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ON SOME LINEAR VOLTERRA DELAY EQUATIONS
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The LP-solutions of the equation
t
1 - @:WHjm@w@m
0

with u(f) < t are investigated. R. K. MILLER has constructed the resolvent kernel
of (I) with u(f) = t in [9] using Picard successive approximation method. Using
this kernel, an explicit formula for the solution x.of (I) corresponding to the right-
hand side a is available. Similarly, we shall find the resolvent kernel R of (I) in general
case solving the resolvent equation '

(®) R@@:B@g+jbaox@@;g@

or

(R) Mgﬂ=&nﬂ+fﬂnﬂﬂd@ﬂdw

This kernel enables us to express the solution x of (I) using the explicit resolvent
formula

X) {’M=M+HWMMW-

Modifying this method, similar results for continuous solutions and for the solutions
of more complicated equation

: .
() x(0) = a(i) + [ LB, ) x(u(s)) ds

0 a
will be shown. The continuous dependence of x on the kernel B and the delay
function u is investigated in the second part. The equations considered comprise

the linear cases of the differential delay equations introduced by L. E. EL§GoLE
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and S. B. NoRkiN in [6] and many of the cases introduced by A. B. My3kis in [10].
We may also find close relationships to some linear cases of the functional differential
equations investigated by J. HALE in [8].

\

1. EXISTENCE AND UNICITY THEOREMS
1. Notation. We shall fix an integer n = 1, real numbers 7, T; 7 < 0 < T; real

numbers p,q; 1 S p < o, 1 £ g < oo; 1/p + 1/g = 1. || will be the Euclidean
norm of matrices. We put J = (t, T). We shall write

1/r
nf||,=(j|f|f) T
J
|71 = viai sup |0

for a matrix-valued (Lebesgue) measurable function fon J.fo u will be the com-
position of functions f, u;

Bou)(t,s) = B(u(t),‘s) ; t,seld;

r/s 1/r
“B"r,s = [J‘ (J. IB(L u)l’ du) dt] i 1l<r<ow, 1<s<w;
s\Js
s/r 1/s
IB]"* = U (J. |B(2, u)|" dt) du] s l<r<o, 1<s<oo;
s\Js

1/r
[J‘ (vrai sup |B(t, s)|) dt] , l<r<ow;
J 8

1B]..

“B",,,,, = vrai sup (I |B(t, u)ls du)l/s , 1<s< .
4 J

for a measurable function B on the cartesian product J x J and a function p : J — J.

2. u-assumptions. Let
@) p:J-J;
(2,2) p be a measurable function on J;
(2,3) t s pu(t) s tforall telJ.

3. B-assumptions. Let

(3,1) B be a finite complex n x n-matrix-valued function defined for all points of
the interval J x J; -
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(3,2) B(t,s) =0 for s <0 or s > t;
(3,3) B be measurable on J x J;
(3,4) B u be measurable on J x J;
(3,5) |B(t, s)| < g(t) h(s); t,s€ J;
(3.6) [B(u(t), 5)| < (1) h(s); t,s€ J,

where the real functions g, h satisfy ||g||,, < oo, [Ih"g < o0. We shall sometimes
use weaker assumptions

(3.7) [B(t e < o, [B(). 1), < w, teJ;
(3.8) "B"p,q <. 0,

(39) B2 #fp. < o

(3,10) |Bo u||”* < oo;

instead of (3,5-6),if 1 < p,q < .

4, a-assumptions. Let
(4,1) a be an n-dimensional vector function (column-matrix) defined on J;
(4,2) a be measurable on J;
43) [, < oo;
(4,4) a o u be measurable on J;
4.5) |lacu|, < .
5. Definition. .# will denote the set of all u satisfying (2,1 —3). Let ue .
B = B}"(J)
will be the set of all B satisfying (3,1—6) and, if 1 < p,
B = B24())
the set of all B satisfying (3,1 —4), (3,7—10).
L = 1240)

will be the set of the functions a satisfying (4,1—5). We shall write shortly L? if
u(t) = t. The solution of the equation (I) will be a function x € L satisfying (I) for
all 1€ J. '

6. Remark. We get immediately B < B for 1 < p < o from Definition 5. It

113



follows from the equation (I) that its solution x is independent of the values p(f)
for t < 0. We have introduced these values only for easier formulations.

We find some essential differences comparing the equation (I) with the classical
case u(f) = t. Let us note that supposing measurability or integrability of a function f,
we do not generaily get the same property for the composition fo. u. Hence the
assumptions (3,4), (3,6) e.t.c. are necessary. It is also worth mentioning that changing
a value x(f) of a solution x of (I) at one point we may get a function that does not
satisfy (I) for the elements of a:nonzero set, for some p. Hence it is not-sufficient to
define x, a, B(+, s) only almost everywhere. However, the functions g, B(t, +) may
be defined only almost everywhere.

7. Theorem. Let p€ A, Be B. Then there exists a resolvent kernel R € B satis-
fying (R), (R’) for all t,se J.

Proof. We prove the theorem using Picard successive approximation method.
(Cf. [9].) We introduce these approximations by

(.1) , Ro(t, ) = B(t, 5),

( t
Rvﬂ(t, s) = J B(t, u) R,(u(u), s)du; v=0,1,2,...; t,seJ.
s

We shall prove by induction that:
(i) the definition (7,1) is a good one;

(ii) R,., B,
(i) i Ren(ts) = _[ "R(t, u) B(u(u), s) du,

(iv) Ry (59| S &)1 n(s) (e, 11

where

t t t
&) = f B, s)tds,  n(s) = j IBUG@), )P dr,  L(ts) = '[ &))" du
1] s s
fort,seJ;v=0,1,2,.... Let firstly v = 0. Using the H6lder inequality we obtain

| J‘ ‘IB(t, u)| |B(u(u), s)| du <

s ([ 1ot ot )™ ([ 1m0 d?)”’ < &l ().
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Hence the definition (7,1) is a good one, (iv) holds, R, satisfies (3,1—4) and (3,7—10)
and we obtain (ii). Clearly (iii) holds as well. Let now v 2 1 and let the assertions
(i)—(iv) hold for the indices « < v — 1. Using the induction predicate and the Holder
inequality we get

[T 0 .ot 9 s [ e e )™ ([

s

“\1/p
)P d_u> s

= ) [ -[ ‘é(ﬂ(u)),/., ‘:(l(‘fui 51);!__1 du]”p n(s)’? <

s 0| [t 2 [ [ v ] ] oy s

s e [T

Now we follow the argument of the first induction sfep. (iii) follows from the relations

Ryt s) = J‘ 'B(t, u) J' "Ry y(u(w), ©) B(u(o), s) do du =

sJv

= J' ' J“B(t, u) R, (u(u), v) du B(u(v), s) dv = I ‘Rv(t’ v) B(u(v), s) dv .
Let us put :
(7,2) R(t; 5) =§1 R(t,s).

The function R is defined on the whole interval J x J and satisfies

R, 3)| < c &(t)"a n(s)e .
Similarly,

|R(u(2), 5)] = e S(u(®))""* n(s)"” .

Now, if R = R + B then R € B and using the Lebesgue theorem we get

j'B(t, u) R(u(u), s) du = Z B(t, u) R,(u(u), s) du =

o0 t o0
=Y | B(t,u) R(u(u), s)du = Y R/(t,s) = R(t,s) — B(t,s) .
v=0], v=1
Hence (R) holds. We prove (R') similarly using (ii).
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8. Remark. There exists R € B satisfying (R), (R’) and the inequalities

IR(t, 5)|, [R(u(t), 9)] <  g(2) hs)

for B € B, where x depends only on the functions g, h corresponding to B according
to the relations (3,5—6). The proof is similar to that of Theorem 7. We obtain for
the successive approximations

R )|, |[Ru(k(2), 5)| < g(t) h(s) £i(t, 5)

1 T Pv/p t\q v/q
T veree
fv(t’s)=_l'(J‘ h)v’ p= 0,
\V. 0
L ‘yv, p=1.
V!<J.o)

9. Theorem. Let u€ .#, Be B or Be B; a e L. Then there exists a unique solution
x € L of the equation (I). This solution is given by (X), where R is the corresponding
resolvent kernel.

where

Proof. Let us define x by (X). Then

J:B(t, s) x(u(s)) ds = J:B(t’ 5) [a(y(s)) + J.:(,)R(y(s), u) a(u(u)) du] ds =
= J: B(t, u) a(u(u)) du + J‘ ; J-:B(t, 5) R(u(s), u) ds a(u(u)) du =

- f 'R(t, u) a(u(u)) du

0

in virtue of (R). Hence x fulfils (I). If the couple x, a satisfies (I) it satisfies also (X)
because — B is the resolvent kernel corresponding to —R. So we get the unicity.

10. Example. For t — p(f) 2 ¢ > 0, te J, we get a finite number of approxima-
tions for the resolvent kernel evaluation. We may also simply compute the solution x

provided that u is a step function e.t.c.

11. Remark. Let 1 < p < oo, Be BE'*(J),

(11,1) J‘lB(t,s)—B(u,s)l"ds—-»O, u—t; utel.
J =
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Then the resolvent kernel also fulfils (11,1) and for continuous a the solution x of (I)
is continuous as well. Using Carathéodory condition for the measurability of a com-
posed function (see e.g. M. M. VAINBERG [12]) we may prove the following more
general assertion.

12. Theorem. Let pi € #, let the kernel B satisfy (3,1—2) and
(12,1) B(t, *) is measurable on J for all te J;
(12,2) |B(t, s)| < h(s); t,s€ J where heL;

(12,3) J‘ |B(u, s) — B(t,s)|ds >0 for u—t; utel.
J

Let a be continuous on J. Then the equation (I) has a unique solution x continuous
onJ. '

13. Remark. A function B continuous on J x J satisfies (12,1—3).

14. The more general case. Now we generalize the previous results to the equation
(). Let o be a countable set, u*e A for all ae . Let ap€ o, p™(t) = t, te J.
Let B* be a kernel satisfying (3,1 —2) for all « € o and let
(14,1) B*(p#(¢), s) be a measurable function on J x J;

(14,2) |B*(b(2), s)| < g°(e) h*(s); t,s€T;

for all a, f € of where
G = (Z“gﬂU;)l/P <w, H= (Z"hﬁ":)l/q & 60 .
8

(We put G = sup ||g?|, if p = oo e.t.c.) We denote B = {B} the system of this
8

kernels, B the family of this systems. Let L be the set of functions satisfying (4,1—2)
and the assumptions:

(14,3) a - p* is measurable for all « € o/;

(149 folos = (la e w75 < oo

(We put |a||,, = sup [|@op*|. if p = 0.) We shall consider the equation

0 (1) = alt) + o';sa(t, ) x(u(s)) ds

and seek a system R = {R°} of resolvent kernels satisfying the resolvent equations
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® O R()=B()+ J "%‘Bﬂ(z,; u) RA(uP(u), ) du ,

(R) R¥(t, 5) = Bt 5) + qup:R’(t, u) B%(uP(u), s) du

for all « € of. The corresponding resolvent formula for the solution x will be of the
form :

&) (i) = a(r) + J (:;R"(t, Ha()ds, tel.

15. Theorem. Let B = {B’} €B. Then there exists a system R = {R*}eB of
resolvent kernels satisfying (R), (R’) and the inequalities

|R¥u2(e), s)| < cg’(t) h*(s); t,sed; o Beds;
where the constant ¢ depends only on the functions g", k%, y, 6 € o.

Proof. We may define the systems of resolvent kernels by the formulas

Ry(t, s) = BX(t,s),

t {
R‘:H(t,s)=IZB"(t,u)R“(u’(u),s)du; t,seJ; aesd; v=0,1,2,...
3ﬁ

similarly to the case of the equation (I) (see Remark 8). These systems belong to B
and it holds

|R3(?(2), s)l < g%(1) h(s) w,(t)

(o) "

\gJo J| §f 1<psg o,

where

vl
. wy(t) = D
HY | ¢
B 0

if p=1.
v!

The system of resolvent kernels satisfying the assertion of the theorem may be defined
by ‘
/ ; ©
"R*=Y R}, acd.

v=0

16. Theorem. Let B = {B*}eB. R = {R°} be the corresponding sjzstem of re-
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solvent kernels, a€ L. Then the equation (I) has a umque solution x € L. This
solution is given by the resolvent formula (X) :

Proof is analogous to that of Theorem 9.

2. CONTINUITY

1. Lemma. Let beBY*; f,zeL}"; b 2 0; let r be the resolvent kernel cor-
responding to the kernel b. Then r 2 0 and the inequality

(L1) 2(0) < £(2) + 'fo'b(:., $) 2(u(s) ds, te J,
implies

(1,2) 2() < () + J:r(t, JF)de, tel.

Moreover, there exists a constant ¢ > 0 dependent only on the functions g,, h,
so that (1,1) and the assumiption z = 0 imply

(1.3) 21> = 171,

Proof. We obtain r = 0 from b = 0 and the successive approximation method.
Hence and from (1,1) it follows

|z onl, < c|fonl,-

(1.4) (1) + f (:r(t, u) 2(u(u) du < (7) + j (:r(t, u) f(u(w)) du +

+ J:b(t, s) z(p(s)) ds + J:r(t, u) f:(u)b(u(u), s) z(u(s)) ds du .

