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FINITE PLANAR VERTEX-TRANSITIVE GRAPHS
OF THE REGULARITY DEGREE THREE

BOHDAN ZELINKA, Liberec
(Received November 22, 1973)

In [1] V. G. VIZING poses some questions concerning vertex-transitive graphs.
Among other problems he mentions that no complete characterization of vertex-
transitive graphs of the regularity degree three have been demonstrated. Here we shall
study this question in the particular case of finite planar graphs. We admit multiple
edges, but not loops. ‘

A vertex-transitive graph is a graph G such that to any two vertices x.and y of G
there exists an automorphism ¢ of G such that ¢(x) = y. '

Vertex-transitive graphs have been studied by various authors. Some of them, for
example L. LovAsz, use another terminology; they call these graphs symmetric.
Here we use the term “vertex-trangitive”, because the term ‘“‘symmetric” is often used
in other senses.

Evidently every vertex-transitive graph is regular, i.e. all of its vertices have the
same degree which is called the regularity degree of this graph.

Let us study finite planar vertex-transitive graphs of the regularity degree three.
As we study planar graphs, we may speak about faces of a graph. First we prove
a lemma.

Lemma. 4 finite planar graph G can be drawn in the plane in such a way that the
image of each boundary of a face in an arbitrary automorphism of G is again
a boundary of a face.

Proof. Each circuit of G which is not a boundary of any face in a drawing of G
has the property that its vertex set is a separating setin G. A circuit which is a bounda-
ry of a face can have this property or not. (In 3-connected graphs it has never this -
property.) If it has not this property, then nor its image in any automorphism of G
has this property and thus it is necessarily a boundary of some face. If a circuit C
which is a boundary of a face has this property, let G’ be the graph obtained from G
by deleting all vertices of C and all edges incident to these vertices. It is easy to see
that at drawing G we may decide freely whether some connected component of G’
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will be drawn in the region bounded by C or outside of it. This holds also for each
circuit which is an image of C in an automorphism of G. Thus if in a drawing of G
such a circuit C is a boundary of a face and the image of C in an automorphism of G
is not, we may change the drawing so that this image becomes a boundary of a face
(all components mentioned are drawn outside of the region bounded by this circuit).

A connected vertex-transitive graph with at least 3 vertices cannot have the vertex
connectivity degree equal to one; it would have at least one cut-vertex and, as a cut-
vertex is mapped in each automorphism again onto a cut-vertex, all vertices of this
graph would be cut-vertices, which is impossible in a finite graph. In any regular
planar graph of the regularity degree three and of the vertex connectivity degree at
least two each vertex belongs exactly to three faces f, f,, f3. Let the degree of the
face f; for i = 1,2, 3 be d;. (The degree of a face is the number of edges belonging
to the boundary of this face.) If such a graph G is vertex-transitive, then, according
to Lemma, it can be drawn in the plane so that at each vertex of this graph the degrees
of the faces containing this vertex are dy, d,, d;. Let us distinguish three cases
(without loss of generality):

(d.) dl = dz = d3;
(B) dy =d, * dj;
('Y) dl *'dz * d3 £ dl'

In the case (o) each vertex belongs to three faces of the same degree. It is easy to
prove that then all faces of such a graph have equal degrees. The list of such finite
planar graphs is well-known. It consists of the following graphs: the graph consisting
of two vertices joined by three edges; the complete graph with four vertices (the
graph of the regular tetrahedron); the graph of the (three-dimensional) cube; the graph
of the regular dodecahedron. All of these graphs are vertex-transitive. Thus we have
found all required graphs in the case (o).

Now consider the cases (B) and (y). In both these cases d, is different from d,
and d,. This means that any two faces of degree d; are vertex-disjoint (and obviously
also edge-disjoint). We decompose the edge set of G into two disjoint sets E; and E,.
The set E; consists of all edges which belong to the boundary of a face of degree d,
and E, = E — E,, where E is the edge set of G. Now we construct the graph F(G)
whose vertex set is the set of all faces of G of degree d; and in which two distinct
vertices are joined by as many edges, as many are the edges in G joining a vertex of
the face corresponding to one vertex with a vertex of the face corresponding to the
other vertex. The transformation of G into F(G) can be shown using the drawing
of G in the plane. In this drawing the edges of G are represented by arcs of simple
curves, faces of G are simply connected regions. In each face of G of degree d, we
choose an inner point and we continue each edge of E, to these points in the faces
to which its end vertices belong. Then we omit all edges of E,. The resulting drawing
is the drawing of F(G). We see that F(G) is a planar regular graph of the regularity
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degree d. If d, = d,, then all faces of F(G) have the degree 4d,. If d, #+ d,, then
each face of F(G) has the degree either 3d; or 3d,. In this case each edge of F(G)
belongs exactly to one face of degree 4d, and exactly to one face of degree 1d,.
In the first case (which is the case (B)) the graph F(G) is a regular planar graph in
which all faces have the same degree. The list of such graphs is well-known; it consists
of the graphs listed when investigating the case (cx) and, moreover, of the graphs
consisting of two vertices joined by an arbitrary number of edges greater than or
equal to two, of all circuits, of the graph of the régular octahedron and of the graph
of the regular icosahedron. Now we shall make the list of all planar regular graphs
in which the degrees of faces can have exactly two values and each edge belongs to
two faces of different degrees. Let the possible values of degrees be denoted by dj
and d5. We see that the number of faces of degree di containing a vertex v of such
a graph must be equal to the number of faces of degree d, containing v; therefore
the regularity degree of such a graph must be even. First consider graphs without
multiple edges. In this case the regularity degree of a planar graph cannot be greater
than five. We have only two possibilities: two or four. But a graph of the regularity
degree two is a circuit and has only two faces, both with the same degree. Thus the
regularity degree of the required graph must be four. If n is.the number of its vertices,
then the number of its edges is 2n. As each edge belongs exactly to one face of
degree dj, the number of faces of degree d is 2n/d;. Analogously the number of
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faces of degree d is 2n/d; and the total number of faces is 2n/d} + 2n/d}. Substi-
tuting into Euler’s formula for planar graphs we obtain

n+ 2nfdy + 2nfdy —2n =2.
This implies
n = 2d1d>[(2d} + 2d; — d\d}).

In a finite planar graph of the regularity degree four at least one face must have
a degree less than six. Without loss of generality let di < d5; then d; < 6. Ob-
viously di = 3, because F(G) contains no loops and no multiple edges. For d; = 3
we obtain n = 6d5(6 — d3). The possible values of d; are 4 and 5; for greater values
od d; the number n would be undefined or negative. If d3 = 4, then n = 12. The
graph satisfying these conditions is in Fig. 1; we can easily see that it is the unige
graph satisfying them. If d, = 5, then n = 30 and we have also a unique possible
graph satisfying this in Fig. 2. For d] = 4 we obtain n = 4d3[(4 — d3); for d} = 5
we have n = 10d3/(10 — 3d3). For each d; > d these expressions are negative; the
required graphs do not exist.

Now consider graphs with multiple edges. Then d; = 2 and such a graph is ob-
tained by doubling all edges of a regular planar graph in which all faces have equal
degrees different from two; these graphs were listed above.

We see that F(G) must be isomorphic to some of the above described graphs. To
any of these graphs H we construct F~!(H) by the operation which is inverse to F;
we shall not describe it in words; it is shown in Fig. 3. If we consider H a graph of
a polyhedron, we can imagine F~! as “cutting off all angles”.

Fig. 2.



All the finite planar connected vertex-transitive graphs of the regularity degree
three in the cases (B) and (y) must be among these graphs F~'(H) and, as we easily
see, any of these graphs F~!(H) has the required properties. Therefore in the cases

Yy
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Fig. 3.
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(B) and (y) the finite planar connected vertex-transitive graphs of the regularity
degree three are the graphs of n-side prismata for all positive integers n = 2 and the
graphs in Figsr4—11. We have proved a theorem. '

e

Fig. 5.
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Theorem. Let G be a finite planar connected vertex-transitive graph of the regu-
larity degree three. Then G is isomorphic to one of the following graphs: the graph
consisting of two vertices joined by three edges; the graph of the regular tetrahedron;
the graph of the regular dodecahedron; the graph of an n-side prisma for n = 2;
some of the graphs in Figs. 4—11.

Reference

[1] B.TI. Busunz: HexoTOpble HEpELIEHHBIE 331a44 B TeOpHH rpadoB. Ycmexu Mat. Hayk 23 (1968),
117—134.

Author’s address: 461 17 Liberec 1; Komenského 2 (katedra matematiky VSST).
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LATTICES OF TOLERANCES

IvaN CHAIDA, Prerov, and BoHDAN ZELINKA, Liberec
(Received January 17, 1975)

In the paper [12] the concept of a tolerance is introduced. The tolerance relation
(more briefly tolerance) is a reflexive and symmetric binary relation on a given set.
Compatible tolerances are defined on algebras; they are a generalization of con-
gruences. The concept of the compatible tolerance was introduced first for graphs
in [13], later it was defined for arbitrary algebraic structures in [14] and [15]. The
papers [7], [9], [10], [13], [14], [15] concern the investigation of the existence of
compatible tolerances on various algebras. Although the conditions of the existence
of compatible relations on algebras were investigated in some papers, there are still
very few results on the set of all compatible tolerances on a given algebra. Only in the
paper [7] it was proved that the set of all compatible tolerances on a given algebra
forms a lattice with respect to the set inclusion. The aim of this paper is to find
further properties which characterize this lattice.

1. LATTICE OPERATIONS IN LT()

By the symbol A = (4, #) we denote an algebra A with the support 4 and with
the set # of fundamental operations. A tolerance on a non-empty set M is a reflexive
and symmetric binary relation on M. A binary relation R on the set A4 is called com-
patible with A = (A, &), if for any n-ary operation f € &, where n is a positive
integer, and for arbitrary elements a,, ..., a,, by, ..., b, of A fulfilling a; R b; for
i =1,...,nwe have f(ay, ..., a,) R f(by, ..., b,). If R is moreover a tolerance on 4,
we say that it is a compatible tolerance on 2. By the symbol L T() we denote the
set of all compatible tolerances on . Evidently L T() + @ for every 2, because
the identity relation I (such that xI y <> x = y) and the universal relation U (such
that x U y for each x and each y) are compatible tolerances on U. Further, each
congruence on U is a compatible tolerance on .

Theorem 1. Let A = (A, ) be an algebra. Then LT(N) is a complete lattice
with the least element I and the greatest element U with respect to the set inclusion.
The meet in LT(%) is equal to the set intersection.
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Proof follows immediately from Theorem 17 in [11].

It is evident (see [7]) that in general L T() is not a sublattice of the lattice of all
tolerances on the support A. The join in the lattice L T() need not be.equal to the
set union, because the set union of some compatible tolerances on 4 need not be
compatible with 2. Nevertheless, U T, = V T,.

yel yel
In the sequel we shall use the concept of a polynomial on an algebra, as was
defined by GRATZER [5]. If a polynomial p on an algebra U contains variables
Xy, ..., X, and no other variables, then it is denoted by p(x,, ..., x,). Let a4, ..., a,
be elements of 4. If we substitute for each x; the element a; (for i = 1,...,n)
wherever x; occurs in the polynomial p(x;, ..., x,), then we obtain an element of A4
which will be denoted by p(ay, ..., ).

Theorem 2. Let A = (A, #) be an algebra and let T, e LT(N) for each y from
a subscript set I'. Let T be a binary relation on A defined so that a T'b if and only
if there exist elements vy,,...,9, of I' and elements a,...,a,, by, ..., b, of A,
where m is a positive integer, and there exists a polynomial p(xy, ..., x,) on A
such that a; T, b; for i = 1,...,m and p(a,, ..., a,) = a, p(by, ..., b,) = b. Then
T=VT,

yel'

Proof. Evidently T, = T for each y eI it suffices to choose m =1, a, = a,
by = b, p(x;) = x,. This implies the reflexivity of T. The symmetry of T is evident
from its definition, therefore T'is a tolerance on 4. Now let ¢y, ..., ¢,, dy, ..., d, be
elements of A such that ¢; Td;for i = 1,...,n and let f € & be an n-ary operation.
Then there exist elements c;q, ..., Cimy digs -++s dim, Of A and elements g, ..., Yim,
of I such that ¢;; T,,, d;; foreach i = 1,...,nand j = 1, ..., m; (where m; is a posi-
tive integer dependent on i). Further, there exist polynomials py(xy, ..., X,,) of U
such that ¢; = pi(cis, ..o Cimy)s di = Pddiss -+ di,) for i = 1,..., n. According to
the definition of a polynomial, f(py, ..., p,) is again a polynomial on U and

f(cl’ seiey C,,) = f(pl(cl 15 *° Clml)’ s.siny Pn(cnl’ sisisy cnm,.)) >
f(d19 oy d") = f(Pl(d115 ey dlmx)’ ey Pn(dnl’ ey dumn)) >
therefore ¢;; T,,, d;; implies f(c, ..., ¢,) Tf(d,, ..., d,), which means that Te L T(2[).

The tolerance T'is compatible with U and contains T, for all y € I, therefore V T, =
yel

c T.Letac A, be A and a Tb. Then there exist elements ay, ..., a,, by, ..., b, of A
and elements y,, ..., 7, of I and a polynomial p(x,, ..., x,) on A so that a; T,, b,
fori=1,..,n, p(a,,...,a,) = a, p(by, ..., b,) = b. Then a;, (U T;) b; and also q,
yel
(V. T,) b;. But V T, e LT(Y), therefore for each n-ary operation fe # we have
yel vel'
f(ay, ..., a,) (V T,) f(by, ..., b,) and the compatibility of V T, implies
. yel' yel

a = play, ..., a,) (:e/'-n) p(by, ... b)) =b.

As a and b were chosen arbitrarily, we have T< V T, and thus T=V T,.
yel ! yvel
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2. TRANSITIVE HULLS OF TOLERANCES

Now we shdll study some interrelations between the lattice L T(2[) and congruences
on the algebra 2. »

Definition 1. Let T, be a tolerance on a set M for each y € I', where I is a subscript
set. The least (with respect to the set inclusion) equivalence E on M such that T, < E
for each y € I' will be called the transitive hull of the tolerances T, for y € I'.

Thus for || = 1 we obtain that the transitive hull of a tolerance T on M is the
least equivalence E on M such that T < E. If Tis an equivalence, then T = E.

The following three propositions are evidently true.

Proposition 1. If R,, ..., R, are binary relations compatible with A (where n is
a positive integer), then also RyR, ... R, is a binary relation compatible with .

Proposition 2. If {R,},.; (where I # 0) is a system of binary relations compatible
with W, which is directed upwards with respect to the set inclusion, then also U R;
is a relation compatible with . el

Proposition 3. If T, € LT(N) for each i from a non-empty subcsript set I, then the
transitive hull C of the tolerances T; is the relation UT, T;, ... T; , where the union
is taken over all positive integers n and all subscripts iy, i,, ..., i, from I. C is
thus expressed as a union of a system of relations which is directed upwards.

Now we shall present some theorems.

Theorem 3. Let A be a set, let T, be a tolerance on A for each y eI (where I'
is a subscript set). Let C, be the transitive hull of T, and let C be the transitive
hull of all C, for y e I'. Then C is the transitive hull of all T, for y e I'.

Proof follows from Propositions 1, 2, 3.

Theorem 4. Let T, € LT() for y € I and let C be the transitive hull of the toler-
ances T, for y e I'. Then C is a congruence on .

Proof. By Proposition 3 the relation C is the union of a system of products of
elements of { T}, which is directed upwards. By Proposition 1 each of these products
. is compatible with U, by Proposition 2 the union of this system is compatible with 2.
Thus C is compatible with 2. As C is an equivalence on the support of %, it is a con-
gruence on .

Corollary 1. Let T, € LT(N) for ye I and let C be the transitive hull of T, for
yeI. Then Ce LT(®) and V T, = C.

vel

Definition 2. Let Lbe a lattice. A mapping ¢ of Linto itself is called a closure opera-
tion on L, if for any a € L, b € Lthe following three conditions are satisfied:

(i) @ < ()
(ii) #x()) = #a);
(iii) #(a) v #(b) < t(a v b).
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Theorem 5. Let W = (A, ) be an algebra, let LT() be the lattice of all com-
patible tolerances on N. For each Te LT(N) let {(T) be the transitive hull of T.
Then t is a closure operation on L T().

Proof. The conditions (i) and (ii) follow from the definition of the transitive hull.
Further, the same definition implies also the implication T, = T, = (T;) < (T3)
and we have ((T") = (T’ v T"), (T") = T’ v T"), which means (T") v (T") =
€ (T' v T") for any T' € LT(A), T" € LT(), which means (iii).

Now we shall add some remarks concerning graphs of tolerances. If T'is a tolerance
on a set M, then the undirected graph G(T) whose vertex set is M and in which two
vertices x, y are adjacent if and only if x Ty is called the graph of T.

Theorem 6. Let T be a tolerance on a set M, let G(T) be the graph of T. Let E be
the transitive hull of T. Then each equivalence class of E is the vertex set of a con-
nected component of G(T) and vice versa.

This assertion is evident.

Theorem 7. Let A = {A, #) be an algebra. For each tolerance T € LT(‘JI) which
is not a congruence choose a partition P(T) of A with these properties:

(i) P(T) is a refinement of the partition of A into equivalence classes of the
transitive hull C(T) of T;

(ii) if Ky, K, are two distinct classes of P(T) which are subsets of the same
equivalence class of C(T), then there exist elements k, €K, k, €K, such that
ky Tk,.

Let E(T) be the equivalence on A whose equivalence classes form the partition
P(T), let C be a congruence on A which contains all E(T) for all tolerances Te
€ LT(A) which are not congruences. Then each tolerance compatible with the factor-
algebra A[C is a congruence.

Proof. Let T, be a tolerance compatible with 2/C. Let y be the natural homo-
morphism of 2 onto A/C. Let T, be a tolerance on A defined so that a T, b, if and
only if y(a) T, x(b). It is easy to prove that T, is a tolerance compatible with 2.
Suppose that T, is not a congruence. Then neither T}, is a congruence. Thus the parti-
tion P(T,) was chosen in accordance with the assumptions of the theorem and there
exists an equivalence E(T;) corresponding to it. We have E(T,) = C. Let x, y be
two elements of A for which x C(T3) y, where C(T3) is the transitive hull of 7, but
not x T, y; as T, is not a congruence, such a pair of elements must exist. If x C y,
then x(x) = x(») and x(x) T; x(y), because T, is reflexive. But from the definition
of T, we have x T, y, which is a contradiction. If x and y are not in C, then neither x
nor y are in E(T,). But, as they are in C(T3), there exist elements x’, y’ such that
x E(Ty) x', y E(Ty) ¥, x' T, y'. As x E(T;) x" and E(T,) < C, we have x C x’ and
analogously y C y’. This means x(x) = x(x'), x(y) = x(»)- But by the definition
of T, from x' T, y" we have x(x") Ty x(y'), which means x(x) Ty x(») and this implies
x T, y, which is again a contradiction.
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An admissible colouring of a graph G is a partition of the vertex set of G such that
no two distinct vertices of the same class of this partition are joined by an edge.
If it has the minimal possible number of classes (colours), it is called a minimal
admissible colouring of G. If K,, K, are two distinct classes of a minimal admissible
colouring of a connected graph G, then there exists a vertex k, € K, and a vertex
k, € K, such that k; and k, are joined by an edge (otherwise we could substitute K
and K, by their union and we should obtain in this way an admissible colouring
with a smaller number of classes). Thus we have a corollary.

Corollary 2. Let A = (A, F) be an algebra. For each tolerance T compatible
with A choose a partition P(T) such that the restriction of P(T) onto any equi-
valence class of C(T), where C(T) is the transitive hull of T, is a minimal admissible
colouring of the corresponding connected component of G(T). Let E(T) be the
equivalence on A whose equivalence classes form the partition P(T), let C be a con-
gruence on W which contains all E(T) for all tolerances Te LT() which are not
congruences. Then each tolerance compatible with the factor-algebra A/C is
a congruence.

We have still another corollary.

Corollary 3. Let A = (A, #) be an algebra. For each tolerance T compatible
with W which is not a congruence let E(T) be the least equivalence containing
C(T) — T, where C(T) is the transitive hull of T. Then each tolerance compatible
with the factor-algebra QI/C is a congruence.

If T, and T, are two tolerances compatible with 2 with the same transitive hull,
then evidently also their join has the same transitive hull. For their meet this need
not hold. The subset of LT() consisting of all tolerances with the given transitive
hull is an upper subsemilattice of LT(2), but it may have more than one minimal
element.

If T, is a tolerance on A and T's the least tolerance from L T() which contains Ty,
we say that Tis generated by T.

Theorem 8. Let C be a congruence on an algebra W = (A, F), let S(C) be the
set of all tolerances from LT(W) whose transitive hull is C. Let T be a minimal
element from S(C). Then T is generated by a tolerance T, on A such that its graph
G(T,) is a forest and the vertex set of each connected component of G(T,) is an
equivalence class of C.

Proof. By Theorem 7 the vertex set of each connected component of G(T) is an
equivalence class of C. In each of these connected components we choose a spanning
tree; these spanning trees of all connected components of G(T) form a forest F.
Define a tolerance T;, on A so that x Ty, y if and only if x = y or x and y are joined
by an edge in F. Then F = G(T,) and T, < T. Suppose that there exists T, = L T()
such that Ty = Ty = T (therefore Ty # T). Let C(T), C(T,), C(T,) denote the
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transitive hulls of T, T,, T, respectively. As T, & T, any connected component of T,
must be contained in a connected component of T; and thus C = C(T,) € C(T)).
As T, = T, we obtain analogously C(T;) < C(T) = C, thus C = C(Ty) < C and
C(T,) = C. But this is a contradiction with the minimality of T.

Theorem 9. Let W = (A, F) be an algebra, let C be a congruence of U. Let F(C)
be the filter of LT() consisting of all elements of LT(A) which are greater than
or equal to C. Let A[C be the factor-algebra of A by C. Then there exists a join-
homomorphism of F(C) onto LT(%/C).

Proof. Let Te F(C), this means C < T. Let x be the natural homomorphism of 2
onto A/C. Define ¢(T) as a tolerance on A/C such that x ¢(T) y if and only if there
exist elements x’, y’ of A such that y(x) = x, x(y’) = y, X’ Ty’". The tolerance ¢(T)
is evidently compatible with 2/C. Now let T, be a tolerance compatible with A/C.
Let T; be a tolerance on A such that a T b if and only if x(a) T, x(b). Again T is
evidently compatible with U. If ¢ C d for some elements ¢, d of A, then x(c) = x(d),
thus x(c) Ty x(d) and this implies ¢ Ty d; we have C = T and thus T, € F(C).
Evidently ¢(T;) = T,. We see that ¢ is a surjection. Now let Te F(C), T' € F(C).
Let a(T v T’) b. Then there exist elements a,, ..., a,; by, ..., b, of A and a poly-
nomial p(xy,...,x,) of A such that p(ay,...,a,) = a, p(by,...,b,) = b and for
eachi = 1,..., neither a; Th;, or a; T’ b;. In the polynomial p(x,, ..., X,) substitute
each element ¢ € A by the element x(c) and each operation f e & by the operation
on A/C corresponding to f in the homomorphism x; we obtain a polynomial
p*(x15 - X,) Of AJC. We have: p*(x(a,), ..., x(a,) = x(a), p*(x(by), ..., x(bn)) =
= x(b) and for i =1,...,n we have either x(a;) o(T) x(b;) or x(a;) o(T") x(b;).
Thus x(a) (¢(T) v o(T")) x(b). We have proved o(Tv T') < o(T) v o(T’). It
remains to prove that ¢(T) = @(T v T'), ¢(T') < ¢(T v T'). If ¢ ¢(T) d for some
elements c, d of A/C, then there exist elements ¢, d’ of A such that (') = ¢, y(d’) =
=d, ¢ Td'. Then ¢' (T v T')d’ and ¢ = x(c') (T v T') x(d') = d, thus ¢(T) =
S ¢(T v T'). Analogously ¢(T’) < ¢(T v T'). The relation ¢(T v T') contains
both ¢(T) and ¢(T’) and is contained in ¢(T) v ¢(T"), therefore (T v T') =
=¢(T) v ¢(T’) and ¢ is a join-homomorphism.

We shall give an example showing that this theorem cannot be strengthened by
substituting the word “join-homomorphism” by “homomorphism”.

Let A = {4, #) be a groupoid with the support 4 = {a,, a,, a3, b} and with
a binary operation given by the following Cayley table:

a, a, az b

a | a a3 a a
a | a3 a; a; 4a;
as | a, a; a; a,
b |a, a; a; b
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Let C be an equivalence on A whose classes are {a,, a,, a5}, {b}. It is evidently
a congruence on . The set F(C) consists of the tolerance C, T;, T, T3, U, where T;
fori = 1, 2, 3is obtained from C by adding the pairs (a;, b), (b, a;), U is the universal
relation on A. Evidently T\ AT, =Ty ATy=T, ATy =C, T, v T,=
=T, v T; = T, v T; = U. The factor-algebra %/C consists only of two elements,
therefore there are only two tolerances on it, the identity relation I, and the universal
relation U,. Suppose that there exists a homomorphism ¢ of F(C) onto LT(/C).
If ¢(C)="U,, then ¢(T)=o(Tv C)=¢(T) Vv ¢(C) = ¢(T) v Uy, = U, for
each Te F(C) and ¢ is not a surjection, which is a contradiction. Thus ¢(C) = I,,.
Dually, if ¢(U) = I,, then ¢(T) = I, for each Te F(C) and this is also a contradic-
tion. Thus @(C) = I, @(U) = U,. From the elements ¢(T;), ¢(T5), @(T) at least
two must be equal, without loss of generality let ¢(T,) = ¢(T,). Then U, = ¢(U) =
=o(Ty v T) = o(Ty) v ¢(T2) = o(T;) = o(Ty) A ¢(T,) = o(T; A Tp) = ¢(C) =
= I, which is a contradiction.

Theorem 10. Let A = (A, F) be an algebra, let C be a congruence of A. Let F(C)
be the filter of LT(N) consisting of all elements of LT(W) which are greater than
or equal to C. Let [C be the factor-algebra of A by C. Then there exists a meet-
isomorphism of LT(A/C) into F(C).

Proof. Let x be the natural homomorphism of U onto A/C. Let Te LT(A/C).
By Y(T) we denote the binary relation on A defined so that x y(T)y for x € 4,
y € A if and only if y(x) T x(y). We have y(T) € F(C); the proof is left to the reader.
Now let Fo(C) be the set of all Y(T) for Te LT(U/C). Evidently each tolerance
T, € F(C) has the property that for any two congruence classes K;, K, of C the
relation k; T, k, holds either for each k; € K, and each k, € K,, or for no k; €K,
and no k, € K,; this property will be denoted by P. It is easy to prove that T} =
= Y(¢(T})), where ¢ is the homomorphism defined in the proof of Theorem 9;
thus T € Fy(C). Thus the subset of F(C) consisting of all tolerances with the proper-
ty P coincides with Fy(C). The set Fo(C) is closed under meet; if T, € Fo(C), T, €
€ Fo(C) and K, K, are two congruence classes of C, then either k, T, k,, k; T, k,
for each k, € K, and each k, € K,, then k, (T; A T;) k, for each k, € K, and each
k, €eK,, or k; T; k, for some i from the numbers 1, 2 holds for no k, e Ky, k, € K,,
then k, (T; A T,) k, holds for no k, €K, and no k, € K,. We see that Fo(C) is
a lower subsemilattice of F(C). If Te LT(2/C), then evidently ¢(¥(T)) = T. Since
we have Y(¢(Tp)) = T, for each T, € Fo(C), we see that ¥ is a bijective mapping
and so is the restriction of ¢ onto Fo(C); this restriction is equal to ¥ ~'. As ¢ is an
order-preserving mapping, so is ¥. As in Fo(C) to any two elements their meet exists
and is equal to their meet in LT(), ¥ must be a meet-isomorphism of LT(U/C)
onto Fy(C), this means into F(C).

We shall give an example showing that { need not be an isomorphism.
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Let A = (A, #) be the semigroup with the support 4 = {ay, a,, by, b, ¢,, ¢,,
d,, d,}, given by the following Cayley table:

a; a, by, b, ¢; ¢ dy d,

;| ey ¢ dy dy ¢; ¢; d; d,
dy|d, d, d, d, d, d, d, d,
d, |d, dy d, d, d, d, d, d,

Let C be the congruence on U whose classes are {ay, a,}, {by, b,}, {cy, ¢z},
{dy, d,}. Let T, be the congruence on A whose classes are {a,, a,, b, b,}, {cy, ca,
dy, d,}, let T, be the congruence on U whose classes are {ay, a,, ¢y, ¢,}, {by, b,
dy, d,}. We have T; € Fo(C), T, € Fo(C). Let T= T; v T,. Then a, Td,, because
ay Ty by, a, T, c,, thus a, = a,a, Th, ¢, = d,, but the elements a,, d, are notin T.
As a; C a,, dy C'd,, this means that T= T, v T, ¢ F(C) and Fy(C) is not closed
under join, thus ¥ is not an isomorphism of LT(¥/C) onto Fy(C).

Theorem 11. Let A = (A, F) be an algebra, let C be a congruence on U, Let J(C)
be the ideal of LT(W) consisting of all elements of L T(A) which are less or equal
to C. Let there exist a subalgebra U, of A whose support A, is one of the congruence
classes of C. Then there exists a join-homomorphism of LT(,) into J(C).

Proof. Let Te LT(%,), let «(T) be the least compatible tolerance on A which
contains T. Then «(T) < C; as C obviously contains 7, this means «(T) € J(C).
Now if T" € J(C) and T” is the restriction of T’ onto A, then evidently T” € LT(U,)
and o(T") € T'. Thus o is a mapping of L T(,) into J(C). Now let Ty € L T(%,),
T, € LT(A,). Then o(T;) v ofTy) is a tolerance from J(C) which contains both T
and T,. As it contains T; and T, and is compatible with 2, it must contain also
T, v T,, which means oT; v T) < ofT;) v ofT,). But evidently «(T;) <
STy v T,),T;) € Ty v T,), thus o(Ty) v (Ty) S o Ty v T,)and o Ty v T)
= a(T;) v oT;). We see that o is a join-homomorphism of LT(2,) into J(C).

