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ON VOLTERRA-STIELTJES INTEGRAL EQUATIONS

STEFAN SCHWABIK, Praha

(Received April 3, 1973)

In this note the Volterra-Stieltjes integral equation in the space of functions with
bounded variation is dealth with. The integrals used here are Perron-Stieltjes inte-
grals. The basic definitions and notations are the same as in [4].

1. INTRODUCTION AND AUXILIARY STATEMENTS

The Volterra-Stieltjes integral equation under consideration has the form
(1.1) o J d[KGs, 0] x() + y(s), Os<1.
0

By V,(0, 1) = ¥, we denote the space of all n-vector functions of bounded variation
on [0, 1], ¥, equipped with the norm |x||,, = |x(0)| + var§ x forms a complete
normed linear (Banach) space. Similarly, for an interval [a, b] we define the space
V,(a, b) of n-vector functions defined on [a, b] with bounded variation on [a, b];
the corresponding norm is || x|y, s = || X(a)| + var} x for x € V,(a, b).

For a k x I-matrix A= (a;), i=1,...,k j=1,...,1 we are setting |A| =

1
= max Y |a;]
i=1,...k j=1

We suppose in the following that y € ¥,. As for the kernel K(s, t), we suppose that
it is an n x n-matrix for all (s,f)e[0,1] x [0, 1] (K(s, #) : [0, 1] x [0, 1] -
— L(R" > R")) such that

(1,2) v(K) < +0

where v(K) denotes the twodimensional variation in the sense of Vitali for the matrix K
inthe interval I = [0, 1] x [0, 1]). )

1) The number »(K) is defined by the relation v(K) = sup 3 ||mx(J)| Where the supremum
i

is taken over all finite systems of nonoverlapping intervals J; < I, J; = [a;, b;] X [c;, d;] and
where mg(J;) = K(b;, d;) — K(b;, c;) — K(a;, d)) + K(a;, c;) (for this notion cf. [4] or [1]).
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Further we assume that
(1,3) varg K(1, .) < +o

where varg K(1, .) denotes the variation of the matrix K(s, ) for s = 1 in the interval
[0, 1]. The variation of a matrix-valued function is defined in the usual way using
the norm of a matrix.

If (1,2) and (1,3) is satisfied then by Prop. 2,3 in [4] the integral [§ d,[K(s, 1)] x(7)
exists for any s € [0, 1] and x € V,.

To the kernel K(s,t):I - L(R" > R") we define a new kernel K*(s,1):1 —
— L(R" - R") in the following way:

(1,4) K*(s, t) = K(s, 1) — K(5,0) if 0<t<s=<1,

" KA(s, t) = K(s, s) — K(s,0) = K*(s,s) if 0<s<t<1.

IIA

Evidently, K%(s, 0) = 0 for any s € [0, 1] and K%(0, ) = O forany t [0, 1].

The kernel K is the triangular kernel corresponding to the kernel K. By Lemma
1,3,1 in [2] and by the definition of K* we have

j 4K, 0] x(6) = 0

forany s e [0, 1] and x € V,. Further we have

[ a0 20 - [ s <0
for any s € [0, 1], x & ¥, since Theorem 1,3,6 in [2] implies
[[are. 0 - k0150 =
= tim [K2(s, 1) = K(s ©) — K%s,5) + K(s, )] x(s) = 0.

Ts—

Hence we have
(1,5) j ;d,[x(s,’t)] xlth= J' :d,[KA(s, 0] x(7)

for any s e [0, 1] and x € ¥,. By means of (1,5) the Volterra-Stieltjes integral equa-
tion (1,1) can be rewritten in the form

(1.6) x(s) = I :d,[KA(s, 9] x(t) + y(s), se[0,1].

Throughout the paper the equation (1,1) will be studied in this new form (1,6).
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By the relations (1,4) a new matrix K* : [ - L(R" — R") is defined in terms of the
matrix K : 1 — L(R" - R"). For K* we have
(1,7) o(K*) < 2v(K) + vary K(1, .).

This inequality can be established as follows: Let be given a net type subdivision
of the interval I, i.e., let be given a finite sequence 0 = 1, < 7, < ... < 7, = 1 and
let us define intervals J;; = [t,-q, 7;] x [1;-4, 7;], i,j = 1,2, ..., m; the system J;
forms a net type subdivision of I.

Let us define

mKA(J,-j) = KA(T-" Tj) — K(z,, Tj-l) ~ K%t 4, 1) + K4(ti-1s Tj-l)-

From (1,4) we have mya(J;;) = m(J;;) for 0= j <i < m, mga(J;;) =0 for
0<i<j<mand me(J;;) = K(x;, ;) — K(tj, 7,-4) for j =1,2,..., m. Hence

5 Imeta)l = £ 3 Il -
:

=1

|
-
—_

M=

"ME <.

S Imda)l + 5 Il = £ T a0l +
+ .

