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Timto cislem vstupuje Casopis pro péstovdni matematiky do svého stoprvého
rocniku. Pocdtek druhé stovky svazkii skyta pfileZitost k tomu, abychom se poohlédli
=pét, pFipomnéli si zacdtky Casopisu a uvédomili si zmény, k nim# béhem uplynu-
lych 103 let') doslo v obsahu i posldani Casopisu i v celém matematickém déni u nds.

V pronich letech po svém vzniku r. 1872 pinil Casopis pro péstovani matematiky
a fysiky®) pFedevsim velmi vyznamnou ulohu publikaéniho fora slouZiciho k pésto-
vani matematiky a fysiky na vysokoskolské a badatelské urovni v Ceském jazyce.
Podobné jako dnes pFinasel vedle piwwvodnich odbornych praci také obsdahlé staté
informativni a metodické, prehledné ¢lanky o v té dobé aktudlnich smérech matema-
tického a fysikdiniho vyzkumu, c¢ldnky o Zivoté a dile vynikajicich védcit, napr.
Ceského matematika S. Vydry (vibec proni ¢ldnek proniho ¢isla proniho roéniku),
M. Koprnika, B. Bolzana, seridl ¢ldankii o pracich K. B. Gausse, atd., ale také
ulohy k reSeni, recense knih a zprdvy o akcich Jednoty ceskych matematikii a fysiki.

Vedle sifeni odbornych znalosti — a potirdni neznalosti®) — prispél Casopis nema-
lou mérou téZ k upeviiovdni eské matematické terminologie, které Jednota Ceskych
matematikit a fysikii vénovala tehdy, stejné jako dnes, zaslouZenou pozornost.*)

Nékteré funkce Casopisu pozdéji zédsti nebo uplné prevzala jind periodika:
oddélily se zvlastni casopisy pro fysiku, pro stfedoSkoldky je vyddvdn casopis
Rozhledy matematicko-pFirodovédné, funkci clenského casopisu JCSMF plni dnes
Pokroky matematiky, fysiky a astronomie; prudky vzrist poctu pivodnich védec-
kych praci si vyZddal vydéleni casopisu Czechoslovak Mathematical Journal
(ktery dodnes cislovdnim svazkii zdiraziuje kontinuitu s Casopisem pro péstovdni
matematiky) a vznik nového casopisu Aplikace matematiky.

Podminky ve vyddvdni Ceské matematické literatury se béhem uplynulé doby
podstatné zménily ku prospéchu nasi védy a prinesly Fadu novych ukolii. I dneSni
redakce Casopisu pro péstovdni matematiky si vSak vdZi vice ne? stoleté tradice
jednoho z nasich nejstarsich védeckych asopisit a chee ji ddle tvoFivé rozvijet.

1y Za druhé svétové véalky bylo vydavani Casopisu hitlerovskymi okupanty doasné zastaveno.

2) Ke zmén& nazvu doslo r. 1951 pti reorganisaci matematickych a fysikalnich ¢asopisti vyda-
vanych v CSAV.

3) Jiz v prvnim &isle prvniho roéniku je oti§t&n &lanek prof. F. J. Studni¢ky o kvadratufe
kruhu, s bohuzel dodnes aktualni pozndmkou pod &arou:

,,Clanek tento uvefejiiujeme za tou picinou, abychom mohli k nému poukazati, kdyZ nim
nékdo, jakz ¢asto se dé&je, oznami, Ze se mu pomoci bozi podafilo nalézti kvadraturu kruhu.*

4) V této souvislosti stoji za pripomenuti dopis, ktery v r. 1823 poslal P. J. Safatik, feditel
$kol v Novém Sadu, profesoru J. V. Sedla&kovi, autoru uéebnice ,,Zakladové mé¥ictvi, ¢ili geo-
metrie*, preti§tény v ¢lanku F. J. Studniky: ,,O rozvoji nasi literatury fysikalni za poslednich
padesate let* v 5. svazku Casopisu (1876) na str. 243 — 245.
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GROUPS AND POLAR GRAPHS

BOHDAN ZELINKA, Liberec

(Received December 19, 1973)

In this paper the results of [2] will be transferred to polar graphs. A polar graph
was defined by F. Zftex [1] at the Czechoslovak Conference on Graph Theory
at Stifin in May 1972. Their properties are studied in the papers [3]—[9].

A polar graph is an ordered quintuple {V, E, P, x, 1), where V, E, P are sets,
» and A are mappings of the set V' and E respectively into the set of unordered pairs
of distinct elements of P and the following conditions are satisfied:

(1) Foreachu eV, ve V, u + v, we have x(u) N x(v) = 0.
(2) Foreach e€ E, f€ E, e =+ f, we have A(e) + A(f).
(3) For each p € P there exists v € V so that p € x(v).

The elements of the sets V, E, P are called respectively vertices, edges and poles. If
peP,veV, pex(v), we say that the pole p belongs to the vertex v. If pe P, e E
and p € A(e), we say that the edge e is incident with the pole p. If an edge e is
incident with a pole p which belongs to a vertex v, we say that e is incident with v.

Let ® be a group, A its subset. The polar graph PG(®, A) is defined as follows:
Its vertex set Vis the support of ®, its pole set P is the disjoint union of two sets P, P,
such that there exist bijections p, : ® — P; and p, : ® —» P,. The edge set E of
PG(®, A) consists of the edges joining p,(x) with p,(y) for such x and y of ® that
x~'y € A. (An edge e joins two poles p;, p, of a polar graph, if it is incident with
both of them.) '

This is an analogue of a directed graph studied in [2]. In that graph there was
a directed edge from x into y if and only if x™'y € 4.

A polar graph is called vertex-transitive, if and only if to any two vertices u, v of
this graph there exists an automorphism ¢ of this graph such that ¢(u) = v.

An isomorphism of a polar graph G, = (V}, E,, P, %y, A,) onto a polar graph
G, = (V,, E,, Py, %,, A,) is a one-to-one mapping ¢ : V; UE, WP, »> V, UE, U
U P, such that (V) = V3, @(E,) = E,, ¢(P;y) = P,, x, ¢(v) = ¢ %,(v) for each
ve Vy, A, ¢(e) = ¢ 4,(e) for each e € E,. An isomorphism of a polar graph G onto
itself is called an automorphism of G.
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(For the vertex-transitive graph — in the non-polar case — in [2] we have used
the term “symmetric’’. Here we prefer the term ‘““vertex-transitive”, because the term
“symmetric graph” is used by other authors in different senses.)

Now we shall define a homogeneous polar graph in accordance with the similar
concept for non-polar graphs. A polar graph G is called homogeneous if and only if
the following conditions are satisfied:

() To any two poles p,, p, of G there exists an automorphism ¢ of G such that
(P(Pl) = P2

(B) For any pole p of G and any permutation 7 of the set of edges incident with p
there exists an automorphism y,, of G such that ¥,(p) = p and the permutation 7
is induced by V..

It is easy to see that every homogeneous polar graph is also vertex-transitive.
Now we shall prove some theorems analogous to those of [2].

Theorem 1. For every group ® and any one of its subsets A the polar graph PG(®, A)
is vertex-transitive.

Proof. If u, v are two vertices of PG(®, A), we take a mapping ¢,,-: such that
@,-1(a) = vu™'a for any a € G; this is a one-to-one mapping, because G is a group.
For the poles p,(a), p,(a) of the vertex a we put ¢,-i(py(a)) = p,(vu~"a),
@ou-1(p2(a)) = py(vu™'a). Now the mapping ¢,,-: can be naturally extended also
to the edges of PG(®, A). If x, y are two vertices of PG(®, A), then p,(x) and
p(y) are joined by an edge if and only if x™'y € A. The images of the poles p,(x),
p2(») in @,,-1 are py(vu~'x), p,(vu~'y). We have

(vu™ ') (ou'x) = x""wv T lou "y = x" 1y

Thus the poles @,,-1(py(x)), @,.-1(p2(y)) are joined by an edge if and only if p,(x),
p,(y) are joined by an edge. The pairs p,(x), p,(¥) or p,(x), po(y) are never joined
by an edge. Therefore ¢,,-: is an automorphism of PG(®, A). Further we have
@4,-1(u) = v. Therefore PG(®, A) is vertex-transitive.

Theorem 2. Let & be a group, A its subset. Let ¢ be an automorphism of the
group ® such that either p(A) = A or ¢(A) = A, where A= {ye® |y =x"",
x € A}. Then ¢ is induced on the vertex set of PG(®, A) by an automorphism
of PG(®, A).

Proof. Let ¢(4) = A. Let x, y be two vertices of PG(®, A). The poles p;(x), p,(»)

are joined by an edge if and only if x™'y € 4. Let ¢* be a mapping such that ¢*(v) =

= ¢(v) for each veV, ¢*(p,(v) = pi(e(v)), @*(p2(v)) = p.(e(v)). We have
[e(x)]7* @(y) = @(x~'y), because ¢ is an automorphism of . Thus the poles

Pi(o(x)) = o*(p1(x)), p2(@(¥)) = ¢*(p2(y)) are joined by an edge if and only if
@(x~'y) € A. However, as ¢(4) = A and ¢ is one-to-one, this is so if and only if
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x"'yeA, ie.,if p,(x) and p,(y) are joined by an edge in PG(®, 4). Therefore ¢*
is an automorphism of PG(®, A). Let ¢(4) = 4. We have again [o(x)] ™' ¢(y) =
= ¢(x~'y). Let ** be a mapping such that ¢*(v) = ¢(v) for each v € V, p**(p,(v)) =
= pa(@(v)), @**(p2(v)) = pi(¢(v)). The poles p**(p,(x)) = pa(o(x)), ¢**(p2(¥)) =
= p,(¢(y)) are joined by an edge if and only if [@(y)] "' ¢(x) € A. But [o(y)] ™"
. ¢(x) = ¢(y~"'x); this is in A4 if and only if x™'y € 4. Thus @** is an automorphism
of PG(®, A). Both ¢* and ¢** induce ¢ on the vertex set of PG(®, A). (We have
tacitly assumed that these mappings are naturally extended also onto the edge set.)

Theorem 3. Let ® be a group, A a system of its generators, A = {y e ® | p=x"1
x € A}. Let any permutation of A be induced by an automorphism of & and let
there exist an automorphism a of ® such that o(A) = A. Then PG(®, A) is a homo-
geneous polar graph.

Proof. According to Theorem 1, to any two vertices x, y of PG(®, A) there
exists an automorphism ¢ of this graph such that ¢(x) = y. In the proof of Theorem 1
we have constructed an automorphism such that ¢(p,(x)) = p,(y), @(pa(x)) = p,(»).
Now let e be the unit element of &. The pole p,(e) is joined with the poles p,(a),
where a € A, and with no other poles, the pole p,(e) is joined with the poles p,(b),
where b € 4, and with no other poles. According to Theorem 2 the automorphism «
of ® is induced by the automorphism a** of PG(®, A) which is defined so that
**(x) = a(x), o**(p,(x)) = pa(a(x)), «**(p,(x)) = pi(a(x)) for each x € G. We see
that a**(p,(e)) = p,(e), a**(pa(e)) = pi(e). Now if we have two poles p,(x), po(»),
the former is mapped onto the latter by the automorphism @ya**@}-:, where
@y (pi(u)) = piyu), @3-1(piu)) = pix~'u) for each ue G and i equal to | or 2.
Thus the condition (a) is proved. To any permutation 7 of the set of edges incident
with p,(e) there corresponds in a one-to-one manner a permutation n’ of A4; for any
a € A the element n'(a) is the end vertex of the edge n(h) which is in A, where h
joins py(e) and p,(a). Each n’ is induced by an automorphism , of G (according
to the assumption) and this automorphism is induced by an automorphism
of PG(®, A) (according to Theorem 2). Thus (B) holds for p,(e). Now let x € ®,
let p,(x) be a pole of x, where i = 1 or i = 2. Let 8 be an automorphism of PG(®, 4)
which maps p(x) onto p,(e); its existence was proved above. Let ¢ be a permutation
of the set of edges incident with p/(x). The mapping Bof~"' is a permutation of the
set of edges incident with p,(e). To this permutation there exists an automorphism y
of PG(®, A) inducing it. Then B~ 'y is the required automorphism for .

Theorem 4. Let & be an Abelian group, A a system of its generators. Let any
permutation of A be induced by an automorphism of ®. Then PG(®, A4) is a homo-
geneous polar graph.

Proof. As ® is Abelian, there exists an automorphism « of 6 such that a(x) =
= x~! for any x € ®. This automorphism maps A onto A. Therefore according to
Theorem 3 the graph PG(®, A) is a homogeneous polar graph.
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a, d, a,a, d,ds a,d.ds

a
a,
e a, a,a,
e a, /
HPG

PG (1.2} HPG (2,2) p

1

HPG(3,2)

2
a; a

Fig. 1.

Analogously as in [2] we shall construct a certain class of homogeneous polar
graphs. Let 9, ..., A, be cyclic groups of the same order r, let a; be the generator
of A;fori = 1, ..., k. Let ® be the direct product of A, ..., A, let 4 = {ay, ..., a;}.
The graph PG(®, A) is evidently homogeneous and we denote it by HPG(k, r).
We have obviously » = 2. Some of these graphs are in Fig. 1. They can be generalized

5



also to the case when k is an infinite cardinal number or r = N,. The graph
HPG(2, 8,) is in Fig. 2. A vertex is drawn as a magnetic needle; the poles of this
needle are the poles of the vertex.

-

asee - s> <> <>
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POZNAMKA K APLIKACIM LAPLACEOVY TRANSFORMACE
NA ABSTRAKTNIi DIFERENCIALNI ROVNICE PARABOLICKEHO TYPU

ALEXANDER DOKTOR, JINDRICH NECAS, RupoLF SvaRrc, Praha

(Doslo dne 27. prosince 1973)

UvoD

O Laplaceové transformaci redlnych funkci jiz byla napsana fada publikaci a uceb-
nic, napf. [1], [2], [3], [4], [5] popFipadé [6], kde Ize nalézt odkazy na dalsi litera-
turu. Pouziti Laplaceovy transformace pfi feseni diferencidlnich rovnic je pomérné
jednoduché a ¢asto se dobfe hodi i v praktickych tlohach techniky a pfi konkrétnich
vypoc¢tech. Pfitom, jak ukdZeme v dal$im textu, ma Laplaceova transformace blizky
vztah k definici slabého feseni parcidlnich diferencialnich rovnic, se kterou pracuji
moderni metody. '

Laplaceovu transformaci Ize déle pfirozenym zpisobem rozsifit na funkce s hod-
notami v Hilbertové prostoru. Pfi feSeni evoluénich rovnic (napf. rovnice parabolické)
je pak mozné pomoci tohoto zobecnéni vyhodné pouzivat znamé véty z funkcionalni
analyzy, nebo teorie diferencidlnich rovnic eliptického typu. Vysledky dosazené
touto metodou pfitom odpovidaji vysledkim dosaZenym jinym zptisobem, napf.
pomoci teorie analytickych pologrup.

Pies uvedené vyhody ustoupila Laplaceova transformace v posledni dobé do pozadi
a proto si dovolujeme v této pozndmce piedlozit &tenafi nékolik ptikladd na jeji
pouZiti. Zdrovefi zde struén& vybudujeme jiz zmin&né zobecnéni Laplaceovy transfor-
mace, které sice nenf sloZité, ale b&Zn4 dostupna literatura se © ném nezmifiuje.

LAPLACEOVA TRANSFORMACE ABSTRAKTNICH FUNKCI

Laplaceova transformace 4 realné funkce u € L, 10c<0, 00) je definovéana integralem

(1) i(p) = J-:e"" u(r) dt Ekli_.rg [Re"‘ u(r) dt

v 0

a lze ji vyhodné pouzit pti feseni nékterych tloh pro diferencidlni rovnice (viz napf.
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[2], [3]). Naptiklad uloha

u(x, 1) = u,(x, 1), xe(0,1), t>0,
u(x,0) =0, u(0,1)=0, u(l, )= h(r)

ma feSeni

a—iow

at+iom
u(x,t)=2—l.J‘ ﬁ(p)Sh\/(p) e”dp, ¢>0.
ni sh \/p

Pfirozenym zobecnénim je definice Laplaceovy transformace pro abstraktni
funkci u (tj. zobrazeni s hodnotami v Hilbertové prostoru) a jeji pouZiti na feeni
abstraktni diferencialni rovnice, ktera zahrnuje jako specialni pfipad napf. parabo-
lické rovnice ve vice proménnych.

Méjme tedy komplexni Hilbertiv prostor H se skalarnim souéinem (., .) a normou
|| . || a dale abstraktni funkci u : (0, c0) — H takovou, Ze u € L,(0, oo; H), tj. takovou

[ee}
% f Ju(®)]? dt < .
0

Pro pe C, Re p > 0 pak Laplaceovu transformaci # funkce u definujeme vztahem
(1), kde oviem nyni vSechny integraly bereme v Bochnerové smyslu. Pfipomefime
proto nejprve struéné definici a zakladni vlastnosti Bochnerova integralu (viz napft.
[7]. [8])

Je-li f:(a, b) = H jednoduchd funkce, tj. funkce tvaru f(t) = Zy,,,(t) c;, kde

¢y,....c, € H a B; = (a, b) jsou méfitelné navzdjem disjunktni mnozmy konecné
Lebesgueovy miry, definujeme jeji Bochnerlv integral vztahem

be(t) dt = lz:lu(B,-) .c;eH

(1 budiZ Lebesgueova mira v R).
Zobrazeni f : (a, b) — H se nazyva siln& méfitelna funkce, jestlize existuje posloup-
nost {f,} jednoduchych funkci takova, ze lim || £,(t) — f(t)” = 0 pro skoro vSechna t.
n—o

Je-li f siln& méFitelna funkce, je redlna funkce | f(-)| lebesgueovsky méfitelna. Plati-li
b

fi(s) = f(s)] ds = 0, existuje lim rf,.(t ) dt

n— oo

pro silné méfitelnou funkci dale ]im

a je nezavisld na volbg posloupnostl { f,,} MiiZeme pak definovat Bochnertv integral
funkce f vztahem

j :f(t) dt = lim J bfn(f) d,

n=o Jg

kde f, jsou pfislusné jednoduché funkce. Takto zavedeny Bochnertv integral je tedy
prvkem prostoru H a plati pro néj dilezita Bochnerova véta:
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Véta (Bochnerova). Silné méfitelnd funkce f : (a, b) i~ H md Bochneriiv integrdl
prdvé kdy? redlnd funkce f()\ md konecény Lebesgueiiv integrdl. Pak navic plati

U:f(t) dt

Nyni tedy uZ mame vyrazu (1) pfipsan smysl i pro funkci u s hodnotami v prosto-
ru H a diky omezeni na u € L,(0, co; H) ptislusné integraly konverguji (pro Re p > 0);
tedy i je zobrazeni

= mf(r)li dr.

i:{peC; Rep>0} —H.

Ztejmé& 4 je holomorfni funkce, tj. pro kazdé ve H je funkce (4(+), v) holomorfni
v béZzném smyslu.

Takto zavedena Laplaceova transformace ma znamy algebraicky vztah k derivaci:

Tvrzeni 1. Nechi funkce u € Ly(0, co; H) md slabou derivaci u' (tj. existuje
funkce u" € Ly 1,(0, co; H) takovd, Ze

Jbu’(t) dt = u(b) — u(a)

pro kazdé 0 < a < b). Bud také u' € L,(0, co; H). Pak plati
) u'(p) = pi(p) — u(0).

(Hodnota u(0) md zde smysl, protofe v naSem pripadé je i ue C(<0, w); H); je

totiz ziejmé
o) = ] 3 [l oe <=2 ([ weopee)”™

Déle plati rovnost

®) oo [ it + o ae= ") e,

- o0

vztah pro inverzni transformaci

y+io A t
(4) lim —1J‘ 4(p) e’ dp = J‘ u(t)dt pro t20,

w-ow 27 y—iw P 0
=0 pro t<0

a ndsledujici tvrzeni o reprezentaci pro Laplaceovu transformaci:



Véta 2. Bud Ue{peC; Rep > 0} — H. Pak nutnd a postacujici podminka
pro to, aby U byla Laplaceovou transformaci origindlu u € L,(0, co; H) je, aby U
byla holomorfni a

>0

- SUPJ‘ [U(e + it)|*dr < o0 .

APLIKACE LAPLACEOVY TRANSFORMACE
NA ABSTRAKTNI DIFERENCIALNI ROVNICE

UvaZujme nyni dva komplexni Hilbertovy prostory V, H takové, Ze V< H
algebraicky a topologicky (tj. existuje konstanta ¢, > 0 takova, Ze "v” is CI” ||,, pro
kazdéve V) a pfitom Vje husty v H (V H). Oznagme V prostor viech funkcionalil
na V které jsou spojité a antilinedrni, tj. pro ¢ e ¥ plati <@, v + w) = (¢, v) +
+ <, w), <, W) = I{P, v),v,weV, LeC({¢, v) znatime hodnotu funkciondlu ¢
na prvku v).

Laplaceovy transformace pouZijeme k feSeni této abstraktni diferencidlni rovnice

5) %‘f +Au=f(1), 10

s pocateéni podminkou
(6) u(0) = uo,

"kde f:(0, ) = H a A : V> V je omezeny linearni operator (4 € Z(V, V)).
Jako model k tomuto abstraktnimu pfipadu si miZeme pfedstavovat tuto smise-
nou tlohu pro parabolickou rovnici druhého ¥adu: pro omezenou oblast Q = RY

volime H = L,(Q), V = W,'*(Q) (prostor W,’*(Q) je definovan jako uzévér mno-
N

ziny 2(Q) v prostoru W'X(Q), ti. v normé |f|, ., = |f] e + X [0f]0x:] Loca))-
i=1

Pro funkce a; ;€ L, (), i,j = 1,..., N pak operator 4 definujeme piedpisem

ow av 1.2
(7) (Aw, v) = Z lj(x) —(x) — (x)dx, w,0eWy*(Q).
i,j=1 6xi 6Xj

(v oznaCujeme funkci komplexn& sdruZenou k v). Pak abstraktni uloha (5), (6)
neznamend nic jiného neZ hledani tzv. slabého nebo zobecnéného feseni tilohy

®) LI (a,-j(x)%uj)=f(x,t), xeQ, 150,

iJj= 1 Ox;
9) u(x, 0) = uy(x), xeQ,
(10) u(x,t) =0, xedQ, t>0.
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Zobecnénym feSenim ulohy (8)—(10) ve smyslu testovacich funkci rozumime funkei
u € Ly(0, c0; Wy'?(Q)) takovou, Ze je splnéna integralni identita

(11) rL(ua—"’_ S 4 ﬁéai)dxdt—jnuo(x)fp(x,o)dx:

o ot 521 7o X

Xi
=J wadxdt
0 Jo

pro vSechny tzv. testovaci funkce ¢ z néjakého prostoru V, jehoZ volba zaruluje,
ze pro klasické feseni (tj. u € C*(2 x (0, 0))) lohy (8)—(10) plati (11) a naopak
pro dosti hladké zobecn&né feseni jsou splnény rovnice (8)—(10).

Vratme se k abstraktni tloze (5), (6). Formalni pouZiti Laplaceovy transformace
na funkci u : <0, 00) ~ ¥V ndm rovnici (5) a potate¢ni podminku (6) pfevede na
rovnici

(12) pi(p) — uo + Ad(p) = J(p) .

Tohoto vztahu také pouzijeme k definici slabého feSeni ve smyslu Laplaceovy
transformace:

Definice 3. Bud f e L,(0, c; H), u, = 0. Rekneme, Ze uloha (5), (6) mé slabé
feseni, jestlize existuje funkce U : {pe C; Re p > 0} > ¥, ktera je holomorfni a tako-
va, ze plati

(13) (pU(p), v)u + <A U(p),v> = (f(p), v)y pro veV,

o+iow
(14) sup J « U + ir)|pdr < .
>0 Jo—iw
Nerovnost (14) nam zaru&uje existenci funkce u € L,(0, oo; V) takové, Ze i(p) = U(p).
Timto u pak rozumime slabé feseni.

Poznamka 4. Uvédomime-li si vyznam rovnice (13) a definici Laplaceovy transfor-
mace napf. ve specidlnim pkipadé (8)—(10), vidime, Ze pouZiti Laplaceovy transfor-
mace Ize chdpat jako pouZiti specidlnich testovacich funkci tvaru @(x, 1) = ™7 p(x),
v € V pii definici zobecnéného feseni ve smyslu testovacich funkci.

Definice 3 ndm umoznila se zbavit derivace a dalsi vysledky lze ofekavat od podrob-
n€jSiho zkoumadni operdtoru A, tj. v podstaté od feSeni eliptickych diferencialnich
rovnic.

Véta 5. Necht plati _
(15) 3, >0 YueV:Redldu,u) 2 c,full;,

a bud uy = 0. Potom existuje prdvé jedno slabé reseni ulohy (5), (6).

11



~-Diukaz. Z (15) (tzv. V-elipticita operatoru A) snadno dostaneme
l(pu, u)y + {Au, u}l > czﬂu]lﬁ , ueV, Rep>0.
MiiZzeme tedy pouZit Laxovu-Milgramovu vétu (viz napk. [8]):

Véta (Laxova-Milgramova). Budif S(u,v) sesquilinedrni forma definovand
na Hilbertové prostoru H (tj. zobrazeni S: H x H > C linedrni v pruni a antili-
nedrni ve druhé proménné: S(u,v + w) = S(u, v) + S(u, w), S(u, 2v) = Z S(u, v)),
kterd je spojitd a splituje podminku

Ju>0 VoeH:|S(v,v)| 2 «fv]7.

Pak ke kaZdému spojitému linedrnimu funkciondlu ¢ na H existuje prdvé jeden
prvek u € H tak, Ze plati

¢(v) = S(v,u), YveH,

piicems [uly < (1/2) |9
Podle této véty pro kazdé p e C, Re p > 0 existuje U(p) € V jeZ je feSenim rovnice
(13) a zaroven je vidét jednozna&nost feseni.
Zbylé vlastnosti funkce U pak plynou z toho, Ze rezolventa

H*

R(p) = (pl — A" P ¥

je holomorfni operatorova funkce, lR(p)” < Lley
Pozndmka 7. Podminka (15) je ve specidlni uloze (8)—(10) spln&na, poZadujeme-li
elipticitu koeficientt a;j, tj. plati-li:
N ) N
3oy > 0 VE = (&, ..., &) eC" VsvoxeQ: Y ay(x)&& 2 s Y &7
i=1

i,j=1

Poznimka 8 (o regularité ,,v prostoru®). Mame-li jesté¢ dalsi dva Hilbertovy
prostory H, = V, H, = V a zjistime-li, Ze rezolventa R(p) jako operator z H, do H,
je holomorfni zobrazeni omezené pro Re p > 0, miiZzeme ve vztahu (14) uvaZovat
normu v H, a dostaneme feSeni u € LZ(O, w; Hy).

V nasem konkrétnim modelu (8)—(10) miZeme nap. brat H, = L,(Q), H, =
= W>¥Q)n W"?(Q), v ptipad& hladké oblasti a koeficientdi vidime, Ze jde o re-
gularitu eliptické diferencidlni rovnice.

Poznimka 9 (o regularit® v Case). Mame-li navic ' € L,(0, o0; H,), f(0) = 0, je

wp [+ 19 e + 9, 0e < o
Rep>0 e

12



odkud

sup jm (1 + [p|?) | (o + it)|f, dr < .
ep>0 o0

Rep

takze je u’ € Ly(0, oo; H,), tedy také u e C(<0, o0); H,), ma smysl u(0) a je u(0) =
= uo = 0.

Podobné miZeme uvaZovat vyssi derivace.

Poznimka 10 (o spin&ni pivodni rovnice). Pfedpoklidejme, Ze o operitoru A
dale plati

(16) Im CAu, uy < cqflulf Vue V.

Dosadime-li do (13) specialné v = 4(p), dostaneme

[IA

sup f” (1 + [p) (o + iv)]2 de csupJ“‘ /(P2 dp .

>0

Odtud u’ € L,(0, oo; H) (u(0) = 0), takze u’ € L,(0, oo; V), a tedy pro s.v. t € (0, o0)

~

je ve smyslu ¥ splnéna pavodni rovnice (5).

Doposud jsme se zabyvali ptipadem A € Z(V; 17). Uvazujme nyni operator

B:D(B)c V- H

obecn& neomezeny, ale uzavieny s hustym definiénim oborem (D(B) = H).

Na D(B) zavadime normu grafu, indukovanou skalarnim souginem
(u, V)oesy = (u, v)y + (Bu, Bv)y, u,veV,
pfi které je D(B) diky uzavfenosti B uplny.

Modifikujme nyni pro tento piipad definici feseni:

Definice 11. Bud f e L,(0, co; H), u, € D(B). Rekneme, Ze uloha u’ + Bu = f,
u(0) = u, ma slabé feSeni ve smyslu Laplaceovy transformace, jestlize existuje
funkce U : {pe C: Re p > 0} > U(p) € D(B) holomorfni pro Re p > 0 takova, Ze

(17) pU(p) — uo + BU(p) = f(p), VRep >0,

(18) supf [U(e + it)| 3 dr < oo .

>0 - .
Existuje tedy u € L,(0, oo; D(B)) takové, Ze i(p) = U(p); slabym feSenim minime
tuto funkci u.
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Nyni dostaneme vétu (s jistou modifikaci) jako v [6]:

Véta 12. Necht plati

(19) 3cs > OVRe p > 0: (oI + B)™ | gy <

1+|p|.