Theorem 12. Let A = {A, ) be an algebra, let C be a congruence on U. Let
J(C) be the ideal of LT() consisting of all elements of LT() which are less than
or equal to C. Let there exist a subalgebra W, of A whose support A, is one of the

congruence classes of C. Then there exists a meet-homomorphism of J(C) into
L T(%,).
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Proof. Let Te J(C), let B(T) be the restriction of T onto A,. Then evidently
B(T)e LT(A,) and ofB(T)) & T, where a is the join-homomorphism from the
proof of Theorem 12. Let L, be the set of all elements of LT(%,) which are images
of elements of J(C) in the mapping B. Evidently an element Te LT(%,) is in L,
if and only if the restriction of «(T) onto A4, is equal to T. Let T, € Ly, T, € L, and
consider T; A T,.

For each Te J(C) the relation ﬂ(T) is the intersection of T with the universal
relation U, on A,. Therefore (T} A T,) = Ty 0 T, n Uy = (Ty N Up) N (T, 0
n Up) = B(Ty) A B(T;). Thus the mapping f is a meet-homomorphism of J(C)
onto Ly, this means into LT(,).

3. COMPACTNESS ON THE LATTICE LT(%)

Definition 3. An element ¢ of a complete lattice Lis called compact, if for each

subset M of Lsuch that ¢ <V x there exists a finite subset N of M such that ¢ <
xeM

< V x. A lattice Lis called compactly generated, if each element of the lattice Lis

xeN
a join of compact elements. -
This definition is from [11], p. 65, § 25.

Definition 4. Let A = (A, &) be an algebra, a € 4, b € A. By the symbol T,, we
denote the least (with respect to the lattice ordering) tolerance from LT(%) for
which a T, b holds.

The correctness of this definition follows from Theorem 5.

Theorem 13. The tolerance T, is a compact element of the lattice LT() for
eacha€ A, b e A, where A is the support of the algebra .

Proof. Let T, LT() for y eI, where I' is a subscript set and T, = V T,.
yel
Then a T,, b implies a (V Ty) b. By Theorem 2 there exist elements ay, ..., d,,
yel

by, ..., b, of A, elements yy, ..., 7, of I' and a polynomial p(xy, ..., x,) on A such
that p(ay, ..., a,) = a, p(by,...,b,) = b and a; T,, b; for i = 1,..., n. Therefore

also a(V T,,) b. As T, is the least tolerance in LT() fulfilling a T, b, we have
i=1 ‘
n
T, < VT,
i=1

Instead of a T'b we shall sometimes write (a, b) e T.

Theorem 14. Let T LT() for an algebra A = (A, F). Then T= V T,
(a,b)eT
Proof. Let Te LT(Y), let c€ 4, d€ A, ¢ Td. By Theorem 14 we have T, €
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€ LT() and thus ¢ T, d, which implies ¢( V T,)d; this means TS V T,
(a,b)eT (a,b)eT

Conversely, let ¢( V T,)d; then by Theorem 2 there exist elements c;, ..., c,,
(a,b)eT

dy, ..., d, of A and tolerances T; € {T,;;(a, b)e T} for i = 1,..., n so that ¢; T; d,
and there exists a polynomial p(xy, ..., x,) of the algebra 2 so that p(c,, ..., ¢,) = ¢,
p(dy, ..., d,) = d. As T, €{Ty; (a, b) € T}, there exist elements a(i), bi) of A such
that a(i) Tb(i) and T; = T, Evidently T,, = T for each a€ 4, be A4, a Th,
therefore c; T; d; implies c¢; Td;. The compatibility of T and Definition 1 imply
¢ = p(cys ... ¢) Tp(dy, ..., d,) = d, therefore V T, = T, which completes the
proof. Kbl

Corollary 4. The lattice LT() for every algebra A = {A, F) is compactly
generated.
For an arbitrary T € LT(), Theorem 54 from [11] implies that the equality T =

= V T, holds. By Theorem 14 each tolerance T, is a compact element of L T(2(),
(a,b)eT

which implies the assertion.

Remark. This corollary is a generalization of an analogous theorem for lattices
of congruences (see [3], Theorem 6).

4. ATOMICITY OF THE LATTICE LT(%)

In [1] the following concept is introduced:

Definition 5. A lattice Lis relatively atomic, if each interval of this lattice is an
atomic sublattice of L.

In [1] it is proved that the lattice K(2) of all congruences on an algebra A =
= (4, F) is relatively atomic (Theorem 67). The proof of this property is based
on the fact that each congruence on U determines a partition of 4, which does not
hold for tolerances in general. But for an idempotent algebra 2, an analogous as-
sertion holds on classes on 4 which need not be pairwise disjoint (thus they need not
form a partition). »

The following theorem shows that this property is sufficient for the validity of an
analogous theorem for LT(), if also the lattice of subalgebras of 2 is relatively
atomic.

Let A = (4, F) be an algebra. By 9’(91) we denote the set of all subalgebras of

the algebra 2. If N A’ + @, denote F(A) = #(A), in the opposite case denote
Wep(A)

SL(A) = 2(A) U {B}. Then we define the ordering on S (A) in the following way:
If € #(N), then § < A’ for each A’ € F(A). For each A € £(A) and A" € #(A)
we have A’ < A” if and only if A’ is a subalgebra of A”. In [2] it is proved that
&() is a complete lattice with the least and the greatest element with respect to the
ordering <.
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An algebra A = (4, F) will be called idempotent, if for each element a € 4
and each n-ary operation f € # we have f(a, ..., a) = a.

Theorem 15. Let U be an idempotent algebra such that () is a relatively
atomic lattice. Then LT() is a relatively atomic (thus also atomic) lattice.

Proof. Let T, e LT(N), T, € LT(A), T; = T,, T; * T,. For the sake of simplicity
of this proof we shall not distinguish an algebra from its support. According to Theo-
rems 3 and 4 in [10] there exists a system {2, y € I'} of subalgebras of the algebra A

such that U A, = A and x T, y if and only if there exists y € I' such that x € 2,
yel

y € A, This system has the property that if f is an n-ary operation on 2 and y,, ..., y,
are elements of I', then there exists y, € I' such that x; € 2, for i = 1, ..., n implies
S(xy, ..., x,) € A, Analogously there exists a system {2,, u€ M} of subalgebras
of A such that U A, = A and x T, y if and only if there exists u € M such that

neM
xeA,, ye A, This system has a quite analogous property to the above mentioned
property of {2,,yeI'}. As Ty = T,, to each y € I' there exists u € M such that U,
is a subalgebra of A,. As T} + T, there exists at least one algebra A, for y, e I’
and at least one algebra A, for u; € M such that 2, is a proper subalgebra of 2, .
As #() is relatively atomic, there exists a subalgebra B of the algebra 2 which
covers A,, in the interval (21, , %, > of the lattice (). Now let us choose a system
of algebras & = {A,,yeI — {y,}} v {B}. This system is a covering of the algebra A
by subalgebras, therefore it induces a tolerance T, (this means x T, y if and only if
either x € B, y € B, or there exists y € I' — {yo} such that x € A, y € A,). Evi-
dently T, covers T; in the interval {Ty, T,) in the lattice of all tolerances on 2I.
If Ty, is a tolerance compatible with , then T, € LT() and T, covers T also in the
interval (T,, T,) of the lattice LT(). If T, is not campatible with 2, then let
be the set of all tolerances T from LT() for which T, = T < T, holds. Evidently
€ + 0, because T, € ¢. As LT()is a complete lattice, T" = A Tis again a tolerance

Te¥
compatible with 2 and T, = T’, therefore T; + T, implies T; + T’ and there does
not exist any compatible tolerance between T; and T'. Therefore T’ covers T; in the
lattice L T(). We have proved that LT(%) is relatively atomic. -

5. DISTRIBUTIVITY OF THE LATTICE LT(2)

In the paper [4] it is proved that the lattice /#'(£) of all congruences on a lattice £
is distributive and even that X(®) is infinitely meet-distributive. For LT(L) an
analogous assertion can be established in the case when L is distributive. In this
item we shall not distinguish an algebra from its support, as is usual in the lattice
theory.
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Lemma 1. Let £ be a lattice, let p(xl, ceos x,,) be a lattice polynomial. Then for
each a € 8 the equality p(a, ..., a) = a holds.
This follows from Lemma 6 in [6], page 33.

Lemma 2. Let £ be a distributive lattice, let p(x,, ..., x,) be a lattice polynomial.
Then for arbitrary elements a, aq, ..., a, of 2 the following equalities hold:

pay,...,a,) Aa=pla, Aa,...a, A a),
p(ay,...,a,) va=pla va,..a,va).
This follows from Lemma 8 in [6], page 44.

Theorem 16. Let £ be a distributive lattice. Then LT(R) is distributive and
infinitely meet-distributive.

Proof. By Theorem 28 in [11] it is sufficient to prove that LT(£) is infinitely
meet-distributive. In every lattice the so-called distributive inequalities (see [1])
hold, by Theorem 1 the lattice L T(£) is complete, therefore the inclusion

TAVT,2V(TAT,)

yel vel
holds for arbitrary T, and T from LT(£). We shall prove the converse inclusion. Let
ae® bef and a(T AV T,)b. Then by Theorem 1 we have a Th, a(V T,) b

yel' yel.
and by Theorem 2 there exist elements ay, ..., a,, by, ..., b, of £, elements y,, ..., ¥,
of I and a lattice polynomial p(x,, ..., x,) such that p(ay, ..., a,) = a, p(by, ..., b,) =
=band a; T, b;fori = 1,..., n. Consider the elements y;, z; such that

(1) yi=(aanb)va)a(avhb),

zi=(a@aAnb)vb)a(avh).
Evidently

) anb=<y;Savb, anbgz;Zavb
for i = 1,..., n. Further Te LT(8), thus
(3) aTb=>aAbTavh.

This follows for example from Theorem 1 in [9]. From the quoted theorem and from
(3) we obtain :
(4) Vi Tz

fori =1,...,n. By Lemma 1 we have p(yy, ..., ¥,) = ((p(a, .., @) A p(b, ..., b)) v .
v pay, ..., a,)) A (p(a, ..., a) v p(b, ..., b)) which is equal (by Lemma 1) to

(5) Py -wy)=(@aAab)va)a(avb)=a.
Analogously we can prove
(6) p(Zl, oeey Zn) = b .
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The compatibility of the relations T, and (1) implies (by Lemma 2)
(7) Vi Tw Z;

fori = 1,..., n, because a; T,, b;. From (4) and (7) it follows that y, (V (T ~ T,)) z;
yel
and the property V (T A T,) € LT(£) implies also
yel

a=p(ys ..o ¥n) (\/r(TA T)) p(zy, .. 2,) = b.
YE
Therefore we have
TAVT,sV(TAT),

yel yel
which completes the proof.

6. TOLERANCES ON A SET

Let A be a non-empty set. In the paper [11] it is proved that the set of all equiva-
lences on A is a complete relatively complemented semimodular atomic lattice. Let
T (A) denote the set of all tolerances on the set 4 and let us investigate the structural
properties of J(A). The following theorem shows that the structure of the lattice
7 (A) is much simpler than that of the lattice of all equivalences on A. This is a dif-
ference in comparison with the case of the lattices L T(2[) and () of an algebra 2.

Theorem 17. Let A be a non-empty set. Then T (A) is a complete atomic Boolean
algebra, the operation A is equal to the set intersection, the operation v is equal
to the set union.

Proof. It is evident that if T, 7(4) for each y from a subscript set I', then

N T, and U T, are again tolerances on 4; thus v is equal to the set union and A
yel' yel

is equal to the set intersection. Further, the identity relation I (or the universal
relation U) is the least (or greatest, respectively) element of 7(4). The lattice 7 (A4)
is a sublattice of the lattice of all binary relations on the set A4, i.e. of the lattice
P(A x A)of all subsets of the Cartesian product A x 4. But #(A x A)is a complete
Boolean algebra, the distributivity is a hereditary property, therefore 77(4) is a com-
plete distributive lattice with both the least and the greatest element. Let a, b be two
distinct elements of 4. By T,, we denote the tolerance on A such that x Ty if and
onlyif x=y,orx=a, y=>b, or x=>b, y =a. The tolerances T, for all pairs
of distinct elements a, b of A are evidently atoms of 7 (A). If a tolerance on 4 is
different from the identity relation, there exist at least two distinct elements a, b
of A which are in this tolerance and thus this tolerance contains the atom T,, of 7(4).
Therefore T (A) is atomic. It remains to prove the complementarity. Let Te 7 (A)
Then T=1uU S, where S is a symmetric irreflexive binary relation. Evidently
U =1u Sy, where Sy is the relation of inequality (this means that a Sy b if and
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onlyifac A, be A, a + b). Denote S’ = S, — S. Evidently S’ is again a symmetric
irreflexive relation and thus T = I U §' is a tolerance on A. Then
TAaT =(IuS)n(IuS)=Iu(SnS)=Ivul=I,
TUT =(IuS)u(IuS)=IuSuS =IuS;=U.
This means that T’ is a complement to 7, which completes the proof.
In [10] a t-covering of a set M was defined as a covering M = {M,, yeI'} of M
by subsets for which the following conditions hold:
(@) if yoeI, I'y = T, then
M, csUM,=N\M,csM

yelo yel'o

70 ?

(ii) if N = M and N is contained in no set from M, then N contains a two-element
subset with the same property.

In [10] it was proved that there is a one-to-one correspondence between tolerances
on M and t-coverings of M such that if a t-covering M corresponds to a tolerance T,
then M, consists of the maximal subsets of M with the property that any two
elements of such a subset are in the relation T. If Tis an equivalence, then M is the
partition of M into equivalence classes of T.

Now let M be a z-covering of a set M, let P be a partition of M. The partition P
will be called the partition hull of M, if P is the least partition of M such that each
set of M is contained in a certain class of P. .

If two sets of 9 have a non-empty intersection, then they must be contained in
the same class of P(M), where P(M) is the partition hull of M; otherwise P(M)
would contain two distinct classes having a non-empty intersection, which is im-
possible. If M, ..., M, are sets of M such that M\; " M;,, £ Ofori=1,...,n — 1,
then M; and M,;,, are contained in the same class of EB(EUK); as to each set of M
exactly one class of (M) containing it can exist, all sets M, ..., M, are contained
in the same class of P(M). Thus we may consider a tolerance 4" on M such that
(M, M) e A if and only if M n M’ # 0. Let %(A4") be the transitive hull of 4.
Then the union of all sets belonging to a class of %(.4") must be contained in a class
of P(M). On the other hand, these unions form a partition of M with the property
that each set of M is contained in a certain class of this partition. Thus P(IM)is a parti-
tion, each of whose classes is the union of all sets belonging to a certain equivalence
class of €(A).

Theorem 18. Let T be a tolerance on a set M, let C(T) be its transitive hull.
Let M, be the t-covering of M corresponding to T, let B be the partition of M into
the equivalence classes of C(T). Then B is the partition hull of M.

Proof.LetaeM,beM,a C(T) b. This means that there exist elements x,, ..., X,
of M such that x;, = a, x, = b, x; Tx;,for i =1, ..., n. Then for each i from the
numbers 1, ..., n — 1 there exists a set M; € My such that x; e M;, x;,, € M;. We
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have x;.4 € M, X;41 € M;y4, thus M; n M, -+ 0, which means (M;, M;, )€ A,
where 4" is the tolerance on My defined above, fori = 1, ..., n — 1. This means that
(M, M,,) € ¢(4") and the sets M,, M, _, are contained in the same class of the parti-
tion hull of M;. A§a = x, e M,, b = x,€ M,_,, the elements a, b are in the same
class of the partition hull of M;. As a and b were chosen arbitrarily, each equivalence
class of C(T) is contained in a class of the partition hull of M;. Now let c € M,
d e M and let ¢ and d be contained in the same class of the partition hull of M.
Then there exist sets M1, ..., M, of My suchthatce M, de M, and M; " M, + 0
fori=1,...,n — 1. For each i from the numbers 1, ..., n — 1 we choose an element
Yi€EM;nMj,;. We have ¢ Ty,, y,Td and y; Ty;., for i=1,...,n — 1. Thus
¢ C(T)d. As c and d were chosen arbitrarily, each class of the partition hull of M
is contained in an equivalence class of C(T). The assertion is proved.
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OF THE DERIVATIVES OF A MEROMORPHIC FUNCTION

H. S. GorPALAKRISHNA and SUBHAS S. BHOOSNURMATH*), Dharwar
(Received April 16, 1975)

We denote by C the set of all finite complex numbers and by C the extended
complex plane consisting of all (finite) complex numbers and co. By a meromorphic
function we shall always mean a transcendental meromorphic function in the plane.
We use the usual notations of the Nevanlinna theory of meromorphic functions as
explained in [2] and [4]. )

If f is a meromorphic function we denote by S(r, f) any quantity satisfying

(1) J &%—) dy = 0<J'r log 1 Tg’if)>

ro X ro X
as r — o0, whenever 4 > 0 and

2 S(r. f) = o(T(r, f))
as r = o0, through all values if f is of finite order and outside a set of finite linear
measure if f is of infinite order.

If f is a meromorphic function, then we have the following fundamental results
of NEVANLINNA [3, page 63].

m(r, f'[f) = S(r. f)

and
. .
(9 —2) T(r, f) §.;N(r, a, f) — Ny(r) + S(r. f)
whenever ay, ..., a, are distinct elements of C, where

Ny(r) = 2N(r,f) = N(r.f") + N(r, 1/f) .

Generalisations and extensions of these results have been obtained by MILLOUX,
HAYMAN and others and most of them are found in [2]. In [2], Hayman denotes

*) Research of the second author is supported by the Department of Atomic Energy, Bombay.
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by S(r, f) any quantity satisfying (2) above. However, since all the results are obtained
from the fundamental results of Nevanlinna it is easy to see that the theorems in [2]
are valid with S(r, f} satisfying (1) and (2) also.

In particular, we have [2, Theorem 3.1], for a meromorphic function f,

(3) m(r, f®lf) = S(r.f)

for each integer k = 1.
If f is a meromorphic function of order g, 0 < ¢ £ oo and a € C, we define

* +
o(@, 1) = lim sup &M@ S) _ jipy g Jo8" N0 )
LRt log r rowo log r
+ = -
&0, f) = Bmsup PEBBEE) _ o o, 108" NE0)

r+w logr ro o logr
and we call a

(i) an evB (exceptional value in the sense of Borel) for f if o(a, f) < o,

(ii) an evB for f for distinct zeros if g(a, f) < ¢, and

(iii) an evP (exceptional value in the sense of Picard) for f if f assumes the value
a only a finite number of times or, equivalently, if n(r, a, f) = 0(1).

If L > 0 and a is an evP for f then a is clearly an evB for f whereas if ¢ = 0 then,
trivially, f has no evB in C. ,
In [1] Hayman proved the following theorem [2, Theorem 3.5, Corollary].

Theorem A. If f is a meromorphic function and m is a positive integer, then
either f has no evP in C or f™ has no evP in C except possibly zero.

In this paper we extend this theorem to certain linear combinations in the suc-
cessive derivatives of f.

We first prove the following lemma.

Lemma 1. Let f be a meromorphic function and Y, = a, f + ... + a,_,f* 2 +
+ a,f® with k = 3, where a,, ..., y_,, a, € C and a, + 0. If Y/, is not a constant,
then

4) 2Ny(r,f) £ N(r, f) + N(r, 1/(¥; — 1)) + No(r, 1/ys) + S(r. 1),

where N(r, f) is obtained by considering only the simple poles of f and in
No(r, 1/¥s) only distinct zeros of W which are not zeros of Y, — 1 are to be
considered.

Proof. Let
70 il
{1 =y}

g9(z) =
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Let a be a simple pole of f. Then in a neighbourhood of a we have
f(z) = b + h(z) -
Z—a

where b e C, b # 0 and h(z) is analytic.

Thus,
1 —yiz)=1 +(—__l)":# ._kzz(_ii!%‘? _ ¢(z)
(z - a) 1 (z —a)
where
k—2
#(2) = ¥ a; kO(2) + a, h%(z).
i=1
Hence,
L= 09 = e (D R ab + (2 = 0 )
(z _ a)k+l
where

W) = (2 = aF 1 (1 = $(2) - T (1) itz = a2
is analytic.
Also,
1

Yi(z) = {(=1** (kK + 1) ab + (z — a)>v(2)}

where

k—2
W(z) =(z—-a)fd'(2) + (1) (i + 1) ab(z —a)f 2

i=1

is analytic.

Therefore, in a neighbourhood of a, .
(=11 (K + D! agb + (z — a) o(z) [+
® e
[(—1) ' klayb + (z — a)*u(z)]
Hence

g(a) = (=1 +]:!(:‘;- )

Thus, a is neither a zero nor a pole of g.
On the other hand, it is easily verified from (5) that a is a zero of g'.

Hence N,(r, f) £ No(r, 1/g"), where, in Ny(r, 1/g) only distinct zeros of g’ which
are not zeros of g are to be considered.

+£0, Fo0.

Thus,
Ny(r.f) = No(r, 1/g) = N(r, 9/9') < T(r, 9/g") =
. = T(r, 4'[lg) + O(1) = N(r, g'[g) + S(r, 9)
(6) ’ Ny(r,f) = N(r, g9) + N(r, 1/g) + S(r, g) .
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Clearly zeros and poles of g can occur only at multiple poles of f or zeros of y, — 1
or zeros of Y other than the zeros of Y, — 1.
Thus, ‘ .
(7) N(r,g) + N(r, 1/g) < N(r,f) — Ny(r. f) +
+ N(r, 1/(¥; — 1)) + No(r, 1/y5) . .
From (6) and (7) we obtain (4), since it is easy to see that S(r, g) = S(r, ) and
S(r, ¥) = S(r, f).

Theorem 1. Let f be a meromorphic function and V. be as in Lemma 1. If §
is not a constant, then

(8) T(r, f) < 3N(r, 1/f) + 4 N(r, 1/(y, — 1)) + S(r, f).
Proof. By [2, Theorem 3.2] we have
) T(r.f) < N(r,f) + N(r, 1[f) + N(r, 1/(¢, — 1)) —

— No(r, 1J¥5) + S(r, f),
where in No(r, 1 /l,b’f) only zeros of Y/, which are not zeros of y, — 1 are to be con-
sidered.
Now

2N(r,f) S N(r.f) + Ny(r, f) £ T(r, f) + Ny(r. f)
Hence, from (4) and (9),
N(r,f) < 2N(r, 1[f) + 3 N(r, 1/(y; — 1)) — 2 No(r, 1)) +
+ No(r, 1)¥5) + S(r, f) .
Using this in (9) we obtain
T(r, f) < 3N(r, 1)f) + 4 N(r, 1/(¢; — 1)) — 3 No(r, 1[¥}) +
+ No(r, 1y) + S(r, f)

which yields (8) since No(r, 1/y) < No(r, 1/y/).

The following theorem is an extension of Theorem A of Hayman mentioned earlier.

Theorem 2. Let f be a meromorphic function and Y, = a, f® + ... + a,_,f*™? +
+ a f® with k=3, where ay,...,a,_,, a,€C and a, +0. If Y, is not a
constant then

(i) either f has no evP in C or Y has no evP in C except possibly zero, and

(ii) either f has no evB in C or Y, has no evB for distinct zeros in C except pos-
sibly zero.

Note. It is easy to see that.the order of ¥, < the order of f. When the order of ¥/,
is positive, (ii) implies (i).

Proof. Let wy, w, € C and w, % 0. Define F by

Fz) =@ ="
Wwa

Then T(r, F) = T(r,f) + O(1) and S(r, F) = S(r, f).

If Y denotes a,F V) + ... + a,_,F*™ 2 + q,F®, then yp = ¢ [w,.
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Applying Theorem 1 to F, we obtain .

(10) T(r,f) = T(r, F) + O(1) < 3N(r, 1/F) + 4 N(r, 1/(yr — 1)) + S(r, F) =
= 3N(r, 1/(f — wy)) + 4 N(r, 1/(¥; — w,)) + S(r, f).

If f — w; and ¥, — w, have both only a finite number of zeros it follows from

(10) and (2) that
{1 + o(1)} T(r, f) = O(log r)

as r — oo outside a set of finite measure.

This implies that '

lim inf Z(r,_f) < o0,
ro logr

so that f is a rational function contrary to our hypothesis that f is transcendental.
This proves (i).

On the other hand, if w, is an evB for f and w, is an evB for y, for distinct. zeros
then we can choose a positive number 4 < g, where g is the order of f, such that

N(r, 1/(f = wy)) = O(r*) and N(r,1/(¢; — w,)) = O(r*).
Choosing p such that A < ¢ < ¢, we then have
(11) r{\f(x, =) gy < o0 and Jw Neo = %a) gy < oo
% .

x1+u

ro

Also, by (1),

ro

J S(x.1) dx = o (J __T(x,f) dx) .
o x1+u, - x1+u
Hence, by (10),

{1+ O(l)}f Md < 3j’wd,€ . 41' NGo 1y = wa)) 4

x1+y xl +u

ro ro

whence it follows by (11) that

xl+u

Jdex<w.

ro
This implies that ¢ = the order of f < p, which is a contradiction. This proves (ii)
and completes the proof of Theorem 2.
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THE EXISTENCE AND THE UNIQUENESS OF DISTRIBUTIONAL
SOLUTIONS OF SOME SYSTEMS OF NON-LINEAR
DIFFERENTIAL EQUATIONS

JAN LiGgza, Katowice
(Received July 17, 1975)

1. INTRODUCTION

Let f; i=1,..., n) be operations defined for every system of real functions
(#1(#)s ..., ya(2)) of locally bounded variation in the interval (a, b) < R'. Moreover,
let £i(y4(2), ..., yx(t)) be a measure in (a, b) (i.e. fi(y1(t), ..., y.(t)) is the first distribu-
tional derivative of a real function of locally bounded variation in (a, b)). In this
paper we consider the following system of equations

(*) i) = fiys(t), ... (1)) (i=1,...,n),

where the derivative is understood in the distributional sense. By a solution of the
system (*) we understand every system of real functions (y,(¢), ..., y,(t)) of locally
bounded variation in the interval (a, b), which satisfies equation (). This class will
be denoted by V{,s. We prove some theorems on the existence and the uniqueness
of solutions of the system (x). Our results generalize some theorems for linear and
non-linear differential systems (see [6], [9], [10], [12], [13]). The sequential theory
of distributions will be used (see [4]).

2. THE PRINCIPAL RESULTS

First we introduce some notations.

A sequence of smooth, non-negative functions {5,(t)} satisfying: [Z, d,(t) dt = 1,
0(t) = 6,(—1), 8(t) = O for || = «;, where {o,} is a sequence of positive numbers
with o —» 0 as k — oo is called a d-sequence.

We understand the product, the mean value and the modulus of distributions as
generalized operations (see [2], [3], [4]).

One may prove that if P is a function of locally bounded variation in the interval
(a, b), then for every t, € (a, b) the mean value P*(t,) of P at the point ¢, exists and
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oo\ _ Plto+) + P(to—)
(2.1) P1,) = s 3

where P(to+) (P(to—)) denote the right (resp. left) hand side limits of the function
P at the point 7, (see [3]).
Let p be a measure defined in the interval (a, b) ((— oo, 0)). Then we put

(22) r p(i) dt = PHd) — P¥(c), J 0 dt = lim '[dp(t)dt,

c - [4

c— — 0

where P’ = p and ¢, d € (a, b).
In the case when P is a function of locally bounded variation in the interval (a, b)
and g is a measure (in (a, b)), then it has been proved in [11] that

ey |[Fodva]s|[Irlok 0] s e loto|[ 10

Now we shall introduce two hypotheses.

Hypothesis H,. 1. Let f; (i = 1, ..., n) be operations defined for every system
of functions (yy(t), ..., y«(t)) of locally bounded variation in R'. Moreover, let
S{y1(£)s ..., ya(t)) be measures in R'.

2. There exist non-negative measures L;t) (i,j = 1, ..., n) defined in R' such

that for two arbitrary systems of functions (y(t), ..., y,(t)) and (34(2), ..., 7.(t))
of locally bounded variation in R* we have

@4 |flra(®)s - ) = £(FA), - TAD))] §j§11‘u(t) ) = 70 »
(2:5) 2 Ltdt <1, J ) |fdts - t)| dE < 00,

e o]
=1 ) _ o
where t,, ..., t, denote constant functions').

Hypothesis H,. 1. Let f; (i = 1, ..., n) be operations defined for every system of
functions (y(t), ..., y?)) of locally bounded variation in the interval (a, b) = R*
and such that f(y,(t), .-, y«(t)) is a measure.

2. There exist non-negative measures L;(t) defined in the interval (a, b) such that
for arbitrary two systems of functions (y,(£), ..., y.(t)) and (3,(t), ..., 7.(1)) of locally
bounded variation in the interval (a, b), inequality (2.4) holds.

Example 1. Let L(f) and g(t) be measures defined in R* and such that |*, |L|(f)dt <’
<1, {2, |g] () dt < oo. Moreover, let h be a constant and let y(z) be a function of

locally bounded variation in R!. Then it is not difficult to check that the operation f
defined by

(2.6) F(() = L()

satisfies the hypotheses H; and H,.

1

1+ yX(t+ h) +ol)

1) The inequality between two distributions is understood as in [2].
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Theorem 2.1. Let hypothesis H, be fulfilled. Moreover, let h be a constant. Then
the problem -

(2.7) {y;(t) = fiys(t + h), ..., y(t + h))

.V:‘(to)=y(1)a i=1,""n
has exactly one bounded solution in the class V{_ , ).

Remark 1. We understand that two systems of functions from the class V{, ) are
equal, if they are equal in the distributional sense.

Remark 2. The assumptions (2.5) in Theorem 2.1 is essential. This can be observed
from the following

Example 2.

(2.8) {y’(t) =26(1) ¥(t)
y*(— 1) =0 )

where J denotes Dirac’s delta distribution. In fact, let H denote Heaviside’s function
and let ¢ denote a constant. From the equality
(2.9) Hé =46 (see [14])
it is not difficult to show that the distribution y = cH is a solution of the problem
(2.8).