1

1[|K(1:,-, ;) — K(ti, 1) — K(O, 7;) + K(O, )| +

+

[Nk
e

IK(0, 7)) — K(0, 7;—,)|| < v(K) + varg K(0, .).
The inequality (1,7) follows now from the definition of v(K*) if we use the inequality
varg K(0, .) < v(K) + varg K(1, .) (see (2,14a) in [4]),

Let us mention that the assumption that the subdivision is of the net type does not
cause any loss of generality in the proof since any finite subdivision can be completed
to a finite net type subdivision. -

Remark 1.1. From the inequality (1,7) it is easy to see that if (1,2) and (1,3) are
satisfied, then t(K*) < oo. The definition (1,4) of K* ensures that varg K4(0, .) < oo
and vary K%(.,0) < co. Hence the kernel K(s, t) satisfies all the assumptions of Theo-
rem 5,2 from [4]. Using this theorem we can conclude that for the equation (1,6)
the Fredholm alternative is valid, i.e., either the equation (1,6) admits a unique solu-
tion for any y € ¥, or the corresponding homogeneous equation

1 8
x(s) = I d,[KA(s, £)] x(r), se[0,1]
0o
admits a finite number r of linearly independent solutions xj, ..., x, € V,. This
alternative theorem can be formulated also in terms of the equation (1,1) and of the

corresponding homogeneous equation. Our aim is to prove that in the case under
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consideration the first possibility of the Fredholm alternative takes place, i.e., that the
equation (1,1) is really a Volterra-type equation or, in other words, that the operator
x eV, > [5d[K(s, t)] x(t) € ¥, has only one eigenvalue which is equal to zero.

Proposition 1.1. Let LM : I — L(R" - R") be such matrix valued functions defined
on the interval I = [0, 1] x [0, 1] that v(L) < o, v(M) < oo, L(s, 0) = M(s, 0) =
= 0 for any s e [0, 1], L(0, {) = M(0, {) = 0 for any t [0, 1] and L(s, t) = L(s, s),
M(s, t) = M(s,s)forall0 < s <t £ 1,

Let us define

(1,8) Qs, 1) = J ld,[L(s, r)]M(r,t) : I - L(R" - R").
0
The matrix Q(s, t) is evidently defined for any (s, t) e I.
Then '
1
(1,9) Q(s, 0) = J. d,[L(s, r)] M(r,0) = 0 for any se[0,1]
0

Q, 1) = J "4[LO, Y] M(r, ) =0 for any te[o,1]

0

For0 =t <5 =1 we have

(1,10) Qs 1) = 'f A [Ls, )] M(r, 7) + jsd,[L(s, 1] M(r, 1

] t

and for 0 £ s <t < 1 we have

(1,11) Qs 1) = I :d,[L(s, NI M(r, 1) = Qs 5) .

Further, A

(1L,12) o(Q) = o(L) o(M) < o

and

(L.13) Q. )] j V) A for any (s.1)el
where ’

(L,14) ¥u(7) = vpo,13xg0, (L), ¥m(®) = v10,11x10,(M), 7€ [0, 1]

is the twodimensional variation (in the above mentioned sense) in the interval
[0, 1] x [0, 7] of L, M respectively?).

2) The real function w1 (7) is'introduced in [4] (see (2,15b) in [4]). We have y(0) =0, v (1) =
= o(L) and y is a nondecreasing function in [0, 1]; similarly for ypm. ’
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Proof. The relations (1,9) are evident. For0 £ t £ s £ 1 we can write
t s 1

Qs, 1) = j A [L(s, )] M(r, 1) + f [ L(s, )] M(r, 1) + j d[L(s, )] M(r, 1) .
0 t s

If0 < r < t then by the assumptions we have M(r, t) = M(r, r) and therefore
t t
f A L(s, )] M(r, 1) = J’ d[L(s, )] M(r, 7).
0 0

For 0 < 5 < r £ 1 we obtain also by the assumptions L(s, r) = L(s, s) and Theorem
1,3,7 in [2] implies [;d,[L(s, r)] M(r, t) = 0. This yields the equality (1,10). The
equality (1,11) can be obtained in the same way.

To prove (1,12) let be given a finite sequence 0 = 75 < 7, < ... < 1,, = 1. Let us
construct the net type subdivision of I corresponding to this sequence, i.e., the finite
system of intervals J;; = [t;,_y, 7] x [t;-1, 7], i,j = 1,2, ..., m. We consider the

sumi’jzm:: 1 [mo(J5,)|| where (by definition)
mo(Jy) = Qs 7;) — Qe 7j-1) — QTi—t, 7)) + Qeio1,75-1) =
= [ ) — Lo I MC ) — M)

Using this expression for mg(J;;) we can write

Imo(7:)] = J:”M("’ ) = M(r, 7;-)| dvarg(L(zs, ) — L(zi-1, 1))
By (1,11) we have Q(s, t) = Q(s, s) for 0 < s < ¢t < 1 and hence
(119 £ Ime0l = £ % Ime0,)l =

m 1 i
=X
i=1

1”M(r, 1;) — M(r, 7;_,)| dvarp(L(z;, .) — L(ti-y, ).

0J=

From the assumptions on M(s, t) we obtain

«) M(r,t;) — M(r,z;_y) =0forr < 7;_,
B) M(r, ;) — M(r,t;_,) = M(r,r) — M(r,7;_,) and

1M(r, 7)) — M(r, 7;,)| = |M(r, r) — M(r, 7;-1) — M(0, 1) + M(0,7;_,)| <
< Vpoxrey-n(M) for 7, <r <1y,

3) This follows from the inequality | f2A(-) dB(r)|| < (2| A(r)|| dlvarf B] where A, B are
n X n-matrices of finite variation on [a, b]. It is easy to prove this inequality for example using
the sum definition of the Perron-Stieltjes integral. Cf. [2].

~
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1) |M(r, 7)) = M(r, 7;- )| = [M(r, 7)) = M(r, 7;-,) — M(0, 7)) —M(0, 7;_,)
s vlo,r]x[z,_,,"-';](M) fort; < r.

