosti a matematické statistiky Matematického ustavu CSAV.
Na seminaf navazala Letni §kola shlukové analysy, kterou uspofadala v roce 1976
matematickd v&decka sekce Jednoty Ceskoslovenskych matematikii a fyzikd a libe-
reck4 pobotka JCSMF. Letni $kola ukézala, 7e metody shlukové analysy se v Cesko-
slovensku na riizné urovni na fad€ pracovist pouZivaji a vedou v mnoha pfipadech
k velmi dobrym vysledkim. Souasné se projevila velka nejednotnost v pouZivané
terminologii. To vyplyva ze skute€nosti, Ze o shlukové analyse nebyly dosud uvefej-
nény v Ceské matematické literatufe Zadné prace. Samotny termin cluster se vyskytuje
v &estin€ v riznych podobach jako hnizdo, shluk, svazek, trs apod. Nazev shluk
se ndm jevil jako nejvhodnéj§i mimo jiné proto, Ze od slova shluk lze snadno tvofit
slova odvozend; miiZeme napf. hovofit o shlukovacich postupech a rozklad S &
pokryti M mnoZiny objektl nazvat shluknutim a jejich vytvafeni nazyvat shluko-
vdnim.

Ukolem tohoto &lanku je prehledné zachytit zakladni my3lenky shlukové analysy
a pfispét tak k dal$imu rozSifeni jejich metod, informovat o literatufe a pokusit se
o sjednoceni Ceské terminologie. V prvni &asti pojedname o mirdch nepodobnosti
(respektive podobnosti) objektt a shlukil a funkciondlech kvality rozkladu. Druhd
&st se zabyva jednotlivymi typy shlukovacich postupti. Cést tfeti je v&novana
vlastnostem téchto postupil.

1. MIRY NEPODOBNOSTI A FUNKCIONALY KVALITY ROZKLADU

Necht je ddna mnoZina N objektd X = {X,, X,, ..., Xy}. Ukolem shlukové analy-
sy je nalézt rozklad § = {S,, S,, ..., S,} mnoZiny X do n shluki tak, aby objekty
patfici do tého¥ shluku si byly v jistém smyslu podobné a objekty patfici do riiznych
shluk®i se svymi vlastnostmi co nejvice li§ily. V n&kterych pfipadech poZadavek
vzdjemné disjunktnosti shlukii neodpovidéd skute¥né situaci. Proto ulohu n&kdy
zobeciiujeme v tom smyslu, ¥e shluky S, se mohou vzdjemné pfekryvat, a misto
rozkladu hleddme pokryti mnoZiny X shluky S, tj. takovou mnoZinu § = {S,, S,, ...

<o 5.}, aby X = U S,
i=1
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Podobnost ¢i odliSnost objektii X; posuzujeme na zakladé p urlitych znakd,
jejichz hodnoty na objektech zméfime a jeZ jsou zvoleny podle konkrétni ulohy.
Proto v dal§im budeme ztotoZiiovat objekty X; s vektory (x,l, wou Xl Kde xy; je
hodnota nam&fend na j-tém znaku i-tého objektu. (Pokud by na riiznych objektech
byly namé&feny stejné vektory, mohli bychom je rozlisit tfeba tak, Ze bychom formalné
pfipojili dalsi soufadnici oznadujici index objektu.) Zpravidla lze vektory X; povaZo-
vat za prvky néjakého prostoru X, ktery nazyvame zikladnim prostorem. Casto
byva X eukleidovsky prostor &, nebo alespoii linedrni prostor.

Shlukovaci metody jsou obvykle zaloZeny na mirdch nepodobnosti (resp. podob-
nosti) objektl a shlukil, nebo na funkcionalech kvality rozkladu do shluki.

1.1. Miry nepodobnosti objekti. Mira nepodobnosti na X je nezaporni realna
funkce d definovand na X x X takovd, Ze d(X, X;) = d(X;, X;) pro vSechna
X,X;eXadX,X)=0,i=12..,N.

Miru nepodobnosti na X miiZeme napf. zavést tak, Ze nejprve definujeme miru
nepodobnosti d na X a miru nepodobnosti na X definujeme jako restrikci miry
nepodobnosti d na X. Tuto restrikci budeme nazyvat indukovanou mirou nepodob-
nosti. Ziejmé kazdd metrika na X indukuje miru nepodobnosti na X.

Necht X = {X,, X,, ..., Xy} a d je mira nepodobnosti na X. Z vlastnosti miry

nepodobnosti vyplyvd, Ze d je jednoznain& uréena svymi (N) hodnotami d(X;, X ;)

2

pro i < j. MuzZeme proto d povaZovat za prvek (g)-rozmérného eukleidovského

prostoru ﬁ(N). Tato representace miry nepodobnosti d je uZitend, jestliZe chceme
2

definovat vzdédlenost dvou mér nepodobnosti.

Miru nepodobnosti d na X nazyvame ultrametrickou, jestliZe d spliiuje tzv.
ultrametrickou nerovnost

d(X;, X;) < max [d(X;, X;), d(X;, X;)] prokazdé X,X; a X,eX.

V tabulce 1 uvddime nékteré miry nepodobnosti definované na &,, které jsou
dasto uZivany k zavedeni mér nepodobnosti na X v pfipadé, Ze hodnoty znakid
meéfenych na objektech jsou vesmés redlnd Eisla. :

O matici W v mife nepodobnosti d,, pfedpokladdme, Ze je positivné definitni.
W byva volena jako

™M=

W=
i

N
kde X = (1/N) Y X,, za ptedpokladu |W| + 0. V takovém ptipadé se W n&kdy
i=1

X, - X)(X, - X,

1

nazyva matice rozsevu.
Miry nepodobnosti d, a d, jsou zvla§tnim pfipadem miry d,,. Dal8i miry nepodob-
nosti jsou uvedeny v [5] a [3].
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Tabulka 1: N&které miry nepodobnosti

Néazev Tvar
p
l,-metrika dy(X,X;) =Y ‘xik - xjkl
k=1
Eukleidovsk4 u
metrika d)(X, X)) = [,‘;(xu‘ = xgz)*]'?
p
l,,-metrika do(Xu X)) =X Ixik = xjklm]l/m
k=1

Sup-metrika

Mahalanobisova
zobecnéna metrika

Uhel sevieny X
aX;

Uhel sevieny
Xi = X‘aXJ _Xj

do(X, X)) = mgx {Ixa = xal}
(X0 X) = (K, — X WX, )
P
2 XuX i
d(X; X;) = arccos —*=1—
P )4
[ Z X5 > sz'k]llz
k=1 k=1
d(X, X,) =arccosr;,
14

> (a = X) (x — X))
kde rij = k=1

[ki(xik B Xi)zuﬁl(x”‘ - X)) ,

Xi= - qu:
pk=1

Mira nepodobnosti je n&kdy zavad&na pomoci tzv. potencidlové funkce K(X;, X ;)
definované na X x X, a to vzorcem

de(X i, X)) = J(K(X,, X)) + K(X), X;) — 2K(X;, X)) ..

P
Jelli X < &, a volime-li K(X;, X;) = (X, X;) = ) x4X;,, dostaneme miru nepo-
R =51 :

dobnosti d,. Potencidlovou funkci miiZeme definovat prostfednictvim né&které pfiro-
zené miry nepodobnosti d na X jako nerostouci funkci d, napf.
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nebo
K(X,.,XJ-) = [1 + ozdz(Xi,Xj)]’1 , a>0,

Miry nepodobnosti na X je nékdy vhodné kombinovat, coz miZeme provést
nasledujicim zpiisobem: jsou-li d,, d,, ..., d, miry nepodobnosti na X a je-li V
symetrickd positivné semidefinitni matice typu k x k, potom d = d’' VY d je zfejmé
mira nepodobnosti na X, kde d je vektor d = (dy, d,, ..., d,)’. Matici V = (v;;)
miiZeme interpretovat jako matici vah v;; a podobnosti v;; (i + j) mér dy, d,, ..., d;.

Duélnim pojmem k mife nepodobnosti je mira podobnosti. Mira podobnosti na X
je redlna funkce sna X x X takova, Ze 0 < s(X;, X;) = s(X;, X;) £ 1 pro viechna
X, X;eX a s(X;, X;) = 1. Kazdé mife podobnosti s na X je ptifazena mira nepo-
dobnosti d, na X vztahem d(X;, X;) = 1 — s(X;, X)).

Miry podobnosti jsou pouZiviany ponejvice v ptipadé binarnich znakt. Ozname

nyy - .. pocet znakl k, pro které x; = x5 =1,
n;; ... poCet znaki k, pro které x; = x; =0,
n; ... poCet znaki k, pro které x; =0, x;, =1,
ny; ... pocet znakl k, pro které x; =1, x; =0,

Casto uzivanymi mirami podobnosti jsou nasledujici miry:

nyl(ny + ny + ny),
(s + ny)lp,
"IJ/P ’

2ny,/(2ng + ngj + ny),
2ngy + ny)/(p + nyy + ny),

nyf[n + 2("1] + ny)],
(ney + n)/(p + ny; + ny).

Je-li s mira podobnosti a f neklesajici funkce takova, Ze f(0) 2 0, f(1) = 1, potom

f(s) je zfejm& mirou podobnosti na X. Jestlize f j Je nerostouci funkce a f(l) =0,
pak f(s) je mira nepodobnosti na X.

1.2. Miry nepodobnosti shluki. Pfi mnohych shlukovacich metoddch, pfevdZné€ pak
u tzv. hierarchickych metod, o nichZ bude pojedndno v &asti 2, shlukujeme objekty
z X v 1. kroku shlukovaciho algoritmu na zdklad€ miry nepodobnosti objektil;
vytvofené shluky povaZujeme za nové ,,objekty, které v dalSich krocich opét
shlukujeme na zaklad€ mér nepodobnosti shlukt. Miry nepodobnosti shluki jsou
obvykle definovany pomoci mér nepodobnosti objektii. Né€které miry nepodobnosti
shluki jsou uvedeny v tabulce 2, kde d znaéi miru nepodobnosti na X, a S;, S,, jsou

> prvky rozkladu S. Symbol |S| znadi v celém &l4nku pocet prvki mnoZiny S.

393



Tabulka 2: Miry nepodobnosti shluku

Nazey

Tvar

Vzdalenost
nejbliZ§ich prvkd
shlukt S, a S,
(nejbliZsi soused)

Vzdalenost
nejvzdélendjich
prvki shlukt S,
a S,, (nejvzdale-
n&jsi soused)

Primérna vzdale-
nost prvkl
shluki S, a S,,

Vzdalenost prii-
mérid shluki
(centroidni)

Kolmogorovova
zobecnéna
vzdélenost

d\(Si, S») = min  {d(X, X,)}

€Sk, X j€8m

dy(Sy, Sp) = max {d(X, X,)}

X €Sk, X j€Sm

a3(sk$ Sm)

2 Y dX, X))

| k| |Sm| X ieSk X jeSm
ac(sk’ S"') = d(Sk’ m) s

kde 5, = — Y X,

lSk X,esk

#6505 =[5 . Lo x|

X(ES;‘ XJES,,.

Mira nepodobnosti shlukt d" zahrnuje jako zvlatni p¥ipad miry nepodobnosti d,
resp. d, resp. d,pfir - —oo resp. r - +ooresp. r = 1.

1.3. Funkciondly kvality rozkladu. Funkciondl kvality rozkladu je redlnd funkce
f(S) definovana na mnoZin& viech rozkladii § mnoZiny objekt X. Ulohu shlukovani
pak miZeme formulovat jako ulohu nalézt extrém vhodn& zvoleného funkcionalu
f(5) na mnoZin& viech rozkladii nebo na nékteré jeji podmnoZing. Funkcional
kvality rozkladu by mél vystihovat naSe apriorni pfedstavy o optimalnim shluknuti

v konkrétni situaci.

Uvedme nékteré b&Zné uZivané funkcionaly kvality rozkladu (d je mira nepodob-

nosti na X):

1(5)—2 2 P(X0 ), Kde S = (1 |Sa]) 3, Xi.

XieSm

Q.(S) = Z L FX.X),

m=1 X;,X;eSm
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Q4(S) = det (Y |Sn| W), kde W, je vybérova kovariani matice shluku S,, ,
m=1
04(S) = [1 (det W,,)Is~!
m=1

Qs(S) = 1,(S) + I,(S), kde I(S)= i 2 d(X;, S,) nebo I,(S) = Q,(S)

m=1 XeS,,

a I(S)=c.n=c.|S|, kde ¢ >0 jekonstanta.

Funkcionaly Q,(S) — Q,(S) se pouZivaji pfi rozkladech na pevny podet shlukd
n < N nebo pro n splitujici n; < n < n, < N. Funkcional Q4(S) je pouZivén, neni-li
pocet shluk@ n pfedem dén, a I,(S) hraje roli ztratové funkce zévisejici na po&tu
shlukii.

A. N. KoLMoGorov pfedlozZil obecné schéma, pouZivajici dvou funkciondld,
z nichZ prvni je mirou koncentrace objektl v rozkladu S a druhy stfedni mirou po-
dobnosti objektii ve shlucich.

Mira koncentrace je dana vztahem

Z(S) = [% :i (%ﬂl .

kde v(X;) je pocet objektit ve shluku obsahujicim objekt X,. Volba &isla s z4visi
na typu feSené ulohy shlukovani. Pro n&které hodnoty s mé funkciondl Z(S) tvar:

2 S S
log Z(S) = ;1%'1 log IFMI ,

Z.,(8) = -

20) =y B Bl
2.9 = min (),

2.9 = mex (5) |

Poznamenejme, Ze pro libovolné s md mira koncentrace minimalni hodnotu 1/N,
dosaZenou pro rozklad X na jednoprvkové shluky a maximdlni hodnotu 1, kterou
nabyva pfi spojeni vech objektii do jednoho shluku.

