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CASOPIS PRO PESTOVANI MATEMATIKY

Vyddvd Matematicky ustav CSAV, Praha
SVAZEK 99 * PRAH A 20, 3. 1974 * C[SLO 1

ON THE SOLUTION OF BOUNDARY VALUE PROBLEMS
FOR LINEAR PARABOLIC EQUTAIONS OF HIGHER ORDER

ViabmMir Durikovié, Bratislava
(Received February 17, 1971)

1. Introduction. In his paper [2] R. K. JUBERG has treated the Dirichlet problem
for the homogeneous linear differential equation Diu + D,u = 0 on the rectangle
(0,1) x (0, Ty with data u(x,0) =0 for xe(0, 1), u(0, ) = a(t), u(1, ) = b(?),
Du(0, t) = c(t), Du(l, t) = d(t) for t € (0, T) (D, = 0[dz). Reducing this problem
to solving a system of Voltera type integral equations with bounded and dif-
ferentiable kernels, the author proved the existence and uniqueness of solution.

The present paper deals with two modifications of Dirichlet problem for the non-
homogeneous parabolic equation Diu + Du = ¢(x, t) on (0, 1) x (0, T). We study
some properties of the fundamental solution of the operator Diu + D,u allowing
to determine limits and derivatives of certain parametric integrals. Further, the
Green function is constructed and with its help we seek an explicit representation of
the solutions of the considered problems. The method introduced below affords an
information on the behaviour of solutions at the points (0, 0) and (1, 0). The proce-
dure may be directly applied to the equation D3"u + (—1)" Du = ¢(x, f).

2. The formulation of problems and some notions. Let R" mean the n-dimensional
Euclidean space and let 4 be the closure of A = R". By Q,, 2 and 2, we shall denote
the Cartesian products (0, 1) x (0, T), (0, 1) x (0, T) and (— o0, o) x <0, ©) re-
spectively. Let A be an open set of R2. The set of all functions v(x, t) € Co(4) with
continuous derivatives DFv(x, t) and Dw(x, t) on A, where m is a positive integer,
will be denoted by N,,(A4).

We consider the following two boundary value problems

(§)) L(u;x,t) = D¥u + Du = o(x, 1), (x,7)eQ
()] u(x,0) =g(x), 0<x<1
(3) DI 'u(0,f) = aff), DL 'u(l,t)=b(t), 0<t=T

Di*'u(0,1) = c(f), Di*'u(l,f)=dff), 0<t<T



for j = 1, 2, where ¢(x, 1), g(x), a(t), b(1), ¢,(t) and d(¢) are real functions of certain
classes defined below.

The real functién u(x, ) is said to be a solution of problem (1), (2), (3/),j = 1,2
if ueCo[2 — {(0,0),(1,0)}] and Diue Co(Q) for v =1,2,3, Due Cy(Q) and
u(x, 1) satisfies conditions (1), (2), (3/).

Let A = R* and f(x) be a real function on 4. Let B mean a bounded and closed
subset of A4. If to each such defined B there is a constant K(B) depending only on B
such that

[fx) = f(»)| < K(B) |x — y[**"*, n=0,2, £¢>0

forevery x, ye Band 0 < ¢ + n[4 < 1, then the function f(x) is called locally (¢ + n/4)-
Hélder continuous function on 4. The set of all such functions is denoted by S,(x, A).
If the function f depends on the parameter A (f = f(x; 1)) and if the Holder constant
K(B) does not depend on 4, the function f(x; A) is said to be locally (¢ + n/4)-Hélder
continuous with respect to x on A4 uniformly with respect to A. We denote the set of
all such functions by S,(x, 4; 2).

Under the fundamental solution of equation L(u;x,t) = 0 in Q@ we understand
a continuous function I(x,#;¢,7) for (x,4&,1)eQ x Q, (x,1) * (£, 1) with
the derivatives D,I', D.I', D2I", D3T", DI such that the integral

u(x, t) = jrdtjlf(x, t; & 1) f(& 7) A

is a solution of the equation L(u;x,f) =f(x,f) on @ for any fe Co(Q)n
A So[x, (0, 1); £].

