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In the present paper we prove that any homeomorphic mapping & of a topological
circumference T < § into S (S being the closed Gaussian plane) can be extended to
a homeomorphic mapping of the whole S onto S. The only more advanced results
used from the topology of the plane are the Jordan theorem and the theorem on the
O-curves.

The result just formulated is of crucial importance for the topology of the plane as
well as for its applications e.g. in the theory of functions of a complex variable. It
implies immediately a.o. the theorem on accessibility of all points of the boundary dQ
of a Jordan region Q from the region as well as other analogous theorems (concerning
the outer topological properties of topological circumferences) useful in the theory of
conformal mappings and other fields.

However, the application of the above theorem in the mentioned direction in
elementary courses of the theory of functions is essentially hindered by the fact that
the usual proofs given in the literature are based a.o. on the theorem on accessibility
of boundary points of a Jordan region Q from  (cf. e.g. [1], pp. 374—381). The
present paper offers an almost elementary proof of the theorem, showing how the
proof from [1] can be modified not only to remove the above mentioned drawback
but also to avoid the use of other theorems, not widely known and difficult to prove.

Let us first introduce the necessary notation, definitions and theorems. The closed
Gaussian plane is denoted by S, the open Gaussian plane by E. The boundary of
a set M < S will be denoted by oM, the closure by M. If @ + M < E, then

diam M = sup lz’ - z"| 3
z’',z"eM
besides, we put diam @ = 0. If diam M < oo, then M is said to be a bounded set.
If0+ M, c Efori =1,2, then

dist (M, M;) = inf |2/ — 2"

z'eMy,z"eM,

.
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If for instance M, = {a} is a one-point set, then we write dist (a, M,) instead of
dist ({a}, M,).

If M < S is either a closed or an open set and if p, g € § — M are two points, we
say M separates the points p, q in S, if p, q belong to different components of the
set § — M. (Cf. [2], p. 108.)

Let us recall the Janiszewski theorem (see e.g. [2], p. 172): If the sets M, M,
(=S) are either both closed or both open, if p, q are two points from S — (M; U M),
if neither M, nor M, separates the points p, q in S and the intersection M, " M,
is connected, then the set M, U M, does not separate the points p, q in S, either.

For any ¢ € (0, ) and z € E the set

U(z,e) = {z'€E; |2 — z| < ¢}

is called an e-neighbourhood (briefly: a neighbourhood) of the point z; for each
M < E we put

UM,e) =UU(z,¢).
zeM
A segment with end-points a + b from E is the set
u(a,b) ={z;z=a + (b — a), te 0, 1)} ;
the corresponding open segment is defined to be
o(a, b) = u(a, b) — {a, b} ).

The points z € o(a, b) are called the interior points of the segment u(a, b).

An arc is a homeomorphic image of a segment. The images of the end-points of
the segment in the corresponding homeomorphic mapping are called the end-points
of the arc. If L is an arc with end-points a, b, then

E=L- {a, b}

defines the corresponding open arc. The term topological circumference stands for
a homeomorphic image of a circumference. Under a polygonal line we shall mean
here an arc or a topological circumference which is the union of a finite number of
segments.

A region (i.e., a connected open set) whose boundary is a topological circum-
ference is called a Jordan region. We shall use the term poiygon for a bounded
Jordan region whose boundary is a polygonal line, or for the closure of such a region;
the actual meaning will be always clear from the context. Any maximal segment
contained in 0 will be called a side of the polygon Q while each end-point of any
one of its sides will be called its vertex.

1) {a, b} is the two-point set consisting of the points a, b.
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The Jordan theorem (see [2], p. 108) asserts that for every topological circum-
ference T < S, the set § — Tis the union of two disjoint Jordan regions whose com-
mon boundary is T. If T = E then one of these regions contains the point oo (we shall
denote it by Ext T) while the other one is bounded (and will be denoted by Int T).

The theorem on f-curves will be applied in the following form (see [2], p. 184):
If Q is a Jordan region, Lan arc with end-points a, b in 0Q and satisfying L < @,
if M;, M, are arcs with the same end-points a, b for which M, U M, = 0Q, then
Q — Lis the union of two disjoint Jordan regions Q,, Q, which fulfil 0Q;, = M; U L
for i=1,2.

The concept of a net (cf. [1], p. 374) will be of importance for us. Let Q be
a bounded Jordan region, let T; (2 < k < n, n 2 1) be arcs with end-points a;, b,.
The sequence

(1) T, =0Q, Ty, ..., T,

is called a (n-term) net in Q if

@) Tco

and

(3) Tn(Tyv...uT_y) = {a b}

for each k = 2,..., n.

The following assertion is easily proved (by induction with respect to n) in virtue
of the theorem on @-curves (cf. [1], p. 374):

Lemma 1. Let (1) be a net in Q. Then the set @ — \J T, has exactly n components,
k=2

say Q, ..., Q,, and
(4) Ui, =UT,.
k=1 k=1

The boundary of the only unbounded component of the set S — \J T, is 0Q. Each
n k=2
point z€ 0Q — \J T, belongs to the closure of exactly one component of the set

n k=2
Q-UT.
k=2
Another concept needed in the sequel is the linear accessibility: Let Q be a region,
a € 0Q. We say that the point a is linearly accessible from €, if there exists a segment
u(a, b) such that u(a, b) — {a} = Q.
The following lemma is easily verified (cf. [2], p. 527):

Lemma 2. If Q is a bounded region then the set Z of all points from 0Q which are
linearly accessible from Q is dense in 0Q.

Let us recall another fact which we believe to be well-known:
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Lemma 3. Each point of the boundary of a polygon is linearly accessible from it.
The following result will be of importance as well:

Lemma 4. Let (1) be a net in Q with T,, ..., T, polygonal lines. Then every point

zeU T, N Q is linearly accessible from each component of the set Q — U T,
k=2 k=2

to whose boundary it belongs.

Proof. If z € U T, N 2, then for every sufficiently small neighbourhood U(z, ¢)

of the point z the set U(z, €) — U T, is the union of a finite number of open circular
=2 n
sectors and each component of the set @ — U T, whose boundary contains the point z
k=2

includes also one of these sectors. Obviously, the point z is linearly accessible from
any one of these sectors.

The following assertion plays an important role in the sequel:

Lemma 5. Let ¢ > 0. Let us denote by & the family of all squares
Cun={z;(m—1)e < Rez < me, (n—1)e < Imz < ne} ?)

where m, n are integers. Let Q be a bounded Jordan region, M a straigt line inter-
secting Q. Then there exists a finite family &L of segments which satisfies the fol-
lowing four conditions:

(4,) Le£=>Lc M;
(4,) Le £, L =u(a, b)=o(a, b) = Q, a, be oQ;
(43) Ll,LZE.?, Ll *L2$L1 ntz =0;

(4,) none of the components of the set Q — \J L intersects simultaneously two
Le®

squares C', C" € & which lie in different components of the set E — M.

Proof. Let &* be the family of all segments which are closures of the components
of the set M n Q. The family &* is either finite or denumerable and satisfies the
implications (4,)—(4;) with & replaced by £*.

If the family &* is finite put & = £*. Then the implication (4,) is obvious as
well: every connected set included in  and mtersectmg both components of the set

E — M intersects also theset M n Q = U L.
Le¥

It remains to prove the assertion under the assumption that the family £* is
infinite. In this case let us arrange the segments of the family £* in a sequence
L,,...,L, ... with mutually different terms. Let the endpoints of the segment L,

2) Re z, Im z stand for the real and imaginary parts of a number z € E, respectively.
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be a,, b,. With regard to the fact that the open segments L, are disjoint and con-
tained in the bounded part 2 n M of the straight line M we have

(%) |a,, - b,,| -0.

Let us choose an arc X of the topological circumference 022 which does not inter-
sect M, and let Y be the arc of the topological circumference 022 with the same end-
points as X, which satisfies X U Y = 0Q. Let ¢ be a homeomorphic mapping of the
interval <0, 1) onto Y. Denoting

(6) % =0-5(a,), By=0-:(b)>)

we can assume that «, < f, for all n since the denotation of the endpoints of the
segments L, is immaterial in the sequel. We have §, — «, — 0 by (5) and in virtue
of the uniform continuity of the function ¢_,. Hence, with regard to the uniform
continuity of ¢,

(7) diam ¢(<o,, B,>) = 0.

The theorem on 6-curves implies (for every n)
(8) Q—-L,=Q,,UR,
where Q,,, Q,, are disjoint Jordan regions with
©) 021 = L, U 9<% B)) -
Since

diam @,, = diam 0Q,; < diam L, + diam ¢(<a,, 8,)),

we conclude by (5) and (7) that
(10) diam ©,; - 0.

Let Z,, Z, be open half-planes determined by the straight line M. Let us denote
by W; (i = 1,2) the union of all squares C,,, € & which are contained in Z; and
intersect Q. The sets W; (being finite unions of compact sets C,, ,) are compact. If one
of them is empty then our assertion is trivial as the empty family may be taken for L.
Therefore, let W, + 0 &= W,; then

(11) dist(Q "M, W;) >0 for i=12.

Since 2,, N (2 N M) =+ 0 for every n, by (10) and (11) there exists a positive integer p
such that

(12) Qun(Wy,uW,)=0 forall n>p.
3) The symbol ¢ _, denotes, of course, the inverse mapping to ¢.
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Put & = {L,,... ,L,} and assume that there exists a component K of the set
Q- UL Q- UL which intersects both W, and W,. Let us choose points

n=1
z, eK N W, (z =1, 2). As K is a region, there exists an arc N contained in K, with

the end-points z,, z,. Further, there exists an n > 0 such that U(N, n) = K. With
regard to (10) there exists a ¢ > p such that diam @,, < # for alln > q. This implies

(13) Q,.NN=0 forall n>gq.
It is easy to see that the set

-QuUuUL =(5-QuUL,

n>q n>q

is a continuum®). This continuum does not separate the points z,, z, in S, since its
complement
Ss-(s-9@uUuL)=2-UL,oQ2-UQ,

n>q n>q n>q

q
contains the connected set N. If the continuum (§ — Q) U U L, did not separate
n=1

the points z, z, in S, then the same would hold according to the Janiszewski theorem
also for the set

(s - Q)UGIL,, —(S-9@uUL)u((S- Q)UUIL,,),
n= n>gq n=

since the intersection

(s - Q)uUL,,)n((S— Q)qu)L,,) =S - Q=ExtoQ
is connected. However, this is not the case, since M < (S — Q) @) U L, and M
separates the points z,, z, in § °). Consequently,
(14) the continuum (S — Q) U UlL,, separates the points z,, z, in S.
On the other hand, we know that

I 4
(15) the continuum (S — Q) U U L, does not separate the points 2is2590 S

n=1

(since the connected set K = Q — U L,=S- ((S Q)u U L) contains these
points).

4) That is, a compact connected set.

5) Let us note that (12) implies thatz; € 2 — |J 2,,, hence also z; € Q — U L, fori=1,2.

n>p
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Let r be the least positive integer such that
(16’) the continuum (§ — Q) U U L, separates the points z,, z, in S.
n=1

Then p <r £ g and

r—

1
(16") the continuum (S — Q) U U L, does not separate the points z,, z, in S.
n=1

The set § — Q,, = Ext 0Q,, is connected and according to (12) contains both z,
and z,. Consequently, @,, does not separate these points in S. Further, we have

r—-1 r

(S=QUUL) AT =((S = 2 B) U (UL, A 8y) = o<t ) U 4,

where A is the union of all segments L, (n = 1, ..., r — 1) satisfying L, < Q,,. The
end-points of such segments belong to (S — Q) N &,; = ¢(<a,, f,>) and therefore
the union qa((oc,, B.>) L A is connected. The Janiszewski theorem implies that the set

r-1
-2uUL,uQ,
n=1
does not separate the points z,, z, in S, either. The less does so the smaller set
(S — @) u U L,; however, this contradicts (16").
n=1

This completes the proof of Lemma 5.

Lemma 6. Let Q be a bounded Jordan region and let ¢ > 0. Then:
1. There exist segments Li,-..., L, (with q = 0) such that

(17) 09, Ly,...,L, isanetin Q;

q
(18) every component of the set Q — U L, has a diameter less than e.
n=1
2. If Q is a polygon and the set Z is dense in 02, then it is possible to choose the
segments L,, ..., L, so that, in adition to (17) and (18), the following two conditions
hold:

(19) every point z € 0Q belong to at most one set L, (1 < n < q);
(20) L,ndQ<cZ forall n=1,..,q.

Proof. 1. Let Q be a bounded Jordan region, ¢ > 0. Let us denote by & the
family of all squares :

Copn={z; 4 (m — 1)e S Rez < ime, ¥(n — 1) ¢ £ Im z < 4ne}

where m, n are integers.
Let ., be the family of all straight lines

(21) {z; Imz = 32k — 1) ¢}
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where k is an integer satisfying
(22) {ze; Imz 2 tke} + 0+ {zeQ; Imz < ¥k — 1)¢},

and let .# , be the family of all straight lines

(23) {z; Rez = }(2j — 1) ¢}

where j is an integer satisfying

(24) {zeQ; Rez = dje} + 0+ {zeQ; Rez S ¥(j — 1)¢}.

Put M = M, U M,. 1t follows from the boundedness of the set 2 that the family 4
is finite.

According to Lemma 5 we have to every straight line M € .4 a finite system
&£ (M) of segments satisfying

(25,) Le (M) = L c M;
(252) Le £(M), L = u(a, b) = o(a, b) = 2, a, b e oQ;
(253) Ial, E’Ey(M), L’ -'-# I," =>L’('\ f,” = 0;

(254) none of the components of the set @ — (J L intersects simultaneously two
‘ Le2(M)

squares C’, C" € & which belong to different components of the set E — M.

Let K be one of the components of the set

(26) e-U U L.