Stfedni mira podobnosti objektil uvnitf shluki je dina vztahem

r© =[5 Jo @5 5]

1/r
’
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kde d" je Kolmogorovova zobecnéna vzdalenost, &ili

© e[l L e
1) =[5 2 5] B 5 5|

€S(X1)

kde S(X;) je shluk obsahujici objekt X .
Funkciondly kvality rozkladu na shluky jsou pak voleny jako funkce f(Z(S),

I'(s))

Zcela obecné uvedme, Ze vétinu funkcionald f(S) Ize vyjadfit ve tvaru

1(8) = f(uy, ..., wy),

kde u; = u(S) jsou funkcionaly vyjadfujici riizné vlastnosti, které oekdvame od
optimélniho rozkladu na shluky, a charakterizujici strukturu uvnitf shlukd nebo
mezi shluky, napf.:

u, ... stupeil podobnosti objektli uvnitf shlukd,

u, ... stupeil odliSnosti shlukii,

u; ... homogenita rozloZeni objektli uvnitf shlukd,

u, ... rovnomérnost rozloZeni objektti do n shlukt apod.

2. TYPY SHLUKOVACICH METOD

Mezi dosud navrZzenymi metodami shlukovani muZeme vysledovat tii zakladni
typy metod konstrukce shlukt, a to metody hierarchické, metody paralelni a metody
sekvenéni. VétSinu znamych shlukovacich metod miZeme zadlenit pod néktery
z té€chto typi.

Pti hierarchickych metoddch shlukovani se vytvati posloupnost $© (1 =1, 2, ...
..., K) rozkladd mnoZiny objéktd X takova, Ze rozklad $ je zjemn&nim rozkladu
S prot < t,(t,t = 1,2,..., K). Obvykle je rozklad $® tvofen jedinym shlukem,
mnoZinou X, a rozklad $'*) systémem jednoprvkovych mnoZin, z nichZ ka?d4 obsa-
huje pravé jeden objekt z X. PfisluSnost objektli shlukiim v posloupnosti rozkladi
Ize vyjadfit tzv. dendrogramem. Hierarchie vytvafeni navzdjem nepodobnych skupin
podobnych si objektti je zakladnim poZadavkem v biologické taxonomii. Proto
hierarchické shlukovaci metody jsou pomocnym nastrojem poznéni v této discipliné
a hlavnim pfedmétem studia tzv. numerické taxonomie.

Paralelni shlukovaci metody jsou nehierarchické iteraéni metody, které pfi kaZzdém
iteraénim kroku vyuZivaji pro konstrukci shlukil v§ech shlukovanych objektt X; € X.
Jejich cilem obvykle je uréit globalni nebo alespoii lokalni extrém néjakého funkcionalu
kvality rozkladu. Mezi paralelni metody lze napf. zafadit metodu postupného pfe-
nosu objektu ze shluku do shluku a postupy zaloZené na tzv. vzorovych mnoZinich.
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Sekvenéni metody jsou iteraéni shlukovaci metody, jimiZ jsou pfi kaZdém iteraénim
kroku vytvafeny shluky na vybrané vlastni podmnoZiné mnoZiny shlukovanych
objektii. Vybér podmnoZziny mtiZe byt realizovan napf. ndhodnym vybérem prvki z X.
V kazdém iteraénim kroku je mnoZina objektt vybranych ke shlukovani roziifenim
mnoziny objektll shlukovanych v kroku pfedchazejicim.

JelikoZ pfi paralelnich shlukovacich metodach je v kaZzdém iteraénim kroku zpra-
covavana velkerd informace obsaZzena v méfenich na shlukovanych objektech, jsou
paralelni metody pfi strojovém zpracovani velmi ndro¢né na kapacitu paméti a stro-
jovy &as potitadt. Tim je omezena praktickd pouZitelnost paralelnich metod, které
jsou vétiinou aplikovany na shlukovani nevelkého (vzhledem k parametrim po&itade)

po&tu objektti. Naproti tomu jsou sekvenéni metody svymi vlastnostmi ureny pro
shlukovani velkého po¢tu objektil.

2.1. Hierarchické shlukovaci metody. Pfedpoklddejme, Ze pro objekty z X je ddna
mira jejich nepodobnosti d. Oznaéme C(X) mnoZinu viech m&r nepodobnosti na X.

Posloupnost rozkladd S, §@), ..., %) mnoZiny X nazveme hierarchickou, je- 11
rozklad $ zjemné&nim rozkladu S(' 3 prot<t,(t,t' =1,2,..,K).

Hierarchickou metodu miiZeme chapat jako metodu pfifazeni prvkﬁ mnoZiny y(X)
viech kone&nych hierarchickych posloupnosti rozkladii mnoZiny X méram nepodob-
nosti z C(X). V tomto smyslu je hierarchickd metoda zobrazeni C(X) —» #(X).

Rozklad mnoZiny objektli X na disjunktni shluky je jednozna&né uren ekvivalen-
ci na X, tj. reflexivni, symetrickou a transitivni relaci r definovanou na X. Relace r
je podmnoZina X x X. Relace je

reflexivni, jestliZe (X, X;) € r pro viechna X, € X,

symetrickd, jestlize z (X;, X,) e r plyne (X;, X)) er,

transitivni, jestlize z (X, X;) e r a (X;, X,) € r plyne (X, X,) e r.

Je-li r ekvivalence, pak mnoZiny Sx, = {X;:(X;, X;)er}, i =1,2,...,N, tvofi
rozklad mnoZiny X. Naopak, je-li § = {S,, S,, ..., S,} rozklad mnoZiny X, je r =

n
= U S; x S, ekvivalenci na X.
Necht S, §@ ... §%) je hierarchickd posloupnost rozkladii. Zapiéme SOt =
=1,2,..., K, ve tvaru § = {SP, SP, ..., S} a oznaéme r(S§?) = S(‘) x S

ekvivalenci urenou rozkladem $®. Ztejmé je r($) = r(8“"), pro ¢ < t’. Pfedpo-
kladame-li, Ze $® je tvofen jedinym shlukem, jimZ je mnoZina vSech objekti (tj.

(™) = X x X), je moZno vyjadfit hierarchickou posloupnost rozkladii tzv.
dendrogramem rozkladu X.

Oznadme E(X) mnoZinu vSech ekvivalenci na X. Dendrogram rozkladu X je
funkce c : [0, o) — E(X), kterd mé vlastnosti:

a) je-li 0 < h < K, pak c(h) = ¢(h'),

b) existuje h tak, Ze c(h) = X x X,

c) ke kaZdému h existuje & > 0 tak, Ze c(h + 6) = c(h).
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Necht ¢ je dendrogram. Definujme na X x X funkci U, vztahem
(1) U X, X)) =inf{h:(X;, X;)ec(h)}.
Potom ekvivalence ¢(h) je pro h € [0, o) uréena vztahem
) c(h) = {(X,, X;) : ULX,, X;) < h}.

Snadno lze dokazat, Ze funkce U, je ultrametrickd mira nepodobnosti na X.
MnoZinu viech ultrametrickych mér nepodobnosti na X oznatime U(X). Plati
UX) = C(X).

Z (1) a (2) plyne, Ze zobrazeni ¢ — U, je jednojednozna&né. Kone&né hierarchické
posloupnosti rozkladii z #(X) jsou tudiZ ureny ultrametrickymi m&rami nepodob-
nosti na X. Hierarchickou shlukovaci metodu budeme proto definovat jako zobra-
zeni D : C(X) — U(X).

NejuZivan€jsimi hierarchickymi metodami jsou metoda nejblizsiho souseda (D,),
metoda nejvzddlenéjsiho souseda (D,), metoda nevdfenych primérii (Ds) a vdZenjch
primérii (D,). P¥i téchto metodéach je po&atetni rozklad $*’ tvofen jednoprvkovymi
mnoZinami {X;}, X;eX, i =1,2,...,N. Do tého? shluku rozkladu $?® =
= {SP?, 8P, ..., S} jsou zatazeny viechny objekty, jejich? vzdjemna nepodobnost
je rovna m = min d(X, X,). Tedy pro X; + X; a X, X;€ S, k = 1,2,..., n,,

Xi,XjeX
plati d(X;, X;) = in Pro takto vytvofené shluky je zplisobem popsanym déle sta-
novena mira nepodobnosti shlukli a postup se opakuje tak, Ze shluky povaZzujeme
za objekty pii dal$im kroku shlukovani. Proces se ukon¢i, kdyZ vSechny objekty X
vytvofi jediny shluk.
Pfedpokladejme, Ze v t-tém kroku vytvofi shluky S, S{?, ..., S{” shluk S{'*"
a shluky SO, S%), ..., 8% shluk SG*Y. Pfi metoddch Dy, D,, D3, D, jsou miry
nepodobnosti shlukl uréovéany takto:

Dy: dy(S{*Y, Sy*Y) = mind, (i, ) ,
(i,)
D,: dy(S{'*", S§*Y) = max d,(S(?, S,

(i,J4)

Dy: dy(SPHD, SEHD) = rois71 Y Ydy(S, 8,
iJj
D (5K S+ = [0 50 £ Sty ] iy, 59).

Miry nepodobnosti shlukil pro metody Dy, D,, D; jsou po fad& shodné s mérami d,
tabulky 2, (i = 1, 2, 3).

Nejstar$i z téchto metod, metodu nejbliziiho souseda, kterd je nékdy nazyvana
dendritovou metodou [7], miZeme charakterizovat nésledujicim zpiisobem. Je-li
d,d' e C(X), nazveme miru nepodobnosti d dominantni vzhledem k d’ a oznadime
d' < d, jestlie d'(X,, X;) < d(X,, X;) pro vSechna X, X; e X. Metoda nejbliz§iho
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souseda je zobrazeni D : C(X) — U(X), které m&rdam nepodobnosti d € C(X) pfifa-
zuje prvky D(d) € U(X) takové, Ze D(d) je nejvétsi prvek z U(X), pro ktery D(d) < d.

Dal3i hierarchickou metodou je centroidni metoda (D,), pti které pfedpokladéme,
Ze objekty X ;€ X lze representovat jako prvky X; e X, kde zékladni prostor X je
linearni. Necht je na X ddna mira nepodobnosti d, kterd indukuje miru nepodobnosti
na X. Pfi centroidni metodé je mira nepodobnosti shlukii volena jako mira d,
tabulky 2.

Definici hierarchické shlukovaci metody lze zobecnit tak, aby zahrnula téZ ptipad
nedisjunktniho pokryti mnoZiny objektd X jejimi podmnoZinami. MnoZinu M =

n
= {M,, M,, ..., M,} podmnoZin M; < X nazveme pokrytim X, je-li UM, = X.
i=1
Kone¢nou posloupnost pokryti MM, M@ . M® (MO = (MP, MY, ..., M},
t=1,2,...,K, M{” c X) nazveme hierarchickou, je-li pokryti M zjemn&nim
pokryti M prot < ¢/, t,t' = 1,2,..., K.

Oznacime-li .//l(X) mnoZinu hierarchickych posloupnosti pokryti (jejiz prvky
spliiuji pfirozené poZadavky specifikované niZe), potom hierarchickou metodu mu-
Zeme v §ir§im smyslu chépat jako zobrazeni C(X) — #(X).

Od metody shlukovdni poZadujeme, aby vytvafela pouze takovd pokryti, kterd
maji rozumné vlastnosti. Z Gvah budeme zfejmé chtit vyloucit napf. takova zobrazeni
C(X) » #(X), ktera n&které mife nepodobnosti d € C(X) pfifazuji hierarchickou
posloupnost pokryti, v niZ existuje prvek M = {M{", MY, .., M} a i % j tak,
Ze M = M{?. MnoZinu #(X) proto vymezime podminkou, aby byla tvofena jen
takovymi hierarchickymi posloupnostmi pokryti, jejichz prvky maji v nékterém
smyslu dobrou strukturu pfekryvani.

Dobrou strukturu piekryvani miiZeme zavést napf. pomoci tzv. maximalné va-
zanych mnoZin. Necht r je symetrickd a reflexivni relace na X. MnoZinu M < X
nazveme maximdlné vdzanou vzhledem k relacir, je-liM x M < r(atedy rn M x
x M je ekvivalence na M) a jestliZe pro kazdé X;€ X — M existuje X; € M tak, Ze
(X: X,) ¢ r. Kazdé pokryti M = {M,, M,, ..., M,} mnoZiny X urduje relaci {M) =

n
= U M; x M;. Pokryti M nazveme pokrytim s dobrou strukturou prekryvdni,
i=1

tliZe M; jsou maximaln& vazané mnoZiny vzhledem k relaci r(M).

MnoZinu .,Il(X) pak definujeme jako mnoZinu viech hierarchickych posloupnosti
pokryti s dobrou strukturou pfekryvani. V daliim pfedpokldddme, Ze #(X) je takto
definovana.

Je-li r symetrick4, reflexivni relace na X, pak mno¥ina M(r) = {M,(r), ..., M, (r)}
vSech maximaln€ vazanych mnoZin vzhledem k r tvofi pokryti X s dobrou strukturou
pfekryvani. Mezi reflexivnimi, symetrickymi relacemi na X a pokrytimi s dobrou
strukturou pfekryvani je tudiZ pfirozeny jednojednoznaény vztah. Pfitom pror, < r,
plati, Ze pokryti M(r,) je ziemn&nim pokryti M(r,). '

Hierarchické posloupnosti pokryti z #(X) miZeme vyjadfit pomoci tzv. funkce
stratifikovaného shlukovdni.
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Oznacme E(X) mnoZinu vSech reflexivnich, symetrickych relaci na X. Funkci
¢ : [0, o) - Z(X), kterd spliiuje podminky a), b), c) poZadované pro dendrogram
nazyvame funkci stratifikovaného shlukovani. Funkce stratifikovaného shlukovani
je zobecn&nim dendrogramu; u dendrogramu jsou c(h) ekvivalence na X, kdeZto
u funkce stratifikovaného shlukovéni jsou c(h) reflexivni, symetrické relace na X.