Let now some 7 € [0, 1] and integer i, | < i < m be fixed. Then either a) r > 1,
orb) r < t;. In the case a) it follows by y) and (2,12) from [4] that

,ZIHM(V’ 1) = M(r.7;- )| = ZIUIO.rlx[r,-—l,tj](M) s
j= i=
< Vp0.nx10, (M) = vpo,17x10.1(M) = ¥m(r) -

In the case b) there exists an index j, < i so that 7; _; < r < 7;. Hence from a)
and p) we obtain

LM <) = MO = 3 M) — M) +

Jr=1
+ [M(r, r) — M(r, 7, -,)| = _ZIUIO,r]X[rj—n’ (M) +
f=

lIA

+ O0,mxres-1.(M) = Vpo.axro.n(M) S Ym(r) .

Consequently, for any r € [0, 1] and i = 1,..., m we have
-21 [M(r, ;) — M(r, 7;-0)] < dm(r) -
j=

This inequality together with (1,15) gives

m
)
i,j=1

[mo(J:)) éii J;V%(") dvarg(L(z;, .) = L(ti—y), .)) =
- [onr vl ) = e D = [ vl av) <
< ¥u(1) f :d W) = Y1) (1) = ofL) o(M)

The second inequality in this relation is obtained from Lemma 3,1 in [3] and from
(2,16a) in [4]. The inequality (1,12) follows now immediately.

If0<r<tZ£1then
|M(r, )| = |M(r, r)| = |M(r, r) — M(r,0) — M(0, r) + M(0,0)| <
=< U[o,r]x[o,r](M) = ‘/’M(") .
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Similarly, for 0 <t < r < 1 we have
IM(r, )] = [M(r, 1) — M(r, 0) — M(0, 1) + M(0,0)| <

< Vpo.mxr0.0(M) = tpo.11xr0.n(M) = Um(r) -
This implies

o601 = |

J‘:dr[’-(s? r)] M(r, t)| < D]M(r, f)| d(vargL(s, ")) <
< J:‘//M(r) d(varg L(s, .)) = f ‘W(r) d(varg(L(s, .) - L(0, .))) = J Ynd(r) v (7)

since for ry < r, it holds

|varg(L(s, .) — L(0, .)) — varg(L(s, .) — L(0, .))| =
= var}(L(s, .) — L(0, .)) < U[o,;]x[rl,rz](L) =
< vo,nxrrna(L) S Wilr2) = ¥u(r1)

and the above inequality is a consequence of Lemma 2,1 in [3]. The proof of the
proposition is complete.

Lemma 1.1. Let M :I —» L(R" - R") be such a matrix valued function defined
on the interval I =[0,1] x [0,1] that v(M) < oo, M(s,0) =0 for any se
€[0, 1], M(0, t) = 0 for any t€ [0, 1] and M(s, t) = M(s,s) forall0 < s <t < 1.

Then
(1,16) vagd ( J :d,[M(s, N x(t)) < J :”x(r)“ dW(t) <
< [ x(0)] [¥mO+) = ¥m0)] + | X]v.c0.5) [¥m(S) — ¥m(0+)]

forany 5 €(0,1] and x € V, where y is defined by (1,14) and ||x
+ vard x.

vao.s = [x(O)] +
Proof. The kernel M(s, t) is a triangular one. Hence we have for any s € [0, 6]

j aMG 01 x0) = | :d,[M(s, ] x(1)

(this can be obtained similarly as in the proof of (1,5)).
Further, (2,24) from Proposition 2,3 in [4] yields

1,17)  var ( J :dt[M(s, 0] x(t)) — (Ed,[M(s, 0] x(t)) < j :”x(t)“ W)
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Using Theorem 1,3,6 in [2] and the relations between the generalized Perron integral
and the Perron-Stieltjes integral we obtain by simple computation

119 [ X0 @4 = <O Lom0+) = ¥l + lm [ 0] ).
Since

[ 101 avad 5 sup 1501 - Tome) — )

for any 0 < ¢ <, we can write by (1,18) and by the obvious inequlity a
sup || x(1)| < | x(0)] + vard x = || x|y, 0,5 the relation
te[a,d] 5

j:”x(‘)” dym(r) < [x(0)] [¥m(0+) — ¥m(0)] + |x Vn(o,a)alilg+[‘l’m(5) — ¥m(0)]

This inequality together with (1,17) yields (1,16).

Remark 1.2. In the proof‘ of the next proposition the following will be essential:
If h(t) is a real valued, nondecreasing, nonnegative, from the left continuous function
in the interval [a, b], then

b
(1,19) PR dh(E) S —— [F(B) - H(a)]
a k+1
forany k =0, 1, ... (see Lemma 3,3 in [3]).
Proposition 1.2, Let M(s, t) : I —» L(R" — R") be such a matrix valued functions

defined on I = [0, 1] x [0, 1] that v(M) < oo, M(s, 0) = M(0, f) = 0 for se [0, 1],
te[0,1], M(s, t) = M(s, s) forall0 < s < t < 1 and let

(1,20) lim | M(s, £) — M(s, to)] = 0
t=to—

for any s € [0,1] and t, € (0, 1] (i.e., M(s, 1) is continuous from the left in the second
variable t).

Let us define for (s, t) eI
(1,21) MY(s, 1) = M(s, ),

MO(s, 1) = J.:d,[M(s, r)] M@, 1) = J:d,[M(s, ] M("‘.‘)(r, 1),

qg=2,3....
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Then
(1,22) varg M9(s, ) < [Ym(s)]%/q! forany se[0,1] and q=1,2,...,

(1,23) v(M@D) < »(M)Yq! forany q=1,2,....