Me#M Le¥ (M)

Then there exists a maximal integer k such that {ze K; Imz < }(k — 1)e} = 0. It
follows from its definition that K A C,, , + @ for a certain integer m,. If it were
{zeK;Imz 2 ¥(k + 1)¢e} + 0, then KN C,,, + 0 for some two numbers m,
and n 2 k + 2. The straight line M = {z;Imz = }(2k + 1)¢} would belong
to ;. However, this is not possible, since K is part of a component K’ of the set

Q — U Land according to (25,) K’ does not intersect both squares C,, 1, C,,
Le£ (M)

as they belong (in virtue of the inequality n = k + 2) to different components of the
set E — M. Thus we have proved that

2,12

(27) Kc{z;4k—-1)e<Imz < ¥k + 1)¢}
for k suitably chosen; we can prove similarly that
(27) Kc{z;}(j—-1)e<Rez =4+ 1)¢}
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for j suitably chosen. The last two inclusions imply immediately
diam K < diam {z; 3(j — 1)e.< Rez = §(j + 1) ¢,
Hk—1)e<Imz=ik+1)e} =ey5 <e.
Consequently,
(28) if K is a component of the set (26), then diam K < &. :
Let us now arrange all segments of the family U £(M) in a sequence L,, ..., L,

Me#t,
with mutually different terms (so that p > 0). With regard to (25,)—(25,) and to

the fact that the straight lines from .#, are disjoint we obtain that

(29) the sequence 99, Ly, ..., L, is a net in Q.

On the basis of the families &£(M), where M € # ,, we form new systems £ *(M)
in the following way: For every Le U £(M), let

MEJ(:
" .
(30) Ln(6Q u UIL,,) %) =faf, ..., dqgy}
=
where
(31) Imag <Imaf <...<Imafy,.

Let the family £*(M) contain exactly all the segments

u(ag, at), u(at, a3), ..., w(aks,-1, afiry)
where Le £(M).

If all segments of the family | £*(M) are arranged in a sequence L, 4, ..., L,
Me#,
with mutually different terms, then ¢ = p and it is evident that (17) holds. Further,

obviously

UurL=U UL,

n=p+1 Me#, LeL (M)
hence also
q
(32) UL, = U U L.
n=1 Me#M Le¥ (M)

In virtue of (28), (18) is proved.

2. Now let Q be a polygon and Z a set dense in 0Q2. Without any loss of generality
we may assume that

) This set is finite, since L N 292 is a two-point set according to (25,) and L is ortogonal to

cach segment L, ..., L.
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(33) any vertex of the polygon 2 belongs neither to a line {z; Re z = }l¢} nor to
a line {z; Im z = }le} with [ odd,

(34) no point of the form (I, + il;) e with I, I, odd belongs to 0Q,

since, if necessary, 2 may be suitably translated without affecting essentially our
argument.”)

Let the symbols C,, ,, &, #, M ,, # have the same meaning as in Part 1 of the
proof. According to (33) the set M N 09 is finite for every M € .4 let

(35) M noQ = {a¥, a¥, ..., a¥n)}

where

(36,) - Reay < Rea) <...< Realy, if Meus,,
(36,) ImaYf <ImadY <...<Ima¥y, if Meu,.

Further, let us denote by X3 the side of the polygon 2 which contains the point a};
since the point a} is not a vertex of the polygon @ there is exactly one such side,
it is not parallel to M, and the point a;' is its interior point. Let P*(M), P~(M) be
the components of the set E — M. Let W*(M) and W~ (M) be the unions of all
squares C,, , € & which intersect 2 and satisfy C,, = P*(M) and C,,, = P™(M),
respectively.

We shall prove that for every sufficiently small § > 0 the following five conditions
hold:

(371) for any M e #, there is no vertex of the polygon Q in the strip m;

(37,) UM, &) n (W*(M) L W~(M)) = 0 for each M e .4;

(37,) if M, #+ M, and either M,, M, € #, or M,, M, € #M,, then UM,, d) n
NUM,,6) =0;

(37,) if M, € My, My e M, then U(M,, 8) A UM,, 5) n 02 = 0;

(375) given arbitrary points by € Xy’ n U(M, 6) (where M e #, 1 < k < (M),

then the angle between the segment u(by_,, by') (where 1 < k < r(M)) and
the line M is non-negative and less than n.

With regard to (33) we find that (37,) holds for all sufficiently small § > 0. As
W*(M) u W~(M) is a compact set disjoint with M, (37,) holds for all sufficiently
small 6 > 0 as well. If 0 < & < 3¢, then (37,) holds, too. Further, (34) implies that

7) It is sufficient to use a translation vector v which is parallel neither to the real and imaginary
axes nor to any side of the polygon 2, and whose magnitude is less than (i) the distance of every
vertex of the polygon 2 from the union of all straight lines {z; Re z = l¢/6}, {z; Im z = l¢/6}
with / 0dd, not containing this vertex, (ii) the distance of every point (I, + il,) ¢/6 with I, /, odd
from any side of the polygon 2 not containing the point in question.
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also the condition (37,) is fulfilled for all 6 > 0 sufficiently small. If the points b
are sufficiently close to the points a, then all conditions concerning angles will be
fulfilled as required in (375). Taking into account that the segments X M are not parallel
to the straight lines M we see that the points b} € X N U(M, 6) will be arbitrarily
close to the points a}(eX;' N M) provided & > 0 is sufficiently small.

Let us now fix a number 8 > 0 so that (37,)—(375) hold. Denote

(40,) AY ={zeM; Rez < Real'}, ANy, ={zeM; Rez > Really,}
for Me A,

(40,) A ={zeM; Imz <Ima}}, Ay, ={zeM; Imz > Im ay,}
for M e #,, and let

(405) A = o(ay', aps )

for Me M and 1 £ k < r(M).

Further, let G (where M € #, 0 < k < r(M)) be the component of the set
r(M)

U(M, 8) — U X}! containing the set 4;". Let us note that each set G}' is convex (being
k=1

the intersection of three or four half-planes).
First, let us show that the number r(M) is even for all M € .# and

(41) AfvA¥u...udyycs-a, Afuv...udy,, Q.

In virtue of its connectedness'and of the condition AY N 6Q = @ each set AY is
contained either in § — @ or in Q. Since obviously Ay U ANy, = § — @, (41) will
be proved (together with the evenness of r(M)), if we show that

(42) for each k = 1, ..., (M) one of the sets A}, Ay is contained in § — &, the
other one in Q.

To prove (42), let us choose (with k = 1, ..., r(M) fixed) a neighbourhood U of the
point ap' so small that U n dQ = U n X}'. Then the set U — dQ is the union of two
open semicircles, one of them being contained in § — @, the other one in Q according
to the Jordan theorem. At the same time it is apparent that one of the sets AM ,, A
intersects one of these semicircles while the other set intersects the other one. This
implies immediately (42) in virtue of the fact that each set A?’ is a subset either of
S —Qorof Q.

If we show that

(43) GY'ndQ =0 forevery Me.# andevery k=0,...,r(M),
then (41) together with the connectedness of the sets G will imply

(44) GYUGYU...UGh=S-8Q, GYu...uGly- Q.
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Let us suppose that there is a point z, € G}' N dQ. By (37,), the point z, is an
interior point of a certain side X of the polygon £, while the end-points of X do not

belong to G. Hence X intersects dG¥ in two points z, + z,. Since obviousl
g k (M)P y
ri

X + X}f forj=1,..., r(M), we have z,,z, ¢ ) X?’ and, consequently, the points
j=1

z4, z, belong to the straight lines whose closures form dU(M, ), and lie in different
components of the E — M. This implies that X n M = 0; it is easy to see, with
regard to the convexity of the sets Gy, that o(z;, z;) = G}’ so that the point of
intersection of X and M belongs to AY = G n M. However, this is a contradiction
since A N 0Q = 0.

This completes the proof of (43), and thus also of (44).

Since the set Z is dense in 0%, there exist points

(45) b eX¥ NZAUM, ) (Me#,1=<k=<rM).
For M € .# let us put
(46,) BY ={z; Rez < Re bYl, Imz = Im b}'},
B)y, = {z; Rez > Re b}y, Imz = Im by},
for M e #, let
(46,) By ={z; Rez = Re b}, Imz < Im b}'},
B¥\, = {z; Rez = Re bly,, Imz > Im b}y,} ;

for every M € M let

(465) BY = o(byf, bt%y) (1 =k < r(M))
and
) r(M)_
(464) BM =y BY.
r=0

As evidently B} = G}!, we have, by (44),
(47) BY B u... By c8=0, Bfvu..uBy <=0

The set BM is a topological circumference, hence the set § — BM has exactly two
components in virtue of the Jordan theorem. Since B¥ < U(M, 6), one of the com-
ponents contains the half-plane P*(M) — U(M, 5), hence (by (37,)) also the set

W*(M), while the other one contains the half-plane P~(M) — U(M, 9), and hence
also the set W~(M). This implies that every connected set intersecting both W*(M)
and W~ (M) intersects B¥ as well, so that

(48) none of the components of the set 2 — B intersects both W*(M) and W ~(M).
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If for any M € #, the symbol £(M) stands for the system of all segments BY,
BY, By -, then the system is obviously disjoint and, by (47),

(49) QnBY= L,

Le£ (M)

so that, by (48),

(50) none of the components of the set @ — U L intersects (for any M € .#)
both sets W*(M), W~(M). L]

Hence it follows similarly as in Part 1 of the proof that

(51) to every component K of theset @ — (J U L there exist integers j, k such that
Me# Le¥ (M)

Kc{z;}3(j—1)esRez=¥j+1)e H(k—1)e<Imz < ¥k + 1)¢},
and consequently

(52) diam K < ¢ for every component K of the set @ — U U L.

Me#M Le¥ (M)

Now let us arrange all segments of the system U £(M) in a sequence L,, ..., L,
Me#t

with mutually different terms. Similarly as in Part 1 of the proof
(53) the sequence 09, L,, ..., L, is a net in Q.

If Le £(M) with M € #,, then the set

(54) La(@QuU L)
n=1

is finite since LN 0Q is a two-point set and the segments L, L, (1 < n < p) are not
parallel (as, by (375), the angle between the segment Land the imaginary axis as well
as the angle between any one of the segments L, and the real axis is less than 4=).

Consequently, for every M € #, a system .?*(M) can be defined analogously
as in Part 1 of the proof; we arrange the segments of the system U £*(M) in
a sequence L, q, ..., L, with mutually different terms as before. M

Again, (17) and (18) hold by an analogous argument. Two different segments
L', I belonging either both to U £(M) or both to U £(M) do not intersect

Me#, Mes#,
(which is a consequence of the construction of the systems £(M) — cf. (37,)). If

L'e £(M,), L' e £(M,) with M, € M, M, € M ,,then L' n L'is part of U(M,, 5) n
N U(M,, 6) which is a set disjoint with 92 according to (37,).Hence it follows
that the condition (19) is satisfied. The validity of the condition (20) follows from the
fact that every point from L, N dQ2 with 1 £ n < g is one of the points b}.

This completes the proof of Part 2 of Lemma 6.
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Definition. Let Q and Q* be bounded Jordan regions. Suppose that
(55) - 0Q =T,T,,...,.T, isanetin Q,

(55%) 0Q* =T, T;,..., T, isanetin Q.

q q W
A homeomorphic mapping h of the set U T, onto the set |J T, is said to be regulars)
n=1 n=1 q
if it is possible to number the components Q,, ..., Q, of the set @ — U T, and the
q n=1
components QF, ..., Q7 of the set @* — U T,* in such a way that

n=1

(56) h(0Q,) = 0@y for n=1,....q.

Lemma 7. Let Q be a bounded Jordan region, Q* a polygon. Let f be a homeo-
morphic mapping of dQ onto 0Q*. Then:

1. Under the assumption (55) there exist polygonal lines L cons 7;1* such that
(55*) holds and the mapping f can be extended to a regular homeomorphic map-

q q
ping F of the set \J T, onto the set U T,.
n=1 n=1

2. Let Z denote the set of all points from 0Q which are linearly accessible from Q;
let Z* = f(Z), f* = f_,. Let us further assume that (55*) is satisfied,

q
(57) U T noo* c z*,

n=2

and

(58) there are no two ares TX, TF, 2 < m < n < q, with a common point in 0Q*.
Then there exist polygonal lines T,, ..., T, such that (55) is satisfied and that the
mapping f* can be extended to a regular homeomorphic F* mapping of the set

q9 q
U T onto the set U T,

n=1 n=1

Proof. Let the assumptions of Part 1 of Lemma 7 be satisfied; we shall proceed
by induction with respect to g.

For g = 1 it is sufficient to notice that every homeomorphic mapping of 02 onto
0Q* is regular. ‘

Let the assertion analogous to the above one hold for each (¢ — 1)-term net. If
(55) is satisfied, then

(59) 0Q="T,..., T, ,

8) Cf. [1], p. 376.

118



isa(q-— 1)—term net so that there exist polygonal lines T3,..., T, such that

0 =T, T, ... q . is a net in Q* and the mapping f can be extended to a regular
q—1 q—1

homeomorphic mapping g of the set U T, onto U T,*. This means that numbering
n=1 n=1 q—1

suitably the components G, ..., G,_; of the set @ — J T, and the components
q-1 n=1
GY, ..., Gy, of the set @* — U T,* we have

n=1

(60) 9(3G,) = Gy for n=1,...,9 — 1.

According to the definition of a net, T, is an arc contained in @ with its end-points
q—1 q-1

a, bin U T, while T, n U T, = 0. This implies that T, is part of a certain component
n=1 q—1 n=1

of the set @ — U T,. Without any loss of generality we may assume that this com-

n=1
ponent is G,_,. Then a, b e dG,_,. Since G:‘_l is a polygon, the points g(a), g(b) e
€ 6G,‘1"_1 are linearly accessible from G;"_l (see Lemma 3); consequently, there exists
an arc T, with end-points g(a), g(b) which is a polygonal line and satisfies T, = G;_,
The topological circumference dG,_, is the union of two arcs M, M, with end-points
a, b. Denoting M} = g(M;) for i =1,2 we conclude that M7 are two arcs with

end-points g(a), g(b) whose union is G, ;. In virtue of the theorem on the 6-curves
we have

(61) Gpoy — T, =9,,0Q,, G-, — T =Q; ,vQ},
where Q,_;, Q, as well as Q;"_ i Q;" are disjoint Jordan regions with boundaries

(62) 0, =T,uM,, =T, uM,, 0}, =T'uMi,

q
0 =T u M3,

respectively. Let h be a homeomorphic mapping of the arc T, onto the arc T,
satisfying h(a) = g(a), h(b) = g(b). Then we may put

q l

(63) F = <
in T,
q
and F is evidently a homeomorphic mapping of U T, onto U T.F which is an exten-
sion of f. St n=i
It is easy to see that the sets Q — U T, and Q* — U T,* have the components
n=1 n=1

'Ql = Gl’ sy Qq—z = Gq—29Q Qq

q-1
and

Q =GY,..,QF =Gy, Q1 ,,QF,

119



respectively. With respect to (60), (62) and (63) we have evidently
F(0Q,) =0Qr for n=1,..,q

so that the mapping F is regular.