Let all elements of the matrix L = (L;;) (i,j = 1, ..., n) be measures defined in the
interval (a, b) < R'. We say that the matrix L has the property (P) in the interval
(a, b) if for every t, € (a, b) there exists a number & > 0 such that

tot+e

(2.10) [to — &ty + €] = (a,b) and 211'[ || () dt < 1.

to—¢
It is easy to verify that every locally integrable function in the interval (a, b) has the
property (P). There exists a matrix of measures, which has not the property (P).
In fact, let us put L(t) = 26(t),a = —o0, b = o0 and ¢, = 0.

Theorem 2.2. Let hypothesis H, be satisfied. Moreover, let the matrix L = (L;;)
have the property (P) in the interval (a, b). Then the problem
(2.11) {y'i(t) = fi(y1(1), . ¥a(1))
yilto) = W, to €(a,b), i=1..n
has exactly one solution in the class Vi, .
- Remark 3. Let f(¢, vy, ...,0,) (i = 1, ..., n) be real functions defined in the set
Dia<t<b, —0<U),..,0,< 0.
Moreover, let us assume that:

1. The functions fit, vy, ..., v,) are measurable with respect to ¢ for every system
(Bys =es By



2. The functions f(t, vy, ..., v,) are continuous with respect to (vy, ..., v,) for every
te(a, b).

3. There exist non-negative, locally integrable functions (in the interval (a, b))
Li(t) (i,j = 1, ..., n) and u(¢) such that

212) it 01008 = BB o8] S 3, L) by = 51

(2.13) [7(£,0, ..., 0)| < u(?).
Then the problem

(214) {y:(t) = fl(ta yl(t)’ sie w9 yn(t))

yito) = ¥y, toe(a,b), i=1,...,n
has exactly one solution in the Carathéodory sense in the interval (a, b) (see [5]).
It is easy to verify that the right-hand side of the system (2.14) satisfies hypothesis

H,, too. Thus in this case Theorem 2.2 generalizes the classical Carathéodory’s
result.

Remark 4. Non-continuous solutions of ordinary differential equations have been
considered either by means of integral equations with generalized Stieltjes integral
(see'[7], [8], [15], [16]) or by means of theory of distributions (see [6], [9], [10], [12],
[13]). The distributional solutions of non-linear differential equations have not been
sufficiently studied. In [6], [9] and [10] the authors give theorems on the distribu-
tional solutions of some linear differential equations, but the product of two distri-
butions is understood more generally in our paper than by those authors. More
precisely, the existence of the product of a measure and a continuous function or
a function of locally bounded variation does not result in general from the definition
given in [6]. Hence our results may be applied even to some types of linear differential
equations in the case when the theorems from [6], [9] and [10] cannot be used.

3. PROOFS

Proof of Theorem 2.1. We shall apply the method of successive approximations.
Thus we consider the sequence of functions {g,,} defined as follows

(31) gio(t) = _V? ’ giu(t) = y? +J‘ fi(glu—l(s + h)9 L] gnv—l(s + h)) dS ’

i=1,...,n, v=12,..., teR'.
We put

(32) L=y j "L, M, = j RRTTCR Py
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In view of (2.3) and (2.4), we have

(33) lgi(t) — gfo-1(t)] < M;L{™" forevery te(—oo, o).
Hence we infer that the sequence of functions {g‘,,(t)} is uniformly convergent to
a function g; € V(- », ) as v > oo. In fact, the inequality (3.3) implies

(34) lg:l* (2) = |¥7)] + - Ez.'

Thus g, is a bounded function in R'. We consider a finite sequence of numbers {t,}
such that t;, < t, < ... < t,. Since

(3.5) Zlg (1) — giu(te—1)| éf £y, .. ¥2)| dt +
- ; Jm Lij(1) [g0-1(t + B) — »3| dt < M, +

+3 j L) (8] + )dt+z j 193] Lie)

g is a function of locally bounded variation in R!. Taking into account that bil (3.3)
the sequence of functions {g7(¢)} is uniformly convergent, we obtain
(3:6) gito+) = yi + lim lim (F () — Fito)) =

t=tot

=y? + lim hm (Fi(t) = Fifto)) = ¥! + 31im (Fi(to+) — Fi(to—=))

v 1t

where Fi,(1) = f(g1(t + h), ..., guo(t + h)). Similarly

(3.7) glto—) =y + hm hm (F (1) — Fii(to)) =
=y +,,11,T, tljf“ (Fi (‘) F;, (‘0)) =y - 2l (Filtot+) — Fulto—)) -

Hence g7(to) = 7. Next, by (2.3) and (2.4) we conclude that

{g1(s + ), ..., gu(s + B)) — fdg1(s + h), ... gus + B))]ds| <

< L(Y suplg; — g5l* (1) -
j=1 teR}

Thus the system of the functions (g4(£), ..., g,(¢)) is a solution of the problem (2.7).
It remains to prove the uniqueness of the solution. Let g, ..., g, be bounded functions
of locally bounded variation in R' such that g7(to) = ¥{, (9:(t), ..., g.(t)) *
* (g4(2), ..., @(1)) (i = 1, ..., n). Moreover, let the system of the functions (g,(?), ...
.-+ Ga(t)) satisfy the system (2.7). Then the inequality (2.4) yields

(39) K< K( )3 j :OLU(t) dt),

i,j=1
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n

where K = Y sup |g; — g;|* (¢). The last inequality contradicts (2.5), which implies
i=1 teR!

our assertion.

Proof of Theorem 2.2. Let (a4, by) and (a,, b,) be two intervals such that
(ay, by) 0 (az, by) 0, [ay, by] U [ay b,] = (a,b) and Y [ Liy(t)dt <1 for
=1

r = 1,2. Moreover, let § >0 and a, + B, b, — Be(ay, by), a, + B, b, — Be
E(az, bz), (al + ﬂ, bl st ﬂ)n(az + ﬂ, bz = ﬂ) ='= m and toe(al + ﬂ, bl = p).
~ We consider the sequence {gi,,} defined as follows

(3-10) gio(l) == y? s giv(t) =y + j fi(glv—l(s)’ ceo gnv-1(5)) ds,

i = lyausm; B=1..; tefeb).
It is not difficult to verify that the sequence of functions {g’,-",,(t)} is uniformly conver-
gent to a function g; (i = 1, ..., n) of bounded variation in the interval [a; + B,
b, — B]. Moreover, the system of functions (g,(?), ..., g,(t)) is the unique solution
of the problem (2.11) in the class V{,,+p4,-p. Applying the property (P) we can
extend uniquely the local solution to the whole interval (a, b), which completes
the proof of Theorem 2.2.
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ON DISTRIBUTIONAL SOLUTIONS OF SOME SYSTEMS
OF LINEAR DIFFERENTIAL EQUATIONS
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1. INTRODUCTION

Let A(f) = (a;;(1)) be a matrix such that a;({) is a measure in the interval (a, b) =
S R'fori,j=1,...,n, and let f(¢) be a vector whose all components f,(t) are also
measures (defined in (a, b)). In this note we consider the system of equations

() ‘ (1) = AQ1) ¥(0) + £(0),
where y is an unknown vector. The derivative is understood in the distributional
sense. Our result generalizes some theorems for linear differential equations (see

[1], [2]. [3], [6])-

2. THE PRINCIPAL RESULT

First we introduce some notations.

Let A(t) = (a;;(t)) be a matrix whose all elements a;,(t) are measures defined in
the interval (a, b) (i,j = 1, ..., n), and let A(f) = (d;,()) be a matrix whose all ele-
ments d,; are functions such that a;; = [d;;]. We put 4 A(t) = A(t+) — A(t—),

Il (t)=id_i=llaul @ yo =08 30, IYoI=l_§"l|y?I, (1) = (), - (1)),

PI* () = ZIvil* () where te(a, b), A(t+) = (dift+)), A=) = (di1-)) and
¥i € R, The remaining notations in this paper are taken from [5].

Theorem 2.1. We assume that a;(t) and f(t) are measures defined in the interval
(a, b) fori,j =1,...,n. Moreover, for every t €(a, b)

(2.1) det(2I — A A(t)) £ 0 and det(2l + A A(r)) £ 0,
where I denotes the identity matrix. Then the problem
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22 {y’(t) = A(1) y(t) + f(1)
y*(to) = Yo
has exactly one solution in the class V{, , for every t, € (a, b).

-

Remark 1. The assumption 2.1 in Theorem 2.1 is essential. This can be observed
from the following

Example .
(23) {y'(l) = 25(t) y(1)
y(-1)= o,
(24) ) {z'(t) = —24(t) =(¢)
1) = 0

(6 denotes Dirac’s delta distribution). In fact, let H denote Heaviside’s function and
let ¢ be a constant. From the equality

(2.5) Ho =15 (see [4])

it is not difficult to show that the distributions y = cH and z = ¢(H — 1) Aare solu-
tions of the problem (2.3) and (2.4), respectively.

3. PROOFS

Before giving the proof of Theorem 2.1 we shall prove some lemmas.

Lemma 3.1. We assume that P, P, €V{,, and lim P{(t) = lim P3(t). Moreover,
let o Hr
(3.1) pi(t) + ¢, 8(t — 1) = pa(t) + 2 8(¢ — 1),

where Py = p,, P, = p,, r€(a, b) and c,, c, are constants. Then ¢, = c,.
This fact follows easily from the equality

(32) J palFds 5cx j "85 — r)ds = 'f Tl e J’ o — r) ds.

Lemma 3.2. Let a,t) and f{(t) be measures defined in the interval (a, b) (i, j =
= 1,..., n), to €(a, b). Then there exists a number r > 0 such that:
lLa<ty—r<ty+r<ba, )

2. the problem (2.2) has exactly one solution y(t) in the class

n
V(!o~r,ro+r) ’

3. there exist finite limits lim y*(f), lim y*(2).

t—oto—r+ t=tot+r—
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Proof. If there exists a number r > 0 such that
tot+r
(3.3) f 4] (e <1,
to—r

then in view of [5] the problem (2.2) has exactly one solution in the class V(s—y,0+r)-
In the opposite case we consider matrices 4,(t, t,) and Zz(t, to) defined as follows:
. A(t), for a<t<t,
(3.4) A(r 1) = { )
A(to—), for to<t<b,
A(to+), for a <t=t,
A(f), for ty<t<b.

(3.5) Al )= {

Hence, we have
(3.6)  A(t) = Ay(t, to) + Ay(1, to) — H(t — to) A(to—) — H(to — t) A(to+)

and

(3.7 Y(t) = U(t, to) ¥(t) + 8(t — to) (4 A(to)) y*(to) + (1),
Where U(t, to) = Al(t, to) + Az(t, to), Al(t, to) = (Al(t, to))’ and Az(t, to) =
= (A,(1, to))". Moreover, there exists a number r; > 0 such that

(38) j U] (g ar < 1.

to—ry

Taking into account [5], we infer that the system (2.2) has exactly one solution y(t)
_in the class V7, where I = (to — ry, to + r,). We claim that sup |y[*(f) < 0.
tel

Indeed, let us put

totry
(3.9)  F=05(t — to) (A A(to)) y*(to) + f, K =1 —J‘ U] (& 1) dt,
to—r;
tot+ry n
M,‘=J‘ fl(t)dt, M=ZM;, 8>0, J=[t0_r1+8,t0+r1—8]
to—ry i=1

(a<to—ri+e<to+r,—e<b).

Then the relation (2.2) and [5] imply

(3.10) sup [y[* (1) < [vo| + sup [y* (t)j [U]l (& to)dr + M
€ € 7

and

(3.11) stu? ‘yl* (0= K_1(|y0| + M).

Now we consider an arbitrary sequence {f,} such that t,el (k=1,2,...) and
ty = to + ry—. Using (2.2), [5] and (3.11), we have
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(3-12)  |yi() = yi(ta)] = sup [y[* () +

f :“U” (t, 1) dt .f m 7 dt’ <

= K_1(|y0| + M)l Z*(tk) - Z*(t,,,)l + IG?(tk) - Gi*(tM)l ’

where Z' = |U|, G; = f;and i = 1, ..., n. Similarly we prove that there exists a finite

limit lim y*(¢). Thus our assertion follows.
t—=to—ry+

Lemma 3.3. Let the assumptions of Theorem 2.1 be fulfilled and let y(t) be a solu-
tion of the problem (2.2) in the class V{, ). Then for every t €(a, b)

(3.13) Wt+) = (21 — A A(0))"* [(2I + 4 A(1)) y(t—) + 24 F(1)]
and : :

(3.14) Wt=) = QI + 4 A(t)) ' [(2T — 4 A(1)) y(t+) — 24 F\1)],
where F' = f and 4 F(t) = F(t+) — F(t—).

Proof. Let y() be a solution of the problem (2.2). We consider vectors ji(f) and
7(t) defined as follows:

o L OF for a <t<t
G.13) = {y(tl-—) , for t;,<t<b,
s Wty +), for a <t=1
(319 ) = {y(t) . for t, <t<b.
Then
(3.17) (1) = #(t) + 3(t) — H(t — t;) y(t,—) — H(t; — 1) y(t,+)
and
(3.18) Y(@) = 7(t) + 7'(2) + 6(t — 1,) (4 ¥(t,)) -

On the other hand,

(3.19)  Y'(1) = U(t, t,) p(t) + 8(t — 1) (4 A(ty)) y*(t1) + J(t) + 7 () +
+ 8(t — t,) (4 F(ty)),

where f = F', f = F’ and °

F(1), for a <t<t

F(t,—), for t; <t<b,

(3.20) F() = {

- R - ) T 0 <15

F(1), for t; <t<b.
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Applying (3.17), (3.18), (3.19), (3.20) and (3.21), we obtain
(3-22) () + (1) + 6(t — 1) (4 ¥(ty) = U, t,) (5(r) + 7(1)) +
+ U(t, t,) [-H(t — t,) y(t; =) — H(ty — ) y(t,+)] +
+ 8(t — t,) (4 A(t) y*(t,) + J(2) + F(t) + &(t — t,) (4 F(ty)) .
Using Lemma 3.1 and (3.22), we infer that

(3.23) A y(t,) = (4 A(ty)) y*(t,) + 4 F(t,) .
An application of condition (2.1) completes the proof of Lemma 3.3.

Proof of Theorem 2.1. We consider an arbitrary interval [c, d] such that
c,de(a, b). Let ro = min (t; — a, b — t,), where t; €[c, d]. Then the properties
of functions of locally bounded variation yield that the set of all points ¢, such that

(3:29) I“H“AH (Hde>1,

ty—r

for every 0 < r < ry is finite. Thus, applying (3.13), (3.14) and Lemma 3.2 we can
extend uniquely the local solution in the whole interval (a, b) and this completes
the proof of the theorem.

Remark 2. Let the assumptions of Theorem 2.1 be satisfied. Then by Lemma 3.3
and Theorem 2.1 it is not difficult to show that the system (*) with the initial condition
W(to+) = yo (¥(to—) = yo) has exactly one solution in the class Vi, ).
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ON A CLASS OF ARITHMETICAL SETS

H. G. MEUER, Delft and TiBor SALAT, Bratislava
(Received August 8, 1975)

Infinite subsets of the set N of all natural numbers will be called arithmetical sets.
In the paper [1] P. Erdés studied the arithmetical sets 4 = {a, < a, < ...} with
the property (P): If iy < i, < ... < i, is an arbitrary finite sequence of indices, then
a;, + a;, + ... + a;, does not belong to the set 4. Denote by T* the system of all
arithmetical sets having the property (P)

Let k be a natural number, k = 2. Denote by T; the system of all arithmetical
sets A = {a; < a, < ...} with the following property (P.): If i; <i, < ... < i,
is an arbitrary sequence of indices with k terms, then the number a; + a;, + ...

k @©
.. + a;, does not belong to the set 4. Put Ty = 'ﬂsz (for k =2 2) and T= _UZTJ.
j= i=

We have obviously
00 0
T*=NTy=NT, and T3 >T3>..oTf>TfH:>....
k=2 k=2

It is clear that if A € Ty or A € T and B is an arithmetical set, B = 4, then Be T,
and B € Ty, respectively. Further, it is easy to check that

B, ={1,3,..,2k—1,..} €T, — T,
and
B, ={1,2,3,10,10%...,10" ..} eT; ~ T, ..
Hence none of the inclusions T, = T, T3 = T, is valid.
If
AcN={12,..},
then we put ;
An)= Y 1, 6,(4) =Ilim infM , 0,(A) = lim sup Aln)
n— n n

asn,aeA n—>oo

and 6(A4) = lim (A(n)/n) (if the limit of the right-hand side exists). It is proved in [1]
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that the asymptotic density 5(4) of each arithmetical set A having the property (P)

is zero.
o0

With each set 4 = N we can associate a real number g(4) = Y ¢; 27/, where
i=1

g; = 1if j € A and ¢; = 0 otherwise (see [2], p. 17). The number ¢(A4) will be called
the dyadic value of the set 4. If S is a system of sets A = N, then Q(S) denotes the
set of all numbers g(4), 4 € S. Obviously we have ¢(S) = <0, 1) and ¢(S) provides
a tool for measuring the size of the system S.

The purpose of this paper is to illustrate from both the metric and the topological
point of view the structure of the systems T, T*, T,, Ty in terms of the just defined
dyadic values of sets A = N.

1. METRIC PROPERTIES OF SETS o(7), o(T*), o(T}), o(TF)

In the following, we denote by |M| and |M|* the Lebesgue measure and the outer
Lebesgue measure of the set M, respectively, and by dim M the Hausdorff dimension
of the set M = (— o0, + ).

We mention the following simple fact which is well-known in the theory of dyadic
expansions of real numbers: If m is any natural number then the interval (0, 1) is
a union of pairwise disjoint intervals of the form

1=(5, S N o<s<omo .
om’ . om

Eachinterval I is associated with a sequence e(l’, €2, +vus sz of numbers 0 and 1 in such
B i
a way that for the dyadic expansion x = Y &(x)27* (g(x) = 0 or 1 and for an infi-
k=1

nite number of k’s we have g(x) = 1)) of any number x belonging to I the equalities
&(x) =& (k=1,2,..., m) hold. '

In the following, the interval (0, 1) is regarded as a metric space with the Euclidean
metric.

The proof of the main part of the following theorem is based on this lemma.
Lemma 1,1. Let a be a fixed natural number. Put
H(a) = {x€(0,1); ":asj(x) &j+a(x) = 0} .
Then |H(a)| = 0. J

Proof. Let t = 1 be an arbitrary natural number. The set H(a) is contained in
the union of all such intervals

( s s+l> (0__<_s§2(2'+1)a'—1)

(2t+1)a’ A(2t+1)a
2 2
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)

which are associated with the sequences

(1) » €15 825 -+ €21+ 1)a
of 0’s and 1’s having the following properties: each of the numbers ¢, ¢,, ..., & is 0
or 1, and
2 0 = &441-82001 = Ea42 - 82042 = ++0 = 835. 835 =
= €341 -84a+1 = +- T 845856 T +o0 T E2t—1)a+1 - E2ta41 T -0
coe = €200 - 8214 1)a ¢

It is easy to check that the number of sequences (1) satisfying (2) is 2%. 3%, Therefore

- 3“ t
|H(a)|* = 2(2:+1)a = (E) :

Hence we conclude |H(a)| = 0 since ¢ is arbitrarily large.

Theorem 1,1. Each of the sets o(T;)(k = 2,3, ...) is a Gg-set (in (0,1)) and |o(T;)| =
=0(k=23,..)
Corollary. |o(T)| = [e(T*)| = 0, |o(TZ)| =0 (k = 2,3,...).
Proof. Let k = 2. Denote by I,, the union of all intervals
S sV pgs<omo ),
2m om
which are associated with such sequences &, &,, ..., &, that if 1 =¢; = ¢,

=&, G <ipg<..<i, h+i+...+ i =m, then & 41,4 +; = 0 We
shall prove that

3) o(T) =m611'" .

o0

If x € o(T;), then x = g(4), A€ T;, x = ) &(x) 277 (the dyadic expansion of x).
g =

It follows from the definition of the system T, that silﬁﬁ_"“k(x) =0,i; <i, <..
. < ipifeg x) =1(1=1,2,.., k). Therefore x €1,, for each m = 1,2, ....

o0

Let x€(0, 1), x = Z &)(x) 279, x ¢ o(T;). Denote U the system of all arithmetical

sets. Then ¢(U) = (0, 1) and ¢ : U - (0, 1) is a one-to-one mapping (cf. [2], p. 18).
Hence (0, 1) = ¢(T;) v o(U — T;), the sets on the right-hand side being disjoint.
Hence x €o(U — T;), x = g(A), AcU — T,. Since A ¢ T,, there exists such a se-
quence iy < i, < ... < i of natural numbers that ¢;(x) =1 (I =1,2,..., k) and

a0
&, +ip+..+i(X) = 1. Hence x ¢ I,, where p = i; + i, + ... + i, therefore x ¢ ) I,,.

The equality (3) is proved.
From (3) it follows immediately that ¢(T;) is a G,-set in (0, 1).

44



Let k = 2, let
(4 ad<ad<..<ad,
be a sequence of natural numbers. Denote by T,,(a‘l), Ay 1) the system of all sets
A € T, of the form
A={al<ad<..<al  <ay<ay<..}.
Then
oT) = Ne(Ti(ass -, a;-1)) ,

the union on the right-hand side being taken over all finite sequences of the form (4)
Hence it suffices to prove that

() le(Ti(a?, ..., a-1))| = 0
for each sequence (4).
In the notation used in Lemma 1,1 we have obviously

o(Ti(al, ..., ap-,)) = H(a),
where a = a] + ... + a;—,. Hence (5) follows from Lemma 1,1. The proof of
Theorem 1,1 is complete.
The proof of the following lemma is based on an idea from [1]. The lemma will
be useful in the proof of Theorem 1,2.

Lemma 1,2. If A€ T, (m = 2), then 6,(A) < 1/m. Moreover, there is an A € T},
such that 5(A) = 1/m.

Proof. Let A = {a, < a, < ...} € Tn. Since A€ T, (m = 2), the elements of the
sets P,, P,, ..., P,, do not belong to the set 4, where
Pl = {al + az, al + a3, ooy al + aj, ...},

P, ={(a, + a;) + a3, (a; + a3) + a4, ..., (a; + a3) + a;, ...},

Po={(ay + ...+ ap) + apiy, (ag + ... + ap) + Gpya, -..

v (@y F oi F ) + ay )
The sets Py, P,, ..., P, are pairwise disjoint. Indeed, if P, P, + 0 for i + I,
i, | £ m, then there exist such numbers s,d, s =i + 1,d = | + 1 that

(ay+...+a)+a,=(ay +...+a)+a,.
Let i < I. Then
(6) a,=a;41 + ... +a,+ a,
and the number of summands on the right-hand side of (6)is equalto I — i + 1 < m.
Hence (6) contradicts the assumption A4 € T},

Let n > a, + ... + a, + m. The number of elements of the set P, lying in the
interval {1, n) is obviously equal to A(n —a 1) — 1, similarly the number of elements
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of the set P, lying in that interval is equal to A(n — (a; + a,)) — 2, etc. Since the
sets P; (j = 1,2, ..., m) are pairwise disjoint, we obtain

(7) (A(n — a;) — 1) + (A(n — (ay + @) — 2) + ...
+ (A(n — (ay + ... + a,)) —m)=<n.

A simple estimation yields

(8) A(n — a,) 2 A(n) — ay,
A(n - (ay + ay)) g A(n) — (ay + a;),

An — (a, + ... + a,)) g A(n) — (ay + ... + a,).
From (7), (8) we get

+_’

M<bm+cm 1
n ~  nm m

where
_m(m + 1)

bm
2

s Cw=ay+(a; +a))+ ...+ (a + ... + ap,).
The inequality 52(A) < 1/m follows now immediately.

Further, theset 4 = {1, m + 1,2m + 1, ..., jm + 1,...} belongs to the system T}
and 6(4) = 1/m. The proof is complete.

Since |o(T*)| =0, |o(T%) =0 (k=2,3,...) the question of the Hausdorff
dimension of the sets o(T*), ¢(Tx) (k = 2) arises. In what follows we give upper and
lower estimates for dim o(Ty) and the precise value of dim o(T*).

Denote by d the function defined on the interval (0, 1) in the following way:
d(0) = d(1) = 0 and

d(e) = CIog{C + (1 —={)log(l —¢)
log
for ¢ €(0, 1).
It is easy to see that

) limd({) = 0.

=0+

Theorem 1,2. (i) For each k 2 2, the inequality dim o(Ty) = 1/k holds.
(ii) For each k 2 2, the inequality dim ¢(T%) < d(1/k) holds.

(iii) dim o(T*) = 0. |

Remark. The estimate for k = 2 in (ii) is trivial since d(}) = 1.

Proof. (i) Put (for k = 2)
Co={Lk+1,2.k+1, ., lk+1,..)}.
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Evidently C, € Ty. Denote by S, the system of all arithmetical sets which are subsets
of the set C;. Then S, = Ty and so

(10) o(Sy) < o(TF).
Denote by 2 the system of all subsets of the set C,. Then it is easy to see that the
set 0(2°) — ¢(S,) is countable, hence

(11) dim ¢(2%) = dim (S,) .

0
But o(2%) is equal to the set of all such real numbers x = Y ¢;.27/ that ¢; = 0 for
Jj=1

j*¥lk+1(1=01,.)and gy, =00r1(I=0,1,..).
The Hausdorff dimension of the set Q(ZC") can be established by virtue of Theorem
2,7 from [3]. The following special result is a consequence of this theorem:
Let P be a set of natural numbers, let {¢}}, j € P be a sequence of numbers 0
and 1. Denote by
Z = Z(P; {&]}, j € P)

theset of all such x = Y ¢;.2 7/ thate; = &) for je P and¢; = Oor 1forjeN — P.
Then

ji=1

log II 2
dim Z = lim inf —JS%JN=F
n=o nlog2
PutP =N — G, 8? = 0 for j € P. Then we get
’ log II 2
(12) dim (2%) = lim inf —JSneCe _

o nlog?2
[(n—1)/k] _
= liminflﬁgz— = lim infuk_] = 1
n—+o n log 2 n-o n k

([] denotes the integer which satisfies [u] < u < [u] + 1). From (10), (11) and (12)
we obtain dim o(T}) = 1/k.

(ii) Denote by Z, the system of all arithmetical sets 4 with 6,(4) < 1/k. Then on
account of Lemma 1,2 we have Ty < Z,. It is well-known that dim o(Z,) = d(1/k)
(cf. [2], p. 195 or [5], Theorem 51). From these facts we get dim o(Ty) < d(1/k).

(iif) We shall give two proofs for (iii).

Proof I Since T* < Ty (k=23 ...) according to (ii) we have

dim o(T%) < d (i) (k=23,.)
and so (see (8))

k=

dim o(T*) < lim d(i) =0.

47



Proof II. Denote by W, the system of all arithmetical sets A with ¢ 1(A) = 0.
Then

(13) : dim o(W,) = 0

(see [2], p. 195). We have mentioned already that if A € T*, then 6(4) = 0 (cf. [1]).
Hence

(14) T* < W,.

From (13), (14) we get dim ¢(7T*) = 0. The proof is complete.

2. TOPOLOGICAL PROPERTIES OF SETS o(7}), o(T%), o(T), o(T*)

.

In this part of the paper we shall complete the first part by proving some further
properties of the sets o(T;), e(T%), o(T), o(T*). These sets are viewed as subsets of
the metric space (0, 1) with the usual Euclidean metric.

It was already proved in the first part of the paper that the sets ¢(T;) (k 2 2) are
G;-sets. This fact implies easily

Theorem 2,1. The sets o(T*), o(T¢) (k = 2) are Gy-sets, o(T) is a Gs,-set in (0, 1).

Proof. Theorem 2,1 follows at once from Theorem 1,1 and from the equalities
k =) 0
(15) oTé) = Ne(T). oT*) =Neo(T ¢), oT) =V oT).
= = =

Finally, we shall show that the sets studied in this part of the paper are poor
from the topological point of view.

Theorem 2,2. (i) The sets o(T*), o(T}), o(Ti) (k = 2) are nowhere-dense sets in
(0, 1). ,
(ii) The set o(T) is a set of the first Baire category in (0, 1).

Proof. Part (ii) follows from (i) in virtue of (15). Further,
oAT*) < oTe) = o(T) (k=23,..),
hence it suffices to prove that o(T;) (k = 2) is a nowhere-dense set in (0, 1).
Let kK = 2. On account of the well-known criterion of the nowhere-density of sets
in metric spaces it is sufficient to prove that each open interval I = (0, 1) contains
an interval J which is disjoint with the set o(T;) (cf. [4], p. 74).

Let I = (0, 1) be an open interval. Choose a hatural number m such that for
a suitable 5, 0 < s £ 2™ — 1, we have

Il=_s_,s+1 cl.
"
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Let 1, be associated with the sequence &7, €3, ..., en. Put

v=km+&(£—;.—1), =1 i=1,2..k).
Let
I 1+1

=2 0<I<2°—1
(2,, 20) ( )

be an interval which is associated with the sequence e?, sg, ..o, &0, Then obviously
J c Iy « I If A is an arithmetical set such that g¢(4) € J, then

! k
mticA(i=12..k, Z(m+i)=km+k—(kz+—1)=veA

i=1

and hence A ¢ T,. Therefore J N Q(T}() = (. This completes the proof.

Remark. Using the method of the proof of part (ii) of Theorem 2,2 we can show that
also the set H(a) (see Lemma 1,1) is a nowhere-dense set in (0, 1). The proof of this
fact can be left to the reader.
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HARMONIC FUNCTIONS ON CONVEX SETS
AND SINGLE LAYER POTENTIALS

EvA POKORNA, Praha
(Received December 2, 1975)

Introduction. Consider a domain G in the m-dimensional euclidean space R™
(m > 2). A class of harmonic functions on G is formed by restricting Newtonian
potentials associated with signed measures on dG. The problem that we are going
to investigate here, can be formulated as follows: Given a harmonic function % on G,
does there exist a signed measure y with support in 0G such that h coincides on G
with the Newtonian potential of u? If it were not the case, the question arises how to
characterize the class 2,(G) consisting of all harmonic functions on G = R™ which
are representable by means of potentials mentioned above. This class of functions
occurs in a natural way in connection with the Neumann and Robin problems
treated by the method of integral equations.