Necht ¢ je funkce stratifikovaného shlukovani, potom definujeme-li na X x X
funkci U, vztahem (1), je U, mira nepodobnosti na X (tj. U, € C(X)). Naopak, je-li U,
mira nepodobnosti na X, potom je vztahem

(3) ch) ={(X X;): U(X, X;) < h}, he[0, ),

uréena funkce stratifikovaného shlukovani a tedy hierarchickd posloupnost pokryti
z M(X).

Mezi funkcemi stratifikovaného shlukovani a mérami nepodobnosti tudiZ existuje
piirozeny jednojednozna&ny vztah. Hierarchickou metodu v $ir§im smyslu miZeme
proto definovat jako zobrazeni C(X) — C(X). Hierarchické metody v 3ir$im smyslu
pfifazuji mé€rdm nepodobnosti d € C(X) hierarchické posloupnosti pokryti s dobrou
strukturou pfekryvani. V tomto smyslu jsou hierarchické. ProtoZe vak v literatufe
se hierarchickymi nazyvaji pouze takové metody shlukovani, které lze vyjadfit
dendrogramem a graficky znazornit hierarchickym stromem, a tuto vlastnost
hierarchické metody v $ir§im smyslu obecné nemaji, budeme je nazyvat stratifikova-
" nymi metodami shlukovani.

Necht A = C(X), Z = C(X). Stratifikovanou metodu shlukovdni definujeme jako
zobrazeni D i A —» Z.

Trividlni metodou shlukovani pfi A = Z je metoda D(d) = d, pro d € A. ProtoZe
metoda shlukovani objekt by méla koncentrovat informaci, ktera je obsaZena v mife
nepodobnosti d € A, je vhodné poZadovat A > Z. MnoZina mér nepodobnosti A je
né€kdy nazyvana mnoZinou dat a mnoZina Z cilovou mnoZfinou.

Cilovd mnoZina Z miZe byt volena tak, aby stratifikovana metoda shlukovani
vytvafela pokryti mnoZiny X s dobrou strukturou pfekryvani a s né€kterymi dal§imi
vlastnostmi struktury pfekryvani. Volime-li napf. Z = U(X), potom stratifikovana
metoda shlukovéni D : A — U(X) je hierarchickou metodou shlukovani, tj. metodou
vytvafejici disjunktni shluky. Vzhledem k jednojednoznaénému vztahu mezi relacemi
re Z(X) a pokrytimi X s dobrou strukturou pfekryvani miZeme dal$i vlastnosti
struktury prekryvani formulovat jako vlastnosti relaci. Volba struktury pfekryvani
je tak volbou podmroZiny E*(X) c Z(X). Stratifikované metody shlukovani, které
vytvéfeji pokryti se strukturou prekryvani Z*(X), jsou pravé takové metody, které
pfifazuji m&4m nepodobnosti funkce stratifikovaného shlukovéni c* : [0, o) —
— X*(X). Oznadme Z* = Z*(X) tu &st C(X), kterd odpovida takovym funkcim c*.
Potom kaZda stratifikovand metoda shlukovani, ktera vytvafi pouze pokryti se struk-
turou pfekryvani Z*(X), je zobrazeni D : A — Z*,
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PoZadujeme-li kupfikladu, aby stratifikovand metoda shlukovdni vytvéfela jen
takova pokryti s dobrou strukturou pfekryvani, jejichZ mnoZiny se pfekryvaji nejvyse
v (k - 1) objektech, Ize dokazat, Ze v§echna takova pokryti jsou pravé uréena mnozi-
nou Zy(X) viech tzv. slab& k-transitivnich relaci.

Relaci r € X(X) nazyvame slabé k-transitivni, jestliZe z {{X;} x SUS x SU S x
x {X;}} = r plyne (X;, X;)er pro viechna X; X;€X a viechna S = X takovi,
Ze ]Sl = k.

Cilovd mnoZina Z; = C(X), kterd odpovidd podmince struktury pfekryvéni
Z3(X), je mnoZina viech slabych k-ultrametrickych mér nepodobnosti na X.

Miru nepodobnosti d € C(X) nazyvame slabé k-ultrametrickou, jestliZe pro kazdé
ScX, |S| = k a libovolnd X, X; € X plati tzv. slabé k-ultrametrickd nerovnost:

d(X, X;) < max {d(Y,Z): Ye S U {X, X,}, Ze S} .

Vsechny stratifikované shlukovaci metody, které vytvafeji pokryti se strukturou
prekryvani Z;(X), jsou pravé viechna zobrazeni D:A — Z¥. Pro k = 1 je Z; =
= U(X).

V porovnani se slabou k-transitivitou je silnéj§i podminkou kladenou na strukturu
pfekryvani silnd k-transitivita relaci ze 2(X).

Relaci r € 2(X) nazyvame silné k-transitivni, jestlize z {{X;} x SU S x {X;}} =
< r plyne (X, X;)er pro viechna S c X a |S| = k, X, X ;e X.

Oznatime-li Z;*(X) mnoZinu viech siln& k-transitivnich relaci na X, je Zy*(X) <
< Z§(X). VSechny shlukovaci metody, které vytvateji pokryti se strukturou prekry-
vani Zy*(X), jsou viechna zobrazeni typu D : A —» Z}* kde Z* je 'mnoZinou viech
siln€ k-ultrametrickych mér nepodobnosti na X.

Miru nepodobnosti d € C(X) nazyvame silné k-ultrametrickou, jestliZe pro kazdou
mnozinu S < X, |S| =k a viechna X;, X;eX plati tzv. silné k-ultrametrickd
nerovnost

(X, X;) < max {d(Y, Z) : Ye {X, X}, ZeS}.

Ziejmé Z}* < Z7,

Stratifikované metody shlukovani jsou oproti metoddm hierarchickym lepS$im
modelem shlukovéni v t&h redlnych situacich, kdy méfeni x;; na objektech X, jsou
provadéna s relativn€ velkou chybou, kterd ma ndhodnou povahu. Tehdy je moZno X,
(pti X,€8,), i =1,2,..., N, povaZovat za realizace ndhodnych veli&in. Vzhledem
k nepfesnosti méfeni je pak pfirozen&j§i poZadovat, aby metoda shlukovani vytvafela
pokryti a nikoli jen rozklady mnoZiny objektd X. Stratifikované metody shlukovani
vytvéfejici pokryti se strukturou piekryvani Z*(X) resp. Z**(X) jsou prvnim krokem
aproximace takové redlné situace. Otevienou ziistiva otdzka konstrukce algoritmu
téchto metod. Doposud navrZené algoritmy stratifikovanych metod shlukovani se
strukturou pfekryvani Z*(X) resp. Z**(X) jsou velmi komplikované a neefektivni
pro vypoget i v pfipad¥ jednoduchych stratifikovanych metod [9].
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2.2. Paralelni a sekven¢ni shlukovaci metody. Nejéastéji uZivanymi paralelnimi
metodami jsou metoda vzorovych mnoZin a metoda pfenosu objektu ze shluku
do shluku.

Necht X = {X,, X,, ..., X5} je mnoZina shlukovanych objekt. BudiZ m,, m,, ...

n
..., m, n-tice pfirozenych &sel, Y. m; < N. Systém E = {E,, E,, ..., E,} disjunktnich
i=1

podmnoZin E; = X, které maji postupné mohutnosti m,, m,, ..., m,, nazyvime
systémem vzorovych mnofin. V pitipadé m;, = m, =... = m, =1 hovofime
o systému vzorovych bodi.

Algoritmy shlukovdni metodou vzorovych mnoZin jsou zaloZeny na funkcich
o, Y. (p(X » A) je funkce definovana pro X, € X, A < X. Interpretujeme ji jako miru
moZnosti vyjadieni objektu X, mnoZinou A. Y(X;, A) je rovn& definovéna pro
X;eX, A c X. Interpretujeme ji viak jako miru moZnosti vyjidieni mnoZiny A
objektem X ;. Je-li d mira nepodobnosti na X, miiZzeme funkce ¢, ¥ volit napf. takto:

o(X;, A) = éd(xi, Y), (X, A)=o¢X,A).

Pti shlukovédni metodou vzorovych mnoZin vyjdeme z jistym zpisobem zvoleného
pocatedniho systému vzorovych mnoZin, kterému pomoci funkce ¢ pfifadime systém
shlukd (rozklad mnoZiny X). Takto vzniklému systému shlukd p¥ifadime pomoci
funkce Y novy systém vzorovych mnoZin a postup opakujeme. Proces ukoncime,
kdyZ v souslednych itera&nich krocich dostaneme stejny rozklad.

Pfedpoklidejme, Ze podet shluki, které ma metoda vytvofit, je <n. Necht E©® =
= {E, ED, ..., E{”} je potatedni systém vzorovych mnoZin. Systému E'® ptifa-
dime rozklad $® = S(E®) = {S,(E?), S,(E?), ..., S,(E?)} mnoZiny objektd X,
pomoci funkce ¢, vztahem

) S© = S(E®) = {Ye X : o(Y, E) < o(Y, E{) ;
i=i=j,j=1,2,...,n}, i=1,2,“.’n'

Do S{? jsou tedy zafazovany ty objekty, které jsou nejlépe representovany mnoZi-
yty y pe rep
nou E{”. Jestlie pro ndkterd i,j,i +j a YeX je min (Y, E{”) = ¢(Y, E{”) =
k

= ¢(Y, E{*), zatfazujeme prvek Y do shluku s nejmensi hodnotou indexu.

K $© ptifadime pomoci funkce Y systém vzorovych mnozin E®) = E($‘?) =
= {Ey(5), E4(5), ..., E,(S©)}. Necht F(S©) = {Ye X :y(¥, S{*) < (Y, S”);
i*j,j=12,.., n}, i=1,2,..., n. V pfipad€ rovnosti zafazujeme Y do mnoZiny
s nejmen3i hodnotou indexu. Je-li |[F{S$)| < m,;, poloZime E{" = E(5®)=
= F($©). Je-li |F(S‘”)| > m,, zafadime do E(S'”) m; objektd Ye F(S”) s nej-
men3imi hodnotami funkce y(¥, S{%).

Postup opakujeme a ukon&ime v t-tém kroku, jestlife E¥ = EC¢~1), tj, §(0=
= §t-1) .
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Konvergence metody a vlastnosti rozkladu, ktery metodou ziskdme, ziejmé& zdvisi
na volbé funkci @, Y. Necht E, E jsou dva systémy vzorovych mnoZin a S(E) rozklad
ptifazeny pravidlem (4) systému vzorovych mnoZin E. Oznagme Y(E,,, S{(E)) soudet

Y (Y, S(E)), kde = =(m;) je permutace mnoZiny indexd 1,2,...,n.

YeE,“

Y(E,, S{(E)) je mirou moZnosti vyjadfeni vzorové mnoZiny E,, mnoZinou S(E).
Potom

AE, E) = min 3 Y(Ex S{(E))

je globélni mirou moZnosti vyjadfeni systému vzorovych mnoZin E rozkladem S(E).

Vyjadfuje-li rozklad S(E) n&jaky systém vzorovych mnoZin E lépe ne? systém E,
z kterého vznikl, je pfirozené poZadovat, aby E bylo vyjadfeno shluky S(E) lépe neZ
shluky S(E).

Proto poZadujeme, aby funkce @, Y spliiovaly podminku
(%) z A(E, E) > A(E,E) plyne A(E, E) > A(E,E).

Systém vzorovych mno%in E = {E,, E,, ..., E,} je lokdIné optimdlni, jestlize pro
viechna Ye X — E;, Z € E; plati

Y(Y, S(E)) = ¥(Z, S(E)) pro i=1,2,...,n.

JestliZe funkce ¢, ¥ spliiuji podminku (5) a funkce ¢ je takova, Ze

(6) o(X;,S)+ o(X,,S") pro §,8 <X, SNnS' =0 aviechna X;eX, -

potom E® — E, kde E je lokéln& optimélni systém vzorovych mnoZin [4]. Podminka
(5) je zfejmé splnéna napf. pro ¥ = o.
BudiZ E systém vzorovych mnoZin. PoloZme ¥ = ¢, kde ¢ spliiuje (6), a definujme

0(S)) =y§¢(Y, S), i=1,2...n,

kde S; = {YeX: (Y, E) < @(% E);j *i,j = 1,2, ..., n}.
Potom H(S(E)) = Y.Q(S;) miZeme povaZovat za hodnotu funkciondlu kvality
i
rozkladu S(E); v dalsim znatime H(E) = H(S(E)). V tomto ptipad& E® — E a H(E)
je lokalni minimum funkcionalu H(E). Ve specidlnim pfipadg, kdy E = {e;, e, ..., e,}
je mnoZina') vzorovych bodi, Ize pfi volbé funkce ¢ = d*(X;, ¢;), X;€ X, e;€E,
kde d je mira nepodobnosti na X, funkcionil H(E) psit ve tvaru H,(E) =

= d*(X;, e;). Je-li mira nepodobnosti d na X takova, Ze d(X,;, X;) = 0 pravé
J J 1% :

i=1 Xye8;

1y Pro zjednoduSeni zapisu ztotoZnime zde i v dal§im jednobodové mnoZiny {e‘} s body
ei € X.
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tehdy, kdyZ X; = X; a dale, Ze pro (X, X;) + (Y;, Y;), X; # X, plati d(X;, X}) +

- d(Y,, Yj), potom paralelni postup zaloZeny na systému vzorovych bodid vede

k lokalni minimalizaci funkcionalu H,(E).
Poznamenéjme jeSté, %e postup lze zobecnit na piipad volby prvkii vzorovych
mnoZin ze zdkladniho prostoru X. Je-li X linearni prostor, pak miiZeme napf. volit

(X, 4) = d(X,, X(4)), kde X(4) = (1/|A|)XzE:AX,-.

Neékdy je téZ vhodné definovat funkci ¢, kterou jsou pfifazovany systémy vzoro-
vych mnoZin E® rozkladim S, indukci tak, aby zdvisela na systému vzorovych
mnoZin E¢~Y), z n&ho? shluky S{” vznikly, tj. ¢ = (X, S{’(E“~V)).