2. Now let the assumptions of Part 2 of Lemma 7 be satisfied. Again we proceed
by induction with respect to g. The assertion for ¢ = 1 is evident; let the assertion
analogous to the above one hold for any (g — 1)-term net.

The induction hypothesis together with (55*), (57) and (58) implies that there
exist polygonal lines T, ..., T,_, such that 0Q = T, T,,..., T,_; is a net in Q
and that the mapping f* can be extended to a regular homeomorphic mapping g*

of the set qk—Jl T onto the set qL_JIT,,. This means that the components Gf, ..., G;'_l
of the set ;2=*1—ql:}l T¥ and the"c_olmponents Gy, ..., G, of the set Q —qL-JIT,, can be
numbered in su;l;la way that "
(64) g*(0Gy) =0G, for n=1,...,9 — 1.

The arc T," let have end-points a*, b*. By (55*), T,* is contained in a certain com-
ponent of the set Q* — qL_le,,*; we may assume that the numbering is chosen so that

n=1
T} < G;_;. Then also a*, b* € 9G,_,. Let us denote further a = g*(a*), b = g*(b*);
then a, b € 0G,_
If a* e 0Q* then a* € Z* according to (57) so that the point a = g*(a*) =

=f_y(a*)eZis llnearly accessible from Q. According to (58) we have a* ¢ U T*

consequently a ¢ U T and there exists a segment u(a, a,) satisfying u(a, a,) — {a}
q—-1 n=2

c 2 — U T,. The connected set u(a, a,) — {a} is part of a certain component of the
n=1
q-1
set @ — |J T, and the point a belongs to its closure. However, in virtue of Lemma 1
n=1 q-1
the point a € 0Q — U T, belongs to the closure of only one component of the set
g—-1 q—-1 q-1
Q- UT Hence u(a a)) —{a} =G,y If a"‘eUT,,*nQ* then aeUT,n Q
n=1
and a 51m11ar segment u(a, a,) exists by Lemma 4. The existence of a point b, such

that u(b, b,) — {b} = G,_, is shown similarly.

Now it follows easily that there exists an arc T, which is a polygonal line with
end-points a, b and satisfying T, = G,_,.

If h* is a homeomorphic mapping of the arc Ty onto T, with h*(a*) = a, h*(b*) =
= b, then

q-1
’ g* in UT',
F* =< n=1

h* in T}
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is the required regular homeomorphic extension of the mapping f*. (The proof is
quite analogous to that of a similar assertion for the mapping F in the proof of
Part 1 of the lemma.)

Lemma 8. Denote
(65) Q = {z; lRe z| <2, IIm z| <2}, 0 ={z; |Re z| <1, |Im z| < 1}

Let —2 <a < b <2, let M, M, be two arcs with end-points a, b and such that
T = M, UM, is a topological circumference contained in Q. Further, let 0 e Int T,

(66) imax{Imz;zeT, Rez =0}eM,,
and
(67) (M, M)A ((=2,ayu<b2)) =0.

Let f be a homeomorphic mapping of the set T onto 0Q, satisfying

(68) fla)=—1, f(b) =1,
(69) fM,) ={zedQ;; Imz 20}, f(M,)=1{zedQ;; Im.z < 0}.

Then there exists a homeomorphic mapping F of the set S onto itself satisfying

(70) F|T=f, F|(S-Q) =1d).
Proof. Let us denote
(71,) T, =T =00,
(71,) T, ={-2,a) uM; U (b 2),
Ty =<-2,—-1)u{ze€dQ;; Imz 2 0} U (1,2),
(713) T, =M,, T3={z€dQ; Imz <0}.

It is easy to verify that the sequences Ty, Ty, Ty and Ty, T;, Ts are nets in Q.
3

Moreover, it is evident that the mapping f, defined in U T, by

n=1
(72) 1(2) for zeT,
)z for zedQ,
fl(z) - z — 2(a + 1)]/(a + 2) for ze <_29 a> s

[z+2(1-0)])2-1b) for ze<(b,2)

%) Identical mapping; the symbol | is used for parcial mapping.
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3 3
is a homeomorphic mapping of U T, onto U T,* which is an extension of the map-

plng f- n=1 n=1
Let us show that f; is regular. We have

(73) Q—T2=QIUQZ

in virtue of the theorem on the O-curves, where Q,, Q, are disjoint Jordan regions
with boundaries

(74) 09, =T,0{zedQ; Imz20}, 0Q,=T,u{zedQ; Imz < 0}.

0Q=1"
5
T.ﬁ
17 o, T
-2 -1 1 2
7-;,
a L4
2, % Ny
aQ ) T, aa a T;»

Further, we have T; = M, = Q, U Q, so that either M, c Q, or M, c Q,. Let us
denote by Lthe segment with end-points 2i, i max {Im z; z € T, Re z = 0}. Then

(75) 0, — L=G UG,

where G,, G, are disjoint Jordan regions satisfying

(76) aeG, —G,, beG,—G,.

If it were M, < Q,, then with regard to (75) and (76) necessarily
(77) M,nG, +0+M,nG,

which would imply M,'n dG, + 0 as well. However, in virtue of the equality
8G; n Q, = L(which is an easy consequence of the theorem on the 6-curves) and
the inclusion M, < Q,, this would yield M, n L+ @ which contradicts the as-
sumption (66).

Consequently,

(78) T,=M,cQ,
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and the theorem on the f-curves together with (73) yields

3
(79) Q- \_JlTn =0Q,VQ,0UL:;
where 2, (j = 1, 2, 3) are the components of the sets on the left-hand side satisfying
(80y) 02, =T,u{zedQ; Imz 2 0},
(802) 6912 = T,
(805) 003 =<-2,a)uTyu<b,2)u{zedQ; Imz < 0}.

We obtain similarly

3
(81) Q-UT=af,ual,uat
n=1

where the sets on the right-hand side are the components of the set on the left-hand
side, and

(82,) 0Qf, =TS u{zedQ; Imz 2 0},

(82,) 0Q1, = 00, ,

(82,) 0%, = (=2, -1> U Ty u(l,2)u{zedQ; 1mz<0}
The relations (79), (80,)—(805), (81), (82,)—(82;) imply

(83) f1(09Qy;) = 0Q%; for j=1,2,3,

i.e., the regularity of the mapping f;.
Let us note that diam Q = /32 < 6 and the more so,

(84) diam 2,; < 6, diamQ}; <6 for j=1,2,3.
Put
(85) g(1) =3.

Let us assume that for a positive integer k we have defined nets Ty, ..., T, and
Ty, ..., Tyg, in O, that ©; ) and Q;; with j = 1, ..., g(k) are the components of the
a(k) (k) :
sets Q —UT, and Q — U T,%, respectively, that f, is a regular homeomorphic
n=1 q(k) n=1 q(k)
mapping of the set |J T, onto the set |J T,* which is an extension of the mapping f;,
and n=1 n=1

(86) Ty, ..., Tya, are polygonal lines,
(87) diam Q,; < 6/k, diam Q}; < 6/k for j=1,...,q(k),
(88) fl09Q;) = 02f; for j=1,...,4q(k).

I

We see immediately that the above conditions hold for k = 1.
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In virtue of Lemma 6, Part 1, to every j = 1, ..., g(k) there exist segments L;,, ...
<+ Ljp(;) such that

(891) ‘ aQU = Ljo, le, “eey LJP(.I) iS a net in g“.’
and
p()

(89,) every component of the set Q,; — U L;; has a diameter less than 6/(k + 1).
i=1

In virtue of Lemma 7, Part 1, there exist polygonal lines L}y, ..., L},;, such that

(90) 02y = Lo, L}y, ..., L}, isanetin &,

r(J) p(J)
and a regular homeomorphic mapping @; of the set U L;; onto the set |J L}; which
. o

is an extension of the mapping f, | 0Qy. i=0 i=
Let us put r = q(k) + p(1) + ... + p(q(k)), let

T;;(k)-!-l =Ly .- Tq(k)+p(1) = Llp(l) ’
Ty +py+1 = Lavs oo Tyay+pay+p2) = Lapay -0 T = Lygypiaaiy) »

and similarly

* % "
Tyay+1 = Lia, ooy T = Lygypiaar) -

Then it is evident that T, ..., T, and T, ..., T;* are nets in § and the mapping
)
d = ¢] mn ‘9014-” (] = 1, veey q(k))

is a regular homeomorphic mapping of \J 7T, onto U T,* which is an extension of

n=1 n=1

the mapping f; (and thus also of f,). Numbering suitably the components X, ..., X,
and X},..., X} of the sets Q — U T, and Q — U T}f, respectively, we have
n=1"

n=1

(91) ®(0X,) = 0Xy for n=1,..,r;
p(J)

besides, each of the sets X, is a component of a certain set ,; — U Lj; so that
i=1

(92) diam X, < 6/(k + 1) for n=1,..,r.

Let us denote by Z, the set of all points from 0X, which are linearly accessible
from X,, let Zy = &(Z,). Then Z; is dense in 0X, and by Lemma 6, Part 1 there
exist segments Ay, 1 < i < s(n), such that
(93,) 0Xy = Ajos Anys ...y Apywy isanetin X7,

s(n)
(93,) every component of the set Xy — U Ay; has a diameter less than 6/(k + 1),
i=1
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(93,) there are no two segments Ay, Ay;, 1 < i <j < s(n), with a common point

in 0Xx7¥,

(934) Ay oXy = Zy for i=1,..,s(n).

In virtue of Lemma 7, Part 2 there exist polygonal lines A4,; such that

(94) 0X, = Auoy Apts ey Apseny isamnetin X,
s(n) s(n)

and a regular homeomorphic mapping ¥, of the set | A4); onto U 4,; which is an

extension of the mapping @_, | X =0 =0

Let us denote g(k + 1) = r + s(1) + ... + s(r), let
Loy = A1gs 00 Loy = Als(l) >

Tr+s(1)+1 = Ay, .0 Tr+s(1)+s(2) = AZs(Z)’ ) Tq(k+1) = Ars(r) >
and similarly

* * * *
Ty = Ao T:;(k+1) = Ars(r)-

The mapping
s(n)

fs1=%, in U4y (pn=1,..,7)
i=0
q(k+1) qk+1)
is then evidently a regular homeomorphic mapping of the set (J T, onto U T,
n=1 n=1

which is an extension of the mapping ®_,, hence also of (f;)-, and (f;)-,. The
qk+1)

mapping fi+; = (fi'+1)-1 is a.regular homeomorphic mapping of the set U T,
q(k+1) A= 1

onto | T which is an extension of the mapping @, hence also of f, and f,.
n=1
Numbering suitably the components €, ; and 2+,,; (j = 1, ..., g(k + 1)) of the
qk+1) qk+1)

sets Q — U T,and Q — U T, respectively, we obtain
n=1 n=1

(95) fk+l(39k+l,j) = 6Qk+1,j f01‘ j = 1,..., q(k + 1).
It is easily seen from our construction that

(96) Ty, ..., Tjxs1) are polygonal lines .

q(k+1)
Since every component ©,,, ; of the set Q — U T, is part of one of the sets X,

n=1
qk+1)

and every component Q:H,j of the set Q — U T, is a component of a certain
s(n) n=1

set Xy — U Ay, we have by (92) and (93,)
i=1

(97) diam Q,,,,; < 6/(k + 1),

diam Q. ; < 6/(k +1) for j=1,...,q(k + 1).
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This completes the induction: For every positive integer k we have constructed

nets Ty, ..., T,y and T7, ..., T, in O, components @,; and & (j = 1, ..., q(k))
ack) ak)

of the sets Q — U T, and Q — U T;, respectively, and a regular homeomorphic
n=1 q(k) n=1 q(k)

mapping f; of the set |J T, onto the set |J T, which is an extension of the mapping
n=1 n=1
Si—1 (where f, = f) so that (86)—(88) hold.
Now we can show, similarly as in [1], pp. 378 —379:

(98,) the set U T,, U T,* are dense in Q,
n=1 n=1

q(k) ©
(98,) the mapping f,, = f, in U T, (k = 1, 2,...) is uniformly continuous in U T,
S n=1

n=1

and maps this set onto G T,
n=1
The mapping f,, can be extended continuously onto the whole Q by a well-known
theorem'®). Denoting the resulting mapping by F we can show that F is one-to
one''), and hence a homeomorphic mapping of @ onto itself. The mapping F is an
extension of the mapping f,, hence also of the mapping f, and since f, | 0Q = 1Id,
we have F | 0Q = Id as well. Putting now F = Id in § — Q we obtain the required
homeomorphic mapping.

Theorem. Every homeomorphic mapping of a topological circumference into S
can be extended to a homeomorphic mapping of S onto itself.

Proof. Let h be a homeomorphic mapping of a topological circumference T <= $
into S. Let us choose points A, B € E in different components of the set S — T and

let r € (0, o0) be so small that U(A4, r) n T = 0. Putting

r r
(%9) W) = ——rim=——e (268
we have
|¢(z)|§| ! +| r |<2 for zeS—-U(4,r),
|z — 4|  [B - 4|
so that
(100) : &(T) = Q '?).

Since @ is a homeomorphic mapping S onto S and since the points 4, B belong to

10) See e.g. [2], p. 83.

11) The proof is not difficult. We refer the reader to [1], since here the present proof would
bring nothing new.

12) Q means the same as in (65); similarly for Q,.
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different components of the set § — T, the points co = ®(4), 0 = H(B) belong to
different components of the set $ — ®(T). Thus the point 0 belongs to Int &(T).

If we put
a=min{ze®T); Imz =0}, b =max{zed(T); Imz =0} 3,

we have —2 < a < b < 2. Denoting further by M,, M, the arcs with endpoints a, b
which satisfy M; U M, = &(T) we have

(M, v M,)n({=2,a) U<(b,2))=9.
Moreover, let us choose the notation so that
imax {Imz; ze &(T), Rez =0} e M, .