An analogous question may be, of course, formulated also for plane domains.
In this case Newtonian potentials are replaced by logarithmic potentials. In [3],
Chap. IV, G. C. EvANs characterizes the system 2,(G) for G = U, where U, denotes
a circle with a radius r. His proof depends on the complex functions theory and
Herglotz’s theorem. The plane case is also investigated in [16]. DE LA VALLE POUSSIN
gives in § 2, Chap. 9, sufficient conditions (see Théoréme 260) for h € 2,(U,).

The results of Evans were extended by G. A. GARRETT in [4]. In addition to the
above mentioned representation he investigated also a representation by means of
double layer potentials. (Compare [15] where some other kinds of representations
of harmonic functions in R can be found as well.) In [4] the system 2;(G) is studied
for G with a very smooth boundary (it is assumed that the normal satisfies a Lipschitz
condition). In this connection a system of special sets G, = G which exhaust G in an
exactly determined sense is introduced and functions h € 2,(G) are characterized in
terms of a growth condition imposed on the total variation of the flow of grad h
on G, To prove these facts, Garrett makes essential use of smoothness of the
boundary in order to get information about the kernel of the corresponding integral
equations.

Methods introduced in [4] are not applicable even for sets with boundaries of the
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class C!. In particular, they give no results for such simple geometric bodies as cubes,
cylindres, cones etc.

For an investigation of the above mentioned problem, it is convenient to apply
methods developed for solving the boundary value problems in potential theory
by J. KRAL. We make essential use of the results connected with the Neumann
problem obtained in [8], [13] and [14].

We shall prove a characterization of 2,(G) in the case that G is an open bounded
convex set. The main result is presented by Theorem 10. The example given in Sec. 16
shows that there are “many” harmonic functions not contained in 2,(G).

The problem studied in this paper can be also understood as an inverse problem
in potential theory. The case when R™\ G is a k-manifold is investigated in [2].
It should be noted here that a characterization of an essentially different type is given
by I. N. KARCIVADZE (compare [7]).

1. Notation. Throughout this paper m > 2 will be a fixed integer. The closure of
a set M = R™ is denoted by M, its boundary by oM and its interior by int M. We
shall write ,(x) for {z € R™; |z — x| < r}. For each positive integer k and M = R™,
H.M will denote the outer- Hausdorff k-dimensional measure on R™ defined by
HM = 2 % lim inf ) (diam M,)*
=04+
where o is the volume of the unit k-ball and the infimum is taken over all sequences
{M,} of sets M, with UM, = M such that diam M, < & for all n. H,, thus coincides
n

with the Lebesgue measure in R™ (see [9]). If K is a compact subset of R™, we shall
write C = C(K) for the Banach space of all continuous functions on K. The dual
space of C is denoted by C’ = C'(K); the elements of C’ are called Radon measures
on K. For a Radon measure ve C’ and f e C we shall sometimes write [k f dv in-
stead of v(f). If A = K is measurable and y, is its characteristic function, then we
write v(4) instead of v(x,).

For v € C’' we shall consider its potential

Uv:x 1—>J‘ p(x — y)dv(y)

corresponding to the Newtonian kernel p(z) = |z|*~™/(m — 2). For a positive super-
harmonic function v and a set A = R™, RZ will denote the balayage of v relative to A
in R™ (for the definition see [5]).

2. Lemma. Let G be a convex subset of R™ with a nonempty interior. Then for any
Xo € R™ there exists an m-dimensional density '

. H,(2/(x,) n G)
d = lim —/————r 2
G(xO) r—lvlgl-r H m(Q,(XO))
and dg(x,) > 0 for all x,€G.
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Proof. Obviously, dg(xo) = 0 for each x, € R"\ G, dg(x,) = 1 for x, €int G.
Consider now x, € dG. Without loss of generality we can assume x, = 0.

Let 0 < r; < r,"and let ¢ be defined by
@:x 1= (ryfry)x, xeR™.
Then ¢(G) = G and ¢(2,,(0)) = £2,,(0). Using the fact that H,(G \ G) = 0, we obtain
Hp(2,(0) 0 G) _ Hu(2,,(0) 0 G) | Hu(24,(0) 0 0(G)) _
H,(2,,(0)) H,(2,,(0) H,(2,,(0))
ry H,(2,,(0) n G) _ H,(2,,00) n G) -0
7 Hh(2:(0) .17 Ha(2.(0)
It follows that there exists a positive
i Han(@dx0) 0 G)
r—04 HM(Q,(XO))
3. Lemma. Let G be a bounded convex subset of R™ with a nonempty interior

and let s be a non-negative continuous superharmonic function on R™. Then RS
is a continuous potential of a positive Radon measure.

Proof. The only fact which should be verified here is that RS is continuous. Ac-
cording to Lemma 2, G is not thin at any of its boundary points. This can be shown
in a similar way as in [5] (see Corollary 10.5). Consequently, we have R = s on G.
(See Theorem 10.7 in [5].)

Since RS is harmonic on R™\ G, it follows from the Riesz decomposition theorem
and Theorem 6.9 in [5] that RY is a potential of a positive Radon measure p € C'(G).
Now we can apply Evans-Vasilesco’s theorem to obtain continuity of R on R™,

4. Remark. It should be noted that in our special case RS coincides with the
réduite RE.

In view of the introductory remarks we shall suppose troughout this note that G
is a fixed open bounded convex subset of R™. We shall investigate the system 2,,(G)
defined in the introduction.

Without loss of generality we suppose 0 € G and for ¢ > 0 we define

G, = {ox; x€ G} .
In what follows we shall wtite C and C’ instead of C(0G) and C'(9G), respectively.

5. Proposition. Let h be harmonic on a neighborhood of G. Then there is a constant
¢ > 0 and a positive Radon measure p e C' such that h + ¢ = Up on G and Up
is a continuous potential.

Proof. Since h is harmonic on a neighborhood of a compact set G, there is ¢ > 1
such that h is harmonic on a neighborhood of G,. Choose a; > sup h(9G), a, <
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< inf h(9G,) and let u be the capacitary potential for G. Since 0 < u < 1 on R™

and lim u(y) = 0, we have by the maximum principle
[yl - o

u(x) —1<p<0 on 0G,.
It follows that thereisy > 0, y > dl such that o
Pu(x) — 1) S0y — oy
whenever x € 0G,,.

Put g = yu. Obviously, g is a potential. It follows from Lemma 3 that g = y on G
and q is a continuous potential on R™. Let ¢ = y — a;. Then

1) g(x) — ¢ =a; > h(x) on oG,
(2) g(x) — ¢ S a, < h(x) on 0G,.
Define a function p on R™ as follows:
h+c on G
/. ‘ _
p=—inf(h+c,q) on G,\G
q on R"\G,.

We shall prove that p is the potential of a positive Radon measure. According
to the Riesz decomposition theorem, it is sufficient to show that p is a non-negative
superharmonic function dominated by a potential. It follows from the continuity
of g and h and from (1) that for each x € G there is a neighborhood ¥(x) such that

P(J’) = h.(y) +c¢ forall ye V(x) .
Analogously for each x € 6Ga there is a neighborhood W(x) such that

p(») = q(y) on W(x).

Continuity of p on R\ (G, U 0G) is clear from the definition of p. Therefore p is
a continuous superharmonic function on R™. Applying the minimum principle to p,
which is non-negative on dG,, we obtain that p = 0 on G, and hence p = 0 on R™
(note that p = g on R™\G,).

Since p is dominated by the potential g, it follows that p is a continuous potential.
By the Riesz decomposition theorem there is a measure u such that Uy = R§.

Since Up is harmonic on R™\ 0G, it follows from Theorem 6.9 of [5] that pu € C".
By Lemma 3, Uu = Rﬁ is a continuous potential on R™ and

U“=Rg=p=h+c on G.

6. Remark. It should be noted that it is an easy consequence of Theorem 5.2.2
(Fortsetzungssatz) in [1] that there are continuous potentials p, ¢ which are har-
monic on G and

=p—q on G.
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7. Definition. A unit vector @ is called the exterior normal of a Borel set M = R™
at y € R™ in the sense of Federer provided the symmetric difference of the sets M
and the half-space {x € R™; (x — y) @ < 0} has the m-dimensional density 0 at y.
In what follows we shall put ny(y) = © if @ is the exterior normal of M in the sense
of Federer and we denote by nM(y) the zero vector if there is no exterior normal @
at y in the above mentioned sense. (See [8], where relevant references can be found.)
If f is of the class C! on a neighborhood of M, we define

aif (») = nu(y) grad f(y); yeM.
Ny .

Finally, for M = G, we shall write n,(y) instead of n().

8. Remark. The normal in the above mentioned sense is obviously uniquely
determined and it is easily seen that

nt) = ng(tle), teR™.
Relations between the ‘“‘classical”” normal and the normal in the sense of Federer
are studied e.g. in [10].

9. Lemma. Let h be harmonic on G. For ¢ €(0,1) and y € G put h(y) = h(ey).
Define

K = sup Oh (x)| dH,p-1(x) ,
0€(0,1) G 6nG

K = sup .[ %(x) dH,,_,(x).
¢¢(0,1) 3G, 6ne

Then K < oo if and only if K < .
Proof. Fix ¢ €(0, 1). Then

[
G

ong
1 1
1 [ e b et a9 = =L |
0 G, Q 0G,

Since h is harmonic on G, there is ¢ > 0 such that

(x)‘ dH,,_(x) ='QLG|grad h(ex) ne(x)| dH,,—(x) =

dH,,_(x).

oh
— (X
A0

|grad h(x)| = |o grad h(ex)| < ¢
for each ¢ € (0, 3) and each x € dG. We see that there is d > 0 such that

sup sup |grad h(x)| < d.
¢=(0,1/2 9Ge

We can therefore limit ourselves to ¢ € (4, 1). The equality proved above now implies
easily that K < oo if and only if K < 0.
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10. Theorem. Let G be an open bounded convex subset of R™, m > 2, 0e G
and let h be a harmonic function on G. Then the following conditions are equi-
valent:

(i) There exists a Radon measure p € C'(0G) such that h = Up on G.

(i)
K = sup f Oh
e<0.1) J 56, [0n,

Proof of implication (i) = (ii). The converse will be proved later (see Sec. 12).

Choose ¢ €(0, 1). The mapping grad Upu is continuous on a neighborhood of the
compact set G, so that

dH, _(x) < + .

grad U p(x) = —f L)—C—_—)i)—du(y), x €0G,.
aclx =

Hence for each x € 0G,
ou ny(x).(x —
_E(x)z_f o) - ( my)du(y).
on, w6 |x— Y

Applying Fubini’s theorem and substituting x = ot, we have

ke [ P an, s [ [ 1o ) an 9 -
2G, n, 3Gy J 0G lx—J’lm

0

=.[ (I . IX)(xyI Nan, l(x)>dlu|(y)—

= [ ([ et lan, _g)au o).

|t = ylel”
Here, as usual, || stands for an indefinite variation of p. Using the equality n,(ot) =
= ng(t) we get

©) K, = Levi(y/e) dlu] (3) = (sup o&(2)) [

where vl(z) is the quantity introduced in [8] as follows: Let 0 = M < R™ be an
open set with a compact boundary. We call x a hit of a half-line S =« R" on M
provided x € S and each ball Q (x) meets both S N G and S\ G in a set of positive
linear measure. Given y € R™, © e I' = 02,(0), consider the total number n’s(0, y)
(0 < n¥%(@, y) < ) of all hits of the half-line {y + ¢@; ¢ > 0} on M. For fixed y,
nu(O, y) is a Baire function of the variable @ € I' and we may put

o¥(y) = Jrng(@, y) dH,,_4(0).
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In particular, since G is a convex set, then for each z € R™ obviously nfo(é'), z) <2,
so that

)

By Proposition 2.10 and Lemma 2.12 in [8]

08 (z) = ne(y) (v — 2) |
=(2) LG b~ dH,,_ ().

sup v5(z) < 2H,,_4(T).
zeR™

According to (3),

K = sup K, < (Sl}l{g v5(2)) || S 2H,-o(T) 1] < .

ee(0,1)

This completes the proof of (i) = (ii).

11. Notation. For each pu e C’ we shall define a functional 7, on the space 2
of all infinitely differentiable functions ¢ with compact support in R™ as follows:

o, T = f grad ¢ . grad Up dH,, .
G

The distribution &, is a weak characterization of the normal derivative of Up
(see [8])
Since for any convex set sup v5(y) < oo (see (4)), by Theorem 1.13 in [8] it is
yedG
possible for each p € C’ to identify the functional 7, with a unique Radon measure
which will be denoted by J u. The mapping J : u'— J pu is a bounded operator

on C'. Since G is convex, a result of [14] shows that the hypotheses of Theorem 28
of [13] are fulfilled. Consequently, the range of the operator 7 is equal to

Co:= {veC’; ¥(0G) = 0} .

It is easily seen that Cy = C' is a Banach space.
Thus we know that for each v € Cy there is u € C’ such that

) Tp=v.
Denote
" G
=g~ HOG)
%(0G)

where % € C' is the capacitary distribution for G. Note that %(0G) + 0 and T x = 0,
because Ux is constant on G. Obviously i € Cy and

\

% u(0G)
9- 3 ,7— —_— —.7'% = .9- .
A=Tn= o) 1
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We see that 7 (Cp) = Cp. Now we shall show that the restriction 7, of the opera-
tor 7 to Cy is injective.

With regard to the fact that 7 is a linear operator, it is sufficient to prove that
T ov = 0 for a ve C; implies v = 0. By the results of [12]—[14], Theorem 26 of
[13] is applicable. Therefore v = 0 implies that there exists ¢ € R such that Uy = ¢
on G.

We first show that v = c». Indeed, since for v* = v — ¢x we have Jv* = 0 and
Uv* = 0 on G, we conclude again by Theorem 26 in [13] that v* = v — cx = 0.
Hence 0 = ¥(0G) = ¢ %(0G) and ¢ = 0 (recall that x(0G) * 0). We see that Uv = 0
and again from Theorem 26 of [13] we get v = 0.

Since J, is an injective and continuous linear operator mapping C, onto Cg
the inverse Z ! is a bounded linear operator on Cy by the open mapping theorem.

Our next objective is

12. Proof of implication (ii) = (i) of Theorem 10. For an arbitrary ¢ € (0, 1) we
define a Radon measure v, by

vq:fl_’J‘ f%gde—li fGC
o¢ Ong

By Lemma 9 we have

I =

Obviously there is a function ¢ infinitely differentiable with compact support in R™
such that ¢ = h, on a neighborhood of G. Applying the Gauss-Green theorem
(compare e.g. Remark 2.11 in [8], where the corresponding references can be found),
we get

%(x)’ dH,_ ()5 K < .
ong

Lcnc(x) grad ¢(x) dH,,_ (x) = J' Kolxdx = 5

G

so that

oG

,(6G) = J

Ohy (x)dH,—4(x) = 0.
ong

This shows that v, € Cg.

Let /i, € Cy be chosen such that
T olly, = Y, -

(We know that i, is uniquely determined.) Then

|l = K|7a" -
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By Alaoglu’s theorem it is possible to choose a sequence {g,}, ¢, # 1 and jie C’
such that for ji, = fi, we have

’ w*—lim fi, = i

where w* refers to the w*-topology on C'. Since 0 € G and x — 1/(m — 2) .1/|x|""?
is a continuous function on 8G, U [1,(0) = U (0).

Put for ¢ €(0, 1)
Mo = i + [h(()) = U ﬁ‘,(O)] Hs Hp = [y,

where x as above denotes the capacitary distribution for G. Recalling that 7x = 0,
we have

. TUe=Tf,=,.

For ¢ € (0, 1) the equalities

(5) U 1(0) = h(0) = h(0)

hold. In order to show that Uy, = h, on G we apply Proposition 5. Hence for each
¢ €(0, 1) there is ¢, > 0 and a Radon measure ji, € C’ such that

(6) Ui, = h,+¢c, on G.
It is easily seen that 7 fi,() = v(y) for all y € 2. It follows
Thy=Til,=9u,.
Using Theorem 26 of [13], we establish the existence of &, such that
Uty =Up, + ¢, on G

and according to (5) and (6),
Up,=h, on G.

Setting
o = By + [H(0) — U (0)]
from
w¥—lim 1, = @, h(0) — U f,(0) > h(0) — U (0)
we obtain
w*—lim p, = fi + [h(0) — U 3(0)] » .
Denote

=i+ [(0) — U G(0)] »

and fix y € G. Then the function x i— 1/(m — 2).1/|x — y|™~? is continuous on 9G
so that '

h(eny) = ho(y) = U (y) = U(y) -
This together with the fact that h(g,y) — h(y) establishes the equality

Uu=h on G.
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13. Remark. If for a harmonic function h and a set G the assumptions of Theorem
10 are satisfied and condition (ii) holds, the corresponding Radon measure u is
uniquely determined. Indeed, suppose that there are u,, u, € C’ such that Up, =
= Up, = honG. Thenfor u = pt; — u, I = 0, Up = 0 on G and by Theorem 26
of [13] p = 0, ie. py = p,.

14. Corollary. If h is a function harmonic on G and satisfying a Lipschitz
condition, then there exists p € C' such that h = Uu on G.

Proof. Note that |grad h| is bounded on G, so that condition (ii) of Theorem 10
is satisfied.

15. Corollary. If h is harmonic and bounded on G and (ii) from Theorem 10
is fulfilled, it follows that

fgradz hdH,, < .
G

Proof. Choose ¢€(0,1). Then by the Gauss-Green theorem (compare [8],
Remark 2.11)

J grad h . grad hdH,, = <
Ge

f i B —f h AhdH,,
3G, G

e

< Ksup |n(G)| < o0 ; B:= Ksup |h(G)|.
For ¢ 7 1 we obtain

J" grad> hdH,, < B.
G

In the following example, G & @ is an arbitrary bounded convex set. We are
going to construct a harmonic function h, which does not satisfy the condition (ii)
of Theorem 10.

16. Example. Let x, € dG. By [6], Lemma 3.7, there is a continuous function h
on (_;\\{xo} which is strictly positive and harmonic on G and h = 0 on G \ {x,}.
We shall prove that for such an h the condition (ii) does not hold.

Suppose on the contrary that (ii) holds and so Theorem 10 yields a Radon measure
ve C' such that

Uv=h on G.

Since h = 0 on 9G \ {x,}, we can show as in the proof of Theorem 26 in [13] that
v = 0. But this is a contradiction with the fact that h > 0 on G.
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SUR LES DOMAINES DES VALEURS DES OPERATEURS
NON-LINEAIRES

Jiki JARUSEK et JINDRICH NECAS, Praha
(Regu le 2. décembre 1975)

Introduction. L’object de ce travail est d’étudier la question des domaines des valeurs
des opérateurs non-linéaires de la forme 4 + B, ol A est un opérateur linéaire et B
un opérateur non-linéaire. Nous ne supposerons pas que 'opérateur non-linéaire
soit complétement continu, comme c’est usuel dans la plupart des travaux analogues
(par ex. [2], [4], [5], [8], [9], [10]), mais au lieu de cela, nous exigerons que A et
A + B satisfassent a la condition (S) (voir Ja définition 1) pour 'opérateur A ainsi
que pour lopérateur entier 4 + B. Cette condition nous permettra d’utiliser la
méthode d’approximation de Galerkin par des espaces de dimension finie. Pour
simplifier ‘nos explications, nous supposons que l'opérateur B est globalement
borné. Le cas ou B n’est pas globalement borné, mais satisfait & quelque condition
du croissement a 'infini, nous ’expliquerons dans un article indépendant. A la fin
du travail, nous allons appliquer cette théorie générale & un exemple de la théorie
des équations elliptiques. L’avantage de la méthode présentée dans ce travail consiste
dans le fait, qu’elle permet, pour les théorémes d’existence, de supposer, que I'opéra-
teur non-linéaire, qui figure dans le premier membre d’une équation, soit dépendant
aussi par rapport aux dérivées de ’ordre maximal.

Notation. Dans ce travail nous désignons le domaine d’un opérateur F par D(F)
et le domaine des valeurs par Im (F). Si F est un opérateur linéaire, les symbols Ker F
et Coker F ont leur signification habituelle. Si F est un opérateur linéaire autoadjoint
qui applique un espace de Hilbert dans lui-méme, alors Ker F = Coker F. Si M
est un sous-ensemble d’un espace de Banach, nous désignons par M la fermeture
par rapport 2 la topologie définie par la norme et par M la fermeture faible de cet
ensemble. Si {u,} est une suite et « un élément de cet espace, alors ,,u, — u** désigne
la convergence par rapport & la topologie définie par la norme et ,,u, — u* la con-
vergence faible. Autrement, nous utilisons des symbols habituels dans la litérature
fondamentale (par ex. [1], [11]). De méme des citations des théorémes fonda-
mentaux de I’analyse fonctionelle (le théoréme de Mackey, de Kaplanski) tirent son
origine de cette litérature.
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Quand nous allons extraire une sous-suite convenable de la suite {u,,}, nous allons
désigner cette sous-suite de nouveau par {u,}.
D’abord nous rappelons quelques notions:

Définition 1. Soit X un espace linéaire normé et soit F une application de X dans
son dual X*. Alors nous disons que F a la propriété (S) (ou F satisfait a la condition
(S)), si pour chaque suite {u,} = X telle que u, = u et lim (Fu,, u, — u) = 0 on
a u, — u, ol .,.) signifie la dualité de X et X*. ne®

Définition 2. Soient X et Y deux espaces linéaires normés et soit 4 une application
linéaire de X dans Y. Alors nous disons que A4 est fredholmienne, si la dimension
dim Ker 4 < + 00, Im (A) est un sous-espace fermé dans Y et dim Coker 4 < + o0.

Pour les démonstrations ultérieures, le lemme suivant, provenant de P. HESS
(voir [3]), sera de grande utilité:

Lemme. Soit X un espace de Banach réflexif et soit A une application linéaire
continue de X dans son dual, qui satisfait @ la condition (S). Alors A est fredhol-
mienne. En plus, si nous définissons I'index de I'application A par ind A = dim Ker
A — dim Coker A4, alors ind A = 0.

Maintenant nous démontrons deux lemmes qui nous permettront d’utiliser I'appro-
ximation de Galerkin:

Lemme 1. Soit X un espace de Banach réflexif et soit A une application continue
linéaire de X dans X* ayant la propriété (S). Supposons que K = Ker A et soit
X =K ® Y (somme directe). Soit & = {X,, «c U} un filtre de sous-espaces de
dimension finie qui contiennent K (le filtre est dirigé par Uinclusion). Soit i,
Pinjection de lespace X, dans X, soit it I'application duale de i, et soit A, =
= iy Ai,. Soit enfin Y, = X, n Y. Alors

lim inf ( min [|4,(x)]) =& > 0.
e |x||=1
x€¥q
Démonstration. Il est évident qu’il suffit de démontrer I’existence d’un nombre
n > 0 et I'existence d’'un F € & tels que pour une suite arbitraire {X,} = & ou
Fc X, c X, c... ait lieu lim inf( min [4,(x)]) =79 >0.
Yn

n>+o | x| =1,xe
Pour démontrer 'existence de cet espace, nous procéderons par contradiction.
Supposons donc que pour, tout G € & il existe une suite d’espaces {X,} = {Xf} c ¥
telle que G = X§ = X5 — ... et pour laquelle on ait
Iim inf ( min [|45(x)[) =0,
n>+ow |[x||=1
xe¥nC
N 4G _ [(:G\g 4G . .G ST G ol G
ol A, = (iy)* Aiy et ou i, est I'injection de X, dans X. On peut donc choisir u, € Y,
de telle maniére que |u,|| = 1et lim |45(u,)|| = 0. D’aprés le théoréme de Kaplanski,
n—+ oo
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il est possible de choisir dans la suite {u,} une telle sous-suite (désignons la de nou-
veau par {u,}) que u, — u. Il est évident que u € ¥, mais (ig)* Au, — (ig)* Au (il
sagit de la convergence faible dans un espace de dimension finie) et |(ig)* du| <
< | 4%(u,)|| pour m < n. Donc lim ||(in)* Au,| = 0 pour tout nombre naturel,
n=+ oo +oo T
c’est-a-dire que Au est une application nulle sur |J X¢; ainsi que sur Xg = U X¢.
i=1 i=1
Autrement dit, Ag(u) = 0, ot A¢ = igAig et oll ig est I'injection X dans X.
Alors si pour un espace G € & qui est arbitraire mais fixe et dont la dimension est
finie, nous définissons la famille

Mg={ueX, |u| =1, 3¢ € X, G c Xg = X5, ue Y, igA(u) = 0},
ou le symbol ,, € signifie que X est un sous-espace de I’espace X, il est évident que
Mg # 0. Le systéme {Mg, G € ¥} jouit évidemment de la propriété des intersections
finies, parce que Mg N Mg > M, 6,6+ (par ,,sp** on désigne icil’enveloppe linéaire).

Donc, grice a la précompactwvité faible de la sphére, il existe & € () (Mg) et il est
Ge¥

évident que # € Y. Nous montrerons que ||ﬁ | = 1. En effet, soit E = sp (&, Ker A),
ii € My. Donc il existe une suite {v,} = My, pour laquelle v, — i. Soient v, eXx®
ol X sont des espaces convenablement choisis d’aprés la définition des éléments

v, € M. Puisque v, — it € X{, on a lim (4v,, v, — u) = 0. Donc v, — i, [17" = 1.
n—+ o

Nous avons donc démontré que # € Y, EH = 1. Dong, s’il doit étre Au + 0, il
doit exister nécessairement au moins un élément w e X tel que (Ai, w) & 0. Soit
J = sp (i, w, Ker A). Alors & € My et il existe une suite {w,} = M, pour laquelle
w, — i. Mais (Aw,, w) = 0 pour un naturel n arbitraire, donc, grace a la continuité
faible de 4, on a (Aﬁ, w) = 0 ce qui est une contradiction. Le lemme 1 est démontré.

Lemme 2. Soit Wune application demicontinue qui applique un espace de Banach
réflexif X dans son dual et supposons que W jouit de la propriété (S). Soit {X,, o« € A}
le filtre de tous les sous-espaces de dimension finie de I'espace X, soient i, iy les
mémes applications comme dans le lemme 1. Supposons qu’il existe une sous-
famille confinale B (nous disons qu’une sous-famille B du filtre A est confinale,
si pour tout o € A il existe un B € P, p > «) et qu’il existe une constante positive k
de maniére que pour tout B e P il existe au moins une solution xz de I'équation
ip Wipx = 0 et que pour cette solution a lieu I'estimation hx,,“ < k qui est indé-
pendante de B. Alors il existe une solution de I’équation Wx = 0 et de plus, il existe
une suite {x,} = M = {x;, p < B} telle que x, — x.

Démonstration. Définissons des familles M, = {x e M, iy Wx = 0}*. Grace
a la confinalité de la famille P, le systtme {MN,, « € A} est évidemment un systéme
de familles non-vides, faiblement fermées uniformément bornées, un systéme ayant
la propriété des intersections finies. Donc, grace au théoréme de Mackey, il existe

un x, € () M,. Nous allons montrer que cet x, est une solution de I’équation Wx = 0.
ae

Nous montrerons que (Wx,, y) = 0 pour tout y € X:



Définissons X,, = sp (xo, y) et une suite {x,} = M, N M, x, — x,. Par définition
on a: (Wx,, x, — xo) = 0 d’ou il s’ensuit que lim (Wx,, x, — xo) = 0. Gréce 2 la
n—+ o0
condition (S), on a X, = Xg, c’est-d-dire que x, est en effet la limite d’'une suite
d’éléments de M. Grice 2 la demi-continuité de W (Wx,, y) = (Wx,, y) a lieu. En
méme temps, par définition, on a (Wx,, y) = 0 d’ou il s’ensuit que (Wx,, y) = 0.
Maintenant nous démontrerons le théoréme principal de ce travail.

Théoréme 1. (i) Soit A un opérateur linéaire continu, autoadjoint, qui applique
un espace de Hilbert H dans lui-méme, dont le Ker A est non-trivial, et qui satisfait
a la condition (8).

(ii) Soit B un opérateur demi-continu qui applique cet espace H dans lui-méme.
Soit B en plus uniformément borné sur H — cela signifie qu’il existe une constante
¢ > 0 telle que pour un élément arbitraire x € H ait lieu HBx” < c. Supposons
que B a une asymptote faible a I'égrad des demi-droites de K = Ker A — cela
signifie qu’il existe une fonction réelle I'définie sur la sphére unitaire dans I’espace
K = Ker A telle que lim (B(u + tw), w) = I(w) uniformément pour w € Ker A,

t—+ o0

“w” = 1 et u € H borné (on entend par la que pour tout d > 0 la convergence est
uniforme indépendamment de u par ”u” < d).

(iii) Soit donné A + B satisfaisant a la condition (S). Alors pour h e H satis-
faisant a I'une des conditions suivantes (*) respectivement (**), ou

(%) ~ pour tout weK |w| =1 il est (h, w) > I(w)
|w| =1 il est (h, w) < I(w)
il existe au moins une solution de I'équation (1):
(1) Ax + Bx =h.

Démonstration. L Soit K = Ker A4 et Yson complément orthogonal (Y = Im A).
Définissons la projection orthogonale P de I’espace H sur I’espace K et la projection
orthogonale Q de I'espace H sur l'espace Y. Giace au lemme 1, nous choisissons
P’espace Z tel que

inf { min || 4,(x)
=]l =1
xeHq
Définissons encore le filtre T = {H, € H, dim H, < 4+, H, > Z} — pour sim-
plifier écrivons aussi T = {Hﬂ, Be ‘B}. Ce filtre est donc un sous-filtre confinal du
filtre de tous les sous-espaces de dimension finie de H. Nous pouvons énoncer les
deux propositions suivantes, concernant les éléments du filtre T:

(A) Soient A4, les opérateurs définis comme dans le lemme 1. En posant K, =
= Ker Ay, fe B, on a K; = K et alors Py = P/H, est la projection orthogonale
de Hy sur Ker Ag et Y; = Y n Hy est le complément orthogonal de Ker 4, et aussi
le domaine des valeurs de 'opérateur 4,. Enfin Q; = Q/H, est la projection ortho-
gonale de Hy sur Y.