Ptikladem je funkce

X, S{(E)) o(X, E
.p(Xh SI(E)) = (P( j( )) (,0( i)

(Colku EF

kde E je systém vzorovych mnoZin a S(E) = {S,(E), S,(E), ..., S,(E)} rozklad
tomuto systému pfifazeny pravidlem (4). A

Paralelni postup shlukovani se obvykle aplikuje na né€kolik pocatenich systémi
vzorovych mnoZin a z vyslednych rozkladt se vybira ten, ktery ma v jistém smyslu
nejlepdi strukturu. Je-li struktura napf. charakterizovdna funkciondlem, vybereme
ten rozklad, pro ktery je hodnota funkciondlu kvality rozkladu nejvétsi (resp.
nejmensi).

Postup lze zobecnit na pfipad, kdy pocet shlukt ve vytvafenych rozkladech neni
omezen ¢islem n < N. V tomto pfipadé€ se postupuje tak, Ze v prvnim kroku algoritmu:

1) Urd& se ng, 0 < ny < N, pfirozena &isla m,, my, ..., m,, a potatetni systém
vzorovych mnoZin E® = {E® E{, ..., E?}, kde IE‘O)I = m,

2) Déle se zvoli tzv. prahovd hodnota ¢, funkce ¢. Pomoci funkce (p(X » A)
se systému vzorovych mnoZin E‘© pfifadi rozklad, jehoZ prvky tvofi mnoZiny

@) 59 = {YeX : (L EM) < oL E™); j 24, j=1,2,,.,n) N
N{YeX :9(Y, E) S @}, i=1,2,..,m,

a dale jednoprvkové mnoZiny {X,}, kde X, jsou objekty, které nejsou vztahem (7)
zafazeny do mno%in S{*.

3) Vytvotené shluky postupn& spojujeme pomoci funkce ¥(S;, S;), ktera je mirou
podobnosti shlukil S;, S; a miiZe byt volena napf. takto:

¥s, 5) = [l RIS+ kzsj./,(y s)]

Zvolime prahovou hodnotu ¥, funkce ¥(S;, S;) a spojime shluky, pro které §(S, S;)
je minimalni a men3i ne% ¥,. Postup spojovant shlukii opakujeme a ukon&ime, kdy%
pro viechny dvojice shlukii v rozkladu je funkce ¥ = .

Postup spojovani zfejmé nemusi byt jednozna¢ny. Nazna¥me, jak shlukim vytvo-
fenym spojenim dvou shlukii pfifazujeme vzorové mnoZiny: jednobodové shluky
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{X,} povaZujeme za shluky vytvofené jednobodovou vzorovou mnoZinou X, a spo-
jeni S; U §; shluki S, S;, které byly vytvofeny vzorovymi mnoZinami E;, E;, pfifa-
dime vzorovou mnoZinou E;;, do niZ zafadime m;; = max (|Ei|, |Ej|) prvki Ye X,
na kterych nabyva funkce Y(Y, S;u S ;) nejmensich hodnot. Tak vznikne systém
vzorovych mnoZin E®) pro dal3i iteraéni krok algoritmu.

Metody shlukovani zaloZené na vzorovych bodech miiZe byt v né€kterych pfipadech
uZito k lokdlni optimalizaci funkciondld kvality rozkladu (napf. funkciondld typu
H(E)).

Metodou, ktera je uZivina vyhradné k optimalizaci funkcionalt kvality rozkladu,
je metoda pfFenosu objektu ze shluku do shluku. Pfi této metodé pfedpokladame,
Ze objekty z X jsou uspofddany v posloupnost X, X,, ..., Xy. Metoda je zaloZena
na iteraénim algoritmu. V prvnim kroku vychdzime z po&iteéniho rozkladu $® =
= {S{, S, ..., S} a bod X, se postupn& pfenasi do viech shlukii. Vzniknou tak
rozklady S, i = 1,2,..., n. Z nich vybereme rozklad S, pro ktery je hodnota
0(5{?) daného funkcionalu Q(S) minimalni. V rozkladu ${* pfensime bod X,
ze shluku do shluku a ze vzniklych rozkladii vybereme rozklad S$$° s minimélni
hodnotou funkciondlu Q, atd. Prvni krok algoritmu uzavie pfenaSeni bodu Xy,
které vede k vybéru rozkladu ) = S${*, ktery je vychozim rozkladem dal3iho kroku
algoritmu.

Metoda zfejmé& z4visi na pociteénim rozkladu $‘” a na uspofdddni mnoZiny
objektii X v posloupnost. '

S paralelni metodou shlukovani zaloZenou na vzorovych mnoZinich je pfibuzna
sekvencni metoda priuméri.

Pfedpokladejme X; e'é’p. Metoda primérii vytvafi postupné systém n vzorovych
bodii E® = {e”, €Y, ..., e"}, kterému je funkci ¢(X, A) pfifazovan rozklad
$® = S(E) pravidlem (4). Poznamenejme, Ze pro aplikaci pravidla (4) v pfipadé
vesmés jednobodovych vzorovych mnoZin staéi funkci ¢ definovat jen pro jedno-
bodové mnoZiny A = X. Nechf je mira nepodobnosti d' na X indukovana mirou
nepodobnosti d na &,. PoloZme ¢(X,;, Y) = d(X,, Y) pro X;e X, Ye &,

Metoda priméri vychdzi z po®éteéniho systému vzorovych mmo¥in E© =
= {e{”, &P, ..., e}, kterym jsou pfitazeny vahy o = = ... =0V = 1.
Necht E¢™D = {ef™1, ef'™V, .., "V} je systém vzorovych mnoZin vytvofeny
v (t — 1) kroku a oznadme v{*~ ), v§~V, ..., v~ postupn& véhy vzorovych bodi
e, ef ™, .., e V. V t-tém kroku vybereme (napf. nihodng) z mno¥iny X
objekt X, Necht e{'"" je vzorovy bod z E*~D, pro ktery d(X,, e{' V) =
= m;:n d(X,, €'~ ). Potom E® = {¢{"}3_, s vdhami {v}"};:,, kde

(t—1)
t € + X, t t—1)
e(,)=————(‘__l) , o ="V 4+ 1
v; +1

( -1 -1 C _
e =V, o ="V pro j4i, j=1,2,..,n.
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Podate&ni systém vzorovych mnoZin E© se n&€kdy vytvafi ndhodnym vyb&rem bez
vraceni na X. Vlastnosti metody primérii lze v ptipadé ¢ = d(X;, ¢;) = o(X,, e),
kde ¢ je euk}eidovské metrika na &, charakterizovat pravd€podobnostné.

Piedpokladejme, Ze & je p-rozmérna spojita ndhodna veli¢ina a necht ji induko-
vani pravdépodobnostni mira P na &, ma vlastnost, Ze existuje uzaviend, omezena
a konvexni mnoZina U* < &, pro kterou P(U*) = [y dP =1 a pro jejiz kazdou
otevienou podmnoZinu U < U* s positivni lebesgueovskou mirou je P(U) > 0.

Necht S = &, a P(S) > 0. Ozname p(S) = (1/P(S)) s YdP(Y) podmin&nou
stfedni hodnotu veli€éiny & za podminky S. Je-li § ={S,,S,,..., S,,} rozklad
prostoru &, takovy, Ze P(S;) > 0, i = 1,2, ..., n, ozna&ime

u[S] = (u(S1), K(S2), --- 1(S))

vektor podminénych stfednich hodnot veli¢iny & vzhledem ke shlukim S, S,, ..., S,.
Budi¥ E = {e}, e,, ..., €,} systém vzorovych bodd a S(E) = {S,(E), S,(E), ...
..., Sy(E)} rozklad prostoru &, pfifazeny systému E uZitim pravidla (4) pro Ye &,.
Poznamenejme, Ze vzhledem ke spojitosti veli¢iny & ma mnoZina, na které je rozklad
nejednoznacny, nulovou pravdépodobnost.
MnoZinu vzorovych bodl nazyvame nestrannou, jestlize u[S(E)] = (ey, e,, ..., €,)-
PoloZme

0B =Y [ % us(E) Py

i=1 ) s5E)

0,6)=3% [ o(ve)ray).
=158

Funkcionaly Q,(E) a (,(E) jsou funkcionaly kvality rozkladu prostoru &, a jsou
zobecnénim funkcionalu Q,(S). Funkciondl §,(E) je zobecnéni funkcionalu H,(E).

Necht Y,, Y,, ..., Y,, ... je posloupnost nezdvislych ndhodnych veli€in, které maji
rozloZeni pravd€podobnosti shodné s rozloZenim ndhodné veli¢iny #. Necht pfi
metod® primérd je E = {Y,, Y,,...,Y,} a X, = Y,4,, t =1,2,.... Velitina X,
ma vyznam ndhodného vybéru objektu v t-tém kroku algoritmu.

Za téchto predpokladi s pravdépodobnosti 1 plati

lim —— ¥ 3 P(S{) o(u(SP), &) = 0.
s S + 1 ¢=0i=1

Dile plati [12], Ze posloupnost ndhodnych veli¢in §,(E”) konverguje skoro
viude a s pravdépodobnosti 1 je lim J,(E®) = Q,(E), kde E je n&jakou nestrannou
mnoZinou vzorovych bodi. oo
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3. VLASTNOSTI SHLUKOVACICH POSTUPU

Z ptedchozi &asti vyplyva, Ze pro feSeni dané lohy shlukové analysy mame k dis-
posici velké mnoZstvi shlukovacich postupil. Stojime tedy pfed problémem, ktery
postup zvolit. Jak jiz bylo fe€eno, ve shlukové analyse nejsou znama pravidla, kterda
by umoZiiovala zvolit pro danou tlohu v jistém smyslu nejlep$i shlukovaci postup.
K usnadnéni volby shlukovaciho postupu se definuji riizné Zadouci vlastnosti, které
by rozumné shlukovaci postupy mély mit, a pak se zkouma4, které shlukovaci postupy
tyto vlastnosti maji. Takové postupy se n€kdy nazyvaji pfipustné shlukovaci postupy
vzhledem k dané vlastnosti ([6]). Budeme tohoto nazvu pouZivat, i kdyZ neni zcela
vhodny. Mohl by totiZ svadét k domnénce, Ze nepfipustnost shlukovaciho postupu
znadi jeho nevhodnost pro aplikace. SpiSe vSak jde o to uvé€domit si, jaké pfednosti
a nedostatky dany shlukovaci postup ma a zd4 jeho vlastnosti odpovidaji poZadav-
kim kladenym na feSeni konkrétni tilohy shlukovani. Pfipustné shlukovaci postupy
miZeme definovat dvojim zpisobem. V prvém piipadé klademe podminky pfimo
na shlukovaci postup. Casto vsak nejprve definujeme pipustné rozklady a poZadu-
jeme, aby dany postup vytvarel pouze ptipustné rozklady.

Je zcela pfirozené pozadovat, aby shlukovaci postup pouZity na mnoZinu objekti,
kterd ma vyraznou strukturu, tuto strukturu odhalil. Rozezndvame t¥i druhy dobré
struktury objektli. Objekty X,, X,,..., Xy maji dokonalou strukturu, jestliZe
existuji shluky S, S,,..., S, a Cisla d; < d, tak, Ze pro X;€S, a X;€8S,, plati
dX,X;)=d,prol=madX,X;)=d,prol+m, I, m=1,2,...,n Objekty
X, X,, ..., Xy maji dobrou n-strukturu, jestliZe existuji shluky S,, S,, ..., S, tak,
Ze max {d(X, X;):X;eS,, X;€8, 1=1,2,...,n} <min{dX;, X;):X;€ S,
X;€S,, j + m}. Koneén& objekty X, X,, ..., Xy maji pfesnou strukturu dendro-
gramu, jestliZe mira nepodobnosti d spliiuje ultrametrickou nerovnost, tj. d € U(X).
Shlukovaci postup je pFipustny vzhledem k dokonalé struktufe, respektive vzhledem
k dobré n-strukture, jestlize pfi pouziti na objekty s dokonalou, respektive dobrou
n-strukturou vede k vytvofeni pfislusnych shlukt S,, S,, ..., S,. Hierarchicky shlu-
kovaci postup je pfipustny vzhledem k presné struktufe dendrogramu, jestlize pfi
pouZiti na objekty s pfesnou strukturou dendrogramu vytvofi pfislu$ny dendrogram.
Pro stratifikované shlukovaci postupy se zavadi vlastnost pFimérenosti. Postup
D : A > Z je pFiméfené pFipustny, jestliZe ) + Z =« Aa D : Z = id, kde id je iden-
tické zobrazeni Z na sebe. V pfipadg, Zze Z = U(X), je hierarchicky shlukovaci
postup pfiméfené piipustny pravé tehdy, kdyZ je pfipustny vzhledem k pfesné
struktufe dendrogramu. Z hierarchickych postupti jsou metoda nejbliz§iho souseda
a metoda nejvzdilenéj§iho souseda pripustné jak vzhledem k dobré n-struktufe,
tak vzhledem k pfesné struktufe dendrogramu. Naproti tomu metoda centroidni je
sice pfipustna vzhledem k dobré n-struktufe, avSak neni pfipustnd vzhledem k pfesné
struktufe dendrogramu. Ani metoda nejmensich &tvercti ani metoda pfenosu nejsou
pfipustné vzhledem k dobré n-struktufe. Zde i v dal§im metodou nejmensich ¢étverc

n
rozumime nalezeni globdlniho minima funkciondlu Q,(S) =Y Y d*X,S)). U
I=1 XS,
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metody pfenosu pak uvaZujeme pouze specidlni pfipad, kdy metodou pfenosu hle-
dédme lokélni minimum téhoZ funkciondlu Q(S).