Certainly there exists a homeomorphic mapping f of the set &(T) onto 6Q, which
satisfies (68) and (69). Therefore, by Lemma 8, there exists a homeomorphic map-
ping F of the set S onto itself, which is an extension of the mapping f.

The mapping F o @ is a homeomorphic mapping of S$ onto S which maps the
topological circumference T onto 0Q,. Similarly, to the topological circumference
h(T) there exists a homeomorphic mapping G of the set S onto itself with G(h(T)) =
= 0Q,. The mapping

Y =Gohod_,oF_,

maps 0Q, homeomorphically onto itself. If it is extended by
Y(tz) =t¥(z) for zedQ,, te(0, ), ¥Y(wo)=c0

to the whole §, it is seen immediately that the extended mapping ¥ is a homeomorphic
mapping of § onto §.
Hence it follows that

H=G_,o¥'%)cFod

is a homeomorphic mapping of S onto itself which is an extension of the mapping h.
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13) The right-hand extrema exist since 0 € Int &(T) so that the intersection of the straight

line {z; Im:z= 0} with &(T) is a compact set containing at least one negative and one positive
number.

14y wstands here, of course, for the extended mapping.
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PERIODIC SOLUTIONS OF A WEAKLY NONLINEAR
WAVE EQUATION

MILAN STEDRY, Praha
~ (Received July 14, 1975)

INTRODUCTION

In this paper the existence of a solution to the equations

(0.1) u,(t,x) — u.(t,x) =eF(u)(t,x), teR*, xeR,
(0.2) u(t,x) = u(t,x + 2n) = —u(t, —x), teR*, xeR,
(0.3) u(t + 2n + €A, x) = u(t,x), teR*, xeR

is investigated for every ¢ e [ —éo, &o]. The number &, > 0 is supposed to be suf-
ficiently small and the number 4 > 0 is supposed to be fixed. The operator F, has
the form

(0.4) Fy(u) (1, x) = f(t, x, u(t, x), ut, x), u,t, x)).
The function f, is assumed to satisfy the next two conditions:
(0.5) St %, Yo, ¥4 yzi) =ft, x + 27, yo, y1, ¥2) =
= —ft, =%, = Yo, —¥1, ¥2) = ft + 21 + €A, X, Yo, Y1, V1)

for every (¢, x, o, 1, ¥2) € R* x R* and e € [—¢o, &]-
(0.6) If the derivative

D = D:D};D3;. D5}

satisfies @ + Bo + B, + B, <2, a £ 1, then the function Df, is continuous on
R* x R* for every g€ [—éo, &),

hf(l) sup {Ich(t’ X5 Yos V15 .VZ) - Dfo(t’ X5 Yos V1s .VZ)I >
te[0,2n + 1], xe R, |yo|. |yils |y2| =0} =0
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for every ¢ > 0 and

]ilgl sup {lDfe(t’ X5 Yos Y15 .Vz) - Dfe(” X, 5’-0’ }719 j’_z)l 5

te[0,2n + 1], xeR, ly,-—f,| Sri=0,1,2 ¢ee[—&,8]} =0

for every (yo, ¥y, ¥2) € R®.

The first section of this paper contains two assertions on the existence of periodic
solutions of the problem described (Theorems 1.1 and 1.2) which are deduced under
some additional assumptions on F,. This part is modelled by [1].

In the second section it is shown that a solution to (0.1)—(0.3) with F, given by

0.7) F(u) (t, x) = g(u, u,, u,) + hyt, x)
exists for every ¢ with Isl sufficiently small provided
(0.8) the second derivatives of g are continuous on R?,
(0.9) 9o ¥1,92) = =g(=Yo, =1, ¥2) for (vo,y1,y2)€R?,
(0.10) 95 (Vo> Y15 ¥2) Z v1»  |9y(Vor Y1 ¥2)| = %0
|9,:(yos ¥15 ¥2)| £ v2 for (yo» ¥4, ¥2) €R®,
©11) - 1= 72— 2% >0,
(0.12) h, = h(t,x): R* x R S R and (h,), are continuous for every ¢ € [ —&o, &),
h(t, x) = h(t,x + 2n) = —h(t, —x) = h(t + 2n + eA,x) for (,x)eR* x R

and
lim sup {|D, h(t, x) — D, ho(t,x)|; te[0,2n + 1], xe R} =0.
e—0

These assumptions, from which (0.11) describes “some sort of monotonicity of F,”,
are similar to those in [3] where 2n-periodic solutions were investigated. Eventually,
Section 2 contains a brief discussion of the existence of a (2r + &A)-periodic solu-
tion to

(0.13) Uy — Uy, = &(3u%u, + hyt, x))

for every & from a neighbourhood of 0 provided (0.12) is satisfied and

2n
J- ho(9, x — 9)d3 + O for some x € R.

o

Section 3 contains some auxiliary assertions.
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The problem analogous to (0.1)—(0.3) was investigated by J. P. FINK and W. S.
HALL in [1]. These authors developed a general theory for a system of first order
equations and ag a by-product they obtained the existence of periodic solutions for
one special type of the wave equation (cf. (0.13)). In their paper the difficulties con-
nected with the existence of periodic solutions whose periods depend on a parameter
were also thoroughly discussed and therefore everybody who wants to be informed
in detail is referred to [1].

The author is grateful to O. VEIVODA who attracted his attention to paper [1].

1. GENERAL THEOREMS

Let H, be the space of all real valued 2z-periodic functions s which have generalized
derivatives up to order k and satisfy

2n 2n
j s(¢)dé =0 and '[ (s®(¢))* dé < + .
0 0
The space H, endowed with the inner product

(. $h = rn’(k’(i) s®(¢) d¢

0

is a real Hilbert space. The norm in the space H, will be denoted by ||k Putting
#H) = {se H,; s(x) = —s(—x) for all xe R}
and endowing ¢, with the norm |- |,, we set

U, = C¥[0, ); #,) n C([0, o0); #,) n C*[0, ); ;)
and
Ur = C([0, T #2)  CH([0, T #,) 0 €0, TT; o)

for 0 < T < oo. The space Uy equipped with the norm

2
||u||u7 = i§0||"||cz-'([o.n;xn

is a Banach space. For the sake of simplicity we fix T = 2n + 1 and introduce an
operator Z : H, - U, by

Zs(t,x) =s(t + x) —s(t —x), teR*, xeR.

The space of all linear continuous mappings from X into Y will be denoted by [X,Y ].
For Ae[X, Y] we put

|Aflex,rn = sup {||4x[y; xe X, |

x|| <1},
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Using Lemmas 3.1 and 3.2, we verify that a function u € U,, satisfying (0.1)—(0.3)
for & + 0 exists if and only if there is a pair of functions (u, s) e Uy x H, such that

(L.1) Gy(u, s) (t, x) = —u(t,x) + Zs(t, x) +

t px+t—-9
+%JJ Fu)(9.8)ded9 =0, te[0,T], xeR,

0Jx—t+3

(1.2) G,(u, 5) (x) = i(s’(x) - s'(x — ed)) +

1 2n +eA
+§J' Fi(u) (% x — 9)d =0, xeR.
(0]

Sufficient conditions under which a solution of (1.1) and (1.2) exists are described
in the following two theorems.

Theorem 1.1. Let 2 > 0 and let a function f, satisfy (0.5) and (0.6). Let the fol-
lowing assumptions be satisfied:
(i) There exists so € Hy such that Ms, = O where

(1.3) Ms(x) = As"(x) + %IZRFO(ZS) (9, x —9)d3 =0, xeR.

(ii) There exists a constant m and a family of operators Y*e [Hy, H,] such that

(1.4) VeY: =1y, for ee[—ep 8], €¢+0,
(1.5) ” Ys"[Hl,Hz] é m fOl‘ E€E [_80, 80] ) & 4: 0
where

(1.6) Veo(x) = || (¢’(x) — o'(x — |e| 1)) + %J.:nF(’)(Zso) Zo(9,x — 9)d9, xeR.

Then there exists &, € (0, &) such that for every ¢, 0 < |e| < &, there is ueU,
satisfying (0.1)—(0.3). Moreover, denoting this u by u®, we have

lim |ju® — Zso[y, =0.
-0
Theorem 1.2. Let the assumptions of Theorem 1.1 be satisfied. Let us suppose that
YVE =1y, for ee[—¢p 8], €¢+0.

Then there exist two numbers r > 0 and ¢, € (0, &y ] such that for every e, 0 <
< |e| < e, there is a unique u € U, satisfying (0.1)—(0.3) and |u — Zso|y, < r.
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Moreover, denoting this u by u®, we have

lim ||u® — Zso|y, = 0.

- -0

Proof of Theorem 1.1. Let us put X = Uy x H,, Y=U; x H; and °G(u, s) =
= (*Gy(u, s), °G,(u, 5)) where °G, and °G, are given by (1.1) and (1.2) respectively.
Assuming ¢ € (0, &y ], we shall prove that the mapping °G satisfies the assumptions
of Lemma 3.3. Routine but lengthy calculations show that the mapping °G : X - Y
is continuous for every fixed ¢ € (0, &, ]. The derivative “G’ of °G with respect to (u, s)
is given by

*G'(u, s) = (°Gy(u, s), °G5(u, s))
where
(Gi(u, 5) (v, 0)) (1, x) = —o(t, x) + Z o(t, x) +

t prx+t—9
+§jj Fi(u) o(9, £)d¢d9, te[0,T], xeR,
0

x—t+9
(4G, 5) (0, ) (x) = () — '(x — o)) +
1 2r+ed
+ ~f Fyu)v(9,x — 9)d9, xeR
2)o
for (v, 6) € X. These relations imply that °G’(u, s) € [X, Y] for every (u, s) € X and

e€(0, &]. Denoting u, = Zs,, we obtain

lir;l sup {]|°G'(u, s) — “G'(uo, So)||x,x15 €€ (0, &), |
=0+

(4, 5) = (uo» So)|x < @} = 0.

The assumption (i) yields
]iI;l "aG(uo, SO)”Y = 0 .

We shall now define a pair of operators by

(40, ) (1, x) = —o(t, x) + Zo(t, %), te[0,T], xeR,
(A,(v, 0)) (x) = e N(0'(x) — o'(x — &A)) + %J‘:'F(;(uo) 9, x — 9)d9%, xeR.
Putting °4 = (4,, °A,), we easily verify |
(1.7) \cli_ff)‘JI‘G'(“o’ s0) = “Afxyy = 0.

We shall show that there exists a constant m, and a family of operators B e [Y, X],
0 < ¢ < g, satisfying

(1.8) AB =1,
(1.9) Bl ey.xy < my
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for every ¢ € (0, & ]. For the sake of simplicity we put

2n
Po(x) = %I Fo(uo) (9, x — 9)d9.
0
Then we set

By(w,n) = Y(n + Pw), Bi(w,n) = —w + Z By(w, n)

for (w, n) € Y. The assumptions (1.4) and (1.5) show that the operator B* = (Bj, B3)
satisfies (1.8) and (1.9). In virtue of (1.7) we can apply Lemma 3.5 to the operator
*G'(uo, o). Hence there are m > 0, & € (0, &, | and a family of operators T%,0 < ¢ < &
such that *G’(ug, so) T® = Iy and || T*|y,x; < ™. Thus all the assumptions of Lemma
3.3 are satisfied and therefore the theorem is proved for ¢ positive. The case €€
€[ —&o, 0) can be treated in the same way if Lemma 3.3 is applied to the pair of
operators (7°Gy(u, s), ~°G(u, 5)) where “G,(u, s) (x) = °G,(u, s) (x + &4). This com-
pletes the proof.

Theorem 1.2 can be proved analogously to Theorem 1.1 if Lemma 3.4 is applied.

2. APPLICATIONS
We start by proving the following assertion:

Theorem 2.1. Let two functions g and h, satisfy (0.8)—(0.12). Then there exist
&, €(0, &), r > 0 and s, € Hy with the following property: For every e,0 < |e| < ¢,
there is unique u € U, satisfying |u — Zs,|y, < r and (0.1)—(0.3) with F, given
by (0.7). Moreover, denoting this u by u’, we have

lim [[u® — Zso|y, =0.
-0

Proof. The theorem will follow from Theorem 1.2 if we prove:
(a) There is s, € H; which satisfies

2n

2.1) s5(x) + (24)* J' Fo(Zsg) (8, x — 9)d8 =0, xeR.
0

(b) There is (V*)~! e [H,, H,] satisfying

“(V')—l "[H. HyS=m

for every e € [—&, &), & ¥ O.
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Here V*is given by (1.6). Firstly, we shall show that (a) is valid. Let us denote by K
the linear operator from [H,, H,] given by

- x 2n
k() = @) (["s@ae + 7 [ Teste) ac) xer
0 0
and by @ the continuous and bounded operator from H, into itself given by

P o(x) = jano(2 AZKo)(9, x — 9)d3 =

0

_ J’"g (I o(&) d, o(x) — o(=x + 29), o(x) + o(—x + 29)) 49 +

-x+29

2n
+J ho(9, x — 9)d3, xeR.

0o

The operator K is a linear compact mapping from H, into itself which satisfies

(Ks, s); = (5,50 =0.
Denoting

0% &) =4, ( 'f " o) i, () = o), ol + a(c)), i=01,2,

¢

2n
R(x) = f ho(9, x — 9)d9
0

we have

(@) (x) = J' :"go(x, &) o(x) + (6105 &) + 9205, €)) () € + ().

Thus
(@0, o) = j j :"(gl(x, 9) + 9% O) (F()) + 9ol &) o(x) o'(x) dé dx +

2n
+ J E'(f) 0'(5) d¢ = 2n(y, — Vz) la'lg —2n )’ol‘-”'o la'lo - IE'|0 |U'lo .

]
As |a|0 =< |a'|0, the preceding inequality yields
(P0,0); >0

for all o€ H,, |o|, = R where R =1+ (2n(y; — 7, — %,))~! |W|o. Hence there
do not exist ¢ € [0, 1] and ¢ € H;, |o], = R such that

o+ tKdo =0.
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Really, if there were such t and o, then they should satisfy
0 = (¢ + tK®o, ®0), = (o, Ps); > 0.