A continuous function G(x, t; &, 7) for (x, t;, &, 7)€ @ x @, t > 1, having the first
derivative respect to ¢ and the derivatives with respect to x up to the 4-th order, is
called the Green function of the problem (1), (2), (3,), j = 1,2, if

Gi(x,t;&,7) = I(x, t; &, 7) + v(x, ; &, 1),

where I is the fundamental solution of L(u; x, f) = 0 in & and v; satisfies the fol-
lowing conditions:
a. L(v;x,1) = 0fort > 7.

b. v,|, -, = 0 for (x; ¢,71)€ 0, 1) x Qif at leats one of the points x, ¢ lies in the
open interval (0, 1).

m10|0_D*q|l_D”mL__D“GA1_0

3. The fundamental solution and its properties. Consider functions I',, v =0, 1, ...
defined for (x, t; &, 1) e @y x 4, (x, £) + (&, 7) by the formula
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where

(5) k(x,t; &%) = (_;:_)" Jw 0" exp {—ig(x — &) — o*(t — 7)} do

and i means the imaginary unit.

In this section we investigate some properties of limits, integrals and derivatives of
I',. The results are obtained by means of O. A. LADYZHENSKAYA’s estimate given

in[1]
(6)  [Dilo(x, ;& 7)| = ei(v) (t — )74 exp {—eaf(x — O*(t — 1]}

for (x, t; &, 1), X Q, T < t, where the constant ¢; depends on v and ¢, > 0 is
an absolute constant. This estimate may be transformed to

(7) ID;FO(X3 £, & T)I =<
< cl(v) Ix = fl‘w-—v—l [(x — 6)4](1+v—4u)/4exp{_c2 I:(x _ 5)4]1/3} -
(- t—7  — 2

SK@)(t— 1) |x — gt

for (x,t,6,1)eQy X Q, t<t, &+ xand p =< (1 + v)[4, where v=10 1,... and
K(v) is a constant depending only on v. In [2] the identities

0 0 . 0
(8) J Fo(x,l;0,0)dx=j Fo(x,l;0,0)dx%J‘ Iy(x,1;0,0)dx = %
0 —i00

—

are established.

Lemmal. Letv=0,1,...and A = {(x,t, & 1) Qy x @ : (1) * (x, 1)}. Then

a. The function I'(x, t; £, 7) is continuous on A and the identities I', = DT,
(=1 D¥ry =Dy = (=10 DIy = (-1 DTy and DI, =(—1) DI,
hold.

b) Fv(x, t; &, ) is almost uniformly bounded on A in the sense that to each 6 > 0
there is N(8) > O such that |I'\(x, t;, &, )| < N(8) in Afor (x — &)* + (t — 1)* = 6

c. If v=0,1,2,3 the integral [[o|I'(x, t; £, 1)| d¢ dt is uniformly convergent
with respect to P(x, t) € Q, that is, to each ¢ > O there is 6 > 0 such that

j | D% Fo(x, t; &, 7)|dédr < e
Q2nS(P.5)

for all Pe Q, . S(P, 8) denotes the circle (¢ — x)* + (t — 1)* £ 6% in Q,.



Proof.a. Fort — t = 6, § > 0 we have

|e2 exp {—ie(x — &) — ¢*(t — D)}| = ¢ exp {—¢*3}
which ensures the locally uniform convergence of k, on 2, x Q, for 7 < t. Hence

and by lim I',(x, t; £, ) = 0 for ¢ + x (see (6)) the continuity of I', on A and the

L nd Sl

demanded identities follow.

b. For (x — &)* + (t — ©)? 2 6? again by the estimate (6)
Irv(xa t; 6! T)’ é CI(V) sup (P(y) ’
ye(0,8)

where ¢(y) = y~ @+ exp {—cy(6* — y?)*/® y~1/*}. The last inequality proves
the almost uniform boundedness of I',.

c. Consider the rectangle 0: 2, > 0={({7):|x—¢ <4,|[t—1 =<6} >
> S(P, ). Then by (7) for v[4 < p < (1 + v)[4andv =0, 1,2, 3

Jf |T(x, ; & 7)| d¢ dr < 2K(v) [(4n — v) (1 — )] "1 81 *3.
S(P,3)

The statement c is proved.