Dalsi skupina vlastnosti vychédzi z poZadavku, aby pfi vynechani objektt ¢i shlukii
nebo pfi jejich zdvojeni vedl shlukovaci postup ke stejnému vysledku. Necht jsou
dany objekty X, X,, ..., Xy a necht shlukovaci postup vytvafi shluky S, Sz, sy g
Nekteré objekty X; vezmeme vicekrat a dostaneme tak objekty Yi, Y, ..., Yy
pfitom podet opakovani miZe byt pro riizné objekty rtizny. Shlukovaci postup je
pripustny vzhledem ke zdvojovdni bodi, jestliZe pfi pouZiti na objekty Yy, Y, ..., Yy,
dostaneme stejné shluky jako pro objekty X, X,,..., Xy. Slab$i podminkou je
zdvojeni shlukii, kdy postupujeme jako v pfedchozim pfipadg, avSak podet opakovani
musi byt pro viechny objekty v ur¢itém shluku S; stejny. Obé tyto vlastnosti jsou
vyznamné v pfipadé Ze geometrickyetvar shlukid je dileZitéjsi nez hustota objekti
ve shlucich. Metoda nejbliz§iho souseda a metoda nejvzdalenéj§iho souseda jsou
pfipustné jak vzhledem ke zdvojovani objektd tak vzhledem ke zdvojovani shluk,
kdeZto metoda nejmensich ¢tvercii a metoda pfenosu nejsou pfipustné vzhledem ani
k jedné z t&hto vlastnosti. Metoda centroidni je pfipustnd vzhledem ke zdvojovani
shluk, ale neni pfipustna vzhledem k zdvojovani objekti.

Pfi vynechdni shlukii poZadujeme, aby shlukovaci postup, ktery pro objekty
X,, X,, ..., Xy vedl ke shlukim S,, S,, ..., S,, vedl pfi pouZiti na objekty z mnoZiny
X — S; k vytvofeni shluki Sy, S,,..., S;—1,Si+1, --.» Sy Metoda nejbliz§iho sou-
seda, metoda nejvzdalen&j§iho souseda, centroidni metoda i metoda nejmenSich
&tvercl jsou viechny pfipustné vzhledem k vynechani shlukt. Podobné Ize definovat
pFipustnow vzhledem k vynechdni objekti. Pfi tom pozadujeme aby shlukovaci
postup ktery v mnoZiné objektl X vytvofil shluky S; S, ... S,, vytvofil pfi pouZiti
na objekty z mnoZiny X — Y kde Y < X, shluky Si, S3, ..., S,, tak, Ze ke kazdému
j=1,2,..., mexistuje i; takové, Ze S; = §; ,» ti. vynechdni n€kterych objektti miiZe
nejvySe zpusobit rozdéleni ptivodnich shlukd na shluky mensi, nikoliv viak jejich
spojeni ¢&i prolinani.

Velmi Zddoucim se jevi poZadavek, aby nebylo moZno dosahnout lepsiho vysledku
tim, Ze objekty jinak uspofdddme. Nechi § = {S,, S, ..., S,} je rozklad mnoZiny
objektd X = {X,, X,, ..., Xy} a nechf 7 : X — X je permutace mnoZiny objektl X.
Definujme n(S) = {n[S,], n[S.], ..., #[S,]}. Rozklad § je pFipustny vzhledem k per-
mutacim, jestliZe neexistuje permutace = tak, Ze rozklad 7(S) je stejnomé&rn& lepi
v tomto smyslu: pro libovolné X;€ S, a X, €S, plati d(n(X,), n(X))) < d(X,, X)
pro | = m a d(n(X;), n(X;)) 2 d(X;, X;) pro | % m a pfitom alespoil pro jednu
dvojici indext (i, j) plati ostrd nerovnost. Metoda nejbliZ§iho souseda, metoda
nejvzdélenéj§iho souseda a metoda nejmensich &tverch jsou viechny piipustné vzhle-
dem k permutacim, kdeZto metoda pfenosu pfipustnd vzhledem k permutacim neni.
Obecné nelze olekédvat, Ze lokdlni optimalizaini postupy zaloZené na potate¢ni
volbé uréitého rozkladu by byly pfipustné vzhledem k permutacim.

V pfipadé, Ze objekty jsou prvky linedrniho prostoru, miiZeme definovat konvexni
ptipustnost. Rozklad {S;, S,, ..., S,} je konvexné pripustny, jestlize C(S;) n C(S;) =
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= 0, kde C(S;) je konvexni obal shluku S;. Mezi konvexn& pfipustné postupy patfi
metoda nejmensich ¢tverctt a metoda pfenosu, zatimco metoda nejbliz§iho souseda,
metoda nejvzdilenéjSiho souseda a centroidni metoda nejsou konvexné& piipustné.
Konvexni pfipustnost je motivovidna pozadavkem, aby shluky byly jasné oddéleny
a nebyly do sebe zaklinény. U této pfipustnosti je dobfe vidét, Ze neni tak zcela jed-
noduché fici, které vlastnosti shlukovych postupl jsou Zadouci. PoZadavek, ze
kterého definice vychdzi, je zcela pfirozeny. Na druhé stran€ mohou byt objekty,
které maji tendenci vytvafet shluky, jejichZ konvexni obaly nejsou disjunktni. Pro
takové objekty se konvexné pfipustné shlukovaci postupy naopak nehodi, protoZe
shluky, které vytvafeji, jsou vZdy konvexné pfipustné.

Ve specielnim pfipad€, kdy objekty lezi v rovingé, miZeme podminku konvexni
ptipustnosti oslabit. Necht je ddn rozklad {Sy, S,, ..., S,}. Na mnoZin& S; sestrojime
strom nejmensi moZné délky (tj. s nejmensim soudtem délek hran) a vzniklou sou-
vislou mnoZinu usefek oznalime Lg,. Postupujeme pii tom tak, Ze objekty mno-
Ziny S; spojujeme metodou nejbliziiho souseda. Rozklad {S;, S,, ..., S,} je souvisle
pfipustny, kdyZ Lg, n Ls, = @ pro i % j. Krom& metody nejmensich &tverct a metody
pfenosu je souvisle pfipustnd i metoda nejbliz§iho souseda. Metoda nejvzdélenéj§iho
souseda a centroidni metoda viak souvisle pfipustné nejsou.

V pfipadech, kdy se nemiiZeme zcela spolehnout na velikost hodnot miry nepodob-
nosti a vyznamné je spiSe pofadi velikosti hodnot neZ hodnoty samy, je dileZity
pozadavek, aby vysledek shlukovaciho postupu nezévisel na monotonni transformaci
hodnot miry nepodobnosti. Necht shlukovaci postup pouZity na objekty s mirou
nepodobnosti d vede k rozkladu {S,, S,,...,S,} a necht f:[0, o) — [0, ) je
rostouci funkce takovd, Ze f(0) = 0. Shlukovaci postup se nazyvd monoténné
pfipustny, jestlize jeho pouZiti na stejné objekty s mirou nepodobnosti f(d) vede
k tému? rozkladu {S;, S,, ..., S,}. Metoda nejbliz§iho souseda a metoda nejvzdale-
néjsiho souseda jsou monoténné pfipustné, kdeZto centroidni metoda, metoda nej-
mensich ¢tvercll a metoda pfenosu nejsou monotonné piipustné. Slab$i podminku
dostaneme, kdyZ uvaZujeme pouze funkci f(x) = ax, kde a > 0. V tomto pfipad&
si zajistime invariantnost vzhledem k linearni zméné méfitka a shlukovaci postup
nazyvame pripustnym vzhledem k linedrni zméné méfitka.

Kone¢né uvedeme nékteré definice pfipustnosti pro stratifikované postupy. Necht
D : A — Z je stratifikovany shlukovaci postup a necht plati: jestliZe d € A, pak existu-
je d’' e Z tak, 7e d' < d. Postup D je pFipustny vzhledem k zachovdvdni shluki,
jestliZe plati: je-li M maximaln& vdzand mnoZina na urovni h pro d (tj. maximdlné
vdzand vzhledem k relaci {(X;, X)) :d(X; X)) < h}), potom existuje maximilné
vazana mnoZina M’ na trovni h pro D(d) tak, e M = M’. Jinymi slovy, maximaln&
vazahé mnoZiny na urovni h na vstupu D ziistanou na tirovni h na vystupu D pohro-
mad¥. Formaln& lze tento poZadavek zapsat: D(d) < d pro viechny d € A.

Necht D : A —» Z a pfedpoklddejme, Ze plati: je-li Y omezend podmnoZina Z,
potom sup Y € Z. Postup D je optimdIné pFipustny, jestlize plati: je-lid’ € Za D(d) <
£ d £d, potom D(d) = d’. Vlastnost optimality zajifuje, Z¢ ke koncentraci
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informace dochazi jen v nezbytné nutné mife a nejsou vytvifeny zbyte&n& velké
shluky.
Zésadni dileZitost ma vlastnost spojitosti. Postup D je spojité pFipustny, jestlize
zobrazeni D : A - Z je spojité, chdpeme-li mnoZiny A a Z jako podmnoZiny prostoru
(N) Vyznam této podminky spodivd v tom, Ze v jistém smyslu charakterisuje

lokalni stabllltu metody. Jde o to, aby malé zmény v hodnotdch miry nepodobnosti
objektii vedly k malym zmé&nam na vystupu shlukovaciho postupu. Nema-li shluko-
vaci postup tuto vlastnost, pak je velmi citlivy na chyby mé&feni znak, které se odra-
Zeji pfi stanoveni hodnot miry nepodobnosti i na chyby zpisobené zaokrouhlovanim
pfi vypoétech. Metoda nejblizSiho souseda je spojité pfipustna aviak metoda nej-
vzdalen&j¥iho souseda nikoliv.

Zavérem uvedme, Ze otevienou otdzkou zlistava hodnoceni provedeného rozkladu.
Skuteénost, Ze né&ktery funkciondl kvality rozkladu nabyva pro ziskany rozklad
extrémni hodnoty zaruduje pouze, Ze rozklad mnoZiny objekti X je vzhledem k ndmi
volenému funkcionalu optimalni, ale nefika nic o tom, zda se podafilo najit ,,sku-
teCné* shluky, které v mnoZin€ objektli X pfirozené existuji. Intuitivn€ je zfejmé,
Ze ,,skute€né shluky by mély byt pokud moZno kompaktni a navzdjem relativné
izolované. Oba tyto poZadavky zfejm& vyrazné spliiuji objekty X, X,,..., Xy
s dobrou n-strukturou, pro které existuje rozklad {S,, S,,..., S,} takovy, Ze
max {d(X;, X;): X;€ S, X;€8, 1=1,2,..,n} <min{d(X, X;):X;eS,, X;e
€ S, | + m}. Obecna kriteria, kterd by kompaktnost a relativni isolovanost shluki
posoudila, zatim neexistuji. Pro metodu nejbliz§iho souseda jsou zndmy nékteré
vysledky na zdklad€ pravdépodobnostniho pfistupu ([11]). U hierarchickych postupt
metoda nejvzdalenéjS§iho souseda minimalizuje maximalni primér shlukt, kdeZto
metoda nejbliz§iho souseda maximalizuje minimdalni vzddlenost mezi shluky. JestliZe
pouZiti obou postupti vede k riiznym dendrogramiim, pak zfejmé nelze splnit ziroveni
oba poZadavky kompaktnosti a relativni isolovanosti shlukt. Obecné se da fici,
Ze vedou-li rizné hierarchické postupy k riiznym dendrogramtm, je otdzkou, zda se
objekty hodi ke zpracovani hierarchickym postupem.

Literatura

Problémiim shlukovéni objekti bylo béhem poslednich tficeti let vénovano mnoho
praci publikovanych v fad€ Casopisi. V soudasnosti se projevuje snaha o syntézu
vysledkil a objevuji.se publikace kniZni. Uvedme nékolik struénych pozniamek ke
étyfem z nich.

Kniha [1] pojednava obecn& o klasifikaci vicerozmérnych pozorovani. Tfeti
kapitola (59 stran) je vénovéna metoddm shtukovéni objekti

Publikace [2] poddvé dobry pfehled o problematice shlukové analyzy od klasi-
fikace proménnych aZ po vyhodnocovéni shlukovacich metod. V rozsihlé ptiloze
(119 stran) autor uvadi fadu programid v jazyce FORTRAN IV.

410



Piehlednd monografie [5] je psana heslovitym zpiisobem. Je vénovana predevsim
hierarchickym metoddm bez snahy o obecnéj$i nadhled.

V knize [9] jsou zkoumédny metody kondensace tidaji, které se uplatiiuji pfedeviim
v problémech taxonomické klasifikace. Druhd &ist knihy (85 stran) je v&novéna
hierarchickym a stratifikovanym metoddm shlukové analysy; pfitom diiraz je kladen
na piesné zavedeni pojmli a matematickou teorii.

V3echny &tyfi publikace obsahuji obSirny seznam literatury; zejména v [5] nalezne-
me 409 poloZek.

[1] C. A. Aiieazan, 3. H. Bexcaesa, O. B. Cmaposepos: Knaccuduxauus MHOrOMEpHbIX Habmone-
Huit. Cratuctuka, Mocksa, 1974. (240 stran).
[2] M. R. Anderberg: Cluster analysis for applications. Academic Press, New Nork, 1973. (359
stran).
[3] R. M. Cormack: A review of classification (with discussion). J. Royal Stat. Soc. Series A 134
(1971), 321—367.
[4] E. Diday: Une nouvelle méthode en classification automatique et reconnaissance des formes.
La méthode des nuées dynamiques. Rev. Statist. Appl. 19 (1971), 19—34.
[5] B.S. Duran, P. L. Odell: Cluster analysis. A survey. Springer-Verlag, Berlin, 1974. (137 stran).
[6] L. Fisher, J. W. van Ness: Admissible clustering procedures. Biometrika 58 (1971), 91—104,
[71 K. Florek, J. Lukaszewicz, H. Perkal, H. Steinhaus, S. Zubrzycki: Sur la liaison et la division
des points d’un ensemble fini. Coll. Math. 2 (1951), 282—285.
[8] J. A. Hartigan: Clustering algorithms. J. Wiley, New York, 1975.
[9] N. Jardine, R. Sibson: Mathematical taxonomy. J. Wiley, London, 1971. (286 stran).
[10] M. G. Kendall: Cluster analysis. In: Frontiers of pattern recognition. Academic Press, New
York, 1972, 291—309. .
[11] R. F. Ling: A probability theory of cluster analysis. J. Amer. Statist. Assoc. 68 (1973),
159—164.
[12] J. MacQueen: Some methods for classification and analysis of multivariate observation.
Proc. Fifth Berkeley Sympos. Math. Statist. and Prob., (1) 1967, 281—297.