Potom pro kaZdé u, € D(B) existuje prdvé jedno slabé FeSeni ulohy u’ + Bu = f,
u(O) = uo.

Dukaz. Nerovnost (19) zaruduje, Ze
|21 + B)™*| ccomy < ¢
PolozZime-li v pfipad€ u, = 0
U(p) = (oI + B)™' J(p),

dostaneme z predchozi nerovnosti pfislu§né vlastnosti U. Pro ug + 0, u, € [D(B)
pak stadi vyuZit toho, Ze funkce ugse™" je partikularni feSeni.

Poznamka 13. Podminka (19) je spln&na napf. plati-li: B je samoadjungovany a
3ce > 0 Yu € D(B) : (Bu, u)y = cq|ul? -

Nerovnost (19) s ¢s < 1, uvaZovand jen pro p ptirozena, je podle Hilleho-Yosidovy
véty (viz [8]) nutnou a postacujici podminkou k tomu, aby operator —B byl infi-
nitesimélnim generatorem pologrupy neexpanzivnich operatori {T(f)},50 <
c Z(H; H). (Pak pro kazdé u, e D(B) je funkce u(r) = T(f)u, C'" — fedenim
tlohy u’ + Bu = 0, u(0) = u,.)

Platnost (19) pro pe C, Re p > 0 (s obecnou konstantou c5) pak zaruduje dokonce
existenci holomorfni operatorové pologrupy s infinitesimalnim generitorem —B.

DODATEK

Ditkaz tvrzeni 1. JelikoZ du/dt = u’ s.v. v (0, o), plyne vztah (2) z véty o integraci
per partes (vzhledem k pfedpokladim je funkce u absolutng spojitd).

Diikaz rovnosti (3). Pro funkci g € L,(R, H) miZeme b&inym zpisobem zavést
jeji Fourierovu transformaci § € L,(R, H); pro g € L,(R, H) n L,(R, H) je definovina
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predpisem

o) = r’ e~ g()dt ;

protoZze L,(R, H) n Ly(R, H) je husty v L,(R, H) a plati Parsevalova rovnost, lze
tento predpis rozsifit na L,(R, H). Diikaz Parsevalovy rovnosti pro redlné funkce
je uveden napf. v [4], [9] a Ize jej snadno zobecnit na nas pfipad. Plati tedy: Jsou-li
g, h € L,(R, H), pak

v IGULGE S COY O

Polozme nyni u(f) = 0 pro ¢ < 0. Pak se snadno ovéH, ze
T ——
(o + it) = (e™"" u(1)) (z)
pro ¢ > 0, T € R. Nyni podle Parsevalovy rovnosti
l 0
il
tedy staci dokazat, ze

sup [“Jem @l ae = ") o

lﬁ(a + ir)"2 dr = J:O ”e"" u(t)“2 de,

avsak k tomu ziejmé staci, aby

lim J :e—w"u(t)nz di = j * Ju(o)]? ar

o0+ 0

Tato rovnost ale vyplyva z véty o Lebesgueové integralu zavislém na parametru,
jejiz predpoklady Ize snadno ovefit (za integrabilni majorantu Ize vzit ptimo ||u(f)|?).

Diikaz véty 2 pro realné funkce je uveden napf. v [4], diikaz dodatku v [2]. Necht

supJ. |[U(e + ir)|*dr = A < +o0. Nejprve potfebujeme dokazat, Ze pro
a>0 -
kazdé & > 0 je U omezend na mnoZiné {p e C, Re p = §}. Zvolme tedy takové J.
Necht 0 < ¢ < 8. Pak pro pe C, Re p = 6 je podle Cauchyovy véty, jejiZ platnost
pro holomorfni funkce s hodnotami v Hilbertové prostoru H lze snadno ovéfit,

ue) = 51 | £@a=if%mew,

27‘ti CQ(P) Z — p 0
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tedy

1#*|u(p)| = ( J e d@)IIU(p)l'I

-1 U@ + i doce s J ,,-Re,,,é.,( j |UGe + i) df) do <

le+it—p|Sé lt—Imp| <3

1/2 *
<1 ( f |U(e + it)|? dr f dt) do <
27 J o -Repj <o\ J [t~ 1mp 55 le—Imp <3|

1-JA (4.28)12 do = A 20" . 26

27 J jo-Rep 8 2n

[U(p + ee™)| e dg de =
27‘.<o 21y % (0,8 :

IIA

odkud

vl <2 (%)

n

Polozme pro xe R, ¢ > 0

1 [~ 1 .
20 X, 0) = — Ule + it) ———— et dg .

Zvolme pevné x € R. Necht ¢ > 0, 9 > 0. UkaZeme, Ze ¢(x, 0) = ¢(x, 9). Pro kazdé
a > 0 definujeme

K, = {p; Repe(&,S), Imp = a nebo Imp = —a},
M, ={p; Rep =0 nebo Rep =9, Impe{—a,ad},

zorientujeme-li nyni k¥ivku I', = K, U M, je
J U(p) p~2e**dp = 0
s ’

nebot I', je uzaviend kfivka a integrand je holomorfni v {p; Re p > 0}. Podle pred-
choziho existuje B > 0 tak, Ze |U(p)| < B na {p; Re p = o}. Dile

B

[6(x, 9) — #(x, 0)| < lim —
a—w 2T !

J‘ U(p) p~2eP* dp
Kﬂ

3
1
< —.lim Px| d S—— °* + )1 di £
nmoj‘lpe|p (e e),.l'g_[, prampr

< £(e""+ ). lim = =0.
2n

a-o 4
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Je tedy ¢(x, o) konstantni podle ¢ a lze psat ¢(x, o) = ¢(x). Nechtf x < 0, ¢ > 0,
a >0, |U|| £ B pro Re p > . Pak podle Cauchyovy véty

. <

1
| r

{id o—ia

H J' " U(p) p2em dp H _ 1 J' :u(rew) exp (sre® — ig)dp

B(° B
é—f exp (xr cos ) dp <
r r

-0

integrovali jsme po kfivce p = re'®, Re p > a, r? = 6> + a?, I(pl < 0 < n. Odtud

agtio
,[ U(p) p~2e"™dp =10,

tedy ¢(x) = 0 pro x < 0.

Pro ¢ > 0 je podle Hélderovy nerovnosti U(e + it) (¢ + it)”' € L,(R). (20) lze
zfejmé derivovat a derivace je zaménna s integralem, takze

(1) ¢'(x) = _1_ on U(o + i) (0 + ir)" ! e dr .
2ni ) _ o,

Funkce ¢’ je spojitd v R a podle pfedchoziho je ¢(x) = 0 pro x < 0, tedy ¢'(x) = 0
pro x < 0. (21) lze opét derivovat a

¢"(x) = X J- U(o + it) e dr
2mi ) _ o
je spojita na R, tedy ¢” € L; ,.(R).

Dile

(22) d(x) = L ( ﬂqb"(z) dz) dy .

Pro ¢ > 0 je z (20)

e " P(x) = 2%! j' U(o + it) (0 + it)"? ™ dr.

- 0

Protoze U(s + it) (¢ + it)” 2 € L,(R), je

lim

a—

=0

r ¢ §(x) e dx — U(o + in) (o + it)

—a

L2

(podle véty o inverzni Fourierové transformaci). Integral urujici &(c + it) kon-

17



verguje, tedy &(o + it) = U(o + it) (o + it)~? a jako v diikazu (2) je
J’ ¢"(x) e dx = p* &(p) = p* U(p) p* = U(p).
o

Dokazeme-li, Ze ¢" € L,(R), je ¢" podle pfedchoziho hledanou funkei a U(p) =
e
= ¢"(p), Re p > 0. Dokazali jsme, Ze ¢" € L, ,,.(R), ale z véty o integraci per partes je

J‘ ¢"(x) e " dx = a'[ ¢'(x) e"""dx,
0 0
nebot ¢’ je z L,(R) a je spojitd, takze ¢” € L,(R) a podle Parsevalovy rovnosti

@) ‘r’ |U(e + i0)) dr = 2nr [(¢"(x) e ") (2)]? dr =

- oo

= 27:J.go |#"(x)|? e~ 27 dx ,

z toho oviem vyplyva, Ze ¢" € L,(R).
Nechf u € L,(0, co; H), 6 > 0. PoloZzme u(x) = 0 pro x < 0. Pak

J‘m [u(e)] e~ dx < ( J' :’ Ju(x)|2 dx)'” ( J‘ :’e-z,, dx>'/2< .

J. e—(o+ir)x u(x) dx

0

takze

je absolutn& konvergentni v ¢ + it pro viechna € R a i je holomorfni na {peC,
Re p > 0}. Obdobné jako v (23)

sup J'm ”ﬁ(g + l‘l.')“z dtr = sup zﬂjm “u(x)”Z e—z.,x o 1=
ﬂ.>0 ®© >0 50

— o0

= 27z.[ Ju(x)|? dx < +o0.
V prvni &asti jsme ukazali, Ze

¢'(x) = 2—'--[ U(a + it) (a +»i‘r)"‘ elotinx qo
Tl

-}

ale ¢”"(x) = u(x), nebot z (3) plyne: 4 = 0= u = 0s. v. Tedy plati dodatek.
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Summary

A REMARK TO APPLICATIONS OF THE LAPLACE TRANSFORM
TO ABSTRACT DIFFERENTIAL EQUATIONS OF PARABOLIC TYPE

ALEXANDER DOKTOR, JINDRICH NECAS, RUDOLF SVARC, Praha

The solution of abstract linear differential equation du/dt + Au(t) = f(t) with
initial condition u(0) = u, is obtained by means of the Laplace transform of functions
with values in Hilbert spaces. This generalization of the Laplace transform is briefly
built up in the Appendix. Existence theorems proved by this method correspond
to those obtained by another methods, e.g. by means of theory of analytic semigroups.
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Casopis pro péstovini matematiky, ro¢. 101 (1976), Praha

O JEDNOM MODELU 2k-ROZMERNEHO AFINNiHO PROSTORU

JArRoMir KRys, Hradec Kralové

(Doslo dne 8. ledna 1974)

Uvod. V tomto ¢&lanku nejdfive vytvofime pomoci prostoru A, (afinni bodovy
prostor, jehoZ zam&feni je vektorovy prostor dimenze k nad télesem realnych &isel)
jisty model prostoru A4,,. Potom ukaZeme, Ze kazdou regularni afinitu v A, lze stu-
dovat jako podprostor prostoru A,, a dale odvodime konfigurace v A4,, pomoci
konfiguraci v A,.

Model A,,. Necht A, = {4, Z,, ¢} je model afinniho bodového prostoru k (A4 je
neprazdnd mnoZina, Z, je vektorovy prostor dimenze k a ¢ pfifazeni, které musi exi-
stovat mezi 4 a Z,). UvaZujme kartézsky soudin A x A = A’, tj. mnoZinu viech
uspofadanych dvojic prvkli mnozZiny A. Struéné naznacime zakladni myslenky
dikazu, Ze mnoZina téchto dvojic je pfi vhodné zavedenych operacich modelem
afinniho prostoru dimenze 2k. Nejdfive zavedeme oznaleni: B=[M,N] a % =
= (M, N), kde Be A', Mec A, Ne A, U€Z, x Z;, #M €2, N/ €Z,. M budeme
nazyvat prvni obraz bodu B, N je druhy obraz bodu B, .# je prvni vektoru % aA"
je druhy obraz vektoru %. V A, zvolime uspofddanou dvojici bazi: {0, =
= {0y, %y, Uy, ..., U}, 0, = {0,, 71, ¥ 3 ..., ¥:}}. Bodu X = [C, D] pfitadime
2k-tici &isel tak, Ze prvych k &isel jsou soutadnice bodu C v O, a zbyvajici &isla jsou
soufadnice bodu D v 0,. Kazdé uspofadané 2k-tici &isel (redlnych) pfifadime bod,
jehoZ obraz m4 za soutadnice v O, prvych k ¢&isel a druhy obraz ma za soufadnice v O,
zbyvajici Cisla. Existuje tedy prosté zobrazeni mezi mnoZinou A" a mnoZinou vsech
uspofadanych 2k-tic ¢isel — ozna¢me ji P,,. Vime, Ze mnoZinu P,, miZeme pfi vhod-
ném zavedeni pfislu§nych operaci uvazovat jako aritmeticky model afinniho prostoru
dimenze 2k, tj. A,,. Nyni zavedeme, Ze vektory séitame tak, Ze sefteme pfislusné
obrazy a podobné bod a vektor seCteme tak, Ze seCteme pfislu§né obrazy. Je zfejmé,
Ze uvazované prosté zobrazeni mezi A’ a P,, takto zavedené operace zachovavd, a je
tedy izomorfni. Lze tedy A’ uvaZovat jako model bodového prostoru dimenze 2k,
jehoZ zamé¥eni je vektorovy prostor dimenze 2k nad télesem realnych Cisel. Ozna-
&ime: Ay = {A" = A, x Ay, Zi X Z, €} a také strucngji A, = A, x A,

Nyni uvaZime co vyplni resp. jak se interpretuji podprostory prostoru A,,. Plati
ziejmé, Ze kazdy podprostor prostoru A4,, je uspofadana dvojice mnozZin prostoru A4,
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(prvni mnoZinu tvofi prvni obrazy a druhou mnoZinu druhé obrazy). Pfenechime
&tenafi, aby dokazal, Ze zfejmé uvaZované mnoZziny jsou podprostory prostoru A,.
Oznacime: A, = [A;, A;], kde A, je podprostor prostoru A, a 4;, A; jsou podprosto-
ry prostoru A,.

Véta 1. Nechf Ay, = A, x A,. Pro kaZdy s-rozmérny (s = 0, 1, ..., 2k) podprostor
A, © A, plati:

I. A, = [A;, A}], pFicem? A, < A,, A; < A, i =0, 1,...,min(s, k), j =0, 1, ...
.omin(s,k)as < i+ j < 2s.

2. Nechf B =[M,N] e A,, potom bod [M,X]e A, pravé kdy? bod X € A,_;
a podobné bod [Y,N]e A, prdvé kdyz Ye A,_;, pricem? A,_, A,_; jsou jisté
podprostory pFislusnych dimenzi prostoru A,.

Dikaz. Nechf A4; = {B/, X, Uy, ..., .} je podprostor prostoru P, a nechf
v uvaZovaném izomorfismu mezi P,, a A’ odpovidd tomuto A, podprostor A,
jehoZ interpretaci hledame. Ozna¢me (M) matici, jejiz Fadky jsou soufadnice vektori
Uy, U, ..., U,. Necht (M) je matice urend prvnimi k sloupci matice (M) a (M,)
matice uréend zbyvajicimi sloupci matice (M). Necht matice (M) ma hodnost i
a matice (M,) hodnost j. Je znamo, Ze miizeme matici (M) upravit na (M’) se stejnou
hodnosti tak, aby (M) méla pravé i nenulovych fadkd a obdobn& (M}) bude mit
pravé j nenulovych Fadki. Vektory, jejichZ soufadnice jsou v fadcich matice (M),
zfejm€ urCuji zaméfeni prostoru 4; a pravé tak zaméfeni prostoru A4; uréuji vektory,
jejichz soufadnice jsou v fadcich matice (M}). Ziejmé je s < i +.j < 2s, nebot
v opa¢ném pfipadé hodnost matice (M) je v&tsi resp. mensi nez s. Matice (M) a (M)
maji s fadki a k sloupct. Dokazali jsme tedy tvrzeni 1. nasi véty.

Uvazujme v (M') fadky, které maji na prvych k mistech &islo 0. Téchto fadka
je s — i a kazda linearni kombinace téchto fadka resp. vektor v Z,, ma prvnich k
soufadnic nulovych a tedy odpovidajici vektor v Z, x Z, ma vidy za prvni obraz
nulovy vektor a druhé obrazy jsou vektory vektorového prostoru dimenze s — i.
Pfi¢teme-li tento vektor k bodu podprostoru 4, dostaneme bod téhoZ podprostoru,
pficemZ vSak prvni obraz je pro vSechny takové body stejny a druhy obraz je bod
jistého podprostoru A;_; = A,. Tim je dokdzano prvé tvrzeni ad 2). Druhé tvrzeni
se dokaZe zcela obdobné a nebudeme ho dokazovat. '

Afinita v k-rozmérném prostoru. UvaZujme regularni afinitu F v prostotu A,.
Kazdému bodu A € A, odpovida jediny bod A" = F(A4) € A,. Necht X = [A4, F(A4)],
tj. necht prvni obraz bodu X je bod A4 a necht druhy obraz bodu X je obraz bodu A4
v afinité¢ F. Co vytvofi viechny takové body X? Bezprostfednim dusledkem véty 1)
Je, Ze body X mohou vytvofit jeding A, = [A4,, 4;].

Véta 2. KaZdou uspoFdadanou dvojici podprostorii [A,, AJ] (A, A; = A,) miiZeme
uvaZovat jako podprostor A, S Ay (A, = [Ai Aj]), pFicemZ plati max (i, j) £
Ss=i+]
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Diakaz. Zvolime bazi zaméfeni podprostoru A4; vektory #%,, ¥,, ..., %; a bazi
zaméfeni podprostoru. 4; vektory ¥y, ¥,, ..., ¥ ;. Zaméfeni A; je urfeno bazi:
{(%,,0), (@2, 0), ... (s 0), Homjis Vi) ooos (Ui Vi) (0. jogrin)s -
< (0, 7))}

Z ptedchazejiciho a véty 2 dostavame:

Véta 3. KaZdy podprostor F, = [ 4, A,] prostoru A, = A, x A, miZeme uva-
Zovat jako reguldrni afinitu v prostoru A,.

Poznamka. Vicerozmérnou geometrii je pfipravena klasifikace afinit podle samo-
druznych bod a vektord. Identita I, je afinita [A,, A,], pro jejiz viechny body
X = [X,, X,] plati X, = X,. Hledani samodruZnych bodii a vektord dané afinity F
je tedy pfevedeno na hledani spoleénych bodii a vektorii dvou k-rozmérnych pod-
prostori a sice F, a I, v prostoru A,,. Z piedchazejiciho plyne diikaz znamé véty
o tom, Ze v A, existuje 2k + 1 riznych typl afinit.

Konfigurace v A,, odvozené pomoci konfiguraci v 4,. r-rozmérnd konfigurace je
mnoZina, jejiz prvky jsou vlastni podprostory daného prostoru a pro néz plati tato
podminka: Kazdy s-rozmérny podprostor je incidentni vZdy s tymz po¢tem k-rozmér-
nych podprostori (podrobngji napf. v lit. [ 1]). Necht v 4, je ddna konfigurace K typu:

(1) ’ oo Qo e Qo
a0 agy Ak
Ag-1,0 Ck-1,1 -+ A—1k-1

Body konfigurace K oznaéme B;, i = 1,2, ..., ago. V Ay, = A, X A, uvazujme ag,
bodit B = [B,, B;], kde i a j je rovno 1,2, ..., ago. Nyni uvazujme v A, = A, x A,
podprostory P, pfi¢emz P, je:

1. [Py, B;] nebo [B,, P,] (zfejmé toto nastane, jestlize h < k),

2. [Ay, Py—i] nebo [P,_,, Ac] (h > k), pti¢emZ P, i P,_, jsou prvky konfigura-
ce K — ozname tyto P, pfipustné podprostory.

Véta 4. 1. Necht 0 < h < k; potom pocet pFipustnych podprostorii P, je 2ayqayy.
2. Necht k £ h £ 2k — 1; potom existuje 2a,,_, ,_, pFipustnych podprostorii P,.

Dikaz. 1. Poéet P, v K je a,,. Kazdy bod B; e K muzZe byt prvni nebo druhy
obraz P,, a tedy pocet P, je 2ay9ay,.

2. Jestlize h = k, potom podet prostortt P,_, v K je pravé a,_; -, a kazdy z nich
miiZze byt prvnim nebo druhym obrazem P,; pfipustnych P, je tedy 2a,_ ;.
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Véta 5. Necht' s < h. Pocet pripustnych podprostori P, obsaZenych v pFipust-
ném P, je:

1. a,,, jestliZe je h < k,

a,, pro h =k,

a,_xodgo pPro h >k a s =0,

Ay 0 + Ap_ys8o0 pro h — k > s > 0,

Ay dy_ro + Ago pro h — k =5 >0,

= I I

Ay ly—0 pro h — k <s < k (h > k),

7. @y_ps-x pro s 2 k (zFejmé h — k > s — k).

Dukaz 1. Jestlize h < k, potom jeden obraz P, je bod a druhy obraz je podpro-
stor P, naleZejici konfiguraci K. Necht je tedy dany P, = [B,, P,]. P, = P,, jestlize
je P, = [B,, P;] a P, = P,. V konfiguraci K je pofet P, = P, pravé a,, a toto &islo
ziejmé€ udava pocet P, lezicich v daném P,. »

2. Zde je P, = [ B,, A,] a zfejm& polet hledanych P, je poet viech P, konfigurace K,
tj. a,.

3. Necht P, = [A4,, P,_,]. Bod B = [B, B;] € P, jestlize B;e A, a B;e P,_,.
Pocet bodti konfigurace K je aqo a v prostoru P,_, lezi a,_, o bodi; &islo a,_; oapo
zfejmé udava pocet uvazovanych bodu lezicich v daném P,.

4. Necht opét je P, = [A, Py—i]. V tomto P, lezi viechny P, = [P,, B;], kde P,
je kazdy podprostor dimenze s naleZejici konfiguraci K a B, je bod podprostoru
P,_,. Té&hto P, je zfejm& a,a,_,o. Déle v daném P, lezi viechny P, = [B, P,],
pficemZ B; je kazdy bod konfigurace K a P, je podprostor dimenze s, ktery lezi
vdaném P,_,. Téchto P, je zfejmé€ a,_; (ago-

5. Jestlize v pfipadg 4, je P, = P,_,, potom je ziejmé& pocet prostori P, = [B;, P,]
pravé ag,.

6. V tomto pfipad& neexistuje prostor P, = [B,, P,] (z pfipadu 4)).

7. Necht je P, = [A,, P,—;]. V tomto P, lezi P, = [A,, P,_;] a P,_, = P,_,.
Pocet hledanych P, ‘je tedy roven poctu prostorii P,_, lezicich v P,_, atéh jea,_; .

Véta 6. Necht' s > h. Pocet pFipustnych podprostorit P, obsahujicich pripust-
ny P, je: — .

1. 2a, pro s<k a h =0,

[3°]

a,, pro s <k ah>0,
.2pros=kah=0,
.l pros=kah>0,

w» W

. 2ag - pro s>k a h=0,
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ao._,_k + a,,'s_,‘ pro s — k > h > 0,
ags—x + 1 pros —k =h>0,
ag -y Pro s — k < h <k,

go N ioN

9. ay_ps—x pro s> h = k.

Dikaz. 1. Necht B = [B,, B,], pficemz B, i B, jsou body K. Bodem B; e K
prochazi ay, s-rozmérnych prostorit P, konfigurace K. Bodem B prochazi tedy a,
prostorii P, = [P,, B,] a pravé tak a,, podprostorti P, = [B, P,].

2. Necht P, = [B;, P,]. Tento P, obsahuje P, = [B;, P,] a P, obsahujc P,.
Pocet P, obsahujici dany P, je tedy zfejmé roven poltu P, obsahujicich P, tj. a,,.

3. A, je v A, jediny a proto kazdym bodem B = [B,, B,] prochézeji jediné tyto
dva podprostory: [By, A;] a [4,, B,].

4. Podprostor P, = [By, P,] je obsaZen jedin& v prostoru [By, 4,]. -

5. Bodem B = [B,, B,] prochazi a, ,—, podprostorii P, = [P,_,, A,], pfi¢emZ B,
lezi v P,_,. Pravé tak bodem B prochazi jest& a, ,—, podprostoril [ A4, Ps_,].

6. Necht P, = [B,, P,]. Timto P, prochdzi ziejmé aq ,, prostordt P, = [P,_,, 4]
(je to poget P,_, prochézejicich bodem B,) a a,, ,—, prostord P, = [A,, P,_,] (je to
podet P,_, prochazejicich danym P,,).

7. Prvé ¢islo, tj. ay ,_,, dostaneme jako v pfipadé 6, a déle existuje jediny prostor
P, = [A,, P,] obsahujici prostor P, = [B,, P,].

8. Tento piipad je opét specidlnim piipadem 6, s tim, Ze neexistuje P, = [ A, Ps—]
obsahujici P, = [B,, P,], jestlize je s — k < h.

9. Necht P, = [P,_, A,]. Tento P, je obsaZzen v P, = [P,_,, A,] a zfejm& pocet
téchto P, je roven poctu P,_, prochazejicich danym P,_, v konfiguraci K, tj. a,_ s_x-

Uvazujme nyni za pfipustné tyto podprostory:

a) P, = [Py2, L], kde h je &islo sudé a P, , i L, jsou podprostory dimenze h/2
a patfi konfiguraci K.

b) P, = [Ph-1y2> Ln+1y2) n€bo P, = [Ph+1y/2o Liu—1y,2)> kde h je liché &islo
a prostory P i L(pfislusnych dimenzi) patfi konfiguraci K. V obou pfipadech podi-
tejme s mozZnosti prostoru dimenze 0, tj. bodu — musime vSak pokladat nulu za sudé
¢islo.

Véta 7. 1. Necht h je éislo sudé, potom-pocet pripustnych podprostorii Py, je ay; 45

2. Necht' h je ¢islo liché a mensi neZ 2k — 1, potom pocet pfipustnych podprosto-
rit Py je 2a,-1y2 (- 1)/29h+ 12,0+ 1)/2-

3. Pocet pripustnych nadrovin je 2a,_q ;_,.

Diikaz. 1. Poget viech podprostort dimenze h/2 konfigurace K je pravé Apya py2-
Kazda dvojice téchto podprostorl je jedinym prostorem P,, a tedy jejich podet
je a:/z,h/z-
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2. V K existuje pravé a2 - 12 prostort dimenze (h — 1)[2 @ a4 1)2.0+1y2
prostort dimenze (h + 1)/2. Dostavame celkem a,— )/2.x- 1)/2%m+1)/2.h+ 1)/2 AVOjic
téchto podprostorfi, kde prostor dimenze (h — 1)/2 je prvnim prvkem této dvojice.
Dile dostividme stejny podet dvojic, kde prostor dimenze (h — 1)/2 je druhym
prvkem této dvojice. Je tedy pocet vSech téchto dvojic resp. prostorit P, pravé
20— 1y72,00- 1)29(h + 1)/2.(h+ 1)/2

3. Podet Py, = [Py_y, Ai] je pravé a,_y 4, tj. poet nadrovin konfigurace K,
a praveé tak existuje a,_, ,_; prostord Py, = [A4,, P,—,].

Véta 8. Nechi s < h. Pocet pFipustnych podprostorii P, obsaZenych v pFipust-
ném P, je:

1. a7)3.42 pro his sudé,

2. 2a45 (s-1)/29n2 s+ 1y2 Pro h sudé a s liché,

3.

Aeh—1)/2.5/29h+1)2.5/2 Pro s sudé, h liché a mensi nez 2k — 1,

PN

A= 1y2,05- 120+ 12,5+ 172 T G- 1y72.5+ 1728+ 1)/2,s- 12 Pro h i s liché
ah<22k-—1,

5. Qy_y 202,52 Pro h =2k — 1 a s sudé,

6. a1 s-1)20s+ 12412 T Gu—1.4s+1)28s-1y2.5-12 Pro h =2k — 1 a s
liché.

Dukaz. 1. Necht P, = [Pz, L,j2] 2 P, = [Py2, L, 5} P, = Py, jestlize Py, <= Py,
a Ly, < L,,. Pocet prostorii Py, obsazenych v P, je ay, . Pravé tak pocet L,
obsaZzenych v L, , je a,, ;»- PoCet dvojic téchto prostori resp. poCet P je tedy a,f/ 2.5/2

2. Py =[Py, Lyy] a P, = [P(s—l)/Z’ L(s+n/z] nebo [P(s+l)/2’ L(s—n/z]- Pocet
Ps—1y2 © Pz j€ Qpas—1)y2 @ POCet Lisy 1), < Ly j€ apz s+1)2- Kazda dvojice
[P(s—l)/Z’ Li+1y2] je hledany P ' P, a téchto Py je tedy @pz s—1)20n2.65+ 12
Existuje jesté stejny podet P, = [P(41)2, Lis—1)2), @ tedy celkovy polet hleda-
nych Py je 20y (s—1)/29h2.5+ 1)/2-

3. Necht P, = [Pp-1y2o Lt 1y2] @ Po = [Pyj2s Ly2)- V K existuje ag— 12,42
prostorii Py, © Py—1yz @ Qgeqyz.2 Prostord Ly, © Ly gy Cislo ag—yy2 .42 -
A4 1))2.52 j€ tedy polet viech dvojic [P;),, Ly, ]

4. Necht Py, = [Py-1y2: Lus1y2] @ Py = [Pis-1y2 Liss1y2] nebo [Pioyiya,
L-y)2]- Z ptedchazejicich Gvah je zfejmé, Ze &islo ag,—y)2 (s 1)28h+ 1)/2.65+ 1)/2
udava polet P, = [P(~1)2> Lis+1)2] © Pr @ Cislo agy— 12,6+ 17728 h+ 1)/2.s- 1)/2 I€
polet Py = [Ps41y/20 Lis—1y2] < Phe

5. Kdybychom v pfipadé 3, nekladli omezeni h < 2k — 1, potom pro h = 2k — 1
J€ Ay 1)2.52 = 045 a takto indexované Eislo v matici konfigurace K neni. Vyznam
tohoto ¢isla vak ziistava a sice pocet viech P, v A, — v konfiguraci K je tento pocet
vyjadfen Cislem ay; /,. "

6. Tento piipad dostaneme, jestlize v 4. nahradime €islo a4 )2, s-1)2 Cislem
st 1y2,s+1)72 @ CiS10 Qs 1) (s—1y72 Cislem A1)z (= 1)2-
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Véta9. Nechr's > h. Pocet pripustnych podprostorii P, obsahujicich pFipustny P, je:
1. ap5 .2 pro his sudé,

2. 2ay3 (5 1)/29n/2.(s+1y2 Pro h sudé, s liché a mensi nez 2k — 1,

3. Ah—1)2.529¢+1)2.5/2 Pro h liché a s sudé,

4. ap-1y2.05- 1290+ 1)2.5-1)2 T B+ 1)/2.05- 1)/28h- 1)/2.(s + 1)/2 PO h liché, s sudé
a mensi nef 2k — 1,

6. ap_1)y24-1 + Ah+1y24-1 Prolichéas =2k — 1.