(**) pour tout we K

; H,> Z, H, € H et dim H, < +oo};g>o_
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(B) Soit S, I'application réciproque de I'opérateur A,, c’est-a-dire I’application,
pour laquelle D(S;) = Y; = Im (A4,) et pour laquelle S;4;Q, = Qg et ASp0p = Qp
sur Hy. Jaffirme que HS,,H < 2/n pour tout f € P. En effet, supposons au contraire
qu’il existe un f € P pour lequel “S,,” > 2[n. 11 existe donc un x € Y, |x|| = 1 tel
que [[Sp(x)| > 2/n. Mais [|A,(Sa(x)/|[Ss(=)])] = [x]/ISs(x)| < /2, ce qui est en
contradiction avec le choix de I’espace Z et du filtre T.

II. Maintenant nous allons chercher des solutions x, des équations (17)

dans les espaces Hy, B € P. Pour démontrer 'existence d’une solution de I’équation
(1) pour h € H arbitraire, il suffit, d’aprés le lemme 2, de trouver un systéme {x;} gem
des solutions des équations (1°) telles que ”x,“ < k, ou k > 0 est une constante
indépendante de p € P. Définissons 'application C;") : Hy — H, par I’équation:

CP(x) = CP(u + w) = u*(x) + w(x),
ou u* = u*(x) = S;Q4(hy — Byx), w* = w¥(x) =w — Py(hy — Byx) e

en supposant que x € Hy, x =u + w, u = Qyx, w = Pyx, & est un nombre positif.
En considérant I'espace H, de la forme Y; x K on a Cy'[u, w] - [u*, w*].

Jaffirme que x; = [u, w] est un point fixe de I'application C§ si et seulement
si x; est une solution de I'équation (1”). En effet, soit x; un point fixe de I’applica-
tion Cj’. Alors 0 = w — w* = Py(h; — Byx,) e. Donc Qy(h; — Byx;) = hy — Byx,
et enfin u = Sy(h; — Bpx,). En effectuant I'application A, sur la derniére égalité,
on obtient: Azx; = Agu = hy — Byx,.

Si au contraire Apx; + Bpxy = hy, alors h; — ByxzeIm Ay et donc 0 =
= Py(hy; — Byxs) . ¢ = w — w*. Mais en méme temps h; — Byx, = Qp(h; — Byx).
Donc Apx; = AzQux; = Qp(hs — Byxy) et en appliquant 'opérateur S; A cette
derni¢re équation, on voit que x, est un point fixe de 'application C},').

Pour démontrer notre théoréme, il suffit de trouver un ensemble U = H convexe,
borné, fermé, 0 eInt U et tel que dans Uy, = U n Hy, B € P application C},‘) ait
un point fixe (on doit vérifier cela pour chaque f € P). Pour démontrer I'existence
de ces points fixes il suffit, en vertu du théoréme de Brouwer, de démontrer que Cff)
appliquent ces Uy dans eux-mémes. Nous allons chercher U:

Parce que nous supposons (voir la supposition (ii) de notre théoréme) que |[an <c
pour tout x € H et donc aussi || B,,x“ < ¢ pour tout x € Hy, alors pour chaque f € B
arbitraire, x € Hpg, X = u + w, u = Qpx et w = P;x ont lieu les inégalités: "u*(x)" <
< ||Sﬂ| " Qﬂ|| ||h,; - B,,x” < lQ” (c + |]h[|) (2/n). Posons, pour abréger, g = "Q" .
-(c¢ + ||r]) (2/n). Supposons maintenant que x = u + w, Hu" < gq. Nous estimons
w¥(x) de la manitre suivante: |w*(x)||> = (w — ePy(h; — Bsx), w — &'Py(hs —
— Byx)) = ||wl|2 + sznP,,(hB - Bﬂx)”2 — 2:¢(Py(hy — Bpx), w). Comme w e K = Hy,
nous avons (Py(hs — Bsx), w) = (hs — Bgx, w) = (h — Bx, w) = (h — B(u + w), w).
Ensuite (h — B(u + w), w) = o(h — B(u + (w/e) 0), wle) et simultanément
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(B(u + t(w/e), w/@) — I(w[e) uniformément au sens de la supposition (ii) du théore-
me 1. Si nous définissons «(w, ¢) = (h — B(u + w/g), w[g), alors en vertu de la con-
dition (*) pour k g H, nous pouvons déterminer des nombres g,, o, tels que o(w, g) =
2 ap > Opourg 2 o2 > 0. Nous avons: |w*(x)|* < |w[* + &2|P|?(c + |A])* -
— 20%(w, o)e, car |Py(hy — Byx)|* < |P|? [y — Bpx|* < |P|? (c + [A])*, ou
C’est défini dans la supposition (ii). Alors pour & < & = agge|P| 2 (c + |[h])~2
et “w“ = ¢ € {300, Qo) nOUS avons “w"‘(x)"2 < ”w 2 = 0% < 05.

Mais pour "w“ =0€{0,300) et ¢ ¢, = QO(ZHP” (c + “h")'1 nous avons
aussi |w*(x)||> < 03, donc pour & < &, = min (&y, &,) I'opérateur C5” applique la
famille Uy = {x € Hy, |Py(x)| = 00, |Qpx| < 4} dans elle-méme.

Il est nécessaire de remarquer que toutes ces estimations ne dépendent pas de
Pindex B e . Si nous posons U = {x € H, ||Px| < go, |Qx| < g}, nous trouvons
de cette fagon une solution pour toute équation (1°) dans U et donc, en vertu du
lemme 2, nous trouvons dans cette famille au moins une solution de ’équation (1).
Le cas (x*) peut étre ramené au cas (*) par la multiplication de I’équation (1) par le
nombre —1.

Remarque 1. Si {w,,...,w,} est une base orthonormale de I’espace K = Ker 4
et si InBc Y x sp{wy,...,w}, k<n, on a évidemment I(w;) = 0 pour j =
=k + 1,..., n et aucune des conditions (), (**) n’est remplie pour aucun h € H.
Or, en envisageant I'espace H' = Y X sp {wy, ..., w,}, les restrictions des opérateurs
A, B, A + B al'espace H' ont les propriétés (i)—(iii) du théoréme. Si h € H' satisfait
a une des conditions (), (**) pour I’ = I[H’, I'equation (1) Ax + Bx = h a pour
cette h au moins une solution dans I’espace H. Dans le cas spécial, ou R(B) c R(A),
nous posons H' = Y = R(A) et le probléme a d’aprés la remarque suivante (rem. 3)
une solution pour tout h € H.

Remarque 2. On conserve les hypothéses du théoréme 1. Soit donnée pour chaque
ucH et weK = Ker 4, "w” =1 Pinégalité (Bu,w) > I(w) (resp. Iinégalité
(Bu, w) < I(w). Alors 'inégalité (x) (resp. (x*)) du théoréme est la condition né-
cessaire et suffisante pour qu’il existe pour h € H une solution de I'équation (1).

Démonstration. La suffisance de ces conditions est exprimée par le théoréme 1.
Nécessité pour (+): Soit Au + Bu = h pour quelque h € H, alors (Au, w) + (Bu, w) =
= (u, Aw) + (Bu, w) = (Bu, w) = h(w) > I(w) pour chacun w e K, ”w” = 1. Le cas
(*#) est analogue.

Remarque 3. Le cas de la trivialité de Ker A: Supposons que les hypothéses
(i)—(iii) du théoréme 1. soient remplies & I'exception de la non-trivialité de Ker A
(et donc a lexception de Iexistence d’une asymptote faible).' Supposons en plus
que Ker A = {0}. Alors I'équation (1) Ax + Bx = h a une solution pour chaque
heH.

Démonstration. Nous allons résoudre de nouveau les équations (1%) Ax +
+ B,x = h, = it h dans un sous-espace arbitraire H, de dimension finie de I’espace H.

66



Si nous choisissons I’espace Z de la méme maniére que dans la démonstration du
théoréme 1 et si nous bornons aux X, pour lesquels X, o Z, alors les opérateurs 4,
sont bijectifs. Donc les équations (1) sont équivalentes aux équations (2%)

(29 ' x + A7 'Bx = A7 'h, .

11 suffit donc de chercher des points fixes de l'application — A, ‘I(B, — h,). On
a |A7'(Bx — )| £ 42| (c + |4]) £ (2/n) (c + ||h])), o les nombres 7 et ¢
ont le méme sens comme dans la démonstration du théoréme 1. Donc, si nous choi-
sissons g = (2/n) (¢ + | h||), lopérateur A, '(B, — h,) applique I'ensemble convexe
B0, o) = {x € H,, |x| < go} dans lui-méme et par I'application du théoréme
de Brouwer et grace a I'approximation de Galerkin, nous obtenons dans B(O, Qo) =
= {xeH, ||x| < g0} au moins une solution de 'équation (1).

APPLICATIONS

Nous allons appliquer la théorie donnée a un exemple de la théorie des équations
elliptiques. La non-nécessité de la supposition de la continuité totale de I'opérateur
non-linéaire B nous donne la possibilité de supposer dans le théoréme suivant que
cet opérateur dépend aussi des dérivées d’ordre maximal.

Théoréme 2. Soit Q un ouvert borné de R" ayant une frontiére lipschitzienne I.
Soit donnée I'équation (3)

(3) Y J‘ a;i(x) D'u Dlvdx + Y J‘ A;(x) D'u .
lil.lilsk ) o [iL1il<k ) r

. Divds + J' D'v g{(x, D'u, n(u)) dx + J. Dv.
12k J 1ife ) -

. G{(x, D'u, npu)) ds = J‘ of dx + J vF ds,
Q r
ot a;; € L*(Q) pour |i| £ k, |j| £ k, Ai;€ L°(T) pour |i| < k, |i| < k, gi(*, & mi)
(resp. G{-, &, m;)) sont élements de I'espace I*(Q) (resp. IX(I)), g{x, *, *) sont des
fonctions continues par rapport a toutes les variables &, n;, |t| =< k pour presque
tous x € Q, G|(x, *, *) sont des fonctions continues par rapport a toutes les variables
My |i| < k pour presque tous x €T, o nu) signifie toutes les dérivées de la
fonction u d’ordre différent de i. Imposons les hypothéses suivantes (i)—(v):

(i) On suppose Pexistence des fonctions aj € I(Q), AF € IX(I) telles que
(4)  lim g(x, &, n;) = af(x) uniformément par rapport a n, pour presque tous
it

x €, ou-x € Q est un point fixe,
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(5) lim G(x, &, n) = Af(x) uniformément par rapport a n; pour presque
it

tous xel. ,

(ii) On suppose I'existence des fonctions b; € I}(Q) et B, € I*(I) telles que
lgi(x, & mi)| £ bix) presque partout dans Q pour &, n; arbitraire,
|G{(x, &, mi)| £ Bi(x) presque partout dans I' pour &, n; arbitraire .

(iii) L'ellipticité uniforme de I'opérateur différentiel linéaire: On suppose qu’il
existe une constante ¢ > 0 telle que

Y ay(x)E&; > ¢ Y |E|* pour tout x e Q et pour tout & = (&), |i| = k.
li],]i] =k li]=k

(iv) La symétrie de I'opérateur linéaire:

a;(x) = a;(x) pourtous xeQ, || <k, |j|Sk
Aif(x) = A;(x) pourtous xel', |i| <k, |j|<k.

(v) La monotonie en dérivées d’ordre maximal de Popérateur non-linéaire:
Supposons que l'inégalité [g{x, &V, n,) — gdx, &2, n)] [EV — &P] = 0 ait lieu
pour tout |i| = k, pour tout x € Q et pour un couple arbitraire des nombres réels
&V E2 ot pour n; arbitraire de Pespace euclidien de dimension adéquate.

Supposons que les fonctions f € I(Q), F € I*(I') remplissent I'inégalité (6):

©) wa de 4 LFW ds> 5 [fﬂﬁaf(x) Diw dx +‘Li_ai_(x) Dw ds] +

li] sk

ry [ J‘ AF(x) Diw ds + f A7 (x) Diw ds]
|i] <k r;+ ri-
pour tous w de I'espace de Sobolev W, ,(Q) qui sont les solutions de I'équation
linéaire
Y J a;(x) D'w D/udx + Y I A;(x) D'w D’uds = 0,
lil.lil sk J o Ll <k Jr

ou les familles QF, I't qui dépendent de la fonction w sont définies de maniére
que Qf ={xeQ, D'w(x)>0}, @ ={xeQ, D'w(x) <0}, analogue I'i =
={xel, D'w(x) >0}, I'; ={xel, D'w(x) < 0}, et u est un élément arbitraire
de I'espace W, 5(Q).

Alors pour telles fonctions f, F il existe au moins une solution de I'équation (3)
dans lespace W, ,(Q). .

Démonstration. Définissons les opérateurs 4, B qui appliquent I’espace mz(ﬂ)
dans lui-méme par les équations

(u,)= 3 faij(x) Do+ ¥ LA;.(x) D'u Divds

lillilsk J @ li],1d] <k
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(Bu,v) = Y j. gdx, D'u, ny(u)) D'vdx + Y, f D'v G{(x, D'u, n,(u))ds,
lilsk J o lil<k Jr
ol u, v sont deux éléments de I'espace W, ().

Nous montrerons maintenant, que ces opérateurs vérifient les hypothéses du
théoreme 1:

I. L’opérateur A a la propriété (S): Soit {u,} une suite dans W, ,(®) et soit u sa
limite faible dans cet espace. Grace au théoréme de la continuité totale de I'injection
canonique de I'espace W, ,(22) dans L,(2), on voit que la suite {u,} est précompacte
dans W,._, ,(2). Alors en extrayant de chaque sous-suite de la suite {u,} une nouvelle
sous-suite convergente, celle-ci a naturellement pour limite 1’élément u considéré.
Donc u, — u dans W,_; ,(2) et, grice au théoréme des traces (tous les opérateurs
des traces sont aussi totalement continus), il suffit de démontrer que la supposition
de la condition (S) implique D'u, — D'u dans I*(Q) pour |i| = k. Mais de la forme
de I'opérateur et de la convergence intégrale des traces et des dérivées d’ordre plus
petit que k il s’ensuit:

3 J a;; D'(u, — u) DY(u, — u)dx - 0,
liLlil1=k ) @
alors, grace a ellipticité uniforme, nous obtenons

lim Y | D¥(u, — u)*dx =0.
n~>+ow |i|=k Jgq
II. L’opérateur A + B remplit la condition (S): Comme on le voit dans la partie L.,
il suffit de vérifier la convergence des dérivées d’ordre maximal, mais de la sup-
position de la condition (S) et de la convergence des autres dérivées et des traces on
déduit que
lim Y j‘ a;; D'(u, — u) D'(u, — u)dx +
2

n—>+owo |i|,]j|=k

+|i|Z—:k J Di(u, — u) [g{x, D'u,, n{u,)) — gix, D'u, n(u))] dx = 0.
= Q2

De I’ellipticité uniforme de 'opérateur 4 et de la monotonie de I'opérateur B on
déduit que les deux sommes dans cette derni¢re expression sont des nombres non-
négatifs. Donc la limite de chacune de ces expressions est 0 et en utilisant Iellitpticité
on déduit notre assertion comme dans la partie 1.

III. Nous montrerons I'existence d’une asymptote faible de 'opérateur B. Défi-
nissons pour w € Ker 4:

)= ¥ L”wa af () dx & L‘_wa ()

li|=k

+ Y [F+D"wAf(x)ds+J‘ Dw A; (x)ds.

Iil<k r:~
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Nous affirmons que I(w) est une asymptote faible de 'opérateur B au sens du théo-
réme 1.

Supposons au contraire I'existence des suites {t,}, {w,}, {u,} telles que t, / + oo,
W, > W, u, ~u et telles que |(Bu, + t,w,), w,) — I(w,)] > n > 0 pour chaque. n.
Alors un des deux cas doit avoir lieu.

a) 1l existe y > 0 tel qu'on peut déterminer |i| < k et qu’on peut extraire des
sous-suites (nous les notons de nouveau {t,}, {w,}, {#,} de maniére que

j D'w, g{x, D'u, + t, D'w,, D°u, + t, D*w,) dx —
2

- j Diw,a; (x) dx — j. Diw, a; (x)dx| =y
Qint+ Qin~

(pour tout n), ou Q;, = {x € Q, D'w,(x) > 0}, Q;, = {x € Q, D'w,(x) < 0}.
b) 11 existe y > 0 tel qu'on peut déterminer |i| < k et qu’on peut extraire des
sous-suites de maniére que

J‘ D'w, G{(x, D'u, + t, D'w,, D*u, + t, D*w,)ds —
r

— j D'w, A{ (x)ds — j D'w, A7 (x)ds| >y
Cin* Ty

n

(pour tout n), ou I';, = {x eI, D'w,(x) > 0}, I';, = {x eI, D'w,(x) < 0}.

Grace a I'analogie des cas a), b), nous pouvons nous occuper seulement du cas a).
Supposons donc que le cas a) ait lieu pour quelque valeur de I'index i. Grice au
théoréme de Jegorov, il existe un ensemble Q' = Q tel que mes (2\ Q') < 6 ol 6
est un nombre arbitraire positif choisi d’avance de sorte que la convergence vers la
limite (4) (voir la supposition (i) de ce théoréme) est uniforme aussi par rapport a la
variable x, ou x € Q'. Alors nous avons:

(4)

J D'w, g(x, D'u, + t,D'w,, D*u, + t,D*w,) dx —
2\’ -

- J- D'w, a; (x)dx —J D'w, a; (x) dx
Qi+ N2’ Qun =2’

grice au fait que " w,,“ = 1. )
En vertu de la continuité en mesure de la derniére expression, on peut choisir Q'
de telle maniére que cette expression est plus petite que %y. Alors:

I D'w, g(x, D'u, + t, D'w,, D*u, + t, D*w,)dx —
»
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/ .
- j Diw, af (x)dx — f D'w, a; (x)dx| =
ﬂ‘"+’ an_’

W

Y.

Pour simplifier nous allons désigner les ensembles @', Q%' = Qi n Q' par Q, {1,
Définissons m(c) = sup mes {x € @, |D'u,(x)| = c} ou N est I'ensemble de tous
neN

les nombres naturels. Grace au fait que la suite {u,} est bornée, nous obtenons:
lim m(c) = 0. Définissons des familles My:

c>+

M; = {xeQ, D'u,(x) = c}.

En utilisant la continuité absolue du second membre de Iinégalité (A), nous
choisissons ¢, > 0 de maniére qu’ait lieu I'estimation (B):

(B) U D'w, g{x, D'u, + t, D'w,, D*u, + t, D*w,)dx —

Mn©o

- j Diw,a; (x)dx —J Diw,a; (x)dx| =¥,
Rint nMp©o Rin~nMpco 4
Définissons encore pour chaque n € N et 3 > 0 des familles
Wp = {xeQ, |D'w,(x)| < 9}.
Alors
© U D'w,g{x, D'u, + t,w, Du, + t, D°w,)dx —
Wn®
<

- J. D'w, a; (x) dx — j D'w, a; (x) dx
Qin*taW® Qin~ nW,?

1/2

s ([ gl ax)” (] 00 + o7 + lar a2 ax) s
< S(mes @)1 b, + Jaf | + [a7] |zne -

Cette derniére expression est plus petite que %y, si 3 > 0 est suffisamment petit.
On a donc (D):

(D)

'[ D'w, g(x, D'u, + t, D'w,, D°u, + t, D°w,) dx —
awm

c.n\W"s

- J' D'w, af (x) dx — f Diw, a; (x) dx| 2
Qin P \MpcN\W,* Qin"\MpcN\W,,2

Définissons maintenant des fonctions:

OE(¢) = sup {|gi(x, &, 1) — af(x)], x€Q, &€ <& ), n;€RY,

.

B
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ou d = n(n* — 1)/(n — 1); le symbole {a, —0), ol a est un nombre réel, désigne
naturellement I'intervalle (— co, a). Alors nous estimons I'expression dans le premier
membre de l'inégalité (D) par I'expression (7):

) (mes Q)12 [0 (—co + 1,9) + O7 (co — 1,9)] .
Mais grace a I'uniformité de la limite (4), nous obtenons lim Of(é) = 0. Parce
¢->t oo

que c et 9 sont des constantes positives fixes et t, = + 00, la limite de I'expression (7)
est zéro ce qui est en contradiction avec I'inégalité (D) L’existence de ’asymptote
faible est donc démontrée.

Les autres conditions du théoréme 1 excepté la non-trivialité de Ker A suivent
facilement des suppositions du théoréme 2. Donc, dans le cas ou Ker 4 {0},
’existence d’une solution de 1’équation (3) est démontrée. Dans le cas ou Ker 4 =
= {0}, nous démontrons I’existence d’une solution de I'équation (3) pour chaque
deuxiéme membre en utilisant la remarque 3.
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INTERIOR REGULARITY OF SOLUTIONS TO SYSTEMS
OF VARIATIONAL INEQUALITIES

MiLaN KUCerA and JINDRICH NECAS, Praha

(Received December 4, 1975)

Let Q be a domain in an N-dimensional Euclidean space RY with a Lipschitzian
boundary. We shall denote by W,f(Q) the well-known Sobolev space with the norm

Further, let m be a positive integer. Denote by [W5(Q)]™ the Cartesian product
of W5() (m times) with the usual norm, which we shall denote by ||* || xq-

The elements of [W5(2)]™ will be denoted by u = [uy, ..., u,] (u;€ Wi(Q),
i=1,..,m).

Let I' be a given subset of the boundary of Q. Denote V = [W3(Q)]", V, =
={veV; v=0on I'}). (We write v = 0 if v; = 0 in the sense of traces for i =
=1,..,m)

Let af€ys - é,) (F=1,.:3 x) be real functions of » variables. Suppose that these
functions have measurable bounded derivatives da,[d&, (t, s = 1, ..., x). Further,
let N, (t =1,..., %) be differential operators defined on [W3(2)]™ by the formulas

N

N =3 e,

i=1j=1 ”651,

where cﬁ,,- (i=1...mj=1.,Nt=1,.., x) are constants. We shall suppose
that the following conditions are fulfilled (with C > 0):

(1) Z _3a, ('1) (g, =2C Z &% for each &, neR*;
t,s=1 563 ' t=1
&) J‘ Y (N(v))*dx 2 C||v|2,1,0 for each ve V.
ot=1

The condition (1) is the usual ellipticity, the condition (2) is an inequality of Korn’s
type (cf. [2]).
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Define an operator 4 : ¥V — V* *) by

x

(3 “ {(Au, vy = gla,(N,(u)) N(v)dx.

Consider given elements uq, Y € V, ug = ¥ on Q. (We write u 2 ¢ on Q if u; 2 y;
almost everywhere on 2, i = 1, ..., m.) Denote

K={veV,v—uyeV, vy on Q}.
For a given element f = [fy, ..., f,,] € [L2(2)]™ we shall seek an element u such that

4 . uek,

%) J‘ . tg:la,(N,(u)) Nf(v—u)dx 2 if,(v, —u,)dx foreach veK.

Qr=
The last condition can be writen as

(6) . {Au,v—u)d = {f*,v—u) forall vek,
where the functional f* € V* is defined by {f*, v) = [o Y f,0, dx.
r=1

It is easy to show that the set K is convex and closed in V and that the operator A
is bounded, continuous, strictly monotone on K (ie. {(Au — Av, u —v) >0
for u,v €K, u * v) and coercive on K (i.e. lim (CAu,u — vo)[|u]z,1,0) = +

oz
for a certain v, € K). This follows from the assumptions (1), (2).) Hence, the existence
and unicity of the solution of our problem follows from the general theory of varia-
tional inequalities which is developed for example in the book [3]. Here we shall
deal with the interior regularity of the solution. Namely, we shall prove the following
result:

Theorem. Suppose Y € [W3(Q)]™. Let u be a solution of the problem (4), (5),
let Q' be a subdomain of Q such that @' < Q. Then u e [W3(Q)]"

This result was proved by J. FREHSE in [1] for a special class of operators N,
and for u, = 0. We shall present here another proof, which is based on penalty
method and applies to the general case. )

Let us consider a continuous, bounded and monotone operator f:V — V*
such that ﬂ(v) = 0 if and only if v € K, i.e. the so called penalty operator correspond-

*) We denote by V'* the dual space to ¥; the duality between ¥ and V'* is denoted by {.,.)>.
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ing to the set K. Then for each positive ¢ and f € V* there exists a unique solution
u® € V of the equation*)

@) Au® + 1/3u‘ = f
€

and, moreover, u* — u (if ¢ > 0+), where u is a solution of the problem (4), (6)
(— denotes the weak convergence). Especially, u® are bounded in the norm of V
and (1 /e:) Bu® are bounded in the norm of V*. This holds for a general Banach space V,
a convex closed set K = V and a bounded, continuous, strictly monotone and coer-
cive (on K) operator 4 : V — V* (see [3]).

In our special case, it is not convenient to introduce the penally operator with
respect to K directly in the space V. But if we set Ko = {v € V; v + uo € K} and write
w = u — u,, then the conditions (4), (6) are equivalent to

(8) wek,,
9) (A(ug + w), v — w) 2 {f,v — w) foreach vek,.

Define an operator f : V. — V{* by
{B(w), vy = —j Y (o, + w, — )" v,dx for u,veVr.
nl‘=l

It is easy to verify that B has all the properties declared above (for V. instead of V
and K, instead of K). ‘

We can write an operator A,, : V. — V;* (defined by 4,,(v) = A(u, + v)) instead
of 4 in (9). Hence we obtain from the above that for each & > 0 there exists w* e V-
such that

| T
A(uo + w) + ;ﬁ(w) =,
This means (by setting u® = u, + w*) that there exists u° € ¥ such that

(10 Aw) + = plu = uo) = f

in the space V7, i.e.

(11) J ) éla,(N,(u‘)) Nfo)dx — %L r;(u: ) v, dx =

frop dx
ar=1
for each v € V.. Moreover, u® are bounded in ¥, (1/e) f(u® — u,) are bounded in ¥y
(but need not be bounded in V*!).

*) The so called equation with the penalty corresponding to the problem (4), (6).
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In the sequel we shall use the following notation: Let e be a vector in the direction
of the i-th coordinate axis in R, |le|gy = 1; if v is a real or vector function, h % 0
a real number, thefi v, denotes the function defined by v,(x) = v(x — he). Moreover,
we set

v, — v

4y(v) = ;

Proof of Theorem. Let u° be a solution of the equation (10). Consider an
arbitrary element v € V¥ such that supp v = Q' (i.e. v lies in the closure of [2(Q")]™
in V). Then we have ve V- and for h sufficiently small also v_, € V;.. Hence (11)
holds for v as well as for v_, instead of v. Thus

(12) J‘n éla,(N‘(u‘)) N{v-) — v)dx — L nri(u,‘. —¥) (vy,-p— v,)dx =

&

= if,(v,,_,, —v,)dx.

or=1

The same equality holds for v — v, (instead of v_, — v) and by a translation of h

(13) J‘n tZx',la,(N,(u"_,,)) N{v_, — v)dx —
= j}"f(u Y A v

= ifr.—h(vr,-—h —v,)dx.

ar=1

By adding the two equalities we obtain

(14) J' ) [0V ) — adN )] - V- — o) dx

o DT AN R AR CRRE L

Qr=
=1 Zm (ff.-h _fr) (vr,-h - 0,) dx.
qQr=1

Further, we shall consider a domain Q* such that Q' < Q*, O* < Q. There exists
a real function ® € 9(Q*) such that @ = 1 on Q'. We shall set v = &> . * in (14).
Now, we obtain from (14)

(15) CA(us,) — A(u®), (d52ue _p — DS —
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3 [0 = )™ = (0= 0)] - (@70)- — 0%) dx =

ﬂrg (fr.=n — 1) (9%uy) -y, — P*u;) dx .

We shall show that there exist constants C,, C,, C; such that C; > 0 and

(16) Cy||4-i(?) ®|3,1.0 £ Co|4-4(u*) D10 + Cs.

It will be clear from here that the norms HA —(u’). ¢H 2,1,o are bounded, especially, the

norms | 4_,(u*)|2,1,0- are bounded (independently of &, k). We have 4_,(u®) — 4_,(u)
e-0+

in V for each fixed positive h and therefore the norms |4_,(u)|,,4 e (h > 0)
are bounded, too. That means that there exists a weakly convergent sequence

—m(#) (h, = 0). Simultaneously, 4_,(u) — du/ox; (if h — 0) in [L,(2)]™, because
u e [W3(@)]™ This implies 4_, (u) —~ du/dx; in [W3(2')]™. In particular, du/ox, e
e[W(Q)]", ie. u e [W3(Q)]™ (because the index i was arbitrary). Hence it is suf-
ficient for the proof of Theorem to show that (16) holds.

First, we shall estimate the left hand side in (15). By using the identity 4_,(®*u®) =
= ®* A_,(u°) + u", 4_,(P*) we obtain

(17) L) - A, (@24 - 02y =

) .[ QZ_J: %‘;— (N() + o(No(uts) —

— N(u%) de N(4_,(w*)) N[4_y(®*u*)]dx = I, + I,

where

n-,J S 2N A (u) . N O A () dodx

0 t,s=1 663

94y u u® 2 x.
IZ_LLNZI%SN(A () N,(n 4_(07)) de d

(We do not write the arguments of the functions 6a,/6€s depending on g; it is the same
asin (17).) By using the formulas

(18)  N{®4_,(u) = O NP 4_,(u)) +i§ ic 22040,

J

(19) Ny(4_y(u))® = N(® 4 ;.(u))—Z Z -,.( )
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we obtain

(20) I, = I ﬁ a"'N(cp A_(u)) N(® 4_,(u*)) dg dx —

otl

1 x m N -
[ ] Seento a )| 5, yes 4 3 |de e +
aJo ts=10¢, i=1 o

j=1 X

x da, m N ; ,645
f f %8 N (At ))q:[z Zci,jA_,,(ui)—] dodx.
aJo ts=10& i=1j=1 Ox;

By the assumptions (1), (2) the first integral is not less than ¢, @ 4_,(u))|,1,q. Let
us estimate the second integral. The functions da,[0¢,, 0P[0x; are bounded. Hence,
we obtain by virtue of the Holder inequality and the inequality 2ab < da® + 6~ 1b?
(holding for arbitrary real a, b and 6 > 0) that the second integral is not greater in
the absolute value than

CZHQ A-h(“z))”Ll.ﬂ ”A—h(ue))uz,m s
< (0@ 4-4u)|3.1.0 + 07 4-i()|3.09) »

where we denote by | |2, the norm in the space [L,(2)]™. Let us estimate the last
integral in (20). This integral can be rewritten as

1 % fa, i . o D 0D
f J 5 %8N (@ 4 »[Z y c,.,,.A_h(u,.)—]dgdx -
aJo ts=1 66, i=1j=1 ax,

_Lﬁrzlg‘é"[i ,,A_,,(u)—:l[i g:lcﬁ,jd_,,(u“i)i—f]dgdx.