Lemma 2. Let f € Co(Q). Then the integral
1
L(x, t;7) = J' Iz 66089, »=0,12 ...
0

has the following properties:
a. I, is continuous on 2 x {0, T), © + t and
) D’ Io(x, t;1) = I(x, t; 7)
Sor (x,t;7)€(0,1) x €0, T x <0, T)  + t.
b. D, Iy(x, t; 7) is continuous on 0, 1> x (0,T) x <0,T),t + tand

(10) D, Iy(x,t;7) = J“D, Fo(x, & 7)f(E, 1)dE = — I(x, t;7)
1]

Jor (x,1; 7)€ Q x 0, T), 7 + t.
c. The uniform limit

}_121 Io(x, t; 7) = f(x, 1) S_lgxz Io(x, t'; 1) = f(x, 1))

exists in any rectangle R, = {a, b) x €0,T) (R, =<a, by x (0,T)), where
0<a<b<l
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Proof. Putting u = (1 + v)[4 in (7) we get an integrable majorant for I',, v =
= 0, 1, ... independent of x and locally independent of ¢ and 7 for ¢t & 7. Then from
Lemma 1la and theorems for the differentiation of parametric integrals we have the
assertions a, b.

To prove the statement c of this lemma write
1
Io(x, t; 7) = f(x, t)J Lo(x, t; €, 1) dE +
0
1
+ J. Lo(x, ;&) [f(6 1) = f(x,7)]dé=U, + U,, <t
0

If we transform the first integral by the substitution (x — ¢)/(t — 7)'/* = —z then
(ro(z, 1; 0, 0) = Fo(—z, 1; 0, 0))

Jlro(x, t; é, 't) dé = J.lro[x/(t — 1)1/4, 1
9 0

El(t — )4, 0] (¢t — )~V dE = sz Iy(z,1;0,0)dz,

where w, = x[(t — )%, w, = (1 — x)/(t — 7)"/*. In view of (8), limU, =
t-e+

= f(x, ) (lim U, = f(x, )) uniformly with respect to (x, ) € R, ((x, f) € R,). Divide

T t—

the second integral U, in two parts integrating on the interval {(x — d, x + 9,
where 6 > 0, x € {a, b) such that x — §, x + 6 € {0, 1) and on the set {0, 1) —
— {x — 4, x + 6). From the continuity of f(x, t), for ¢ > 0 and sufficiently small

x+3 1
j Lo(x, t; &, 1) [f(& ) — f(x,7)] dél < EJ‘ |To(x, 1; &, 7)| dE <
0

x=é
gsJ- |To(2,1;0,0)|dz S eK, K>0.

The remaining part of U, is a continuous function of x, ¢, T and limU, =0
(lim U, = 0) uniformly on R, (R,). This completes the proof. et

T>t—

Remark 1. At any point (x, f) € 2 the function Io may be continuously extended
for z = t by Io(x, t; £) = f(x, ¢).

Lemma 3. Let
¢ o1
T(x, t) = J- J. I(x,t;¢7)f(& 1) déde.
0J0



Then
a. Forfe Co(@) and v =0, 1,2, 3, T, is continuous on Q and
(11) D} Ty(x,t) = T(x, 1), (x,£)€(0,1) x <0,T).
b. For fe Co(2) n So[x, (0, 1); t], T, is continuous on Q and
(12) DiTo(x, 1) = Ty(x, 1), (x,)e(0,1) x <0, T .

c. For € Co(2) n So[x, (0, 1); t], the derivative D, T(x, t) exists, is continuous
and

(13) b, 7"0(x, t) = f(x, 1) — .“11"4(x, t; & ) f(&, 7) dE dt = ka, 1) — Ty(x, t)

for (x,8) e Q. Io(x, t; &, 1) is the fundamental solution of L(u; x, t) = 0.
Proof. Since T;(x, t) = [¢ I(x, t; 7) dr and the estimate
|L(x,t;7)| < K@) (t — 7)™, K(»)>0

holds for vd <pu<(1+v)/4, v=0,1,2,3 and (x,t;1)€<0,1) x <0, T) x
x 0, T), T + t, the first assertion follows from Lemma 2a.