The series Y, M@(s, t) converges uniformly to (s, t): : 1 - L(R* - R") i.e.,
q=1
(1,24) Y M@(s, 1) = &(s, 1)
q=1
and E(s,0) = E(0,1) = 0 for any se[0,1], te[0,1], E(s,t) = E(s,s) for 0 <

<s<t=1.

Further it is

1
(1,25) limo() M@ — E) =0
1] qg=1
and
(1,26) v(E) S e™ — 1.

The matrix valued function (s, t) satisfies for any (s, t) €I the equation

(1,27)  E(s, 1) = M(s, 1) + J‘ld,[M(s, r)] E(r, 1) = M(s, t) + jsd,[M(s, r)] &(r, 1) .

0 0

Proof. Since (1,20) holds the function Y 4(7) : [0, 1] — R is nondecreasing, conti-
nuous from the left (see Lemma 2,1 in [4]) and y,(0) = 0, Yu(1) = v(M).

We prove first the relation (1,22). Let0 = 7, < 74 < ... < 1,, = 1 be a subdivision
of the interval [0, 1] and let s € [0, 1]. Let m; < m be such a positive integer that
Tm,—1 < § < 1,_. Then by the assumptions about M(s, t) we have

£ 1M6.5) = M55, =" 1MG.5) — MG 5,-)] + M) = s 50,-0)] =

= £ 1M 3) — Ms, 5] — MO, o MO, 7o)

+ |M(s, s) — M(s, T,n,—1) — M(0, s) + M(0, ‘c,,,s_l)" <
mg—1

s -21 O10,53% [e- 1,5 (M) + Vp0,1x 11y, 151 (M) =
F-
< v10,11x0,(M) = Ym(s) -

Since the subdivision 0 = 7, < ... < 1, = 1 is arbitrary we obtain by passing
to the supremum over all subdivisions of [0,1] the inequality (1,22) for g = 1. Let
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now (1,22) be valid for ¢ — 1 and let 0 = 7y < 7, < ... < 1,, = 1 be an arbitrary
subdivision of the interval [0, 1], s € [0, 1]. Then (see Remark 1.2)

Z ”M(q)(s’ ;) — M(q’(s’ 71-1)” =

—Z d[M(S, )] (M@™5(r, 7)) — MO D(r, 7;_4))

IIA

L(z [MOD(, ) — MO, 7, )]) d(r) <

ji=1

= J:Var(‘) MO D(r, ) dym(r) < (q _1 1)!J: () dml) =

[V = V0] = )

1
q!
By passing to the supremum over all subdivisions of [0,1] we obtain (1,22) for the
value g. In this manner (1,22) is proved by induction.

To prove (1,23) let an arbitrary subdivision 0 = 75 < 7, < ... < 1,, = 1 be given
and let J;; = [t;—y, 7] x [t-1,7;] i,j=1,2,...,m be the corresponding net

type subdivision of I = [0, 1] x [0, 1]. Let g be an arbitrary positive integer. Then
we have

2 lmmali)| = ,ZIHM(‘”(T“ 1) = MO, 1;_) — MOty 7)) +
i,j=

i,j=1

Mm(‘i— 15 rj_,-)ll =

- 5[} o ) = M L0 2) - o0, 2

= (Z | M ”(r 0) = MO0, 7)) d(Zvaro(M(Tn )= M@y, ) =

0Jj=1

< f varl MO=D(r, ) dyip(r) = j V) ) <

(¢ - 1)!
(1) = = [v(M)]“

él
q!

and by passing to the supremum over all decompositions of [0,1] we obtain (1,23).

For any (s, t)€l, ¢ = 1,2, ... we have evidently

| M, O] = [ MO, 1) = M5, 0) — MO0, 1) + M0, 0] 5 o{m) 5 AT
. : q!
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since by Proposition 1,1 M@(s,0) = M@(0, ) = 0 for any se[0,1], re[0,1].
This inequality yields immediately the uniform convergence of the series (1,24)
to some matric valued function Z(s, t) : I - L(R" — R") since the majorizing series

Z [u(M)]"/q' — ™ _ evidently converges.

The equalities Z(s, 0) = Z(0, 1) = 0 for se [0, 1], t € [0, 1] are easy consequences
of the relation (1,9) in Prop. 1,1. From (1,10) in the same Proposition we obtain
E(s, 1) = E(s,s)for0< s <t < 1.

Using (1,23) we obtain the inequality

(L MO =2) = o § M5 § oM s T [m]a

q=

which implies (1,25). The inequality (1,26) can be obtained as follows;

o) < :iu(mw) gqi[v(M)]",/q! — oM g

The uniform convergence of the series (1,24) for any (s, t) € I implies

[ rm s - [Came iy ) -

f J A [M(s, r)] MO(r, 1) = z ME*D(s, 1) = E(s, 1) — M(s, 1) .

g=1

Hence Z(s, t) satisfies (1,27).

Corollary 1.1. Let M(s, t) : I > L(R" - R") satlsfy all assumptions from Pro-
position 2. Let y € V, and let us set

(Ty) ) = j MG, )] 1) = j :d.[M(s, 0] y()

for se[0,1]. T:V, - V, is a linear operator.
If we define
: (Ty) (5) = T(T""y) (s)

for se[0,1] and q = 2,3, ... then

) @) sHpy, for g-12.sep),

(1,29) vary Tly < ; M) |lylv, for a=1,2,...,

(1,30) [Ty

1
ly, = |T% (0)] + vars T?y < ;1—‘ [o(M)] lylv, for a=1,2,....
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Proof. For basic properties of the operator T (linearity, continuity, etc.) see
Part 3 in [4]. By definition we have

() () = T(Ty) (5 = f 4 [MGs, )] Ty(r) = f 4 [MG )] l A M 0] 10).