But this is a contradiction. Therefore the Leray-Schauder theorem implies that there
is oo € Hy, |00|1 < R satisfying

0'0+K¢0'0 =O.

Let us set s, = 2 AKa,. Then sy € H, and s, satisfies (2.1). In virtue of (0.8) and
(0.12) we obtain sy € H;. Thus (a) is satisfied.

Secondly, we shall show that (b) is satisfied. Putting
g%, &) = gy (s0(x) = 50(&)s s0(¥) = s0(€), s0(x) + 50(£)) 5
j =0,1,2 we can write
Vio(x) = |f| ! (0'(x) — o'(x — || ) +
+ %f:n(éx(x, &) (o'(x) = (&) + Galx, &) (o'(x) + o'()) +
+ Go(x, ¢) (o(x) — o(¢))) d¢ .

Let us denote by C5, the space of infinitely differentiable 2n-periodic functions on R.
Let ne C3, n Hy,. Then

(Von, =n")o = [¢]™* (

n"|3 - J':"n/(x) r,"(x = |8| ,1) dx) +
* %J:" j:”(@ (%, &) + 72(x, &) (1"(X))* + Folx, &) n'(x) n'(x) dE dx +
+ % J‘:n ( J‘:"(gxx(x, E (' (x) = M(&) + Gaxl(x, &) ('(x) + n'()) +

+%wmwnmw©wmk

As |no < |n']o < |n"]o and

2
0

[Cre e~k pas s pr

we have 0

@2) -zt - v - )l - alrh Il 2
2 271y, = 72 = 70) i = clntn = 2 = 7)) I
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The constant ¢, does not depend on 7. Similarly,
- 1 2n M2n
(vnmoz j f Y (x) = n'(€)) n'(x) dx dé +
0 0
1 2n 2n
N RCERACRONOTTE
0o Jo
1 2n (2n
SN ECELCECHCEE
o Jo

2n pP2n
+ % f j Go(%, &) (1(x) — M) W () dx dE = I, + I, + 15 + I, .
: 0 0

Interchanging the variables x and ¢ in I, and using the relations g,(x, &) = g,(¢, x)
and g,(x, ) = y, we can write

2, = % j : ’[:u(gl(x, &) = 1) ('(x) = n'(¢))*dxd¢ 2z 0.

Thus simple estimations of I and I, yield

(2.2,) (Vi n')o Z myjn'fs

where y = y; — 7, — 2y,. Let A be an operator defined by

m

A= —n" + e, ¢ =ci2n Wyy — v0 — 1)) 7"
By (2.2) 4 satisfies
(2.3) (V*n, An)o Z v3|n’|s = v3|n|3
with y; = 271 n(y, — ¥, — 7). Let
(7 o) = (=D (@) = o/(x + || 2) -
- 1[0 0000 - o0 = [ @00, ) o) = ol +

+ 3] e & (o) — otep .
Then
(24) (V*n, @)o = (1, (V)* @)o
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for every 1, ¢ € C3, 0 H,. Using the negative norms (cf. [4], p. 165—167), we com-
plete the proof. The negative norm |-|_k, k positive integer is defined by

o] -« = sup {|(v, w)o| |w|,‘"1; 0+weH}.

The completion of H, with respect to the norm H-k will be denoted by H_,. Ap-
plying Fourier series, we easily show that for every ¢ € C5, n H, there exists a unique
n e C3. N H, such that An = ¢. By (2.3) and (2.4),

1]z |(V)* 0]- 2 = (1, (V)* @) = (Von, An)o = v3|n5 -
Hence

(25 (V) ol-2 2 vsln2 -
By definition,
Jol-1 = sup {j(o el [l 0 # we ) =
=sup {|(=n" + o', who| [W|T s O weH,} S (1 + c))n,.

This inequality together with (2.5) yields

(2-6) |(V€ ¥ q’l—z > 73(1 + cz)—l I‘PI—l

for every ¢ € C3, 0 H,. Finally, let ge H,. Let us put Q = (V*)*(C5, n H,). To
every ¥ € Q we assign the value’

l('/’) = (o, g)o

where § = (V°)* ¢. This is possible because by (2.6) the function ¢ is uniquely
determined for every y. Using (2.6), we conclude

|l(¢)l s I‘Pl-l |g|1 <(r3'(1 +cy) lgll) I'p‘—z .

Hence [ is a linear functional on Q = H_,. According to the Hahn-Banach theorem,
there is a linear functional I’ on H _, such that I’ is an extension of ! and the norm of I’
equals that of I. By Lax’s theorem ([4], p. 167) there exists a unique v € H, such that

I(Y) = (¥ v)o

and

27) o], < 731 + ¢5) gl -

Putting y = (V°)* ¢ for ¢ € C5, N H,, we have _
') = (9, 9)0 = (V)* @, )0 = (0, V0)o ,
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ie. (¢, 9 — V'), = 0. As g, V*v € H,, the last equality yields V°v = g. This implies
that (V¥)~! € [H,, H,] exists. By (2.7),

1)~ Nemroma < 73 '(1 + ¢c2)-

Hence the condition (b) is satisfied. This completes the proof.

In the second part of this section we show that for every ¢ from a neighbourhood
of 0 there is a solution u € U, to the equation

(2.8) u(t, x) — ult, x) = e(3u*u, + h(t,x)), teR*, xeR

satisfying the conditions (0.2) and (0.3). We shall suppose that the function h, fulfils
(0.12) and that the function

Bl J':"ho(s, % — 9)d9

does not vanish identically. The existence of solutions follows from Theorem 1.2 if
the next two conditions are satisfied.

(¢) There is a function s € Hy, s + 0 such that
(2.9) s"(x) + (24)71 J.:"S(s(x) — 5(8))? (s'(x) — s'(¢))dé + h(x) =0, xeR.

(d) The operator V*e [H,, H,] given by
Veo(x) = ||t (6'(x) — o'(x — |¢] 2)) +

3 2n ) , )
# 2] 60 - 0 ()~ o@pa +
+3 j 0"<s(x) ~ 5©) () - 5(®) (o(x) — () dE, xeR

has an inverse (V*)™! € [H,, H,] whose norm is bounded by a constant independent
of e.

The existence of solutions to (2.8), (0.2) and (0.3) was proved in [1] under the
assumption that h, is a function n-antiperiodic in the variable x. The authors obtained
this result as a by-product when investigating a system of two first order equations.
The same theorems as in [1] have to be applied to complete the proofs of (c) and (d)
which are indicated below. They can however be applied after simpler calculations
and without the assumption of zm-antiperiodicity of the function h,.

Firstly, we shall treat (c). Let L, be the space” of all 2n-periodic real functions s
satisfying

2n n
I s(§)dé =0 and jz sP(x) dx < oo .

] 0
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Let us denote by K the linear compact operator from L,,; into L, given by

K s(x) = j:s(é) dé¢ + (2m)7! J.:né s(¢)dé, xeR.

J':n {J:"(s(x) - s(¢))° dé} s(x) dx = 2n J. 2"54(x) dx

0

we can use the theorem which was applied in the corresponding step in [1]. Thus
there is s € L, such that

s + (2)! K(K"(s(-) - s(é))3d§) + K% =0.

Differentiating this equation, we can show that se H,. Clearly s # 0 and (2.9) is
satisfied.

In the end we shall show how to treat (d). Let g € H,. Let us denote W* = KV".
Then

Weax) = Jo| 1 (o) = olx — [¢] 1) +
3./ 2
- E.[ 5 (s(x) = s(£))* (o(x) — o(¢)) d&

and the equation W’c = Kg is equivalent to V’c = g. Let us put I = 3 [3" s%(¢) d¢.
Then we immediately verify

(Weo,0), 2 Ilal(z, ,
((W‘o’)’, O")o > I|a’|3 — M1|‘7|0 |‘7'|0 ,
(Wea)', 6")o 2 1]o"[5 — Mya’]o |o"]o

for every o € H, with M, and M, independent of ¢ and &. Using the Lax-Milgram
theorem in the same way as in [1], we see that (d) is satisfied.

3. AUXILIARY ASSERTIONS

Lemma 3.1. Let ¢ &+ 0 satisfy 0 < 2n + ¢ < T. Let ue U, and s € H, satisfy

t rx+t

(3.1) u(t,x)=Zs(t,x)+%J‘oJ. _st(u)(S,é)dédS, teR*, xeR

x—t+9
and

(3.2) u(t,x) =u(t + 2n + €A, x), teR*, xeR.
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Then the pair of functions consisting of the restriction of the function u to
[0, T] x R and the function s satisfies (1.1) and (1.2).

Proof. (3.1) implies that (1.1) holds. Thus only (1.2) has to be shown. Let us put
@ =27 + eA. Inserting u from (3.1) into (3.2) and making use of the obvious
relations ‘

x—t—w+9
f Fi(u) (8, &) dé = 0,

-x+t+to-9

t+o px+tt+to-9 t px+t—9
J j F.(u) (9, &) d& 8 = I Fi(u) (9, &) dE d9 +
1]

0 x—t—o+3 x—t+9

o px+t+o—9

+ J '[ F.(u) (5, &) e d9,
(1] x—t—o+$

we obtain

s(t+x+w)-s(t+x)+§j:J'

0

t+

TF(0) (9, £ + o — 9)dEds =

w t—x
=s(t—x+w)—s(t—x)+§f J' Fu)(5,& + @ — 9)dZdd
oJo
for every te R* and x € R. From here (1.2) follows immediately.

Lemma 3.2. Let ¢ + 0 satisfy 0 <2n + eA < T. Let ue Uy and se H, satisfy
(1.1) and (1.2). Let us denote by @ the function satisfying

(33) iu(t,x) = u(t,x), te[0,2n +el), xeR
and
(34) u(t + 2n + ed, x) = @(t,x), teR*, xeR.
Then ue U, and
3 P t px+t—9
(3.5) (i, =) = Zislty 5) + 2 j F.(@) (9, £) d¢ d9
2 0Jx—t+3

for every te R* and x € R.

Proof. From (1.1) it follows that
t
uft, %) = £(t + %) — st — %) + %j Fi(u) (8, x + t — 9)d9 +
b 0
t
+ ij,(u)(S,x —t+9)as,
2Jo .
t
ut, x) = 5t + x) + £t — %) + ;J' Fiu) (9, x +t — 9)d9 —
0
t
- fj F(u) (9, x — t + 9)d9
2}

140



for te [0, T) and x e R. Let = 21 + . Using (1.2) we obtain
u(t + o, x) — ult,x) = ;—ﬂ{ﬂ(u) 9+ x+1t—39)— Ffu)(9 x +t— 9)}d9
+ gJ:{Fe(u)(S + o x—t+9)— Fu)(% x—1t+ 9)}d9,
e + 0,3) = (1, %) =2 J (:{Fc(u)(\‘) Fayx+t—9)— Fu)(Sx + t — 9} dI —
- gJ:{FE(u) O+, x—t+9)— Fu)(9x—1+ 9)}d9
for te [0, T — w) and x € R. In virtue of (0.2) we have
.91 5 [ e 0.

By Gronwall’s lemma we deduce from the last three relations:
u(t, x) = u(t + o, x)

for 1€ [0, T — w) and x € R. This shows that there is a function & € U,, satisfying
(3.3) and (3.4). Induction will be used to prove (3.5). Let n 2 1 be an integer such
that (3.5) holds for 1 € [0, nw]. Let T € (hw, (n + 1) @]. Then we have

A -0 pxtrt-o-—9%
i(t,x) = i(t — 0, x) = Zs(t — o, x) + gj J F(@)(9,¢)dédy =
(1] x—t+tw+d
T px+1—9
Zs(t, x) + = 'f J' F(@1) (9, &) d¢ d9 + E(t, x)
2 0Jx—1+9
where
o prx+1—39
E(t,x) = Zs(t — w,x) — Z sz, x) — gj j Fy(u)(9, &) déds.
0 Jx—1+9

By (1.2), &(t, x) = 0. Thus (3.5) holds for t€ [0, (n + 1) w]. This completes the
proof.

The next two lemmas are modifications of the implicit function theorem and are
closely related to Theorems 2.3 and 2.4 in [1].

Lemma 3.3. Let X, Y be Banach spaces, m, & positive numbers and x, € X. Let
a family of mappings °G : X — Y, e € (0, £] satisfy the following assumptions:
(i) The mapping °G : X — Y is continuous and its derivative °G' : X — [X, Y]
exists for every €€ (0, £].

(i) lim. sup {I*6'(x) = *G'(xo)]ex.xi; £€(0, 8], [|x — xofx < ¢} < 1/m.
e—04
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(iii) lixgl |*G(xo)|x = O.

(iv) For every.ee(0,&] there exists T°e[Y,X] satisfying °G'(x,) T® = Iy,
I T v = .

Then there exists &, € (0, £] such that for every ¢ € (0, &, ] there is x° € X satisfying
*G(x*) = 0. Moreover, lim x* = x,,.

-0

Proof. Let us choose a € (0, 1) and ¢ > 0 such that
sup {[*G'(x) — *G'(xo)|cx,r3; X € B(xo, @), €€(0, ]} < o/ .
Let &, € (0, £] be such that ¢ € (0, & ] implies
[*Gxo)lly = (1 — o) o/

Let us put x5 = xo and xp+; = X, — T°°G(x;) for e€(0,¢,], n =0,1,.... We
easily obtain

(3.6) Ixks1 = xilx < ]G]y

for k =0, 1,.... If for an integer n = 1 we have x; € B(x, ), k = 1, 2, ..., n, then
by [2] (relation 8.6.2),

61 G = [G0) - *6xt-1) — G x0) (< — )l S
= ||xi - Xk-1 Hx sup {[|’G’(x) - aG'("O)”U&r,n; e€(0,&], xeB(xo, 0)} <
< ofxi — xi i/ .
This estimate together with (3.6) implies
(9) [sbes = il S a5t - xioi]e
for k = 1,2, ..., n. Using (3.6) for k = 0 and (3.8), we obtain
(39) %1 = xollx = [ *Glxo) /(1 — «).
Thus x;, € B(x,, ¢) for all £€ (0, §,] and all positive integers n. By (3.8) we can put

x* = lim x,. °G(x®) = 0 and lim x* = x, are consequences of (3.7) and (3.9) respec-

n—o =0

tively.
Lemma 3.4. Let all the assumptions of Lemma 3.3 be satisfied. Let
T *G'(xo) =Ix for e€(0,&].
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Then there exist two numbers &, € (0, £] and @ > 0 such that for every e € (0, &]

there is a unique x° € B(x,, @) satisfying “G(x*) = 0. Moreover, lim x* = x,.
=0

Proof. Let ¢, « and ¢ be the numbers chosen in the proof of Lemma 3.3. Let
x1, X3 € B(xo, @), 0 < & < §, satisfy *G(x]) = °G(x3) = 0. Then we can write

X = 3 = ~TY(G(x}) — *G(x3) — *6'(x0) (% — x3).-
Using [2] (relation 8.6.2), we obtain
i = x3[|x < mfxi — x3x.
+sup {[*G'(x) = *G'(xo)|x.ri; x € B(xo, @), £€(0, 8]} < af[xi — x3x-

As a < 1, we have x| = x35. This completes the proof.