Let us denote the last integral by U. Replacing the upper limit u(u) by u and using
the resolvent formula we get after simple calculation

t
= j [r(t, ) = b(t, 5)] z(u(s)) ds .
o
Hence and from (1,4), (1,2) follows. (1,2) implies (using also z > 0)

lzlo = If1s + 17 < &l [ e[ ol
lzonly < 172 uls I8:le lg:l-

We obtain (1,3) from here and Remark 8 of the first part.

2. Lemma. Let Be B2, a e L. Then |B| € BY*; |B|, |B(u(*), -)| € B, |a| e L}
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and we may choose g5 = gp, hjs = hp. If, moreover, x is a solution of (1), then
there exists a constant ¢ > 0 depending only on g, hy so that

Ixls = llals + claonl,, |xouls = clacnls.
Proof follows from Lemma 1.
3. Lemma. Let A, uec #, acL?* n L2 BeB2* nB2*, geL? hels,

(3.1) 1B(t, ). B o). |BG(O). )] < g ) : tose

let x be a solution of (I), y a solution of the equation

G2 . (1) = a(r) + j 'B(t, ) y(i(s)) ds, ted.

0

Then there exists a constant ¢ depending only on the functions g, h so that it holds

33 lx=slpscllacn—aci], + |Bon—Bodl,(lacul, +a-2])],
(3.4) Ixon—yoi; =
S lacu—aoil, + [Bon—Bolyy(lacul, + oAl
Proof. We get .
(35) x(t) — »(1) = j ;B(r, ) [x(u(s)) — ¥(A(s)] ds,
(3.6) X)) — () = a(u() — a(a() +

u(t) (1)
+ I B0, ) () s - f BO), 5) y(i(s)) ds =

0

= a(u)) - a(i(0) + j :"’[B(u(r), 5) — B(i(2), )] x{us)) ds +

u(t) A(t)
+ j BU(1), 5) [x(u(s)) — y(A(s))] ds — f B(1(1), 5) ¥(A(s)) s

0 )

from (I) and (3,2). Let us put (for t, s € J)
2(t) = [x(u(®) — Y|, (e 5) = |B(A(2), 9)]
£1(t) = |a(u(®)) - a(A()| ,
120



1) = j ;|B(u(t), ) = B((), 9| [x(u(s)] ds

£1(t) = j B(e), 5) 1) d

(0

f=fi+fi+fs5.

We get
' @gmpfmg@m,mL

0

from (3,6). Clearly z, fe L{''; be B}''. Using Lemma 1 and (3,1) we get
(3.7) 2l = €l £1,
(c denotes constants depending only on g, h). Using Lemma 2 we obtain

(3’8) ||fz|[p = ”B o — Bo }‘”p.q "x °”"p s c"B op—Bo )‘"p,q "a g ”"p :
f3(t) = 0if A(f) < p(t) because B(A(f), s) = 0 for s > A(t). For A(f) > u(r) it holds

"B, 5) — B, 9] y(i(s) ds| <

u(n)

s [/186:0,9) ~ B0, ) b)) as.

f 3(t) =

Using this and Lemma 2 we get

(3’9) "f3”p = "B"” - B"A"p.q "y °)‘”p S c"B"“ —Bol

ra "a 9 l"p ¢
(3,5) implies
(3,10) lx = yls s clxon = yoaf, =clz],.
(3,3—4) follows from (3,7 10).

4. Assumptions. Let

ue M, BeBr*(J), a eli*(J),

let x, be the solution of (I) with p = p, forv =0,1,2,....

5. Assumptions. Let
(5.1) laoml, s a<w;

(5.2) |B(t, 5)], [B((2), 5)| < 9(t) h(s) s t,s5€ 75
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forv=0,1,2,... where g € L?(J), h e LY(J);
(5.3) laon, —aou), >0, v oo;

(5.4 ) "Boﬂv—Boﬂo"p'q—)O, y— 0,

6. Corollary. Let the assumptions 4,5 hold. Then |x, — xo| =0, |x,0u, —
— Xg o fof| = 0if v — 0.

Proof follows from Lemma 3.

7. Theorem. Let the assumptions 4 hold. Let p < o,
(7.1) la(u) — a(v)| < A|u — v|'?;u,0e T ;
(7,2) . |B(u, s) - B(v,s)| < B(s)|u — v|'"; s,u,veJ,
where A is a constant, B e L9,
(7.3) Iy = molly >0, v o0
(7,49 sup luy — po| S melL!.
Then x, — x, for v —» .

Proof. (7,1 —4) imply the assumptions 5. Now we apply Corollary 6.
8. Lemma. Let B, K € Bl'*, ae L*, let x be a solution of (), y a solution of
t
8,1) W) = a(t) + J K(t, 8) y(u(s)) ds, teJ.
0

Then there exists a constant c depending only on the functions gg, hg, gk, hx
so that

(8,2) lx = y|, S c[|B =Ko+ |[Bon —Kop

lp.ad |aoul,

I,gc"Bou-—Ko/,t

a°“|p

|Pr41‘

(8,3) “Xoﬂ—yoﬂ
hold.

Proof. It follows ‘

(84) Ix() — ()| = j 1806 )] () — ()] s +

+ LIB(t, s) — K(¢, s)| ly(u(s))|-as . ted:

122



(85) Ix(u(t) — )] < j B, )] [44) = (a5 s +

+ J. JlB(p(t), s) — K(u(t), s)| |(u(s))| ds

from (I) and (8,1). Using this and Lemmas 1 and 2 we obtain (8,3) and, using (8,4),
(8,2) as well.

9. Corollary. Let BveBﬁ'”(J); |B.(t, 5)|, |Bv(y(t), s)| < g(¢) A(s) where g € L?,
hel’, let x, be the solution of (I) with B = B, forv =0,1,2,.... Letae L;*(J),
"Bv - BOIIM -0, |le ot — Byo QHM — 0 if v—> 0. Then

Ix, = %o, = 0, [xyost = Xooufp >0 if v oo.
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ON THE CONDITIONS FOR THE OSCILLATION OF SOLUTIONS
OF NON-LINEAR THIRD ORDER DIFFERENTIAL EQUATIONS

BAHMAN MEHRI, Teheran

(Received August 8, 1974)

In this article we study-the problems of oscillation of the solutions of the differential
equation

) X"+ f(t,x) = 0.

We shall assume that the function f(t, x) satisfies the Carathéodry conditions in
every bounded subregion of the rectangular region 0 < t < oo, |x| < oo. Here

@ xf(t,x) 20, |
(3) |7t x0)| S [£(6 x2)|, if |xy| S |x5], xx220.

A solution x(f) of (1) which exists in the future is said to be oscillatory if for every
T > 0, there is a t, > T'such that x(t,) = 0.

Theorem 1. For all solutions of Equation (1) to be oscillatory it is necessary
that conditions

) rr.‘lf(t, C)dt =, J “1f( C)| dt = w0

to

be satisfied for any number C # 0.

Proof. We have to prove that if either the condition

) | j “2f(, ©) dt < w
or the condition ; '
©) J " 17 )| dt < a

is satisfied for some constant C, then Equation (1) has at least one nonoscillatory
solution. '
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We first assume that condition (5) is satisfied. We consider the integral equation
N ,
M () ==+ —| (s— ) f(s, x(s))ds
2 21),
where t > t, > 1 is so large that

fmszlf(s, C)I ds < |C| .

31

Now consider the sequence {x,()}, defined in the following manner

©) xolt) = g

)= S+ ,f ‘“’(s — 1 £(5 % a(5)) d .
In accordance with conditions (2), (3) and (9) we easily find from (9) that
(10) lfJ <x(f)signC<|C|; n=1,2,..
from (9), we find

x() = — Jw(s — 1) f(s, Xp—1(s)) ds .

hence

(11) |x,’,(t)| < J.wsf(s, C)l ds < stzlf(s, C)l,ds < |C|

t

for t > t, > 1. It follows form (10) and (11) that the sequence {x,(t)} defines
a uniformly bounded and equicontinuous family on (¢, ), hence it follows from
the Arzela-Ascoli theorem there exists a subsequence {x, ()} uniformly convergent
on every subinterval of (t;, ). Now a standard argument, see for example [2],
yields a function x(t) which is a solution to (7), as easily checked, a solution of the
differential equation (1). But on the other hand according to (10), x(¢) is nonoscil-
latory.

~

Now let condition (6) be satisfied. We consider the integral equation
C t s 12 @©
@2  x)=Ses | s(i- _) £, %) ds + £ [ 7(s, x(s)) ds
2 . 2 2],
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where 1§ chosen so that

(13) J |7(t, c?)| dr < lel, '
i 2
Consider, the sequence {x,(f)}, defined in the following manner

(14) | xolf) = %2

%(1) = %tz + J“s (t - %)f(s» X,—1(s)) ds + t—22

o

("6 % o) 0

vt

in accordance with conditions (2), (3) and (13), we easily find from (14), that

C
(15) ' Liltz <x(f)signC < |C|*, n=1,23,...
and :
(16) [xXa-1(2)] < | n=12...

It is obvious from (15) and (16) that the sequence {x,(t)} converges to some function
x(). Furthermore

C
(17) Lz‘l * < x(t)sign C £ |C| 2

we show that x(f) is a solution of the integral equation (12). For any preassigned
e > 0, we choose T in such a way that

fw|f(t, Ct?)|dt <.
T

Then, according to (14) (15) and (17) we obtain

() - C_‘z _£ J f(s, (5) ds - J' s(t - %) £(s, x(5)) ds <
g%ﬁ ‘f(s, x(s)) — f(s, x,,_,(s))| ds + _t2_2j‘: |f(s, Xp-1(s)) —
— f(s x()| ds + j 's(t - 2£) (5, %o s(5)) — £(5, x(s))| ds <
2 I:lf(s,;x,_,(s)) —‘ f(sT x(s))| ds + %zj:f(s, Xp—1(s) = f(s, x(s))I ds <
o f 1G5, %a-1(6) = F(s, x())| ds + o
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If in the latter inequality, we pass to the limit as n — oo we obtain

0= G- 5[ st o as - [[s(r= )6 xn e

to

< et?.

But since ¢ is arbitrary, it follows from the last inequality that x(¢) is a solution of the
integral equation (12), as well, as easily checked, a solution of the differential equation
(1). But on the other hand, according to (17) x(f) is nonoscillatory.

Theorem 2. If the condition
(18) j |£(t,C)|dt =
to
is satisfied for every constant C + 0, then any solution of (1) which exists for t > t,

is oscillatory.

Proof. Assume it is not oscillatory, without loss of generality, we assume x(t) > 0
for t 2 to. Then x"(f) < 0 which implies x"(f) > O for t 2 t,. Therefore x'(f) > 0
for t 2 t; > t,, or x(t) < 0 for t > t,. Replacing ¢ by t,, when necessary we may
consider both cases.

‘Assume, x'(t) > 0 i.e. x(f) x'(f) > 0 which implies |x(t)| > |x(to)| and

X(0) = X'(to) — j £, () ds
[#0) = 1ol = [ s as 5 ) - | ;|f(s, (o) ds
this implies |x"(f)] > — oo, which is a contradiction.
Assume x'(f) < 0 ie. x(f) x'(t) < 0, or
[x(®)] < [x(to)] -

From the identity

ix"(t0) — ¥(to) = t°(t) — X'(t) + J "1, () ds

it follows, that

s I s f{n, M) s > J ;f(s, *(to)) ds ,

to

which is again a contradiction.
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Theorem 3. If for any nonzero constant C we can find constants A + 0 and M > 0,
depending on C, such that the inequality

(19) |7t ©)| = M|f(t, 2%)|

is satisfied for t sufficiently large, then for every solution of Equation (1) to be
oscillatory condition (18) is necessary and sufficient.

Proof. The sufficiency of the condition follows from Theorem 2, we prove the

necessity of the condition. For this we show that if ‘[ |£(t, C)| dt < oo then (1) has

fo
at least one nonoscillatory solution. Indeed, according to condition (19) we have

‘r)|f(t, A?)| dr < A%J'w|f(t, C)dt < 0.

But, then by Theorem 1 Equation (1) has at least one nonoscillatory solution. This
proves the theorem.

Corollary. Let a(t) 2 0, f(x) be continuous function satisfying the condition

xf(x) >0, when x=f-0,'

(20) |£(x,)] < |f(xz)] when |xq| < |x2], x1x,20
and |
(21) sup |f(x)| < o .

Then for all the solutions of the equation
(22) x" + a(t)f(x) =0

to be oscillatory, the condition

(23) j " o) dt =

is necessary and sufficient.