The part b will be proved if we find an integrable majorant of I,(x, t; t) with respect
to 7. Let y € (0, 1) be an arbitrary point then by (9)

I(x, t;7) = D, I (x, t; 7) = f(y, 7) [['s(x, £; 0, 7) — T's(x, 5 1, 7)][,=x +

+ f 1F4(x, t; &%) [F(& ) — fn 7)] dElyas

for (x,t;7)€(0,1) x <0, T» x €0, T), = + t. In virtue of Lemma 1b the
difference I'y(x, t; 0, 7) — I'5(x, t; 1, 7) is a bounded function of (t, t) at every point
x €(0, 1) and has zero limit as  — t-. The last integral may be estimated as follows:

1 ) _ K1 1 d&
f T 589169 = 1659 d¢| S s j i

SK|t-1, 1-(Ge<pu<1

where K, K are constants independent of x, ¢, 7.
Prove c. Since D, Io(x, t; 1) = —I4(x, t; 7) (see (10)), it is
(14) [DIo(x, t;7)| S K(t—1)7", 1-fe<pu<l1,

6



whence we have the continuity of D,T, on Q. Let te(0,T) and h > 0 such that
t + h < T and investigate the difference

t+

1 1
(1) L{Tst +H) = Tx 0} = { j

0

h t
Io(x,t + h;t)dt — J.Io(x, 1) d‘r}=

0

1 t+h t
— ZJ Io(x,t + h37)de + j D, Iy(x, t*;7) dr,

t )

where ¢t < t* <t + h. In view of the continuity of Io(x, t;7) on & x <0,T) (see
Lemma 2a and Remark 1) and the estimate (14), letting h — 0 in (15) we obtain

D, Ty(x, t) = Io(x, t; 1) — Ty(x, 1) = f(x, 1) — Ty(x, 1) .

Lemma 3 is proved.

Lemma 4. Put
t
J(x, ;&) = Jf(t)rv(x, t; € 7)de.
0
Then

a. For any fe Co0,T)) and v =0,1,... the integral J, is continuous on
Q x 0, 1), & + x and the equation

(16) D} Jo(x, 15 &) = J(x, 1; &)
holds for (x,1;€)€ (0, 1) x <0, T x <0, 1, & # x.
b. For fe Cy(0, T)), D,J, is continuous and

(17) D, J(x,t;§) = j }(T) D, T\(x,t; &, t)dv = = J,.4(x, ;&)

Jor (x,t;£) e @ x €0,1), & + x.

Proof. The proof follows from the estimate (7) for 0 < u < 1.
Lemma 5. a. For any fixed point ye(0,1) and (x, t) € (— o, ) x (0, T)

(18) p(x, y) — jyro(x, t; £ 0)dé = j'[Dgfo(x, t;y,7) — D} T'y(x, t;0,1)] dr,
(1] [¢]

where
1 if 0<x<y
P ) =% if x=0 or x=y
0 if x<0 or x>y.



b. Let J, mean the integral from Lemma 4. If fe Co(<0,T)) then for every
te(0,T)

(19) lim Jy(x, t;z) =0, ze<(0,1)

x=z+

lim Jy(x,t;z) =0, ze(0,1).

P ind At

c. Let n = 2 or n = 3. Then for f € S;,_4[t, (0, T)] at every point t e (0, T)

(20) lim J,,_4(x, t;2) = 31— |[n = 2))f(r), z€e<0,1)

Xaz+

lim J,,_y(x, t;2) = —=3(1 = [n = 2)) f(6), ze(0,1).

T XazZ—

Proof. a. For x + y and x # O the convergence of the integrals in (18) follows by
(7) and for x = y or x = 0 by the identity D I'q(y, t; y, 7) = D3 I's(0, £; 0, 7) = 0.
Let y € (0, 1) be a fixed point. Integrating the equation

y
j D, I'o(x,t; & 7)dE = D} To(x, t; y,7) — D} To(x,1;0,7), t+ 7
0

with respect to 7 from O te ¢ — &, ¢ > 0 we obtain
t—e
(21) I [D? Io(x, t; y,7) — D} I'o(x, 1;0,7)]dz =
0
t—s y y y
=J. [f Drro(x’ t;éft)dé]dt =J' ro(xs t; f,t - 8)d€ —J. Fo(x’ t;f,O)df
0 V] 0 0

for (x, f) € £2. By the substitution (x — ¢)fe!/* = —z,
y 2
jfo(x,t;f,t—s)dé,‘:j Iy(z,1;0,0)dz,
o . -0y

where w; = x[e!/*, , = (y — x)[¢!/*. Hence and by (8), letting ¢ — 0+ in (21) we
get the relation (18). '

b. Since lim I’l(x, t; z,7) = 0 uniformly with respect to t€<0,t — &), ¢ > 0,

x—=z

formulas (19) follow from estimate (6) for v = 1.