Lemma 3.5. Let X and Y be Banach spaces. Let A€ [X, Y] and B e [Y, X] satisfy
AB =1Iy. Then for every Ae[X, Y], < (2| Bllcy,x1)~" there exists Bye
€ [Y, X] such that

(3.10) (A+4)By =1y,
(3.11) IBallerxa = 2(|Blley.x1 -

If in addition the operators A and B fulfil BA = I, then B satisfies (3.10), (3.11)
and B,(A + 4) =1I,.

Proof is easy.
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KLEINE DESARGUES-BEDINGUNG IN GEWEBEN

VAcLAvV HAVEL, Brno
(Eingegangen am 1. September 1975)

Bekanntlich existiert eine enge Beziehung zwischen 3-Geweben und Loops. In
diesem Zusammenhang ergeben sich als wichtig solche 3-Gewebe, welche den Loops
mit Moufang-Identitdten, bzw. mit assoziativem Gesetz, bzw. mit kommutativem
Gesetzt entsprechen und welche durch die Giiltigkeit der Bolschen SchlieBungs-
bedingungen, bzw. der Reidemeister-, bzw. Thomsen-Bedingung gekennzeichnet sind.
Deswegen werden iiblicherweise diese SchlieBungsbedingungen als gewiBle Grundlage
fiir die Untersuchungen der 3-Gewebe bezeichnet.

Auf der anderen Seite kann man einige 3-Gewebe in affine Ebenen einbetten (ohne
Zunahme der eigentlichen Punkte) und fiir solche 3-Gewebe kann man dann die
SchlieBungsbedingungen beziiglich der Ebene verengen, vor allem die SchlieBungs-
bedingungen vom Desarguesschen Typ. Dagegen ist es aber moglich die SchlieBungs-
bedingungen vom Desarguesschen Typ natiirlicherweise in Geweben des Grades >4
unabhingig auf der Einbettbarkeit in affine Ebenen definieren. Insbesondere die sog.
kleine Desargues-Bedingung zeigt sich als sehr geeignet fiir die Eintrittsbetrachtungen.
Es entsteht die Frage iiber die algebraische Charakterisierung der Gewebe des Grades
24, in denen die affine kleine Desarguss-Bedingung universal gilt, also iiber eine
direkte Verallgemeinerung der Translationsebenen. Eine solche Charakterisierung
mochte ich im weiteren herleiten. Dabei gebrauche ich die ,,zulissigen* Algebren,
welche ich schon bei einer anderen Gelegenheit eingefiihrt habe (vgl. [4], § 2); der
Bequemheit halber werde ich die Definition von solchen Algebren kurz wiedergeben.
Diese Algebren haben den Vorteil, daB ihre binaren Operationen samtlich Loopopera-
tionen sind und daB sie beim Ubergang vom 3-Gewebe zur affinen Ebene unmittelbar
in planare Ternérringe iibergehen. Bei den Beweisen werde ich die Eigenschaften der
Gewebeautomorphismen 'in expliziter Form nicht verwenden. Eine Ausdehnung des
Baerschen Begriffs der (P, g)-Transitivitit auf Gewebe habe ich in der Note [6]
durchgefiihrt. Eine Anregung fiir den vorliegenden Artikel gaben die kiirzlich er-
schienenen Resultate von V. D. Belousov und G. B. Beljavskaja aus dem ersten Teil
von [3]; diese Resultate kommen als Sonderfille in unseren Ergebnissen vor.

Erstens werden wir einige Begriffe iiber Gewebe einfiihren, sowohl wie den Begriff
der zuldssigen Algebra. Dann werden wir iiber die gegenseitige Beziehung zwischen
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Geweben und zuldssigen Algebren kurz berichten, wonach schon die Untersuchung
der Desargues-Bedingungen in Geweben beginnen kann.

Unter einem Gewebe werden wir ein Tripel (2, 4, (V,).o1) verstehen, wobei 2 eine
nichtleere Menge, ¥ eine Menge von gewissen wenigstens zweielementigen Unter-
mengen von 2, I eine nichtleere Indexmenge und ¢ — V, eine injektive Abbildung
der Menge I in die Menge £ ist, so daB die folgenden Axiome erfiillt sind:

(i) v:={V,|tel}e9,
(ii) VYVPeP\v Viel 3ge¥% P, V,eg,
(iii) Vgeg\{v} el V,egq,
(iv) Va,beg\{v};a+b #(anb)=1.

Die Elemente von £ heiBlen Punkte, die Elemente von 4 heiBlen Geraden, die Punkte
von v heiBen singuldr oder uneigentlich, wahrend die iibrigen als gewdhnliche oder
eigentliche Punkte bezeichnet werden; die Gerade v heiBt singuldr oder uneigentlich,
die iibrigen heiBen dann gewdhnliche oder eigentliche Geraden; eigentliche Geraden
durch V, (¢€I) werden t-Geraden genannt und #I heiBt der Grad des Gewebes.

Die Bezeichnung A4, ..., 4, soll bedeuten, dal die Punkte A, ..., A, auf derselben
Geraden liegen. Sind A4, B verschiedene Punkte, dann ist enweder {g € 4 [ A,Beg} =
= Qoder #{gec¥ | A, Be g} = 1;im letzten Fall nennen wir die Gerade durch 4, B
die Verbindungsgerade von A, B und bezeichnen sie mit AB. Sind a, b verschiedene
Geraden, dann gibt es genau einen Punkt, der auf beiden Geraden liegt; dieser heilt
der Durchschnittspunkt von a, b und wird mit a [] b bezeichnet.

Im weiteren beschranken wir uns auf Gewebe des Grades =3. Ist G (bzw. G mit
irgendeinem Index rechts oben) ein Gewebe, dann werden wir stets G =: (.@, 9,
(V.)ier) (bzw. dasselbe mit entsprechenden Indexen rechts oben bei allen Symbolen)
setzen und auch das Symbol v (bzw. v mit entsprechendem Index rechts oben) fiir
die uneigentliche Gerade beniitzen.

Ist G ein Gewebe, dann ist 4 (g \ v) konstant fiir alle eigentlichen Geraden g € ¢
und diese Kardinalzahl heifit die Ordnung des Gewebes. Im weiteren sollen nur
Gewebe der Ordnung >1 untersucht werden.

Ist G ein Gewebe des Grades =n, dann bezeichnen wir fiir jedes n-Tupel voneinan-
der verschiedener Indexe (¢y, ..., ¢,) mit G, , das Gewebe (Z\v) u {V,,..., V..},
{geg~{v}|3ie{t,...n} Viegt 0 {{V.;,... V.}}, (Vs .- V)

Eine zuldssige Algebra ist definiert als eine Menge M, ausgestattet mit einem aus-
gezeichneten Element O € M, mit einem indexierten System (o,),c; von Permuta-
tionen der Menge M, wobei J eine Indexmenge, in welcher ein Index 6 eine beson-
dere Rolle spielt, und mit einem indexierten System (+L)LEJ von Loopoperationen
auf der Menge M, so daB die folgenden Bedingungen erfiillt sind:

Q) VieJ 0% =0,
(ii) 0o = idy
(iif) Vé,ned; E+n VbceM 3laeM a +.b=a"+,c.
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Ist G ein Gewebe, dann erklaren wir fiir ihr Bezugssystem jedes Quadrupel
(0,a,B,7), wo O P \vund a, B,y el mit o« + f + y + «ist.

Es sei G ein .Gewebe und (O, a, B, y) ihr Bezugssystem. Dann ist die zulassige
Algebra (M, 0,(0.)ics» (+.).es) eindeutig bestimmt, so daB M := OV, \{V,},
J := I\{o, B}; das ausgezeichnete Element aus J sei v, fiir jedes ¢ € Jseio, : M - M;
x = ((xV 11 OV,) V,[1 OV,) V411 OV, und fiir alle a,beM sei a® +, b=
= ((aV, M OV,) V. bV,) V411 OV, (Abb. 1—2). Das Erfiilltsein samtlicher Be-
dingungen aus der Definition der zuldssigen Algebra kann ohne Miihe verifiziert
werden. Diese Algebra nennen wir die Koordinatenalgebra von G (beziiglich
(0, «, B, 7)) und die Abbildung u: M x M — P \v;(a, b) — (aV, [ OV,) V, [ bV,
die Koordinatenabbildung (beziiglich (O, a, B, 7)).

a+,b B S R'
x* B
o o 3 |1 3 |1
o oc| S 2 R
¢ P’ 2 Q'
a 4 1 1
x P 3 3
7 7
0 (0] P 2 Q
Abb. 1. Abb. 2. Abb. 3.

Es sei A= (M, O0,(0,)ss (+.)ics), #M > 1, eine zuldssige Algebra mit aus-
gezeichnetem Index 0. Dann bestimmen wir, ein Gewebe G folgendermaBen: I :=
:=J v {0, w,}, wo {w,, w,} eine willkiirliche zu J fremde zweielementige Menge,
Pi=MxM)uLv:=1%:={{x)|x=a} u{w}|aecM}u{{(x,y)|y=
=blu{o}|beM}u{{(x,p)|y=x"+.c}u{|ceM, e}

Es ist wieder nur Routinensache zu iiberpriifen, daB es sich wirklich um ein Gewe-
be handelt. Wir nennen dieses G das Gewebe iiber A.

Es sei G ein Gewebe des Grades 3, wo I = { 1,2, 3}. Unter der Reidemeister-
Bedingung in G verstehen wir die Implikation (Abb. 3):

(YP, Q,R,S, P, Q', R, S'e 2\v)(P, 0, ;& O, R, V,; &
&R, S,V,&P,S,V, &P, Q,V,& Q R, V, &
&P, P,V,& 0,0, V&R, R, V,&S,5,V, >R, S, V).

Lehrsatz 1. Es sei G ein Gewebe und (0, o, f, y) irgendeines seiner Bezugssysteme.
Dann ist +, fir teI\{a, B} genau dann assoziativ, wenn die Reidemeister-
Bedingung in G, 5, erfiillt ist.
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Beweis (Abb. 4). Fiir alle a,b,c € M := OV,\v setzen wir P:=b, Q :=
1= (b"‘_‘, by, R:=((a +, b)”‘_‘, a+, by, S:= (a"'_t, a+,by, R:=
i=((a +. 0", (a+.,b)+,¢p §:= (@ a+,(b+,c). Es git also
(@ +.b)+.,¢c=a+,(b +,c), genau wenn R, S', V,erfiillt ist. Daraus folgt, daBl +,
genau dann assoziativ ist, wenn die Reidemeister-Bedingung in G, 5, mit der Be-

grenzung QV, 1] PV, = O gilt. Es ist aber gut bekannt (siehe z. B. [7], S. 52—53),
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daB die Begrenzung QV, ["] PV, = O weggelassen werden kann und die Behauptung
behilt ihre Giiltigkeit. =

Es sei G ein Gewebe des Grades =4 und «, B, 7,6 von einander verschiedene

Indexe (aus I). Unter der Desargues-Bedingung des Typs («, B, 7, 6) in G verstehen
wir die Implikation (Abb. 5)

(VA,B,C, A',B,C' e 2 \v)(4, A, V;& B, B, V;& C, C', V;&
& A,B,V,& A',B,V,& A,C,V,& A',C’,V,&B,C,V,= B, C,V,).

B,

()

G G Co
Abb. 5.

Gilt in G die Desargues-Bedingung des Typs (a, f8, 7, 6) fiir einen festen Index &
und fiir jede drei voneinander verschiedene Indexe «, B, y + J, dann sagen wir, daB
in G die Desargues-Bedingung des Typs () gilt.

Gilt in G die Desargues-Bedingung des Typs (6) fiir jeden Index ¢, dann sagen wir,
daB in G die Desargues-Bedingung universal gilt.

Lehrsatz 2. Es sei G ein Gewebe des Grades =4 und a, B, y,  voneinander ver-
schiedene Indexe. a) Gilt in G die Desargues-Bedingung des Typs (a, B, 7, 9),
dann gilt in G jede Implikation, welche aus der Desargues-Bedingung des Typs

(a, B, 7, 8) durch die Vertauschung des Schlusses B', C', V, mit irgendwelcher der
Voraussetzungen A, A',V;, B,B,V,;, C,C,V; A,B,V, A,B,V, AC,V,
A',C', Vp, B, C, V,. b) Es gilt die zu a) umgekehrte Behauptung.