Proof. It is clear according to (20) and (23) that conditions (2), (3) are observed
'for Equation (22). On the other hand (21) and (23) imply that condition (18) is
fulfilled. Therefore, all the hypotheses of Theorem 3 are satisfied, hence follows the
validity of our assertion.
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THE LYAPUNOV STABILITY
OF THE TIMOSHENKO TYPE EQUATION

JAROSLAV BARTAK, Praha
(Received October 25, 1974)

The purpose of this paper is the investigation of the global exponential stability,
respectively the stability of the zero solution of the equation

(1) u”(t) + au"(t) + (b;AY2 + byI) u'(f) + (c; A2 + ) u'(t) +
+ (dA + d,AY? + d3D)u(t) =0

where A is a selfadjoint, strictly positive linear operator in a Hilbert space H; I is the
identity operator in H; a, by, b,, ¢y, ¢, d;, d,, d; are real constants.

Under the solution of (1) we understand a function u from the space % =
= {u:¢0, ©) > H | u e C(2(u), 2(A“~D*), j =0, 1,2, 3}, fulfilling the equa-
tion (1) on €0, o).

Let us define the norm “ 5 [I B(A) x B(43/4) x D(41/2) x B(41/4) DY the relation

""(‘)" B(A) X D(AY/4) X D(A1/2) X G(AI/4) =
= ([(ult), u(2), u'(1), u'(1))| 24) x B(43/4) x D(A1/2) x D(A1/%) =
([CORAONHONEO)]
= [|4u@|® + |4 @] + |42 w (@) + |4 w"()]?]"

for u € % and t € €0, ), (||+| is the norm in the space H).

Definition 1. We say that the solution v(t) of the equation (1) is stable with respect
to the norm || || 94 x 94374y x 94112 x 34114y if to arbitrarily chosen & > 0 there exists
a 5(g) > 0 so that the following implication holds:

|(0) — 2(0)] 3y x 3arr4y x Ba172) x B4y < 8(E) =
= [u()) — o(1)]| sax sarr x 3av2 x 3419y S €

for t 2 0 and for every solution u(t) of the equation (1).

130



Definition 2. We say that the solution v(f) of the equation (1) is exponentially
stable with respect to the norm " L ”9(4))&Q(AJM)XQ(Al/z)xQ(Al/‘) if there exist positive
numbers J, K, o so that the following implication holds:

|4(0) — ©(0)]| au) x 3374 x 312y x 3(a1r0y S & =
—at

= ”“(‘) - ”(‘)”9(A)x9(43/‘)x9(41/2)x9(41/4) < Ke

: ” u(0) — 0(0)” D(A) X D(A3/4) X D(A1/2) x D(AV4)

for t > 0 and for every solution u(t) of the equation (1).
If 6 = + oo in addition, we speak about the global exponential stability.

Let u(f) be a solution of (1) and let the following initial conditions be fulfilled:
&) u(0) = 9o, w(0) = @1, w'(0)=0,, u"(0)=0;,

where ¢, € 2(4*"4),i =0,..., 3.
Let us assume that

(3) the solution of (1) fulfilling (2) is unique.

The problem of the uniqueness is studied in [1], [2].
Let us denote E(s) a spectral resolution of the identity corresponding to the
operator 4, 5 = inf 6(4). By the assumptions on the operator A, we have

4) 6>0.

Let us write the solution of (1) fulfilling (2) in the form (we shall show that this
is possible)

©) )= 3 [ mie9) a86) o,

where m(t, s), (i = 0, ..., 3) are solutions of

6  m™(t,s) + am”(t,s) + (bys'? + by) m'(t, s) +(cy5'% + c;) m'(t, 5) +
+ (dys + dos'? + dy) m(t,s) = 0

fulfilling the initial conditions

) m{®0,s) =&, i,k=0,..3, s;_é.

The symbol of derivative means the derivative with respect to the variable #; s = ¢
is a parameter.
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- ‘Suppose that A, = A,(s), i=1,...,4 are solutions of
(® A%(s) + a 23(s) + (bys'® + by) A%(s) + (cys"? + ¢3) Als) +
+dis+dys'? +dy;=0.

-

For the sake of simplification we shall further use the following notation

(9) b= blsllz + bz, c = clslll +c,, d = d[S 4 dzsllz + d3'
Then
g ! &2 +all+bl+c
(100) mo(t, S) = Z i ” i ' el(l ,
: o i=1
' [T(4 - 4)
j=1
J*i
- & A +al+b
(10,) my(t, s) = :;1 T,
[1(: = 4)
j=1
J*i
52 }s,' + a it
(o) mi9) = 5, 2 o,
: o [T = 4)
J=1
j*i

s 1 At

(10,) my(t, s) = 12’1 g,
o " 16 4)

=1
FEA

It will be advantageous to express the functions mt, s) in the following form:

0

t T
(11,) mo(t, s) = (A} + aAl + b, + c)J' e"('_’)J. 2t~
A : 0
.re"("“)e““ dododr + [A] + 23 + A4, +
0

t o
+a(A, +4) + b]j e“('_")j B0 dodo +
0

0

t
+ (A + A, + A3 + a)J e Dghe gy 4 pht
0
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. - .
(111) ml(t! s) = (A% + all + b)j eax(‘-ﬂJ‘ 812(‘-”) .
0

[}

J P 0 M dodg dr + (A, + A, + a).
0

t a t
J' elz(t—a)j els(q—a)eho dode +J‘ ela(t-v)elae dQ ,

0 0 0

t %
(11,) my(t,s) = (4, + a)f eln(z-qj. =)
(V]

0

o t
j ela(ﬂ-e)eho dQ do dz +-[ elz(t-a) fela(o—o)ehe dg do,

0 0 0

(11,) mu9=j

0

t T 2
NG J. elz(t-ﬂ)f et 4y do dr .
0 0

Lemma 1. Let the following conditions be fulfilled:

(12) a>0,

(13) ;s + ¢, >0 for s26, ¢ >0, _
(14) dis + dysV'?* +dy >0 for s26, d* +d:>0,
(15) a(bys'’* + by) (cys'%+ ¢;) — a*(dys + dys''? + d3) —

— (5" +¢,)*>0 for s29,
(16) abye; — a’dy — 2 > 0.
Then there exists a constant w > 0 such that
(17) Rel(s) £ ~w

for all solutions A(s) of the equation (8) and all s 2 6.

Proof. We can easily derive by means of the Hurwitz theorem that the necessary
and sufficient conditions that the inequality Re A(s) £ —w (for s 2 8) holds are

(18,) —4w +a>0,
(18,) (—4o + a)(6w? — 3aw + b) — (—40® + 3aw? — 2bw + ¢) > 0,
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(185) (40 + a)(6w? — 3aw + b)(—4w® + 3aw® — 2bw + ) —
- (—40 + a)* (0* — a0® + bw? — cw + d) —
- (—40® + 3a0? - 2bw + ¢)* >0,
(184) ' 0* — aw® + bo* —cwo +d > 0;

the inequalities (18) must be fulfilled for all s 2 8. It follows from (12) that the con-
dition (18,) holds for sufficiently small w > 0. (18,) follows immediately from (13),
(14),(185),(18,). The condition (18,) is also fulfilled for sufficiently small @ > 0 because
of (14). Further it follows from (16) that there exists S, = & such that (18,) holds
for s 2 S,. Using (15) we can guarantee also (18,) on the interval [, S,], if we
consider sufficiently small @ > 0 only.

Lemma 1A. Suppose that it holds (12), (13), (14), (15). Then
(19) Re Afs) <0

for all solutions A(s) of the equation (8) and all s 2 6.
Proof. It can be proved that to each S, 2 & there exists @ = o(S,) > 0 such that

(17) holds for all solutions A((s) of the equation (8) and all s €[4, S,] similarly as
in the proof of Lemma 1. This proves Lemma 1A.

Lemma 2. There exists a constant A, > O such that for each solution A(s) of
the equation (8) (which can be written in the form

(20) As)+ar(s)+bAX(s) +cA(s) +d =0
when we use the notation (9)) it holds
1) A6)] 5 At
for s = 6.
Proof. If we put

a
22 fmy-2
(22) y-3

we can transform the equation (20) to

(23) Y tet+fr+g=0
where
3 2
e=b_.3_a2, f=.a__.a_b+c, g=_'ia4+ﬂ)..g£
8 8 2 256 16 4
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!

All solutions of the equation (23) are:

(24)) y1 =3z + 3% + 23'?),
(24,) 2 =¥z - 22" - z3),
(24;) ys = H—z{"* + z3* - z3%),
(24,) va = 3(-2i"? - z3/* + z}/?),

where z,, z,, z, are solutions of a cubic equation

(25) 23 + 2ez’ + (e —4g)z — f2=0.
We choose values of the square roots such that z1/? . z}/? . z3/> = —f. Let us put
(26) z=x— % e.

Then the equation (25) can be transformed to

(27) x*+3px+29=0
‘where
e2 4 e de :
pum— LW L. €t [
9 3 27 3 2

Let us denote

(28) u=3(-a+ @ +p)), v=(-a- @ +7r).
The square roots are chosen such that uv = —p.
Further let us put ¢ = ¢**/3, Then solutions of the equation (27) are

(29,) X, =u+v,
(29,) x; = &u + &,
(295) x3=¢&u+ev.

Substituting for p, g to (28), we get
(30) u =K' + o(s'?), v=Ks"*+ o(s'?),
where K,, K, are constants and o(f(s)) means any expression such that

im V) _
lim. o =
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We get from (22), (24), (26), (29), (30)
(31) As) = Kis'/* + ofs'/*),i=1,...4,
K, are constants. We can easily find with help of (4) that

(32) to each S, 2 & there exists a constant K(S,) such that |1(s)| < K(S,)6"*
for se[8,S0), i =1,...,4. '

The assertion of the lemma follows immediately from (31), (32). |
Lemma 3. Suppose that
(33) 4 %0,
(34) ) b? —4d, +0.
Then there exist constants A, > 0, Sy = 6 such that
(35) |Als) = Afs)| = Ass'* for s28,, i*j, i,j=1,...,4.
Proof. We use all notations from the proof of Lemma 2. Then
(36) M=y =22+ 22, 2, — Ay =2z{ -z},
Ay = Ay = zM? 4 202 A, — A, =12 — 212,
Ay = Ay = 212 4 23, Ay — Ay = 2y — 232,
So if (35) is to be proved it suffices to prove
(37) (212 4 z}?) 518 22D ag 10, for i+,
(21 = Z/%) s~ L2239 2p w0, for @+ j;

the existence of finite limits is clear, cf. (31).
The conditions (37) will be fulfilled, if

(38) + lim z}/2s~ 14 & lim z}/%s~ Y4, fori # j

s+ s+

(the existence of finite limits is clear again).
Using (26) we get the following sufficient condition that (38) is fulfilled

s+ =+

(39) lim x;s™%% & lim x;s™"2, fori +j,i,j=1,2,3.
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Let us denote

b} 4 b} 4
p=—2_-2d, §=-2+bd,,
P g 3 1 27 %
i =Y(-3+J@ + 7)), 8=Y(-3-J@ +p),
then ; ‘
(40) lim x;s™ "2 =ua + o,
s + o0
lim x,5™ Y2 = eii + &%p,
s+
lim x,s~ Y2 = &% + &b
s=+ o0

It follows from (40): the condition (39) is fulfilled if -
(41) >+ p>+0.

We can easily find that (41) follows from (33), (34).
This proves the lemma.

Proposition 1. Suppose that (12)—(16), (33) (34) hold. Then there exist constants
L> 0, w > 0 such that

(42) Imﬁ")(t, s) s“‘"’/“| < Le™©*
fort 20,§26,i=0,..,3,k=0,...,4.

Proof. It follows from (10), (17), (21), (35) that (42) is fulfilled for s > S,. If we
take into consideration the boundedness of A(s) for se [d, So] and use (11), we
easily prove that (42) holds on [, S,], too.

Proposition 1A. Suppose that (12)—(15), (33), (34) hold. Then there exists
a constant L > 0 such that

(43) |m{(t, s)s¢~2"4| < L
fort20,s26,i=0,...,3,k=0,..,4
Proof. It is similar to the proof of Proposition 1.

It follows immediately from Proposition 1A:
Theorem 1. Let (12)—(15), (33), (34) be fulfilled. Then the function u(t), defined

by the relation (5), is the solution of the equation (1) and fuIﬁls the initial con-
ditions (2).
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Theorem 2. Let (12)—(16), (33), (34) be fulfilled. Then the zero solution of
the equation (1) is globally exponentially stable with respect to the norm

* | B(4) x D(A3/4) x D(A1/2) x D(A1/4)-
Proof. Using (42) we get from (5)

#40)  [4a 5 4§ mal 9 * A w0l + [ e 957

a8 ol + [ Imss ) sl 0 +
3

* J ®|m3(t, 5) s*4[? 572 d[[ E(s) 903'“2} < 4[Le™']*.
L

(|4@o|* + | 404|? + [ 4120,]* + [41*0s|?) =
= 4[Le™ T [[u(0)] 3y x savryx scarray x sarrs -
We can prove similarly
(44) 44 u®()]* < 4 L[e T |u(0)]|Zeay x sasrey x sty x aiarsy »
k=1,273.

If we add (44,)—(44;), we get the global exponential stability of the zero solution.

Theorem 3. Let (12)—(15), (33), (34) be fulfilled. Then the zero solution of the
equation (1) is stable with respect to the norm ||+ || a4 x a(a34) x 3(4172) x 34174y
The proof is similar to that of Theorem 2.