0

The assumptions on M(s, f) and y make it possible in a similar way as in Prop. 2,4
from [4] to demonstrate the possibility of interchanging the order of integration
in this expression. Hence we obtain

(T2y)(s) = j d [ j :d,[ws, M1 M t)] () = j :d.[Mm(s, )] v(1)

where M‘?)(s, t) : 1 - L(R" - R") is defined in (1,21).
If we continue this procedure then for any s € [0, 1] we obtain

(131) () () = j :d,[Mw(s, DY@, a=12..

where M@(s, 1) is given by (1,21). Hence
1
I O [ ] avas M, ) 5 [y, varl M, )
0

and the relation (1,28) follows immediately from (1,22). The inequality (1,29) is
a direct consequence of (3,5) from (4) and of (1,23). Since Y u(0) = 0 we obtain
(1,30) from (1,28) and (1,29).

2. THE CASE OF A KERNEL WHICH IS LEFT CONTINUOUS
IN THE SECOND VARIABLE

In this part we study the Volterra-Stieltjes integral equation

2,1) x(s) = J' a[KGs, D] x(1) + y(s), 0<s<1
0
in the space ¥, with the kernel K(s, f) : I = [0, 1] x [0, 1] - L(R" — R") satisfying
(2,2) v(K) <
(2,3) ' varg K(1, .) < 0
and
(4 tim JKGs, ) = K(s )] = 0

for any s € [0, 1], to € (0, 1]. The function y is assumed to be an element of the space
v,
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If we define for the kernel K the corresponding triangular kernel K4 by the rela-
tions (1,4) then the kernel K* also satisfies the relation (2,4), i.e., we have

.5) lim |K&(s, 1) — KA(s, )] = 0

t—to—

for any se [0, 1], t, €(0, 1]. This fact can be easily verified from the definition
(1,4) of the kernel K*. We have also (cf. (1,7))

(2,6) (K% < oo
and
(2,7) varg K40, .) = 0, varg K(.,0) = 0.

Hence we can conclude that the triangular kernel KA satisfies all assumptions of Pro-
position 2 and, moreover, all assumptions from Parts 3 and 4 in [4]

In view of the relation (1,5), the equation (2,1) can be considered in the form
1
(2.9) x(s) = I d[K(s, )] x(i) + y(s), 0Ss=1.
0

For this equation all the results from Parts 3 and 4 in [4] hold.

Let us now define the linear operator T : ¥, — V, by the relation

(29) T(t) = J:d,[KA(s, 0] (1) = J:d,[K(s, Nl=(), zeV,, se[0,1]

(cf. Part 3 in [4]).

The equation (2,1) or (2,8) can be formally written in the form
(2,10) x—Tx=y, yeV,.

We set
(2.11) ?o(s) = ¥(5), @s) = 0i-4(s) + To,-u(s), 1=12,....
Evidently
(2,12) (p,=y+2‘:T“y, 1=1,2,...
where "~ ‘
(2,13) Ty =T(T"1y), g=2.3....
Let us denote
(2,14) ¥(r) = vi0,11x0,0(K*)» 7€[0,1]
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(¢ is a nondecreasing, left continuous real function on [0,1], Y(0) = 0, (1) =
= v(K%)). The sequence {¢,}{>, € V, defined by (2,12) satisfies the relation

lew — @iy, = | ¥ Tylv.< T Ty

g=1+1 a=1+1

Van*
Using (1,30) from Corollary 1,1 we obtain

"‘Pm - ‘Pt"v,. = i lﬂ%)? "Y

This inequality implies that {¢,};>, forms a fundamental sequence in the Banach
space V,. Hence there exists an element x € ¥, such that
¢, > xforl > 0inV,ie,

(2,15) ‘ ~ lim |l@; — x|, =0.
I-®
Further, evidently
(2.16) o —To,=y—THly, I=12..

and by (1,30) also ,

llim T, — Tx|,, < llim u(K*) ¢, — x|y, =0.
By (1,30) we obtain that lim |T**'y|,, = 0. Passing to the limit I - oo in (2,16)
we therefore obtain aa it : g :

x—Tx =lim(p, - Top) =y — limT'*'y =y,
| )

[ Sad}

i.e., x eV, is a solution of the equation (2,10) and hence also of the equation (2,1).
In this way we have shown that the Volterra-Stieltjes integral equation (2,1) has for
any y € ¥, a solution x € ¥, Since (2,15) and (2,12) hold, this solution can be written
in the form

(2.17) x=y+) Ty.
q=1
The solution x is unique; in fact if x,, x, € ¥, are solutions of (2,10) then we have
x; — %, = (T(x, — x;) = ... = T(x; — x;)

forany ! = 1,2,.... Hence by (1,30)
i 1
Ies = xalv, S L) by = ],

for any positive integer / which makes the desired unicity obvious.*)

4) The unicity of the solution of the equation (2,1) is also a consequence of its existence
for any right hand side y € ¥, and the Fredholm alternative for this equation (see Theorem 5.2
in [4]).
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We return now to the definition (2,9) of the operator T and its powers (2,13).
In the same manner as in the proof of Corollary 1,1 it can be shown that for y e V,
we have

(2,18) Toy(s) = j A[KE (s 0] y(), se[0], a=12...

0
where

(2,19) Ki(s, ) = K¥Gs, 1)
1
K2 (s, 1) = J' A [K(s, )] K& _1(r. 1), q=1,3,...

0
for any (s, 1) e 1.