Beweis des Teiles a) fiir den Fall der Vertauschung des Schlusses gegen die

Voraussetzung 4’, C', V; kann folgendermaBen durchgefiihrt werden (&hnlicherweise
schreitet man auch bei Vertauschung des Schlusses gegen irgendwelche der Voraus-

setzungen 4, B, V,, A, B', V,, A, C, V3, B, C, V, fort). Es seien Ay, By, Cy, 4o, By, Co
die Punkte, welche die neuen Voraussetzungen erfiillen und es gelte Ay, Cp, V; nicht
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(Abb. 6a). Die p-Gerade durch A, schneidet die Gerade C,V; im Punkt Cg * Cp
und nach der Desargues-Bedingung des Typs («, B, y, ), die auf die Punkte 4,, B,
Cy, Ag, By, Cy angewendet ist, bekommen wir Bg, Cg, V,, im Widerspruch mit
By, Cy, V,. Der Fall der Vertauschung des Schlusses B', C', V, gégen C, C', V; (und
dhnlicherweise schlieBt man bei der Vertauschung des Schlusses gegen irgendwelche
der Voraussetzungen 4, 4', Vs, B, B', V,) behandelt man wie folgt (siche Abb. 6b):
Es seien Agy, By, Cy, Ag, By, Co Punkte, welche die neuen Vorsetzungen erfiillen,

B
d |Joc
A

d

B

d

C

Abb. 6a.

wobei C,, Co, ¥, nicht gelte. Die 8-Gerade durch C, schneidet die Gerade AoV}
im Punkt Cg + Ci. Nach der Desargues-Bedingung des Typs (o, B, 7, §), welche
auf Punkte A4,, By, Cy, Ap, By, Co angewendet ist, bekommen wir By, Cg, V,, im
Widerspruch mit By, Cy, V,. Der Beweis fiir den Teil b) ist analog. =

Folgerung. Es sei G ein Gewebe des Grades =4 und «, B, y, 0 voneinander ver-
schiedene Indexe. Gilt in G die Desargues-Bedingung des Typs («, B, v, 6), dann
gilt in G die Desargues-Bedingung des Typs (o, B*, y", 6%) fiir alle Permutationen n
der Menge {a, B, y, 6}.

Lehrsatz 3. Es sei G ein Gewebe des Grades =4, a, B, y,  einander verschiedene
Indexe und O ein eigentlicher Punkt. a) Gilt in G die Desargues-Bedingung des
Typs (oc, B, 7, 5) mit Begrenzung A = O, bzw. B = O, bzw. C = O, dann gilt in G
Jjede Implikation, welche aus der Desargues-Bedingung des Typs (oz, B, v, 6) mit
Begrenzung A = 0, bzw. B = 0, bzw. C = O so entsteht, daf der Schluff B', C', V,
gegen irgendwelche der Voraussetzungen A, A',V;, B,B',V;, C,C', Vs, A, B,V,,
A, BV, A,C,V, A, C,Vp B, C, V, vertauscht wird. b) Es gilt die zu a) umge-
kehrte Behauptung.
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Beweis. Zuerst untersuchen wir die Behauptung a). Der Fall der Vertauschung
von B, C', V, gegen irgendwelche der Voraussetzungen B, B', V,, C, C', V;, A', C’,

A', B', V,, B, C,"’¥, kann dhnlich wie im Beweis des Lehrsatzes 2 behandelt werden
weil die Begrenzung A = O keine Verletzung bedeutet.

Also widmen wir uns dem Fall der Vertauschung von B’, C', V, gegen A, A', V;
(Abb. 7). Es seien Ay, By, C,, Ag, By, Co Punkte, welche alle neuen Voraussetzungen
erfiillen und es gelte nicht Ay, Ag, As. Setzen wir Ag := OV; 1 B'V, + A,, Cj:=
1= AoV M CoV, # Cp. Dann erfiillen die Punkte A,, By, Co, Ag, By, Cg die Voraus-
setzungen der Desargues-Bedingung des Typs («, B, 7, ) mit Begrenzung 4, = O,
so daB3 By, Cyg, V, folgt, im Widerspruch mit By, Cy, V,

8, { B, B _d B,
4 4
o o/ [ec
s
0=A) 0 =Ao\//
B

B C v g

Co G

Abb. 7. Abb. 8.

Weiter untersuchen wir den Fall der Vertauschung von B, V, gegen A4, B, V,
(Abb. 8). Es seien also Ay, By, Co, Ao, By, Co Punkte, welche die neuen Voraus-
setzungen erfiillen, wobei Ao, By, V, nicht gelte. Setzen wir By := OV, B'V; + B,
Co := B3V, M OV % Cy, Co':=CV;1 AgV, *+ Cp, dann erfiillen die Punkte
Aq, By, Co, Ag, By, Co¥ die Voraussetzungen der Desargues-Bedingung des Typs
(«, B, 7, 6) mit Begrenzung 4 = O, so daB Bj, C,', V, gilt, im Widerspruch mit
B, C', V,. Der Fall der Vertauschung von B’, C’, V, gegen A, C, V; kann ahnlicher-
weise behandelt werden.

Auch die Behauptung b) kann schon nur durch Modifikationen von vorangehenden
Betrachtungen bewiesen werden. m

Lehrsatz 4. Es sei G ein Gewebe des Grades 24, a, B, y, 6 einander verschiedene
Indexe und g, eine 6-Gerade. a) Gilt in G die Desargues-Bedingung des Typs
(@, B, v, 6) mit Begrenzung A€ g,, bzw. B € g,, bzw. C € gy, dann gilt in G jede
Implikation, welche aus der Desargues-Bedingung des Typs («, B,y,0) durch

Vertauschung des Schlusses B', C', V, gegen irgendwelche der Voraussetzungen
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A, Als I/é, B: B,: V;S’ C’ C,’ V:ﬁa A: B: I/y, A’, B,, Vy, As C’ I/ﬂ" A,, C'9 I/ﬁs -B: C! I/a
mit Begrenzung A€ g, bzw. B € go, bzw. C € go. b) Es gilt die zu a) umgekehrte
Behauptung.

Beweis. Erstens betrachten wir den Teil a), und zwar den Fall der Vertauschung
von B’, C', V, gegen A, B, V, bei Begrenzung A,c g, (Abb. 9). Es seien also
Ao, By, Co, Ag, By, Cy Punkte, welche die neuen Voraussetzungen erfiillen, wobei
Ao, Bo, V,. Die y-Gerade durch A, schneide die Gerade B,V im Punkt B + Bg.
Nun verwenden wir die Desargues-Bedingung des Typs (a, B, 7, §) mit Begrenzung
A € g, auf die Punkte Ay, By, Cy, Ao, By, Co. Wir bekommen Bg, Co, V,, im Wider-
spruch mit Bj, Cg, V,. Ahnlich schlieBt man bei Vertauschung von B’, C', V, gegen
A,B,V,, bzw. A’, C', Vj, bzw. A, C, V mit der Begrenzung 4 € g,.

Abb. 9. Abb. 10.

Den Fall der Vertauschung des Schlusses B’, C', V, gegen B, B’, V; behandelt
man sofort, wenn man im Auge hat, daB die Desargues-Bedingung des Typs («, B, y, 6)
dquivalent als die Implikation (VA4, B,C, A, B',C' € Z\v) (4,B,V,& A,C,V; &
&B,C,V,& A, A', V;& C, C', Vs = B'V;, A'V,, C'V, gehen durch denselben Punkt)
formuliert werden kann.

Nun iibergehen wir zum Fall der Vertauschung des Schlusses B’, C’, V, gegen

A', C', V; bei Begrenzung B € g, (Abb. 10). Es seien also fiir die Punkte 4, By, Co,
Ap, By, Co die neuen Voraussetzungen erfiillt, wobei 4y, Co, V; nicht gelte. Weiter
sei Ag der Schnittpunkt der f-Geraden durch C; und der Geraden 4,V;. Nun ver-
wenden wir die Desargues-Bedingung des Typs («, B, 7, 6) mit Begrenzung B € g,
auf die Punkte Ay, By, Cy, Ag, By, Co. Dann folgt Bg, Co, V,, aber dies widerspricht
mit By, Co, V,.

Der Fall der Vertauschung von B’, C’, V, gegen irgendeine der iibrigbleibenden
Voraussetzungen bei der Begrenzung B e g, und der Fall der Vertauschung von

151



B', C', V, gegen irgendwelche der Voraussetzungen bei der Begrenzung C € g, kann
man immer auf irgendeinen vorher behandelten Fall iiberfithren. Die Behauptung
b) beweist man #hnlicherweise. m

Folgerung. Es sei G ein Gewebe des Grades >4, , B, y, d voneinander verschiedene
Indexe und g, eine 5-Gerade. Gilt in G die Desargues-Bedingung des Typs («, B, v, 6)
mit der Einschrdnkung A € g,, bzw. B € g, bzw. C € g,, dann gilt die Desargues-
Bedingung des Typs (o, %, y", 6%) in G mit der Einschrinkung, dap irgendwelcher
der Punkte A, B, C auf g, liegt, und zwar fiir jede Permutation n der Menge
{a’ ﬂ’ ¥ 6}

Den Sonderfall der Desargues-Bedingung des Typs («, B, y, 6) aus der vorherigen
Folgerung werden wir als Desargues-Bedingung des Typs (, B, v, 6, g,) bezeichnen.
Gilt in G die Desargues-Bedingung des Typs («, B, 7, 6, g,) fiir einen festen Index 4,
eine feste 6-Gerade g und alle Indexe «, B, y, so daB «, B, 7,  voneinander verschieden
ist, so sagen wir, daB in G die Desargues-Bedingung des Typs (3, g) gilt.

Lehrsatz 5. Es sei G ein Gewebe des Grades =4, a, B, y, 6 voneinander verschiedene
Indexe und O ein eigentlicher Punkt. Gilt in G die Desargues-Bedingung des Typs
(a, B, v, 6) mit der Einschrankung A = O, bzw. B = O, bzw. C = O, dann gilt
in G die Desargues-Bedingung des Typs (o, B, y, 6, OVj).

B=B G=C
” /
s BfB, « CzC,
A;: A; | /
F 4
aq A P
d Bl- & Cf= C1
P Abb. 11.

0:=A=A,

Beweis. Es seien also 4,, By, C,, Ag, By, Cp die Punkte, welche die Voraussetzun-
gen der Desargues-Bedingung des Typs («, B, 7, 6) bei der Einschrinkung 4 € OV,
erfilllen (Abb. 11). Die Punkte 4, := 0, B, := OV, [ ByV;, C,y := OV, 1 CoV,,
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1:= Ay, B} := By, Cj:= C, erfilllen die Voraussetzungen der Implikation,
welche aus der Desargues-Bedingung des Typs («, 8, y, §) mit der Begrenzung 4 = O
durch die Verwechslung des Schlusses B’, C’, V, mit der Voraussetzung B, C, V,

entsteht. Auf Grund des Lehrsatzes 3 bekommen wir also B,, C,, V,. Die Punkte
A,:=0,B,:=B,, C,:= C,, A := A,, B, := By, C; := Cj erfiillen die Voraus-
setzungen der Desargues-Bedingung des Typs («, 8,7, 8) mit der Einschrinkung
A = 0, so daB Bj, C5,V,, d. h. By, Cp, V, folgt. Der Rest folgt schon nach dem
Lehrsatz 3. Ahnlich schlieBt man bei der Einschrinkung B = O, bzw. C = O. =

Bemerkung. Es sei G ein Gewebe, «, 8, 7, 0 voneinander verschiedene Indexe und O
ein eigentlicher Punkt. Gilt in G die Implikation, welche aus der Desargues-Bedingung
des Typs (a, B, , 8) mit der Einschrinkung A = O, bzw.B = 0, bz,. C = O durch
die Verwechslung des Schlusses B’, C’, V, mit irgendwelcher der Voraussetzungen
A, AV, B,B,V; C,C,Vy A,B,V, A,B,V, 4,C,V, 4,C,V, B,C,V,
entsteht, dann gilt in G dieselbe Implikation mit schwacher Einschrinkung 4 € OV},
bzw. B € OV;, bzw. C € OV;.

Der Beweis ist ahnlich durchfiihrbar wie beim Lehrsatz 5. =

Satz 1. Es sei G ein Gewebe des Grades =4, B, y, 6 voneinander verschiedene In-
dexe und g eine 6-Gerade. Gilt in G die Desargues-Bedingung des Typs (, B, 7,6, g)
fiir alle Indexe acIN{B,y, 08}, dann gilt in G die Desargues-Bedingung des
Typs (3, g).

Abb. 12.

Beweis. Es gelte also in G die Desargues-Bedingung des Typs (a, , , 6, g) fiir
jeden Index aeIN{B,y,6}. Ohne Einschrinkung der Allgemeinheit sei Beg.
Nehmen wir willkiirliche Indexe o, @, €I\ {B, 7, 8}; a; + a, und Punkte 4,, B;, C,,

1» B}, Ci, welche die Voraussetzungen der Desargues-Bedingung des Typs (ay, f,

7, 6) mit Begrenzung B € g erfiillen (Abb. 12). Es folgt B}, C}, V,,. Weiter setzen wir
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Ay,:=A,, B,:=B,, C,:=B,V,,[1A4V,, A;:= A}, B;:=Bj, C;:=C,V;[1
M A} V;. Diese Punkte erfiillen die Desargues-Bedingung des Typs (az, B, 7, 6)
mit Begrenzung Beg. Die Punkte A4, := C,, By:= B, Cy:= C,, Ay := Cj,
Bg := Bj, Cp := Cj erfilllen dann die Voraussetzungen der Desargues-Bedingung
des Typs !az, B, oy, 6) mit der Einschrinkung B € g, so daB B;, C5, V,, folgt, was
auch als By, Cyp, V,, geschrieben werden kann. Es folgt also die Giiltigkeit der Desar-
gues-Bedingung des Typs («, B, 7, 6, g) in G fiir alle Indexe «, y, welche voneinander
und auch von B, y verschieden sind. Nach Folgerung des Lehrsatzes 4 ist die De-
sargues-Bedingung des Typs (a, B,7,6) in G der Desargues-Bedingung des Typs
(«, B,7,6) in G unter der Begrenzung C € g dquivalent. Wihlen wir also willkiirliche

R-1
Q.
a1

Indexe ay, 7o in solcher Weise, daB ay, f, 79, 0 voneinander verschieden sind und
nehmen wir Punkte A,, By, Cy, Ao, By, Co, Welche die Voraussetzungen der De-
sargues-Bedingung des Typs (oo, B, 7o, 5) in G mit der Begrenzung C € g erfiillen (Abb.
13). Dann folgt Bg, Co, V,,. Weiter sei az €I\ {B, y,}. Die Punkte A4, := A,,
By := CoV,, [ AgV,, C3:= Co, As:= Aj, Bj:= ByV;[1 AoV, Ch:=Ch er-
fiilllen dann die Voraussetzungen der Desargues-Bedingung des Typs (a3, B, o, 6)
in G mit Begrenzung C € g, so daB sich B3, C3, V,, ergibt. Andererseits erfiillen die
Punkte A, := By, B, := B3, C, := C;, A} := By, B, := B, C, := Cj} die Voraus-
setzungen der Desargues-Bedingung des Typs (a3, &, 7o, 6) bei der Einschrinkung
C e g. Nachdem Bj, C3, V,, auch als By, Cy, V,, geschrieben werden kann, gilt in G
die Desargues-Bedingung des Typs (a, f, , 6, g) fiir alle a, B, y €I\ {8}, fiir welche
o, B, 9, 6 voneinander verschieden sind, d. h. es gilt in G die Desargues-Bedingung
des Typs (6, g). »
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Folgerung.*) Es sei G ein Gewebe des Grades =4 und P, y, 6 voneinander ver-
schiedene Indexe. Gilt in G die Desargues-Bedingung des Typs («, B, v, d) fir
jedes a € I\{B, v, 8}, dann gilt in G die Desargues-Bedingung des Typs (J).