Remark 1. Suppose that v(t) is any solution of the equation (1). Then under
the assumptions of Theorem 2, respectively Theorem 3, v(t) is globally exponentially
stable, respectively stable with respect to the norm |||| D(A) x D(A3/4) X D(AL/Z) x D(AL/4)-

Proof. Let u(t) be a solution of (1). Then the function w(f) = u(r) — »(t) satisfies
equation (1), too. Now our assertion immediately follows from Theorem 2, respec-
tively Theorem 3.

Example. The following problem is often investigated:
(45) 187 U1, X) + ag18; U1, X) — (8 + €3) Upns(t, X) +
+ (1 + cey8;) upt, X) — a€s (1, x) + @ u(t, x) + Uep(t, x) —
— ceyu(t,x) + cu(t,x) =0,
where ¢; > 0, &, > 0, a > 0, ¢ are real constants,

u(t,0) = u(t, 1) = u,,(t,0) = u,(t,n) = 0.
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Using Theorem 3, we get sufficient conditions for the stability of the zero solution
of the problem (45).
Put H = L,(0, 7) and define the operator A by the relation

(46) A v(x) = vo(x), for veD(A) = {ve W50, )| v(0) = v(m) =
= 0:4(0) = v() = 0},

(in the sense of distributions).

We easily find that the operator A is linear, selfadjoint, strictly positive and
o=1.

Now, we can rewrite our problem into the form

(47) u” (1) + au”(t) + {[(e, + &;) AY> + 1 + cese,][e18,} () +

+ [(ae,AY? + a)fese,] u'(t) + [(A + ce,AY? + c)fese,] u(t) = 0.
Simple calculations show that the conditions (12)—(15), (33), (34) are fulfilled, if
(48) g k&, ¢>—(1+ e:z)‘bl .

Theorem 4. Let (48) be fulfilled. Then the zero solution of the problem (45) is
stable with respect to the norm ”'"Q(A)X9(A3/4)X9(A1/2)X9(A‘/4)’ (the operator A
is defined by (46)).
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A-BEWEGUNGEN MIT DEN (U)-AUTOMORPHISMEN

ZDENEK JANKOVSKY, Praha

(Eingegangen am 22. Januar 1975)

EINLEITUNG

Im vorliegenden Artikel wird die Mobiussche ebene Geometrie (.#-Geometrie) als
Geometrie im Kleinschen Sinn angesichts der 6-parametrigen Gruppe der direkten
linearen gebrochenen Transformationen der Gaussschen Ebene (.#-Gruppe) aufge-
faBt. Diese Geometrie ist auf die spezielle komplexe Mannigfaltigkeit Dim 2 (-
Ebene) zu iibertragen. Die .#-Geometrie hat manche bedeutende Eigenschaften
(sie ist z. B. konform), s. [1], [3]. Auf der .#-Gruppe sind die kinematische Geo-
metrie (.#-kinematische Geometrie) und die Kinematik (.#-Kinematik) analogisch
zur klassischen kongruenten, bzw. afinnen, bzw. projektiven kinematischen Geometrie
und Kinematik, die auf der kongruenten, bzw. afinnen, bzw. projektiven Gruppe
aufgebaut werden, aufzubauen. Dieser Artikel beschiftigt sich mit den Eigenschaften
der Bewegungen dieser .#-Kinematik (.#-Bewegungen) vom Standpunkt der Repro-
duktion der geometrischen Figur (U) der .#-Ebene ((U)-Automorphismen der
#-Bewegungen). Vom Standpunkt der .#-Differentialgeometrie handelt es sich um
die Eigenschaften der .#-Bewegungen des Ranges 0.

1. GRUNDBEGRIFFE .

Es sei R der Korper der reellen Zahlen und K der Korper der komplexen Zahlen;
bezeichnen wir K = K U {0} die erweiterte Gausssche komplexe Ebene, der die
Struktur einer komplexen Mannigfaltigkeit analytisch durch den Atlas

{(K, w); (K — {0}, w,)}

w :K->K;

mit den Karten
= id

w
1 fir z$0, zeK
wii(R = {0) =K, wid)=1z " : BRE
0 fir z= o0
zugeordnet wird.
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Definition 1. Es sei M + 0 eine Menge und # : M — K eine bijektive Abbildung,
dann nennen wir die Menge M mit der Struktur der komplexen Mannigfaltigkeit, die
die Abbildung & in ihr induziert, die Mdbiussche Ebene (.#-Ebene) und ihre
Elemente .#-Punkte.

Essei I'; = {# :K > K|

az+/3; b —py=1; z,a,B,y+0, 6K ; fir z#—é,
Yz + & ) Y
Mz =] © fiir z=—§,
Y
& fir z= 00,
Ly

fiir y = 0 ist notwendig 6 # 0 und

« B
= SZ+5 fir zeK,
0 fir z= o,

die Gruppe der linearen gebrochenen Transformationen der erweiterten Gauss-
schen komplexen Ebene K. Die Abbildung %~ '.#% ist offenbar eine Punkt-
transformation der .#-Ebene M.

Definition 2. Die Gruppe I'j wird die M&biussche Gruppe (4 -Gruppe) genannt.
Die Gruppe & ~'I'}# wird die M&biussche Gruppe der Punkttransformationen der
-Ebene M genannt.

Bemerkung 1. Die .#-Gruppe ist linear durch die spezielle lineare Gruppe SL(2, K)
zu reprisentieren, denn es existiert der folgende Isomorphismus:.

l/l:F;—-»SL(2,K)Z|ﬂ(.ﬂ)=M=(a 6); |M| =1; ap,70ek.
i 4

Definition 3. Unter der Mébiusschen Geometrie der .#-Ebene M verstehen wir
die Geometrie im Kleinschen Sinn angesichts der .#-Gruppe der Punkttransforma- -
tionen der .#-Ebene M. Die geometrischen Grundobjekte in der #-Geometrie sind
die .#-Punkte und die #-Kreise, d. h. dic Menge (') der #-Punkte (z).€ M,
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fiir welche bei der Matrixdarstellung (die Interpretation M auf der komplexen
projektiven Geraden)

=00 (@) 1mv- we: () e

X =2Z"KZ=0
gilt, wo

K=(';g); A,B,CeK; (4,B,C)+(0,0,0); A=41;

Cc=C; AC < BB.

Das 1-parametrische System aller .#-Kreise, die mit 2 gegebenen, voneinander
verschiedenen Punkten inzidieren (Grundpunkte), bzw. die mit dem gegebenen
Kreis in seinem einzigen gegebenen Punkt inzidieren, bzw. die zu den Kreisen im
ersten Fall orthogonal sind, heit das hyperbolische, bzw. parabolische, bzw.
elliptische Biischel der .#-Kreise.

Bemerkung 2. Vergleiche die Einfithrung dieser Grundbegriffe mit den dhnlich
eingefiihrten Begriffen in [1], [2], [3], [6].

Definition 4. Das Koordinatensystem S der .#-Ebene M heilt jedes Tripel von-
einander verschiedener .#-Punkte (z,), (z,), (z3) € M, bezeichnen wir S = {(z,),
(z2), (z3)), und unter den Koordinaten angesichts S verstehen wir jede bijektive
Abbildung & von D1 (Definition 1), fiir welche

F(z)=0; F(z)=1; F(zs)=j; j=-1

gilt. Ist S und & auf M gegeben, dann sagen wir, daf3 die .#-Ebene M auf S mittels #
bezogen wird; wir bezeichnen sie M &(S) oder kurz M(S).

Operiert die .#-Gruppe # ~'I';# auf M, dann transformiert sich das gegebene
Koordinatensystem S = {(z,), (z,), (z3)) durch die beliebige .#-Transformation
F L MF e F'I'\F ins Koordinatensystem X = {({,), ({2), ({3)). Die Koordina-
tentransformation ist in der Form

(111) F=M5- ‘f

darzustellen.

Bemerkung 3. Ist ‘\# = id, dann M = K und (1,1) ist als # = .# zu schreiben.

Wenn eine .#-Punktfigur durch eine .#-Transformation # ~ ' # % auf die andere
#-Punktfigur der .#-Ebene M abgebildet wird, dann sind diese 2 #-Punktfiguren
in der #-Geometrie als gleichférmig zu betrachten.
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Analogisch zur kongruenten Bewegung in der euklidischen Ebene, die auf der
Kongruenzgruppe (gewdhnliche Bewegungsgruppe) aufgebaut wird, ist der Begriff
der #-Bewegung auf der #-Gruppe der Punkttransformationen der -Ebene
aufzubauen. Sind die Parameter a, f, y, 6 der Transformation .# stetige komplexe
Funktionen von einem reellwertigen Argument ¢t € # < R (£ ist ein reelles Intervall),
das als die physikalische Zeit zu interpretieren ist, d. h. «, B, y, & € C°(#) (C'(#)
ist der lineare Raum aller n-mal stetig differenzierbaren komplexen Funktionen
@ :# - K) und gilt V1, € # : |M(t,)| = 1, dann ist auszusprechen:

Definition 5. Das 1-parametrische System {.#(f)},, der Punkttransformationen
F ' MF der M-Ebene M (S) iiber die analytische Darstellung

_d)z+B0) 1 au
(1,2) C_y(t)z+6(t)’ M =1 auf &,

wo a, B, y, 6 € C%(F), wird die M&biussche Bewegung #(S/X) der .#-Ebene M,(S)
in #-Ebene M,(X) auf # (.#-Bewegung .#(S/Z) auf .#) genannt, wobei man als
Konvention (z) € M(S), ({) € M,(Z) legt. .#-Ebene M,(S), bzw. M,(Z) wird die
Gangebene, bzw. Rastebene der .#-Bewegung #(S/Z) auf # genannt. Fixieren wir
in der gegebenen .#-Bewegung .#(S/X) auf S t;€ S, so bekommen wir eine .-
Transformation, die wir die Phase ¢, nennen.

Transformieren wir das Koordinatensystem in M, bzw. in M,

1S 525, bzw. X2y
so, dafB3 die Koordinatentransformation durch die konstante Matrix
(1,3) C,bzw. I'; |C|=]|I|=1

dargestellt wird, dann geht die gegebene .#-Bewegung #,('S/'Z) auf 4 in so
eine .#-Bewegung .#,(*S/*Z) auf .# iiber, daB fiir ihre Matrixdarstellungen

_ (d?) B1). _
(1,4) M(1) = (y,.(t) (w)), M) =1,

tef,i=1,2
(1,5 M,(t) =T M,(1)C auf S

gilt. .#-Bewegungen . ('S['’Z) auf #, deren die Matrixdarstellung (1,4) bei den
gegebenen konstanten Matrixen (1,3) der Beziehung (1,5) geniigen, werden &qui-
valente .#-Bewegungen genannt; (1,4) reprasentieren den einzigen, in den ver-
schiedenen Koordinatensystemen dargestellten BewegungsprozeB.
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Definition 6. Die Klasse aller aneinander dquivalenten .#-Bewegungen . ('S/'X)
auf S wird #-Bewegung .#(t) auf # genannt.

2. (U)-AUTOMORPHISMEN DER .#-BEWEGUNG

Definition 7. Wir sagen, daB die Punktfigur (U) = M(S) analytisch durch die
Gleichung

1) =0

dargestellt wird, wenn

- =0 (z)e(U),
f: K=K, f(z)<=i=0 8&03.

ist.

Bemerkung 4. Jede Punktfigur kann man analytisch durch unendlich vielen
Gleichungen représentieren.

Definition 8. Die Gleichungen
f,~(z)=0, i=l,2

* sind beziiglich (U) dquivalent, wenn jede von ihnen (U) reprasentiert. Die Funktio-
nen f; werden dann die dquivalenten Funktionen beziiglich (U) genannt und

i@ f2

bezeichnet.

Definition 9. (U) = M(S) wird die feste Punktfigur beziiglich der .#-Bewegung
(1) auf S genannt, wenn fiir ihre beliebige analytische Reprasentation f gilt:

(2,1) fo ()T f, auf £
Bemerkung 5. Gilt die stiarkere Beziehung
fs Jt =f, MeTl},
anstatt (2,1), dann ist die Funktion f die Automorphfunktion der Gruppe I'} (siehe
2. B. [4], [5]).

Definition 10. Die .#-Bewegung .#() mit der festen Punktfigur (U) auf . heiBt
die .#-Bewegung mit dem (U)-Automorphismus auf 4.

Bei der Untersuchung der .#-Bewegungen mit den (U)-Automorphismen ist eine
Aufgabe zu stellen: ' i

Zur beliebigen gegebenen Punktfigur (U) = M alle .#-Bewegungen finden, die
(U) reproduzieren. '
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Wenn (U) analytisch durch die Funktion f reprisentiert wird, dann werden alle
M-Bewegungen #(t) auf # mit dem (U)-Automorphismus durch ihre kinematischen
Parameter «, 8, y, & € C°(#) bestimmt und diese kinematischen Parameter geniigen
der Funktionalgleichung

(1) z + B(1)\ _ -
(2.2) f(m) _0 auf s

genau fiir alle z, fiir welche

f(z) =0 gilt.