Adresa autorii: 115 67 Praha 1, Zitnd 25 (Matematicky tGstav CSAV).

Summary
CLUSTER ANALYSIS
ApoLF FILACEK, VAcLAv KouTNiK, Jikf VONDRACEK, Praha
This expository paper presents a survey of some methods of cluster analysis. The
first part introduces dissimilarity measures for objects and clusters. In the second part

hierarchical, parallel and sequential methods are discussed. The third part deals with
the assessment of performance for clustering methods.
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ON IDEMPOTENT FILTERS

MirosLAv KATETOV, Praha
(Received May 27, 1977)

In [3], the problem of the existence of idempotent filters was posed, i.e. filters #
isomorphic to the product & - #. In what follows, a very simple existence proof is
given, and a rather complicated construction is described.

1.1. We use the standard terminology and notation, with slight modifications.
An ordered pair consisting of x and y will be denoted by {x, y). If M is a set, we put
expM ={X:X c M}, eM = {X : X = M, X is finite}. Letters k, m, n, p; q stand
for natural numbers, letters 9, & (possibly with subscripts, etc.) for a natural number
or for the ordinal w. Sequence (on a set M) means a finite or an infinite sequence
(of elements of M). A finite sequence will be called a string or a word. The void
string will be denoted by 0. The concatenation £ - n of two sequences ¢&, # is defined
if ¢ is finite; in addition, for formal reasons, we put £ - @ = & for any sequence &.
Given a set M, the set of all strings on M will be denoted by wM.

1.2. Let M, S be classes. If a binary operation ¢ : D — S, where D =« M x M,
is given, we introduce the following binary operations ¢’ on exp M and ¢” on
expexp M. If X, Yeexp M, then ¢'(X, Y) = {o{x,y):x€X, yeY}; if , ¥ e
eexp exp M, then ¢"(Z, ¥) = {U(e’{{x}, fx) :xeX): X e Z, fe F*}.

1.3. The operations just introduced will be used below in two cases: (1) M is
a class of sequences and o{¢&, n) = £ - n is the concatenation; in this case, we shall
often write X - Y instead of 6'(X, Y) and & © ¥ instead of 6"(Z, #¥); (2) M is the
universal class and o{x, y> = <{x, y); in this case the standard notation, X x Y,
will be used for 6'(X, Y), and ¢"{Z, #) will be denoted by ¥ ® ¥.

1.4. In the case (2) just mentioned, # ® ¥ isa base of a filter (on A x B) whenever
# and ¥ are filters (on A4 and B, respectively). The filter generated by # ® ¥ is the
product of filters # and ¥, which will be denoted by # - ¥ as usual (see e.g. [1],
§7; a different notation was used in [2], where the multiplication of filters was
introduced apparently for the first time).
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1.5. If &, % are collections of sets, 4 = U%, B = U% and there exists a bijective
f:A - Bsuch that f[%] = %, then Z is said to be isomorphic to % (this includes,
as a special case, the isomorphism of ﬁlters).

2.1. Theorem. Let % be a filter on a set A. Assume that u: A x A — A is bijective
and % < p[ 9 - 9). Then there exists exactly one filter F on A such that (1) 4 < #,
QuF - F]=F,Q)if #isafilteron A, G = H,py[H - H]| = H,then F < KH.

Proof. Put ¥, = 9. If e is an ordinal, & > 0, put 4, = u[ %, %] ifa = B + 1,
%, = U(% : B < a) if a is a limit ordinal. It is easy to see that, for every ordinal
o, 9, is a filter and ¥, = %, whenever « < B. Hence, 4, = 9, for some a. Put
F = 9, Then py[F - F| = F. If # is as in (3), then we get ¥, = o for all a,
hence # < .

2.2. Theorem. On every infinite set, there exists an idempotent filter.

Proof. If A is infinite, put 4 = {4 — X : X finite}. Let p: 4 x 4 — A be bijec-
tive. Clearly ¢ < p[ % - ¢]. Now apply the theorem above.

2.3. An explicit description of an idempotent filter is far more complicated than
the existence proof. It is necessarily so, for an idempotent filter cannot be analytic
(Souslin), cf. [3]. On the other hand, an explicit construction may provide more
insight into properties of such filters.

3.1. The class of all dense linearly ordered sets with a first and no last element
will be denoted by UA. As a rule, letters 4, B, C, possibly with subscripts, will stand
for ordered sets in A. A set of the form {t:ted,a <t} or {t:ted, a<t<b}
will be called an interval of A. The set of all nonvoid intervals of 4 will be denoted
by i(4). We put io(4) = i(4) U {0}.

3.2. A pair (B, C) €i(A4) x i(A) will be called a decomposition of Aif BLU C = A
and x < y whenever xe B, ye C. If (B, C) is a decomposition of 4, we write
B + C = A. :

3.3. A pair x = (T, v), where Te i(A), v < T is finite nonvoid, will be called
a labeled interval of A. The set of all labeled intervals of A will be denoted by 1i(A4).
If x = (T, v) eli(4), we put |x| = T, Lx = v.

. 34.If § =(x,:n < 9) is a sequence on li(4), we put |¢| = U(|x,|:n < 9),
L¢ =U(Lx,:n < 9), X¢ = (IE], LE). If eg. & =(x,y), we also write x + y
instead of Z¢, etc. Clearly, if ¢ € wli(4) and |¢| € i(A4), then Z¢ € 1i(A).
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3.5. If X < wli(4), we put LX = {L¢:¢eX}. If & < exp wli(4), we put LE =
={LX:XeZ}.

3.6. An idempotent filter may be constructed, roughly speaking, in the following
way. Suppose there is defined, for every 4 €, a collection #(4) < exp wli(4) such
that (1) if A is isomorphic to B, then J'(A) is isomorphic to X'(B), (2) Lo#'(A) is
a base of a filter, (3)if B + C = A, then X'(B) © #(C) = #'(A). It may be expected
that if A, B, C are mutually isomorphic, then the filter generated by Lx(A4) is
idempotent, since it is isomorphic to the product of filters generated by LX¥(B),
L¥(C).

4.1. We are going to construct certain collections with the properties mentioned
in 3.6. We shall need a few auxiliary definitions and a number of simple facts con-
cerning subsets of wli(A4), etc.

4.2. A sequence ¢ = (x,:n < 9) on li(4) will be called regular if (1) either
& = 0 or min 4 € |x,|, (2) the sets |x,| are disjoint, (3) |(x, : n < m)| €i(4) for every
m < 9. The set of all regular ¢ € wli(A4) will be denoted by rwli(A4).

4.3. Let ¢, y be mappings of rwli(4) into io(A). Then we put ¥ < ¢ iff Y(&) = ¢(£)
for all £ € rwli(4), and we define @ A ¥ by putting (¢ A ¥) (&) = o(&) N Y(£).

4.4. For any ¢ : rwli(4) —» iy(4), R(¢) will denote the set of all sequences ¢ =
= (x,:n < 9) on li(4) such that |x,| = @(x; : k < n) for every n < 9. We put
S(p) = {¢: E€ R(), ¢ is finite, |¢| = 4}.

4.5. A mapping ¢ : rwli(4) — io(4) will be called a transition rule (on A) if (1)
min 4 € ¢(0), (2) for any ¢ erwli(d), |¢| = A implies (&) = 9, |¢| + A implies
@(8) £ 0, [¢é] 0 (&) = 0, || v @(£) €i(A4). The set of all transition rules on 4 will
be denoted by tr(A4).

4.6. If ¢ = (x, : n < 9) is a regular sequence on li(4) and ¢ € tr(A), then, clearly,
there exists exactly one n = (y; : k < 8) € R(p) such that (1) every y, is of the form
Hxp:m <n<p)(2if n =(y:k < &) satisfies (1), then &' < 4, y; = y, for
k < &'. We shall say that n is the @-reduction of £. The sequence { such that £ =
= a-{, |a| = |n|, will be called the p-remainder of £. If |n| = |¢|, then the ¢-reduc-
tion of ¢ will be called exact.

4.7. A transition rule ¢ on A will be called regular if, for any ¢ e rwli(4) such
that lél is a proper subset of |q| U @(n) where n is the @-reduction of £, we have
@(€) = @(n) — |¢|- The set of all regular ¢ € tr(4) will be denoted by rtr(A).
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4.8. Put @o(f) = A — |¢| for every &erwli(4). Then ¢ ertr(4) (and even
@, € ntr(A4), see 5.1 below).

4.9. Let g ertr(d), £eR(p). Then ¢ is regular; if &-{erwli(4), |¢| = @(¢),
|C| + @(£), then ¢ is the @-reduction of & - {, hence ¢(¢ - {) = (&) — ICI ’

4.10. Let g ertr(A), Y etr(A), ¥ < ¢, (€ R(Y). Let n and { be, respectively,
the @-reduction and the @-remainder of . Then there occurs exactly one of the
following cases: (1) n is exact, { = 0; (2) n is not exact, { is finite, |C| is a proper
subset of ¢(n), p(&) = o(n) — |é|; (3) n is not exact, { is infinite, [¢] = e(n). If €
is finite, then |&| U @(¢) = |n| v o(n). If £€ S(Y), then ne S(p), LE = Lne LS(¢p).

Proof. Assume that 7 is not exact. Let { = (X, ...). By definition (4.6), |(xp ---
.o» X,)| = @(n) for no n. Suppose |(xp - .-, x,,)| > ¢(n) for some n. Choose the last p
such that ¢(n) — |(x, : m < n < p)| + 0. Since ¢ is regular, we have ¢(x, : n < p) =
= (1) — |(x» : n < p)|, hence, due to ¥ < @, we get |x,| = ¥(x,:n < p) = ¢(n),
|(x,: m < n < p + 1)| = ¢(n), which is a contradiction.

We have shown that every |(x,, ..., X,)| is a proper subset of ¢(1). The rest of the
proof may be omitted. i

4.11. Proposition. If ¢, (p; e rtr(A), then ¢; A @, € rtr(A).

Proof. Put § = @, A @,. Clearly, ¥ € tr(4). Let & e rwli(A4), let n denote the Y-
reduction of ¢ and let |é| c |r1| v o(n), |§| + Ir]I U ¢(n). We are going to prove that
Y(€) = y(n) — ICI Let n;, i = 1, 2, be the ¢;-reduction of 5. Clearly, #; is also the
¢-reduction of £. By 4.10, we have

§)) In| v oin) = |ni| v ein),
hence
©) |n| v ¥(m) = || © odny) -

This implies
(3) ¢ is a proper subset of |n,-| v on).

Since ¢, are regular, we have

4 €| v 0d&) = || v 0in).,
hence, by (1),
® el 040 = bl 0.

This proves that || U Y(&) = |n| U ¥(r), hence (&) = "/’('l) - |¢].
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4.12. If g ertr(A), & € S(p), ne S(g), LE = Ly, then & = n.

Proof. Put £ = (x,:n < p), n = (3 : k < q). Clearly, |x0| = |yo|- Since L& =
= Ln, we gé&t Lx, = Ly,, xo = yo. The proof proceeds by induction.

'5.1. A regular transition rule ¢ on A will be called normal if every & e R(g) is
finite. The set of all normal ¢ € rtr(4) will be denoted by ntr(4). The collection of
all S(¢), ¢ € ntr(A4), will be denoted by (4).

5.2. Proposition. If ¢, ¢, € ntr(A), then ¢; A @, € ntr(A).

Proof. Put ¥ = ¢, A @,. By 4.11, Y € rtr(A). Suppose that & = (x,:n < w)e
€ R(Y). For i = 1,2, let n; and {; be the ¢ reduction and the ¢, remainder of &,
respectively. Since no n € R(p,) is infinite, 4.10 implies that, for i = 1, 2, #; is not
exact, {, is infinite, |C,| < @{n,). We may assume |111| < |na)- Let B = (xo, ..., Xp),s
Iﬁl = l"ll' Then, for i = 1, 2, Iﬂl v o) = lml v o(n;) = |§|, hence lﬂl vy(p) =
D |6|, |(x0, w503 Ko x‘,H) > (€|, which is a contradiction.

5.3. Proposition. If ¢ € ntr(A), then S(¢) + 0.

Proof. Choose a mapping f of the set {¢ : & € rwli(A4), Ifl + A} into li(A) such that
f(f)l = ¢(£). Define a sequence { = (z,) as follows: z, = f(z; : k < n) provided
(z: k< n)| + A; if |(zo, e zp)| = A, then { = (2,,...,z,). Clearly, {e R(¢p),
hence ( is finite, |C| = A.

5.4. Proposition. For any A e, LY (A) (see 5.1, 3.5) is a base of a filter.
This follows at once from 4.8, 5.3, 5.2, 4.10 (last assertion).

5.5. If A€, then the filter on eA (see 1.1) generated by L%(4) will be denoted
by #(A). .

6.1. Let B + C = AU (see 3.2). Let ¢ : rwli(B) — io(B) and, for every & € S(¢),
let Y, : rwli(C) — io(C). For every & = (x, : n < p) € rwli(A) define t(¢) as follows:
(1)if B — || + 0, put (&) = @(¢); (2) if §| > B and, for some 7, {, we have |C| =
=B, ¢ =n-¢ put o(&) = y,(0); (3) if|§ > Band B = |(x,, ‘n< m)| for no m,
put 7(£) = A — || Then 7 is a mapping of rwli(4) into io(4), which will be denoted
by ¢ * (V).