Dukaz. V ptipadech 1), 2), 3) a 4) jsou uvedena &isla formalné stejna jako
ve vété 8. Rozdil je vSak ten, Ze zde je s > h a uvedena ¢isla a,, udavaji pocet
prostorit P, obsahujicich P,. Ve vété 8 tato Cisla udavala pocet P, obsaZenych v P,.
Jinak je duikaz téchto Ctyf pFipadil zcela obdobny pfedchazejicimu dikazu a proto
jej nebudeme provadét.

5. Tento pfipad dostaneme z 2., jestlize ¢islo a,,, , bude pocet prostorl A4, obsa-
hujicich P,;, — prostor A, je viak jediny.

6. Podobné v 4. je a2 = 1 @ agoqy24 = 1
Z ptedchazejiciho snadno dokazeme tuto zajimavou a dileZitou vétu:
Véta 10. Necht v A, (afinni bodovy prostor, jehoZ zaméFeni je vektorovy prostor

nad télesem redinych cisel dimenze k) existuje konfigurace K dand matici (1).
Potom v A, existuje konfigurace K, typu:

(2) ago 2ag,
a0 2a00a,,
Ax-1.0 Ak—1.1
Qoo ayy
a10400 ay,ay9 + doo

ay—1,0800 d11dx-1,0 + Ax—1,1800 - -

cev 289 44 2 2a,, ce. 28041
ay -1 1 gy + 1 ... Gog—1 + Ay 4y
oo 2a00@k-1 k-1 1 doy <o Aok-1
Ap—1,k—1 2a,, doy cee Ao k-1
Ak-1.k-1910 (T 2a,, cer Ay k-
Q-1 k-19k-1,0 T Qoo Qx-1,0 Gx—1.1 -+ 2841 4
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a konfigurace K, typu:

2
(3) ago 2‘100001
oodo 2agpay,
Ap—2.00c-1.0 Ak-2.00k-1.1 + Ax-2 18- 0
2
ai-1,0 20y 1 08k-1.1
ax—1.0900 Ag-1,0011 + Ax—y 1800
2
- Qok-1 2a9 k-4
c Ao k—1ay k- dok—-1 t Ay k-1

© Q-2 k-1Ak—1k-1  Ak—2.k—19k-1 k-1
. a:—l,k—l 2051 k-1
O k- 20,y k-1
Dikaz. Konfigurace K, a K, existuji v modelu 4,, = A4, x A, — to je ziejmé
z vét 4 az 9. Cisla na hlavni diagonale matice (2) dostaneme podle véty 4, pod hlavni
diagonalou podle véty 5 a &isla nad hlavni diagonalou jsou ureny vétou 6. Podobné
gisla na hlavni diagonale matice (3) jsou ur&eny vétou 7, pod hlavni diagondlou vétou 8
a nad hlavni diagonalou vétou 9. ProtoZe v konfiguraci se jedna jenom o incidenci

podprostoril a tato vlastnost je afinni invariant a naSe véta plati pro jeden model,
potom plati i v obecném resp. abstraktnim prostoru A,,. '
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Zusamenfassung
UBER EIN MODELL DES 2k-DIMENSIONALEN AFFINEN RAUMES
Jaromir KRrys, Hradec Kralové
In der Arbeit werden Konfigurationen in A,, mit Hilfe der Konfiguration in A4,

konstruiert. Der Verfasser beniitzt dabei ein spezielles Modell von A,,, dessen
Konstruktion am Anfang der Arbeit beschrieben ist.
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A NOTE ON A HEAT POTENTIAL AND THE PARABOLIC VARIATION

MirosLAvV DonNT, Praha

(Received January 24, 1974)

INTRODUCTION

Let R" stand for the n-dimensional Euclidean space (n positive integer). We shall
deal with the plane R? in the sequel. Further let *R! be the real axis together with the
points + o0 and —oo. Whenever we say f is a function on a set M we mean f is
a mapping from M into *R'; a real function on M is a mapping from M into R'.
If we speak about a continuous function we always consider a real function. Given [
a compact interval in R', %() is defined to be the space of all continuous functions
on I. We consider %(/) endowed with the supremum norm topology.

Let <a, b) be a compact interval in R' and let ¢ be a continuous function of
bounded variation on <a, b). Conformably to [ 1] we shall introduce some notations.
For any point [x, t] € R? such that t > a we define a function «, , on the interval
<a, min {1, b}) by '

RN ED)

o, . is always a continuous function of locally bounded variation on the interval
<a, min {t, b}). Further we define for each continuous function f on <a, b)

ax_,(‘t) -2z (P(T)

] min{t,b}

), IO (- dx()

whenever [x, t] € R?, t > a and the integral on the right hand side of (0.1) exists
in the sense of the Lebesgue-Stieltjes integral and is finite. If ¢ < a then we put
Tf(x, t) = 0. .

It turns out useful to investigate Tf considered as a function on R* — {[¢(t), t];
te{a, by} for a fixed f in connection with the boundary value problem of the heat
equation in R?, especially with the Fourier problem (see [1]).

A theorem concerning the limit value of Tf on the set K = {[¢(¢), t]; t €<a, b)}
has been proved in [1]. In this paper we shall show some complementary results on

(0.1) Tf(x, 1) =
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that matter and on the parabolic variation. The parabolic variation of the curve ¢
was defined in [1] and played the main role in the investigation of the potential Tf.
In the same way as in [ 1] we define the so-called parabolic variation with a weight Q.
Let Q be a nonnegative, lower-semicontinuous and bounded function on the interval
{a, b). Let [x, ] € R* Fora,r > 0, a < + oo put

02 ) = T 0

where the sum on the right hand side is taken over all t € (a, b) such that 0 <
<t—1<r and
_ 2
(-1 = (XY
2a

The parabolic variation with the weight Q and the radius r of the curve ¢ at the
point [x, t] is defined by

o0

(0.3) Ve(r; x, t) = f e n2 (r, ) da

0

(see [1], Definition 1.1). Further we denote
V&(o0; x,8) = V¥x, 1), Vilr;x,1) = Vilr; x,1),
Vi(x, 1) = Vk(x, 1) ([x,t]eR?).

The function V§(r; +) (as a function on R?) is a nonnegative lower-semicontinuous
function on R? and is finite on R*> — K (see [1], Lemma 1.2). Further, it holds for
eachr>0,xeR' teR',a <t <.b+ rthat

min{t,b}

(0.4) Ve(rs x, 1) = j 0(c) exp (=2 (1)) d var a,.(z)

' max {a,t—r}

(see [1], Lemma 1.1). If t S aor t = b + r then VE(r; x, 1) = 0.

The parabolic variation is analogous to the cyclic variation introduced in [4]
(or [3]). It has been found in [6] that there is a smooth curve which has infinite
cyclic variation at its every point. Now an analogous question arises: is there a con-
tinuous function ¢ of bounded variation on (a, b) such that Vi(x, t) = oo for every
point [x, t] € {[¢(t), t]; te(a, b)}? This question is investigated in the second
part of this paper.

In this part of the present note we shall show some simple assertions concerning
the parabolic variation and some complementary assertions concerning limits of
the potential Tf on the curve ¢.
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Let ¢ be a continuous function of bounded variation on a compact interval
{a, b) = R! and let Q be a nonnegative, lower-semicontinuous, bounded function
on the interval {a, b). Let the symbols o, ,, n2,, Tf, K, VE, Vx denote the same as
in the introduction.

By the assumptions there is a constant c € R' such that Q < ¢ on {a, b). It is
seen from the definition of the parabolic variation that

VE(r; x,t) £ ¢ Vi(r; x, t)
for every [x, t] € R%, r > 0. In particular,
Vi(r; x, 1) < o iff V(rix,1) < .
Similarly if

sup Vx(r; x,t) < oo then sup VE(r;x, 1) < o
[x,tleM [x,t]leM

for any nonvoid set M = R2. The converse statement is not valid. Nevertheless, one
may formulate the following assertion:

Let t, € {a, b) and suppose that Q(t,) > 0. Then

Vi(r; o(to), to) < oo iff  VE(r; o(to), to) < o0

for any r > 0. There is, in addition, an interval I = {a, b) which is open in {a, b)
such that 1, € I and

sup Vi(r; o(t), 1) < oo <>sup VE(r; ¢(1), 1) < .
tel tel

One may prove this assertion by means of the equality (0.4) regarding the fact that
the function Q is lower-semicontinuous.

Lemma 1.1. Let t, € (a, b), xo = ¢(t,) and suppose that

(1.1) lim sup'lx——-g(t—)I < .

t=to - \/(to - l‘)

Then V¥(x,, to) < oo if and only if

(1.2) j (<) d var, [\/( > f(g]

Particularly: Vi(xo, to) < o if and only if

(1.3) var, [ /s f(:) <a, 10)]
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Proof. If (1.2) holds then surely V&(xo, fo) < o0 since

V(xo, to) < J ® o) d a9

according to (0.4).
Suppose now that V¥(xo, to) < oo. It is seen from (1.1) that

¢o = inf {exp(— M’ﬁ); e, xo)} >0

4(’0 - T)
so that

VI((?(XO’ tO) — J-m Q(T) exp (_ aﬁzto.lo(r)) d var axo.'o(r) g Co J"o Q(T) d var axo,lo(r)

and thus (1.2) holds.

Now it suffices to note that if Q is the function which assumes the constant value 1
on {a, b) then the terms in (1.2) and (1.3) are equal.

In the same way as we defined the parabolic variation we may define a function
WE(r; +) on R? putting

o0

(1.4) Wi(r; x, 1) = J. n2 (r, a) da

0
(r > 0). Similarly we define W, Wy(r; ) and Wy.
In the same way as (0.4) has been proved (see [1]) one may prove that

WE(r: x, 1) - J‘min",b) 0(r) d var a, (r)

max {a,t—r}

for any r > 0, [x, t] € R* with a < t < b + r; particularly

Wi(x, t) = 4 var, [XT/E;—(—I’(%)) ; <a, min {t, b})],

whenever [x,t]eR?, t > a.
It follows from Lemma 1.1 that if ¢ is moreover $-Hélder on (a, b) then it holds

Vex,1) < oo iff WE(x,1) < o0
for any point [x, f] e K.
Lemma 1.2. Let the function @ be %-Hdélder on the inter;yal {a, b). Then
(1.5) sup {V&(x, t); [x, ] €K} < o
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if and only if
(1.6) sup {W8(x, 1); [x, t] e K} <
Proof. There is‘a constant k € R' such that
le(t) — o(t2)] £ k|t — 3]

for each pair of points t,, t, € {a, b). It is seen from this and from the form of the
function a, , that there is a ¢, > 0 such that

e %) > o
for every [x, 1] €K, t > a, te€{a, t). Hence
(1.7) . VE(x, 1) 2 ¢, J.'Q(r) dvara, (1) = ¢; Wg(x, 1).
If ce R is a constant such that Q < c on <a, b), then
V(% 1) £ ¢ W(x,1).
From this and from (1.7) the assertion now follows.

Lemma 1.3. Given a € (3, 1), t € (a, b) suppose that
lim sup o(1) = o(1) <
== (t e T)a
Then VE(¢(1), 1) < oo if and only if
t
(=1

If @ is even a-Hdlder on the interval {a, b), then

dvaro(t) < .

(1.9) sup {V¥(x, 1); [x, 1] €K} <
if and only if

(1.10) sup{Jt \/(?(— S dvarole) re(a b)}

Particularly: if ¢ is a Lipschitz function on {a, b) then (1.9) holds.

Proof. Suppose that
lo(t) — o(t)] = k(t -

(where k is a suitable real constant) for each t' € (a, t).
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Then we have

o0 = [ e ave [T ] s

j T_0) dvan ol — 0(0) + J ) [o(t) — o(c)| d var, [ﬁ] =

A

i \/(l
= !- Q() var o(t |(pt) (T)| t)dr <
Jz¢<—od o0+ | gm0

"o var ¢(t ok 7)dt
[ g gt ree0)+ [ s a0

Since Q is a bounded function and a > } by the assumption, the last integral is
finite. Hence (1.8) implies W(¢(2), 1) is finite (and V(¢(2), 1) is finite, too).
In a similar way we obtain the following estimate:

o) var o(t t—«Q(T) /(t — ) d var, o(t) — o(r)
Jo gt vee0s [ g vt aavn [2F=E] 4

F_0) o) = ofr) _
i J- « V(t=7) (P\/(t —(pr) Lavar, (0 = ) = 2#8(60. ) +

. J M\ 0(c) dr < 2 We(o(0), 1) + j __ko@

)3/2 . 2(t _ 1:)3/2-9: %

The last integral is finite.

We obtain together that (1.8) is valid if and only if Wg(¢(t), 1) < oo but this is
equivalent with V§(¢(t), 1) < oo in our case (see Lemma 1.1).

One may prove the second part of the assertion by analogous estimates.

Now let ¢ be a Lipschitz function on {a, b) — suppose that

|‘P(tl) = (P(fz)l = k|t1 = t2|

for any t,, t, € (a, b). Let t € (a, b). Then

R var ¢(1) = t —|~—L(p’(t) T < R T
| g ewet = [ e s k] i

=2k /(t — a) < 2k /(b — a).
Thus the condition (1.8) with Q = 1 on {a, b) is fulfilled and, in fact, (1.9) is valld
This completes the proof.
Let us now define the space 4(<a, b)) in the same way as in [1]. Let Q be always
a nonnegative lower-semicontinuous and bounded function on the interval <{a, b).
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The space €,(a, b)) is defined to be the space of all functions f € ¢(<a, b)) for which
there is a real constant ¢ (dependent on the function f) such that

] < 0

on the interval {a, b) and with the property that
|£(t0) = £(1)] = o(Q())
for every point t, € {a, b). We endow the space €({a, b)) with the norm defined by
|fle = inf {c e R'; |f] < ¢Q on <a, b)}

(f € €4(<a, b))). Then the space %y(<a, b)) is a Banach space (see [1]).
In [1] we have shown an assertion concerning the limits of the form

(1.11) lim  Tf(x, 1),
[x,t]1-[x0,t0]
[x,t1]eM

where M was a set in R? such that [xo,t,] € K = M and either M < {[x, ];
tea, by, x > ¢(t)} or M < {[x, 1]; te<a, by, x < ¢(t)}. Provided Q(a) = 0 it
was proved that the limit (1.11) exists and is finite for each f € €y(<a, b)) if and only if

(1.12) limsup V¥(x,t) < 0.

[x,t]1-[x0,t0]
[x,t]eM

The condition (1.12) is fulfilled, for instance, when there is a 6 > 0 such that
sup {V2(x,1); [x,t]€K, tela, by n(to — 8, to + 8)} < .
Let us now consider the case when the condition Q(a) = 0 is not supposed.

Proposition 1.1. Let us suppose that

t—a+ \/(t - a)
Let B be a continuous function on {a, b) such that p(a) = 0 and
lo(t) — e(a)| < A1) (t — a)
for allte(ab) (accérding to (1.13) such a function B exists). Put
M, = {[x,t]; te(a, b, ¢(t) < x < ¢(a) + B(t) /(t — a)},
M, = {[x,t]; te(a, b), o(a) — () /(t — a) < x < o(1)} .

(1.13) lim o) = ola) _ 0
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Then there are finite limits

(1.14) lim  Tf(x, 1),

[x.11~[¢(a),a]
[x,1]leM

(1.15) lim  Tf(x, 1)

[x,1]-[e(a),a]
[x,t1]JeM2

for each function f € €y(<a, b)) if and only if there is a & > 0 such that
(1.16) sup {V&(e(1), 1); te(a,a + 8)} < 0.

Proof. One can prove the necessity of the condition (1.16) for the existence of the
limits (1.14), (1.15) in the same way as Lemma 2.1 in [1] and Theorem 2.1 in [1]
were proved.

Assume now that the condition (1.16) is fulfilled and let a function f € y(<a, b))
be given.

In the case f(a) = 0 the existence of limits (1.14), (1.15) may be proved in exactly
the same way as in [1] (making use, of course, of Theorem 1.1 in [1]). In that case
even

lim  Tf(x,1) = 0.

< [x,t]1=[¢(a),a]

Now it suffices to show that the limits (1.14), (1.15) exist for any constant function /.
That may be proved even if we assume nothing about the parabolic variation. It holds
namely for t € (a, by, x > ¢(t) that

Ti(x 1) =2 — 26 (X=2@
N P T
(wWhere G is the function on *R" defined in [1], i.e. G(— ) = 0,
t
G(t) ='[ e ¥dx, t> —o).
Consequently, for [x, t] € M, it holds (for G is increasing)
SEPIECES N Er O\
Jr 2/(t — a) Jr

2 (t) — ¢(a)
< Tl(x,t)<2—%6(%—\7zt—_(p—a)).

Since ;

G(4 A(1)) <

: — lim 20 — 9(a) _
11—121% ﬂ(t) —tl—»a+ 2\/(1? = a) =0
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we obtain immediately that

lim Ti(x1)=1.
[x,11-[¢(a),a]
[x,tleM,

Similarly for the lifnit (1.15). The proof is complete .
Now let us present an assertion concerning limits of the form

lim Tf(x,t) or lim Tf(x, 1),

x—=o(t)+ x=e(t)—

where 1 is a fixed point of the interval (a, b).

Theorem 1.1. Given t € (a, b) suppose that

(1.17) ’ li?_l,,silp Ji\;)(r:_—%()z)i <.

Then there are finite limits

(1.18) lim Tf(x, 1),
x—plt)+

(1.19) lim Tf(x, 1)
x—=p(t)—

for each function f € €y(Ca, b)) if and only if

VE(o(0). 1) < o0
Proof. If there is, for example, a finite limit (1.18) for each f e %y({a, b)) then

lim sup V(x, 1) < o .
x=@(r)+

Since the function V¢ is a lower-semicontinuous function on R?, this implies that
VR(e(), 1) < oo. ,
Let V(o(1), 1) < oo. It is sufficient to show that

(1.20) lim sup VZ(x, 1) <
x=o(t)+
and
(r.21) lim sup V&(x, 1) < .
: x=e(h)—

For every x € R! we have
' .
VE(x, t) = sup {J f(r) exp (—ol (7)) da, [(1); fe%q ||f]o = 1} .
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Then it suffices to prove that there are ¢ € R', § > 0 such that

(1.22) i J"f(r) exp (—aZ (1)) da, (1) — J”f(r) exp (—a? (1)) day 7) | S ¢

for each x € (¢(f) — 6, ¢(t) + 9) and for each function f e €({a, b)) with |f| <0
on {a, b). Since ¢ is a continuous function by assumption it follows from the con-
dition (1.17) that there is a constant k € R' such that

lo(6) = o(0)] < kJ(t =)

for each t € {a, t). Let r > 0 such that
r 2
t—{—) >a.
(=)
Putting x = ¢(t) + r and considering a function f € ¢(Ca, b)) with |f| < Q we have

=

(1.23) ; j :f(f) exp (— a2 (1)) dog, (7) — f :f(f) exp (— 225y ,(1)) Aty (7)

+

< ! J':f(r) exp (—a (1)) do, (1) — J:f(t) exp (—aZ (1)) doty A7)

4] j 7(2) exp (=22 (1) dtgen 2) — j'f@) exp (=220 (1)) Aoy )

+

j 1(2) exp (—22,(1)) d(oe(2) = Xy (7))

+ =

j 1(2) (exp (—o2.(2)) — xp (= 220 (2)) datp )

< [ e (ot (o, (20 7= 91 _ 000 = of2)
s [rom o (R - 1)

+ J' ()] exp (=o 2)) — exp (e (D))] d var sgeoe) <

r t ] l‘.
< ¢y y f P exp (—al (7)) dt + J‘ O(t)d var a,,) (1),

where ¢, is a finite constant such that Q < ¢, on <a, b). Since the condition (1.17)
is fulfilled it follows from Lemma 1.1 that

(1.29) J”Q(t) d var a, (7) < © .
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It holds for each 7 € (t — (r[2k)?, 1) that

o) o) S kYt =) < 2,
that is -

o) + r = ()| 2 ]
for this 7. Thus

r t 1 r t—(r/2k)2 dr
1.25 - — X -—azf 1))dt = — S N
029§ [ o om0

rJ't 1 7‘2 P r 1 t—(r/2k)?
&+ — ————exp(— 7) T =—|:——] +
4 ) yanp (t = 7)*2 16(t — 1) 410 - 1)1,

+2J' e ¥dz < — (%— 1 >+\/n§k+\/n.
%2 2\ r J(t-a)

On the right hand side of the estimate (1.25) we have a constant which is independent
of the value r > 0 (r < 2k /(t — a)). Hence the condition (1.20) is fulfilled. Similarly
for the condition (1.21). This completes the proof.

Let us now show some complementary assertions concerning the operators T, T_
which have been established in [1] in connection with the boundary value problem
of the heat equation. In [1] we have defined a space of all continuous functions on
{a, b) vanishing at the point a. This space may be considered a space €4(<a, b))
where Q is a function on {a, b) for which Q(a) = 0 and Q(r) = 1 for each t € (a, b).
Provided the condition

(1.26) sup {Vx(e(), 1); te<a, b)} < oo

was fulfilled the operators T, and T_ have been defined on that space by

(1.27) T.f() = lim Tf(x,1),
) [x’,t"1=[o(1),1]
t'eda,b),x">o(t")

(1.28) Tf(1)= lim  Tf(x, t)

[x’,t"1=[e(1),t]
t'ea,b),x" <o(t’)

(f € %o(<a, b)), t € {a, b)). These operators map the space ¥o(<a, b)) into itself.
Now let Q be a nonnegative lower-semicontinuous and bounded function on <a, b)
and suppose that

(1.29) sup {VE(x, 1); [x,t] €K} < 0.
Then the limits (1.27), (1.28) exist for each f € ¥y(<a, b)) and for each t € (a, b).
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Proposition 1.2. Suppose that the condition (1.29) is fulfilled and let Q(a) > 0.
For each fe%y(<a, b)) let us define on the interval (a,b) functions T,f, T_f
by (1.27), (1.28). Then the functions T, f, T_f may be continuously extended to the
whole interval {a, b) for each f € €y(<a, b)) if and only if the limit (finite or in-
finite)

. o(t) — o(a)
(1.30) lim R

exists.

Proof. Suppose, for instance, that T, f has a continuous extension on the interval
<a,b) for each fe@y<a, b)). Since Q(a) > 0 (and Q is lower-semicontinuous)
there are 8 > 0, f, € y(¢a, b)) such that f,(t) = 1 for each re(a,a + §). It is
easily seen that for each 1 € (a, a + 6)

_,_ 2 (o) = e(a)
(1.31) T+fl(’)‘2“\/nc(2\/(t—a)>

where G is the function defined above (see [1], proof of Lemma 2.1). The limit

lim T, £,(2)

t—a+

exists by the assumption and since G is an increasing function the limit (1.30) exists
as well.

Suppose that the limit (1.30) exists. If /; denotes the same as in the first part of this
proof one may write any function f € $,(<a, b)) in the form f = f, + kf,, where
fo€€o(<a, b)), fo(a) = 0 (k = f(a)). Operator T is linear (and so the operators
T., T_ are) and thus it suffices to show that T, fo, T, f,, T_fo, T_f, may be con-
tinuously extended to {(a, b). But

lim T, fo(t) = lim T_fo(t) = 0

t—a+ t—a—

(for  lim  Tfy(x, t) = 0) and finite limits
[x,t]1-[¢(a),a]

lim T, f,(r), lim T_ f,(¢)

t—a+ t—a+

exist according to (1.31) and to the assumption of the existence of the limit (1.30).
This completes the proof.

Remark. Provided (1.26) holds the operators T,, T_ have been defined on the
space %,(<a, b)). Conformably to Proposition 1.2 we may define operators T, T_
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on the space %4(<a, b)) (provided the condition (1.29) is fulfilled) by (1.27), (1.28)
for t € (a, b). We define

T.f(@)=1m T, f(r), T-f(a)=1lim T_ /().

t—a+ t—a—
-

Then the operators T, T_ map %(<a, b)) into €(<a, b)).

2.

In this part we shall show that there is a continuous function ¢ of bounded variation
on an interval {a, b) such that

Vi(o(1), 1) =

for almost all t € (a, by (K = {[@(1), 1]; t € <a, b)}).

Let a, be R', a < b. The supremum norm on ¥({a, b)) is denoted by |...| or
[l e “@. Let us define a space Z = %(<a, b)). Put

# = {feC({a, b)); var [f; (a, b)] < w0}

and endow the space # with the norm H ; .H_.,, defining

[fls = 1]« + var [f: <a, 03], (fe ).

It is well known that the space # with the norm || .. Hg is a Banach space.
For f € # we define on <a, b) a function W/ by

0 for t=a
i) =,

! 0 (
————dvarf(r) for te(a,b).
J.a \/(t - T)
For a positive integer k such that 1/k < b — a we set

Mk={feg; there is a re<a +%,b> with W/(1) < k}.

Proposition 2.1. The sets M, are closed in .

Proof. Fore > 0,& < b — a, fe # we put

/«0 for tea,a + &)
Npr-e

b
N

wi(r) =

dvarf(r) for te(a +¢b).



It is easily verified that W/ is a continuous function on {a, b} (since var [ f; <a, b)] <
< o) and it holds

W/7 Wl as eNO.
Hence it immediately follows that W/ is a lower-semicontinuous function on {a, b).

Let f,e M, (where k is a fixed number, n = 1,2,...) and let ||f,, —f[\_,a — 0.
Then particularly

limvar [f, — f; <a, b)] =0

n—oo

and thus

Wi W/ as n— o

for any ¢ > 0, ¢ < b — a and this convergence is uniform on the interval <{a, b)
(since the functions 1/,/(t — t) are uniformly bounded on the intervals <{a, t — &)
with respect to te(a + ¢ by and W/"(t) = 0 for te(a,e)). According to the
definition of the set M, there are points t, € (a + 1]k, b) such that

Woin(t,) < k.

Let us suppose that the sequence {f,} converges to a point t € (a + (1/k), b). We
assert that f € M,. To this end it suffices to show that W/(r) < k.

Suppose that
k< Wi(t)=k+c.

Then there are ¢, 8 > 0 such that
WIt) > k + <
2
for each "€ {t — 8,1t + ) n (a, b) (we assume ¢ < o0; in the case ¢ = co one

would proceed by analogy).
There is ngy such that

W) - Wi =
for each n > ng and each ¢’ € (a, b). But then

kgWﬂQ:W&Q~£>k+i

This is a contradiction which completes the proof.

Proposition 2.2. There is a function ¢ € # such that
(2.1) Vi(o(t), 1) = o0
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(where K = {[x, t]; te {a, b), x = ¢(1)}) for almost all te(a, b). The function ¢
may be even chosen to be absolutely continuous.

Proof. Let &/ denote the closure in # of the family of all Lipschitz functions on
<a, b (it is clear that o is the set of all absolutely continuous functions on <a, b)).
o/ endowed with the norm restricted from £ is a Banach space.

Let us prove that the set
={fes; te(a, by = W/(t) = w0}

is of the second category in &/. From this the assertion will follow.

Since

A=o — U M,
k>1/(b—a)

it suffices to show that the sets M, N & are nowhere dense in &/. Those sets are closed
and thus it suffices to prove that no set M, N &/ contains any interior point (with
respect to o). We assume for the simplicity that {a, b) = <0, 1). Let us define
functions f, € & in the following way.

For a positive integer n we put b, = 1/(2n°) and

0 for te<0,l —b,,)
o) = "

L o an s 1,1

nz—~b—"(—n) or =~ by -]

We extend the function ¢, periodically with the period 1/n on the whole interval
<0, 1. Further, we put

£l = jtwn(t) dr (tela, b)).

With respect to the fact that the function f, is nondecreasing (for ¢, is nonnegative)
and £,(0) = 0 we have

1 2
[7la = 2500) = 20— b, = =.

Let t, € (0, 1/n). Then

(p,,(r) 1 j'”" dr

1/n+to
Win + t dr = —_—
( ° .[ n’b, 1/n—bn 1_‘_’ —
" 0
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SEE l‘*"o—‘f " - (V(to + by) = \/to) =
n?b, n by Dy

2 b, < 1 —
n2b, J(b, + to) + Jto 1 /(2b,)
In virtue of the fact that the function ¢, is 1/n — periodic one sees that
>

0

n

for any te(1/n, ).