Angesichts der Schwierigkeit dieser Aufgabe begrenzen wir uns weiter nur auf ihre
Losung fiir einige spezielle Punktfiguren, besonders fiir die geometrischen Grund-
objekte und ihre Systeme.

3. #-BEWEGUNGEN MIT DEN (z,)- UND (z;) A (z,)-AUTOMORPHISMEN
Suchen wir die .#-Bewegungen mit dem (U)-Automorphismus auf # fiir
(U) = (z0), (ein #-Punkt).
Es ist S, 2 so auszuwihlen, daB die Beziehung
(3,1) lo=Mt)zo=20=0 auf S

gilt. Aus (1,2) und (3,1) folgt
" ) =0

und daraus folgt

Satz 1. Das System aller .#-Bewegungen mit dem (z,)-Automorphismus auf S
ist 4-parametrisch (die Parameter des Systems bei unserer Wahl S, X : Re (a/6),
Im (2/8), Re (y/6), Im (y/8)) und seine Reprdsentation

)
(3’2) C—m, a =1 f 5

ist kanonisch.
Suchen wir die .#-Bewegungen mit dem (U)-Automorphismus auf 4 fiir

(U) ={(z4). (z2)} 5 (21) * (22) -
Es ist S, 2 so auszuwidhlen, daB die Beziehungen )

(3,3) zi=Ci=£i; i=1,2; 61=l, 82=_1
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gelten. Aus (1,2) und (3,3) folgt
‘ a=d6; B=1y in C%S)
und daraus folgt

Satz 2. Das System aller #-Bewegungen mit dem (z,) A (z,)-Automorphismus
auf S ist 2-parametrisch und seine Reprdsentation ‘

ofr) z + () 2
3.4 f= ;o) = + J(1 + Bt
6 2022180 w9 - 201+ £0)
ist kanonisch. Fiir «(t). B(t) = 0 auf S hingt die Beziehung (3,4) von t nicht ab und
es handelt sich um die #-Ruhe.

Satz 3. Die .#-Bewegung mit dem (z,) A (z,) A ... A (z,)-Automorphismus,
woz; % 2z, i+ j;i,j=1,2,...,n;n 23, ist die #-Ruhe.

Der Beweis folgt aus D5, D6 und dem Satz iiber die Bestimmung der .#-Trans-
formation, siehe z. B. [2], S. 4-5.

4. #-BEWEGUNGEN MIT DEM (X)-AUTOMORPHISMUS

Suchen wir die .#-Bewegungen .#(f) mit dem (U)-Automorphismus auf . fiir
(U) = ()

Es ist S, X so auszuwéhlen, daB3 die Beziehungen

(4,1) HN=z—-2=0
und
(4.2) MO(A)=(—-C=0 auf S

gelten. Aus (2,2) und (4,1) folgt

_ 8 -p _ P
(43 o= EL - 2P

und aus (4,2) und (4,3)
(44) 67 —38y =0, pi—Pu=0, yp—0a=pj—ad in CS).

Die Beziehungen (4,4) sind gleich den 3 auf die kinematischen Parameter der M-
Bewegung gelegten reellen .Bedingungen. Diese Bedingungen sind z. B. durch den
folgenden Fall

' Arga = Arg p = Argy = Argd

zu erfiillen und daraus folgt
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Satz 4. Das System aller #-Bewegungen mit dem (X)-Automorphismus auf S
ist 3-parametrisch und seine Reprdsentation

_a*z + p*

4,5 :
4.5) o

; o¥6* — B¥y* =1 auf S,

wo a* = @*, B* = B*, y* = 7*, 6* = §*, ist kanonisch.

Bemerkung 6. Die .#-Bewegungen mit dem (2¢')-Automorphismus sind eigentlich
die auf der Gruppe SL(2, R) aufgebauten Bewegungen.

Untersuchen wir den Fall der Reproduktion (%) in den .#-Bewegungen (4,5)
in ihren einzelnen Phasen, dann ist es nach den festen Punkten (z) in der Phase t,
zu fragen, d. h. nach den Punkten, fiir welche

(4,6) ¢ = z in der Phase t,

gilt.

Satz 5. In der Phase tye S der #-Bewegung (4,5) gibt es einen einzigen Punkt
(zo) € (), bzw. eben 2 feste Punkte (z,), (Zo) ¢ (o), bzw. eben 2 feste Punkte
(z1), (z2) € (X), (z1) * (z2), dann und nur dann, wenn o*(to) + 6*(to) = tr M*(t,) =
= 2, bzw. |tr M*(to)| < 2, bzw. |tr M*(to)| > 2 gilt.

Der Beweis folgt aus (4,5) und [5], Satz 1.12 und 1.13, S. 20—23.

Gilt (4,6) auf #, dann bekommen wir angesichts S5 (Satz 5) 3 wichtige Unterklassen
der #-Bewegungen (4,5), die durch

*
(47.1) (=—"2—, a*=1 auf s
.y*z + a*
* %*
(4,7.2) {= “_I;'*i* , a*? + p*2 =1 auf S
—p*z + «
* *
(4,7.3) - ;*z—”’* w*? — B2 =1 auf S
z4+ o

zu reprasentieren sind. Die Klassen der .#-Bewegungen (4.7) sind 1-parametrisch.
Interpretieren wir die einzige beliebige reelle Funktion als einen neuen Zeitvorgang
der .#-Bewegung, dann bekommen wir in jeder Klasse eine einzige .#-Bewegung.
Vom Standpunkte der Geometrie werden diese .#-Bewegungen durch ,,die Kreis-
férmigkeit‘ aller ihrer Bahnkurven charakterisiert (wie aus (4,7) folgt).
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5. #-BEWEGUNGEN MIT DEN () A (X ,)-AUTOMORPHISMEN

Suchen wir die .#-Bewegungen mit dem (U)-Automorphismus auf .# fiir
U) = {(or), (2} s (o)) # (o) ... #-Kreise ;

die Reproduktior {(#',), (& ,)} ist angesichts der Definition der .#-Bewegung und
,»der Kreisformigkeit** der .#-Geometrie nur so moglich, daB jeder aus den - .#-
Kreisen (X, ), (& ;) im Ganzen sich reproduziert.

Untersuchen wir die .#-Bewegungen mit den (X,) A (& ,)-Automorphismen
fiir 3 mégliche Falle vom Standpunkte der Inzidenz von (') und (X',):

a) card {(o,) N (o)} =2

b) card {(o";) N (A2)} = 1

c) card{(A#;) N (#5)} =0

a) Es ist S, X so auszuwahlen, daB fiir

Z)=Or)n(r); &)= #0) ()N #(@)(X); i=12,

die Beziehungen
(5.1) - 5y = 8
(5,2) N =2z2-2=0; MH{)(HF,)=(-(=0

gelten. Die gesuchte .#-Bewegung gehort angesichts (5,2) in das System der .#-
-Bewegungen (4,5) und angesichts (5,1) in das System .#-Bewegungen von der
Reprisentation

* *
(5:3) (=TI P ey,
ﬁ#z + a*
wo a* = a*, B* = p* auf # ist. Beschrinken wir uns auf a*f* + 0 auf S (regulire
Phasen), dann ist (5,3) :

(5’4) C=92+1

z+ 3

a#
; 9=s(t)=9=;*

zu schreiben. Durch die AusschlieBung des Parameters 3 bekommen wir die nicht-
parametrische Reprasentation der .#-Karte (des Systems aller .#-Bahnkurven)
dieser .#-Bewegung:

(5,5) -2 -1+ -2zz)(¢ -0 =0.

Aus (5,5) folgt: die .#-Karte bildet das hyperbolische Biischel der .#-Kreise mit den
Grundpunkten (—1), (1); zu diesem Biischel gehdrt auch (X,) und daraus folgt
weiter: :
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Satz 6. Das System aller #-Bewegungen mit den (% ,) A (X ,)-Automorphismen
auf J im Falle sub a) ist 1-parametrisch und seine Reprdsentation (5,3), bzw.
(5.4) (Beschrinkung auf die reguldren Phasen) ist kanonisch. Bei diesen M -Be-
wegungen reproduzieren sich alle #-Kreise und beide Grundpunkte des hyper-
bolischen Biischels (5,5), aber keine andere .#-Punkte und .#-Kreise.

Satz 7. Das System aller #-Bewegung mit den (o y) A (X ;)-Automorphismen
auf S im Falle sub a) ist mit dem System der Bewegungen mit dem (X ,)-Auto-
morphismus (4,7.3) identisch.

Der Beweis folgt aus (5,3) und aus der (4,7.3).
b) Esist S, X so auszuwéhlen, daB3 die Beziechungen

(5,6) Hi=z—-2=0; M0)(H)=(-T=0,
HN,=AzZ — Bz +Bz=0; Mt)(KH,)= Al —-B{+B{=0,
A=A4+0; B=-B+0,

also auch

(5.7) (1) 0 (A2) = #(1) (A1) 0 (1) () = (0)

gelten. Die gesuchte .#-Bewegung gehort angesichts (5,6) in das System der .#-
Bewegungen (4,5) und angesichts (5,7) in das System der .#-Bewegungen (3,2). Da

(0) € (o) der einzige feste Punkt auf .# ist, gehort die gesuchte .#-Bewegung in das
System der .#-Bewegung mit der Représentation:
*
(5,8) C = —a Z_____; atz = 1 .
‘y*z + at

Beschrianken wir uns auf y* # 0 auf # (regulire Phasen), dann ist (5,8)

%2 . g-sn=8=%.

5,9 =
(59) ¢ z+ 8 7%

zu schreiben.
Durch die AusschlieBung des Parameters 3 bekommen wir die nichtparametrische
Reprisentation der .#-Karte der .#-Bewegung

(5,10) (z=-2)L -2zt -0 =0.

Aus (5,10) folgt: die .#-Karte bildet das parabolische Biischel der .#-Kreise mit
dem Grundpunkt (0); zu diesem Biischel gehért auch (#7,) und (#',) und daraus
folgt weiter:

Satz 8. Das System aller #-Bewegungen mit den (A 1)~/\ (o ,)-Automorphismen
auf £ in Falle sub b) ist 1-parametrisch und seine Reprdsentation (5,8), bzw. (5,9)
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(Beschrdnkung auf die reguldren Phasen) ist kanonisch. Bei diesen #-Bewegungen
reproduzieren sich alle #-Kreise und der Grundpunkt des parabolischen Biischels
(5,10), aber keine andere #-Punkte und #-Kreise.

Satz 9. Das System aller .#-Bewegungen mit den (X ) A (X ,)-Automorphismen
auf S im Falle sub b) ist mit dem System der Bewegungen mit (X ,)-Automorphis-
mus (4,7.1) identisch.

Der Beweis folgt aus (5,8) und (4,7.1).

c) Angesichts der Anwendung S5 auf () und (",) auf # und [6], S. 32, gibt es
in dieser Bewegung 2 feste Punkte auf #. Es ist S, X so auszuwihlen, daB

(1) Hy=z-2=0; MO(H)=(-(=0
und
(5’12) Zp = ‘/{(t) (Zi) =(i="¢g, ‘¢, =j, ‘&= —j,

.2 '. .
Jjf=-1,i=1,2, ist.

Die gesuchte .#-Bewegung gehort angesichts (5,11) in das System der .#-Bewe-
gungen (4,5) und angesichts (5,12) in das System der .#-Bewegungen von der Repri-
sentation

C:az—”_; a2+ﬂ2=1;
—pz+a

im Ganzen gehort sie in das System der .#-Bewegungen von der Reprisentation

* *
(5.13) c=———“ﬁi+ﬁ —; w4 g =1,
—p*z + a

Beschrinken wir uns auf o* . * % 0 auf # (regulire Phasen), dann ist (5,13)

9z +1 o*
5,14 = — : 9=91=3=—
(514) : —-z4+ 9 ® p*

zu schreiben. Durch die AusschlieBung des Parameters 3 bekommen wir die nicht-
parametrische Représentation der #-Karte der .#-Bewegung

(5,15) z-2)@C+1)-(Z+1)(-0=0.

Aus (5,15) folgt: die #-Karte bildet das elliptische Biischel der .#-Kreise mit den
Grundpunkten (j), (—j); zu diesem Biischel gehort auch (') und (X°,) und daraus
folgt weiter: -

Satz 10. Das System aller .#-Bewegungen mit den (X',) A (X ,)-Automorphis-
men auf S im Falle sub c) ist 1-parametrisch und seine Reprdsentation (5,13),
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bzw. (5,14) (Beschrankung auf die reguldren Phasen) ist kanonisch. Bei diesem
M-Bewegungen reproduzieren sich alle #-Kreise und beide Grundpunkte des
elliptischen Biischels (5,15), aber keine andere .#-Punkte und .#-Kreise.

Satz 11. Das System aller #-Bewegungen mit den (X',) A (X ;)-Automorphis-
men auf S im Falle sub c) ist mit dem System der Bewegungen mit (X y)-Auto-
morphismus (4,7.2) identisch.

Der Beweis folgt aus (5,13) und (4,7.2).