6.2. Let B+ C = AeW. Let ¢ etr(B) and, for every e S(¢), let Y, € tr(C).
Put © = @ » (Y). Then (1) t € tr(A); (2) if @, Y, are regular (normal), then so is t;
(3) if £ € S(¢), n € R(¥¢), then & - n e R(x); (4)if { e R(z), [¢| — B * 0, then { = & -,
where £ € S(¢), n € R(Y).

rd
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Proof. We omit the straightforward proof of (1)—(3) and prove (4) only. Put
{ = (z, : n < 9) and consider the last p such that |z,| = B. Then |(zo, ..., z,)| = B,
for otherwise we should have z,,; = @(z,:n £ p), hence |z,+,| c B. Put ¢ =

= (Zoy en 5 Zeh 1 =(Zgags o+ o)

6.3. Let (B, C) be a decomposition of AeU. Then (1) ¥(B) © ¥(C) (see 1.3)
is equal to the collection of all S(t) where 1 = ¢ *(y;), ¢ entr(B), Y, e ntr(C)
for every & € S(9); (2) #(B) © £(C) = #(A4).

Proof. Let X € #(B) ® #(C). Then there exists a transition rule ¢ € ntr(B) and
a mapping g : S(¢) — ntr(C) such that X consists of all &-#n where ¢ € S(¢), ne
€ S(gé). Put y; = g&, © = ¢ = (Y,). Then, by 6.2, X = S(t). Since, by 6.2, € ntr(4),
we have #(B) © &(C) = #(A).

6.4. For any collections V, W, Z of sets such that v U w e Z whenever ve V, we W,
we denote by u the mapping u : V x W — Z defined by ulv, w) = v u w.

6.5. Proposition. Let (B, C) be a decomposition of A€U. Then u[L¥(B) ®
® L#(C)] = L[#(B) © #(C)].

Proof. I. Let X € #(B) © #(C). Let ¢, g, ¥, be as in the proof of 6.3. Then,
clearly, LX = {L¢ U Ly : £ € S(p), n € S(¥,)}. For every x € LS(¢) there is, by 4.12,
exactly one ¢ € S(¢) such that LE = x; put ¢ = fx. Then LX = u{(x, y) : x € LS(¢),
y€LS(Yy,)}, hence LX eu[L¥(B) @ L¥(C)]. — IL. If Ze u[L¥(B) ® L¥(C)],
then, clearly, there is a @ e ntr(B) and a mapping g : LS(¢) » L¥(C) such that
Z={xuy:xeLS(p), yeg(x)} = {LEu Ly : &€ S(p), ne S(V,)} where LS(;) =
= g(LZ). Hence Z = {L(¢-n):¢€S(p), neS(Y,)} and therefore Z e L[#(B) ©
O #(C)]. This proves the proposition.

6.6. Let B+ C = A€, tertr(A). Define v as follows: for & = (x,:n < p)e
e rwli(A) put ©'(&) = (&) if Bn (&) =0, 7(¢§) = B 1(é) if B (&) + 0. Then
(1) " ertr(A); (2) if &erwli(B), |¢| + B, then ©'(¢) = B; (3) every finite & € R(t')
is of the form & =n-{ where n\ cB, [t|=C; @) if £E=(x,:n < 9)eR(),
then either ¢ € R(x) or, for some m, |Xp—;| = B, |xu| = C, (X0, --» Xm=1 + X ..-) €
€ R(v); (5) LS(z") = LS(x); (6) if = is normal, then so is ©', (7) ' = @ * (Y;), for
some ¢ € ntr(B), Y, € ntr(C).

The proof is straightforward and may be omitted.

6.7. Proposition. Let (B, C) be a decomposition of AeU. Then for every t€
€ ntr(A) there exists a set X € #(B) © #(C) such that LX < LS(z).

Proof. Let 7’ be as in 6.6. Put X = S(¢'). Then, by 6.6, LX = LS(z). By 6.6, (7),
we have S(') e #(B) © #(C).
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7.1. Proposition. If (B, C) is decomposition of A€, then u[#(B) - #(C)] =
= F(A), hence F(B) - #(C) is isomorphic to F(A).

Proof. I. By definition (5.5), L¥(B) and L¥(C) generate the filters #(B) and
#(C), respectively. Hence L¥(B) @ L¥(C) generates F(B)- #(C). By 6.5,
u[L¥(B) ® L¥(C)] = L[#(B) © #(C)]. By 63, L[#(B)® #(C)] = L¥(A).
Hence L[#(B) © #(C)] generates u[ #(B) - #(C)], and u[F#(B) - #(C)] = F(A).
II. By 6.7, for every P € L¥(A) there exists a set Q € L[#(B) © &(C)] such that
Q < P. Hence, for every Pe #(A) there exists a set Qe u[L¥(B) ® L¥(C)] =
< u[#(B) - #(C)] such that Q < P. This implies #(4) < u[#(B) - #(C)], which
proves the proposition.

7.2. Theorem. There exists a mapping % of the class W of all dense linearly
ordered sets with a first and with no last element into the class of all filters such
that (1) #(A) is a filter on eA, (2) if {B, C) is a decomposition of A, then F(B)-
- #(C) is isomorphic to #(A), (3) if A, is isomorphic (as an ordered set) to A,,
then the filters #(A,), #(A,) are isomorphic. If A €U has a decomposition {B, C)
such that A, B, C are mutually isomorphic, then %(A) is an idempotent filter.

This follows at once from 7.1.
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If G is a Lie groupoid and Yis a fiber bundle associated with G, then every section
of the Lie algebroid LG of G determines a vector field on Y, which we call a funda-
mental vector field on Y. After deducing certain basic properties, we study the
prolongations of the fundamental vector fields in connection with the general
prolongation theory of projectable vector fields on arbitrary fibered manifolds,
[2], [4], and with the prolongation theory of Lie algebroids, [5], [6]. We also
develop a general point of view to Lie differentiation. Our consideration is in the
category C®.

1. Given two manifolds M, N and diffeomorphisms ¢ : M—> M, y: N - N,
we define an induced diffeomorphism (¢, )" on the space J'(M, N) of all r-jets of M
into N by

(1) Jef Pl ofoe™h).

If £ is a vector field on M, n is a vector field on N and &,, n, are the corresponding
flows, then (&,, #,) is a one-parameter family of diffeomorphisms of J"(M, N). This
determines a vector field (&, #)” on J(M, N) called the r-th prolongation of the pair
(¢, n). In coordinates, if £ = &(u) (8/0u*) and n = n°(v) (6/3v"), then

F o  for , 9 )\o
2 M=l —+r—+ (= - =1},
@) Gny=2¢ " o (60‘ * T ')au;

where v} = 8v*/du* are the additional coordinates on J'(M, N), k, I = 1, ..., dim M,
s,t =1,...,dim N. (In principle, the coordinate formula for (£, n)" can be deduced
by iterating (2) and by the standard inclusions of the theory of non-holonomic jets.)

Consider further a fibered manifold n: Y — X. Let £ be a projectable vector
field on Y, i.e. there is a unique vector field &, on X that is n-related with £. The
space J"Y of all r-jets of the local sections of Yis a subset of J'(X, Y) invariant with
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respect to (&, £)". The restriction p"¢ of (&, £)" to J'Y is the r-th prolongation of &
in the sense of [2], [4]. Let

x, ysi,j,...=1,...,n=dimX, pgq,...=1,..,dimY - dimX,

be local fiber coordinates on Y and ¢ = &¥(x) (8/ox’) + &%(x, y) (0/ay”). Specializing
(2), we obtain

; 0 0 oEr  9Er o0&l 0
3 Ipm Bt — pfr g 2g v g8 % Y
) Pes=e ox' . ay? <6x‘ ay* ¢ ox' Yi oyt

where yf = dy?[ox’, cf. [4].

2. Let G be a Lie groupoid over X with source projection a and target projection b.
Denote by LG the vector bundle (over X) of all a-vertical tangent vectors on G at the
units, i.e. every element of (LG),, x € X, is of the form j§ y(f), where y(t) is a curve
on G satisfying a y(t) = x for all ¢ and y(0) = e, = the unit over x. Assume further
that G acts on the left on a fibered manifold # : Y — X (in other words, Yis a fiber
bundle associated with G), [9]. Every section ¢ : X — LG determines a vector field gy
on Y by

) ox(z) = jo(x(1) - 2) »

n(z) = x, o(x) = j& 7(r), which will be called the fundamental field (or G-field) on Y
determined by .

Example 1. Let E - X be a vector bundle and G the groupoid of all linear iso-
morphisms between the fibers of E. A G-field on E will be called a linear vector
field. In linear fiber coordinates on E, the coordinate form of a linear vector field is

©) £) o + B

Example 2. Similarly one introduces the affine vector fields on affine bundles.
In particular, it is well-known that J'Y — Y is an affine bundle for any fibered
manifold Y.

Proposition 1. The first prolongation p'¢ of any projectable vector field ¢ on Y
is an affine vector field on J'Y - Y.

Proof is straightforward.

The target projection of G determines a fibered mahifold G, := (b : G - X)
and G acts on G, by the left multiplication. The fundamental field on G, defined by
a section ¢ : X — LG will be denoted by gg. Such a field is characterized by the
property that it is both a-vertical and right-invariant (i.e. every g€ G, ag = x,
bg = y determines a mapping a~!(y) - a~!(x), g’ — ¢’ . g and gg is invariant with
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respect to all these mappings). If 7 : X — LG is another section, then the bracket
[ec, 6] is also both a-vertical and right-invariant, so that there is a unique section
{o, 1} : X — LG satisfying {0, t}¢ = ¢, 7]- This endows LG with a Lie algebroid
structure, [7].

Proposition 2. If Y is a fiber bundle associated with G and @, © are two sections
of LG, then the corresponding G-fields on Y satisfy

(6) Lo, tv] = {e. 7}y -

Proof. The source projection defines another fibered manifold G, := (a : G - X)
and the action of G on Y is a mapping ¥ : G, @ Y — Y, where @ means the fiber
product over X. The zero vector field Oy of Y and g determine a vector field gg @ Oy
on G, @ Y. According to (4), g¢ @ Oy is x-related with gy, which proves Proposition 2.

Locally, G is isomorphic to R" x H x R", where H is a Lie group and the multi-
plication is given by

(7) (x3, hz, x2) . (xz, hl! xl) = (x3, hzhl, xl) >

the product h,h, being defined in H. Further, Y is locally of the form R" x F,
where F is a left H-space and the action of G on Yis given by

(8) (x2’ h’ xl)'(xl, y) = (xz’ h}’) s
the latter product being determined by the action of H on F. Let
h*, o p,...=1,..,dimH,

be local coordinates on H in a neighbourhood of the unit and let e, be the induced
basis of the Lie algebra of H. Then a section ¢ of LG can be locally written as

©) 0= ¢ + e,

and the coordinate formula for {g, 7} is

_ ot 00"\ 0 o® ; 00° .
(1)  {et}t= (e’ Sea a—,.) o (Qig,ﬁ -+ cpye"r’) €

provided —cj, are the structure constants of H, [8]. Further, let AZ(y) 6/0y® be the
vector fields on F determined by e,, [3]. Then we deduce by (8) the coordinate formula
of gy

(11) or = 0'(x) % + A7) Q’(x)si;.

By Proposition 2 and (11), we conclude that the mapping @ — gy is a Lie algebroid
homomorphism of LG into the Lie algebroid of all projectable vector fields on Y.
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3. Denote by I(g, t) the flow of the vector field gs and set y(x, t) = I'(e,, t).
Since I is also right-invariant, we have

(12) . I'(g,t) = y(bg, 1) .9,

i.e. I' is determined by the values at the units of G.

The r-th prolongation G” of G is a Lie groupoid over X deﬁned as follows. The
underlying set of G" is the subset of all elements A € J'G, ( the r-th jet prolongation
of fibered manifold a : G — X) such that bA is an invertible r-jet of X into X, while
the multiplication in G” is given by

(13) Jx 9(w) < J; h(v) = j3[g(b h(v)) . K(v)],

provided b h(y) = X, [1] As gg is a-vertical, it is a-related with the zero vector field
of X and we can construct its r-th prolongation p"gg on J'G,. Obviously, G" is an
invariant subspace of p'og.

Proposition 3. The restriction ng| G" is a fundamental field on G, i.e. there
exists a unique section " : X — LG" such that gg- = pog I G
Proof. According to (12), the flow I'" induced by I on G" is given by

(14) r'(jz g(u), 1) = j2[n(b g(u), 1) - g(w)] -

Multiplying on the right by j} h(v), we obtain

(13) 55[¥(bg(b h(v)), 1) - g(b h(v)) - h(v)] -

Using (13) we prove that I" is a right-invariant flow, so that p'gs | G” is a right-
invariant vector field. Clearly, p ch G" is also vertical with respect to the source
projection of G", QED.

In the above construction, ¢(x) is fully determined by j%¢ € J(LG). This defines
an identification J"(LG) ~ LG'"; a detailed proof can be found in [6].

On the other hand, G" acts on J'Y by

(16) J2 () - jz o(w) = ;;[e((bg) ™" (2)) - o((bg) ™" (v))],

where y = b g(x) and (bg)™! means the inverse map of a local diffeomorphism
u — b g(u) of X into itself, [1]. Hence ¢" induces a G"-field gj-y on J'Y.

Proposition 4. The latter field coincides with the r-th prolongation of gy, i.e.

(17) P(er) = ey -

Proof consists in comparing (1), (4), (14), (16), QED.
For r = 1, we now deduce the coordinate expressions. Locally, we have G} =
= R" x H, x R", [1], and the underlying manifold of Hj is the product of T,'H
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(= the space of all n'-velocities on H) and L}, = GL(n, R). The induced coordinates
h°, h% = 0h°|ox’ on T!'H and the canonical coordinates on L, determine a basis
€, €5, € of the Lie algebra of H,. Using (3) and Proposition 3, we find the following
coordinate expression of ¢! : X — LG*

L3 J
Q'—(?— + Q%, + a—Q-ei + aie}.