The first expression can be estimated in the same way as the second integral in (20),
the second 1s not greater than c;|4_,(u%)|3 0. Hence we obtain

(21) Iy 2 ¢y|® A_,(u%)|3,1,0 — ca 8P A (u?)]3,1,0 —

— cs(671 + 1)|| 4-,(%)|3 00 -

Now we shall estimate the.integral I,. It is easy to see that
4_(2%) = 4_(2) (2 + 2_4),
N[4_u) (@ + o_,)] =

= N,[4_, )] (® + 2_,) +‘§1 Jici,,A_,,(u';)—é% (@ + 2_,),

78



m N . 6
N,[ue_,,A_,,(d’z)] = N,(ua_,,) A—h(¢2) + Z z c;,ju,-,_,, —— (A—h¢2)'
i=1j=1 0x;

By an easy calculation we obtain from here

1 %=

@ f={[ % FN[A)@ + oIV A ()] dodx -

”” ,,?Z‘;;Ntd-w +.,)] x

[i ict,ui ,,—(A ;.(‘P)):Idgdx—

i=1j=1

-

_ LJ'I 5 ‘L"r[i i cf,jA_,,(ui)gc—j(di + cb_,,)] N (4.4 A_(®)) dg dx +

o ts=10& Li=1j=1

* da, o ¥, Nl
ILI, 1553[; ;fi'f"—h(“a) o, (@ + q)-,,)] x

x [i 3 el s 1(4 («p))] do dx +

i=1j=1

LJ’O i aal‘N(A—h(u)[ii g‘, ui,_,,a_i_;(A_h((pz))] dodx.

t,s= 166, 1j

The functions da,[0&,, A_,(®) are bounded. Hence we can use the same argument to
estimate the first integral in (22) as in the case of the second integral in (20). Moreover,
if we use the identity A4_,(u°)(® + ®_,) = 24_,(u°) D + (uZ,— u°) 4_,(P), we
obtain that the first integral is not greater (in the absolute value) than

67"‘1—11(“3) (@ + D_4)|2,1,0¢ |uZs]2,1,00 =
< 36 4,(w) (@ + _4)|2.1.0 + €787 ula]2, 1,00 <

cgd||d_(u%) D|3,1,0 + cgd™|ut ||2 1.

The second integral can be estimated in the same way. The third integral is not greater
than

cof| 4-4()| 2,00

the fourth integral is not greater than

Cm"“—h(“‘)“%,n- + cw||u°[]§_,, .
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In the case of the last integral, we come back to an expression without any derivatives
of the functions a,. We have

(23) J'J:”iljgyw [ 5, Tt T (447 | d00s =
-1 Sloanie) - v [ 3 % e - (4o ox =
=] Zaov, Zc.,[ui (4-400) = via - (4-407) | v

Further,

(24) % 5"’— (A-(@3) — u - 61 (4_4(#?) =

o (= ) <L (Ai(@D) + w2 [A_(@F — 97)].
0x; 0x;
It is easy to see that the functions (9/dx;) (4_4(®7)) and (1/h) A_,(Ps — ®?) are
bounded. Moreover, we have |a(¢)| < c“& || w (for &€ RY,
Euclidean norm). This follows from the assymption that the derivatives da,[0&,
are bounded. Hence we obtain from (23) and (24) that the last integral in (22) is not
greater in absolute value than

cuauz0.0 ([4-4@)]2.00 + [47]20) <
< col[wan0 + [A-sw)|z0e + [w].0) -

This together with the previous yields

09 IS cir 6[A-i) 00 + cuslsfEn + [0,

where ¢;3 > 0 and ¢;, depends on the choice of .

Let us remind that the norms ”u ”2 1,0 are bounded. It follows from here that the
norms [ 4_,(u®)||,,o- are bounded, too. Hence, if the number § is sufficiently small,
then we obtain from (21), (25)

(26) %(A(uz ") - A(ue) (¢2ue -y =1, +1, 2
> C “q)A—h(“ )”2 10— Cy,

where C; > 0. (The constants C;, C, depend on the choice of 4.)

Now we shall estimate the member given by the penalty operator in the equation
(15). We have

(27) Z [f-n = Vrn)™ — (w2 — ¥)7] %

er=1
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x [(up®?)-) — u;®*] dx =
31 (TR Pty A
eh 1

Qr=

X (up,—n = Yp,p — up + ¥,) P dx +
1 C e - e -
25 2 [(u',‘h - ‘//r,—h) - (ur - wr) ] X
eh 1

ar=
X [=(u;®?) -y + up,—4®* — ¢, _,®* + ¢, 0] dx.

It is clear that the first expression on the right hand side is nonnegative. (This follows
from the monotonicity of the negative part.) The second expression can be written as

_]._Zj i(u: - l//r)— [_u5¢2 + u:¢: - \[/r¢: ¥ Wr,th +
Eh or=1
+ (ur®%) -y — up, 4y P + Y, ®* — Y, P*] dx =
= —1115 {P(u® — uy), u'i,,(@z_,, - (Pz) + u‘((bf - 9?) +
&
+ W= V)P + (U — V) B> =
_ ;’11_2 CBu* = o), u 4[(@2, — B2) — (9% — B)] + (uty — ) (D2 — BF) +
+ (n = ¥) (D7, — D7) + (Vi — 20 + Y,) %) =
£

h? e h
ut, —ut P — P, 20 + (‘Ph = 1//)((153 = ‘pz) 1 (l)bh -2y + ‘/’—h) (pz>'
h h h h h?

+

This expression in the absolute value is not greater than
(28) cs([#] 21,0 + [[4-40) @210 + [ 44¥)]2,1.00 +
1
+ e ”'Ph -2y + w—h“2,1,9' )
because the functionals (1/¢) f(u® — u,) are bounded in the norm of V* (independently
of ¢) and the functions (1/h?)(®%, — 20* + @3), (1/h?)(® — B,)* (1/h) (P — B})
are bounded. We know that |u®|,,, o are bounded. Moreover, it follows from the

assumption y € [W3(Q)]™ that the norms |44 2,1,0% (1/A2) ¥4 — 20 — ¥_4] 2,100
are bounded (if & — 0). Hence the expression from (28) is not less than

—016”41—;.(“2) ‘p”z,l,n — C17-
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The right hand side in (15) can be rewritten by means of the identity
(29) (D%u) -y — % = &2, (u°y, — u°) + (%), — D) u" =

= (¢2_h - ¢2) (u’_,, = u”) + Qz(u’_h - u‘) + (Qih - ¢2) u®.
The functions 4_,(®?), &, ®* are bounded independently of h. Moreover, it is easy
to see that for f € [L,(22)]™ we have 4_,(f) — f/dx; in the dual space ([ W3(2*)]™)*.
Especially, 4_,(f) are bounded in this space.

It follows from here and from (29) that the absolute value of the right hand side

in (15) is not greater than

cl-,(“A_,,(u‘) ¢“2'1,n + "us“z,l,n)hz é cm“A_h(u‘) ¢“2-I'ﬂh2 .

Now all the estimates proved yield together the inequality (16). The proof of the
theorem is complete.
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STRUCNE CHARAKTERISTIKY CLANKU OTISTENYCH V TOMTO CISLE
V CIZIM JAZYKU

BOHDAN ZELINKA, Liberec: Finite planar vertex-transitive graphs of the regularity degree three.
(Kone¢né rovinné uzlové transitivni grafy, jez jsou kubické.)

V ¢lanku je dan uplny vyéet koneénych rovinnych souvislych uzlové transitivnich grafi, jez
jsou kubické.

IvaN CHAIDA, Pierov, BOHDAN ZELINKA, Liberec: Lattices of tolerances. (Svazy toleranci.)

Tolerance kompatibilni s algebrou U je bindrni relace na mnoZin& prvkia algebry U, jejiz
definice je podobna definici kongruence, pouze je vynechan pfedpoklad transitivnosti. V &lanku
jsou vySetfovany vlastnosti svazu LT () v8ech toleranci kompatibilnich s algebrou .

H. S. GOPALAKRISHNA, SUBHAS S. BHOOSNURMATH, Dharwar: Exceptional values of linear
combinations of the derivatives of a meromorphic function. (Vyjime¢né hodnoty linearnich kombi-
naci derivaci meromorfni funkce.)

Je-li ftranscendentni meromorfni funkce v roving a je-li yp= alf(” + ...+ ak_zf("_z) +
+ a,f®, kde k = 3 a ay, ..., a,_,, a jsou komplexni &isla, @, == 0, potom bud f nema #4dnou
kone&nou Borelovu vyjimeé¢nou hodnotu nebo jedinym nulovym bodem, v némz y r ma kone¢nou
Borelovu vyjimeénou hodnotu, je potatek. Tato véta je zobecn&€nim znamého Haymanova vy-
sledku.

JAN LiGEza, Katowice: The existence and the uniqueness of distributional solutions of some
systems of non-linear differential equations. (Existence a jednozna¢nost distributivnich feSeni
jistych systémi nelinedrnich diferencialnich rovnic.)

Autor vySetfuje systém diferencidlnich rovnic 3’ = f(y) s pouzitim Mikusifiského teorie
distribuci.

JAN LiGeza, Katowice: On distributional solutions of some systems of linear differential equa-
tions. (O distributivnim FeSeni jistych systému linedrnich diferencidlnich rovnic.)

Autor udava podminku pro existenci a jednoznaénost feseni systému linedrnich diferencialnich
rovnic ve smyslu Mikusiniského teorie distribuci.

EvA POKORNA, Praha: Harmonic functions on convex sets and single layer potentials. (Harmo-
nické funkce na konvexnich mnoZiniach a potencidly jednoduché vrstvy.)

V prici je dokdzana nutni a postalujici podminka k tomu, aby funkce harmonicka na kon-
vexni oblasti v euklidovském prostoru splyvala s Newtonovym potencidlem naboje rozlozeného
na hranici uvaZované oblasti.

Jikf JARUSEK, JINDRICH NECAS, Praha: Sur les domaines des valeurs des opérateurs non-linéaires.
(O oblastech hodnot nelinearnich operatori.)
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V tomto &lanku se autofi zabyvaji problémem existence fe¥eni rovnice Ax + Bx = h, kde A4
a Bjsou oper4tory zobrazujici Hilbertliv prostor H do H, A je spojity linearni operator, B je polo-
spojity linedrni operator se slabou asymptotou. Operitor 4 jakoZ i operitor 4 + B spliuji
podminku (S) z definice 1. Existen&ni véta je aplikovéna na p¥ipad eliptickych rovnic.

MiLAN KUCERA, JINDRICH NECAS, Praha: Interior regularity of solutions to systems of variational
inequalities. (Vnitfni regularita fefeni systémut varia&nich nerovnosti.)

Necht @ je oblast v R, I dana podmnoZina jeji hranice. Polozme V' = [W3(2)]™ (m-nasobny
kartézsky soudin Sobolevova prostoru) a K= {v = [vy, .., vp] €V} v; = u? na I, v; = y;
na @, i=1,...,m}, kde ug=[u3,...,ud), v =¥y, ..., wm] € ¥V jsou dané m-tice funkci.
Necht a/(¢;,...,¢,) (1= 1,...,%) jsou redlné funkce s omezenymi méfitelnymi derivacemi.
V ¢&lanku se dokazuje vnitfni regularita feSeni # € K varia¢ni nerovnosti

: J' ) ,ia’(N {4)) Ny(v — u)dx = L ,if'(v' = uy) dx

pro kaZdé v € K, kde
N

= 0
N =Y ¥
i=1j=1 = 0

(c},jjsou konstanty) a f € [L,(£2)]™. Ptesngji, za jistych ptedpoklad (elipticita, platnost nerovnos-

ti Kornova typu atd.) plati v € [W%(Q’)]"' pro libovolnou podoblast 2’ oblasti 2, pro niz
Q'ca.
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Casopis pro péstovini matematiky, ro&. 102 (1977), Praha

RECENSE

Bo Stenstrom: RINGS OF QUOTIENTS (An introduction to methods of ring theory), Die
Grundlehren der mathematischen Wissenschaften in Einzeldarstellungen mit besonderer Beriick-
sichtigung der Anwendungsgebiete, Band 217, Springer-Verlag, Berlin— Heidelberg— New York
1975, 309 + viii stran, cena DM 92,—.

Kniha je v&novéna hlavnég studiu teorie podilovych okruhii, poskytuje vSak téZ pfehled o z4-
kladnich metodach a vysledcich celé teorie okruhti. V kapitole I ,,Modules‘ jsou pod4ny zdklady
teorie moduld s aplikacemi na nékteré dilezité t¥idy okruht (polojednoduché, regularni, kohe-
rentni okruhy). V kapitole II ,,Rings of fractions** jsou studovdny podilové okruhy vzhledem
k multiplikativné uzaviené podmnoziné. KapitolyIII— V,,Modular lattices*, ,,Abelian categories*,
,»Grothendieck categories‘ jsou vénovéany zdkladnim n4strojiim obecné teorie okruhii. Kapitola VI
,,Torsion theory* je ucelenym pfehledem vlastnosti riznych typa torsnich teorii se zvla¥tnim
zietelem ke Gabrielovym topologiim. Klasifikace Gabrielovych topologii pro nékteré noethe-
rovské okruhy je podana v kapitole VII ,,Hereditary torsion theories for noetherian rings‘
a pro okruhy s vhodnymi minim4lnimi podminkami na pravé idedly v kapitole VIII ,,Simple
torsion theories*. Centralni &¢4asti knihy je kapitola IX ,,Rings and modules of quotients‘, v niZ
jsou zavedeny obecné podilové okruhy a moduly. Funktor lokalizace a kategorické vlastnosti
podilovych modult jsou studovany v kapitolich X ,,The category of modules of quotients‘
a XI. ,,Perfect localizations‘‘. Vlastnostem né&kterych specidlnich tf¥id okruht v souvislosti s maxi-
malnimi podilovymi okruhy jsou vénovany kapitoly XII, XIII, XIV ,,The maximal ring of quo-
tients of a non-singular ring*, ,,Finiteness conditions on Mod (4, J)*, ,,Self-injective rings.
Zivére&nd kapitola XV ,,Classical rings of quotients** se vraci ke klasickym otdzkdm studovanym
jiz v kapitole II.

Ladislav Bican, Praha

Rudolf Piska, Viclav Medek: DESKRIPTIVNI GEOMETRIE II. Praha 1975, SNTL - Nakla-
datelstvi technické literatury, n. p. a ALFA - Vydavatel’stvo technickej a ekonomickej literatiry,
n. p., 2. vyd., ndklad 4700 vyt., str. 400, obr. 376, cena K& 26,— vaz.

Druhy dil udebnice po teoretickém vykladu o kfivkich a nékterych plochich se zabyva t&mi
aplikacemi deskriptivni geometrie, které jsou potfebné pro stavebni inZenyry. Vzhledem k tomu,
e nové vydani'), nehledi-li se k opraveni n&kolika drobnych nedopatfeni, se li§i od prvniho jen
v nékterych dopliicich, které byly zafazeny hlavn& do posledni &asti knihy (str. 338—390),
jevi se jako ti¢elné zminit se pouze o t&hto dopliicich.

ProtoZe v nékterych smérech byla roz§ifena latka I. dilu u¢ebnice, byla sem pfedev§im pfefa-
zena &4st tykajici se osvétleni té&les v zdkladnich druzich promitani. Tim v3ak vznikl metodicky
nedostatek, nebof jiZz na za&itku II. dilu je provdd&no osvétlenf nékterych ploch (napf. rotani
kvadratické plochy) a jeho vlastni teorie se objevuje aZ v zdvéru udebnice. Déle je pak noveé uve-
deno tzv. technické osvétleni, kdy vrZeny stin na (obvykle)svislou priimé&tnu nahrazuje pomocny

|
1) Recenze 1. vydani byla uvefejn&na v tomto &asopise ro&. 92 (1967), str. 363—364.
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pramét (tak, jak je tomu v kaZdém promitacim zpusobu: jde tedy o kombinaci pravouihlého
a kosouhlého promitini na touZ primétnu). Nakonec je sem zafazena kapitola o trojhranu
(urdena tedy studentim zem&meéfického inZenyrstvi), kdy po vykladu zdkladnich vlastnosti
trojhranu jsou uvedény jeho zakladni konstrukce z jeho stran a 1hld.

V udebnici se jedna &4st (celkem jen 16 stran) zabyva zaklady tzv. stereotomie. Dnesni projek-
tanti v8ak neradi navrhuji zhotoveni propusti v nasypu, vyusténi tunelu, pfip. jind vét§i stavebni
dila z kamene, nebot se domnivaji, Ze betonové, pfip. Zelezobetonové konstrukce jsou ekonomicky
vyhodnéj§i. Naproti tomu konstrukce z tesaného kamene (ktery byva &asto téZen nedaleko stavé-
ného dila, mnohdy i pfimo v dile samém) jsou vzhledové mnohem hez&i. Tento spor nelze viak
feit p¥i recenzi uvedené u&ebnice, nutno viak s politovanim konstatovat, Ze na stavebni fakulté
CVUT v Praze jiZ ptes 15 let se stereotomie nepfednadi z diivod pozadavki kateder predmétt
inZenyrské praxe. Jak ukazuji zdvaZné zprvy z jednani komisi pro reformu studia na stavebnich
fakult4ch, tento tlak kateder praxe déle sili a povede k dal¥imu omezeni ve vykladu uZité geo-
metrie, jak by bylo vhodnéj$i vzhledem k pouZiti nazyvat dosavadni deskriptivni geometrii.

Karel Drdbek, Praha

I. Farkasovd a M. Farkas: INTRODUCTION TO LINEAR ALGEBRA. Vydali Akadémiai
Kiad6 v Budapesti a Adam Hilger Ltd. v Londyné& r. 1975. Prvni vydani, 205 stran.

Prvni kapitola je vénovana vektorim v roviné a v trojrozmérném prostoru, skalarnimu a vek-
torovému soudinu a na né&kolika strankéch je pojedndno o vyznamu pro geometrii a mechaniku.
Ve druhé kapitole jsou zavedena komplexni ¢isla a jsou zde probrany zékladni vlastnosti poly-
nomi. Po téchto pomocnych partiich nasleduje kapitola vénovand maticim a determinantiim.
Jsou zde zavedeny operace mezi maticemi, studovdna linedrni zavislost v prostoru n-tic isel
a odvozeny nejzdkladnéj$i vlastnosti determinantd. Ve &tvrté kapitole jsou probirdny zéklady
teorie soustav linedrnich algebraickych rovnic a linedrniho programovani. V paté kapitole je
n&co o linedrnich a euklidovskych prostorech, zejména Cauchyova nerovnost a souvislost trans-
formaci ortonormalnich soufadnic s ortogondlnimi maticemi. Posledni kapitola pojedndva o li-
nearnich operatorech a jejich souvislosti s maticemi. Jsou zde zavedena vlastni ¢isla matice
a vrchol tvofi véty o diagondlni form& symetrické matice a o polarnim rozkladu. Na né&kolika
strankdch je tu téZ zminka o kvadratickych formach.

V pfedmluvé je knizka uréena jako uéebnice pro studenty prvnich ro¢nikt fakult zaméfenych
na matematiku, pfirodni v&€dy a inZenyrstvi. Na prvni pohled je zfejmé, Ze pro studenty matema-
tiky je pfili§ povrchni. Obdvam se vSak, Ze pfili§ neprospéje ani pfirodovédciim a technikm.
Je napsdna zna¢né nezaZivné a pfipominid $patné skriptum, jehoZ autor byl nucen nahonem
zkompilovat u&ebni text, ktery by umoznil p¥i redukovaném po&tu hodin odpfednaset rozsifené
mnoZstvi latky. Zvlasté zaraZejici je, Ze u€ebnice se aZ na malé vyjimky nezmifiuje o praktickych
aplikacich probrané teorie a numerické aspekty jsou zcela opominuty. Vyvstdva otazka, na
kterych 8kol4ch s anglickym vyu&ovacim jazykem budou podle recenzované udebnice pfednaset.
Z informaci na zaloZce vysvitd, Ze autofi z budapeifské techniky pusobili téZ v Nigerii a to
podporuje domnénku, Ze uéebnice byla vydéna pro studenty z rozvojovych zemi. Obavam se viak,
Ze vzhledem k ptisluSnym specifickym problémiim je pro né& tim méng& vhodna.

Antonin Vrba, Praha

R. von Randow: INTRODUCTION TO THE THEORY OF MATROIDS. Vydalo Springe-
rovo nakladatelstvi, Berlin—Heidelberg—New York r. 1975 jako 109. svazek edice Lecture
Notes in Economics and Mathematical Systems. Prvni vydéani, 102 str., cena DM 18,—.

V poloviné tficatych let definoval H. Whitney matematickou strukturu ,,matroid*. Pfisluiné
axiomy byly zobecné&nim zdkladnich vlastnosti linedrni zavislosti ve vektorovych prostorech.
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Whitney zdroveii ukazal, Ze témto axiomUm vyhovuji téZ jisté podgrafy daného grafu a provedl
z4kladni vyzkum na tomto poli. Asi o deset let pozd&ji se uk4zaly souvislosti matroidd s kombina-
torickou teorii transversal a s algebraickou teorii svazi, coZ byl dal§i impuls pro jejich zkoumani.
Po dalSich deseti letech se velmi zevrubng zabyval matroidy s hlediska teorie grafit W. T. Tutte
a od Sedesatych let trva zvySeny zdjem o tyto objekty. Jednotlivé sméry studia jsou viak navzijem
znaéné odlehlé a monografie o matroidech (W. T. Tutte, C. P. Bruter) se omezuji jen na urgity
aspekt. Autor se v recenzované publikaci pokusil sestavit vieobecny uvod do teorie matroidi,
ani by preferoval nékteré hledisko. '

V prvni kapitole je uvedeno pét klasickych axiomatickych definic matroidu (dvé pomoci hod-
nosti, dale pomoci zévislosti, kruZznic a base) a je ukazana jejich vzdjemna ekvivalence. Druha
kapitola obsahuje pfehled zdkladnich vlastnosti matroidii, zejména je probrana dualita matroidu.
V dalsi kapitole jsou uvedeny rozmanité pfiklady matroidii, zejména matroidy souvisejici s li-
neérni algebrou a s teorii grafii, s obecnou kombinatorikou a binarni matroidy. Ctvrt4 kapitola
se zabyva vyuzitim matroida pfi konstrukci extremdlni mnoZiny ze souboru podmnoZzin kone&né
mnoZiny opatfené vahou (tzv. Greedy Algorithm). V posledni kapitole jsou shrnuty n&které
pomérné neddvné vysledky tykajici se zmén base matroidu.

Material je vhodné vybrdn i uspofddan a dobfe ukazuje, jak zajimavy je unifikujici pohled
z hlediska bohaté obecné struktury na rozmanité matematické discipliny. Cetné odkazy na vice
nez 50 poloZek seznamu literatury umoZiiuji &tenafi zorientovat se v zdkladni literatufe. Pfesto,
Ze knizka neni ti§téna ze sazby, je pomérné pfehlednd. Bude uZite¢nd pfedeviim kombinatoriktiim
jako kompendium a dile pak viem matematikiim, ktefi se chté&ji seznamit s hlavnimi ideami této
plodné teorie. Pro odborniky v matematické ekonomii a operaénim vyzkumu, jimZ je kniZzka
také uréena (o&ekava se, Ze matroidy co nejdiive ovlivni i tato odvétvi), je v8ak styl vykladu asi
piece jen pfili§ strohy. ) :

Antonin Vrba, Praha

Ivar Ekeland, Roger Temam: ANALYSE CONVEXE ET PROBLEMES VARIATIONNELS.
Dunod a Gauthier-Villar‘s, Paris— Bruxelles— Montréal 1974. XII + 340 stran. Cena 220 F.

V edici Etudes mathématiques vySly v uplynulych letech mj. dv& znamenité publikace J.-L.
Lionse, vénované problematice parcidlnich diferencidlnich rovnic (o nelinearnich okrajovych
ulohich a o optimdlni regulaci). Posuzovana kniha, ktera tvofi dalsi svazek edice, si udrZela
dobrou uroveii svazkil pfedchazejicich, s nimiz také tématicky tzce souvisi. Jisté neni ndhodou,
Ze autofi vénovali svou knihu pravé J.-L. Lionsovi.

Studium konvexnich funkci a jejich vlastnosti i aplikaci je jiZ po mnoho let vdéénym polem
plusobnosti; teprve v poslednich letech se v§ak — pfedev§im na zdkladé zobeciovani probléma
linedrniho programovani i na programovani nelinedrni a diky rtiznym dal$im, i neekanym
aplikacim — zkonstituovala konvexni analyza jako samostatnid oblast matematického badani.
Oba autofi cht&ji ve své knize popsat n&které vysledky konvexni analyzy a pojednat o jejich uziti
v riiznych problémech: v okrajovych uloh4ch pro parcidlni diferencidlni rovnice, v numerické
analyze, v mechanice, v ekonomii. Viechny tyto aplikace lze formulovat jako variaéni problémy;
v souladu s plany autori je kniha rozd&lena na t¥i &4sti: v prvni &asti se vyklddaji zaklady konvexni
analyzy, ¢ast druh4 pojednéva o dualit€ a konvexnich varia¢nich problémech, tfeti pak o relaxaci
a nekonvexnich varia&nich problémech. '

Prvni &4st je tvofena tfemi kapitolami. Pojednédva se v nich o vlastnostech konvexnich funkci
(jsou minény funkciondly nad redlnym linedrnim topologickym prostorem V); mj. je zaveden
duleZity pojem konjugované funkce a pojem subdiferencidlu zobectiujiciho pojem derivace. Dale
je vySetfovan problém minimalizace konvexni funkce, tj. hledani prvku u € V, pro ktery je F(u) =
= inf F(v) (existence minima, charakterizace fefeni « atd.), a problém je formulovan téz v jazyce

87



variaénich nerovnosti. A kone&né je zaveden diileZity pojem dualniho problému: k problému

@) , inf ()

- resp. k tzv. perturbovanému problému

(2,) inf ®(u, p),

ueV
‘kde @ je definovdna na V' X Y a je 45(1}, 0) = F(u), se definuje tzv. dudlIni problém
@*) sup {—@*(0, p*)} ,
peY*

kde ®* je funkce konjugovana k &, definovand na V* X Y*. Jsou vySetfovany vztahy mezi ob&-
ma problémy a obecné uvahy jsou specifikovany, oviem zatim stale je$té€ v dosti obecné roving.

Druh4 &ast knihy se ve &tyfech kapitolach zabyva konkrétnimi aplikacemi principu duality.
Nejprve se na fadé konkrétnich variadnich problémi (jde o okrajové ulohy pro diferencidlni
rovnice, o tlohy z fyziky, o optimalni regulace), kde ¥ a Y jsou prostory Sobolevova typu W*:?
s p > 1, charakterizuje dudlni problém (£*) a vySetfuje se jeho vztah k problému (&), ktery m4a
v té&hto ptipadech fefeni. Dile se zkoumaji problémy typu minimélni plochy, vedouci na ne-
reflexivni prostory Wkt Ukazuje se, Ze dualni problém ma v tomto pfipadé jednozna&né uréené
feSeni a Ze vztahu mezi (£) a (2*) lze vyuzit k definici zobecnéného fefeni ptivodniho problému
(#). Dile je pro uplnost pojednano o principu duality pfes tzv. min—max, tj. o pfipad, kdy
F(u) = sup L(u, w) a kdy tedy u problému (#) jde o inf sup L(u, w); dudlni problém se zde defi-

weZ ueV weZ

nuje jako problém sup inf L(x, w). Kone&n& v posledni kapitole této &4sti jsou uvedeny dalsi
weZ ueV

aplikace principu duality: v numerické analyze, kdy lze pomoci tohoto principu upravit algoritmy
numerického feSeni problému, v mechanice, kde lze precizovat vztahy mezi riiznymi energetic-
kymi principy, v ekonomii, kde se dudlni problém formuluje v terminech cen, aj.

Posledni &ast pojednavd ve tfech kapitoldch o feSeni problému (%) pro nekonvexni funkci.
Nejprve je zkoumdan problém existence fefeni, coz je ilustrovano na pfikladech. Pak se zkouma
tzv. relaxovany problém (%), v némZ je nekonvexni funkce @ nahrazena — zhruba fedeno —
jistou konvexni funkci a je pak zkoumdn vztah mezi problémy (#) a (Z#). Jedn4 se zde o problé-
my typu inf f of(x, u(x), p(x)) dx, kde p je vektorova funkce, a jsou rozlifeny p¥ipady, kdy existuje
klasické feSeni problému (£) a kdy neexistuje. Vysledky jsou aplikovdny na konkrétni tlohy.

Kniha je zakon&ena historicko- blbhograﬁckyml komentati k jednotlivym kapitoldm a sezna-
mem literatury.

Autofi si nekladli za cil podat uceleny a systematicky vyklad celé problematiky; spife chtéli
popsat n&které typické metody zaloZené na konvexni analyze, a to ilustraci na co moZn4 konkrét-
nich ulohich. Tento ukol se jim bezesporu podafil, a tak lze knihu jen uvitat. Jedinym kazem
publikace je skutednost, Ze neobsahuje ani rejstiik, ani seznam oznadeni; i kdyZ je kniha pséna
pfehledné a nefetfi se odkazy na jiné &asti knihy, pfece jen je orientace v knize dost ztiZena. Je
to nedostatek, ale snad ho lze chdpat jako vyjimku, kter4 potvrzuje pravidlo.

Alois Kufner, Praha

Paul R. Halmos: MEASURE THEORY. Springer- Verlag, New York Heidelberg— Berlin
1974. XII 4 304 stran. Cena DM 26,90.

V roce 1950 vydalo nakladatelstvi Van Nostrand v New Yorku v edici The University series in
higher mathematics knizku, ktera se zakratko stala jednou ze zakladnich u¢ebnic jedné matematic-
ké discipliny, u¢ebnici roz§ifenou po celém (matematickém) sv&t&, mj. i diky ruskému p¥ekladu
z roku 1953.
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Tou kniZzkou byla Halmosova Teorie miry. A jestlize se nakladatelstvi Springer rozhodlo
vydat tuto knihu v roce 1974 jako 18. svazek edice Graduate texts in mathematics, a to bez jaké-
koliv zmény, dokonce jako reprint piivodniho vydani, sv&d¢i to jen o kvalitich této publikace
a o jeji stalé aktualnosti.