Lehrsatz 6. Es sei G ein Gewebe des Grades =4 und 6 irgendein Index. Gilt in G
die Desargues-Bedingung des Typs (6), dann gilt die Reidemeister-Bedingung
inG;, . firallen, { eI\{6}; n % {.

C=Cy
]
] ' Rll
s-'-'Aq |
|B.a}
b g
L
d -
47

: Q'=B

s

Q= A,

Abb. 14.

Beweis. Wihlen wir also Indexe #, { €I\{6}; n + {. Weiter seien P, Q, R, S,
P',Q',R',S' Punkte, welche die Voraussetzungen der Reidemeister-Bedingung
in G, befriedigen (Abb. 14). Es ist zu zeigen, daB R’, §', V, gilt. Es sei also ¢ e
eI~{n,{, 6}. Dann setzen wir A, := P', B, := P, C; := PV, P'V,, A7 :=F§,

1:=38, Cj:=C,V;M SV, Diese Punkte erfiillen die Voraussetzungen der
Desargues-Bedingung des Typs (), so daB B}, C}, V, sich ergibt. Die Punkte 4, := Q,
B,:=P, C,:= PV, QV, A,:=0Q, B,:=8§, C,:= C,V;1 RV, erfiillen die
Voraussetzungen der Desargues-Bedingungen des Typs (6), so daB sich Bj, C3, V;
ergibt. Auch die Punkte 4;:= C,, B;:=0Q', C3:=C,, A;:=C}, By :=Q,
C; := C; erfiillen die Voraussetzungen der Desargues-Bedingung des Typs (), so
daB B}, Cj, V; hervorgeht. Also gilt auch R’ = B; und endlich R’ﬁ,—l—/,,— =

*) Wurde schon in [3], S. 42—43, bewiesen.
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Lehrsatz 7. Es sei G ein Gewebe mit I = {1,2, 3,4} und g eine 1-Gerade. Weiter
gelte in G die Desargues-Bedingung des Typs (1, g) und in G, , 3, G, , 4, die Reide-
meister-Bedingung. Dann gilt in G die Desargues-Bedingung des Typs (1)

Beweis (Abb. 15). Es seien Ay, By, Co, Ao, By, Co Punkte, welche die Voraus-
setzungen der Desargues-Bedingung des Typs (1) in G befriedigen. Dann erfiillen
die Punkte A, := AV, g, By := BV, 1 A4V3, Cy:=CoV,1A,V;, A} :=
:= AyV, Mg, By := ByV, 1 A{V,, C} := CyV, 1 A1V die Voraussetzungen der
Desargues-Bedingung des Typs (1) mit der Einschrankung 4 € g, so daB Bj, Ci, V,

; S S R!= B ,
S = BT A SR C
S:=C
3|4
1 1 1
S,= S,= A PR A,
' 2 Q’: B
P/= B, oy : Q= C,
1 LA 1
3 4 3 4
Fr=B=A 3 Q= 0,=A,
Abb. 15.

hervorgeht. Die Punkte P, := A,, Q,:= A4, R,:= Ay, S,:= A}, P{:= By,
Q) := By, R} := By, S} := Bj befriedigen die Voraussetzungen der Reidemeister-
Bedingung in G, , 3, so daB R}, S}, V, folgt. Also liegen die Punkte Bj, C;, B, auf
derselben 2-Geraden. Die Punkte P, := A;, Q,:= Ay, R,:= A, S, := A},
P, :=C,, Q) := Cy, R; := Cy, S; := Cj erfiillen die Voraussetzungen der Reide-
meister-Bedingung in G, , 4, so daB sich Rj, S, V, ergibt. Folglich liegt auch der
Punkt C; mit den Punkten Bj, Ci, By auf derselben 2-Geraden, so daB auch

By, Cy, V, gilt. Daraus ergibt sich schon die Giiltigkeit der Desargues-Bedingung
des Typs (1)inG. =

Lehrsatz 8. Es sei G ein Gewebe mit I := {1,.2, 3,4} und (0, 1,2, 3) eines seiner
Bezugssysteme. Dann gilt in G die Desargues-Bedingung des Typs (1, OV,) genau
dann, wenn die beiden Operationen + 3, +, der Koordinatenalgebra beziiglich
(0, 1, 2, 3) zusammenfallen.
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Beweis (Abb. 16). Fiir willkiirliche Elemente a, b€ S := OV, \{V;} setzen wir
A=0, B=(a"""a)f, C=(a""""a), A =b, B =@ ",a+,b), C =
= (a”‘_l, a +, b)*. Die Punkte A4, B,C, A', B',C’ erfiillen die Voraussetzungen
der Desargues-Bedingung des Typs (1) in G mit der Einschrinkung A = O und
a+3;b=a+,b gilt genau dann, wenn B’, C’, V; gilt. Daraus ergibt sich die
Aquivalenz zwischen +3; = +, und der Desargues-Bedingung des Typs (1) in G
mit der Einschrankung 4 = 0. Nach Lehrsatz 2 ist in G die Desargues-Bedingung
des Typs (1) mit der Einschrinkung 4 = O mit der Desargues-Bedingung des Typs
(1) mit der Einschréankung 4 € OV, dquivalent und nach der Folgerung des Lehrsatzes
4 ist in G die Desargues-Bedingung des Typs (1) mit der Einschrinkung A € OV,
und sogar mit der Desargues-Bedingung des Typs (1, OV;) dquivalent. m

-1
C'z(a% a+b)"

a+b
A=bd 1
c=(a%a)
a
A=0 Abb. 16.,

Lehrsatz 9. Es sei G ein Gewebe mit I = {1, 2, 3,4}, (0, 1, 2, 3) eines seiner Be-
zugssysteme und + 3, +, die beiden bindren Operationen der Koordinatenalgebra
beziiglich (0, 1, 2, 3). Dann gilt in G die Desargues-Bedingung des Typs (1) genau
dann, wenn + 3 eine Gruppenoperation ist, die mit + , zusammenfillt.

Beweis. Nach dem Lehrsatz 8 ist +; = +, mit der Geltung der Desargues-
Bedingung des Typs (1, OV,) in G 4quivalent. Nach dem Lehrsatz 1 ist die Opera-
tion +;, bzw. +, genau dann eine Gruppenoperation, wenn in G, , 3, bzw.in G, , 4
die Reidemeister-Bedingung erfiillt ist. Nach den Lehrsdtzen 6—7 gilt in G die
Desargues-Bedingung des Typs (1, OV;) zusammen mit der Reidemeister-Bedingung
in G, , ; und G, , 4, genau wenn in G die Desargues-Bedingung des Typs (1) gilt.
Daraus ist die weitere Beweisfithrung klar. m

Satz 2. Es sei G ein Gewebe des Grades =24 und (0, , B, y) eines seiner Bezugs-
systeme. Dann gilt in G die Desargues-Bedingung des Typs (o), genau wenn die
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binire Operation +, der Koordinatenalgebra beziiglich (O, «, B, y) eine Gruppen-
operation ist und mit +, fiir jedes t €I\ {«, B} zusammenfillt.

-

Beweis. Wir wenden den Lehrsatz 9 auf jedes Gewebe G, , ,, teI\{«, B}, an
und gebrauchen noch die Folgerung des Satzes 1. m

Lehrsatz 10. Es sei G ein Gewebe mit [ = {1, 2,3, 4} und (O, 1, 2, 3) eines seiner
Bezugssysteme. Weiter gelte in G die Desargues-Bedingung des Typs (1, OV).
Dann gilt in G die Desargues-Bedingung des Typs (2, OV,) genau dann, wenn die
undre Operation o, der Koordinatenalgebra beziiglich (0, 1,2, 3) ein Automor-
phismus von (M, +) ist, wobei M := OV, \{V,}, + := +; = +..

(a+b)™ Clz CMrAC! Cr((a+b)fa+bf"
a®+ B > (a,d% %) 2
4

G=t" 2 A,
7
¥ -1 1

/‘/ . g Bo'-'(ﬂ,d'l' b)“ (a"b,d‘ b)':-— B,
/ ,
/ A=b 2 5,0)% A,
/ A da ) (g,a)"
/ 4
/ 3 3

Az=8/=(0+,0)" AsO0 Abb. 17.

Beweis (Abb. 17).*) Es sei also G das gegebene Gewebe, das auBer den Voraus-
setzungen des Satzes noch die Desargues-Bedingung des Typs (2, OV,) erfiillt.

*) Im Beweis bedeutet das Symbol —| das folgende: x + y = z<> x =: z - y beziiglich des
Loops (M, +). Ahnlicherweise setzen wir x + y = z<>y:= x | z.
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Weiter seien a, b beliebige Elemente aus M. Die Punkte 4, := (b, b)", B, := 0,
Cy:= (b, b, Ay := b, B} := (0 H b, 0)¥, C} := b"* erfiillen die Voraussetzun-
gen der Desargues-Bedingung des Typs (2, OV,) in G, so daB B, C}, V, folgt. Die
Punkte Ao:= 0, Bo:=(a+b, a+b), Co:=(a+b, (a+ b)), A:=
:=(0 b, 0), By:=(a,a + by, Co:=(a,a”™ + b™)" erfiillen die Voraussetzun-
gen der Implikation, welche aus der Desargues-Bedingung des Typs (2, OV,) ent-
steht, indem man den SchluB B’, C’, V; mit C, C’, ¥, umtauscht. Also folgt nach dem
Lehrsatz 3 Cy, Cp, V,, d. h. Cy = (a, a™ + b°*)%, (a + b)™ = a” + b”*. Folglich
ist o4 der geforderte Automorphismus.

Umgekehrt sei o, ein Automorphismus des Loops (M, +). Dann gilt fiir jedes
a € M auch (0 H a)™ = 0 - a°, so daB sich fiir jedes b € M die Geraden bV, b™*V,
im Punkt (O — b, O)* durchschneiden. Setzen wir also 4, := O, By :=(a + b,
a+ by, Co:=(a,(a+ b, Ao:=(0-b,0F, By:=(a,a+ bl Cy:=
:=(a, (a + b)™)*, dann erfiillen diese Punkte die Voraussetzungen der Umkehrung
der Desargues-Bedingung des Typs (2) in G mit Begrenzung A = O, die durch
Umtauschen von B, C', V; gegen C,C’, V, entsteht. Aus (a + b)™ = a°* + b™
folgt dann sofort C,, Co, V,. Nach Lehrsatz 3 gilt also in G auch die Desargues-
Bedingung des Typs (2) mit Begrenzung A = O und nach Lehrsatz 5 auch die
Desargues-Bedingung des Typs (2, 0V,) in G. =

Lehrsatz 11. Es sei G ein Gewebe mit I = {1,2, 3,4} und (0, 1, 2, 3) eines seiner
Bezugssysteme. Weiter gelte in G die Desargues-Bedingung des Typs (1) a) Dann
gilt in G sogar die Desargues-Bedingung des Typs (2). b) Die undre Operation o,
der Koordinatenalgebra beziiglich (0, 1, 2, 3) ist ein Automorphismus der Gruppe
(M, +), wo M := OV, \{V,}, + := +3, genau dann, wenn in G die Desargues-
Bedingung des Typs (2) gilt.

Beweis. Es sei also G das Gewebe, welches die Voraussetzungen des Lehrsatzes
befriedigt. a) Uberdies gelte in G die Desargues-Bedingung des Typs (1). Dann gilt
nach Lehrsatz 6 in G, , ; und G, , 4 die Reidemeister-Bedingung. Aus der Geltung
der Reidemeister-Bedingung in G, , ; und G, , 4 und der Desargues-Bedingung des
Typs (2, OV,) in G folgt dann nach Lehrsatz 7 auch die Giiltigkeit der Desargues-
Bedingung des Typs (2) in G. b) Es gelte in G auBer den Voraussetzungen des Lehr-
satzes noch die Desargues-Bedingung des Typs (1) Wegen Lehrsdtzen 9—10 ist
dann die bindre Operation + := +, der Koordinatenalgebra beziiglich (0, 1, 2, 3)
eine Gruppenoperation, die mit +, zusammenféllt und o, ein Automorphismus
der Gruppe (M, +), genau dann, wenn in G die Desargues-Bedingung des Typs
(2, OV2) gilt, was aber nach Lehrsatz 11a) sogar mit der Geltung der Desargues-
Bedingung des Typs (2) in G dquivalent ist.

Satz 3. Es sei G ein Gewebe des Grades 24 und (0, a, B, y) eines seiner Bezugs-
systeme. In G gelte weiter die Desargues-Bedingung des Typs («), so daf also in
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der Koordinatenalgebra beziiglich (O, a, p, 7) eine Gruppenoperation ist, welche
fiir jedes veIN{a, B} mit +, zusammenfillt. Dann gilt in G die Desargues-Bedin-
gung des Typs {B) genau dann, wenn fiir jedes eI\ {a, B} die Operatton o, ein
Automorphismus der Gruppe (OV,\{V,}, +,) ist.

Beweis. Folgt nach Verwendung des Lehrsatzes 11 auf jedes G, 4, ¢t €I\ {a, B}
und der Folgerung des Satzes 1. m

Lehrsatz 12. Es sei G ein Gewebe mit I = {I, 2, 3, 4} und (0, 1, 2, 3) eines seiner
Bezugssysteme. Weiter gelte in G die Desargues-Bedingung des Typs<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>