#3D
VAL 7

—/

Werk

Label: Article
Jahr: 1976
PURL: https://resolver.sub.uni-goettingen.de/purl?31311157X_0101|log113

Kontakt/Contact

Digizeitschriften e.V.

SUB Géttingen

Platz der Gottinger Sieben 1
37073 Géttingen

& info@digizeitschriften.de


http://www.digizeitschriften.de
mailto:info@digizeitschriften.de

Casopis pro p&stovini matematiky, ro&. 101 (1976), Praha

CONGRUENCES OF SURFACES IN C?

M. AFwWAT, Cairo
(Received January 19, 1976)

A. Svic [1] studied transitive layers of hypersurfaces in C2; in what follows, I am
going to describe transitive two-parametric systems of surfaces in C2.

As usually, let us write C*> = (R*% J), J:R* - R* being the endomorphism
satisfying J> = —id and defined by J(v) = iv. In C? = (R*, J), consider a con-
gruence, i.e.. a 2-parametric system of 2-dimensional surfaces % such that through
each point m € R* there passes exactly one surface V2 € . Let T,,,(V,,f) be the tangent
plane of V2 at m; in what follows, we restrict ourselves to congruences .# such that

(1) T,,,(V,:) nJ T,,,(V,:') = {0}

for each point m € R*. At each point m € R*, let us choose a frame {v,, v,, v, v,}
such that ‘

)] v, 0, €T (V3), vy =1Jv,, v,=Jv,.
Choosing another frames {w;, w,, w3, w,} satisfying equations analogous to (2),
we have , =
(3) wy =av; + Bvy, W, =7yv; + Ov,,
Wy = .“”3 + Ba, Wq = Y03 + 00,4,
ad — Py £ 0.

Thus the congruence % induces on R* a G-structure, being given by (3).
Let us write

@ [v, v2] = ayo; + azv,,
[v1, 3] = byvy + byv, + bsvy + byvy,
[v1, 4] = €103 + €20, + 305 + cqv4,
[v2, 03] = dyvy + dyv, + davy + dgvg,
[v2, 4] = €0y + €0, + €303 + eqvy,
[vs, va] = f1vy + f20; + favs + favy.
From the Jacobi identities
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(5)

we get

©)

")

(8)

©)

" [vs [o 011 + [vg [o6 0] + [0 [v59;,]] =0

ihj,k=1,...,4;

vldl +‘d2a1 + d3b1 + d4cl - Uzbl - b3d1 - b4e1 + 17301 - a2d1 = 0,
vldz + dsbz + d4C2 - Uz‘bz + blaz - b3d2 - b482 + 0302 - albz = 0,
vlda + d4C3 = Uzb3 = b4e3 — a1b3 - a2d3 = 0,

Uld4 + d3b4 + d4C4 = Uzb4 = b3d4 = b4e4 = a1b4 = azd4 = 0;

vie; + ea, + e3by + eqcq — v, — c3d, — cqey+ v4a; — aje; =0,

vie, + e;b, + eqc; — v65 + cia; — c3d;, — cqep + v4a; —ac, =0,

'17183 + e3b3 + 8403 = 0263 == C3d3 — C4e3 - aIC3 - a2e3 = 0,

viey + e3by — vycq — C3dy — ajcq — azes =0

v f1 + fray + f3by + facy — v + cady — cufy + v4by — byey —

- b3f1 =0,

v1fy + f2a; + f3by + facy — v3c; + €1by + cydy — cuf, + by —

— byc; — bye; — b3f, =0,

v1f3 + facs + ¢1by + c2dy — cuf3 + v4by — biey — bye; — v3¢; =0,
v]f4 +f3b4 — U3C4 + Clb4 + C2d4 + U4b4 — b1C4 — b2e4 - b3f4 = 0;
vaft — f1ay + fady + faey — vieq + e,y + exdy — eyfy + v4dy —
—dyc, —dye, — d3f, =0,

0y — f1a; + fid, + faes — vie; + e,by — ef; + v4d; — dic; —

—d;f; =0,
v2f3 + faes — vie; + e by + exdy — eyf; + v4dy — dic; — dye; =0,
Uy fs + f3dy — viey + e by + e;dy + v4dy — dicy — dyey, — dye; = 0.

Analoguously, we have

(10)
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[wi, wa] = 41wy + 4,0,
[wl, W3] = Blwl + B2W2'+ B3W3 + B4W4 ’