c. The function f(t), te (0, T) may be continuously extended to the closed interval
0, T).For0£z<x<land0 <7<t =<Tweget
a5 ;
IHZn—l = |[f(t) - f(T)] FZn—l(x’ Lz, T)I =
SKit-1"1', 0<e<l, K>0

(n = 2, 3), whence lim [§ H,,—, dz = 0 at every point t € (0, T').

x-z+

8



In virtue of (18) for y = z % 0 (D} I'¢(z, t; z,7) = 0)

t z t
lim J D3 I'o(x, t; z,7) d7 = J. To(z, t; £,0)dé — J. D} Io(z,1;0,7)dt = % .
0

x=z+ Jo 0

If z = 0 the formula (18) yields

t
lim | D3 Iy(x,t;0,7)dr =
x=0+ Jo

y t
=1 —fI’O(O,t;f,O)dé—J'Dgl'o(O,t;y,r)dt= 1-3=1%.
0 0
Since
t
J2n—l(x’ L Z) = —IHZn—ldT +f(t)Lns
0

where L, = [3 D3 I'o(x, t; z,7)dt and Ly = —D, I'¢(x, t; z, 0), the formula (20)
is true for x — z+. The reasoning for 0 < x < z < 1 is analogous.

4. The Green function. Theorem 1. The function

(22)) Gfx,1;¢,7) = f: [Fo(x, t; & + 2k, ) + (—1) To(x, t; =& + 2k, 7)],
k==
j=12 ’

and its derivatives DYG;, v=1,2,... are continuous for (x,t;¢,7)eQ x @,
(& 7) * (x, t) and G constitutes the Green function of problem (1), (2), (3)).

Proof. Investigate the convergence of the series

(23) ug’(x, t; & 7) = (—=1) To(x, t; ¢, 7) +
Y [To(x, t; & + 2k, 7) + (—1) To(x, t; =& + 2k, 7)]
k=—-o
k*¥0

(Gix, t;&,7) = To(x, t; &, 7) + u§(x, 1; £, 7)). For 0Sx<1, 0<¢<1 and
k=+1,42,..,|x F & - 2k| = 2|k| — |£¢& — x| = 2|k| — 2. By (6) we get the
estimate

D To(x, 1; +& + 2k, 7)| <
cy(v) (8 — 1)~ % exp { =243 ¢,(t — 7)™ (|k| — 1)*/3}

forv =0,1,...and t < ¢t. Thus number series

4c,(v) a=HVIA Y exp {—2%3¢, T~ 13(1 — 1)*3}
i=1

is a convergent majorant of

-]

(24) Y [D:To(x,t; & + 2k, t) + (—1)Y Dy I'o(x,t, =& + 2k, 7)], j=1,2

k=- ‘
k*0



if 0<a<t—1t<T Hence the continuity of Du§’ follows on [0, 1) x
x (0,T>] x [€0,1> x <0,T)], = < t. We easily see that in @ x Q the function
D}, T'o(x, t; —&, 7) is discontinuous only for x = ¢ = 0, t = 1. The terms D, I'g(x, t;
+¢& + 2k, 1) of the series (24) for k = 1, —1 are continuous on € x & except the
function D} I' o(x, t; —¢ + 2, 7) which is discontinuous for x = ¢ = 1, t = 7. The
following majorant of (24) for k # 1, —1

s(t, 1) = 4ey(v) (t — 1)~ A4 gzexp {=2*B ¢yt — )71 (1 - 1)} =

=4e,(0) (t — )" g[(1 - g),

where g = exp {—2*/ ¢c,(t — 7)~'/°}, has the zero limit as ¢t — t+ or v — t—.
Consequently all derivatives DJu§” are continuous on @ x Q, (x, t) # (£, 7). By
Lemma 1a the continuity of D}G; on 2 x @, (¢, 7) # (x, t)is evidentforv =0, 1, ...