In view of (2,17) and (2,18) the solution x € ¥, of the equation (2,1) can be written
in the form

(220) =10+ 5 [ 4K 0] () se[01].
Let us denote (cf. Prop. 2. (1,24)—(1,27))
(2,21) IGs, 1) =.,§1 K& (s,1), (s, 1)el.

Since (3,5) in [4] implies forany | = 1,2, ...

3, [ aawo. 0190 - [ are. 010

Va

[z Ko - re.01y0)

1
< r - L KOy,
= 5

Vn

1
and, by (1,25), lim o(I' — ), K{,)) = 0, we have
1= q=1

© 1 1
5, [ i 06 = [ alre. 01y, selo.11.
0 0
Hence (2,20) has the form (since the kernel I is by Prop. 1,2 a triangular one)
(2,22) x(s) = ¥(s) + J' d[r(s, 9] y(@), se[0,1].
0

Resuming the above results together with Proposition 1,2 we obtain
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Theorem 2.1. Let the kernel K : 1 — L(R" — R") satisfy (2,2), (2,3), (2,4). Then the
Volterra-Stieltjes jntegral equation (2,1) has precisely one solution x € V, for any
y € V,. This solution is given by the relation (2,22) where the resolvent kernel
I(s,t) : I - L(R" — R") is given by the series (2,21) with K* from (2,19). The resol-
vent kernel I'(s, t) satisfies the integral equation

(2,23) I(s, t) = K*(s, t) + J':d,[KA(s, NI, 1).

Remark 2.1. In the same way as above it is possible to consider the Volterra-Stieltjes
integral equation of the form

x(s) = f :d,[x(s, 0] x(t) + y(s)

where y € V,, Ais a real parameter and K(s, t) satisfies the assumptions from Theorem
2,1. It can be shown that this equation has for any A a unique solution, which can be
expressed in the form
x(s) = y(s) + J‘ a5, 1, 4) (1)
0
where I'(s, t, A) is given by the series

I(s,1,2) = 5 29Ky, 1)
qg=1
with Kg,(s, 1) from (2,19).

In other words, the operator T from (2,9) under the given assumptions has no
eigenvalues different from zero.

Remark 2.2. Since the kernel KA(s, t) satisfies all assumptions of Theorem 5,2
in [4] and Theorem 2,1 does hold, the first case of the Fredholm alternative from
Theorem 5,2 in [4] occurs. From the same Theorem in [4] we also obtain some
conclusions about the adjoint equation in the sense of [4].

3. THE CASE OF A GENERAL KERNEL

In the previous part the assumption (2,4) was essential. In this part we drop this
assumption which concerns some continuity properties of the kernel K(s, ¢) : [0, 1] x
x [0,1] = L(R" - R") and replace it by a weaker one. Consequently the result
is also weaker. We establish only the existence and unicity of the solution x € ¥,
of the equation '

(3.1) x(s) = j o’d.[x(s, D]x(t) + (), se[o1]
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for any y € ¥, while no information about the analytic form of this solution is ob-
tained.

Let us suppose (as in Part 2)

(3,2) v(K) <
and
(3,3) - varg K(1,.) < ..

We consider the homogeneous equation

(3.4) xls) = J :d,[K(s, N x(), selo,1].

Using the limit relation for Perron-Stieltjes integrals (cf. Theorem 1,3,6 in [2])
we have

J d[K(s, 1] x(t) = lim j d[K(s, 1] x(1) + [K(s, 5) — K(s, s—)] x(s)
0 aFS™ J o
Hence the homogeneous equation (3,4) can be written in the form

X(s) = H(9) x(5) lim I :d,[K(s, N x(), se[o1]

where

(3,5) H() = K(s.5) = K(s,5=) = K(s,5) = lim K(s. ).

This form of (3,4) implies that for the unique determination of x(s) from the know-
ledge of x(7) for 7e€[0,s) it is necessary to assume that the inverse matrix
[I = H(s)] ™' exists. The above form of the equation (3,4) is not convenient for
further investigation. Therefore we define

(3,6) M(s, t) = K(s, t—) = lim K(s, 7) .
We have T
(3,7) K(s, ) = M(s, 1) + [K(s, ) — K(s, t=)] .

Since (3,2) holds we have varg K(s, .) < oo for any s e [0, 1] (see (2,14a) in [4]).
Hence for any s € [0, 1] the difference K(s, t) — K(s, t—) is different from zero only
on an at most countable set of points ¢ € [0, 1] and we have

(3.8) f d,[K(s, t) — K(s, t=)] x(t) = [K(s, s) — K(s, s—)] x(s) = H(s) x(s)

for any s e [0, 1] (this can’'be easily obtained from Corollary 2,2 and Proposition
2,1 in [4]).
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The homogeneous equation (3,4) assumes in view of (3,7) and (3,8) the form

- x(s) = j (:d,[M(s, 0] x(i) + H(s) x(s)

(3.9) x(s) = [I = H(s)]! j :d,[M(s, Nlx(t). se[04]

where H(s) : [0, 1] - L(R" — R") is given by (3,5) and M(s, 1): : [0, 1] x [0,1] -
— L(R" - R") by (3,6). Let us mention that M(s, t) is evidently continuous from the
left in the second variable, i.e. lim M(s, 1) = M(s, 1), t e (0, 1].