6. #-BEWEGUNGEN MIT DEM (¢,)-AUTOMORPHISMUS

In den vorangehenden Absdtzen haben wir alle Mdéglichkeiten der Zusammen-
setzung der festen Punktfigur (U) aus den .#-Punkten und .#-Kreisen ausgenutzt,
denn wir bekommen nach dem Beifiigen von weiteren festen -Punkten, bzw.
M -Kreisen keine neue .#-Bewegung sondern nur die h6her angefiihrten Bewegungen
oder .#-Ruhe.

Fragen wir also weiter angesichts des vorangehenden Absatzes und der Konfor-
migkeit der .#-Geometrie (siche z. B. [3]) nach den .#-Bewegungen mit (U)-Auto-

morphismus fiir
(U) = (2.),

wo

6.1 @ =) = 2+ Bexe(n)
(6.1 0 =400) 'y + ‘6 exp (x1)

‘a, ‘B, 'y, ‘0 € K, konst., ‘a'd *+ ‘B'y, x £ 0, konst., o = Arg x, t € R, die w-Loxo-
drome (Doppelspirale) des hyperbolischen Biischel der .#-Kreise mit den Grund-
punkten (‘a/'y), (\B/'9) ist. Fiir x = 7, bzw. x = —J reprasentiert (6,1) den Bogen
des .#-Kreises des hyperbolischen, bzw. elliptischen Biischels der Kreise mit den
Grundpunkten (‘«/‘y), (‘B/'9).

Es ist das Koordinatensystem S so auszuwéhlen, daB
A1 & [L)= -1
\Y \6

6,2 =)= 2 B (), wp oo,
e = e

ist. Dann ist (6,1)

zu schreiben. Die notwendige Bedingung fiir die .#-Bewegung mit dem (%,)-
Automorphismus (6,2) heiBt:

(6,2) BuBm eine ahnkurve dieser .#-Bewegungen bis auf die Parametrisation
reprisentieren.
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Die gesuchten .#-Bewegungen gehdren also in das System der Bewegungen von
der Reprisentation

(6’3) {= bl AV AL (X t); x + 0, konst.,
z + exp (x'1)

‘t £ 't ="()e CY(#), ‘te's, ?4:0 auf 5.
t

Bemerkung 7. In (6,3) ist |[M| # 1, und |M| + 0. Die Reprisentation (6,3) ist in
diesem Falle einfacher als die normale Reprasentation und deshalb wird sie hier
angewandt.

Durch die Transformationen S, bzw. Z, bei welchen (0) - (—1); (o) — (1),
bzw. (0) « (o) ist, bekommen wir die Reprisentation der .#-Bewegungen (6,3)
in folgender Form:

_(z+ 1)+ (z—1)exp(x'). _—
S G+ - Dewly *FOK

Das Bild (&,) von der Représentation (6,2) bei den Transformationen (6,4) ist
wieder (£,,) von der Reprisentation (6,2). Daraus folgt:

Satz 12. Das System aller .#-Bewegungen mit dem (Z,)-Automorphismus ist
1-parametrisch und seine Reprdsentation (6,4) ist kanonisch. Bei diesen #-Bewe-
gungen reproduzieren sich alle w-Loxodromen des hyperbolischen Biischels der
M-Kreise mit den Grundpunkten (—1), (1) und beide Grundpunkte.

Bemerkung 8. .#-Bewegungen mit (&,)-Automorphismus sind mit den Bewegun-
gen mit (&°;) A (X ,)-Automorphismen im Fall sub a) identisch; die .#-Bewegungen
mit (&,,,)-Automorphismus sind mit den Bewegungen mit (#",) A (o ,)-Auto-
morphismen im Falle sub c) identisch.

Literatur

[1] Blaschke, W., Thomsen, G.: Vorlesungen iiber Differentialgeometrie III. (Differentialgeo-
metrie der Kreise und Kugeln). Berlin, Springer, 1929.

[2] Benz, W.: Vorlesungen iiber Geometrie der Algebren. Berlin, Heidelberg, New York, Springer-
Verlag, 1973.

[3] Bywmanosa, I'. B., Hopoen, A. I1.: dnementsl KOHGOpMHOMK reomeTpur. Kazaub, U3. ka3. yHuB.,
1972 (russisch).

[4] Forsyth, A. R.: Theory of functions of a complex variable. Cambridge, University Press, 1900.

[5] Shimura, G.: Introduction to the arithmetic theory of automorphic functions. Princeton,
University Press, 1971 (russisch: Moskva, Mir, 1973).

[6) Jankovsky, Z.: Zéklady .4-kinematiky a .#-kinematické geometrie v roviné (Grundlagen
der #-Kinematik und der .#-kinematischen Geometrie in der Ebene) — tschechisch. Kan-
didatdissertation FJFI, CVUT, Praha, 1974.

Anschrift des Verfassers: 166 27 Praha 6, Suchbatarova 2 (FEL CVUT).

152 ”



Casopis pro péstovini matematiky, ro&. 101 (1976), Praha

ON TRANSFINITE SEQUENCES OF MAPPINGS

JAN STANISEAW LipiNski, Gdanisk

(Received March 14, 1975)

The notion of transfinite sequence of numbers and transfinite sequence of real
functions was introduced by W. SiERPINSKI [8] and generalized by P. KosTYRKO
and T. SALAT [2] and [7] for the case of mappings of sets into a metric space.

Definition 1. [7] Let {a,},<q be a transfinite sequence of elements of the metric
space (Y, ). Point a € Y is said to be the limit of the sequence {a,} if there exists
for every positive number ¢ a transfinite number n < @ such that for any transfinite
number ¢ the inequality #n < ¢ implies o(a,, a) < e.

The limit of the transfinite sequence {a,} will be denoted by lim a,. A transfinite
[4ud 0 g
sequence is called convergent if a limit in the above stated sense exists.

Definition 2. [2], [7] The transfinite sequence {f,}.<o of mappings of the set E
into metric space (Y, g) is said to be convergent to the mapping f if for every point
x € E the sequence {f¢(x)} is convergent and lim f,(x) = f(x). We write lim f, = f.

e &0

Definition 3. The transfinite sequence {f,} [{a,}] is said to be almost constant
if there exists a transfinite number < Q such that for every transfinite number ¢
the inequality n < & implies f; = f,+1 [a; = ay+4]-

It can easily be seen that a transfinite sequence of elements of (Y, g) is convergent
if and only if it is almost constant. There is no assumption in Definition 3 for the
members of the sequence to belong to a metric space. Hence this definition is more
general than Definition 1. This enables us to drop the assumption of metrization in
certain other formulations.

Definition 4. [2] A transfinite sequence {f¢}:<o of mappings of E into the metric
space (Y, o) is said to be uniformely convergent to the mapping f if there exists for
every ¢ > 0 a transfinite number < Q such that for every x € E and for every trans-
finite number ¢ the inequality n < ¢ implies o(f{x), f(x)) < .
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It can be easily verified that a sequence of mappings into a metric space is uni-
formely convergent if and only if it is almost constant [2], [4].

Definition 5. A family & of mappings of E into Y is said to be closed with respect
to the transfinite convergence if for every convergent sequence of mappings {fde<a

with members belonging to # the condition lim f, € # holds.
>0

Definition 6. A family & of mappings of E into Y is said to be strictly closed if
every convergent sequence of mappings belonging to & is almost constant.

Several authors have delivered proofs of closedness and strictly closedness of dif-
ferent families of functions. E.g. W. Sierpinski [8] has shown that the family of real
functions of real variable belonging to first Baire class is closed and the family of
continuous functions is strictly closed. T. Salat [7] demonstrated that the family of
continuous mappings of a metric space into a metric space is closed. Also the family
of quasicontinuous functions and the family of cliquish functions are closed, as was
shown by A. NEUBRUNNOVA [5].

Definition 7. Let & and ¥ be families of mappings of E into Y. The family &%
is said to be dense in ¥ (with respect to the transfinite convergence) if for every
mapping g € ¥ there exists a transfinite sequence {f,} with members belonging to &
such that g = lim f,.

-0 A

E.g. the fan:ily of approximatively continuous functions is dense in the family
of functions semicontinuous from above [3].

The aim of this note is the formulation of necessary and sufficient conditions for
a family of mappings to be closed or strictly closed or dense in another family.

In spite of the fact that the literature concerning the problems of closedness with
respect to the transfinite convergence is fairly ample, general criterion of closedness
can be found only in paper [7] by T. Salat. It is a sufficient condition for closedness
based on the notion of a determining set.

Definition 8. [1] Let o be a family of mappings of E into F. A set D < E is said
to be determining for the family o if two members of &/ which agree on D must
agree on all of E.

Remark 1. It can easily be seen that a set determining for a family & is also
determining for every family enclosed in .

The criterion of closedness given by Salat in [7] reads as follows: “If there exists
among the determinings sets for a family & a denumerable set, then the family o/
is closed”. The sufficient condition quoted in this theorem is not a necessary con-
dition even for strict closedness. The following exemple is a proof of this fact:
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Exemple 1. Let {a.};<q be a transfinite and one-to-one sequence of real numbers.
Let E = X, and let E = |J E, where E, are denumerable sets and let {E,} be the

>0
increasing sequence of s;ts. Let {x;}¢<o be a transfinite and one-to-one sequence
of elements of E such that x, ¢ E,. Let f{x) = a, for every x € E and g/x) = a,
for x + x; and g«(x,) = a; + 1. Let o be the family of all functions f; and g,.
No denumerable set is determining for &/. In fact, let F = E be a denumerable set.
Then there exists a set E, such that F < E,. We come to fy(x) = g,(x) for xeF,
but f,(x;) + g(x;). Therefore the set F is not determining for <.

The family o is strictly closed. In fact, let h, € o and let the sequence {h:},<q
be convergent. We shall show that it is almost constant. Assume that G < E is
a denumerable set. The functions h, | G form a convergent sequence. As they are
defined on a denumerable set, hence, according to Theorem 1 of paper [2], the
sequence of these functions is uniformely convergent. It follows herefrom that this
sequence is almost constant. There exists therefore a number n < Q such that if
n < & then h¢| G = h,,|G. As h,,, € o there exists a number o« such that either
hys1 = fo 01 hyyy = g,. On the set G all functions h, with indeces £ > n are equal
to f, or to g,. According to the definition of f, and g, all functions h, (£ > n) take
everywhere in G, may be with the exception of x,, the value a,. In the family &/
there exist only two functions of this property. They are f, and g,. The sequence
{hx,)}s<q is convergent and therefore almost constant. For n < ¢ depending on
whether h; = f, or h; = g, either hyx,) = a, or hgx,) = a, + 1 holds. As the
sequence {hgx,)},<q is convergent it must necessarily be almost constant. There
exists a number © < Q such that if T < ¢ then hy(x,) = h,.,(x,). Without loss of
generality we may assume that n < 7. Then it follows from h,,(x,) = a, that for
© < ¢ all functions h, = f,, and from h,,(x,) = a, + 1 it follows that they are
equal to g,. In both cases the sequence {h,} ist almost constant.

We have proved thus that the family & is strictly closed, although no denumerable
set is determining for this family.

Lemma 1. Let f and f, be mappings of E and let f = lim f,. Then there exists
-2
for each denumerable set F = E a number n such that all mappings f, with indices

¢ > n are extensions of the mapping f| F.

Proof. Evidently f |F = lim f;lF. It follows from Theorem 1 of paper [2]
k-

that the sequence { fe | F} ist almost constant. Hence there exists a number n < Q
such thatif n < & then f, | F = f | F. The mappings f; (1 < &) are therefore extensions
of the mapping f | F.

Lemma 2. Let {f.}.<q, be a transfinite and convergent sequence of mappings of E
into Y. Let F be the family of all elements of {f;}. The sequence {f} is almost
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constant if and only if there exists among the determining sets for & a set at most
denumerable.

Proof. Let F be an at most denumerable determining set for &. It follows from
+ Theorem 1 of [2] that the sequence {f, | F} is almost constant. Hence there exists
a number n such-that if n < & then f; | F = f,,, | F. We have therefore f{(x) =
= fo+1(x) for xe F and n < . As F is a determining set therefore fy(x) = f,+1(x)
for every x. The sequence {f,} proves to be almost constant.
Assume now that the sequence {f,} is almost constant. Let f = lim f,. If f = f;
tiad 0]

for all ¢ < Q2 then the family & consists of only one mapping and every set F c E
is a determining set for #. Evidently there are finite sets among them.

Consider now the remaining case when not all elements of the sequence are equal
to its limit. Evidently the set of indices ¢ for which f, + f is at most denumerable.
For each coupel (&, {) such that f, + f, f; #+ f and f, + f; there exists a point
xg ¢ € E such that fi(x, ) # fi(x;,). For each mapping f, # f there exists a point x;
such that f(x;) # f(x,). The set of all points x,, and x, is non-empty and at most
denumerable. Denote this set by D. We shall demonstrate that it is a determining set
for #. Indeed, if two mappings f, and f, belonging to % are not equal, then they
are not equal in at least one point x € D. Therefore if f{x) = f(x) for all xe D
then necessarily f, = f,.

Theorem 1. A family ®# of mappings of E into Y is strictly closed if and only
if for every transfinite and convergent sequence of mappings belonging to & there
exists an at most denumerable determining set for the family of all terms of this
sequence.