Suppose now that for a positive integer k (with 1/k < b — a) the set M, n o/
has an interior point (in o). Then there are f, € M, N &, ¢ > 0 such that

(2.2) (fes,

fo‘f”.aa<8)=f€Mk-

Since the set of all Lipschitz functions on <0, 1) is dense in &/ (by the definition of
the set /) one may suppose that the function f, is a Lipschitz function. Then there is
a positive integer k, such that

W/o(t) < ko

for each t € {a, b) (see Lemma 1.3). Choose n to be a positive integer such that
2
n > 2 max {k, ko} , “f,,ﬂw =-<eg.
h
Then for each 1 e {1/k, 1),
1
V=1
o 0~ - () = Wi(o) — Wo()
= 7dvarf,r—J ———d var fo(1) = Wn(t) — W/°o(t) 2
J‘O\/(t_f) ot =1

WU+ In(1) = Jq ———dvar(fo + f,) (1) 2
0

=n—ky> k.

It follows from this that f, + f, ¢ M, which contradicts (2.2) (where we put f =
= fo + f,). Thus, in fact, the sets M, N o/ are nowhere dense in &/.
We conclude that there is a function ¢ € o such that W(r) = oo for each t € (a, b).

But ¢ has a finite derivative at almost all points ¢ € (a, b) and at every such point ¢
it holds

W(t) = o0 < Vilo(t). 1) = o0

(where K = {[¢(?), t]; t € <a, b)}) according to Lemma 1.3.
The proof is complete.
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OB OJJHOM AHAJIOTE TEOPEMbI KYPLBEUJIA-ICHOIO
JJ1s1 CUCTEMBI ABYX NUPPEPEHUUAJIbHBIX YPABHEHUN

. 4. MUP30B, T6aaucu

(MocTynuio B peaakuuio I9/ll 1974 r.) -

PaccMoTpuM cucTeMy auddepeHUHaNIbHbIX ypaBHEHUI BUAA

(1) uy = ay(1) |u,

Msignu,, uy = —ay(t)|uy | signu, ,

rae 7; > 0, dyukumnn a(t) (i =1, 2) aBCOMIOTHO HEMPEPbIBHBI HA KaX/I0M KOHEYHOM
oTpeske npoMexyTtka [0, +oo] 1

(2) a()>0 npu t=0 (i=12).

Pewenne (u,(1), u,(t)) cuctemsl (1), 3ananHoe B IpoMeXyTKe [, t¥) Ha3biBaeTCS
HENpogoJIKaeMbIM BNPaBo, €cliu t* = + o0, nubo t* < + oo u

li_’m‘(|u,(t)| + |uz(t)|) = +o00.

Pewenne (u,(t), u,(t)) cuctemst (1) Ha30BEM NpaBHIBLHBIM, €CIM OHO 3a[aHO Ha
HEKOTOPOM GeCKOHEYHOM MPOMEXYTKE [y, +00) U
(3) sup {|uy(7)| + |us(r)| : T = 1} >0 npw mobom 1€ [ty, +0).

Mpapunbhoe pewenne (uy(1), u,(t)) cucremsr (1) HasbiBaeTcs KoneGrommes,
ecau obe KOMIOHEHTBI WMEIOT NOCNe0BATENbHOCTD HyJIeH, CXONMALLYIOCH K + 00.
Ecnu xe 06e KOMMOHEHTBbI (XOTS Obl OJHA KOMIOHEHTA) OTJWYHBI OT HYJS s
Bonblumx 3HaueHuil ¢ To pewtenne (u (1), u,(t)) Ha3biBaeTcs HekosebmrowmmMes (caabo
HEKOJ1eOJTIOLLMMES ).

Heo6xoanMbie 1 JOCTATOYHBIE YCIIOBHS KOJIEGIEMOCTH BCeX NPABHIIbHbIX PeLLEHHI
ypaBHenwii Buaa (1) conepxarcs B [4] u [6].

B HacToswIel 3aMeTKe 10Ka3bIBAETCS TEOPeMa O CyLIECTBOBAHHHU XOTst 6 0JIHOTO
NPaBUIILHOTO KOJIEOIOLIErocs peleH s cucTemsl (1), SBAstOLWAACS aHaIOroM Teo-
pembr Kypuseitns-SAcuoro [1], [2], [3].
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Teopema 1. JTio60e nempuguasbHoe Henpoooadcaemoe 6npaso peuleHUe CUCHIEMbl
(1) asanemca npasuavHbiM.

HOoxazaTtennctBo. Ilycts (u4(t), u,(t)) HekOoTOpOE HETPUBHAIBHOE HETMPOJOJI-
KAEMOE BIPABO PELICHHE CHCTEMBI (1), 3amanHOe B mpoMexyTke [1,,t*). Toraa
w3 (1) nmeem

a,(1) dlul(t)|xz+1

=0 npu t, <t <t*.
Ay + 1 *

ay(1) w0+
4 '1—1 " ]dl 2(‘)' +

IpouHTerpupoBaB paBeHCTBO (4) OT 1, O ! M BOCHOJB30BAaBIIMCH (OPMYNOH
MHTErPUPOBAHMS TI0 YACTAM, MOJYYAM

B = 86 + || [ o +

rae

aj(1) Az+1
— |u dt npu t, St < t¥,
1+ 1 I ()I PH 14

E(f) = al(t) I (t)|).1+l az—f_’)l |u1(1)|;.z+1 .

CrenoBaTeJIbHO,

E(r) < E(ty) + Jﬂ ([a:((TZ)]+ + [aj((TT)):I+) E(t)dr npu ty St < t*,

rae [aj(t)]+ = max {0, aj(t)}, (i = 1, 2). B cuny nemmsl I'poryosuta-BeiMana, u3
MOCJIeJHEr0 HEPABEHCTBA TMOJIYYHM

(5)  E() < E(t) exp{ j(E“a(('z)] ¥ [“a((ft))])dr} mpH fy S 1< 1%,

Eciv npeanonoxnTs, 4to t* < + oo 1o u3 (5) OyaeM umetsb

}i’f’.(lu‘(t)l + |u())) < + 0.

Ho 3710 HeBO3MOXHO, MOCKOJBLKY (u,(t), u,(f)) HempomoykaeMoe BIIPaBO pelleHHE
cucreMsl (1). TeM caMbIM MbI JOKa3aid, 4To t* = + o0.

Jl1s1 3aBepellieHus TOKA3aTeNILCTBA TEOPEMEIL OCTAETCS ITOKA3aTh, YTO COBMr0naeTcs
ycnosue (3). HomyctuM obpatHoe. Toraa Halmércs tg € [ty, + 00) uTO uty) =0
i=1,2)mu |u1(t)| + |uz(t)| £ Omnpu t, <t <ty Beupy (4), —

_ ai(7) A+ az(“) T2l
= — T <
E(1) J; [ | 27 )l % lu ( )| :ldt

J: (IZ_:%I l;:_((_ZSL)E(r)dr mpu fy St =to.
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[Mpumenns cHoBa snemMMmy I'ponyosnna-BennMaHa x rociielHEMY HEpPaBEHCTBY, IO-
JIyYHM
E) <0 mpu t, St=t,.

CnepoBatenbho, u(t) = 0 mpu t, <t < to (i = 1, 2). TlonyyeHHOe NPOTHBOpEYHE
MOKa3bIBa€eT, YTO Halle JOMyLIEHHe O TOM, YTO HapyiuaeTcs ycjoBHe (3), HeBepHO.
Teopema nmoka3aHa.

3ameuanne. U3 (5) cienyer, uto ecau ais Hekotoporo i € {1, 2} byHkuus

t ’ ’
J‘ ([al(r)]+ + [GZ(T)]+)d‘E —In a,-(t)
o\ a1(7) ay(1)
orpaHuveHa, To kakoe Gbl HH GbuTO perenue (u (1), u,(t)) cucremst (1) KoMmoHeHTa
[u3_i(t)| orpaHuyeHa B mpomexytke [0, + o).

Beuny (2), HeTpyaHO y6eOuThCs, 4TO CIpaBeIuBa

Jlemma 1. JTio6oe caabo Hexorebaoweecs peutenue cucmemsl (1) asaaemca nexo-
A0 A0OWUMCA.

+
Jlemma 2. Ecau 045 nexomopozo i€ {1, 2} j a,(t)dt = + o0, mo awboe He-

konebmoweecs pewenue (uy(t), (uy(t)) cucmemer (1) npu docmamouno Gosvuwux t
y0oe.iemeopaem HepabzHcmey

(=1 (i) us(t) > 0.

HoxaszatenbcTBo. [ns ompenenéHHoctu OyneM cuutaTh, uto i = 1. Ecau
NPEANOJIOXUTb, 4TO u,(f) u,(t) < O mpu t = t, TA€ t(-A0CTATOYHO GOJIBLIOE YHCIIO,
10 M3 (1) mojyyaeM paBeHCTBa

Iul(t)l, = _al(t)l"‘z(t)ll11 ) |"2(t)|' = ay(t) |u1(t)|“ npu t =t

W3 KOTOPBIX CJIEAYET, YTO

Jus(®)] < Jus(to)] — Jualto)]® j ‘a0 de 1

to

1\

to .
+
Ho 3T0 HeBO3MOXHO, BBHY TOro, 4TO J. a,(t)dt = +co. CnenoaTenbHo,

u,(t) uy(t) > 0 mpu mocraTouHo Gosbiumx t. JleMMa Joka3aHa.

+
Teopema 2. Ecau A, * 1 u naiioémes maxoe i€ {1, 2}, umo '- aft)dt = +©

u gpyHkyus
) t (AitAz-i+2)/(Ai+1)
Ay = 22=49 ( f ai) dr)
a(t) 0

He ybvieaem, mo cucmema (1) obaadaem Koae6AOWUMCA peuleHUeM.
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Hoxa3atenbcTBO. Mbl PACCMOTPHM JIMILD Ciy4ail, korga i = 1 ubo npu i = 2
paccyxaenus aHasoruyHbl. ITycTe pewenne (u,(t), u,(t)) cuctemsi (1) Hekone6ro-
weecs. Torna, BBuay NeMMbl 2, HAHAETCSA TaKoe to, 4TO u, (1) uy(t) > 0 mpu t = .
TMostomy

(6) lus ()| = a,(1) lu(O, |ux()| = —ax(1) luy()|** mpu 12t

U3 BTOpOTO paBeHcTBa B (6) mosyunm

(7 l“z(‘)l 2 f+waz(f) I“1(7)|'iz dr = J”rwAl(T) |“1(T)

(Ar+42+2)/(A1+1)
> A,(0) |y ()] j ,(r)(f l(s)ds) dr =

1 l 4 1 t. —(A2+1)/(A1+1)
|u (t)| 2 ,(t)(J‘ ay(s) ds) npu t =t .
0

C npyro#t CTOpPOHbI U3 TIEPBOTO paBeHCTBa B (6) MMeeM

(8) |uy (0] 2 (J;a,(r) dr) luy(D] mpr 121,

 ay(c) A7 (1) de 2

Ilyctpb t, > t, HACTOJILKO BEJIMKO, YTO

ot t
J a(r)dr = (4, + l)“J a(r)dt mpu t=1t,.
0

fo

Ecau 4,4, > 1, BBUAY mocnenHero HepaBeHcTBa, w3 (7) u (8) cieayeT, 4To

A, + 1\A/(hi2=1) 1(A+1)
9) ‘ul(t)| < < 2 A0 ) <J~ a,(s)d ) npu t =t
1

ecsii xe 4,4, < 1 TO

10)  uy(0] 2 ( (‘)l>"’”‘"1_2)(J;al(s)dsym'“) npw t =1,

+

TakuM o6pa3oM Mbl NoKa3ajH, 4To eciu A;4, > 1 (4,4, < 1), To Bcsikoe Heko-
ne6momieecst pewenue (u(t), uy(f)) cuctemsl (1), Npu GOMBUIMX 3HAUEHHSX Apry-
MeHTa yJoBjeTBopseT ycnosHio (9) (ycnosuto (10)).

IMyctb (u,(t), u,(t)) — HenmponomxaeMoe BnpaBo peiexHe cucTeMsl (1), Hayasb-
HbIE 3HAYCHUA KOTOPOTO B TOUKE ! = 1 yHOBJIETBOPSIOT YCIOBUIO |u,(1)| + qu(l)l %+
+ 0. Cornacho TeopeMe 1, (u,(t), u,(t)) sABASETCA MPaBHILHBIM.

VYMuoxas obe yacTi BToporo paseHcTBa B (1) Ha

(otos " [ ]
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¥ MHTEerpupys ot | 1o t nojayyaeM

(11) <an,(t) d‘t) luz(z‘)|“‘+1 — uy(1) uy(t) +

0

A | ! THED Azt 1
+ : A0 [(J‘Oal(r) dr) (o))" =

2

l = l t T —1/(A1+1) Ax+1
=co + —— | Ai(v) ( a,(s) ds |u,(r)| dt mpu t2=1,
}-2 + l 1 0 '

rac

Co = <Jl a(7) dr> |ul(|)|l'+' — uy(1) uy(1) +

0

A + 1 1 — /(A1 +1) Az i
+ Tt 1 Ay(1) [(Jl)a,(r) dr> Iu,(l)'] -

[MoxaxeM, uto ecnu 4,4, > |l u

(Ar+1)/(42+1)
(12) o> [y & {22t ] ,
A4(1)

10 (u4(t), u,(t)) saBasieTcs KonebmoLMMEs. JJONyCTHM MPOTUBHOE — MYCTh ITO peliie-
Hue sBasieTcss cnabo HexonebmowwmMes. Toraa cornacHo nemMMaM | w 2, HailiaeTcst
Takoe uucio t, = 1 uto

(13) uy(uy(t) >0 mpu t=t,.

CnenoBateibHO, HMEIOT MecTO paBeHCTBa (6). C Apyroii CTOPOHbI, Kak 3TO ObLIO
[I0Ka3aHO Bbillle, CIpaBeMBa oleHka (9), Tae t; = to. Beuay (9), (12) u (13), u3 (11)
clleayeT, 4To

( j "ay(2) dz) s = Juy(0)] [ua0)] 2 co —

(o)™ ]

(A1+1)/(h2+1)
>co — (4 + 1)(12—4-—1) >0 npu t
Ay(1)

CoryacHo mociieHeMy HepaBeHCTBY M IepBOMY paBeHCTBY B (6), Meem

|“1(‘)|{ _ ay(t) I“z(t)ll' - ay(t)
i o) J ay(s) e

0

)\

t .

npu t 2t .
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OTtcrona scHO, YTO

] > e ([ a0 ) ( [aa) mn vz0,

KoTOpoe npoTusqpeuut oueHke (9). CnenmosatenvHo, (u (1), u,(r)) sBaseTcs Ko-
Ne6aroLHMCS. _

[MepeiinémM k paccMoTpeHHio cayuasi, koraa A4, < 1. [Monbepém & > 0 Takum
06pa3oM, 4ToObI

(14) 5 < _/m) A/(1=2122)
1+ 1

U NMOKAXEM, 4YTO €CJIH
1
(15) u (1) =0, ¢4 = (f a,(7) dt)|u2(])|il+1 < §1+ 1/
: 0

1O (u4(1), uy(t)) xonebarouieecs.
Jlerko BuaeTh, 4To Ansg Jwbbix x =20, y =20, «a >0 u A, > 0 umMeeT MecTo

HEPaBEHCTBO
. y 1+1/44
axtHl — xy o Aja VAL
Ay

C y4€TOM KOTOPOTO UMEEM

(an,(t) d't) lua()1 Y — uy() uy(t) +

RO
el
- (A ¥ )H.,A. ( j a:(0) dr)_“u'“)ul(t)|]‘+1/zl
(o™
T+ e [( L'al(r) df>“’“'“> " (t)qm/h

%

0»

—Z
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Mostomy u3 (11) cneayet, uto

A):“l + l Al(f) V(r)12+l _ )‘l

. o V(t)l+1/).| <
/52 ER 1 ('11 + 1)1+I/A| -

t
< co + A +—: J Al V()2 de, 121,

‘2 1

rae V(1) = (I'a,(r) dr)~ YA+ lu,(t)l). Monarast W(t) = max {V(1):1 £t < 1}

0

U3 TIOCJIEAHETO HEPABEHCTBA IMOJYYUM

Ay + 1 A
1 2 Al(l) V(t)).2+1 - 1l+”_/r V(t)1+l//1l §
Ay + 1 (4 + DT
Ay + 1 Ar+1 _
<o+ : W(t)2" 1[4y (1) — A;(1)] nmpu t = 1.
v2
CnemoBaTelibHO,
Ay + 1 A
16 -y T IDR/Z0) A S— 7 () L
(16) T A WP — o WO
A+ 1 A+l A1
<o+ l A (1) [W(2) V('] nmpu t =1

2

[lafee HawM pacCykeHHs COBNAJAIOT C pacCyXAeHHsMHM aBTOpoB paboTel [7].
Tax kak W(1) =0u W(t) 2 0npu t 2 1, T0

(17) 0 W) <

B HEKOTOpOM mpaBoil okpecTHocTH Touku t = 1. TMoxaxem, uto (17) cnpaBennuso
ans Bcex t = 1. IpeanonoxuMm obGpaTHoe, T. €. 4TO cyuiecTByeT t* > 1 Takoe
4to W(1*) = 6 v uro t* — Gmmkaiiwas x t = 1 Touka. Torna W(t*) = V(t*) u u3
(16) u (15) cnenyeT HepaBeHCTBO

Ay + 1 . A
e - 2= 1/Ay __
Ay + lA‘(l)(S

L

(/11 % ])1+1/A, =

)

koTopoe, BBUAY A4, < | mpoTtuBopeuut (14). Takum obGpa3om i paccMaTpH-
BAEMOTO peLLeHHs

0 .

t —1/(A1+1)
(18) (J a(t) dr) Iul(t)| =V({t)<d mpu t=1.
Ecnu ponycTuTs, 4TO yka3aHHOe pelueHHe siBseTcs ciabo HekosebmrowmMces, TO
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kaKk ObLIO MOKa3aHO Bbllle, MU TAKOro pelueHust Oymet cnpaBeanuBa ouetka (10),
U3 KOTOpOH ciieayeT, YTo

t =1/(A1+1) Ar/(1—4A142)
a(t)dt) |ul(t)| = (M >0
& Ay + 1 _

MPH JOCTATOYHO GONMBILMX 3HAYEHHSX APryMEHTa, T. €. NPUXOAUM K NMPOTHBOPEUHIO
c (18). Teopema moka3aHa.

3ameuanne 1. Eciu A, = 1, 1, > 1,4,(1) = 1, To U3 Q0Ka3aHHOW TeopeMbl MoJy-
yaercs TeopeMa Kypuseitns-ScHoro (cm. [3], Teopema 1).

3ameuanne 2. Ecnu 1, = 1, 4, < I, a,(t) = |, To U3 KOKa3aHHON TeOpEeMbI MOJY-

vaercs Teopema Kyo-JIaurUio u3 [5].

Jlumepamypa
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DIE BEDEUTUNG DER FOKALACHSEN
FUR DIE SYMMETRISCHE ROLLUNG?*)

JURGEN TOLKE, Stuttgart

(Eingegangen am 1. Juli 1974)

Nach R. BerEis [1], O. BoTTEMA [4] und dem Verfasser [7, 8, 9] gelten fiir die
ebene symmetrische Rollung eine ganze Reihe kennzeichnender Bedingungen.
Sie resultieren aus Beziehungen der Kriimmungskreise, der Schmiegparabeln, der
Affinnormalen, der hyperoskulierenden Kegelschnitte und der fiinfpunktig beriithren-
den Kegelschnitte der Polbahnen im augenblicklichen Pol untereinander bzw. zum
Wendekreis, zur Kreispunktkurve, zum Ballschen Punkt und zu den Burmester
Punkten.

Von vorneherein haben wir somit eine enge Verbindung zu den (als symmetrisch
nachzuweisenden) Polbahnen.

In der vorliegenden Note werden u. a. Charakterisierungen der symmetrischen
Rollung bewiesen, die sich nur auf die Kreispunktkurven bzw. mittels deren ab-
geleiteter geometrisch-kinematischer Gebilde stiitzen, so dass wir uns von der engen
Beziehung zu den Polbahnen lésen.

Von diesen Kennzeichnungen wollen wir folgende (Satz 3) hervorheben: Die
symmetrischen Rollungen sind dadurch charakterisiert, dass das Fokalzentrum
die Ballsche Kurve beschreibt.

1. Zwei euklidische Ebenen e, ¢’ seien durch eine Bewegung B(f):e — ¢ auf-
einander abgebildet. Die Bewegung (1) sei dadurch festgelegt, dass in e(t) ein karte-
sisches Koordinatensystem {0(t); e,(t), e,(t)} und in ¢ dessen Bild {0'; e, e,}
gegeben ist.

Denken wir uns die beiden Ebenen zusammenfallend und fassen die Komponenten

des Ortsvektors O'X := x' = xVe; bzw. O =5 = x'e; eines beliebigen Punktes X

zur einspaltigen Matrix
17 1
x X
x' = | bzw. x:=

*) Die Grundlagen zur vorliegenden Arbeit entstanden 1972 wihrend meines Aufenthaltes
an der Escola Politécnica da Universidade Federal de Paraiba, Campina Grande, Brasil.
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zusammen, so ldsst sich der einparametrige Bewegungsvorgang ﬁ(t) beziiglich des
Rastsystems {0'; e;.} durch die Matrixgleichung

(1) ¥ =C)(x -0 mit C():= [°°S Sl "(')]

sin 6(t)  cos 60(1)

darstellen, wobei ¢ := 00’ gesetzt wurde und 0(t) den von e,() und e, . eingeschlosse-
nen Winkel bezeichnet'). :
Nach [8] gilt die Gangpolbahn 2 das DGL-System

.. . 1 .
)] p=o0p— ——Bp,
I —m

wobei ¢ = o(t) eine ,,willkiirliche* Funktion ist, m das Verhéltnis der Kriitmmungen
der Rast- und Gangpolbahn bezeichnet und fiir die infinitesimale Bewegungsmatrix

B(1)

’ , a0 =1
(3) B.=CC_9[l

0] und CC':= E = Einheitsmatrix

gesetzt wurde.

2. Fiir das folgende benétigen wir einige mit der Kreis- bzw. Mittelpunktkurve?)
zusammenhingende Begriffsbildungen. Der Ort der momentanen Bahnscheitel —
die Kreispunktkurve X ¢ ,(t, x) — hat die Gleichung (vgl. z. B. [9], S. 282)°)

(1) Kl_zz@—n){[a(x—pxx—p]+Q—f—l[p,x—p]}[sm—p]+

0 .
+ (a— é>[B(x-p),x—p][p,x —-p]=0,
wobei wir die Grundgleichung (1.2) beriicksichtigt und abkiirzend

g:=(m—-1)"

gesetzt haben. Analog gilt fiir die Kreispunktkurve des zugehorigen inversen Be-
wegungsvorganges — die Mittelpunktkurve .#, ,(t, x) — die Darstellung

(2 M ={le+2)[Bx—p)x—p]+3[px—pl}[Bpx—p]+

+<a —-(g)[B(x—p),x—p][ﬁ,x——p]——-0.

) Natiirlich setzen wir voraus, dass der Bewegungsvorgang hinreichend oft stetig differen-
zierbar ist.

2) In der technischen Literatur spricht man statt von der Kreis- bzw. Mittelpunkturve nach
M. GRUBLER von der Kreisungs- bzw. Angelpunktkurve [21.

3) Unter [a, b] verstehen wir die Determinante der Spaltenvektoren a, b.
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Diese Kurven sind vielfach untersuchte ,,Fokalkurven mit jeweils einem Doppel-
punkt. Wir setzen im folgenden voraus, dass die Kreispunktkurven im betrachteten
Parameterintervall nicht zerfallen®).

Bei ihrer Erzeugung spielen die Fokalachsen bzw. Fokalzentren eine entschei-
dende Rolle. Mit [3], S. 42 entnimmt man den Formeln (1) und (2) fiir die Fokal-
achse #, bzw. # 7 des Bewegungsvorganges bzw. des zugehorigen inversen Bewe-
gungsvorganges die Darstellung

(3) (”/71:(@—1)[B[),x—p]+<0—g>[ﬁ~x—P]=0
bzw.

f’:‘:(a+2)[3ﬁ’x—p]+<6‘g)[i'”“1’]=0'

Analog bestimmen sich die Fokalzentren F, bzw. F} zu

(@) f,=p—g{(g—1)292+<a—g>2}_]<6—-g)ﬁ—(g—l)B[)}

bzw.
4) fif=p- 3{(9 +2)207 + <a - —g)z}_l {a - g),s — (o + 2)3,3}.

Im weiteren bendtigen wir eine berithmte Erzeugungsweise der (nicht zerfallenden)
Kreispunktkurve % ( ,(t, x). Man betrachtet hierzu die Bahntangenten der Punkte
von "y ,(t, x) (fiir ein festes t) und frigt nach deren Evolute &,,. Sie ist eine Parabel.
Im lokalen (affinen) Koordinatensystem

(5) : y=p+ yip+ y,Bp
gilt fiir die Parabel &, die Darstellung (vgl. [6], S. 64)

(6) ¢&,: {3 + (0 — 1)60%, — (a - g) y,}z = 40%(1 — o) (0 - g) VeVs -

Die Kreispunktkurve selbst ist dann bekanntlich Fusspunktkurve der Parabel &
zum Pol P.

p

3. Unter einer ebenen symmetrischen Rollung versteht man einen einparametrigen
Bewegungsvorgang, bei dem die Kriimmungen der Gang- und Rastpolbahn stindig
entgegengesetzt gleiche Werte annehmen. Diese im Anschluss an R. Bereis [1] von
O. Bottema [4] und dem Verf. [7, 8, 9] genauer untersuchten Bewegungsvorginge
gestatten eine sinnvolle Verallgemeinerung: Man spricht nach [8] von einem

4 Zerfallsbedingungen werden z. B. in [6], S. 103f. und [2], S. 124f. untersucht.
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S™._Bewegungsvorgang, wenn das Verhiltnis der Kriimmungen der Rast- und
Gangpolbahn auf dem betrachteten Parameterintervall konstant (= m # 1) ist.

In der kinematischen Abbildung von W. BLASCHKE und J. GRUNWALD [3, 5]
bedeutet dies, dass die Quasiwindung der Bildkurve des Bewegungsvorganges
im quasielliptischen Parameterraum konstant (= (1 + m)[(1 — m)) ist.

Die symmetrischen Rollungen sind somit S '-Bewegungsvorginge, wihrend
nach [8] die Trochoidenbewegungen unter den S™-Bewegungsvorgidngen durch

(1) o -

gekennzeichnet sind.

Diese S"-Bewegungsvorginge gestatten eine einfache Charakterisierung. Dazu
bestimmen wir uns das Doppelverhiltnis D, das die Fokalachsen mit den Doppel-
punktstangenten d([p, x — p] = 0) und d,([Bp, x — p] = 0) der Kreispunkt-
kurve bilden. Mit (2.3) findet man sofort

(2) D= DV(d], dz; gl»'g;,lk) = .
2m — |1

Somit hdngt das Verhdltnis der Kriitmmungen der Gang- und Rastpolbahnen mit
dem Doppelverhiltnis D durch eine projektive Transformation zusammen. Insbeson-
dere haben wir damit in Ergdnzung zu den in [8] gegebenen Untersuchungen den

Satz 1. Unter den Bewegungsvorgdngen, fiir die die Kreispunktkurven nicht
zerfallen, sind die S"-Bewegungsvorginge dadurch charakterisiert, dass die
Fokalalchsen mit den Doppelpunktstangenten der Kreispunktkurven stets ein
konstantes Doppelverhdltnis bilden.

4. Obiger Satz erhellt bereits die Bedeutung der Fokalachsen fiir die symmetrische
Rollung. Zunichst ergibt sich das

Korollar. Unter den Bewegungsvorgdngen mit nicht zerfallenden Kreispunkt-
kurven sind die symmetrischen Rollungen dadurch gekennzeichnet, dass die Fokal-
achsen von den Doppelpunktstangenten der Kreispunktkurve stets harmonisch
getrennt werden.

Nach einem in [3] (S. 42) gezeigten Sachverhalt liegt das Fokalzentrum F, somit
fiir symmetrische Rollungen auf der Fokalachse &7 des inversen Bewegungsvorgan-

ges. Ist dies kennzeichnend? Mit (2.3) und (2.4) folgt, dass F, genau dann mit #*
inzidiert, wenn

(1) (zg+1)(a-g>=d.
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Fiir Bewegungsvorgidnge mit (3.1) zerfallen die Kreispunktkurven. Ubrigens ent-
spricht diesen Bewegungsvorgingen in der kinematischen Abbildung ein wind-
schiefer Kreis. Also gilt

Satz 2. Unter den Bewegungsvorgdngen mit nicht zerfallender Kreispunktkurve
sind die symmetrischen Rollungen dadurch charakterisiert, dass das Fokal-
zentrum stets auf der Fokalachse des zugehdrigen inversen Bewegungsvorganges
liegt.