18 1
(18) ¢ ox* ox! ox*

i

On the other hand, J'Y is locally of the form R" x T,'F, [1]. According to [3],
the vector fields on T'F corresponding to e,, e, e,‘ are

p
a

o  o04F 0 0 0
R Ar ay‘il_" :'—’ _.V§"—1
oy?  0y*" oy} oy? oy?
provided y? are the additional coordinates on T,'F. Hence the coordinate form
of Q}ly is

9 o [o4r o 00"\ @
19 iy =0 — + At — + (Yt + A= — =) —.
(19)  enr=o' -+ 4 o g Y i Vo) oy
On the other hand, we also obtain this formula by applying (3) to (11), which yields
another proof of Proposition 4.

4. First we introduce a general concept needed in Proposition 5. Let M be a mani-
fold and p,, : TM — M the tangent bundle of M. There are two natural projections
of TTM into TM, namely the bundle projection pr, and the tangent map Tpy.
Consider further the canonical involution i of TTM. Let A, B € TTM satisfy pTM(A) =
= Tpu(B) and Tpy(A) = pry(B). Then iB lies in T,TM, v = prp(A), and one verifies
directly that the difference A — iB belongs to the tangent space of the vector space
T:M, x = py(v). Hence 4 — iB is identified with an element of T,M, which will
be called the strong difference of A and B and denoted by A = B. In coordinates,
if x, X' = dx’ are local coordinates on TM and A4 = (x, X', dx’, dX* = a’), B =
= (x', dx, X, dX’ = b’), then

(20) A~-B= (x', al — b‘) .

Consider now a projectable vector field £ on Y = X over &, and a section ¢ of Y.
Taking into account the corresponding flows ¢, and ¢,,, we construct a curve

(21) t > 07 (o(00dx)))

in the fiber Y,, whose tangent vector (L,0) (x) € T,)(Y;) will be called the Lie deriva-
tive of o with respect to ¢ at x. Evaluating (21), we find

(22) Lcd' = 0'.60 o 500’,
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where 0.&, is the image of &, by the differential of ¢. In coordinates, if & = &(x).
. (0ox") + &(x, y) (8/0y?) and ¢ = 6”(x), then

(23) Lo = Z;;’: E(x) — &%(x, a(x)) .

In particular, if Yis a fiber bundle associated with a Lie groupoid G and g is a section
of LG, then we write Lo instead of L,,0. Geometrically, (L,0) (x) is the tangent
vector to the curve y~!(x, t). o(b y(x, t)), where y has the same meaning as in (12).
In coordinates,

(29 L = 25 '(x) = AXo() ')

Let T(Y/X) be the bundle of all vertical tangent vectors on Y. This is a vector
bundle over Y, but it can be also considered as a fibered manifold over X. Similarly
to § 1, every projectable vector field £ on Y is prolonged into a projectable vector
field € on T(Y/X) — X. Taking into account the inclusion TY = J'(R, Y), we deduce
by (2) (with zero vector field on R) that
i + Q;_P Y? i

; 0
25 = ' — 4 EP ,
23) {=¢ ox' : oy 8y? oYP

provided Y? = dy?. Consider another projectable vector field n on Y. Since L.
is a section of T(Y/X) — X, we have defined the Lie derivative Ly(L.0). If we con-
struct conversely Ly(L,0), then the vectors L;(L:0) (x), Ly(L,0) (x) € T T(Y,) satisfy
the conditions of the definition of the strong difference. By direct evaluation, we prove

Proposition 5. It holds
(26) 4 Ly(Ly0) = Ly(Ly0) = Ly 0 -

Given a vector bundle E — X, every element 4 € T(E,) is identified with a vector
tA € E,. In particular, tL.o is now a section of E as well. Moreover, if ¢ and n are
linear vector fields on E, then (5), (25) and (26) imply

This formula generalizes a result by QUE, [8], and includes the classical case of the
first order tensor bundles. However, we underline that (27) does not hold for general
projectable vector fields on E.

5. The product X x X with the trivial partial composition (x3, x) . (x2, X,) =
= (x3, X, ) is a special Lie groupoid over X. The r-th prolongation of X x X is the
groupoid IT'X of all invertible r-jets of X into X. The Lie algebroid (X x X)
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coincides with TX. Hence every vector field £ on X is prolonged into a section
& X - L(II'X). If e}, ..., e}** is the canonical basis of the r-th differential group L,
and & = &/(x) (0/0x’), then we find by iterating (18)

a oY g

28 il 4 e +t..b—t el
4 axl  oxt oxi ... ox* ’

Further, let Y be a fibered manifold associated with II"X and o a section of Y. Then
L;,0 =: Lo is called the Lie derivative of ¢ with respect to £&. Moreover, if A7 i( )
..., AB*(y) are the vector fields on the standard fiber F of Y corresponding to
e}, ..., ef""", then we obtain by (24) and (28)

e

J S i
ox™ ... ox*r

i i
(29) Lo = 6_0_: LI Af'(a) 6_5_ — ... — APio(g)
ox' ox!

This formula covers the classical cases of Lie differentiation.
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Casopls pro p¥stovini matematiky, ro¥, 102 (1977), Praha

STRUCNE CHARAKTERISTIKY CLANKU OTISTENYCH V TOMTO CISLE
V CIZIM JAZYKU

Jikf JARNIK, JAROSLAV KURzZWEIL, Praha: On conditions on right hand sides of differential
relations. (O podminkdch na pravé strany diferencidlnich relaci.)

Necht prava strana diferencialni relace (1) x € F(t, x) je mnohozna¢na funkce s kompaktnimi
konvexnimi hodnotami. Nechf F je shora polospojitd vzhledem k x; o zavislosti F na ¢ se nepfed-
pokladé4 nic. Dokazuje se, Ze existuje mnohoznatn4 funkce Q takovi, Ze (i) Q je v jistém smyslu
reguldrni vzhledem k dvojici promé&nnych (¢, x); (ii) Q(¢, x) = F(t, x) pro viechna (¢, x); (iii) kazdé

edeni (1) je soutasn& FeSenim relace x € Q(t, x).

FRANTISEK NEUMAN, Brno: Categorial approach to global transformations of the n-th order
linear differential equations. (Globalni transformace linedrnich diferencidlnich rovnic n-tého fadu
s hlediska teorie kategorii.)

V préci jsou algebraickymi prostfedky studovany globélni (tj. na celém defini¢énim intervalu)
transformace linedrnich diferencidlnich rovnic n-tého ¥adu (n = 2) na rozdil od klasického vyse-
tfovani Kummera, Laguerra, Brioschi, Halphena, Forsytha a dal§ich, zapo&atého v polovin&
minulého stoleti a zabyvajiciho se lokdlnimi transformacemi. Glob4lni transformace jsou diilezité
pro vystiZeni asymptotického chovani, periodi¢nosti, ohrani¢enosti, kofentl, oscilace, diskonju-
govanosti a jinych globélnich vlastnosti feSeni podstatn& svazanych s celym defini¢nim intervalem.
Price navazuje na vysledky O. Borilivky pro oscilatorické rovnice 2. f4du na (— oo, ).

MARIE KorPACKOVA, OTTO VEIVODA, Praha: Periodic vibrations of an extensible beam. (Periodic-
ké slab& nelinearni kmity tyce.)

Clanek pojednava o periodickych kmitech ty&e délky. 7, ktera je na obou koncich upevnénd,
pfi¢emZ se bere v uvahu téZ jeji prodlouZeni. Pfedpokldd4d se, Z¢ kmity jsou popsdny rovnici
Upy + Uyrrx — iy §3 u(2, ) d{ = g + &* F(u), okrajovymi podminkami (29 (¢, 0) =
= u(2)) (1, m) = 0,j = 0, 1 a podminkami periodicity u(f + @, x) = u(t, x). Za predpokladu, Ze g
m4 specidlni tvar, je dokdzdno, Ze existuje takové feSeni uy(#, x) vySe uvedené tlohy pro e = 0,
Ze v jistém okoli tohoto feeni a pro dost mald ¢ ma slab& nelinedrni wloha jediné FeSeni u, (¢, x)
spojité v & a u,—> ug pro e—> 0.

VLADIMIR LOVICAR, Praha: Periodic solutions of nonlinear abstract second order equations with
dissipative terms. (Periodick4 feSeni linedrnich abstraktnich rovnic druhého fadu s disipativnim
&lenem.) ’

V ¢&lénku je dokézdna existence w-periodickych fedenf rovnice u”(t) + A2 u(r) = F(1, u(t), u’(t)).
A je samoadjungovany operitor v Hilbertové prostoru Hy a Fje operédtor na R X D(A) X Hy— Hy,
splitujici n&které dalsi pfedpoklady.
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MirosLAV FIEDLER, Praha: Isodymamic systems in Euclidean spaces and an n-dimensional
analogue of a theorem by Pompeiu. (Izodynamické soustavy bodi v euklidovskych prostorech
a n-rozmérné analogie jedné Pompeiovy véty.)

Vysetfuji se maximélni mnoZiny bodi {Ai} v euklidovském prostoru, které spliiuji o(4;, 4;) =
= ¢ic; @i =+ Jj).

ViAsTIMIL PTAK, Praha, V. S. RETACH (B. C. PETAX), Mocksa: Singular supports, 1. (Singuldrni
nosice, I).

Autofi podavaji teorii abstraktniho zobecn&ni pojmu singuldrniho nosi¢e distribuce, kterd
tvofi zdklad k fadé sd&leni v&novanych obecné teorii rovnic tvaru P'n= {, n€ F’, { € E/,
kde E a F jsou induktivni limity Fréchetovych prostorii a P : E— F je spojité linedrnf zobrazeni.

MirosLAv KATETOV, Praha: On idempotent filters. (O idempotentnich filtrech.)
V ¢lanku se dokazuje, Ze existuji idempotentni filtry, tj. filtry & isomorfni se sou¢inem & . #.
Je popsan explicitni zpisob konstrukce idempotentnich filtri.

IvaN KoLAR, Brno: Fundamental vector fields on associated fiber bundles. (Fundamentaln{
vektorovd pole na asociovanych fibrovanych prostorech.)

Jestlize LietGiv grupoid G operuje na fibrované varieté Y, pak kazdy fez jeho Lieova alge-
broidu uréuje tzv. fundamentalni vektorové pole na variet€¢ Y. Studuji se prolongace takovychto
poli a podédva se s nimi spojend obecnd teorie Licovského derivovani pro fibrované variety.
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RECENSE

N. Bourbaki: FONCTIONS D’UNE VARIABLE REELLE. (Funkce jedné redlné proménné.)
Nouvelle édition Hermann, Paris 1976, 326 stran, cena 180 F.

O sérii Eléments de mathématique, do niZ patfi tato kniha, bylo jiZ mnoho napsino a nebu-
deme zde rozmnoZovat fadu komentaft k celkové koncepci této série. Nové vydani vychazi
v trochu vé&tSim formdatu, Ghledné v4zané, uprava zlstava tradi¢ni, véetné znadek pro ,,tournant
dangereux‘‘. Strdnkovani jednotlivych kapitol je vedeno nezavisle, coZ je§té¢ dale zduraziiuje
pfisludnost k rozs4hlé stavbé celych zaklada. Z celé série je tato kniha nejblize k onomu oboru
matematiky, které mu se tradién& fik4 klasick4 analyza. Tomu nasvéd&uji i nazvy jednotlivych
kapitol: 1. Derivace. 2. Primitivni funkce a integraly. 3. Elementarni funkce. 4. Diferencidlni rov-
nice. 5. Lokélni vlastnosti funkci. 6. Zobecnéné Taylorovy rozvoje. 7. Funkce gamma.

Vzhledem k celkovému zidméru, sledovanému Zaklady, uvadéji se vysledky i definice v co
moZn4 nejobecnéjdi formé, coZ je nékdy nezvyklé, je viak v plném souladu s celkovou koncepci
dila.

Kniha je zajimava i pro toho, kdo se s latkou obeznamil odjinud. Podani je tradiéné netradi&ni
a obsahuje fadu origindlnich pfistupt a pohledi. Zajimavé jsou téZ Notes historiques.

Vlastimil Ptdk, Praha

Konrad Jorgens, Franz Rellich: EIGENWERTTHEORIE GEWOHNLICHER DIFFEREN-
TIALGLEICHUNGEN. Bearbeitet von J. Weidmann. Hochschultext. Springer-Verlag, Berlin,
Heidelberg, New York 1976, IX + 227 str., cena DM 28,—.

Svazek obsahuje pfepracovanou a doplnénou verzi prvni ¢asti Rellichovy pfednasky o teorii
vlastnich &isel parcialnich diferencidlnich rovnic z roku 1952—53 v Gottingen. Je rozdélen do t¥i
kapitol. V prvni je vyloZena teorie linearnich operatord v Hilbertové prostoru. Druhda se zabyva
spektrdlnim rozkladem symetrickych operitori. Vyvrcholenim textu je tfeti kapitola vénovana
Weylove teorii singuldrnich diferencidlnich rovnjc druhého fadu.

Od vzniku piivodniho Rellichova textu uplynulo dost &asu a tak soucasny stav poznéni vynutil
jeho aktualizaci. Zpracovatelé, K. Jorgens a po jeho umrti J. Weidmann, usilovali o zachovani
plvodni, z pedagogického hlediska velmi zdafilé, koncepce vykladu. Nové pojmy a vysledky
zahrnuli proto do dodatki a uloh na konci prvnich dvou kapitol.

Text je velmi dobry uvod do nejdileZit&jSich partii teorie symetrickych samoadjungovanych
operatorl v Hilbertové prostoru a podé4va ve tieti kapitole uplny vyklad spektrélni teorie singu-
larnich Sturmovffch-Lim‘lvilleovy"ch operatori. Stefan Schwabik, Praha
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