Proof. The assertion follows easily from Lemma 2 and Definition 6.

Corollary. Let & be a family of mappings. If there exists an at most denumerable
determining set for R, then the family R is strictly closed.

Exemple 2. The family of all Riemann-integrable derivatives defined on the
interval {a, b) is strictly closed. In fact, any set dense in {a, b) is determining for
this family [1], and there exist also denumerable sets among the dense ones.

Theorem 2. Let E = N,. A family F of mappings of E into Y is closed if and only
if there exists for every mapping g ¢ ¥ a denumerable set F — E such that no
mapping f € & is an extension of g | F.

Proof. Assume that the assertion does not hold. Then there exists a mapping
g ¢ F such that for every denumerable set A = E there exists a mapping fe #

such that f | A=g | A. Let E = |) A; where A, are denumerable sets and ¢ < {
(<0

implies 4; = A;. There exists for every 4, a mapping f, € # such that f, | A =
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= g | A; There exists for any point x € E a number n € Q such that n < £ implies
x € A;. Hence we have fi(x) = g(x) for n < ¢. Hence g = lim f,. Thus the family &
Sadt}

is not closed and the condition given in the theorem proves to be necessary for the
closedness of #.

Assume now that & is not closed. Then there exist mappings g ¢ # and f,e F
such that g = lim f;. By Lemma 1 there exists for any denumerable set A < E

[3ad:d
a number 7 such that for n < ¢ the mappings f, are extensions of the mapping g I A.
The condition mentioned in the theorem is therefore not satisfied. Hence it follows

that this condition is sufficient for the closedness of the family £.

Corollary 2. It follows from the continuum hypothesis and Theorem 2 that
followings families of real functions defined on {a, b) are closed with respect
to the convergence of transfinite sequences:

a) the family of all bounded [bounded from above] functions,
b) the family of all increasing [non-decreasing] functions,

c) the family of all functions of bounded variation,

d) the family of all differentiable functions,

e) the family of all functions satisfying the Lipschitz condition,
f) the family of all Riemann-integrable functions.

Take for exemple case f). Let # be the family of all Riemann-integrable functions
defined on the interval (a, b). Suppose that g ¢ #. In this case either g is not bounded
or the set of the discontinuity points of g has positive measure. In the first case there
exists a denumerable set A = (a, b) such that the function g | A is not bounded.
The functions f € # are bounded and therefore cannot be extensions of the function
g | A.

In the second case we choos for A a denumerable set such that the graph of g | A
is dense in the graph of g. The existence of such a set follows from the separability
of R%. Let o(x, f) denote the oscillation of the function f in the point x. For each x
also the condition w(x, g) = w(x, g | 4) is satisfied. For each function f being an
extension of the function g | A we have (x, f) = w(x, g | A). The set of discontinuity
points of f contains the set of discontinuity points of g. This set necessarily has posi-
tive measure. None of the functions f € # can be an extension of the function g | A.
Therefore by Theorem 2 the family & is closed.

Theorem 3. Let # and ¥ be families of mappings of E into Y. For the family &
to be dense in ¥ it is necessary, and if E = N, also sufficient, that for every map-
ping g€ % and every at most denumerable set A c E exists a mapping fe &
being an extension of g | A.
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Proof. Assume that the family &# is dense in ¥. For any mapping g € ¥ there

exists a transfinite sequence { fe}e<q of mappings f. e F such that g = lim f,. By
-0

Lemma 1 there exist among them such mappings f, which a‘re extensions of g | A.
Hence the condition is necessary.

Assume now tHat the condition is satisfied. Assume, as in the proof of Theorem 2,
that E = |) A, where A, are denumerable sets and ¢ < { implies 4, = A,. Let

$—a

g € 9. According the assumption there exists for every set A, a mapping f, € #
such that f, | A: =g | A,. Hence follows as was the case with Theorem 2 that

g = lim f,. The family & is therefore dense in ¥. The condition proves to be suf-
<N
ficient.

Exemple 3. Let o be the family of all functions approximatively continuous
defined on R. Let #, be the family of all Baire class 1 functions. It follows from the
continuum hypothesis that «/ is dense in 4,. In fact, G. PETRUSKA and M. LAczko-
VICH have demonstrated in [6] that for any function g € %, and for every set A of
measure zero (and therefore also for any denumerable set) there exists a function
f € o such that f | A=g | A. This implies by Theorem 3 the denseness of o in 4,.
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SOLUTIONS OF ORDINARY DIFFERENTIAL EQUATIONS
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(Received June 10, 1975)

This paper is concerned with existence theorems for ordinary differential equations
with discontinuous right-hand sides in a space of finite dimension for various defini-
tions of generalized solutions. We substitute the Viktorovskij definition [2] by an
equivalent definition in terms of differential inclusions and then we establish the
relations between the new definition and the Filippov definition [1].

This paper will be followed by another one dealing with a modification of the
Viktorovskij definition and with an equivalent definition in terms of differential
inclusion, which will be shown to coincide with the Filippov definition. Consequently,
we shall obtain an existence theorem for the modified Viktorovskij solution.

I. AUXILIARY LEMMAS AND DEFINITIONS

Let us introduce the following notation. Let (E,, S, u) be a space with a Lebesgue
measure u, where E, is an n-dimensional real linear normed space with the norm ” ",
S is a o-algebra of Lebesgue measurable subsets. Let the closed convex hull of the

subset E < E, be denoted by conv E. The base formed by n linearly independent
vectors e, ..., e, will be denoted by (e, ..., e,). U(x, 5) will denote an open &-
neighbourhood of the point x in the space E, considered.

Definition 1. A function f defined in a measurable set E < E,, f(E) = E, will be
called weakly asymptotically continuous at the point x, with respect to E if it satisfies

the condition '
V(e > 0) V(6 > 0)3(6o € (0, 6)) I(N)V(x e E).

(|x = xo| < 80, x¢N = |f(x) —f(xo)"» <)

where u(N) < p(U(xo, 8o) N E) for w(U(xo, 6o) N E) > 0and if p(U(xo, 6g) N E) = 0
then N is arbitrary.
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Definition 2. A point x will be called a point of metrical density of the measurable
set E c E,, if p(U(x, 8) n E) > 0 for arbitrary 6 > 0.

Lemma 1. Let an arbitrary measurable set E — E, be given. If E’' is the set of all
points of metrical density of the set E, then the set E — E' is of measure zero.
Proof. We shall use Vitali’s covering of the set E — E’ with the cubes H chosen
small enough to satisfy the condition u(H n E) = 0 for each H. Following Vitali’s
theorem, an at most countable disjoint system of cubes H; can be chosen so that
u((E — E') — UH,) = 0 holds. This implies u(E — E’) = 0.
i

Lemma 2. For every simple measurable function f defined on E  E,, f(E) < E,,
the set of all the points of E at which the function f is not w.a. cont. with respect
to E is of measure zero.

Proof. For u(E) = 0 the assertion is trivial. Suppose therefore u(E) > 0. Let f
be an arbitrary measurable simple function defined on E by the formula f(x) = e;
for xe B;, i = 1,...,m where B; c E are measurable disjoint sets which satisfy

m

U B, = E, and e; are points in E,. The set E’ is the set of all points of metrical density
i=1
of the set E. From now on it is sufficient to consider the sets E" = E' n E, B} =
= B, n E” instead of E, B, respectively, since y(E — E’) = 0.

Let us choose an arbitrary x, € E” and suppose x, € B} for a certain fixed i. The
following cases may occur: :

1) w(U(xo, 60) N (E" — B})) = 0 holds for a certain §, > 0. Then f(x) is w. a. cont.
at the point x,. .

2) u(U(xo, 8) N (E" — BY)) > 0 holds for every 6 > 0.

a) u(U(xq, 6) N (E" — B})) < w(U(xo, 8) N E") for every & > 0, then f(x) is w. a.

cont. at x,.

b) There exists &, > 0 such that u(U(xo, 6;) N (E" — B})) = p(U(xo, 6,) N E").
This implies p(U(xo, 6,) N Bf) = 0 and, therefore, f(x) is not w. a. cont. at x,.

It will be shown that the set of all the points in B} at which the function f is not
w. a. cont. is of measure zero. To every point x € B with that property there exists
., > 0 such that p(U(x, 6,) n Bj) = 0. Now it suffices to use Lemma 1 with Bj

m
written instead of E. As the number of the disjoint sets Bj is finite and E” = {J B;,
i=1

the measure of the set of all the points in E” at which the function f is not w. a. cont. -
with respect to E” is zero.

Lemma 3. For every function f defined on E E,,,f(E) < E,, which is the uniform
limit of a sequence of simple measurable functions, the measure of the set of all
the points in E at which f is not w. a. cont. with respect to E, is zero.

Proof. We shall prove the non-trivial case i.e. 4(E) > 0. Suppose f(x) = lim f,,(x)

m-*

uniformly on E where f,, are simple measurable functions. We shall omit the set D
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of measure zero where the functions f,, are not w. a. cont. We shall show that the
function f is w. a. cont. on E — D with respect to E — D and, therefore, also with
respect to E because (D) = 0. Suppose x, € E — D is an arbitrary point of metrical
density of the set E — D. Let us prove the inequality

1£G) = fxo)]| S () = S| + [ £nl%) = FnlX0)]| + [fm(x0) = f(xo)] <&

For an arbitrary ¢ > 0 we find m such that ||f(x) — f,(x)| < %e on E — D. Now,
for the fixed function f,, and for every 6 > O there exist d,€(0,5) and a set N
satisfying p(N) < p(U(xo, o) M E) such that the implication (|x — x| < o,
XN = [1a(s) — fulxol] < 30) = (Jx = xo] < 0, 2N = [1(2) — S(xo)] < 9
holds.

If xo e E — D but x, is not a point of metrical density, then the weakly asymptotical
continuity is obvious.

Lemma 4. For every function defined and measurable on E < E, f(E) < E,
the measure of the set D of all the points of E at which f is not w. a. cont. with
respect to E, is zero.

Proof. It suffices to suppose u(E) > 0 and that all points of the set E are its points
of metrical density. Given a measurable subset A = E consisting exclusively of its
points of metrical density, then D, > Dy n A. Let u(E) < + co. Following Egoroff
Theorem, to an arbitrary ¢ > O there exists E, = E such that u(E,) > u(E) — &,
and there exist simple measurable functions on E, uniformly converging to f. Now
we shall use the results of Lemmas 2 and 3. Let the set of all the points of metrical
density of E, be denoted by E,. Let E, n E be denoted by E;. This set satisfies again
H(E;) > p(E) — &, and moreover, Dy, > Dy n E; where p(Dg.) =0. We may
write Dy = (Dg N E))u (Dgn (E,— E})). Then w(Dg) = w(Dgn(E —E))) <e
where ¢ is an arbitrary positive number. Hence u(Dg) = 0, q. e. d. In the case of
u(E) = 4 o0 it is possible to use a countable covering of the set E by sets of finite
measure.

Lemma 5. To every function f defined and measurable on E c E,, f(E) < E,,

there exists a set Ng = E such that y(No) =0, ( f(E — N) = f(E — Ny),
_— N e N,u(N)=0
N conv f(E — N) = conv f(E — N,).
N,u(N)=0
Proof. Let N, contain all the points of E at which the function f is not w. a. cont.
with respect to E as well as all the points that are not points of metrical density of
the set E. Lemmas 1 and 4 imply u(N,) = 0.

Lemma 6. For any measurable function f defined and bounded on an open set
EcE, f(E) < E,

N N convf(U(x,8) — N) + 0 holds for every xeE.

3>0 N,u(N)=0
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Proof. Use Lemma 5 for every fixed 6 > 0, then Cantor’s theorem on intersection
of compact sets.

II. DEFINITION OF GENERALIZED SOLUTIONS

Considering an ordinary differential equation % = f(t, x), we suppose the right-
band side f(t, x) to be a function defined almost everywhere on an open connected
set G < E, ., and to map this set into E,.

Remark 1. Definition 3 was introduced by A. F. FiLippov (cf. [1]), Definition 4
is due to E. E. VIKTOROVSKD [2].

Definition 3. A function x(t) defined on an interval T = (t,, t,> where (¢, x(t)) € G
for every t € T, is an F-solution of the equation x = f(t, x) if it is absolutely con-
tinuous on T and if there exists a subset T} = T, u(T,) = p(T) such that
(en N (ﬁ' f(t, U(x(¢), 8) — N) for every te T,.

3>0 N,u(N)=

Remark 2. The intersection of the sets in Definition 3 will be written briefly as
K*(f, t, x(1)).

Remark 3. When passing from one base (e, ..., e,) where the system in Defini-
tion 3 has the form X; = f(t, x,,...,x,), i = 1,2,...,n with a solution x(f) =
= (x,(t), ..., x,(t)), to another base (by,..., b,) the system transforms into the
form y, = g(t, yy, ..., ¥,) and the solution assumes the form y(f) = (y,(?), ..., y.(t))
where y(t) = C x(t), g(t, y) = Cf(t, C"'y) and C is a regular matrix of the cor-
responding transformation. Vectors x(t), ¥(t), g, f are taken as column vectors. When
passing from one base to another, the set T, in Definition 3 remains unchanged.
This is directly concluded from the properties of linear mapping represented by
a regular matrix C. Hence, Definition 3 does not depend on the choice of the base.