Diese Aussage ldsst sich — auch hinsichtlich praktischer Anwendungen — noch
wesentlich verschirfen! Nach [8] gilt ndmlich fiir die Gleichung des Wendekreises

(2) [B(x — p),x —p] — [p,x —p] =0,

so dass das Fokalzentrum genau dann auf dem Wendekreis liegt, wenn es sich
um eine symmetrische Rollung handelt. In Verbindung mit Satz 2 haben wir somit
den bemerkenswerten

Satz 3. Unter den Bewegungsvorgdngen mit nicht zerfallenden Kreispunkt-
kurven sind die symmetrischen Rollungen dadurch gekennzeichnet, dass das Fokal-
zentrum die Ballsche Kurve beschreibt.

Den Gleichungen (2.1) und (2.2) entnimmt man ferner den

Satz 4. Unter den Bewegungsvorgdngen mit nicht zerfallenden Kreispunktkurven
sind die symmetrischen Rollungen dadurch charakterisiert, dass die Mittelpunkt-
kurve und die Kreispunktkurve bestindig zur Polbahntangente spiegelsymmetrisch
sind.

Etwas stdrkere Aussagen lassen sich iiber die Fokalzentren gewinnen! Fiir den
Verbindungsvektor der beiden Fokalzentren gilt mit (2.4) und (2.4")

P
T =fi =3+ 1)(0 - 6) 0? {l:(g - 126 +
d\2 g\2
+ (o — - 0+2?20*+ [0 — - p
(0=3) [+ 0

mod Bp und somit wegen (2.4), (2.4') der

Satz 5. Unter den Bewegungsvorgdngen mit nicht zerfallenden Kreispunkt-
kurven sind die symmetrischen Rollungen durch bestindig zur Polbahntangente

symmetrisch gelegene Fokalzentren gekennzeichnet.
Man wird sich fragen, ob die Affinnormale der Gangpolbahn

[{(a _g)-— S}H 3ng,y—p] =0
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fir spezielle Bewegungsvorgidnge stets mit der Fokalachse zusammenfallen kann.
Mit (2.3) ergibt sich die dafiir notwendige und hinreichende Bedingung zu

(3) (29+I)(a—g)=(l—e)§ _

-

und hiermit insbesondere folgender auch konstruktiv verwertbarer Sachverhalt:

Satz 6. Unter den S'™-Bewegungsvorgdgen mit nicht zerfallender Kreispunkt-
kurve sind die symmetrischen Rollungen dadurch charakterisiert, dass die Fokal-
achse die Affinnormale der Gangpolbahn ist.

Die Gleichung (3) liefert noch mehr! Nach (2.6) hat die Parabel &, die Achsen-
richtung

(1 —9)92p+<a - §>Bp.

Somit ergibt sich der

Satz 7. Die Affinnormale der Gangpolbahn fdillt genau dann mit der Fokalachse
zusammen, wenn sie zur Achse der von den Bahntangenten der Kreispunktkurve
eingehiillten Parabel orthogonal ist.

Da fiir den Brennpunkt B, der Parabel &, gemiiss (2.4) und (2.6) die Darstellung

(4) b, = 3p — 2f,

gilt, haben wir noch den

Satz 8. Die symmetrischen Rollungen sind dadurch gekennzeichnet, dass die
Fokalachse des zugehdrigen inversen Bewegungsvorgages stets durch den Brenn-
punkt derjenigen Parabel geht, in bezug auf welche die Kreispunktkurve Fusspunkt-
kurve zum Momentanpol ist. '

Bemerkung. Nach Satz 3 und dem in [7] (S. 323, Korollar) bewiesenen Sachver-
halt verdienen unter den symmetrischen Rollungen jene besondere Aufmerksamkeit,
fiir welche die Schmiegparabel der Gangpolbahn mit der von den Bahntangenten
der Kreispunktkurve eingehiillten Parabel kongruent ist. Man findet fiir diese
symmetrische Rollungen

(5) . o —

W

Hiermit ldsst sich (1.2) integrieren. Wir wollen hier nicht weiter darauf eingehen.
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NOTE ON WEAK EPIMORPHISMS
OF 3-NETS WITHOUT SINGULAR POINTS

VAcLAv HAVEL, Brno

(Received September 12, 1974)

In the present Note we introduce weak epimorphisms of nets (of degree 3, without
singular points). We shall consider conditions of regularity and of parallelity-
preserving which guarantee that a weak epimorphism of nets is, up to parastrophies,
an usual epimorphism. For nets of order at least 3, every weak epimorphism preserves
parallelity. For arbitrary nets every weak isomorphism preserves parallelity. So
weak epimorphisms are essentially the same as usual epimorphisms. If the image
of every line contains at least five points then a surjective join-preserving map of nets
must be a weak epimorphism. As a special case we obtain the known fact ([1],
Lemma 5.3, pp. 73—74) that every ‘“collineation™ of a net of order at least 5 is
necessarily “proper’”. Although the results of this: Note are quite elementary we
believe that they can be useful for further detailed study of fundamental properties
of nets. Finally, let us mention that V. D. Belousov's homotopy of nets (conciding
with “weak homomorphism™ of nets in our sense) is introduced and studied in [1],
pp. 18—19, with some inaccuracy. It was this circumstances which stimulated the
origin of this Note.

The net (of degree 3, without singular points) is defined here as a triple (2, &, (£,
&1, &;) where 2 is a set having at least two elements, & is a set of some subsets
of & and &,, &,, ¥, are mutually. disjoint subsets of ¥ the union of which is &,
satisfying the following conditions:

() vPe, i ={1,2,3} 3le¥, Pel,
(it) Vi,je{1,2.3}; i+j VYae¥, be¥; #(anb)=1,
(iii) Vie {1,2,3} Va,beZL;a+b anb=0.
Elements of 2 are called points, elements of & are called lines, the sets £, £,, L,
are called first, second and third pencil. Lines a, b of the same pencil are called
parallel (notation: a " b), lines a, b from distinct pencils are called non-parallel

(notation: a J b). Points P, Q are termed joinable if they lie on the same line; if
moreover P + Q then this line is called the join of P, Q and is denoted by PQ.
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The common point of non-parallel lines a, b is called the intersection point and is
denoted by a M b. A set of points is said to be collinear if all its points lie on the
same line. For any two lines /,, I, one verifies easily that #/, = #/[,; the common
cardinality of lines of the net is called order of the net. If A", A" are nets we shall
put standardly 4 =:(2, L. (L. Ly L)) N =:(F. L', (&) L3 L3))

Now let A", A" be nets and n : # — 2’ a surjective map. Then we say that x is

1) join-preserving if for any joinable points P, Q also P", Q™ are joinable,

2) collinearity-preserving (or a weak epimorphism of A" onto A”') if to every
l€ & there is an [* € £’ such that {x" | X e[} < I*

3) a weak isomorphism of # onto 4" if it is a bijective weak epimorphism,

4) an epimorphism of A onto A" if for every ie{l,2,3} and every le %,
there is an [* € &; such that {X" | X e} el

5) an isomorphism of A onto A" if it is a bijective epimorphism,

6) line-preserving if {X" | X € I} € &' whenever [€ &,

7) regular if #{X"|X el} 2 2 whenever /e £.

Fig. 1 Fig. 2
(to the proof of Proposition 1). (to the first part of the proof of Proposition 2).
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Let n be a regular weak epimorphism of 4" onto A". Then for every | € & there
is exactly one /" € £’ such that {X"|Xel} < I* Thus | —[" is a map of &
onto #’. This map will be denoted by #. If = is a regular weak epimorphism of A"
onto A" then =« is said to be parallelity-preserving or non-parallelity-preserving,
if 1| L= 1| I3°or I, Jf 1, = I} ) I3 respectively.

Proposition 1. Let A", A"’ be nets of order at least 3 and let n : # — P’ be a weak
epimorphism of A onto A"'. Then n is regular.

Proof. Let there exist a line a € & such that {X" | X e a} = {4’} for some A" € 7.
Forevery X e 2\ A'™ 'takealine b € # suchthat X € b } a. Furtherlet B:= a M b.
As n is collinearity-preserving and X, B € b so X", B"(=A’) must also lie on the same
line and this line is one of the three lines ai, aj, aj through A’. Consequently
{X"|Xe 2} < a} U a; v aj, contrary to the hypothesis that 7 is surjective and A"’
has order éreater than 2. m

Proposition 2. Let A", &~ be nets and let n : P — P’ be a regular weak epi-
morphism of & onto A”. Then n preserves parallelity if and only if it preserves
non parallelity.

Proof. First let n preserve parallelity. We shall proceed indirectly supposing
the existence of non-parallel lines a, b € & such that a* | b*. It follows a* = b*.
We take an arbitrary point Be b and consider the line a, such that Beay | a.
Then B" € aj so that aj = a*. From this we get {X" | X € 2} < a* which contradicts
the surjectivity of n. Secondly let © preserve non-parallelity. For indirect proof sup-
pose the existence of parallel lines a, b € & such that a® Jf b*. Then there is a point
Aea such that A" e a®~{a" M b*}. Let ¢, d be the remaining lines through A.
Then (b M c)", (b d)"eb*~{(a b)"} are distinct points, each of them being
joinable with A™. However for both lines A*(b [ ¢)", A™(b "1 d)* only one possibility
remains, namely the line through A" distinct to a® and non-parallel to b®, a con-
tradiction. m

Proposition 3. Let A", A" be nets and let n:? — P’ be a regular weak epi-
morphism of A onto A" which preserves parallelity. Then there is a permutation o
of the set {1, 2,3} such that n is an epimorphism of A onto (P, L', (L0, L0, L}s))

Proof. An immediate corollary of Proposition 2. m
Proposition 4. Let A", A" be nets of order at least 3 and let n :  — P’ be a weak
epimorphism of N onto N”. Then n preserves non-parallelity.

Proof. By Proposition_1, n is regular and we can-work with the map #. Suppose,
on the contrary, that there exist non-parallel lines a, c € & such that a* n c*. Con-
sequently, it must be a* = c*.

62



Fig. 3 Fig. 4
(to the second part of the proof of Proposition 2).  (to the first part of the proof of Proposition 4).

Let b be the remaining line through a M ¢ (=:0). Now we shall distinguish two
cases:

First let b* + a*. Taking a point P’ € 2 outside the lines through O™ and choosing
one of its pre-images P € P'’*~' we can deduce the following: The image a% of the
line a, such that P € a, | a has to be equal to the line a} such that P’ € a ) a*, b*
(which follows by a, J b, ¢ from the fact that the points (a, [ b)", (a, M ¢)* must -
lie on a? so that the lines through P’ parallel to a*, b* cannot be equal to a* and a]
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remains the only possibility for a} *). Now repeat the same reasoning for a point
Q' € #' lying outside the lines through O™ and outside a, (such a point must exist
if the order of .4 is greater than 2): Let Q€ Q'* " and ¢, € & be such that Q e ¢, | c.
Further denote by ¢, € &’ the line through Q' non-parallel to a®, b*. Then ¢} = ¢].
But a, J ¢, and the point a, M ¢, cannot have its image under n because this image
would lie simultaneously on a and on ¢} which is impossible as a', ¢| are distinct
and parallel.

In the remaining case let a* = b* = ¢*(=:d'). We shall start from a point
P’ e #'\ a". We choose a point Pe 2™ ' (which is not contained in a U b U ¢).

Let a, | a, b, || b, ¢, || ¢ be lines through P. Then the lines a3, b3, ¢§ cannot be
mutually distinct (because each of them must intersect d’ as a, intersects b, b,
intersects ¢ and c, intersects a), nor can just two of them be equal (because this contra-
dicts the first part of the proof). So a5 = b} = ¢5(=:¢')  d’. We repeat the same
argument for a point Q"€ #’ outside d’ U e’. After choosing a point Qe o'
(which must lie outside a U b U ¢ U a, U b, Uc,) we consider the lines a, H a,
by | b, cs | ¢ through Q and obtain a§ = b} = ci(=:f") § d’, ¢". Finally we repeat
the same argument for a point R’ € 2’ outside d’ U e’ U f’ (which is possible as A~
has order greater than 2). We choose a point R € R™*"' (which lies outside a U b U
veuva,ub,uc,uayub;ucy) and consider the line a, “ a, b, ” b, ¢; ” (o
through R. Now it results a} = b} = ¢} § d’, ¢’ f', a contradiction. m

Proposition 5. Let A", A" be nets and let 1 : P — P be a regular weak epi-
morphism of & onto & which preserves parallelity. Then n is line-preserving.

Proof. As n is regular we can deal with the mapping #&. Suppose, on the contrary,
that there exist a point A’ € 2’ and a line a € & such that A’ ea® but A" ' na = 0.
Take an arbitrary point 4 € A" ' and denote by a, € £,, a, € ¥,, a; € ¥, the
lines through 4. Without loss of generality let a || a,. Then a* || a*. Putting 4, :=
i=a,Ma, Ay :=ayMa we get a* = af (since A" = 4’ + A ea}) and a* = a}
(since A" = A’ + A} € a”), a contradiction to parallelity-preserving. =

Proposition 6. Let A", /' be nets and let n: P - P' be a weak isomorphism
of & onto A'. Then n preserves parallelity.

Proof. With regard to Propositions 1, 2, 4 we could restrict ourselves to nets A"~
with order 2 but we shall give a proof which is independent on order of A4"'. The
mapping n under consideration is necessarily regular (as = is bijective) so that we
can deal with the mapping #. Suppose, contrary to the conclusion of Proposition 6,
that there are parallel lines a, b € £ such that a® }f b* and put C' := a® M b*.

We shall distinguish two cases: First let C ¢ a U b. Let c € &£ be a line through C
non-parallel to a. Putting C,:=all¢, C,:=bMc we see that C, C,, C, are
Xex ” a. Further set X.:=c¢Mx, X;:=d0l x. Then X, #+ X, so that also

*) This important step was found by J. KLoupA. The author thaks him for his kindly com-
municating it and also for further helpful comments to this article.
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Fig. 6
(to the proof of Proposition 5).

Fig. 5(to the second part of the proof Proposition 4).

mutually different so that also C*, Cf, Cj are mutually different. But {C, C,, C,} is
a collinear set whereas {C", C}, C}} is not, a contradiction.

Secondly let C e a U b. Without loss of generality let C € a. Denote by ¢, d e &
the two remaining lines through C and put C,:=bTllc¢, C,:= b d. Then
C, C,, C, ate pairwise different so that also C*, Cj, Cj are pairwise different
points on the line b*. Thus b* = ¢* = d*. For every X € Z \ a let x € £ be such that
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X% + X3, where X e ¢* = b*, X] e d® = b*. Consequently {X" | X e 2} < a* U b,
a contradiction to surjectivity of 7. m

Proposition 7. Let A", /' be nets and let n: P — P' be a weak isomorphism
of / onto A'. Thenn™! : P?' - P is a weak isomorphism of A~ onto N,

Proof. Let there exist joinable points A’, B' € ' such that 4 := A", B:= B"™""
are not joinable. Then we see that there are parallel lines c,, ¢, € & such that 4 € c,,
Becy, ¢t = cf = A’B’, a contradiction to injectivity of n. So n~! is join-preserving.
Now let there exist a collinear set {4’, B’, C'} < 2’ such that for A := A™"",
B:=B™', C:= C™ the set {4, B, C} is not collinear. Then, by the preceding
A, B; A, C; B, C are joinable and the lines AB, AC, BC must belong to distinct
pencils although they have the same image under #. This yields a contradiction to
non-parallelity-preserving. Consequently for each collinear set Q' = 2’ the set
{X*""| X € @'} is collinear, too. m

Theorem 1. Let A", A" be nets and n : P - P’ a weak epimorphism of & onto A
If ¥ is of order greater than 2 or if n is a weak isomorphism of N onto A" then
there is a permutation o of {1, 2, 3} such that n is an epimorphism or an isomorphism
of ¥ onto (', &', (Le, Lhay, £L32)). In both cases n is line-preserving, in the
latter case n~' is an isomorphism of (#', &', (L0, L}, L)) onto .

Proof. A corollary of Propositions 1—7. =

N

Fig. 11
(to the final Remark).

Fig. 10
(to the proof of Proposition 8).
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Proposition 8. Let A", A" be nets and let n : # - P’ be a surjective join-preserving
mapping satisfying the condition #{X" IX €l} =25 for all 1e #£. Then = is
a weak epimorphism of N onto A.

Proof. Let there exist, on the contrary, a line a € £ such that {X" | X € a} is not
collinear. We shatl start with an arbitrary point A € a. Then for all X e a\ (4")"""
the images X™ lie on the lines through A" and on every such line it lies at most one
point of {X* | X € a} \ {4"}. Thus let b’ € £’ be a line through A". Then there exists
a point C € a such that C"¢ b’. Let ¢’ := A"C". Here ¢’ + b’ and for every X €
eax(A")""' the image X" is joinable with C™. The line X*C" is different from ¢’
and non parallel to b’ and thus it is only one possibility for it. Consequently they
are at most 3.1 + 1 = 4 possibilities for points X" where X € a, contrary to the
hypothesis #{X"|Xea} =5 m '

Proposition 9. Let A", /" be nets or orders at least 5 and let n:P — P be
a bijective join-preserving mapping. Then n is a weak isomorphism of A onto A™'.

Proof. Follows immediately from Proposition 8. m

Proposition 10. Let A", A" be nets and let n : # — P’ be a bijective join-preserving
mapping. Then n~' : ' — P is also join-preserving.

Proof. If order of A" is at least 5, then the conclusion follows from Propositions 9
and 7. Thus it would suffice to restrict the proof to nets 4" of order less than S, but
we give a proof for all nets of finite order, say n. In every net of order n there are just
n*(3).(n — 1) couples (we mean not ordered couples) of joinable points. As the
mapping {X, Y)i*> {X", Y*) of the set {{X, Y} | X, Ye #; X, Y distinct and joinable}
into the set {{X’, Y’} | X', Y’ e 2 distinct and joinable} is bijective we see that there
are no joinable points A, B’ € 2’ such that A" ', B'™ " are not joinable. m

Theorem 2. Let A", & be nets and let n : P — P’ be jbin-preserving mapping.
If #{x*|Xel} 25 for all l€ £ then there is a permutation ¢ of {1,2, 3} such
that m is an epimorphism of A onto (', L', (L ey Loy L5.)).

Proof. A consequence of Proposition 8 and Theorem 1. m

Remark. There are simple examples of “proper” weak epimorphisms of nets
in which necessarily the image net is of order 2.
Probably the simplest is the following (which is easily seen from the figure 11).

Reference
[1] Belousov, Valentin Danilovi¢: Algebraic Nets and Quasigroups (in Russian), Kisinev 1971.
Author’s address: 602 00 Brno, Hilleho 6 (Vysoké u¢eni technické).
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BOUNDARY VALUE PROBLEMS WITH JUMPING NONLINEARITIES

SvatoprLuk Fucik, Praha

(Received August 30, 1974)

1. INTRODUCTION

Consider the nonlinear two point boundary value problem

(1.1) u"(t) + Y(u(z)) = p(r),
u(0) = u(x) = 0,
where  is a continuous real-valued function defined on (— oo, o). If
lim 49 = lim 49 =A
oo & v-o &

we shall say that the nonlinearity ¥ is not jumping. The results obtained under various
assumptions may be summarized as follows:

L If A = oo (see [3]) or A * n?, n is positive integer (see e.g. [6], [10]) then (1.1)
has a solution for any right hand side p.

The assumption 4 + n? means that A is not an eigenvalue of the boundary value
problem

(1.2) u'(t) + Au(r) =0,
u(0) = u(n) = 0.

IL If A = n? (see e.g. [4], [5], [9], [13]) then necessary and sufficient conditions
on p have been given for (1.1) to be solvable.

If

tim ¥&) 4 jim ¥©)

é—»w é ¥ {-»—w f

we shall say that the nonlinearity ¥ is jumping.
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III. Under some assumptlons 1t is proved (see [10] for partial differential analogue
see [8]) that if
n? < lim l//(i

- E—om

<(n+ 1),

n* < lim x//(«; <(n+ 1)

Stk

(n is positive integer) then (1.1) is solvable for any right hand side p.

In this case the nonlinearity may be jumping but it does not jump over an eigenvalue
of (1.2). To the author’s best knowledge, the first result about solvability of (1.1)
with the nonlinearity jumping over an eigenvalue of (1.2) is proved by A. AMBROSETTI
and G. Probi (see [1], for partial differential analogue see [2], a generalization is
given in [12]).

IV (see [1]). Let ¢ be a continuous function of class C? satisfying the following
conditions:

(i) ¥(0) =0;
(i) ¥"(¢) >0, Ee(—o0, 0);
(ii) 0 < lim l/l(é) <1

& —w

(iv) 1 < lim
add

lﬁé—)<4.
¢

Then there exists in C{0, n> a closed connected C'-manifold M of codimension 1,
such that C{0, n) \ M consists of exactly two connected components A, A, with the
following properties:

(a) if pe A, then (1.1) has no solution;
(b) if pe A, then (1.1) has exactly_two solutions;
(c) if pe M then (1.1) has a unique solution.

In the last case the nonlinearity y jumps over the least eigenvalue of (1.2). This
paper deals with the following cases:

(o) the nonlinearity ¥ jumps over an eigenvalue of (1.2) which is not the least
(see 2.15, 2.17);

(B) the nonlinearity jumps over more than one eigenvalue of (1.2) (see 2.18);
() the nonlinearity jumps from an eigenvalue of (1.2) to another one (see 2.16);

(3) the nonlinearity jumps off an eigenvalue (but not to another) (see 2.15—2.17,
3.9-3.11).
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The paper serves also as an example that the assumptions (iii) and (iv) are essential
for the assertion in 1V since if the nonlinearity jumps over an eigenvalue which is not
the least we obtain solvability of (1.1) for arbitrary right hand side.

The proofs are based on the properties of the Leray-Schauder degree which are
for the reader’s convenience recalled in 2.2. Routine and tedious calculations play
by no means a merely trifling part in the proofs. From this point of view it seems that
it is not possible to obtain the partial differential analogue of the results given here
in the same way. Thus the problem of solvability of boundary value problems for
nonlinear partial differential equations with a nonlinearity of one of the types (o) —(8)
remains open. On the other hand, the partial differential analogues of I—IV (except
the case 4 = c0) are known. Other open problems are formulated in the ends of
both sections.

2. JUMPING OUTSIDE THE LEAST EIGENVALUE

2.1. Notation and terminology. Unless otherwise stated, we shall suppose that X
and Y are real Banach spaces with the norms | | and | ||y, respectively. Let F be
a mapping with the domain D < X and values in Y (F:D < X — Y). Then F is
said to be completely continuous on D if for each bounded subset M = D, F(M) is
compact and F is continuous on D.

2.2. Leray-Schauder degree. Let K, = {x € X; ”x[]x <pglandlet F:K,c X » X
(the bar denotes the closure) be a completely continuous mapping. Denote by Id the
identity mapping in X, i.e. Id(x) = x for every x € X. Let x — F(x) # Oy (05 means
the zero element of X) for each x € X with ||x||x = . Then it is possible to define
the Leray-Schauder degree d[Id — F; K,, 0x] of the mapping Id — F with respect
to K, and the point Oy so that (see e.g. [7]):

L. d[Id; K,, 0x] = 1;
II. d[Id — F; K,, 0x] =+ 0 implies that there exists at least one x, € K, such that
xo = F(xg). A
II. Let G: K, = X - X be also a completely continuous mapping. Suppose

that for each x € K,, [|x|x = ¢ and t€<0, 1) it is x — F(x) — t G(x) # Oy. Then
d[Id — F;K,,0,] = d[Id — F — G; K,, 0].

IV. Suppose that for arbitrary k € <0, 1) the equation

1 k
_ 1 R - % R
TN el ]

has only the trivial solution. Then

d[Id — F; K, 0,] + 0.
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I—1II imply immediately

V (Schauder fixed point theorem). Let F(K,) = K,. Then there exists at least one
xo € K, such that F(x,) = x,.

2.3. Lemma. Let J be an isomorphism between X and Y. Let S : X - Y,R: X —» Y

be completely continuous mappings. Suppose that there exist « =20, f = 0,
y €0, 1) such that

(23.1) IRy = @ + =%

for every x € X.
For every xeX and t = 0, let

(2.3.2) . S(tx) = 1 S(x) .
Then the equation
(2.3.3) J(x) — S(x) + R(x) =y

is solvable for any right hand side y € Y provided the equations
(23.4) J(x) = —— 5(x) = —_ §(=x)
A 1+ k 1+ k

have for each k € 0, 1) the trivial solution only.

Proof. Since the operator J is an isomorphism between X and Y it is sufficient
to show that the equation

(2.3.5) x —J'S(x)+ J'R(x) =1

is solvable for any n € X, where J~! is the inverse of J. First of all we notice that
there exists ¢ > 0 such that

(2.3.6) Ix = 774 S()]x 2 <|x]x
for every x € X. Let n € X be arbitrary but fixed. There exists ¢ > 0 such that
(2.3.7) co > (o + pe’) [J71] + [n]x -

Put K, = {xe X; |x||x < o}. It is easy to see that the mappings J~'S and J~'R
are completely continuous. From (2.3.6), (2.3.7) according to III (see 2.2) we have

d[x — J7'S(x) + J7' R(x) — n; K, 0x] = d[x — J7! S(x); K,, 0x] .
Now it is sufficient to show (see the property II from 2.2) that
d[x — J7' S(x); K,, 0x] # 0.
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This fact follows immediately from our assumption that the equations (2.3.4) have
for each k € (0, 1) only the trivial solution and form the property 1V of the Leray-
Schauder degree.

2.4. Notation. In the sequel, L,(0, n) (p = 1) will denote the space of all measurable
real-valued functions u such that |u|" is integrable, with the usual norm

I, = {[ oy o™

i 1] = J‘ 0 () o) s

and with the inner product

if p=2.
For k =0,1,2,..., CX0, n) will denote the space of all functions which are

k-times continuously differentiable on (0, n) and such that the derivatives can be
extended continuously to {0, n). With the usual norm

Hu“ck = sup sup Iu"’(x)l ,

0=r=<k xe(0,n)

C*¢0, n) is a Banach space. C5(0, n) will denote the subspace of C*¢0, n) consisting
of all functions which are zero at 0 and =.

Denote by W30, n) the Sobolev space of all real-valued absolutely continuous
functions u on the interval {0, ) whose derivatives u’ (which exist almost every-
where) are elements of L,(0, 7). Put W30, n) = W30, 1) n C5<0, n). It is easy
to see that W;(O, 7y is a Hilbert space with the inner product

Cuy vy = (W', 0), u,ve W0, n)

and that the imbedding i : u — u is a completely continuous mapping from W 1<0, n>
into C9<0, m).

Let g be a continuous real-valued function defined on (— o0, o0) and such that
there exist ¢; = 0, ¢, = 0 and y € €0, 1) such that

(2.4.1) 9(¢)] < e1 + cafe)”

for every £ e (— o0, ).

2.5. Definition. Let p € L,(0, 7), 1, v real numbers. The function u, e W 3(0, )
is said to be a weak solution of the boundary value problem

(2.5.1) u'(t) + pu*(t) — vu~(r) + g(u(r)) = p(x),
u(0) = u(n) =0
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(where u*(7) = max {u(1), 0}, u~(r) = max {—u(z), 0}) if for every ve W 140, 1)
the integral identity

(252) {%W@Mwﬁmwwhqﬁm@m+

0

+ [ o) o0 = [ )0

holds.

The existence of a weak solution of the boundary value problem (2.5.1) will be
proved (under some assumptions) by means of Lemma 2.3 the assumptions of which
will be verified in 2.6 and 2.8.

Let u € W10, n) and p e L,(0, n) be fixed. It is easy to see that

juioio — j S T,

e urm(r) oft) de + vfnu“(r) o) de,

c 0

nwwﬂmwmm,

éwwﬁmmwr

are continuous linear functionals on the space Wé(O, ny = X = Y. By the Riesz
representation theorem there exist uniquely determined elements J(u), S(u), R(u),
y € X such that

{J(u), vy =jv), <(S(u),v) = 's,,(v) , (R, vy =rfv), <y,v)=EQv)

for any v e X.

2.6. Lemma. a) The mapping J is an isomorphism on W%(O, Y
b) the mappings S and R are completely continuous;
c) there exist « 2 0, § 2 0, y € €0, 1) such that
IR@)ws = @ + Bluliy
for every ue W0, n); .
d) S(tu) = t S(u) for every ue Wi(0, ) and t > 0.
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Proof. The assertions a), c) and d) are obvious. The assertion b) follows im-
mediately from the complete continuity of the imbedding from W}<0, n) into
Cg(O, .

2.7. Lemma. Let p e C°C0, n) and let uy € Wi<0, ) be a weak solution of the
boundary value problem (2.5.1). Then ug € Ca<0, n) and the equation in (2.5.1)
is satisfied at every t € <0, m).

(This regularity result can be obtained immediately by integrating by parts in the
integral identity (2.5.2).)
Denote by N the set of all positive integers.