=t

Lemma 3.1. If (3,2) and (3,3) are satisfied then the matrix H(s) : [0, 1] - L(R" -
— R") defined by (3,5) fulfils

(3,10) varg H < o

and there exists a sequence {s;}i%q, s;€[0, 1] such that H(s) =0 if s s, i =
=1,2,.... Consequently

(3,11) varg H = 2% |H(s)| < o
i=1

Proof. Let us define K(s, ) = K(s, ) — K(s, 0). By (3,2) we have v(K) < oo be-
cause v(K) = v(K) by the definition of the twodimensional variation. Further it is
varg K(1, .) = vary K(1, .) since K(1,1,) — K(1,t,) = K(1,t,) — K(1, ;) for any
15, t; € [0, 1] and we have also vary K(., 0) = 0. Hence by Theorem 5,4 in Chapter III
iu [1] the set of discontinuities of K(s, f) lie on an at most countable set of lines paral-
lel to the coordinate axes and therefore K(s,t) — K(s,t—) = K(s, 1) — K(s, t—)
equals the zero matrix except a countable set of lines which are parallel to the s-axis
in [0,1] x [0,1]. This yields the existence of a sequence {s;}, 5; € [0, 1] such that
H(s) = K(s,s) — K(s,s=) =0fors #s,i=1,2,....

If0=0,<0, <..<o0,=1is an arbitrary finite sequence then |H(s;) —
— H(o,_,)| S |H(o)| = |H(o:-y)] for i = 1,2, ..., k. Further we have |H(s)| =
= |K(s, 5) — K(s, s=)|| < |K(1,5) — K(1, s=)|| + |K(s, s) — K(s, s—) — K(1,5) +
+ K(1,s-)|.

Hence

3 1) = Ho,- )] SLE IH@)] + Hoi- )] 5 23 IHG)] s
< 2‘21[“K(a,, o)) — K(oy, 0,—) — K(1,0) + K(1,0,=)|| +
+ |K(1, 6)) — K(1; 6,=)||]] < 2o(K) + 2 varg K(1, .).
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Therefore by (3,2) and (3,3) we obtain (3,10) if we take the supremum over all finite
decompositions of [0, 1] on the left hand side of this inequality. The relation (3,11)
is evident.

Lemma 3.2. Let (3,2) and (3,3) hold and let for H(s) : [0, 1] - L(R" —» R") from
(3,5) the inverse matrix [I — H(s)] ™! exist for all s € [0, 1. For z € V,(0, 1) we define
the function v : [0, 1] —> R" by the relation

(3,12) v(s) = [1 — H(s)] "' v(s), se[0,1].
Then v € V,(0, 1), i.e., the linear operator
(3,13) Tz=v, veV,

maps the Banach space V, into the same space V,. Moreover, the operator T is
bounded, i.e., there exists a nonnegative constant C such that

(3.14) I7z|y, < C|z|y. -

Proof. Since [I — H(s)]™* =1 + H(s)[! — H(s)]"*, we have v(s) = z(s) +
+ H(s) [1 — H(s)] " z(s). We consider the second term of this equality, i.e. the
function '

u(s) = H(s) [1 — H(s)]~* z(s) .

By Lemma 3,1 there is a sequence’ {s;}{2,, s; € [0, 1] such that H(s) = 0 for s # s,
hence u(s) = 0 for s # s,. It follows

615)  varbu=2F Ju(s)] = 23 M) [F ~ HE)] ! 6] <
< 2fzly, 3 [HG)] 10 - HG)I] -

Since ) ||H(s;)| < oo, there exists an integer n, > 0 such that |H(s))| < 1/2 for
i=1

alli > n,. Conseciuently
I = HE)I™* ) = 1+ JHGs)| + [HE)? + ... = (1 = [Hs)) ™" < 2

for i > ny. Furthermore,

G IE - M| s £ M6 - I - Ml +2_ 5 JHG)] s
<{ s 0= HEI™ +2) 5 1HG)| = Co < o
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Hence by (3,15)
varg u £ Co|z|y, (Co < ).
This inequality gives

vargv = varg z + varg u < (1 + Co) ||z||y, = Ci||z|y,

and alsove V.
By the definition of the norm in ¥, we have further

ITzllva = |¥(O)] + varov < [H(O) [I — H(O)]™" z0)| + C,]lz]y, <
< (IHO [T = HOI ™| + ¢y)lzlv. = €|y,
where obviously C < oo. The proof of our Lemma is complete.

Remark 3.1. Let us mention that in Lemma 3,2 the estimate (3,14) remains valid
also for a smaller interval, for example for the interval [0, 5], where 0 < 6 < 1, i.e.

[T2lvt0.51 = Cl2]vt0.37-
Lemma 3.3. Let M(s, t): [0, 1] x [0, 1] - L(R" - R") satisfy v(M) < oo,
varg M(1, .) < o0 and M(s, t—) = lim M(s, ) = M(s, t) for any se[0,1] and
Tt

t€ (0, 1]. Then there exists a nondecreasing function { :[0,1] - [0, +00) which
is continuous from the left in (0, 1] such that for any § € [0, 1] and x € V, we have

(3,16)

( j :d,[M(s, ] x(r)) < [%©)] (0 +) = £©O)) + [|vuio.n (46) = LO+) -

Proof. Let 0 = s < s; <... <s; = be an arbitrary decomposition of the
interval [0, 6]. If we define for M the corresponding triangular kernel M? (see (1,4))
then we have

f :d,ws, 0] x(t) = j :d.[MA(s, 0] x()

and

0

vard ( J’ "4, [M(s, ] x(t)) < vard ( j :d,[MA(s, 0] x(t)) .