Jist& proto neni nutné psit n&jakou podrobnou recenzi — byla by to vlastné recenze po 25 le-
tech. A tak uvedme pro orientaci jen ndzvy jednotlivych kapitol: Sets and classes — Measures
and outer measures — Extension of measures — Measurable functions — Integration — General
set functions — Product spaces — Transformations and functions — Probability — Locally
compact spaces — Haar measure — Measure and topology in groups.

Alois Kufner, Praha

Alexander M. Olevskii: FOURIER SERIES WITH RESPECT TO GENERAL ORTHO-
GONAL SYSTEMS. Springer-Verlag, Berlin— Heidelberg— New York 1975. X 4 136 stran.
Cena DM 78,—.

Ackoliv teorie Fourierovych fad m4 jiz staletou tradici (v roce 1777 na$el Euler vztah mezi
funkei a koeficienty jejiho rozvoje v trigonometrickou fadu), je stile vdé¢nym pfedmétem zkou-
mani. Dlouhd léta byly vySetfovdny jen trigonometrické Fourierovy fady, teprve mnohem
pozdé&ji se ukdzalo, Ze stejné dileZité jsou i Fourierovy fady vzhledem k riznym obecnym orto-
gondlnim systemam.

Utla knizka A. Olevského je prekladem z ruského origindlu, o kterém se recenzentovi nepo-
dafilo ziskat Z4dné bibliografické idaje. Publikace je v&€novana pravé obecnym orfonormdlnim
soustavdm (kratce ONS), tj. je vySetfovan vztah mezi fadou

Y e®, (kde {®D,} =P
n=1

je obecn4d ONS funkci definovanych na intervalu {a, b)), koeficienty ¢, a pfipadn& i funkci f
definovanou na {a, b), jsou-li ¢, Fourierovy koeficienty: ¢, = c,(f) = [ f(x) &,(x) dx. Jsou
v ni obsaZeny vysledky, dosaZené v priub&hu poslednich 15 let pfevaZné& sovétskou matematickou
$kolou; velkou &4st tvofi vysledky autorovy, z nichZ fada je zde publikovdna poprvé.

A&koliv kniZka neni rozs4hl4, obsahuje mnoho vysledk, vysledkii nejriizn&jiiho druhu a velmi
zajimavych, ilustrujicich moZnosti, které davaji obecné ONS, a ukazujicich jejich uzkou souvis-
vislost s klasickym trigonometrickym systémem i nékteré rozdily.

V prvni kapitole je vySetfovana konvergence Fourierovy fady v klasickém smyslu. Ukazuje
se, Zze tento problém tzce souvisi s chovanim Lebesgueovy funkce soustavy @, definované.
vztahem

L(®, x) = |kild§k(x) ®,(t)] dt .

Vysledky zde obsaZené jsou zaloZeny predev§im na metodé& dolniho odhadu &asteénych soudtir
fady Xc,®, v metrice prostoru L,, kterd pochéazi od autora a jiZ je vénovan prvni paragraf.
Ukazuje se naptiklad, Ze nelze sestrojit omezenou ONS @ (tj. takovou, Ze |®,(x)| < M pro viechna
X a n), ktera by méla tu vlastnost, Ze Fourierova fada libovolné spojité funkce vzhledem k @
konverguje viude v {a,b) (tim se na omezené ONS rozifuje klasicky vysledek du Bois~
Reymondilv z teorie trigonometrickych fad). Z vysledki kapitoly napf. plyne, Ze omezend ONS
nemiZe tvofit bazi ani v prostoru C ani v prostoru L, (na rozdil od prostoru L,s p > 1, kde bazi
tvofi omezeny trigonometricky systém). Jsou zde vySetfovdny fady s klesajicimi koeficienty
a ONS s majorantou, tj. takové, Ze |@,(x)| < d(x) pro viechna n.
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Kapitola druh4 je vénovéana konvergenci skoro viude. Ozna¢ime-li &(®) tfidu viech posloup-
nosti {c,,}, pro n&z fada Xc,®, konverguje skoro vSude, pak pro trigonometricky systém t
dok4zal Carleson teprve v roce 1966 Luzinovu hypotézu, Ze &(z) o /,. V kapitole jsou popsany
n&které vysledky madarské koly, tykajici se ttidy Sg= (&(®P), kde @ probiha mnoZinu 2
viech ONS na {a, b). Déle je zde uvedena napt. Garsiova véta o tom, Ze libovolnou fadu tvaru

Zc,®, s {c,} €1, lze pterovnat tak, aby konvergovala skoro viude. Je zkoumana t¥ida &7 =
= |J &(®), kde II je mnozina viech tiplnych ONS (tj. takovych, Ze ¢,(f) = 0 pro viechna n
914

je:.tehdy, je-li f= 0) a je studovan problém rozsifeni posloupnosti funkci, definovanych na
podmnoZing intervalu {a, b), na cely interval tak, aby vysledn4 soustava byla ONS.

Haartv systém yx byl prvni ONS, vzhledem k niZ méla kazd4 spojita funkce konvergentni Fou-
rierovu fadu. V Kkapitole tfeti je podrobné studovdno vyjime¢né postaveni ONS y, ktera je
v jistém smyslu nejlep$i mezi v§emi uplnymi ONS, nebof plati-li n&jaky jev tykajici se divergence
Fourierovy fady pro ONS yx, plati uZ pro kazdy systém @ € II. Je zde popsdna metoda, ktera
umoZiiuje redukovat problém tykajici se soustavy @ € IT na tyZ problém pro Haarovu soustavu.
Ddle je zde studovan problém uspofddani v soustavé @; v trigonometrické fadé i celé fadé obec-
nych ONS je ddno pfirozené uspofadani, obecné tomu viak tak neni. V kapitole je nap¥. ukdzano,
Ze pro kazdy Gplny ONS & existuje funkce f € L,, jejiz Fourierova fada diverguje pro pferovnani
skoro viude.

Posledni ¢tvrta kapitola je vénovana konvergenci skoro viude a v primé&ru stupn& p pro
funkce z L, pfedeviim pak zvla$tnostem Fourierovych fad v prostoru L, s p<2. Znalnd &ast
kapitoly je vénovana konstrukcim ONS, které maji riizné ,,neklasické‘* vlastnosti a na nichz se
ukazuje Sirok4 paleta moZnosti, které skytaji obecné ONS.

Popsali jsme zde pochopitelné jen &ast vysledkt v knize obsaZenych. Vysledky jsou vétSinou
dokazovany, je oviem tfeba Fici, Ze dikazy jsou spiSe pracné nez elegantni, jak tomu uZ byva,
kdyZ se dochazi do jemnosti teorie. Kniha poddva dobry piehled a vhodné dopliiuje existujici
literaturu; je jen $koda, Ze obsahuje n&kterd drobna nedopatfeni, kterda ptsobi ob¢as trochu rusivé
a odvadgji &tendfovu pozornost od podstaty véci (mam na mysli napf. nékteré symboly, které se
jinak definuji a jinak vypadaji v textu, & symboly a terminy, jejichZ smysl neni vysvétlen). Jsou
to vSak — jak uZ bylo fe¢eno — drobnosti, které nekazi celkovy dobry dojem z Olevského knizky.
Jeji &etbu je moZno doporuéit skoro viem &tendfskym vrstvadm; dodejme na zavér, Ze &ast knizky
tvotila obsah autorovy pfednasky na université v Szegedu ve $kolnim roce 1970/71.

Alois Kufner, Praha

Johannes C. C. Nitsche: VORLESUNGEN UBER MINIMALFLACHEN. Springer-Verlag,
Berlin— Hgidelberg—New York 1975. XIV + 776 stran, 86 obrazkd. Cena DM 196,—.

Teorie minimalnich ploch ma své po&atky v 18. stoleti: v roce 1762 uvefejnil J. L. Lagrange
pojednéni v&€nované nové metod€ variaéniho poétu a tuto metodu ilustroval privé na uloze
najit plochu v trojrozmérném prostoru, kterd by byla ohrani¢ena danou uzavfenou kfivkou
a méla pfitom co moZné nejmensi povrch. Lagrange utinil prvni krok, ale daliimu studiu problé-
mu minimalnich ploch se uZ nevénoval; to za né& udinili v priab&hu dalsich desetileti mnozi jini
matematici zvuénych jmen.

Historie teorie minimélnich ploch je pohnuta: byla uz mnohokrat odepisovana (v posuzované
knize je napt. citovan ndzor, Ze vyvoj teorie minimélnich ploch je vlastn& vyvoj jistého geometric-
kého problému od jeho bouflivého mladi — &imzZ je minéna doba kolem roku 1865 — aZ do zna-
veného stafi — tim ma byt udobi kolem roku 1930), a byla odepisovdna neprivem, nebof
J. C. C. Nitsche vypozoroval v historii této teorie n&kolikery zlaty v&k: nejprve obdobi let 1855 aZ
1890, pak periodu 1930— 1940 a kone&né léta soucasna.
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Problém minimélnich ploch byl zpo¢itku povaZovan za problém ryze geometricky; ma vSak
uzky vztah k mnoha jinym matematickym disciplinam — k teorii funkci komplexni proménné,
k varia¢nimu poctu, k parcidlnim diferencialnim rovnicim, ale i k topologii, k teorii miry, a apli-
kace ma napf. v teorii pruznosti, v proudéni a jinde. Teorie minimalnich ploch se &asto s riznymi
matematickymi disciplinami vzdjemneé ovliviiovala a tento vliv piisobil na obé slozky stimulativng.
Uvedme tfeba slavny vysledek S. Bern$tejna z roku 1916: Jedind minimdlini plocha, definovanad
na celé roviné x, y, je rovina; jinymi slovy: Reseni z = z(x, y) rovnice minimdini plochy

a+ 23) Zox— 22,220, + (1 + 22) z,,=0

(indexy oznaduji parcialni derivovéni) definované pro vSechna x, y musi byt linedrni funkce. Toto
tvrzeni, pfipominajici — nikoliv ndhodou — Liouvilleovu vétu o celistvych funkcich, ukazuje
nejen na Gzky vztah k teorii funkci komplexni proménné, ale charakterizuje v jistém smyslu
i rozdil mezi linedrnimi parcidlnimi diferencidlnimi rovnicemi (pro néz jsou typické harmonické
funkce) a rovnicemi nelinedrnimi. A teprve nedavno se podafilo najit odpovéd na otdzku, zda
Bernstejntiv vysledek Ize ze dvou dimenzi pfenést i na vicerozmérny pfipad: odpovéd je positivni
pro dimenzi 3, 4, 5, 6 a 7 (1éta 1965— 1968) a negativni pro dimenzi vét$i nez 7 (rok 1969).

Teorie minimalnich ploch se od jinych matematickych teorii vyrazné odliSuje svym experimen-
talnim charakterem. Pokusy s mydlovymi bublinami pattily k arsendlu badatell v této discipling
jiz od samého poc¢atku a dodnes patfi k oblibenym atrakcim rtznych technickych muzei, modely
minimalnich ploch Ize najit ve sbirkdch mnohych universit, a autor knihy uvadi mj. i seznam lite-
ratury, kde lze najit recepty pro vyrobu takovych modeli. Rozvinulo se experimentédlni odvétvi
této teorie (pro ilustraci nazev jednoho z ¢lanku: ,,Soap bubbles: Two years old and sixty centi-
meters in diameter.*). Je to tedy disciplina, kterd rozhodné neni suchoparna, kde lze rozvijet
i,,kutilské schopnosti* a kde lze brousit vtip pravdépodobné vice nez v jinych disciplinach (uved-
me na ukazku druhy titul jedné z autorovych praci: ,,How to fashion a cheab hat for Giacometti’s
brother®).

Jadro Nitscheho knihy pochopitelné neni v takovychto nazornych aspektech teorie minimal-
nich ploch nebo v brouSeni vtipu. Je to seriézni monografie, pfedstavujici praci mnoha let,
monografie, ktera chce &tenafe seznamit s rozvojem a stavem jedné bohaté teorie. S praci na ruko-
pisu zacal autor v roce 1964 a dokontil jej v roce 1972; o fad€ partii pfitom pfednasel na univer-
sitich v Minneapolisu, Hamburku, Vidni a Puerto Ricu. V knize se omezil pfedev§im na popis
redlnych dvourozmérnych minimalnich ploch v trojrozmérném eukleidovském prostoru, tedy —
lze-li to tak fici — na klasickou &ast teorie, i kdyZ si v8§iml i jinych vysledkl a nezapomnél ani na
moderni vyvoj a na souvislost s jinymi matematickymi disciplinami. Bylo uz feeno, Ze pravé
léta sedmdesatd jsou poznamendana dal$im bouflivym rozvojem této teorie; autor se snaZil zachytit
tento vyvoj alespoii potud, e pfipojil dodatek, zachycujici heslovité stav zhruba do Iéta roku 1974.

Knihu tvofi devét kapitol a uZz zminény dodatek. Jednotlivé kapitoly nesou tyto nazvy:
I — Uvod; II — K¥ivky a plochy; III — Konformni zobrazeni minimalnich ploch; IV — Po-
mocné véty z analyzy; V — Problémovy okruh Plateauova problému; VI — Obecné&j§i okrajové
tlohy; VII — Rovnice minimalni plochy; VIII — Uplné minimalni plochy; IX — Véty a ulohy.
Cely text je ¢lenén do paragrafi, které jsou &islovany prubézné a jichz je celkem 968. Jadro knihy
tvofi skoro dvousetstrankova kapitola patd; ke kapitole devaté dodejme, Ze obsahuje jednak fadu
poznamek, tvrzeni a dopliiki, které nebyly zafazeny do pfedchoziho textu (a které jsou &asto
jen citovany nebo doprovazeny naznakem diikazu), jednak pak seznam nefefenych problémh
a zajimavych tloh; ob& &asti kapitoly dopliiuji kapitoly pfedchdzejici, zpracované podstatné
podrobnéji.

Autor psal knihu pro odborniky, ktefi se cht&ji sezndmit se soutasnym stavem problému
a pfipadné i se zjednoduSenimi &i zobecnénimi zndmych vysledkd, ale kniha je vhodna i pro tvod
do teorie minimdlnich ploch a poslouZi velmi dobfe i nespecialistim (je to vidét konec konci
i z nazvh nékterych kapitol). Monografie je zpracovdna velmi poctivé a svédomit&, lze se v ni
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diky ¢lenéni na paragrafy dobfe orientovat; velmi uZite¢ny je i seznam literatury, ktery obsahuje
vice neZ 1200 citaci, a¢koliv do n& autor zafadil jen ty prace, které v textu skute¢né& uziva nebo
které cituje. Seznam literatury je oproti b&Znym zvyklostem doplnén vidy udajem o strénce,
na niZ je dand préce citovana; je to velmi uZite¢ny pocin, ktery by si zaslouZil vieobecného rozsi-
feni. K ¢&tivosti textu pFispivaji i Cetné nazorné obrazky, z&asti i barevné, zachycujici fotografie
modeld riznych minimdalnich ploch.

A tak lze konstatovat, Ze jde o dilo velmi zdaftilé, na nmZ snad vadi jen jeho enormni rozmér,
zt&Zujici manipulaci a branici tomu, aby se z monografie stala skutedné pfirutka (zda se, Ze
k rozmérnosti publikace pfispiva i typ pisma, ktery je asi vét$i neZ b&Zné uZivany). Rozhodné lze
knihu doporudit viem skupindm &tendfd: poslouZi stejné dobie tomu, kde se chce orientovat
v teorii minimalnich ploch, i tomu, kdo ji chce podrobné studovat.

Alois Kufner, Praha

S. M. Nikol’skii: APPROXIMATION OF FUNCTIONS OF SEVERAL VARIABLES
AND IMBEDDING THEOREMS. Springer-Verlag, Berlin— Heidelberg— New York 1976.
VIII 4 418 stran. Cena DM 108,—.

V klasifikaci Easopisu Mathematical Reviews patfi studium prostort funkci do oddilu Funkcio-
nalni analyza, dalo by se v8ak fici, Ze teorie téchto prostori tvofi dnes jiz zcela samostatny oddil
matematiky. Zaklad k tomuto oddilu polozil ve tficatych letech tohoto stoleti S. L. SOBOLEvV,
kdyz zavedl prostory W ;(Q), které nesou jeho jméno. Tyto prostory jsou definovany (pro pfiroze-
né k, pro p = 1 a pro oblast 2 v n-rozmérném euklidovském prostoru) jako mnozina téch funkci
na £, jejichZ derivace (ve smyslu distribuci) aZ do k-tého fadu v&etné jsou integrovatelné v p-té
mocniné pfes . Studium téchto prostord, tak dulezitych v teorii parcidlnich diferencidlnich
rovnic, se brzy rozvinulo, a véty o vnofeni se staly pojmem. V téchto vétach jde — zhruba Fedeno —
o bliz8i charakterizaci funkce u € W"(Q) resp. jisté zobecnéné restrikce u|, této funkce (tzv.
stopy funkce u na o, kde w je m-rozmérn4 varieta obsaZend v 2, 1 < m < n); tato charakterizace
se opira o hodnoty parametrti k, p, n a m a také o geometrické vlastnosti oblasti Q.

© Podatkem padesatych let zavedl S. M. NIKOLSKU prostory H :(.Q) definované (opét zhruba
fedeno) jako mnoziny funkci na £, jejichz nékteré parcialni derivace splituji Hélderovu podminku
v metrice prostoru L,(£2). Tyto prostory mély velmi podobné vlastnosti jako prostory Sobolevovy,
platily pro n& analogické véty o vnoteni, mély ov§em tu velkou vyhodu, Ze je bylo Ize definovat
i pro necelé hodnoty parametru k a dokonce pro pi¥ipad, kdy k byl vektor (to byly tzv. anisotropni
prostory). Koncem padesatych let pak O. V. Besov zavedl prostory 32,9(9)’ které zobectiovaly
prostory Nikolského: je H: = B"‘,'w. Studium vlastnosti prostorit H a B bylo — na rozdil od
prostorl Sobolevovych — zaloZeno na vysledcich teorie aproximaci.

Ptibuznost prostorii Nikolského a prostori Besovovych se Sobolevovymi prostory vedla
ke snaze zavést prostory W : pro obecné kladné k, p¥ipadné i pro k vektorové. Jednu z moZnosti
poskytovaly prostory B, avS§ak pozdé&ji byly zavedeny tzv. liouvilleovské prostory L';,(R"), zalozené
na zobecnéni pojmu derivace pro libovolny redlny f4d a na Fourierov& transformaci. Tyto
prostory jsou pfirozen&j§im ,,rozSifenim* Sobolevovych prostorii na ptipad obecneho k, je
u nich oviem podstatné, Ze funkce jSou definovany na celém prostoru, tj. ze @ = R".

O v3ech t&hto prostorech a o dalSich modifikacich existuje dnes uz nepfehlednd fada &lank,
ale kniZniho zpracovéni se ujal teprve S. M. Nikolskij, ktery v roce 1969 vydal v Moskvé& knizku,
jejiz pfeklad je zde posuzovan. ProtoZe autor sim pfiSel k prostorim funkci prostfednictvim
teorie aproximaci, zistal tomuto pfistupu véren i ve zplisobu zpracovani a odrazi se to i v ndzvu
knihy. Prvni tfi kapitoly maji p¥ipravny charakter: V prvni jsou nutné informace z funkcion4lni
analyzy, v dalSich dvou je pojednano o trigonometrickych polynomech a o celistvych funkcich
exponencialniho typu, nebof pravé aproximace pomoci funkci téchto dvou tfid byly podkladem
pro studium prostortt H a B. Kapitola &tvrta, nazvana ,, Tfidy funkci W, H, B*“, pfinasi zakladni
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informace o prostorech Sobolevovych, Nikolského a Besovovych; tyto prostory jsou definovany
pro obecnou oblast 2, ale vétlina vysledkd je-v daliim odvozena pro pfipad 2 = R". Kapitola
pata je vénovana studiu aproximace funkci ze zmin€nych prostorti a odvozeni vztahi, které
budou potfebné v dal§im; kapitola nese ndzev ,,PFimé a obrdcené véty teorie aproximace. Ekviva-
lentni normy* a jde v ni pfedev§im o odvozeni vét Bernstejnova a Jacksonova typu. Obsah kapi-
toly Sesté tvofi véty o vnofeni pro ruzné metriky a rizné dimenze, kapitola sedma se zabyva
tranzitivnosti vét o vnofeni a nemoZnosti jejich zlep$eni a jsou zde uvedena kritéria kompaktnosti.
Osma kapitola je vénovana studiu Besselovych-MacDonaldovych jader, s jejichz pomoci se zde
pojedndvd o isomorfnosti isotropnich prostorii. Tato jidra jsou také podstatna pti zavedeni
prostort L’;, jimZ je vénovana kapitola posledni — devata. Kniha je doplnéna dosti podrobnym
poznamkovym aparatem, v némz je mj. pojedndno i o problému pfeneseni vysledkt, dokdzanych
v knize pro pfipad 2 = R", na pf¥ipad obecné oblasti. Vysledky jsou zde uvedeny bez diikazu
a je tfeba fici, Ze problém je podstatné sloZit&j$i nez v pfipadé celého prostoru R" a vyZaduje
novych postupi. Proto je asi vhodné poznamenat, Ze v roce 1975 vy$la v nakladatelstvi Nauka
v Moskvé kniha O. V. Besova, V. P. Iljina a S. M. Nikolského, vénovana pravé témto problémim
a dopliujici tak posuzovanou knihu Nikolského; kniha nese nazev ,,Integrdlni reprezentace
Sunkci a véty o vnoreni*‘. :

Nikolského kniha je velmi uZite¢na a obsahuje velké mnoZstvi materidlu, dulezitého jak pro
teorii aproximace, tak pro teorii funkci redlné. proménné a pro teorii parcidlnich diferencidlnich
rovnic. Je ov§em tieba fici, Ze orientace v knize neni pravé snadnd a Ze se v ni nékdy potfebné
udaje dosti obtizn& hledaji. Ale to tkvi ve velké mife v podstaté samotné teorie, ktera je kompli-
kovana a u niz je pfehledné zpracovani zvlas§té obtizné.

Jak uz zde bylo feceno, vySel rusky original v roce 1969 a je pravdépodobné vétsingé odbornika
a interesent® u nas dobie zndm, takZe pro nasi matematickou obec asi nebude pfeklad do angliétiny
tak ddlezity. Pro odborniky ve sv&t&, ktefi maji potize se studiem ruského textu, je oviem preklad
velmi uZite¢ny, a proto lze jeho uskutednéni jen uvitat. Kvalitu pfekladu nemohu posuzovat,
nemohu se v§ak ubranit dojmu, Ze ptfekladatel (jimz je J. M. DANsSKIN) mohl byt moZna nékdy
trochu dasledn&jsi. Ne vzdy totiz odpovid4 anglicky termin &i ndzev odstavce ruskému originalu
(napf. termin boundary function — v origindle xpaiusa ¢ynxuus — neni nej$tastnéj$i). Nebo
seznam literatury: podle mého ndzoru by mé&l byt zpracovan tak, aby umoznil studium pravé
tomu &tenafi, ktery ma k disposici pfedev§im anglicky psanou literaturu; pfekladatel nejen Ze
nékdy necituje existujici anglicky pfeklad ruské ucebnice, nybrz rusky original, ale ve dvou pfi-
padech dokonce cituje rusky pfeklad anmglického textu, aniz by pfipojil idaj o tom, kde byl
oti§tén text pivodni. V pfekladu se &ten4f také muize dozvédét, Ze celé dislo 1ze anglicky vyjadfit
terminem whole number (str. 156).

Nemohu odolat, abych na zavér neocitoval komplimenty, které si autor a ptekladatel vymétiuji
v uvodu publikace: Autor fika o pfekladateli: ,,... he has showed high qualifications ... as a trans-
lator of Russian, which is considered by many to be a very difficult language.* Pfekladatel pak
dé&kuje autorovi, jehoZ ,,knowledge of English, which is considered by many to be a very difficult
language, is excellent.‘

Alois Kufner, Praha

L. Collatz, W. Wetterling: OPTIMIZATION PROBLEMS, Translated by P. Wadsacké
Springer-Verlag, New York— Heidelberg— Berlin 1975, X + 356 str., cena DM 33,80.

Pfeklad knihy, ktera vy$la pod ndzvem Optimierungsaufgaben poprvé v roce 1966. Jeji druh.
vydéni vyslo v roce 1971. .

Kniha se systematicky zabyv4 ulohami optimalizace, je v jistém smyslu pfehledem hlavnich
sméri této §iroké oblasti matematiky, pfi¢emz se v ni klade diraz na jednotici hlediska a vzdjemné
souvislosti jednotlivych disciplin. Je rozdé&lena do péti kapitol. Prvni tfi kapitoly jsou vénovédny
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po Ffadé linearni, konvexni a kvadratické optimalizaci. Ctvrt4 kapitola se zabyva CebySevovskou
aproximaci a optimalizaci a pata je vénovadna zdkladim teorie her.

V prvnich t¥ech kapitolidch jde o minimalizaci funkce F(x), kdyZ maji byt splnény podminky
fi)£0,j=1,....,m x <0, kde x € R". (Relace < mezi prvky z R" znamend, Ze plati tato
nerovnost mezi v§emi jejich slozkami.) Jednotlivé ulohy jsou pojmenovany podle charakteru
funkci F(x), fix),j=1,...,m. Podminky fj(x) = 0 mohou byt nahrazeny podminkami typu
fi(x) = 0. Pro ulohy vy$e popsaného typu jsou uvedeny zakladni vysledky (simplexova metoda,
dudlni tulohy, charakterizace minimdalnich feSeni, Kuhnova-Tuckerova véta pro kvadratické
ulohy apod.). V3e je zpracovano s velkou pé¢i a dikladn&. Numerické aspekty jednotlivych uloh
tvofi nedilnou sou&ast jednotlivych kapitol.

Ve ¢&tvrté kapitole je vyloZen pristup k aproximaénim tGlohdam jako k Glohdm optimalizace,
paté kapitola pojedndva o maticovych hrach dvou hra¢t s nulovym souétem a o hrach nhragu.
Tyto posledni dvé kapitoly maji informaéni charakter, nejsou tak vy&erpavajici jako predchozi.
V dodatku je pfipojena véta o odd&lovani konvexnich mnozin v R" a véta o existenci feSeni kvadra-
tické optimaliza¢ni ulohy. Pozoruhodné je velké mnozZstvi pfikladl z rtiiznych oblasti, které velmi
vhodné motivuji vyklad. Jsou to &asto ulohy, které byly feSeny a pouZity v praxi (napf. optimalni
vyuZiti produkce mléka v Holandsku).

Stefan Schwabik, Praha

Giinter Pickert: PROJEKTIVE EBENEN, 2. vydani, Springer Verlag, Berlin— Heidelberg—
New York 1975, 371 stran, 67 obrizk(, cena DM 98,—.

Jde o druhé vydani dila, vy$lého poprvé v roce 1955, v obdobi, kdy dochazelo k prvym zavriu-
jicim ohrani¢enim tehdy nové discipliny, teorie projektivnich rovin. Od té doby doSlo k znaénému
rozvoji této discipliny, v némz téZ jmenované prvé vydani sehrilo dulezitou ulohu jako zdkladni
monografie. Nelze ale fici, Ze by tuto ulohu nemohlo plnit dile, coZ byl asi také jeden z divodi
druhého vydani. Vzhledem ke kompaktnimu zplsobu vykladu litky nebylo autorovi dobie
mozno &init n&jaké obsirn&jsi zmény textu; to by pak asi bylo nutno psit novou knihu. Proto se
autor zamétil pouze na zasahy tam, kde pro to byly pfi¢iny vécné ¢&i kde se autorem zavedena
terminologie z prvého vydani neujala. V pfipad€ vécnych uprav a dopliikkii mezer jde pfedevsim
o velmi delikatni zaleZitosti, jeZ by zajimaly spiSe specialisty oboru (o velikosti autorovy osobnosti
svéd¢&i, Zze i drobna nedopatieni z prvého vydani byla podnétem k fadé ¢asopiseckych praci jinych
autor(; a to nemluvim o tom, ke kolika pracim vedly pfimé podnéty autorovy). A tak autor
doplnil text k n&mu se vztahujicimi odkazy na literaturu z obdobi po roce 1955 (obsirngjsi
souhrn nov&jsi literatury by byl p¥ili§ obsahly a vzhledem k vybéru latky v knize by ani nebyl
vhodny) a v zavére¢né necislované kapitole (Anhang) pfipojil t¥i nové paragrafy: o Hughesové
koordinatisaci, o Lenzové&-Barlottiho klasifikaci projektivnich rovin a paragraf s ndzvem ,,Er-
gédnzungen‘’, dotykajici se pravé nékterych delikatnich zileZitosti zminénych nahofe. Rad bych
uzavriel tim, Ze se teorie projektivnich rovin a pfibuznych oblasti dnes péstuje pfedev§im v USA,

"NSR, Kanadé&, Anglii a It4lii, ale i v fad& zemi dalSich; téZ u nas se touto disciplinou zabyvi fada
pracovnikl a snaZi se svymi vysledky podpofit jeji rozvoj.
Vidclav Havel, Brno
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Casopis pro p&stovani matematiky, ro¥. 102 (1977), Praha

ZPRAVY

ZA VLADIMIREM MAHELEM
KAREL HAVLICEK, Praha

Odejde-li nahle ¢lovék uprostfed nejlepsiho rozmachu svych tvurcich sil, pak to
nelze vystihnout jinymi slovy, neZli Ze padl bojovnik. Je to v duchu zndmé nasi
lidové pisné ,,Neumrem na slamg&...”“. A to je pravé pfipad pfedfasné zesnulého
pfitele Doc. RNDr. VLADIMIRA MAHELA, CSc.