2.8. Lemma. The boundary value problem
(2.8.1) w'(t) + gut(t) = vu(r) =0,
u(0) = u(n) =0

has a nontrivial weak solution if and only if.one from the following conditions is
satisfied:
a) ¥ = 1, g is arbitrary;

b) ¥ is arbitrary, i = 1;

¢) i>1,v>1, w,(ﬁ,ﬁ):MeN-

>

\/ﬁ'*‘\//‘_'
dag>1,7v>1, wz(ﬁ,ﬁ)=mﬁ—_—l—)el\l;
JEA+
e) i>1,7>1, w3(ﬁ,ﬁ)=——ﬁ—(_‘/v—__1)el\l.
VE+ 7

Proof. Let u, € Wi{0, 1) be a nontrivial weak solution of (2.8.1). In virtue of the
assertion of Lemma 2.7 it is u, € C¢<0, n) and u, is a nontrivial classical solution of
(2.8.1). According to the Uniqueness Theorem for ordinary differential equations the
function u, has a finite number of zero points in the interval (0, 7). If u, has no zero
point in (0, ) then we obtain either a) or b). If u, has a zero point in (0, 7) then
v > 0, i > 0 and the function u, is periodic with the period

i ( 1 3 1
Vi i
(since on the interval where the function u, is positive there exists a constant m > 0
such that uo(t) = m sin \/(f7) T and analogously uy(t) = n sin /(¥)  with a suitable
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constant n < 0 on the interval where uy(t) < 0). Hence one of the equations

e

k —]—+—!»~ + Lo
NAJ I v

must have a positive integer k for a solution. Thus one of the conditions ¢)—e) is
fulfilled.

Conversely, if one of the conditions a)—e) is fulfilled then it is easy to construct
a nontrivial classical solution of (2.8.1) and thus also a nontrivial weak solution.

Let k € (0, 1) and let us consider the equation (2.3.4) in our special case, i.e. we
shall seek the nontrivial u € W;(O, 7y such that the integral identity

- [[weve e = 2R w@u e+ 0@ o

o 1+kJ, L+ k J,

holds for all v € W1(0, n). (According to the assertion of Lemma 2.7, u € C3¢0, 1)
and satisfies at every point t € {0, n) the equation

R @)= 0.)

i u+ kv v +
u"(t) + ut(r) —
(1) (0) K

4
1+ k 1

2.9. Theorem. Let u < 1, v < 1, let a continuous function g satisfy the condition
(2.4.1). Then the boundary value problem (2.5.1) is weakly solvable for every
peL,(0, n).

Proof. If ¢ < 1 and v < 1 then also

u+ kv

/ v+ku<1
1+ k

14k

<1,

With respect to the assertion of Lemma 2.8, the equations (2.3.4) have for arbitrary
k € <0, 1> the trivial solution only. The other assumptions of Lemma 2.3 are verified
in Lemma 2.6. Thus the assertion of Theorem follows from Lemma 2.3.

2.10. Remark. The assertion of the previous theorem is well-known. It follows
immediately from the Leray-Lions theorem (see [11]).
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Let 4 > 1, v > 1 and put

t t
(v, p) = max wi<v+ L T
1e¢0,1) L+t L+t

@{v, 1) = min wi(
te(0,1)

fori=1,2,3. =

Analogously as Theorem 2.9, we obtain immediately from the above lemmas the
following result.

v+t op+ )
L+t 1+t

2.11. Theorem. Let it > 1, v > 1 and let the continuous function g satisfy the
condition (2.4.1). Then the boundary value problem (2.5.1) is weakly solvable
for every pe L,(0, ) provided

(2.11.1) Coivy 1), @(v, u)d> AN =10
for i =1,23.
2.12. Corollary. Let u=v =m? m¢N and let the continuous function g

satisfy the condition (2.4.1). Then the boundary value problem (2.5.1) is weakly
solvable for every p e L,(0, ).

2.13. Remark. It is possible to obtain the assertion of the previous.corollary also

from the so-called *“‘Fredholm alternative for nonlinear operators” (see e.g. [6,
Chapter I1]).

2.14. Remark. Let | < p < v, k =v+ u. By elementary calculation we obtain:

®,(v, 1) = max NeJlk—9o _ l\/(ﬁil);

oeu k2> \/Q + \/(k - Q) 2 2

o) = min Nevk-9 _ Jvie
(Pl( ,'u) ge{?.k?Z) \/Q + \/(k -9) \/v + \//.t '

®,(v, ) = max ik —0) (Ve — 1) - l(\/(ﬂl) = 1);

ecukizy  AJo + (k= o) 2 2

min Jik — o) (Ve —1) = Nl O 1).
k2> NJo + (k= @) NAE AT

In the same way we have

oi(v 1) =

®4(v, ) = max z(p)
oe{p,k/2)
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and
@s(v, p) = min z(o),

eeln,k/2)
where
g el =0) = 1),
' Je + (k- o)
It is

(k _ 9)3/2 _ 93/2 —k

2(Je + \/(k — o) Ve /(k — o)

on {u, k[2). If v(\/v — 1) £ u(/p + 1) then z'(¢) < 0 and

(o) =

s Ll =D).

oo =3(J(39)1)

If (/v —1)> u(/u + 1) then there exists exactly one g, € (u, k/2) such that
Z'(go) = 0 and

z(eo) = max z(o) = ¢3'*/k .
oeu,k/2)

Thus
4’3("’ 1) = Z(QO) >

( )_ . l v+”’__l \/“(\/v_l) .

¢@3(v, #) = min 45 3 ) ———\/#+\/V

It follows from the previous calculation that the conditions (2.11.1); (i = 1,2, 3)
assume that form :

I A R
and |

(2.142) <4/\3/7(£‘:/—vl) Av, u)> AN =0,
where

MIGE] if Wy —1) < |
A(v,u)={ VB Y Wy=1D=surn+1)

Heo) i WYy = 1) > Wyu + 1),
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for @,(v, n) £ @3(v, 1) £ @,(v, ) £ ®;(v, p). It is easy to see that

2(e0) = 03*[k < % \/(V : ”)-

Since @,(v, p) < @,(v, 1) and P;(v, 1) < D4(v, p), we shall consider the condition

(2.14.3) M, 1\/ v-}-_u>> AN=0

Jur+ 2 2
instead of (2.14.1) and (2.14.2) if v(\/v — 1) > u(y/u + 1). 1t is possible to con-
sider the condition (2.14.3) also if

Wy = 1) S Wi + 1).

2.15. Corollary. Let a continuous function g satisfy the condition (2.4.1). Let
m > 1. Then there exists &, > 0 such that for every ¢ € (0, &) the boundary value
problem (2.5.1) is weakly solvable for every pe L,(0,n) provided p = m?, v =
= (m + ¢)*.

Proof. It is sufficient (see 2.11 and 2.14) to show that there exists &, such that for
e€(0, &) we have

(m+eP(m+e—1)<m*(m+1),
(m2,(m +&)2) AN =90,
(m =12, (m+e—-1)2)AN=0.

The existence of ¢, with the previous properties is trivial.

2.16. Corollary. Let a continuous function g satisfy the condition (2.4.1). Suppose
that ¢ 20, 6 20, e + 6 <1 and let n be an odd positive integer, n = 3. Put
= (n+e)? v=(n+1—5)> Then the boundary value problem (2.5.1) has
a weak solution for arbitrary p e L,(0, ).

Proof. According to 2.11 and 2.14 it is sufficient to verify the condition (2.14.3).
It is easy to see that

<(n+1—5)(n+8—1), 1\/((n+a)2+(n+1—5)2>>ﬁNc

2n+1—06+¢ 2 2

- n+s—1, n+1-296 AN =0
2 2

for n is odd.

2.17. Corollary. Let a continuous function g satisfy the condition (2.4.1). Sup-
pose that 1>¢20, 1>620, e+6>0. Put p=(n—¢? v=(n+9)>
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where n is an odd positive integer, n = 3. Moreover, let
(2.17.1) d(n—1-2)>¢en+1).

Then the boundary value problem (2.5.1) has a weak solution for arbitrary
pe L,(0, n).

-

Proof. Similarly as in the proof of 2.16 we have

e

C(n—l’ n;—&)nN=0

for n is odd.

2.18. Example. In the previous corollaries we solved the problem when the non-
linearity jumps over one eigenvalue (see 2.15 and 2.17) or jumps from an eigenvalue
to the next one (see 2.16). 2.11 and 2.14 imply also the weak solvability of (2.5.1)
if the nonlinearity jumps over two eigenvalues. An example is provided by the case
u =275, v =475 for

2 2
475 x 175 1 (275 + 4T\ o .
275+ 475 2 2

2.19. Remark. Let g be a continuous function satisfying (2.4.1). Let the couple p, v
satisfy the assumptions from one of the parts 2.15—2.18. Then the boundary value
problem

(2.19.1) u'(t) + vut(t) — pu () + g(u(r)) = p(r),
u(0) = u(x) = 0
has a weak solution for arbitrary p € LI(O, n).

Proof. Let p € L,(0, n). The continuous function ¢ > —g(—¢) satisfies the con-
dition (2.4.1). By 2.15—2.18, the boundary value problem

V() + Hu ) — vur() — o(u(0) = 50,
u(0) = u(n) =0

has a weak solution uy € VI?;(O, n). Thus the function —u, is a weak solution of
(2.19.1).

2.20. Open problems. a) Are the assertions of 2.16 and 2.17 true also if n is an even
integer?
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b) Is true that the boundary value problem (2.5.1) is weakly solvable for arbitrary
peL(0,m)ifonly u> 1, v> 1, p&v?

3. JUMPING OFF THE LEAST EIGENVALUE

3.1. Notation. Let g be a continuous function defined on (— 0, «) and suppose
that there exist ¢; = 0, ¢, = 0 such that

@.11) |9)] = e1 + eaf¢]

for every ¢e(—oc, ). Let v > 1 be a real number. Define the mappings
L:C0, ) - C°%0, n), N : C&0, n) - C°¢0, n) by the formulas

(3.1.2) . L:u—u+u,
(3.1.3) : N:u = vu (1) = g(u(r),

where v = v — 1.

To obtain the (classical) solution of the boundary value problem
(3.1.4) cu'(t) +ut(t) = vu () + g(u(z)) = p(z),
u(0) = u(n) =0
for p e C°0, n) we have to show that the operator equation
(3.1.5) L(u) = N(u) + p

is solvable in C2(0, n).

3.2. Lemma. a) The mapping L defined by the formula (3.1.2) is linear and
continuous. The null-space Ker [L] of Lis a linear hull generated by the function
T — sinT, ie.,

Ker [L] = {4sin1; 1€ (-0, o)} .

b) The image Im [L] of Lis
{z e C%0, n); J. z(t) sin t dt = 0} .
0

c) The mappings

(3.2.1) Q:z sti"‘J"z(:)sincdz, z e C%0, ),
T Jo .
(3.2.2) Pixyss S;" ' r x(¢)sin EdE, xe CEO, )
0
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are continuous linear projections in the spaces considered and
Im[P] = Ker[L], Im[Q] = Im[L],
where Q° = Id — Q.
d) The mapping N-is completely continuous. Moreover,
[IN@eo = €1 + (e + v) [u] ey
for every u e C3{0, n).

(The assertions a)—c) are well-known. The proof of d) is trivial.)
3.3. Remark. The restriction L of the operator L to
X, = (Id — P)(CZ0, )

is one-to-one and according to the Closed Graph Theorem the mapping Lis an iso-
morphism between X, and Im [L]. Denote its inverse by K (the so-called right
inverse of L). Considering the same norm on X as in C3<0, n), let | K|| be the norm
of K.

3.4. Lemma. Let there exist ty€(—c0, o) and vy € X, such that
(3.4.1) ON(tsint + o(t)) + Q(p) = 0,
(3.4.2) KQ°N(tsint + o(t)) + K Q°(p) = v

hold with t = ty, v = v,.

Then uy(t) = tysin t + vy(1) is a solution of the equation (3.1.5).
Proof. L(uo) — N(ug) = p = L(vo) — @ N(uo) — @ N(ug) ~ Q(p) — Q(p) = Oy.

3.5. Lemma. Let ve X,. Define

n

(3.5.1) ¢, :t— v,‘[ (tsint + v(r))” sintdr —J. g(zsint + v(7)) sin tdr
0

0

(i.e., @N(tsin T + v(r)) = (2 sin t/n) @, (1)).
Let

(35.2) t <ty =g(t;) < g(ts) -
Then:

(a) @, is continuous;

(b) tlir:_} @(t) = =2 g(), (9(0) =§l§2 9(&))s
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(¢) lim @t) = .

t——o
(The assertions follow immediately from the classical theorems about interchanging
the integration and the limit process.)

3.6. Remark. From the previous lemma we see that a necessary condition for the
solvability of (3.4.1) is

f " p(r) sin  dr < 2 ()

0

provided g(c0) is finite.

3.7. Lemma. Suppose in addition that the function g satisfies the following
condition:

(3.7.1) g(0) < o; 1 =1, g(ty) =g(tz) = g(t;) = g(0) .
Let pe C%0,n) and
(3.7.2) jn p(r)sintdr < 2g(0).

0

Then for every ve X, there exists exactly one 1(v) € (— o, ) such that
(3.7.3) o (1(v)) + j p(r)sintdr =0.
0

The mapping v — t(v) is continuous.
Proof. The existence of t such that
o.t) + Jw p(t)sintdr =0
0
is evident. Suppose t; < t,. Obviously ¢,(t;) = ¢,(t,). Let
(3.7.4) oty + jm p(r)sintde = @t,) + J-n p(r)sintdr =0.
[ 0

Thus ¢(t;) = ¢,(t,) which implies

(3.7.5) Jw (t;sint 4+ v(r))” sintdr = Jm (tysint + v(r))” sintdr

0 0

and

(3.7.6) J g(ty sint + v(r))sintdr = J‘ g(t, sint + v(r))sin rdr.
0 0
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From (3.7.5) we have 0 < t;sint + (1) < t,sint + v(r) and from (3.7.6) we
have g(t, sin t + v(r)) = g(o0). Substituting into (3.7.4) we obtain

—2g() = Jn p(tr)sintdr =0

which contradicts (3.7.2).

The continuity of v — #(v) is obvious.
3.8. Lemma. There exist c3(v,) = 0 and ¢, 2 0 such that
|t(v)] < e5(vi) + calv]co2
for every ve X,.

Proof. Since there exists M > 0 such that

o7)

| < Mp]c,e
sin ©

for 7€ (0, n) and v e C3<0, n) we have

vl-r (t(v) sint — M||v| ¢,z sin )" sintdr =
0

> Jn g9(t(v) sin T — M|v||c,2 sin 7) sin T dr — Jw p(tr)sintdr.

0 0
Let #(v) > M| v|c,2- Then
T . T n
J' g(Asint)sintdr = f p(t)sintdr 2 J 9((((v) — M|jv|,2) sin 7) sin z de
0o 0 0
and thus #(v) < 2 + M|v||c,: for every ve X,.
On the other hand, ‘

-, t(v)J.“sin2 tdr = —vl'[ (t(v) sint + v(r))sint dr <
0 0

v J‘: (#(v) sin T+ u(t))” sintdr < 2 g(o0) — J.n p(t) sin z dt

0
and

(o) 2 2 {J’ p(z) sin v dr —2 g(oo)} .
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3.9. Theorem. Suppose (3.1.1), (3.5.2), (3.7.1), (3.7.2) and
(3.9.1) IK[ Q] (c2 + vi)(es + 1) < 1.
Then the boundary value problem (3.1.4) has a solution.

Proof. The foregoing consideration shows that it is sufficient to prove that the
mapping ’
F :v— KQ°N(t(v) sin T + v(7)) + K Q°(p)

has at least one fixed point in X ;. Obviously, F is completely continuous. Moreover,

[F@lcor = e7 + K] |

0 (c3 + vy)(ca + 1) ”D”Coz
(e = [K @(p)cor + K] Q] €1 + (c2 + v1) e3(v1))

for every ve X,.
Now it is easy to see that there exists ¢ > 0 such that

[FO)e = @

v|c,» < 0. The Schauder fixed point theorem (see 2.2) implies our

for each ve X,
assertion.

3.10. Corollary. Suppose (3.1.1), (3.5.2), (3.7.1), (3.9.1) and

(3.10.1) g(0) + g(0).
Then the condition (3.7.2) is necessary and sufficient for the solvability of (3.1.4).

Proof. Let

j" ple) st wd = 2 gles)

0
and suppose that uy(t) = t, sin T + (1) is a solution of (3.1.4). From
vljn (to sin T + vo(7))” sintdr = Jm g(to sin T + vo(7)) sintdt — 2 g(o0) < 0
0 [1]

it follows that (o sin t + v(t))” = 0 and t, sin © + vo(r) = 0. Thus

Jm g(to sin T + vo(1)) sin tdr = 2 g(0) = .r g(o0) sin tdr

0 0

and g(t, sin T + vo(t)) = g(o0) for every 1 € <0, n). The last fact is in contradiction

with (3.10.1).
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3.11. Corollary. Suppose (3.1.1), (3.5.2), (3.7.1), (3.9.1) and
(3.11.1) g(¢)=0 for £20.
Then the condition

(3.11.2) i J p(t)sintdr £ 0

0

is necessary and sufficient for the solvability of (3.1.4).

Proof. It remains to show that if

(3.11.3) J p(r)sintdr =0

0
then (3.1.4) has a solution. But this follows from the fact that if (3.11.3) is fulfilled
then

u"(t) + u(r) = p(r), u(0) = u(x) =0

has a nonnegative solution.

3.12. Remark. In the same way as in 3.9, it is possible to introduce an analogous
condition to (3.9.1) to obtain the solvability of (3.1.4) for arbitrary p e C°¢0, n)
if the assumption (3.7.1) is replaced by

g(o0) =0 ; t; <t =g(t;) < g(t,).

3.13. Open problem. Let g = 0. Is the condition (3.11.2) necessary and sufficient
for the solvability of (3.1.4) with no restriction on v > 1?

Note added in September 1975. The problems in 2.20 are solved negatively by E. N. DANCER
(see “‘On the Dirichlet problem for weakly nonlinear elliptic partial differential equations™ — to
appear). The periodic problem and boundary value problems for partial differential equations
of the elliptic type are also solved in Dancer’s paper.
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LATTICE ORDERED GROUPS
WITH CYCLIC LINEARLY ORDERED SUBGROUPS

JAN JakuBik, Kosice

_ (Received October 18, 1974)

In this note a solution is given to a problem proposed by CONRAD and MONTGO-
MERY [3] on lattice ordered groups G with the property that each linearly ordered
subgroup of G is cyclic.

Let G be an archimedean lattice ordered group. Consider the following condmons
for G:

(a) G is singular;

(b) each linearly ordered subgroup of G is cyclic. '

In [3] it was proved that (a) implies (b) while the problem whether (a) is implied
by (b) remained open. We shall show that the answer is negative in general; none-
theless, (b) = (a) is valid if G is complete.

For the basic notions and notations cf. BIRKHOFF [1] and Fuchs [4]. Let G be
a lattice ordered group. An element 0 < g € G is called singular, if x A (g — x) =0
foreach x e G with 0 £ x < g. Itis easy to verify that a strictly positive element g € G
is singular if and only if the interval [0, g] is a Boolean algebra. The I-group G is
singular, if for each 0 < g € G there is a singular element h € G such that 0 < h < g.
Singular lattice ordered groups were investigated in the papers [2], [5], [6], [7], [8].

The following theorem is known (cf. [2]):

(A) Let G be a complete [-group. Then there are [-subgroups A, B of C such that A
is singular, B is a vector lattice and G = A x B.

(The symbol 4 x B denotes the direct sum of I-groups 4 and B.)

Now let G be a complete I-group that is not singular. According to (A) we have
B + {0} and hence there is b,0 < b € B. Let R be the set of all reals; since B is a vector
lattice, for each r € R there exists rbe B. Denote B, = {rb:reR}. Then B, is
a linearly ordered subgroup of G that fails to be cyclic. Therefore (a) is implied by (b)
whenever G is a complete lattice ordered group.

The following example shows that an archimedean lattice ordered group fulﬁlllng
(b) need not be singular.
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Let Q be the set of all rational numbers and let G, be the set of all real functions
defined on Q. For f, g € G, we put f < g if f(x) < g(x)forall x € Q. Then (Go; +, <)
is an archimedean lattice ordered group. Let ¢ be a one-to-one mapping of the set N
of all positive integers onto the set Q. Further, let G be the set of all f € G, with the
following properties:

(i) 2"~ f(¢(n)) is an integer for all n € N;
(ii) there are irrational numbers o; < f; < @, < f, = ... £ a,, < f, such that f

is a constant on each set Q n [a, B;] (i=1,...,m) and f(x) = 0 for each xe
e O\Ula;, B;] (i = 1,..., m). Then G is an I-subgroup of G,.

Let H # {0} be a linearly ordered subgroup of G. For each h € H put
s(h) = {x € Q : h(x) + 0} .

Lemma 1. Let 0 & h;e H (i = 1, 2). Then s(h,) = s(h,).

Proof. Suppose that s(h,) # s(h,). Then we can assume that there is
x e s(hy)~s(hy). We have |h)| e H, s(|h,.|) = s(h;) (i = 1, 2). The elements lhll’ |h2|
are comparable and |h1| (x) >0= |h2| (x). Since h, + 0, there is y € s(h,) and hence
|h,| (v) > 0. There is a positive integer n with n|h,| (y) > |hy| (»). Since n|h,| € H,
the elements ”thI and |h1| are comparable, thus n|h2| > "hl- But

0 = n|h,| (x) < |hy| (x)

and this is a contradiction.

For xe Q let
F. = {h(x):heG}.

Obviously F, is an additive group. -

/
Lemma 2. Let 0 # hy € H, x € s(h,). The mapping
@y 2 h - h(x) o
is an isomorphism of H into F ..

Proof. If hy, h,e Hand o € {+, A, vV}, then

@1(hy o hy) = hy(x) o hy(x),

thus ¢, is a homomorphism of H into F,. Let ¢,(h,) = ¢,(h,) and suppose that
hy % h,. Then h = hy — hye H, h + 0 and h(x) = 0 # hy(x). Thus s(h) % s(h,),
which contradicts Lemma 1. Therefore h; = h, and hence ¢, is an isomorphism.

Lemma 3. The l-group H is cyclic.

Proof. Let x € Q, ¢~ '(x) = n. There exist irrational numbers «, f such that x e
€ [, B] and ¢~ '(y) = n for each y e [a, B] N Q. Let f € G, such that f(z) = 2' ™"
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for each z € [a, ] N Q and f(z) = O otherwise. Then f € G, and hence 2! "€ F,.
Thus by (i), 2' ™" is a generator of the group F, and therefore F, is cyclic. Hence
each subgroup of F, is cyclic; by Lemma 2, H is cyclic.

Lemma 4. Let 0 < f e Gy. Then f is not singular.

Proof. Suppose that f is singular. Then each f, € Gy, 0 < f; < fis singular. There
exist irrational numbers «,, 8; and a real ¢ + O such that f(x) = ¢ for each x e
€ [oy, B1] n Q. Let f, € G, such that f,(x) = f(x) = ¢ for each xe Q N [ay, B,]
and f,(x) = 0 otherwise. Clearly f, € G and 0 < f, < f. Let

Ni={o '(x):xeQn[ay, Bi]} -

Let k be the least element.of N,. According to (i) and (ii), 2"~ 'c is an integer. We
can choose irrational numbers « < f such that [«, ] = [y, B,] and ¢(k) ¢ [«, B].
Let y € [a, f] n Q. Put ¢~ *(y) = t. Since t > k, we infer that 2~ '(4c) is an integer.
Thus the function g € G, defined by

g(x) =4c if xe[a,f]nQ and g(x) =0 otherwise
belongs to G,. We have 0 < 2g < f,, hence g < f, — g and therefore
gr(fi—9)=9g>0;

thus f, cannot be singular. This shows that f is not singular.

From Lemma 2 and Lemma 4 it follows that there exists an archimedean lattice
ordered group fulfilling (b) with no singular elements.
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ON THE NUMBER OF NORMAL SUBGROUPS
OF A GIVEN PRIME INDEX

Jiki PAROBEK, Praha

(Received December 10, 1974)

Our aim in this short note is to give an optimum upper bound to the number of
normal subgroups of index p, p a prime, in groups of order n. Our result is divided
into two theorems: Theorem 1 gives the estimate, Theorem 2 states its optimality.

Remark on notation and terminology. By |X| we mean the éardina]ity of
a set X (or its order if it is a group). If 4, B are two complexes in a group G, then AB
means, as usual, the complex in G consisting of all ab where a € 4, b € B. The sign ®
denotes the direct product of groups. A normal subgroup of index p (in a group G)
will also be briefly called an Np-subgroup (of G). The word “group” means “finite
group” throughout the paper. '

Lemma. Let N,, N, be two distinct Np-subgroups of a group G. Then N, n N,
is an Np-subgroup of N,.

Proof. The second (or the first as it is sometimes called) theorem on isomorphism
states, if applied to our subgroups N,,N,, that N;/N; n N, is isomorphic to
N;N,|N,. As both N,, N, are of a prime index, we have N;N, = G, and the proof
follows immediately.

Theorem 1. For the number s,(G) of normal subgroups of index p, p a prime, in
a group G of order n, the following inequality holds:

) W) s L=,
. p—1

where r is the greatest integer such that p | n.

Proof. For an arbitrary group X, let r,,(X ) denote the greatest integer such that
p"™ | |X|. We shall prove (1) by induction with respect to r,(G). The case r,(G) = 0
is obvious, the case r,(G) = 1 follows immediately from the lemma since if Ny, N,
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are two distinct Np-subgroups of G, then |G| = plN,| = p2|Nl N N2| so that
r,(G) = 2. Hence, let r be an integer, r = 2, and suppose that (1) holds for all
groups X for which r(X) < r — 1. Let G be a group of order n with r,(G) = r.
Suppose that G has exactly g Np-subgroups N, N,, ..., N,. We clearly may assume
g 2 2. Let us now take the set # = {N,, N, ..., N,} and partition it into B disjoint
nonempty subsets "o, such that N; and N, (2 < j, k < q) belong to the same class
if and only if Ny, n N; = N, n N,. Thus, among the groups Ny " N,, N, n N3, ...
..., Ny n N, there are exactly f distinct ones. Since all these groups are Np-sub-
groups of N, (as follows from the lemma) and since r,(N,) = r — 1, we have by
hypothesis

r—1 _
@) p<? 1
; 5= 1
Further, we shall prove
(3) ’ a,<p for i=1,...,8

where a; = |d,-|. Without any loss of generality, let o/, (i arbitrary) consist of the
first «; elements of #. Thus, let NyNn N, =N, nN;=...=N; NN, = Q.
By an easy argument we find that

4) N;AnN,=Q forany 1£j<a;+1 and 25k <o, + 1.

Indeed, we have N; A N,> (N, nN))n (N, nN,) = Q and [N; A N,| = |Q| by
the lemma. According to (4), the sets Q, Ny — Q,...,N,,,, — Q must be disjoint.
Hence, in view of the relations |Q| = n/p*, [N, — Q| =n[p — n[p*> (1 12
< a; + 1) following from the lemma, we get the condition

n n h
(——?)(a,+l)+——2§n

p 14
implying (3). By (3) and (2), we have

B pr—l_l
g-1=Ya, S fpsp——
i=1 p—1
whence
gs¥=1
p—1

This completes our proof.
Theorem 2. The estimate (l) of Theorem 1 is best possible since for any pair p, n, p
a prime, of positive integers, at least one group G of order n exists for which the

equality sign takes place in (1).
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Our proof is based on a certain well-known assertion of the theory of abelian
groups, see e.g. [1], p. 53, Satz 51.

Proof of Theorem 2. For given n, p, let r, m be those integers for which n = p'm,
p ¥ m. Let H be an arbitrary group of order m and let A denote the (elementary)
abelian group of order p" and of type (p,...,p). Put G = A ® H. (For m =1 or
r = 0, this reduces to G = A and G = H, respectively.) To prove Theorem 2, it
evidently suffices to show that A possesses (p” — 1)/(p — 1) distinct subgroups of
index p (that is just a special case of the assertion mentioned above; we shall,
however, give its proof for the sake of completeness). Indeed, if B;, B, are two
distinct subgroups of index p in A, then B, ® H, B, ® H are two distinct
Np-subgroups of G. — To determine the number of Np-subgroups in A (we retain
our short notation though the normality is trivial in this case), let us first note that
each Np-subgroup of A is of type (p, ..., p) since its invariants must be divisors of
those of A. The basis of each Np-subgroup therefore consists of r — 1 elements.
Any independent (r — 1)-tuple of elements of A may evidently be chosen in the fol-
lowing manner: In the first step, we choose an arbitrary element a, € 4, a, =+ 1;
the elements a,, ..., a;,_, being already chosen, in the i-th step 2 < i <r — 1)
we choose an arbitrary element a; € A not belonging to the group generated by the
elements ay,...,a;_;. In this way, just ny =(p" = 1)(p" — p)...(p" — p'7?)
distinct independent (r — 1)-tuples may be chosen. Analogously, we find that for
each Np-subgroup of 4, exactly n, = (p"™' = 1)(p"' = p)...(p"""' = p7?)
distinct independent (r — 1)-tuples may be chosen out of its elements. Thus, among
the total of n, distinct independent (r — 1)-tuples made up of the elements of A,
every n, of them generate the same Np-subgroup. The number of distinct Np-
subgroups in A is therefore given by n,/n, = (p” — 1)/(p — 1). The same number
of (distinct) Np-subgroups will, as remarked above, exist in the group G = 4 ® H.
The proof is hereby completed.

In the end of our note, let us mention two special cases of Theorem 1 which perhaps
are of certain importance since they are concerned with the class of all, not explicitly
normal, subgroups.

Corollary 1. For the number s,,(G) of subgroups of a given prime index, p, in an
abelian group G of order n, the estimate (1) of Theorem 1 holds and is best possible.