[wi, wa] = Cywy + Cow, + Cywy + Cywy



[Wz, W3] = Dlwl + Dsz + D3W3 + D4W4,
[Wz, W4] = Elwl + E2Wz + E3W3 + E4W4g
[W3, W4] = F1W1 + Fsz + F3W3 + F4W4

with the integrability conditions

(1)

wiD, + DA, + D3B; + D,C; — w,B; — ByD, — B,E, + w34, —

— A,D, =0,

w.D, + D;B, + D,C, — w,B, + B,A;, — ByD, — B,E, + w34, —

— AB, =0,

w,Dy + D,C, — w;B; — B,E; — A,B; — A,D, =0,

w,D, + D,B, + D,C, — w,B, — B,D, — B4E, + A\B, — A,D, =0,
wiE, + E;A; + E;B, + E,C;, — w,C; — C;D, — C,E, +

+ wyA; — A,E, =0,

w.E, + EsB, + E,C, — w,Cy + C1A, — C3D, — C,E; +

+ wyd, — A,C, =0,

w,Ey + E3B; + E.Cy — wy,C3 — C3D3 — C4E; — A,C; — A,Cy =0,
w,E, + EsB, + E,C, — w,Cy, — C3D, — C,E, — A,C, — A,C, =0,
wiF, + FA, + F,B, + F,C; — w;C, + C,D, — C,F, +

+ wyB, — B,E, — B,F, =0,

w,F, + FyA, + F3B, + F,C, — w,C, + C,D, — C,F, +

+ C,B; + wyB, — B,C, — B,E, — B;F, =0,

w,F; + F,C; + C,B; + C,D; — C,F5 + w,B; — B,C; — B,E; —
—w3C; =0,

w,F, + F;B, — w,C, + C,B, + C,D, + w,B, — B,C, —

— B,E, — B,E, =0,

wyF, — F\A, + F,D, + F,E, — w;E, + E,B, + E,D, — E,F, +

+ wyD, — D,C, — D,E, — D;F, =0,

w,F, — FiA, + F,D, + F,E, — w3E, + E,B, — E,E, +

+ wyD, — D,C, — D;F, =0,
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w,Fy + F,E; — V,E3 + E\By + E,Dy — E,F5 + V,D; —
— D,C; — D,E, =0,
w,Fy + F3D, — w;E, + E;B, + E,D, + wyD, — D,Cq —
— D,E, — D,F, =0.

Comparing (4) with (10), we get

(12) [wy, wy] = [owy + Bvg, Yoy + 60,] = wyy . vy + Wy0 .0, — w0y —
— wyB . v, — yB(ayv;, + azv,) + ad(av; + a,v,) =
=AW, + AW, = Al(“”x + Bv;) + Az(?’-’l + 6v,),

(13) '[wl, wy] = [awy + Bv,y, avs + Pog] = wyo. 03 + Wi . v, +
+ @¥(byvy + byv, + byvy + byvy) + af(dyv, + dyvy +
+ dyvy + davy) + Pa(c vy + cav, + €305 + cavs) +
+ B*(e1v; + €05 + €303 + eqvy) — Waa . vy — Wy . v, =
= B,w; + B,w, + Byw, + Byw, = By(ov, + Pv,) +
+ B,(yv; + 6v,) + Bs(avs + Pvy) + By(yvs + 6v,),

(14)  [wy, we] = [avy + Bvy, Y03 + Ov4] = wyy .03 + W6 .04 +
+ ay(byv, + byv, + byvy + byvy) + Py(dyv, + dyv, +
+ dyvy + dgvg) — Waa. vy — WP . vy + ad(cyvy + cy0, +
+ c303 + c4v4) + PO(ejv; + e,0; + e3v; + egv,) =
= Cyw; + C,w, + Cawy + Cawy = Cy(av, + v,) +
+ Cy(yvy + 6;)2) + Cy(avs + Pvy) + Cy(yvs + v,),

(15) [wy, wa] = [yv1 + 60y, aw; + Bvy] = W . v3 + wB . v, +
+ ay(byv; + byv, + byvs + byvy) + ad(dyv, + dyv, +
+ dyvs + dgvg) — wid . vy + By(cyvy + vy + c3v5 +
+ cqvg) + P(eyvy + e,0, + esv; + egv,) = Dywy +
+ D,w; + Dywsy + Dywy ="Dy(av; + Bv,) +
+ Dz(yv, + 6v;) + Dy(avs + Bug) + Dy(yvs + 6v,),
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(16)  [wa, wa] = [yv; + vy, Y03 + O] = Wy .03 + Wb . v, +
+ y*(byvy + byv, + byvy + byvy) + yd(dyvy + dyv, +
+ dyvy + dyvy) + ¥8(civy + €05 + €303 + Cavy) +
+ 0%(eyvy + ey0; + €303 + egvy) — Way .Uy — Wb . v, =
= Ew; + E,w, + Esw; + Eqw, = E (av, + Pv,) +
+ E;(yvy + 6v,) + E3(ow; + Pvg) + Ey(yv; + 6v,),
(17)  [wi, wa] = [avs + Bvg, yv3 + 6v,] = Wiy . v3 + W3d .04 —
— ¥B(f1v1 + favy + fiv3 + favs) + ad(fiv, + fr0, +
+ fa03 + favs) — Watt . 03 — W . v, = Fyw; + Fow, +
+ Faws + Faw, = Fy(av, + Pv,) + Fy(yv; + 6v,) +
+ Fj(avs + Pog) + Fa(yvs + 6v,) .
From (12)—(17),
(18) wia = —a’b, — afd, — Pacy; — pre; + Bya + By,
w,o = —ayb; — addy — Pyc; — Pde; + Dya + Dyy,
wia = o?b, + afd, + Poc; + B%e, — B,a — B,y,
wao = ayb, + Byd, + adc, + 6fe; — C,a — Cyy,
w,f = —a’b, — afd, — Pac, — B’es + Byf + B,J,
w,f = —ayb, — add, — Byc, — Bde, + D3 + D5,
wiB = a?b, + apd, + Pac, + e, — B,f — B,5,
wyf = ayb, + Byd, + adc, + Bde, — C,8 — C,6,
wyy = —ayb; — Byd; — adcy; — Boe; + Cio + Cyy,
wyy = —y2by — pddy — ydcy — 6%e; + Eja + Egy,
wyy = ayb, + add, + Byc, + Pde; — D, — D,y,
wsy = y2b, + ydd, + ydc, + b%e; — E;a — Eyy,
w0 = —ayb, — Byd, — adc, — Pde, + C3f + C,0,
w6 = —y2b, — pdd, — ydcy — 6%ey + EsB + EL5,
w30 =  ayb, + add, + Byc, + Bde, — D — D,6,
wsd = y2b, + yéd, + ydc, + 6%e; — E\B — E,6;
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(19)