Definition 4. A function x() defined on an interval T = {t,, t,> where (t, x(t)) € G
for every te T, is a V-solution of the equation x = f(t, x) with respect to a given
base B, where the equation is represented by x; = fi(t, x;, ..., X,), i = 1,2,...,n,
if it is absolutely continuous on T and if to any ¢ > 0 and to an arbitrary set N = G,
#(N) = 0 there exist functions y/(f) defined on T, with their ranges in E, and with
the following properties: '

Fori=12,...,n, ‘

(1) (¥ (1) e G forevery teT,
(2 f{t, ¥'(t)) are integrable on T,

©) [x®) - v'()] <& on T,
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@) bedt) — (i) + J finW()de)| <e on T,

and
' (5) (r, ¥i(r) ¢ N almost everywhere on T.

Definition 5. A function x(t) defined on an interval T = t,, t,)» where (1, x(t)) € G
for every t € Tis an MF-solution of the equation x = f(t, x) with respect to a given
base B where the equation is represented by X; = ft, Xy, ..., X,), i=1,...,n,
if it is absolutely continuous on T and if there exists a subset T; — T such that
#(T,) = p(T) and for every t e T; it is %(t) € K} *(f, t, x(t)) where

KE"(f,1,%(0) = [R50
and

Koo x)=n 0O

3>0 N,u(N

066\7 fit, U(x(2), 5) — N)

fori=1,...,n.

Remark 4. If the right-hand side of the equation % = f(f, x) is defined on G,
measurable on G and continuous in x for arbitrary (but fixed) ¢, then K} (f, t, x) =
= K*(f, t, x) = f(t, x) and, therefore, every solution in the sense of Definition 3
and Definition 5 is a solution in the sense of Carathéodory.

Definition 6. A function x(t) defined on an interval T = {t,, t,)> whete (¢, x(t)) € G
for every te T is an MV-solution of the equation x = f(t, x) if it is absolutely con-
tinuous on T, and if to any ¢ > 0 and to an arbitrary set N = G, u(N) = 0 there
exists a function Y() € E, defined on T, with the following properties:

(6) (t, ¥(t) e G forevery teT,

(7 f(t,¥(1)) is integrable on T,

(®) | |x() = ¥()| <& on T,

©) () = (x(ts) + J’ e w(@)dr)| <e on T,
and :

(10) (t,Y())¢N a.e.on T.

III. RELATIONS BETWEEN GENERALIZED SOLUTIONS

Remark 5. Everywhere in this chapter we suppose that the right-hand side
f(t, x) of the system x = f(t, x) is defined a.e.on an open connected set G < E,,,,
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and that it maps this set into E,. Let the function f(t, x) be measurable on G. Assume
that to every compact set K = G there exists a locally integrable function m(t)
defined a. e. on the projection of the set K to the axis ¢, satisfying ||f(z, x)| < m(r)
a. e. on K. It follows from this remark and Lemma 6 that the sets K*(f, t, x(t)) are
non-empty almost everywhere on T provided x(t) is a continuous function defined
on a closed interval T, (t, x()) € G for every te T. :

Definition 7. We shall say that an absolutely continuous function x(t) defined on
T = {t;,t,) fulfils condition CF if (T, = T: u(Ty) = u(T)) V(i) V(B,) ¥(te Ty) .
.{a v B}, where B; = C;B and B is a given orthonormal base and C; are all the
regular matrices of the type (n, n) with rational elements. Hence {B,} is a countable
system of orthonormal bases in E,. An index i is the index of the coordinate in a given
base. The conditions a and P read as follows:

o) for an arbitrary open interval I = G(t) with x(t) € I and for any & > 0 it holds
u(M; ;) > 0, where M ;, = {xel:|%(r) — f{t, x)| < &}.

B) for an arbitrary open interval I = G(t) with x(r)el, it holds u(Nj ;) >0
as well as p(Nj ;) >0 where Ni,, = {xel:f(t,x)>x(t)}, Ny, ,={xel:
: f(t, x) < x{()} and G(¢) is the projection of the set G into E, with fixed t.

Theorem 1. (F <> CF) An absolutely continuous function x(t) defined on T =
= {t{, t,) is an F-solution of the system % = f(t, x) from Remark 5 in the sense
of Definition 3 if and only if the condition CF holds for x(t).

Proof. Let us suppose x(t) is an F-solution of the equation % = f(t, x) on an inter-
val T = (t,, 1,>. Then there exists a subset T, = T, u(T,) = pu(T) such that x(t) e
€ K*(f, t, x(f)) provided t € T,. We shall prove that o v B holds for any index i, for
every te T,, and with respect to any base B. According to Definition 3 it holds
(1) € conv f(t, U(x(t), 8) — Ny(t)) for every te T, and & > 0. The set N,(1),
H(N,(t)) = O has the same meaning as the set N, in Lemma 5. For the sake of
brevity, let us denote A,(f) = conv f(t, U(x(t), 5) — Ny(z)). Let us choose a base
(cf. Remark 3). Now let u(M; ;, ,,) = Ohold for some ¢, € T, and fixed i and certain I,
and ¢ > 0. Consequently, the condition a does not hold at ¢,. At the same time, let
there exist I, such that, for instance, (N} ;, ,,) = 0. Let us choose § > 0 such that
U(x(t,), 6) = I, n I, where the intersection is a non-empty set because it contains
the point x(t,). Consequently, the inequality X(t,) < f(t;, x) — ¢ must be valid
for every x € U(x(t,), ) — N(t,) where theset N(t,) = (N,(t;)u M., ., VN5 1,.)
has measure zero. Hence & + X(t,) < y; for every y = (yy,..., y,) where ye
econv f(t;, U(x(t,), 8) — N(t,)) = A,(t,). This implies x(¢,) ¢ 4,(t,), which is a con-
tradiction. This yields that the condition « v P is satisfied on the whole set T; for
every base B and i = 1, ..., n. The argument is analogous for u(N} , ) = 0.
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"It remains to prove CF = F. Let us suppose CF holds, ie. (T, = T: u(T;) =
= w(T)) V(B;) V(i) ¥(t € T,) {« v B}. For sufficiently small 6, > 0 the set

U (¢, U(x(#), 6,)) is a compact subset of G. Hence, cf. Remark 5, there exists T < T,
teT

u(T’) = p(T) such that |f(t, x)| < m(t) for every te T’. Then for every & € (0, 6)
the sets f(t, U(x(t), 8) — Ny(t)) where u(N,(t)) = 0 are bounded for every fixed
t € T'. In the sequel we consider the set T, = T, n T for which again u(T;) = u(T3).
Let o v B be satisfied on T, with respect to any base B; e {B;} and for each index
i = 1, ..., n. It depends on the choice of the base B; which of the conditions o or
holds for a given i and ¢t € T,. However, both a and B imply the inequality

(11) {vrai min f(t, x) : x € U(x(t), 8)} < %,(t) <
< {vrai max f(t, x) : x € U(x(¢), 6)}

fori =1,...,n and te T;. Let us choose 6 € (0, 8,) and let ¥ denote the set of all
vectors v € E, with rational coordinates in the base B. The set Vis countable and dense
in E,. We shall prove that for every v e V and t € T, the inequality

(12) (%(7), v) < {vrai max (f(¢, x), v) : x € U(x(1), 6)}

holds. Let us choose a fixed ¢, € T, and a fixed v € V and let us consider an ortho-
normal base (ey, ..., e,) € {B;} such that v = k.e; for a certain fixed i, where k is
a positive rational number. With respect to this base, let the equation be represented
by the system y; = g(t,y), j =1,...,n (cf. Remark 3). The inequality (11) is
satisfied in every base B;. Furthermore, (%(t,), v) = k.p{t,), hence (f(t,, x), v) =
= k.g(t,, y) and, therefore, the inequality (12) holds. This inequality can be rewritten
into the form (x(t), v) < {sup (x, v)": x € f(t, U(x(¢), 8) — N(1))} where u(Nt)) = 0.
Let us denote A(f) = f(t, U(x(f), 5) — Ny(t)). The inequality (%(t), v) < {sup (x, v) :
: x € A(t)} has been proved for arbitrary fixed t e T, and arbitrary ve V. We shall
prove that inequality for every v e E,. There exists a sequence {v,} = V such that
v, > v for n - oo. In the inequality (x(¢), v,) < {sup (x, v,) : x € A(t)} let n - oo.
The continuity of scalar product yields (x(t), v,) = (X(¢), v) for n - co. Further,
{sup (x,v,) : x € A(t)} > {sup (x,v) : x€ A(t)} for n— oo because |{sup (x,v) —
— sup (x, v,) : xe A(1)}| < |{sup ((x, v) — (x,0,)) : x e A(1)}| = |{sup (x, (v — v,)) : -
:xe AW} < {sup |(x, v — v,)| : x € A(t)} = {sup |x] [v — v : x € A(t)} =

= {sup ||x| : xe A(t)}.|v — v,| < c.]v — v,| where c is a positive constant because
the set A(f) is bounded. To complete the proof, it suffices to show that the implication

V(v e E,) ((x(z), v) < {sup,(x, v) : x € A(t)}) = %(t) € conv A(r)

holds for fixed te T;. To this end, assume that X(f) ¢ conv A(f). Then there exists
a hyperplane I' dividing the space E, into two open parts I'*, I'" such that

conv A(t) =« I'* U T and x(t) e I'". Let us substitute v by a vector v, perpendicular
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to I' and directed into I'". We get (x(¢), vr) > {sup (x, v;) : x € A(f)} which is
a contradiction. Thus we have proved that %(t)e conv A(f) = A,(f) on T;. Since
x(t) € A,(t) holds on T; for arbitrary & € (0, 8,), the function x(r) is an F-solution of
the equation x = f(t,x) on T.

Remark 6. Th;, condition CF

where the number of B;’s is countable while that of indices i is finite, can be rewritten
into the form

V(B)) ¥(i) AT, = T: u(T,) = w(T)) ¥(te T,) {a v B},

since for every B; and i there exists T{*' < T, u(T}*") = u(T) and we can put T, =
= ) T{*!, measure of T, being equal to u(T).
g,

.

Theorem 2. (F = MF) If an absolutely continuous function x(t) defined on T =
= {t,, t,) is an F-solution to the equation x = f(t, x), then it is an MF-solution as
well.

Proof. The function x(f) is an F-solution on T which means x() e K*(f, t, x(t))
holds a. e. on T. Let us choose an arbitrary base B. With respect to this base, let the
system be expressed in the form X; = ft, xy, ..., X,), i = 1, ..., n. From Definition 5

we get KpF(f,t, x(t)) = HKF(fi,t x(f)). Hence the inclusion K*(f,1t, x(1)) =

< K¥*(f, t, x(t)) can be derlved from the inequality (11) in the proof of Theorem 1.

Thus obviously x(f) € K3 (f, 1, x(t)) holds a. e. on T and, therefore, x(f) is an MF-
-solution of the equation % = f(t, x) on T.

Corollary 1. For n = 1 we have K*(f, t, x) = Ky " (f, t, x) and hence Definitions 3
and 5 are equivalent. ) ‘
This equivalence is introduced in [1] without proof.

Example 1. In this example it will be shown that for n > 1 there exist equations
whose MF-solutions need not be F-solutions.

Let an equation X = f(x) be given on E, which has, in a given base B, the form
f1(x) = 2 — sign x,, f5(x) = — sign x,. Each trajectory in the sense of Definitions 3
and S reaches the axis x, after a certain time, and continues along this axis. On the
axis x, we obtain the F-solution x,(t) = 2t, x,(¢) = 0, unique in the sense of increas-
ing t. There are infinitely many MF-solutions on the axis x; with a given base B,
 their form being x,(f) = ct, x,(f) = 0 where c¢ is an arbitrary constant from the

interval {1, 3). ,
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Theorem 3. Let a function x(t) be defined and absolutely continuous on T and let
it be an MF-solution of the equation X = f(t, x) on T in a given base B but not
an F-solution of this equation on T. Then there exists a base B’ such that x(t) is
not an MF-solution on T of the equation X = f(t, x) in the base B'.

Proof. Let us consider all regular matrices C; with rational elements of the type
(n, n). Transforming the given base B by means of these matrices we obtain a coun-
table system of bases B; = C;B for which KF(f,t, x) = NK5. (f,t, x). The last

B

identity follows from the separability of a closed convex set from a point that does
not belong to the set. Hence the countable system of bases B; includes a base B’
such that x(¢) is not an MF-solution of the equation x = f(t, x) on the interval T
with respect to this base.

Definition 8. We shall say that an absolutely continuous function x(t) defined
on T = {t,,t,) fulfils condition CMF if (T, = T: u(T,) = u(T)) V(i) V(te T,).
.{oe v B}, where i = 1, ..., n and the condition a v B is from Definition 7. The
index i is the index of the coordinate in a given base B.

Theorem 4. (MF <> CMF) An absolutely continuous function x(t) defined on
T = {t,, t,)> is an MF-solution of the system % = f(t, x) from Remark 5 with
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