Corollary 2. For the number s,(G) of subgroups of index 2 in a group G of
order n, the inequality
5;(G) 2" -1

holds where r is the greatest integer such that 2"

n. This estimate is best possible.

Proof of Corollary 1 is obvious (the optimality is secured by Theorem 2 — just
taking H abelian), proof of Corollary 2 follows from the well-known fact that in
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a group G, any subgroup A of index 2 is normal sincs (in usual notation) G =
=A+ x;A=A+ Ax, = x] 'Ax, = A.
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STRUCNE CHARAKTERISTIKY CLANKU OTISTENYCH V TOMTO CiSLE
V CIZiM JAZYKU

BOHDAN ZELINKA, Liberec: Groups and polar graphs. (Grupy a polarni grafy.)

Polarni grafy pfedstavuji novy typ grafi, ktery byl zaveden F. Zitkem. V prici se k dané
grupé G a jeji podmnozin& A definuje jisty polarni graf PG(®, A) a zkoumaji se jeho vlastnosti.

MirosLAv DoNT, Praha: A note on a heat potential and the parabolic variation. (Poznamka
o tepelném potencidlu a parabolické variaci.)

Tato poznamka je doplfikem k autorovu ¢lanku On a heat potential (Czech. Math. J. 25 (100),
(1975), 84—109). Prvni ¢ast se tyka uhlovych limit tepelného potencidlu Tf definovaného v uve-
deném ¢&lanku, specidlné limit tvaru lim Tf(x,¢), lim Tf(x,t). Je nalezena jistd nutnd

x—=@(t)+ x=o(t) -
a postaujici podminka pro existenci téchto limit. Ve druhé ¢&asti je dokdzana existence takové
spojité funkce s kone¢nou variaci, ze parabolicka variace této funkce je nekone&na ve skoro
viech bodech svého grafu.

VAcLAV HAVEL, Brno: Note on weak epimorphisms of 3-nets without singular points. (Poznamka
o slabych epimorfismech 3-tkdni bez singularnich bodi.)

Jsou-li A", A" 3-tkdn& (bez singuldrnich bodi) a # je surjektivni zobrazeni bodl z 4" na Body
z A7, pak je vySetfena vzadjemné souvislost toho, kdy zobrazeni = zachovava spojitelnost bodi,
kolinearitu bod®, pfimky jako celek, resp. rovnobéznost pfimek.

SvatorLuk Fu¢ik, Praha: Boundary value problems with jumping nonlinearities. (Okrajové
ulohy se skakajicimi nelinearitami.)

V praci je zkoumana nelinearni diferencidlni rovnice #” + w(u4) = p s okrajovymi podminkami
u(0) = u(n) = 0. Polozme a_ = lim w(&)/&, a, = lim w(§)/¢. Otazka fesitelnosti této okrajové
(- E>+ o0
tlohy je feSena za predpokladu, e n® (n= 2, 3,...) je prvek intervalu o koncovych bodech a_
aa,. Resitelnost je dok4zana pro libovolnou pravou stranu, coZ je zcela odli$ny vysledek nez
v pfipadé n = 1, ktery obdrZeli A. Ambrosetti a G. Prodi.

JAN Jakusik, Kosice: Lattice ordered groups with cyclic linearly ordered subgroup. (Zvizovo
usporiadané grupy s cyklicky linedrne usporiadanymi podgrupami.)

Cielom prace je rieenie istého problému, ktory sa tyka linedrne usporiadanych podgrup
zvdzovo usporiadanej grupy, ktory bol formulovany v neddvno publikovanej praci P. Conrada
a D. Montgomeryho.

JiIRi PAROBEK, Praha: On the number of normal subgroups of a given prime index. (O poétu
normalnich podgrup s danym prvodiselnym indexem.)

Pro polet s5,(G) normélnich podgrup s prvotiselnym indexem p v -grupé G tadu n je v ¢lanku
odvozen vztah 5,(G) < (p" — D/(p — 1), kde r je nejvétsi celé &islo takové, Ze p”| n. Déle je po-
psdna jedna tfida grup, pro néZ hofeji nerovnost prechédzi v rovnost. Nalezeny odhad je tedy
nejlep$i mozny.
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&asopis pro p&stovani matematiky, ro&. 101 (1976), Praha

RUZNE

O CISELNOTEORETICKEJ FUNKCII d(n)

PAVEL BARTOS, Bratislava

(Doslo dna 9. septembra 1974)

O potte d(n) kladnych delitelov prirodzeného &isla n > 1 plati

(1) d(n) = (¢; + 1) (o + 1) ... (o + 1)
ked
@ n = pips... pi*

je kanonicky rozklad &isla n (pozri napr. [1], str. 27")).

V tomto &ldnku nds zaujima, o moZno povedat o hodnote funkcie d(n), ak kano-
nicky rozklad &isla n nie je zndmy uplne.

V cvieni 1 na strane 158 diela [2] je uvedend veta: Nech n > 1 je prirodzené
éislo. Potom d(n) < 2\/n. Bez d6kazu uvedieme spresnenie tejto vety:

Nech n > 1 je prirodzené cislo. Ak je n Stvorcom celého cisla, tak d(n) <
< 2./(n) — 1, pricom rovnost plati prdve vtedy, ked n = 4 a v ostatnych pripa-
doch d(n) < 2[\/n], pricom rovnost plati vtedy a len vtedy, ked n = 2, 3,6, 8, 12,
24,

V daliom sa snaZime ziskat tesnejie ohrani€enie d(n), nez poskytuje tdto veta.

Veta 1. Nech n = p{'p%... P, py < P, < ... < p; je kanonicky rozklad
prirodzeného ¢isla n a nech « = max {ay, a,, ..., &}. Potom plati

(3) n]ogZ/angpk é d(n) é nlogZ/Iogp:

pri¢om rovnost plati prdve vtedy, ked n je prvocislo.

Ddkaz. Plati
nlogZ/ulogpk — I’i[(pai“)logZ/ulogpk § pzklogZ/alogm< - zk é I'il(ai + ]) — d(n)
i=1 i=1

) Tu sa funkcia d(n) oznaduje symbolom z(n).
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priCom rovnost plati prave vtedy, ked p, = p, = ... = p,, teda ked k = 1 a ked
sucasne o = 1, teda ked n je prvodislo.
Dalej plati

k

k ; k k
(4) plog2/logps _ H(p?:)logulosm > H(pr;i)logZ/losm = l‘[za: > H(ai + 1) - d(n)
: i=1

i=1 i=1 i=1

lebo matematickou indukciou sa Tahko dokdZe, Ze 2* = a + 1, pricom rovnost
plati prdve vtedy, ked « = 1. Rovnost v (4) plati zrejme tiez vtedy, ked k = 1, a = 1,
¢ize ked n je prvodislo.

Tym je veta dokdzand.

Veta 2. Nech n > | je prirodzené cislo, ktoré nemd prvociselného delitela men-
Sieho nez p,.

Potom
(5) d(n) £ n'ov*loere

pricom rovnost plati prdve vtedy, ked n je prvocislo, p, = n.
Dékaz. PretoZe p; = p,, vyplyva (5) z (3).

Pozndmka. Ak je n zlozené &islo, potom p, < n/p, a teda podla (3) plati

d(n) > nlos2/a10g(n/po) .

Ak napr. 23t n, teda p, =5, je podla (5) d(n) < ploeiad o g0 = in,
Ak je po = 101, je d(n) < n®'%°% < 3/n.

Literatura

[11 Vinogradov I. M.: Osnovy teorii &isel, Moskva—Leningrad, 1952.
[2] Sierpinski W.: Elementary Theory of Numbers, Warszawa 1964.

Adresa autora: 801 00 Bratislava, Sibirska 3.
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Casopis pro p&stovani matematiky, roé. 101 (1976), Praha

JEDEN PRIKLAD HARMONICKEHO SVAZKU

Joser KRAL, Praha

(Doslo dne 24. anora 1975)

Bud X lokéaln& kompaktni (HausdorfTiiv) topologicky prostor. V teorii harmonic-
kych prostori (viz [3]) se harmonickym svazkem na X rozumi zobrazeni J#, pkifa-
zujici kazdé neprazdné oteviené mnozing U = X vektorovy prostor s#(U) spojitych
realnych funkci na U takovym zplisobem, Ze jsou splnény nasledujici pozadavky:

a) Jsou-li mnozZiny @ + U = V = X otevfené, pak pro kazdou funkci h e #(V)
patii jeji restrikce na mnoZinu U do prostoru s#(U).

b) Je-li mnoZina U sjednocznim neprazdného systému {U } ., otevienych mnoZin
U, + Daje-li h takova funkce na U, Ze jeji restrikce na mnozinu U, patii do s#(U,)
pro kazdé (e[, pak h e #(U).

Pfipomenime jesté, Ze relativné kompaktni oteviena mnozZina V < X s hranici
dV + 0 se nazyva # -regularni, jestlize ke kazdé spojité realné funkci f na @V existuje
pravé jedna funkce H}’ e # (V) takova, Ze

lim HY(x) = /()

x—y
xeV

pro kazdé y € dV, a jestlize navic H,, = 0 na Vv ptipadé, Ze f = 0 na V. V Bauerové
i Brelotové axiomatice harmonickych prostori se Zadd, aby s-regularni mnoZiny
tvofily bazi topologie prostoru X a tento tzv. axiom baze se dopliiuje vyse formulo-
vanym axiomem svazku (sestavajicim z poZadavki a), b)) a vhodnym konvergenénim
axiomem. N. Boboc, C. Constantinescu a A. Cornea dokdzali v [1] (viz téZ kap. 1
v [3]), ze prostor X je nutn& lokaln& souvisly, je-li opatfen harmonickym svazkem #,
jenZ je nedegenerovany v kazdém bod& x € X (v tom smyslu, Ze existuje oteviené
okoli U bodu x a funkce h € #/(U) tak, Ze h > 0 na U) a spliiuje nasledujici Bauertiv
konvergen¢ni axiom:

Pro kazdou neprazdnou otevienou mnoZinu U = X a kaZzdou lokalné omezenou
neklesajici posloupnost funkci h, € #(U) je lim h, € #(U).

n

V definici Brelotova harmonického prostoru se postuluje axiom svazku, axiom
béaze a nasledujici Brelotiv konvergenéni axiom (stv. [2]):

Je-li D otevfena souvislda podmnoZina v X a {h,} neklesajici posloupnost funkci
z #(D) takova, Ze posloupnost {h,(x)} konverguje aspofi pro jeden bod x e D,
pak tato posloupnost konverguje pro viechna x € D a lim h, € #(D).
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Tyto axiomy se zpravidla dopliiuji poZzadavkem lokalni souvislosti prostoru X.
S ohledem na vyse citovany vysledek N. Boboca, C. Constantinesca a A. Cornea
pfirozené vznika otazka (kterou na seminafi z matematické analyzy formuloval
J. Lukes), zda souvisly prostor X opatfeny nedegenerovanym harmonickym svazkem
spliiujicim axiom baze a Brelotliv konvergenéni axiom je jiZ nutné lokédlné souvisly.
Poznamenejme pfi této pfileZitosti, Ze v knize [4] je poZadavek lokalni souvislosti
prostoru X pfi definici Brelotova harmonického prostoru opominut, i kdyZ se v dal§im
vykladu jeho lokalni souvislosti vyuZiva; tato okolnost vzbuzuje dojem, Ze odpovéd
na pravé zminénou otazku by mohla byt kladna. Nasledujici jednoduchy pftiklad
vsak ukazuje, Ze tomu tak neni a Ze v definici Brelotova prostoru je tfeba lokalni
souvislost zvlast pozadovat.

Ptiklad. Polozme S = {[x, y]; x > 0, y = sin(1/x)} a definujme na S funkci
s:[x,y] — j J(1 + x"*cos? x~ 1) dx,
1/n

jejiz hodnotou v bod& [x, y] je orientovana délka grafu funkce y = sin (1/x) mezi
iseCkou 1/ a useCkou x (tuto délku mé&fime zaporné v pfipad& x < 1/xn). PoloZme
Xo = {0} x (=1, 1)anecht X = X, U S; na prostoru X uvaZujme topologii induko-
nou z roviny. Pro kazdou otevienou mnozinu U = X ozna¢me symbolem #(U)
tfidu vSech spojitych realnych funkci & na U s nasledujici vlastnosti:

Ke kazdé komponenté D mnoziny U n S existuji realné konstanty k,, k, tak,
Ze h = ky + kysna D.

Neni obtizné nahlédnout, ze # : U i— #/(U) je harmonicky svazek na X, jenz je
nedegenerovany v kazdém bodé& prostoru X (poznamenejme, Ze konstantni funkce
na X patfi do #(X)). Snadno se téz zjisti, Ze #-regularni mnoZiny tvofi bazi topo-
logie X. Je-li D libovolna oteviena :souvislA mnoZzina v prostoru X, pak v pfipadé
DN X, #+ 0 sestaiva #(D) jedin& z Konstantnich funkei a Brelotliv konvergenéni
axiom je pro D splnén; v pfipadé D < S je tento konvergenéni axiom rovnéz splnén,
nebot funkce z #(D) jsou pak linearni v s. Prostor X je ptitom souvisly, ale nikoli
lokalné souvisly.

Literatura

[1]1 N. Boboc, C. Constantinescu, A Cornea: Axiomatic theory of harmonic functions. Non-
negative superharmonic functions. Annales de I'Institut Fourier Grenoble XV (1965),
283—312.

[2]1 M. Brelot: Extension axiomatique des fonctions sous-harmoniques I. C.R. Acad. Sci. Paris
246 (1958), 2709 —2712.

[3]1 C. Constantinescu, A. Cornea: Potential theory on harmonic spaces. Springer-Verlag, Berlin —
Heidelberg— New York 1972.

[4] N. du Plessis: An introduction to potential theory. Oliver & Boyd, Edinburgh 1970.

Adresa autora: 115 67 Praha 1, Zitna 25 (Matematicky ustav CSAV).
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Casopis pro péstovini matematiky, ro&. 101 (1976), Praha

RECENSE

J. W. Dettman: MATEMATICKE METODY VE FYZICE A TECHNICE. Z angli¢tiny
ptelozil J. Langer, vydala ACADEMIA Praha 1970, 356 str., 16 obr., cena 32.— Kc¢s.

Vétsina absolventi nejriznéjsich nematematickych (at uz technickych nebo prirodovédnich)
oboru velmi brzo zjistuje, Ze k tomu, aby mohli tviré¢im zpusobem pracovat ve svém oboru,
potfebuji dosti §iroky matematicky zdklad a dosti hluboké poznatky z fady specidlnich matema-
tickych disciplin. PFitom s litosti konstatuji, ze to, co slySeli v pfednaskach z matematiky jiz do
zna¢né miry zapomnéli a ze tedy musi sahnout po vhodné literatuie. Pro tuto situaci (a pro
mnoho jinych) je vhodnd Dettmanova kniha, pfedstavujici z matematického hlediska velmi
kultivované napsany uvod do matematické fyziky.

Obsah knihy je rozdélen do 6. kapitol. 1. kap. obsahuje stru¢né a srozumitelné shrnuté zakladni
poznatky jak z teorie tak i pocetni techniky linearni algebry, véetné nekonec¢né rozmérnych
linearnich prostort, Hilbertova prostoru a Fourierovy analyzy. Ve 2. kap. jsou vylozeny zakladni
metody varia¢niho poc¢tu. Pouziva se Hamiltonova principu ke studiu malych kmit a okrajovych
uloh matematické fyziky. Je zde formulovan problém vlastniho ¢&isla a vlastni funkce a podana
fada informaci o chovani vlastnich ¢isel. 3. kap. je vénovdna metodé separace proménnych pro
feseni okrajovych tloh. ReSenim Sturmova-Liouvilleova problému se pfirozenym zplsobem
ziskavaji systémy ortogondlnich funkci, zejména klasické ortogonalni systémy Besselovych,
Legendreovych a kulovych funkci. Pozornost se vénuje rovnéz rozvoji funkce v fadu podle
ortogonalnich funkci. Metodé Greenovy funkce pro feseni okrajovych uloh je vénovana kap. 4.
Resi se zde nehomogenni ulohy, napi. Glohy z teorie potencialu a teorie ohybu vin. Je zde rovnéz
piedveden postup, jak lze pouzit Greenovy funkce k pievedeni okrajové tlohy na ekvivalentni
ulohu formulovanou pomoci integralni rovnice. Této problematice je pak vénovana jesté 5. ka-
pitola. Kromé vlastni formulace okrajovych uloh v jazyce integralnich rovnic je zde vybudovana
Hilbertova-Schmidtova a Fredholmova teorie. V posledni, 6. kap. se popisuje metoda integralnich
transformaci, zejména transformace Fourierovy a Laplaceovy, a to nejen pro feSeni oby&ejnych
a parcialnich diferencialnich rovnic, ale i integralnich rovnic.

Struc¢nost, jasnost a presnost vykladu jak vlastni teorie tak i po¢etnich algoritmil, vhodné moti-
vace pojmu i Gvah, ilustrace na feSenych prikladech velice usnadfiuje éteni této knihy. Navic ma
¢tenaf k disposici u kazdého tématu fadu cviceni, jejichz feSenim si mize ovéfit spravné pocho-
peni probrané latky, procvi¢it a upevnit piislu§né pocetni algoritmy, prohloubit poznani vza-
jemnych souvislosti jednotlivych metod a udinit si pfedstavu o oblasti jejich pouzitelnosti.

Knihu Ize doporudit nejen teoretickym pracovnikiim v oblasti pfirodnich a technickych véd,
ale i studentim vy38ich ro¢nikt vysokych kol a aspirantim.

Jozef Nagy, Praha

A. Angot: UZITA MATEMATIKA PRO ELEKTROTECHNICKE INZENYRY. Z fran-
couzitiny pielozil A. Ter-Manuelianc, 2., nezménéné vydani, SNTL Praha 1971, 820 str., 370 obr.,
cena 130.— K¢s.

,,Joto dilo je psano predev§im pro elektrotechnické inzenyry, avsak jeho studium je tieba
doporudit také fyzikiim, nebot v teoretickych partiich moderni fyziky se uzivid vesmés v nejirsi
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mire téch algoritmu, jez jsou v ném vySetfovany. Pro fyzika stejné jako pro inZenyra bude krasna
kniha pana plukovnika Angota nevycerpatelnym pramenem nezbytnych védomosti a cennych
pouceni.**

Tak kon¢i svoji ptedmluvu k prvnimu francouzskému vydani této knihy v r. 1949 slavny fyzik
Louis de Broglie. Oviem vyvoj matematickych metod pouzivanych ve fyzice a v technice pokra-
¢oval za posledni &tvrtstoleti tak rychle, ze i sebelepsi kniha za tuto dobu zastard. Rozvoj zcela
novych metod badani, nutnost provadét podstatné presnéjsi (exaktnéj$i) uivahy a systematicky
ovéiovat predpoklady, za kterych dosazené vysledky plati, proniknuti moderni vypodetni techniky
do praci a laboratofi dne$nich inzenyr a fyziku vyzaduji nejen u védeckych pracovniki, ale uz
i u studentd kvalitativng jiné matematické vzdélani, nez muze poskytnout Angotova kniha. To
jsou faktory, které zpusobuji, Zze recenzovana kniha, ktera béhem uplynulého &tvrtstoleti sehrala
svoji velice kladnou roli a o kterou jes$té i dnes inzenyfi skutecné jevi zajem, slouzi dnes pouze
jako obsahla sbirka vzorcu a algoritmt klasickych disciplin aplikované matematiky, jejichz oblast
pouzitelnosti, jako u v3ech sbirek vzorcti, musi ¢tenaf (pokud tyto vzorce chee aplikovat poctivé
a odpovédné) hledat jinde. f()zef Nagy, Praha

Peter Crawley, Robert P. Dilworth: ALGEBRAIC THEORY OF LATTICES, Prentice-Hall,
Inc., London 1973. Stran vi -+ 201, cena neudéna.

Jak fikaji autofi v predmluvé, spociva jejich pristup v rychlém probrani elementarniho tivodu
mych odbornikii v teorii svaz a byl proveden na zakladé jejich prednasek v California Institute
of Technology.

Prvni a druha kapitola jsou vénovany uspofddanym mnozindm a svazim; kromé& uvodnich
pojmu obsahuji napi. dikaz véty Tarskiho a Davisové o charakterizaci uplnych svazi pres
existenci pevnych bodu izotonnich zobrazeni.

Distributivni, modularni a semimodularni svazy jsou zavedeny v tfeti kapitole. Zde je také
odvozena charakterizace distributivnich a moduldrnich svazii pomoci pétiprvkovych podsvazi.
Pro jednozna¢né komplementarni svazy jsou udany podminky, pfi nichz jsou to Booleovy svazy.

Kratka pata kapitola uvadi ¢tenafe do vysetfovani teorie kone¢nych rozkladd s odvozenim
Kurosovy-Oreovy véty.

V Sesté a sedmé kapitole je provadéno zkoumani nekone¢nych rozkladu pro kompaktné ge-
nerované svazy. Pro tuto tfidu svaza se pak v dalsi kapitole probira teorie direktnich rozkladu.

Idealy a kongruence tvori napli kapitoly 9 a 10. Kli¢ovym vysledkem je zde véta 10.9 charak-
terizujici ty svazy, které jsou izomorfni se svazem kongruenci nékterého distributivniho svazu.

Strukturalni teorie, vySetiovani pomoci subdirektnich sou¢ini a reprezentace svazi ve svazu
vSech rozklad na dané mnoziné jsou obsahem dal$ich dvou kapitol.

Geomodularni svazy a kombinatorické metody jsou jadrem kapitoly 13 a 14. Ctenat zde najde
duikaz Dilworthovy véty o po¢tu prvk kone¢ného moduldrniho svazu, které maji pravé k hornich
(resp. pravé k dolnich) sousedd. (Poznamenejme, ze pomérné komplikovany dikaz této véty stale
pfitahuje pozornost matematikd. V posledni dob& vysly dva ¢lanky vénované dikazu této véty.)

Otazky svazu s kone¢nou ¢i nekonec¢nou dimenzi jsou zkoumany v kapitole 15.

Zavéretné dvé kapitoly jsou z hlediska monografii vénovanych teorii svazi obzvlasté cenné,
nebot shrnuji dulezité vysledky z teorie volnych svazii a véty o varietach svazii. Uvedme jako
typicky ptiklad zde podany dikaz obdivuhodné Dilworthovy véty o moznosti vnofeni které-
hokoli svazu do nékterého jednozna¢né komplementarniho svazu.

Knihu doplfiuje dvoustrankovy rejstiik, odkazy na 90 pivodnich praci a 24 obrazka.

V predmluvé autofi u ¢tenaie predpokladaji znalost zakladi teorie mnoZin a moderni algebry.
Dle mého soudu to lze zpiesnit tak, ¥e od &tenafe je pozadovano obstojné zvladnuti techniky
dikazu, a to tim spise, ze fadu vyrokl autofi nedokazuji, ale ponechdvaji je ¢tenati jako cviceni.
Pro ukdzku uvedme, na str. 72 ¥ikaji, Ze normalni zuplnéni Booleovy algebry (tj. ziplnéni pomoci
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fez() je opét Booleova algebra a ditkaz této véty (v literatufe citované jako Glivenkiv-Stoneuv
teorém) pienechavaji &tendfi s vystiznymi (a pravdivymi) slovy,,... The proof is a challenging
exercice.* (Dtikaz je stimulujicim cvi¢enim.).

Prostudovani knihy umozni ¢tenafi dostat se k sou¢asnym oblastem vyzkumu v teorii svazu.
Rada dosud otevienych problémii zakladni povahy je formulovana pfimo v textu. Za viechny tyto
problémy budteZ zde uvedeny alespori dva na ukazku: Svaz se nazyva (str. 55 a 56) svazem
s Kuro$ovou-Oreovou vlastnosti, pravé kdyz pro kazdy jeho prvek je jednoznaéné uréen pocet
(prusekoveé) ireducibilnich prvki v kterémkoli jemu pfislu§ném nezkratitelném vyjaddieni. — Na-
leznéte nutnou a postadujici podminku k tomu, aby dany svaz byl svazem s Kuro$ovou-Oreovou
vlastnosti. Druhym hezkym otevienym problémem (str. 17) je popis téch uspofddanych mnozin,
v nichz ma kaZdé izotonni zobrazeni pevny bod.

Zpracovani vykladu knihy je pies konciznost nékterych &asti na vyborné drovni. Snaha po
tUsporném vyjadiovéni patrné zpusobila pfehlédnuti pii formulaci véty 9.1 na str. 68. V uvedeném
tvaru totiz neplati. — Je tfeba doplnit pfedpoklad, Zze uvazovany svaz nepatii do absolutné dege-

nerované tfidy a odpovidajicim zplisobem rozsitit diikaz. Ladistay. Beran, Prabia

Paul R. Halmos: FINITE-DIMENSIONAL VECTOR SPACES. Undergraduate Texts
in Mathematics. Springer-Verlag, New York — Heidelberg— Berlin 1974. Str. VIII + 200, cena
19,50 DM.

Kniha je ptetiskem svého druhého vydani, které vy$lo v nakladatelstvi Van Nostrand, Prince-
ton, N. J. Podle tohoto druhého vydani byla kniha pfelozena do rustiny a vysla v Gos. izd. fyz.-
mat. literatury v Moskvé roku 1963. Tak se stala dostupnou a znamou $irokému okruhu nasich
¢tenafu.

Obsahem knihy je studium vektorovych prostori kone¢né dimenze, piedev§im pak studium
linearnich zobrazeni v téchto prostorech, dale pak vysetfovani prostori se skalarnim souc¢inem
v&etné konvergence vektor a konvergence linearnich zobrazeni v nich. Kratky dodatek obsahuje
stru¢nou zminku o Hilbertové prostoru. Velmi uzite¢ny doplnék textu tvoFi vice nez tii sta cviceni
privadéjicich ¢tendfe k samostatnému promysleni studované latky. Vyznaénym rysem této
krasné knizky je okolnost, ze v§ude tam, kde to Ize, pouziva autor metod neomezenych jen na
prostory kone¢né dimenze; tim jeho kniha tvofi velmi instruktivni uvod do funkciondlni analyzy.

Od ¢tenatfe nevyzaduje kniha predbéZnych znalosti, je napsana vysoce zajimavé a jasné. Kdo
si tuto knihu precetl a ¢etl i Halmostyv ¢lanek ,,Jak psdt matematiku'‘ (¢esky pteklad: Pokroky
1974, ¢&. 2 a 3), jisté uzna, Ze Halmosova knizka o vektorovych prostorech vskutku odpovida
uzite¢nym radam v tomto ¢lanku. Vdclar Vithelm, Praha

V. Cruceanu: ELEMENTE DE ALGEBRA LINIARA SI GEOMETRIE. Editurd didactica
si. pedagogica, Bucuresti, 1973. Str. 354, obr. 58. Cena 16,90 Lei.

Kniha je uvodni uéebnici linedrni algebry a geometrie linearnich a kvadratickych utvart
v afinnich a euklido /skych prostorech. Prvni dil, tvotici zhruba polovinu rozsahu knihy, je vé-
novan linearni algebfe a autor tu postupuje od pojmu mnoZiny a relace pies pojem grupy, télesa,
zakladni vlastnosti kone¢né dimensiondlnich vektorovych prostori k maticim, determinantim,
systémum linedrnich rovnic, linedrnim zobrazenim vektorovych prostort, k bilinedrnim, kvadra-
tickym a multilinedrnim formam, specialné pak k euklidovskym vektorovym prostoriim, linear-
nim zobrazenim a vnéj§imu soucinu v téchto prostorech. Vybér latky je tak zaméfen k potfebam
druhé, geometrické ¢asti, kterad je tézi§tém knihy. Jeji obsah tvoii studium zakladnich geometric-
kych vlastnosti afinniho a euklidovského n-rozmérného prostoru, linedrnich podprostort, linear-
nich transformaci a nadkvadrik v&etné jejich klasifikace. Specidlni pozornost je vénovana
kuZelose¢kam a kvadrikim. Kniha je dobrym a pfistupnym tvodem ke studiu geometrie.

Vidclav Vilhelm, Praha
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, H. Heyer: MATHEMATISCHE THEORIE STATISTISCHER EXPERIMENTE. Springer-
Verlag, Berlin— Heidelberg— New York 1973. Stran XXII + 209, cena DM 19,80.

Jde o vysokoskolsky ucebni text, tistény ofsetem (ale ve velmi dobré ipravé a s minimem tisko-
vych chyb), ktery vznikl predev§im z pozndmek autora k pfednaskdm o matematické statistice,
konanym pro studenty stiednich ro¢niku na universitach v Erlangenu a v Tiibingenu v letech
1970— 72, a z¢&asti téz z obsahu seminafe o srovnavani experimentu, ktery autor vedl na Université
Tubingen. Vyklad je ponékud netradi¢ni. Opird se spiSe o teorii miry a funkciondlni analyzu
(zejména o pojem stochastického jadra) nez o teorii pravdépodobnosti; z ni si ,,vypajcuje*
jen zakladni véty o rozloZeni nahodnych veli¢in, o nezdvislosti a o podmin&nych stfednich hod-
notach. Pfitom se omezuje jen na teorii testovani hypotéz a teorii odhadu v kone¢nérozmérném
piipadé; asymptoticka teorie je zcela vynechédna.