(20)

w,y — woa = fya, — ada, + Aja + Ayy,
w0 — w,B = Bya, — ada, + A + A0,
Wiy — waa = Byfy — adfy + Fao + Fuy,
“wi — wuB = Bifs — a0fs + F3B + Fd;

(20 — By)f1 = aFy + yF,,
(6 — By)f, = BF, + OF,.

From (18), we obtain

(21)

wy — woa = — fBydy + cuS'd3 — adcy + Pyes + cio0 —
— Dya + C4y — Dyy,

w0 — wof = —fByd, + add, — adc, + PBycs + c3f —
— D;f+ C6 — D46,

Wiy — waa = add, — Byd; + Pyc, — adc; — Do +
+ Cyo — Dy + Cyy,

w30 — W, = add, — Byd, + Pyc, — adc, — D +
+ C;B— D0 + C,0.

Multiplying the first equations in (19) and (21) by 6, the second ones by y, the third
ones by f and the fourth ones by a resp., we get

(22)

and

(23)
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8(By — «d) a, + adA, + y5A, = 5(ad — By)d; +
+ 8(By — ad) ¢ + ad(C3 — D3) + y5(C, — Dy),
By — ad) a, + PyA, + ydA, = y(aé — Py)d, +
+ y(By — @d) cq + Py(C; — D3) + y8(C4 — D),
B(By — 9) f5 + aBF3 + ByF, = B(ad — By)d, +
+ B(By — ad) ¢; — ap(C; — D,) + B¥(C, — D,),
a(By — ad) f4 + apFs + adF, = «(ad — By)d, +
+ By — ad) c; — af(C, — D,) + ad(C, — D,)

A1+D3—C3=6(a1+d3—€3)"")’(a2 +d4—C2),

Fy + Dz‘;— Cr=0ofs +dy —c)) = B(f5 +dy — cy).



Analoguously, multiplying the first equations in (19) and (21) by B, the second ones
by a, the third ones by é and the fourth ones by y resp. we get

(24) B(By — «d)ay + PaA; + PrA, = P(ad — By)d; +
+ B(By — ad) c3 + Bo(C; — D3) + By(C4 — D),
a(fy — ad) a, + afA; + adA, = a(ad — By)d, +
+ oy — @d) ¢y + aB(C3 — D;) + a8(C4 — D),
3(By — ad) f3 + wdF5 + yOF, = 6(xd — By) d, +
+ 8(By — #d) ¢; + a8(C, — Dy) + y8(C, — D,),
WBy — #3) fa + ByFs + y6F, = (a6 — fy) d, +

+ y(By — d) ¢, + By(C, — D,) + y(C, — D,)
and

(25) Az +D4—C4 =a(a2+d4""C4)'—ﬂ(al +d3—c3),
Fy + Dy —Cy =0(f; +dy —¢;) = Wfa +dy —c3).
Thus we see that we may choose the frames {wl, Wo, W3, w4} in such a way that
(26) A1+D3_‘C3=F4+D2—C2=0.
Suppose that the frames {v,, U,, U3, U4} have been chosen in this way, too. Then
(27) al+d3—C3=f4+d2_Cz=0
From (23) and (25),

(28) 0= —y(a, + ds — c4),
Ay + Dy — Cy= ofay +d, —cg),
- B(fs +d — 1),

Fy+ D, —Cy= &fs+d,—c)).

0

The functions a, + d4 — ¢4, f3 + d; — ¢, are thus relative invariants. Let us restrict
ourselves to the “general” case

(29) a+dy—c, ¥0, f3+d;—c¢; *0.
Then it is possible to choose the frames in such a way that
(30) a2+d4—C4=1, f3+d1—cl=l.
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