Further it is
]

G17) 3

<

'[ A [M(s, 1) — MYs, s 1] x(0)

0

< i; J‘ :"x(t)" d vart, (s, .) — M3s,_,, ) .
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By the definition of M*(s, t) and from the inequality s; < & for any i = 1,...,!
it is easy to obtain that for t > & the real function var{(M*(s;, .) — M%(s;_,, .))
of the variable ¢t is constant. Hence

1 P

[0 vars s, ) = s ) = [ IO avari(MGs, ) = MGy, )
0 0

foranyi=1,..,1L
This implies (cf. (3,17)) the inequality

(3,18) le J‘ld,[MA(s.-), 1) — MA(si-y, ] x(1)] <

é 4
< J' Ix(2)[ d (Zlvar(',(MA(si, )= MG, .))).
0 =
Further, (2,16a) in [4] implies for any t,, t, € [0, §]

(19) |3 [arb(Mis, ) — MG, ) = vars(M(s, -) = M(si-1, N 5
< [6(t2) = L(t)]
where ¢ : [0, 1] — [0, + ) is defined by the relation'
(). = 013010, M)
for t € [0, 1] (see also (2,15b) in [4]). We have {(0) = 0, {(1) = v(M?); is nonde-

creasing and continuous from the left in [0, 1]. The inequality (3,19) yields by Lemma
3,1 from [3] the inequality ‘

[ heona (3 varim(s, ) = s, ) 5 [ 0] a0
Hence by (3,18) we obtain

o 4]

i=1

j ;d,[MA(s,-, ) — M(s,_,, £)] x(1)

JREEC

and evidently also
(321) varh([[arme, 01 x0) s | JEORED

since the estimate (3,20) is independent of the choice of the decomposition 0 = s, <
<5 <..<s =0.
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If we use Theorem 1,3,6 from [2] then we obtain
' - ]
[ 1o 0z = 1O @0~ ) + tim [0 a20)
0 o0+ pu

and for any ¢ > 0 we have evidently

[[ 101 4262 5 sup PO €0) ~ 66) 3 Ilvco80) O]

Summarizing these facts we obtain from (3,21) the inequality (3,16).

Let us now consider the homogeneous equation (3,4) in the form (3,9). Formally
the equation (3,9) can be written in the form

(3,22) x=TMx, xeV,

where T:V, - V,. is the linear operator defined by (3,13) in Lemma 3,2 and M :
: V, = V, is the linear operator defined by the relation

(3,23) Mx =z, xeV,

where

(3,24) 2(s) = f d[M(s, )] x() for xeV,.
o

By Lemma 3,3 evidently z € V, and, moreover,
|Mx]y, = ()] + varg z = varg z < |x(0)] (¢(0+) — {(0)) +
+ [x]y. (£(3) — £(0+)).
This means that the operator M : ¥, — V, is bounded. Since x(0) = 0 for any solu-
tion x € ¥, of the homogeneous equation (3,4), we obtain for any solution of (3,4)
by Lemma 3,3 the inequality
(3,25) Ix[v.c0.00 = [TMx|y 0.0 < C + [Mx]y, 0.4, <
< C(LE) = ¢0+)) [|x]lvaco.5
where C 2 0 is the bound of the operator T (see Lemma 3,2 and Remark 3,1),

and { : [0, 1] - [0, +o0] is the function from Lemma 3,3. Therefore for sufficiently
small § > 0 we have {(6) — {(0+) < 1/(2C) and consequently, by (3.25)

(326) e

V0.8 = 3|%|vc0.5)

holds for a sufficiently small 5 > 0. Hence ||x||y, 0,5y = 0and this implies the existence
of a 6 > 0 such that x(f) = 0 for all t € [0, ] .
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In this way we have obtained that if x € V, is a solution of the homogeneous equa-
tion (3,4) then there exists a positive d such that x(f) equals identically zero on the
interval [0, 8].

If now t* € [0, 1] is the supremum of all such positive 6 that the solution x € ¥,
of (3,4) equals zero on [0, 6], we have x(f) = 0 for all ¢ € [0, t*). Hence

[ "4, [MGs. ] x() = )

0

and since the matrix I — H(*) is assumed to be nonsingular we obtain immediately
x(1*) = 0. Now, assuming that t* < 1, we can prove essentially in the same manner
as above that there is a positive & such that for the solution x e ¥, of (3,4) we have
also x(t) = 0 for te[t* t* + &] and this contradicts the assumption * < 1 and
the definition of the supremum. Hence t* = 1 and for any solution x € ¥, of (3,4)
we have x = 0.

Summarizing the above results we can formulate the following

Theorem 3.1. Let for the kernel K(s,t):[0, 1] x [0, 1] » L(R" —» R") (3,2) and
(3,3) be satisfied and let for any se€[0,1] the inverse matrix [l — (K(s,s) —
— K(s, s=))]~" exist. Then the homogeneous Volterra-Stieltjes integral equation
(3,4) has only the zero solution x(f) = 0 for any te[0,1]. The corresponding
nonhomogeneous equation

(3.27) x(s) = f :d,[K('s, O] x(t) + <(s), se[o,1]

has precisely one solution x € V, for any ye V,.

Proof. Since (3,2) and (3,3) is satisfied the operator occuring in the equation (3,4)
is completely continuous (cf. Theorem 3,1 in [4]); this can be proved via the cor-
responding triangular kernel K* given by (1,4). Hence the Fredholm alternative
for the Voltera-Stieltjes integral equation is valid (cf. Theorem 5,2 in [4]). We have
proved above in this part that any solution of the homogeneous equation (3,4) is
equal identically to zero and this together with the Fredholm alternative im-

plies the existence and unicity of the solution of the nonhomogeneous equation
(3,27).

5) This follows from the fact that M(s, t) is continuous from the left in the variable ¢ and there-
fore the integral considered does not depend on the value x(¢*).
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