K obsahu knihy: V uvodu najde ¢tenaf ve velmi zhusténé formé oznaceni, definice a tvrzeni
z teorie miry, funkcionalni analyzy a teorie pravdépodobnosti, dilezité pro vlastni vyklad. Ten
zacind v kapitolach 1 a 11 zavedenim a diskutovanim pojmu postacitelnosti (c-algebry a statistiky)
v obecném piipadé a za nékterych dodate¢nych podminek. Tieti kapitola se zabyva zaklady
teorie testovani hypotéz, jmenovité existenci maximinimalniho testu a existenci nejmohutnéjsich
testll pii jednoduché hypotéze a jednoduché alternativé (Neymanovo-Pearsonovo zdkladni lemma)
i pfi sloZzené hypotéze nebo slozené alternativé (Bayesovy testy). Ve &tvrté kapitole se vyuZiva
Neymanovo-Pearsonovo lemma k vySetfovani tiidy parametrickych testi s monotonnim pomé-
rem vérohodnosti, specialné pak t¥idy experimenti exponencialniho typu. Ukazuje se, Ze existen-
ce stejnomérné nejmohutnéjsiho testu s danou urovni « je v podstaté ekvivalentni monotonnimu
pomeéru vérohodnosti a znamenad, Ze experiment je exponencialniho typu. Tim se teoreticky zda-
vodniuje omezenost parametrickych metod. V paté kapitole se studuji odhady parametri a jejich
vlastnosti (nevychylenost, minimalita — je uvedena Raova-Blackwellova véta), v poslednim para-
grafu kapitoly téZ odhady pomoci poiradkovych statistik. V poslednich dvou kapitolach je vyloze-
na dosti podrobné teorie srovnavani experimenti. Sesta kapitola je vénovéana srovnavani experi-
mentl z hlediska informativnosti a zavedeni pojmu postagitelnosti stochastického jadra, ktery
je zobecnénim postacditelnosti o-algebry a statistiky a hraje zde vyznamnou roli, a kone¢né sedma
srovnavani kone¢nych experimentli. V kratkém dodatku je uvedeno znéni ergodické véty, véty
o martingalech a tfi vét z teorie konvexnich kompaktnich mnozin. Text je uzavien bibliografic-
kymi poznamkami k jednotlivym paragrafim, seznamem literatury, rejstiikem symboll a vécnym
rejstiikem. ‘

Autortiy pfistup k danému tématu je bezesporu zajimavy. PiestoZe je jeho uéebnice uréena
pfedev§im studentim, upouta jisté i nejednoho absolventa v tomto oboru, ktery ma oviem
potfebné znalosti z teorie miry a funkciondlni analyzy. Autora je nutno pochvalit i za pfesnost
pti vykladu, ktery se tak stdva srozumitelnym i pfes uréitou naro&nost. V textu je obsazeno
mnoho feSenych pfikladu.

Knihu lIze charalgterizovat i slovy samotného autora vynatymi z pfedmluvy (ve volném piekla-
du): ,,Vyklad zdkladnich pojmii matematické statistiky by mél zahrnout alespoi elementy této
oblasti, mé&l by privést ¢tenare k podstatnym otdzkam teorie pti co mozna nejmensim vynakladani
vedlejsiho, nadbyte¢ného usili, a viechny Gvahy by mély byt provadény na zakladé jednotného
hlediska. V tomto textu byl u¢inén pokus vyhovét uvedenym tiem pozadavkim.*

Jaroslav Husty, Praha

O. Lehto - K. I. Virtanen: QUASICONFORMAL MAPPINGS IN THE PLANE. Grund-
lehren d. math. Wiss.,, Bd. 126. Springer-Verlag, Berlin— Heidelberg— New York 1973. Str.
VIII + 258, cena DM 38, —.

Kvasikonformni zobrazeni je mozZzno studovat bud jako feSeni Beltramiho rovnice nebo
pfimo geometricky. Monografie je vénovana prevazné geometrickému studiu, v analytické
/
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teorii se autofi zamé&fuji hlavné na studium situace v nehladkém p¥ipadé. Uvedme geometrickou
definici. CtyFahelnikem Q(z4, 25, 23, z4) Gaussovy roviny % nazyvime Jordanovu oblast Q
a posloupnost z,, z,, z3, z4 jejich hrani¢nich bodl. Existuje konformni zobrazeni ¢, pro které
o(Q) {9'(’1)’ 9(22), o(z3), w(z4)} je pravothelnik se stranami délek a a b; modul M(Q) definujeme
jako konformni invariant a/b. Orientaci zachovévajici homeomorfismus ¢ : G— € oblasti G
se nazyvd K-kvasikonformnim zobrazenim, jestlize K(G) = sup {M(p(Q))/M(Q)} = K < o,
kde sup je ptes viechny 4-thelniky Q(z;), pro néz Q < G. Dokazuje se, ze konformni zobrazeni
jsou pravé 1-konformni zobrazeni. Piivodni Grotzschova definice z r. 1928 je s udanou definici
ekvivalentni pro difeomorfismy tfidy C'. Kvasikonformita je rovné definovana pomoci modulu
M(B) 2-souvislych oblasti B; B je mo#no konformng zobrazit na mezikruzi {0 < r; < |z| <
<rns oc} a definuje se M(B) log (r5/ry). Nyni ¢ je K-kvasikonformni pravé kdyz M(g(B)) =
< K M(B) pro kazdou B, B < G.

Jednim z hlavnich problému je tento: Necht W je mnoZina kvasikonformnich zobrazeni ¢
oblasti G a z, z, € G; jest nalézti supremum vzddlenosti bodl ¢(z,), ¢(z,). Tento problém je
probirdn ve druhé kapitole. Déle je probirdn problém existence kvasikonformnich zobrazeni
s danym zobrazenim hranic.

Treti kapitola je celd vénovdna elementdrné vylozenym pomocnym vysledk(im z redlné ana-
lyzy; probird se mira, integral, skoro v3ude diferencovatelné homeomorfismy, aproximace méfi-
telnych funkci, funkce s LP-derivacemi, Hilbertova transformace. Vysledky této kapitoly se uZivaji
déle k nalezeni ekvivalentnich analytickych definic. V G uvazujme Beltramiho rovnici (*) w; =
= xw,, kde »x je (skoro viude v G definovand) méfitelnd funkce s sup {x(z)] <2 1. Funkce w
se nazyvda zobecnénym fe$enim rovnice (%), jestlize w je absolutné spojita na piimkach v G
a derivace w;, w, (které pak nutné existuji skoro viude) spliiuji (%) skoro viude; zobecnéné LP-fe-
feni ma pak navic LP-derivace. Nyni plati nasledujici tvrzeni: K-kvasikonformni zobrazeni w
je zobecnéné L2-fe¥eni rovnice (*); obracené, jestlize » je méfitelnd funkce a (K + 1) |x(z)| <
= K — 1, pak kazdé homeomorfni zobecn&né feseni rovnice (*) je K-kvasikonformni zobrazeni.
Pro métitelnou x s sup |x(z)) < 1 pak vZdy existuje feSeni. Tyto existenéni otdzky jsou pfedmétem
pété kapitoly; jednim z prostiedkl je pfevedeni Beltramiho rovnice na integralni rovrici Hilber- -
tovou transformaci.

Kniha neni monografii, kterd by ddvala piehled celého oboru. Je v3ak nepostradatelnd pro
kazdého, kdo se chce zabyvat kvasikonformnimi zobrazenimi. Prvni vydani této knihy vyslo
v némecké versi v r. 1965.

Alois Svec, Praha

A. Grothendieck - J. A. Dieudonné: ELEMENTS DE GEOMETRIE ALGEBRIQUE 1.
Grundlehren d. math. Wiss., Bd. 166. Springer-Verlag, Berhn—Heldelberg New York 1971.
Str. IX + 466, cena DM 84,—

Podle autort se celé dilo ma skladat z dvandcti kapitol: jazyk schemat, studium globalnich
vlastnosti nékterych tfid morfismi, kohomologie algebraickych koherentnich svazki, lokalni
studium schemat a jejich morfismi, projektivni morfismy, konstrukce schemat, schemata v gru-
péch a hlavni fibrované prostory, Picardova schemata, fundamentalni grupa, residua a dualita,
teorie priniki a Riemannova-Rochova véta, kohomologie schemat. Autofi predpoklddaji znalost
komutativni algebry, homologické algebry a teorie svazkii. Recensovana kniha obsahuje (mimo
dvousetstrdnkové ,,nulté'* kapitoly s pfedb&znymi pomocnymi vysledky) pouze prvni kapitolu
vyse uvedeného piehledu.

Alois Svec, Praha
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L. R. Shafarevich: BASIC ALGEBRAIC GEOMETRY. Grundlehren d. math. Wiss., Bd. 213.
Springer-Verlag, Berlin— Heidelberg— New York 1974. Str. XV + 439, cena 98 DM.

Kniha je Hirschovym pifekladem ruského origindlu, vy$lého v r. 1972 (Nauka, Moskva).
Predpokldadam, Ze &tenaf, zajimajici se o algebraickou geometrii, se jiZ seznamil s ruskou verzi,
ktera je u nds dostupnd. Ve svétové literatufe je kniha jisté nejkvalitn&j$i u¢ebnici; poprvé se v ni
setkdvame se zpracovanim teorie schemat udebnicovym zplsobem. Zpracovani jinych témat je
velmi originalni a styl vykladu je dokonaly, velkou pomoci je nepochybné i fada ptikladd. Velmi
cenny je historicky dodatek. ProtoZe se jedna o pfeklad, neni tfeba knihu podrobnéji analyzovat.

Alois Svec, Praha

Murray Rosenblatt: RANDOM PROCESSES (2nd edition). Graduate Texts in Mathematics
17. Springer-Verlag, New York, Heidelberg, Berlin 1974. Stran x + 228, cena 31,40 DM.

Prvni vydani této knihy vyslo jiz v r. 1962 v Oxford University Press, Inc. Recenzi na né napsal
Karlin v Math. Rew. 24 (1962) A 3686. Druhé vydani se od pryniho li$i hlavn& ptidanim kapitoly
o martingalech.

Kniha mda slouzit jako uvodni vysoko3kolska u¢ebnice nahodnych procesti. Explicitné se
predpoklada pouze zakladni znalost diferencidlniho a integralniho po&tu a elementy teorie matic.
Nezadaji se viak zadné predb&zné védomosti ani z teorie pravdépodobnosti ani z matematické
statistiky. Tim se muzZe stat tato publikace velmi atraktivni pro ty pracovniky, ktefi maji vysoko-
Skolské vzdélani v matematice a potfebuji se seznadmit s teorii nahodnych procesti. V knize je
uvedena i fada zajimavych ptikladi. Aby vyklad nebyl pfetizen matematickym aparatem, je na
nékterych mistech pouzit jen heuristicky nahled.

Rosenblattova kniha je rozdélena do deviti kapitol. Nejprve v ni je obsaZeno uvodni pojednani
o zakladech teorie pravdépodobnosti zahrnujici slaby zdkon velkych &isel, centrdlni limitni v&tu
a dokonce i vyklad o entropii. Nasleduji kapitoly o markovskych fetézcich, o zdkladech obecné
teorie ndhodnych procest, o striktné stacionarnich procesech, o markovskych procesech, o slabé
stacionarnich procesech a o martingalech. Posledni kapitola v knize je tvofena nékolika dodatky,
které se vzhledem k svému specifickému obsahu nepfimykaji bezprosttedné k Zadné z predchozich
kapitol.

Vybér jednotlivych témat i volba prezentovanych dikazi do zna¢né miry odrazeji zajmy
autora. Je oviem otdzka, zda tfebas zatazeni dilkazu Weierstrassovy véty o aproximaci jen kvili
nému samému (str. 21) je vhodnou ¢&asti ivodu k ndhodnym procesiim a zda netradi¢ni dikaz
centralni limitni véty (str. 24) bude pro ¢tenafe skuteéné vyhodnéjsi. PEi &teni je tieba si
v§imnout, Ze pojem ,,positivné definitni matice‘* ma jiny vyznam na str. 82 a jiny na str. 83.
Definice Wienerova procesu na str. 94 neni pfili§ obratna; z kontextu by se mohlo zd4t, ¥e kazdy
normalni proces se obvykle nazyva Wieneriv. Na str. 199 v pozndmce 1 jsou vynechané
symboly.

K sympatickym rysiim patti fada stru¢nych historickych poznamek, z nichz &tenaf ziskd pred-
stavu o postupném budovani teorie ndhodnych procesi. Za kazdou kapitolou jsou umisténa
cvi¢eni s riznym stupném obtiZnosti. Celkem jich je v knize 94. Rosenblattova kniha si jiZ ziskala
své misto ve statistické literatufe. Lze ji doporutit jako ptehledny tuvodni kurs ndhodnych
procesil. '

Jifi Andél, Praha
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Eberhard Oeljeklaus, Reinhold Remmert: LINEARE ALGEBRA I, Heidelberger Taschen-
biicher, Band 150, Springer Verlag, Berlin— Heidelberg— New York, 1974, 280 + xv stran,
cena 19,80 DM.

Kniha je prvni &asti u¢ebnice linearni algebry, ktera vznikla z pfednasek prof. Remmerta na
universitach v Erlange'n a Géttingen.

V kapitole 0 Mengen und Abbildungen jsou probrany zakladni poznatky z teorie mnozin,
zobrazeni a relaci.

Kapitola 1 Algebraische Strukturen uvadi elementdrni poznatky z teorie grup, okruht, téles
a okruhti polynomi. Podrobnégji jsou studovany vlastnosti symetrické a alternujici grupy per-
mutaci.

V kapitole 11 Elementare Modultheorie jsou zavedeny zakladni pojmy z teorie moduld, jako
jsou modul, podmodul, faktormodul, okruh endomorfizmi, grupa automorfizm a jsou dokazany
zékladni vlastnosti téchto pojmu véetné véty o homomorfizmu a vét o izomorfizmu. § 4 je vénovan
studiu duality v modulech.

Kapitola 111 Theorie endlich erzeugbarer Moduln se zabyva soustavami generatori modulu,
cyklickymi & volnymi moduly, direktnimi sou¢ty moduld, hodnosti modulu. Z dokazanych
vysledki je odvozena teorie koneéné rozmérnych vektorovych prostort.

Kapitola 1V Abbildungen und Matrizen je vénovana studiu matic, jejich ekvivalenci a podobnos-
ti, hodnosti matice, vlastnostem tiplného maticového okruhu R" nad okruhem R, vlastnostem
obecné a specialni linedrni grupy G(m, R) a teorii fe§eni soustav linearnich rovnic nad télesem.

Kapitola V Determinanten za¢ina studiem multilinedrnich a alternujicich forem. Je zaveden
pojem determinantu a jsou odvozena zakladni pravidla pro po¢itani s determinanty. § 6 je vénovan
pouZziti teorie determinantli na feSeni soustav linearnich rovnic (Cramerovo pravidlo).

V dodatku Noethersche, artinsche, halbeinfache Moduln jsou studovany zakladni vlastnosti
noetherovskych, artinovskych a polojednoduchych moduli a okruhi. Je zde dokéazdna napft.
Hilbertova véta o bazi a né&€které strukturni véty o kone¢né generovanych polojednoduchych
modulech.

Ladislav Bican, Praha

MATHEMATICAL METHODS IN QUEUEING THEORY (Matematické metody v teorii
hromadné obsluhy). Sbornik konference pod redakci A. B. Clarka, vys$el jako 98. svazek edice
Lecture Notes in Economics and Mathematical Systems v nakladatelstvi J. Springer, Berlin—
Heidelberg— New York, 1974; 380 stran, cena 28,— DM.

V kvétnu 1973 se na Western Michigan University v Kalamazoo konala velka konference
o matematickych metodach tebrie hromadné obsluhy, jiz se zuéastnilo pies 80 odborniki, pie-
vazné z USA a z Kanady. Recensovana kniha je sbornikem obsahujicim 18 referati prednesenych
na této konferenci.

Pokusim se tu alespofi stru¢né vystihnout obsah, resp. tématiku jednotlivych referati.

/M. F. Neuts (Markovovsky vétvici se proces obnovy) podal definici a nejdulezit&jsi vlastnosti
urditého typu stochastickych procesi uZite¢ného pfi studiu pracovnich intervalii v rtznych
systémech hromadné obsluhy. '

R. L. Disney a W. P. Charry (N&které otdzky z teorie obsluhovych siti) se zabyvali procesy
vystupl ze systémi hromadné obsluhy, systémy se zpétnou vazbou a markovovskymi sitémi.

J. Keilson (Konvexita a iplnd monoténie zdkonl rozlozeni v systémech hromadné obsluhy
a pfislusné limitni chovani) studoval hlavné otazky robustnosti charakteristik systém hromadné
obsluhy.

G. F. Newell (Grafické znazorn&ni fronty v systémech obsluhy s vice obsluhovymi linkami)
napsal podnétnou prehlednou stat-na toto téma.
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N. U. Prabhu (Wienerovsko-hopfovské techniky v teorii hromadné obsluhy) ukazal, jak lze
princip wienerovsko-hopfovské faktorisace rozifit na pripad spojitého ¢asu a jak toho lze
vyuzit v teorii hromadné obsluhy.

L. Takacs (Problémy doby obsazeni v teorii hromadné obsluhy) podal systematicky piehled
o vyuziti rozloZzeni doby setrvani v problémech teorie hromadné obsluhy.

T. P. Bagchi a J. G. C. Templeton (N&které systémy obsluhy s omezenou ¢ekarnou a skupi-
novou obsluhou) studovali tyto systémy metodou vnofeného Markovova Fetézce.

U. N. Bhat (N&které problémy uzavienych systémii hromadné obsluhy) rozvijel analytické
metody pro studium systémii typu M/G/1 a G/M]/s s kone&nym poctem zékazniki.

C. M. Harris (N&které nové vysledky statistické analysy systéml hromadné obsluhy) se ve svém
referdtu vénoval pomérné malo péstované problematice statistickych odhadu vstupnich a obslu-
hovych intensit.

R. Loulou (O rozsifeni limitnich v&t na systémy s vice linkami) se zabyval systémy obsluhy
v tzv. ,,t&€zkém*" provozu. .

S. R. Neal a A. Kuczura (Teorie chyb méfeni provozu pro ztratové systémy s rekurentnim
vstupem) zevrubné prozkoumali otdzku, jak pfesné odhady charakteristik provozu telekomuni-
kaé&niho zafizeni, chapaného jako systém hromadné obsluhy, lze ziskat ze znalosti hodnot tfi
parametri, které se daji pfimo méfit.

M. J. Sobel (Optimalni operace se systémy hromadné obsluhy) podal pfehled novéjsich praci
o optimalisaénich problémech v systémech obsluhy, v nichz lze ovliddat — zcela nebo v uréitych
mezich — nékteré parametry, ménit frontové rezimy, strukturu systému, zasahovat do procesu
pfichodu atp.

S. Stidham jr. a N. U. Prabhu (Optimalni fizeni systéml hromadné obsluhy) se v dlouhé
stati s bohatym seznamem literatury snazi dokazat, Ze by bylo uU&elné vypracovat specidlni
teorii optimalniho Fizeni systémi hromadné obsluhy, jez by nahradila dosavadni pokusy o ap]l-
kaci, resp. prizptisobovani obecnych optimalisa¢nich metod.

V. L. Wallace (Algebraické metody numerického feSeni obsluhovych siti) se zabyval problema-
tikou numerického zpracovani markovovskych obsluhovych siti a hleddni jejich staciondrnich
pravd&podobnosti.

W. Whitt (Pfehled limitnich vét pro systémy hromadné obsluhy v téZzkém provozu) piehledné
zreferoval soucasny stav badani o tzv. téZkém provozu a upozornil na oteviené problémy; piislus-
né limitni véty lze, jak uvedl, chapat jednak jako popis chovani nestabilnich systému, jednak jako
aproximaci chovani systému stabilnich. K referatu je pfipojen seznam literatury se 182 odkazy.

D. J. Daley (Poznamky o vystupnich procesech) se zajimal o zdkony rozloZeni, momenty
a charakterisaci procestt odchodi ze stabilisovaného systému.

P. Purdue (Jednolinkovy systé n hromadné obsluhy v markovovském prostiedi) studoval
systémy s nestacionarnim procesem pfichodii a promé&nnou intensitou obsluhy.

S. G. Moharty (O dalich kombinatorickych metodach v teorii hromadné obsluhy) pkinesl
nékolik vysledkt v duchu zndmych Takacsovych kombinatorickych metod ve stochastickych
procesech.

Ve sborniku neni bohuZel zachycena diskuse k referatim, jiz bylo na konferenci vénovano
udajné velmi mnoho ¢asu. Pfesto poskytuje sbornik velice cennou a prakticky nezastupitelnou
mozZnost seznamit se s aktudlnimi problémy a sou¢asnymi vyvojovymi tendencemi teorie hro-
madné obsluhy, alespoii pokud se ty&e amerického kontinentu. MiZe se tak stit vhodnym pra-
menem inspiraci pro dal§i vyzkumnou ¢&innost v tomto oboru, o jehoZ teoretické zajimavosti
a praktické zdvaZnosti dnes jiZ neni pochyb.

Frantisek Zitek, Praha
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Kai Lai 'Chung: ELEMENTARY PROBABILITY THEORY WITH STOCHASTIC
PROCESSES (Elementarni teorie pravdépodobnosti se stochastickymi procesy). V fadé¢ Under-
graduate Texts in Mathematics vydalo nakladatelstvi J. Springer, New York — Heidelberg—
Berlin, 1974; 353 stran, cena 29,40 DM.

Je znamo, Ze dobroti udebnici miZe napsat jenom ten, kdo sam zna mnohem vice, nezli se
snaZi vyloZit. Kai Lai Chung patti dnes bezpochyby ke sv&tové 3pi&ce v teorii pravdépodobnosti
a jiz jeho jméno je zarukou kvality recensované knihy.

Ta je minéna (a vznikla) jako uvodni kurs teorie pravdépodobnosti asi na urovni druhého
ro¢niku vysoké Skoly. Nepfedpoklada ?adné predbéiné znalosti z teorie pravdépodobnosti (ani
z abstraktni teorie miry), neni v§ak uréena &tenafim bez zdkladnich znalosti matematické analysy.

Nebylo jisté lehké napsat u€ebnici pravé na této stfedni urovni. Autor viak dokdzal obratné
proplout mezi Scyllou pfehnané abstrakce a Charybdou povidavé popularisace: ani ned€l4 z prav-
dépodobnosti malo srozumitelnou teorii bez vztahu k aplikacim, ani nepfedstira, e jde jen o hrani
si s problémy, na jejichZ feSeni sta¢i zdravy usudek s trochou kombinatoriky.

Vybér latky vykladané v knize je oviem standardni: od obvyklych kombinatorickych ziklada
(v modernim -mnoZinovém rou$e) pies nahodné veli¢iny, zdkony rozlozeni (diskrétni a spojité
zvl4st, bez Stieltjesova integralu), nezavislost, az k ndhodnym prochédzkim a Markovovym fe-
tézcim — to jsou zajisté zdkladni pojmy teorie pravdépodobnosti, bez nichz se nelze obejit.

Tyto klasické partie byly jiz v literatute mnohokrate zpracovany; jestlize se autorovi pfesto
podafilo napsat knihu origindlni pojetim i zpisobem vykladu, sv&d¢&i to o jeho hlubokych zna-
lostech i pedagogickém mistrovstvi. Ke srovnéni se nabizi snad nejspise prvni dil Fellerova Uvodu.
Ten snad zahrnuje vice matefidlu, zda se mi v§ak mnohem sussi.

I pro toho, kdo teorii pravdépodobnosti jiZ zn4, je detba Kai Lai Chungovy knihy vzrusujicim
zazitkem. Autor vede neustaly dialog se &tenafem, klade mu otdzky, které zdaleka nejsou jenom
feénické, vyzaduje od ného pfemysleni a aktivni spoluti¢ast. Vykladovy text neni suchoparny,
autor neskrbli historickymi pozndmkami, upozoriiuje na mozné, resp. ¢asto se vyskytujici
chybné usudky, predkldda zajimavé, netrividlni ptiklady k feSeni. K textu jsou pfipojena &etna
cvideni, vétsinou s vysledky. '

Knihu lze jen doporutit: matematikiim pro prvni sezndmeni s teorii pravdépodobnosti
(uchréni je mj. ilusi o teorii pravdépodobnosti jako o pouhé sou&asti teorie miry), ale také odbor-
nikdm v ,,sbusednich‘‘ oborech (opera¢ni vyzkum, ekonomie, biologie, nékteré spole¢enskovédni
obory) jako standardni u&ebnici pravdépodobnosti. I kdyZ je kniha tzv. selfcontained, netroufl
bych si ji dit do rukou samoukim, je to viak pravy poklad pro vyudujiciho.

Frantisek Zitek, Praha

RECENT ADVANCES IN GRAPH THEORY, v edici Symposia CSAV vydala Academia
Praha r. 1975 ndkladem 700 vytisk(i na 548 stranidch za 150 K¢&s (34,50 US $).

Sbornik obsahuje (v angliting) vSech 65 pfednasek a referat pfednesenych na Druhém praz-
ském symposiu o teorii grafti. Toto symposium porddal Matematicky tstav CSAV, Matematicky
ustav SAV a matematicko-fyzikdlni fakulta KU v &ervnu 1974 a zprédva o ném obsahujici m. j.
seznam viech pfisp&vki, a tedy vlastné obsah sborniku, byla uvefejnéna v tomto &asopise ro&.
100 (1975), &. 1, str. 103—104. Na zavér je uvedeno 11 otevienych problémii. Skoda, %e publikace
vy$la v nédkladu, ktery zdaleka neodpovidal velkému zijmu zejména zahrani¢nich instituci.
S tim také asi souvisi cena, jeZ se i v dne¥ni dob& zd4 za nevazanou kni’ku pon&kud horentni.

Antonin Vrba, Praha
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Casopis pro p&stovdni matematiky, ro&. 101 (1976), Praha

ZPRAVY

: XVII. MMO

XVII. Mezinarodni matematicka olympidda (MMO) se konala ve dnech 3.—16. &ervence 1975
v Bulharsku, v Burgasu a v Sofii. Zu&astnilo se ji 17 zemi: Bulharsko, Ceskoslovensko, Francie,
Holandsko, Jugoslavie, Madarsko, Mongolsko, NDR, Polsko, Rakousko, Rumunsko, Recko,
Sovétsky svaz, Svédsko, USA, Velka Britinie a VDR. Soutéz prob&hla vcelku jiz tradi¢nim
zpisobem a také jeji vysledky odpovidaly vét§inou ofekavani. Ceskoslovenské druistvo nedo-
sahlo nijak vyraznych uspéchi; z nafich 2aku jen dva, M. VALASEK z Prahy a J. NAVRATIL
z Olomouce, ziskali tfeti cenu.

Podrobn&jsi zpravu o priib&hu a vysledcich XVII. MMO ptinesl &lensky &asopis JCSMF
Pokroky matematiky, fyziky a astronomie; zprava bude také oti§t€éna v brozufe o XXIV. ro¢niku
nasi MO, kterd vyjde v SPN.

Frantisek Zitek, Praha

OBHAJOBY A DISERTACNI PRACE KANDIDATU VED

Pied komisemi pro obhajoby kandiddtskych disertacnich praci obhdjili dne 13. tnora 1975
MILAN MARES préci na téma: ,,Predikace vyjedndvani ve strategickych koali¢nich hrach s koneg-
nou identifikaci a s kompenzacemi‘‘, dne 14. inora 1975 RNDr. PETR KRATOCHVIL préci na téma:
,,Konvergence multiposloupnosti a jeji aplikace v teorii pravdépodobnostni miry*‘, dne 18.
dubna 1975 RNDr. ELISkA MORAVUSOVA préci na téma: ,,Maticovy pocet ve $§kolské matematice
a dne 20. ervna 1975 Ing. KAREL VASEK prici na téma: ,,Asymptotické vlastnosti pravdépodob-
nosti chybného dekédovani pro markovské zdroje informace*.

Redakce

CTVRTE PRAZSKE TOPOLOGICKE SYMPOSIUM

QOd roku 1961 se kona v Praze kazdych pét let Symposium o obecné topologii a jejich vztazich
k moderni analyse a algebfe. Ctvrté symposium pfipad4 na rok 1976 a je predb&zn& pldnovino
na dny od 23. do 27. srpna 1976. Zijemci o podrobné&j§i informace o symposiu mohou napsat
ptedsedovi organisaéniho vyboru akademiku J. Novékovi na adresu” Matematicky ustav CSAV,
Zitna 25, 115 67 Praha 1.

Redakce
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OZNAMEN({

Mezindrodni matematické centrum S. Banacha ve VarSavé pofdda v zafi az prosinci 1976
semestr vénovany matematické statistice. Odbornou naplii semestru maji tvorit tato témata: Rizeni
procesii, Mnohorozmérna analyza, Analytické metody statistiky, ,,case models*‘ a Spektralni
analyza stochastickych procesi.

Semestr je urden pro kandidaty v&d a pracovniky, ktefi se pripravuji z této oblasti na védeckou
praci. Cely pobyt vysilaného pracovnika hradi vysilajici pracoviité. Uéast pracovnikit z CSSR
na programu schvaluje Védecké kolegium matematiky CSAV.

Pro dalsi 4 semestry v Banachové centru byla predb&Zné navrZena tato témata: diskrétni_mate-
matika, spektralni teorie operatori, parcidlni diferencialni rovnice a algoritmické jazyky.

Redakce
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