Vladimir Mahel se narodil 27. 8. 1924 ve Vala$ském Mezifi¢i. Ve &tyfech letech
ztratil matku; o jeho vychovu a vzdélani se potom staral ovdovély otec s nejbliZsimi
pfibuznymi. Vile¢nd 1éta zastihla Vladimira jiZz jako studenta redlného gymnasia
v jeho rodisti, kde maturoval v roce 1943. V ramci vale¢ného nasazeni pracoval pak
aZ do konce valky jako pomocny délnik v blizké Jabliince nad Beé&vou.
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Na Karlov& université zacal studovat hned v prvnim povaleéném semestru. Tehdy
byla u nés vedle pedagogické vétve jen jedina specialisace, a to pojisfovaci matematika
a matematickd sfatistika. Vladimir si zvolil uéitelskou kombinaci matematiky —
deskriptivni geometrie; v té dob& jsme se spolu seznamili. Pfirodovédeckou (dnesni
matematicko-fyzikélni) fakultu KU absolvoval velmi Usp&n& v nejkratsi mozné
dobé, druhou statni zkousku sloZil v prosinci 1948. B€hem studii pracoval jiZ jako
vypomocny asistent u prof. F. Vy&ichla na stavebni fakult¢ CVUT, pozd&ji u prof.
Kounovského na tehdejsi strojni a elektrotechnické fakulté CVUT. Po rozdéleni
této fakulty na dvé, pfeSel na elektrotechnickou fakultu, které zlstal vérny aZz do
smrti, pracoval tam pochopitelné na katedfe matematiky. Mezitim v roce 1949
vyudoval pfechodné na délnické piipravce na Hrubé Skale u Turnova.

Nezanedbdval pfi tom ani svoji rodinu. JiZ v roce 1951 se oZenil s Vérou Streitber-
govou a spole¢né pak fadné vychovali dvé déti.

Pti své udlitelské Cinnosti se Vladimir Mahel nikdy nepfestal zajimat o védeckou
praci. Pod vedenim prof. B. BydZovského vypracoval disertadni praci a dosahl tak
v roce 1953 titulu RNDr. Externi aspirantura pod vedenim $kolitele prof. A. Urbana
umoZnila jeho dalsi védecky riist; v roce 1964 dosdhl hodnosti kandidata fyzikalné-
matematickych véd. Netinavné se pak aZ do konce svého Zivota uastnil praci v né-
kolika seminafich.

Vyvrcholenim Mahelovy drahy byla jeho habilitace. Ve své skromnosti by snad
sam ani pfihlasku k habilitanimu fizeni nepodal. Pfesto jeho habilitacni préce
. Konfigurace spojené s analagmatickymi sextikami* skladajici se ze dvou C&asti
(viz seznam publikaci & [10] a [13]) byla velmi usp&n& obhdjena na MFF KU dne
17. 10. 1974. Docentem matematiky na FEL CVUT byl pak ustanoven dekretem
ministra $kolstvi dnem 1. 10. 1975. Nebylo tfeba, aby se v této nové funkci zapraco-
vaval, vykonaval ji prakticky uz ddvno pfed tim; Zel, z tohoto oficidlniho uznani své
¢innosti se nakonec té&il necely rok. Vladimir Mahel zemfel ndhle v Praze dne 8. 6.
1976 uprostied Cinorodé prace pro celou nasi spole¢nost. NedoZil se ani celych 52 let.

Seznam Mahelovych védeckych publikaci sv€d¢i o jeho Sirokém rozhledu po
geometrii. Jeho plivodni priace obsahuji tématiku z algebraické, diferencialni, kine-
matické a kombinatorické geometrie; ve dvou pfipadech obratil svilj zdjem i k d&jinam
kinematické geometrie v &eskych zemich. Nejzajimav&jsi viak je, jak se v Mahelové
préci spojuje klasickd algebraickd geometrie s dnes$ni kombinatorickou geometrii.
Plnym pravem se mohl poklddat za Z4ka akademika B. BydZovského, ktery svym
zdjmem o geometrické konfigurace byl vlastn€ jedinym, kdo u nds pfipravil pidu
ke studiu kone¢nych rovin a koneénych geometrii vitbec. Vladimir Mahel brzy pocho-
pil aktudlnost této problematiky, kterd je v poslednich letech vlivem rozvoje samo-
ginnych potitadt v popfedi zajmu svétovych odbornikt a vénoval se ji s plnym
eldnem. V souvislosti s tim byl zfejmé& na$im nejlep§im znalcem soudasného stavu
teorie latinskych &tvercli. O kombinatorické geometrii pfednédsel na fadé védeckych
konferenci doma i v cizin& a na letnich $kolach JCSMF. Dvakrat byl pozvan k sa-
mostatnym p¥ednaskdm do DréZdan; na Technické université tam pfedndsel v roce
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1972 o uZiti latinskych &tvercli v kone¢nych rovinach a na Vysoké skole pedagogické
v roce 1975 o systémech ortogonalnich latinskych &tvercii. V poslednich letech ho
zaujaly konstrukce ovall v kone¢nych rovinach. Na III. védecké konferenci CvuT
v zafi 1975 pfednesl své vysledky o konstrukci ovalu v roviné fadu 9; posledni kon-
ference, které se zudastnil, byla v Fijnu 1975 v Bad Stuer (NDR), kde prednasel
o konfiguracich v projektivni roving.

Vladimir Mahel se zapojil i do prace na tkolech zakladniho vyzkumu. V letech
1972 — 1975 vedl fakultni vyzkumny tkol z kombinatorické geometrie na FEL CVUT,
ktery skondil Gspé$nou obhajobou. Tato prace pokraduje dale v rdmci stdtniho planu
zakladniho vyzkumu na léta 1976 — 1980, kde jednim z odpovédnych fesitela dil¢iho
ukolu ,,Incidenéni struktury* byl piivodné jmenovan pravé Vladimir Mahel; nebude
jednoduché, najit za ného ndhradu.

Jako rozeny uclitel nezapominal Vladimir Mahel ani na své studenty. Ve spolupracn
s dalsimi autory vydal nékolik skript z deskriptivni geometrie a z linearni algebry
a analytické geometrie. O tispénosti t&chto skript svéd&i okolnost, Ze vétsina z nich
vychdzela po né€kolik let kazdoro¢né v dotiscich.

Utitelska povaha jej pfivedla i k popularisaci védy a tedy i k préaci v Socialistické
akademii; jako lektor této spoleCnosti pfednasel fadu let deskriptivni geometrii
v kursech Lidové university v Praze. Pro SNTL sepsal fadu encyklopedickych hesel
z geometrie. Nepfekvapuje uz, Zze pomahal i pfi $koleni vybranych tGcastniki domaci
i mezinarodni Matematické olympiddy. V poslednim roce pfednasel na vyssi Grovni
algebru v postgradualnim kursu uréeném aspirantiim FEL.

Za tak bohatou &innost vd&gil Vladimit Mahel také svym mimofadnym organisac-
nim schopnostem. Uvedme napiiklad, Z¢ v seminafich z kombinatorické geometrie
na FEL a MFF vedl v poslednich péti letech dokumentaci studovaného oboru,
Citajici dnes pies 3000 titult; samoziejmé mu pfitom pomahali jeho kolegové, protoze
na tak velkou préci by Zadny jedinec nestadil.

Své organizaéni schopnosti uplatiioval i mimo ramec své odborné ¢innosti. Mnoho
zkuSenosti po této strance ziskal v Revoluénim odborovém hnuti, v némZ pracoval
od svych studentskych let. Zastdaval fadu odborafskych funkci, od usekového dtvér-
nika pfes ¢lena revisni komise a pfedsedu studijné-pedagogické komise aZ k dlouho-
letému &lenstvi v celozdvodnim vyboru ROH na jeho pracovisti; i tuto praci ukoncila
smrt.

Cestné diplomy a fadu pochvalnych uznéni dostal od fady instituci, v nich% praco-
val, nap¥. od UV Socialistické akademie a od UV Matematické olympiady.

Ctenaf snad namitne, %e zde pfehanim. Ale pravy opak je pravdou. Poddvadm jen
netplny vycet Vladimirovy mnohotvarné &innosti.

Ale to jest€ neni vSechno! Nelze poml€et o dalsi ¢innosti, ktera vedle matematiky
nas oba plnych 30 let k sob&€ poutala. Nestydim se za to, Ze to byla Sachova hra.
Vladimir byl silnym hragem jak v praktické hie, tak zvl45§té v korespondenénim $achu,
ale pfedevs$im vykonaval organizatorskou préci, za niZ byl rovn&€Z n€kolikrat vyzna-
mendn, mj. Vefejnym uznanim II. stupné za zasluhy o rozvoj &eskoslovenské télesné
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vychovy. Byl dlouholetym p¥edsedou Sachového oddilu TJ Slavia VS v Praze a pra-
coval téZ na tseku vysokoSkolského Sachu. Zemfel jako €len pfedsednictva vyboru
$achového svazu CUV CSTV.

Bylo to mnoho radostnych chvil — a jiné vlastné nebyly — které jsme spolu proZili
af uZ pfi praci nebo na matematickych vé€deckych konferencich a seminafich nebo
na $achovych turnajich &i na spolenych vyletech.

Jak dokreslit lidsky profil Vladimirovy osobnosti? Byl pfedev§im pe¢livym otcem.
Nikdo nenahradi tuto ztratu jeho rodiné. Ale jeho odchodem vznika citelnd mezera
i jinde. Skoda, Ze teprve tehdy, kdy¥ nékoho ztricime, poznavame jeho pravou cenu.
,»» Ted se teprve uvidi, kde v§ude bude Vladimir chybét*, to byl hlas, ktery jsem zaslechl
pfi jeho pohibu. Jako spravny uditel Sel svou Einnosti a vefejnou angaZovanosti
svym Zzaktm pfikladem napfed. Nikdy netrpél Zarlivosti ani v matematice ani v Sachu,
mél vZdycky radost z Gspéchu svych svéfencil a rad se i od nich pfiugil.

Dobte vime, Ze Vladimira Mahela dnes nenahradi Zadny jedinec; bude tfeba
spojeného asili vice lidi k pokracovani v jeho €innosti. Podafi se to? Ale jeho netnav-
na prace nds k tomu zavazuje. A z toho diivodu jsem zdmérné zvolil nadpis tohoto
nekrologu.

SEZNAM PRACI DOC. VL. MAHELA

Védecké a odborné prace

[1] Konstrukce stfedti hyperoskula¢nich kruZnic elipsy. Rozhledy matematicko-piirodovédecké
26 (1946), 122—123.
[2] Sextiky invariantni vi¢i jedné nebo vice kvadratickym inversim. Disertani préace k ziskani
titulu RNDr. na KU (1953).
[3] Sextiky invariantni vii¢i kvadratickym inversim s tfemi body hlavnimi. Cas. pé&st. mat. 80
(1955), 284—298.
[4] Vyvoj kinematické geometrie v &eskych zemich. Sbornik praci FEL CVUT, referaty z 5. vé-
decké konference (1960), 11—16.
[5] Soupis literatury z kinematické geometrie. (Spoluautofi J. Adam, V. Jurak, V. Mat&jkova.)
Price katedry matem. a deskr. geometrie FEL CVUT, II, (1962), 1—28.
[6] Kinematickd geometrie v pracich &eskych autord. Prace CVUT, fada IV, (1963), 35—43.
[7] Poznidmka k eliptickému pohybu. (Spoluautoti K. Drabek, M. Pisl). Prace CVUT, fada IV.
(1963), 25—33.
[8] Komplexni symbolika v rovinné kinematice. Prace katedry matem. a deskr. geometrie
FEL CVUT, III, (1963), 1—25.
[9] Kfivosti pramétu k¥ivky. Kandidatskd priace k dosaZeni hodnosti kandidata fyzikalné-
matematickych véd, FSI CVUT, (1964).
[10] Zajimav4 grupa transformaci. Cas. pést. mat., 95 (1970), 76—85. (Prvni &ast habilitagni
prace.)
[11] Zobecnéni Peaucellierova vzorce. Acta polytechnika, prace CVUT, IV, (1973), 69—72.
[12] Verallgemeinerung einer Formel von Peaucellier. Cas. pést. mat., 98, (1973), 145 —161.
[13] Uber gewisses Netz von ebener Kurven 6. Ordnung. Cas. pést. mat., 98, (1973), 162—172.
(Druh4 &4st habilita&ni price.)
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[14] Eine Bemerkung zur Konstruktion der Paare von orthogonalen lateinischen Quadraten der
Ordnung 10. Wissenschaftliche Haupttagung der Mathematischen Gesellschaft der DDR
in Halle (1974): Hauptvortrage, Vortragsausziige, 316—317. .

[15] Oborova encyklopedie Aplikovana matematika, hesla z geometrie. SNTL Praha, v tisku.

Skripta

[1] Dopliiky z deskriptivni geometrie. (Spoluautor VI. Jaliivka.) Ustav DS pti FSI CVUT, 1954.

[2] Cvi€eni z deskriptivni geometrie pro dalkové studium strojniho a elektrotechnického inZe-
nyrstvi. (Spoluautor V1. Jaltivka.) SNTL, 1. dil 1955, II. dil 1956.

[3] Deskriptivni geometrie. (S kolektivem spoluautorti.) SNTL, 1966.

[4] Sbirka ptikladd z deskritivni geometrie. (S kolektivem spoluautorii.) SNTL, 1. vydani 1966,

2. vydani 1967.

[5] Sbirka ptikladt z linearni algebry a analytické geometrie. (Spolu s dal§imi $esti autory.)

Vyd. CVUT, 1. vydani 1971, 2. pfepracované vydani 1975.

V tomto seznamu nejsou uvedeny recense odbornych knih a praci v domdcim tisku a v ¢asopise
Zentralblatt fiir Mathematik (Berlin) a pfileZitostné a jubilejni ¢lanky.
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&asopis pro p&stovani matematiky, ro&. 102 (1977), Praha

CTVRTE PRAZSKE TOPOLOGICKE SYMPOSIUM

Ve dnech 23. aZ 27. srpna 1976 se konalo v Praze jiz ¢tvrté Symposium o obecné topologii
a jejich vztazich k moderni analyse a algebfe. Symposium uspofadal Matematicky ustav CSAV
ve spoluprdci s Matematickym ustavem SAV, matematicko-fysikalni fakultou University Karlovy
a Jednotou Eeskoslovenskych matematiki a fysikii. PFipravou symposia byl povéfen organisacni
vybor ve sloZeni Z. FroL{K, J. HEJcMAN, M. HUSEk, M. KATETOV, V. KOUTNIK, J. NOVAK (piedse-
da), V. PTAK, A. RAZEK, M. SEKANINA, S. SCHWARZ a V. TRNKOVA.

Symposium se konalo v budové elektrotechnické fakulty Ceského vysokého ueni technického
a zudastnilo se ho 217 matematik® ze 24 zemi, z toho 53 z Ceskoslovenska a 164 z té&hto stata:
USA (30), Polsko (29), SSSR (12), Madarsko (10), NDR (9), Recko (9), Velk4 Britinie (8),
Holandsko (7), Kanada (6), Belgie (5), Bulharsko (5), Jugoslavie (5), NSR (5), Zapadni Berlin (5),
Indie (4), Japonsko (4), Italie (3), Rakousko (2), Svycarsko (2), Egypt (1), Irdn (1), Novy Zéland
(1), Spanéisko (1). Kromg toho bylo ptitomno 39 doprovazejicich osob.

Védecky program symposia pfipravila programova komise ve sloZzeni Z. Frolik (pfedseda),
M. Katétov, J. Novéak a V. Ptik. Na symposiu bylo pfedneseno 29 hlavnich pfednéasek pozvanych
matematiki. T&Zi§t&m symposia bylo 7 &tyticetiminutovych piednasek v plénu o hlavnich smérech
obecné topologie. Tyto pfednasky byly doplnény &tyfmi tficetiminutovymi plendrnimi pied-
na¥kami a 18 pfednd¥kami ve dvou soub&inych sekcich. Na pfednaky navazovalo 136 &tvrt-
hodinovych sdéleni G&astnikti symposia ve t¥ech az &tyfech sekcich. Na symposiu byly pfedneseny
tyto pfednadky:

1. Ctyticetiminutové pfednasky v plénu:

R. D. ANDERSON: Group actions on Hilbert cube manifolds

W. W. CoMFORT: Some recent applications of ultrafilters to topology

Z. FroLik: Recent development of theory of uniform spaces

S. MARDESIC: Recent development of shape theory

J. NAGATA: On rings of continuous functions

M. E. RUDINOVA: Set theoretic problems in topology

Ju. M. SMIRNOV: Some topological aspects in the theory of topological transformation groups

2. T¥icetiminutové pfednasky v plénu:

A. V. ARCHANGELSKU: Some recent results on cardinal-valued invariants of bicompact Hausdorff
spaces )

T. A. CHAPMAN: Homotopy conditions which characterize simple homotopy equivalences

K. KURATOWSKI: o-algebra generated by analyti¢ sets and applications

A. H. STONE: Measure-preserving maps

3. Ctyficetiminutové prednaiky v sekcich:

M. Hu3ek a V. TRNKOVA: Categorial aspects are useful in topology
B. Sz.-NAGY: Some properties of the function algebra H*®
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4. Tficetiminutové pfedndsky v sekcich:

C. BessaGA a T. DoBrowoLSKI: Deleting formulas for topological vector spaces and groups (pted-
nesl C. BESSAGA)

E. BINZ: On an extension of Pontryagin’s duality

A. CsiszAR: Some problems concerning C(X)

J. FLACHSMEYER: Topologization of Boolean algebras

P. HILTON: On generalizations of shape theory

V. A. JEFREMOVIC a A. G. VAINSTEIN: Novyje rezultaty v ravnomérnoj topologii (pfednesl O. V.
LoOKUCIEVSKD)

B. E. JOHNSON: Perturbations of Banach algebras

1. JUHASZ: On the number of open sets

S. NEGREPONTIS: Applications of Erdis-Rado intersection relations in the embedding of 1,(y) to
Banach spaces

J. PELANT: Combinatorial properties of uniformities

A. PIETscH: Entropy numbers of operators in Banach spaces

V. PTAK: Nondiscrete mathematical induction

M. RAJAGOPALAN: The V-process and a problem of V. Kannan and A. V. Arhangelskii on compact
c-spaces

J. R. RINGROSE: Derivations of quotients of von Neumann algebras

D. STONEOVA: Measure, category and Boolean spaces

E. V. SEEPIN: On uncountable inverse spectra

Védecka uroven symposia byla vysoka. Podafilo se sestavit vyvaZeny program, kde byly zastou-
peny vSechny sméry obecné topologie, v nichZz se dnes intensivné pracuje. Dulezitou soucasti
symposia byla fada pfednaSek o aplikacich topologie, tematicky zaméfend pfedev§im na teorii
algeber a teorii miry. Symposium mélo vyrazné pracovni charakter; b&éhem symposia se konala
fada neformdlnich seminafi. Poté&Sitelnym rysem symposia byla velkd tuéast velmi mladych
matematikli, z nichZ mnozi jiz dosahli vynikajicich vysledk{;; dva z nich mé&li na symposiu
hlavni pfednasky.

Ctvrtého symposia se zucastnilo pfiblizné o polovinu vice zahraniénich G&astniki ne? tomu
bylo u symposii predeslych. Tato skutenost je disledkem prudkého rozvoje obecné topologie
v uplynulych 15 letech zejména v disledku vyuzivani topologickych metod v fadé matematickych
disciplin a pfinesla s sebou téZ nemalé problémy. Pfes peélivou pfipravu programu se nepodafilo
zabranit tomu, Ze pfi ¢tyfech soubéZnych sekcich se G&astnici ¢asto obtiZzné rozhodovali, kterd
sdéleni vynechat. V budoucnu by proto bylo G¢elné prodlouzit symposium o dva pracovni dny.

Pro tGdastniky symposia a doprovazejici osoby byl pfipraven bohaty spoledensky program.
V ttery byl pro doprovazejici osoby a hosty symposia uspofadan piatelsky veder v sédle restaurace
U Fleki. Ve stfedu odpoledne si tGcastnici symposia prohlédli Prahu. V patek bylo symposium
zakondeno zavéretnou vedefi a v sobotu byl uspofdddn celodenni vylet do jiznich Cech. Pro
doprovazejici osoby pripravil Cedok kromé& prohlidky Prahy a sobotniho vyletu jesté dalsi
vychazky po Praze.

Po védecké strance bylo symposium velmi uspé$né. Pfispé€lo k rozvoji védecké spolupréice
a poskytlo pfehled o sou¢asném stavu a vyvojovych tendencich obecné topologie a jejich aplikaci.
Ukazuje se, ¥e prazska topologick4 symposia, k nim# dal podnét Epuarp CEcH, maji stale vétsi
vyznam pro rozvoj této discipliny a stala se postupné nejvyznamnéj§i topologickou konferenci
ve svétovém méfitku. Svédei o tom hodnoceni pfednich zahrani¢nich badateld. Profesor R. D.
ANDERSON v z4véreéném projevu konstatoval: ,, This Fourth Symposium has been noteworthy not
only for its unusually large number of interesting research papers contributed by topologists and
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other mathematicians from many areas of the world but also by the several survey talks which have
focused attention on current trends in general topology, on many important open questions, and on
various facets of topology’s apparently growing involvement with other areas of mathematics as
well as with its applications to other disciplines*.

Akademik K. KuraTowsKI v dopise predsedovi organizaéniho vyboru pise: ,, This Symposium
was certainly a great success and an important mathematical event**.

Z dopisu profesora W. W. CoMFORTA uvedme: ,,I think it may be said correctly by now that, with
the possible exception of the worldwide meeting sponsored every four years by IMU, the Prague
Symposia have become the most important single international gathering of point-set topologists.
Certainly in the past decade there has been no gathering equal in international talent and scientific
productivity to the Prague Symposia of 1971 and 1976*.

RovnéZ spoledensky program symposia vyznél dobfe. Zejména pfiznivé zapusobilo pfijeti
vyznamnych udastnik@i symposia u predsedy Ceskoslovenské akademie véd akademika J. Ko-
ZESNIKA, ktery seznamil ulastniky setkani s organizaci védeckého Zivota v Ceskoslovensku.
Ptitomni zv14§t& uvitali, Ze v zdvéru predseda CSAV vyjadtil presvédeeni, Ze se opét setkaji za
pét let na patém praZském topologickém symposiu.

Viclav Koutnik, Praha

LETN{ SKOLA JCSMF

Matematicka v&deckd sekce JCSMF a libereckd pobotka JCSMF uspofadaly ve dnech
6.—10. z4a¥i 1976 v Harrachové letni $kolu shlukové analysy. Hlavnim cilem letni $koly bylo
umozZnit viem zdjemciim o tuto pomé&rné mladou disciplinu aplikované matematiky, aby se sezna-
mili se zdkladnimi my$lenkami, sméry a tendencemi shlukové analysy, vyménili si zkuSenosti
s praktickymi aplikacemi shlukovacich metod v riznych oborech a presentovali své nové teore-
tické vysledky.

Letni $koly se zu&astnilo celkem 50 odbornikt z 32 vyzkumnych pracovist a vysokych $kol.
Byli mezi nimi nejen matematikové, ale také ekonomové, biologové, psychologové, paleon-
tologové i pracovnici technickych obord — vznikla tak pkileZitost k velmi zajimavé vyménd
nazori. Na $kole bylo pfedneseno 23 referati a sdéleni:

Z. SAK: Zdkladni orientace o shlukové analyse

A. FILACEK: Miry vzddlenosti a podobnosti mezi objekty a shluky

P. KrATOCHVIL: Funkciondlni kriteria shlukové analysy

A. FILACEK: Shlukovaci metody zalozené na euklidovské metrice

K. SELUCKY: Srovndni vdZené a nevdzené metody

T. HAVRANEK: Programy pro shlukovou analysu v systému BMDP a jejich aplikace

B. BRICHACEK: UZiti shlukové analysy v psychologickém vyzkumu

J. LAUBER: Jedna pFibliznd nehierarchickd metoda shlukové analysy

J. VONDRACEK: Paralelni a sekvenéni shlukovaci postupy

B. RUZICKA, A. LukasovA: Pouziti shlukovacich metod pFi Feseni taxonomickych otdzek v pale-
ontologii

S. HOIEK: Pouziti hierarchickych shlukovacich procedur

E. BRABEC: Meze pouziti shlukovacich metod

J. HUSTY: Representace matic podobnosti pomoci stromi

Z. SKYVA: Kritérium separace shlukii v metodé dendrogramu

J. PERNICA: Dekomposice na grafech

K. Picex: PouZiti analysy shlukit v pramyslovém podniku

P. KratocnviL: UZiti metod matematického programovdni v analyse shluki
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F. Zitex: Uplatnéni metody SEP ve shlukové analyse

Z. SIDAK: Shlukovaci metody zaloZené na odhadech hustot

V. KourNik: Pripustnost shlukovacich metod

O. SoupskyY: Typy proménnych a jejich konverse

J. PiSovA, K. BENEDIK: VyuZiti vicendsobné diskriminaéni analysy pro studium vlivu volatilnich
ldtek na rist obilek Zita

J. ToSovskY: Aplikace diskriminaéni analysy pro vice souborit a komponentni analysy na shlukovdni
skupin jednotek méreni

Jak je i ze seznamu vidét, byly tu zastoupeny jak delsi pfednaSky ptinadSejici pfehled metod
a procedur shlukové analysy, v€etn& pokusii o uplatnéni jednoticich hledisek, tak také podrob-
n&jsi studie jednotlivych problémt a sdéleni o konkrétnich aplikacich. Nechybély ani kritické
hlasy, zvlasté v souvislosti s principidlnimi otdzkami pouZiti metod shlukové analysy v praxi
prirodovédnich, technickych i spoledenskovédnich oborl. VSechny pfednasky i diskusni ve&er
zatazeny do programu $koly se t&ily velkému zdjmu u&astnikii; z toho je vidét, Ze uspofadani
Skoly bylo uziteéné a odpovidalo sou¢asnym potiebam.

Vcelku Ize konstatovat, Ze letni §kola probé&hla usp&$né a pfispéla k rozvoji a vét§imu uplatnéni
shlukové analysy u nas. Ucastnici mé&li moZnost ziskat slu$ny ptehled o tom, kde, jak a v jaké
hloubce se u nés v oblasti shlukové analysy pracuje; navdzani osobnich kontakti mezi odborniky
z riznych pracovist patfilo k cennym pfinostim $koly. Letni $§kola pomohla téz k progresivni
stabilisaci &eské terminologie v této oblasti.

K tspéchu 3koly pfispélo rovnéz plvabné prostfedi krkono$ské prirody, jejiz krasy mohli
ucastnici $koly vychutnat na vychazkach do okoli Harrachova.

Frantisek Zitek, Praha

MEZINARODNi MATEMATICKA OLYMPIADA

V pofadi jiz osmnéacta mezindrodni matematicka olympidda se konala ve dnech 7.—21. &erven-
ce 1976 v Rakousku. Zu&astnily se ji delegace z devatenacti zemi: Bulharska, Ceskoslovenska,
Finska, Francie, Holandska, Jugoslavie, Kuby, Madarska, NDR, NSR, Polska, Rakouska,
Rumunska, Recka, SSSR, Svédska, USA, Velké Britanie a Vietnamu.

Olympiada probihala podle osvéd&eného tradiéniho programu. Vlastni soutéZ se konala ve
vychodotyrolském mésté Lienz, zavér pak byl ve Vidni. SoutéZni dlohy byly tentokrat spiSe
obtiznéjsi, takZe jen jeden ze soutéZicich, L. PIERRE z Francie, ziskal plny pocet bodi. Vyrazného
uspéchu na olympiad& dosahli Zaci ze SSSR, ktefi ziskali &tyfi z deviti udélenych prvnichcen.
Nas3i representanti si vedli slu$né a ziskali jednu druhou cenu (J. KRATOCHVIL z Pardubic) a t¥i
tfeti ceny (M. SEDIVY z Jevidka, J. NAVRATIL z Olomouce a P. TAKAC ze Safarikova).

Podrobné&jsi zprava o 18. MMO bude otisténa v ¢asopise Rozhledy a v brozufe o XXV. roéniku
MO, kterou vyda SPN.

Frantisek Zitek, Praha

OBHAJOBY A DISERTACNI PRACE DOKTORU A KANDIDATU VED

Pted komisi pro obhajoby doktorskych disertaénich praci obhgjil dne 28. 1. 1976 doc. RNDr.
Ivan KoLAR, CSc., praci na téma: ,,N&které obecné problémy diferencidlni geometrie vy3siho
fadu“. .

Pted komisemi pro obhajoby kandiddtskych disertaénich praci obh4jili dne 27. listopadu 1975
Jikf MICHALEK praci na téma: ,,Statistické linearni prostory*, dne 21. ledna 1976 JOZEF MALIGDA
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préci na téma: ,,Obecna zdrezova metoda zostrojovania linearnych obrazov*,dne16.bfezna 1976
RNDr. Jozer ANTONI prici na téma: ,,Niektore otdzky sumarovatel’nosti postupnosti‘, dne
18. bfezna 1976 Ing. JAROSLAV HYLAN prici na téma: ,,Rozvoj funkcii v rady funkcii, ktoré
netvoria orthogondlni stustavu‘ a RNDr. KRrRiSTINA SMITALOVA prici na téma: ,,0 uplnych
rieSeniach diferencidlnych rovnic s oneskorenim‘, dne 24. bfezna 1976 RNDr. MiLAN KUCERA
praci na téma: ,,Morseova-Sardova véta a jeji uziti na odhad mnoZiny kritickych hladin funkcio-
nald v Banachovych prostorech*‘, dne 25. bfezna 1976 MoHAMED ABDEL HAMID AHMED NASR
préci na téma: ,,Semimarkovovské procesy*‘, dne 1. dubna 1976 RNDr. ARNOLD DAVID prici na
téma: ,,RieSenie niektorych kvaziparabolickych rovnic variaénymi metodami‘‘, dne 12. dubna
1976 JarosLAY KOURIL prici na téma: ,,Problémy vyudovani stereometrii a RNDr. OLDRICH
ODVARKO praci na téma: ,,0 nékterych zplisobech zavedeni Booleovych algeber ve sttedoskolské
matematice*‘, dne 6. kvétna 1976 RNDr. PAVEL KRSNAK praci na téma: ,,0 niektorych dvojiciach
ploch suvisiacich s danou plochou v E,** a dne 6. &ervence 1976 RNDr. JozEF DRAVECKY praci
na téma: ,,Meratel’né funkcie a sucinové priestory*‘.
Redakce
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