From the preceding argument and Lemma la we see that the equation
L(uy’; x, ) = 0 is not satisfied only at the points (0, £; 0, 1), (1, #; 1, 7) e @ x Q. Let
x or ¢ be from the open interval (0, 1) then by the estimate (6) one obtains

lim u{’(x, t; £, 7) = 0. The properties c. of the Green function follow for
t=t+

G(x, t; ¢, ©) from the identity

@5)  DLG(x 1 & Dees = “) z f o{[cos oz — & — 26) +

+ (=1Y cosg(z + & — 2k)] — i[sin o(z — & — 2k) + (—1) sino(z + & — 2k)]}.
.exp [—o*(t — 7)] dgf

which may be obtained by the direct differentiation of (22,) and by Eulerian identity.
This concludes the proof.

Remark 2. In the compact set & x & the Green function G; contains three singular
terms Lo(x, t; & 1), To(x, t; —&,7) and T'o(x, t; —¢ + 2,7) and the function u{’ is
continuous on 2 x Qand 2 x Q.

Theorem 2. Let G; be the Green function (22;). Then for u(x, t) € N(Q) the identity
3 ¢
(26) u(x, t) = Z (—1)"‘[ Dfu(1,7) D} % Gyx, t; 1, 7) dr —
= 2( 1)*J DEu(0, 7) Dy G (x, 1; 0, 7) dr +

1 t 1
+I u(¢, 0) Gy(x, t; £, 0) dé + .f J G(x, t; & 1) L(u; &, 7) d¢ dr
0 0J O

is true on 2.

10



Proof. In virtue of the decomposition G; = I'y + u§’ and Remark 2 and Lemmas
2a, 3a, 4a we may assert that all integrals in (26) are continuous functions on €.

Let u(x, t) and v(x, f) be arbitrary functions of N,(2) and let M(v; &, t) = Dfv —
— D,v. Integrating the identity

e 3
u M(v; &,7) — v L(u; &, 7) = D[ ¥ (=1)* DauD; "] — D (ur) ]
k=0
over the closed domain Q we get by the Green formula

JL [u M(v; &, 7) — v L(u; &, 7)] d dt = LﬂR(f, 7 dE + S, 7 dr,

3
where R(, 7) = uv and S(¢, 7) = Y (—1)* DuD; *v and 8Q is the boundary of Q.
k=0

Consider the positive oriented rectangle @' =(0<¢é<1)x (0=t =t —¢),
e > 0 with the vertices 4,(0, 0), A,(1,0), M,(0, t — &), M,(1, t — &) such that its
one side passes through the point P(x, f) € Q. In this rectangle we may put v(&, 1) =
= G{(x, t; ¢, 7) and the Green formula gives

(27 = ﬁ G; L(u; &, 1) dE dr = i(—l)" DkuD} "G, dr —
Q' k=0

AM,

-0t

AiMy

- jlu(f, t—¢) uﬁ,”(x, t; €t —¢g)dé.
0

DiuD;™*G;dt +J- uG; d¢ — ully d¢ —

AgAz MM

The integral I(e) = {[y,ar, 4T o d¢ may be transformed to

w2
I(e) = I u(x + z3/e,t — &) Ty(z,1;0,0)dz, (x,)eQ,,
.
where ; = x[e'/*, w, = (1 — x)[e!/* by substituting —z = (x — g) &'/*. With re-
spect to the mean value theorem we obtain

16) - u(s, 0 = Yo |

2
zDyu(x + 0z %/e, t — 0¢) T'o(z, 1;0,0) dz —

[+
-wy

- aj D,u(x + Gzﬁ/e,t — O¢) I‘o(z, 1;0,0)dz —

-2

—u(x,t)(J. —J- )Fo(z,l;0,0)dz, 0<f<1.

11



If we denote N = max (|u|, | D;u|, | Dsu|) then
n

If(e) —u(x, )| <N f/efw |z To(z, 1;0,0)| dz +

+ eNJ‘ |To(z, 150, 0)| dz + N| (I_ ‘+ I )Fo(z, 1;0,0)dz

- a0 2
and by the formula (27) for ¢ - 0+ we reach the assertion of this theorem.
Remark 3. The analogous formula to (26) may be shown for an arbitrary function
H(x,t; &, ) = I'y + h (instead of G;), where h has the following properties:
a. L(h;ic,t) =0 for t> 1.
b. limh(x, t; ¢,7) = 0 for (x; &, 7)€ (0,1) x Q if at least one of the points

t=t+

x and ¢ lies in the open interval (0, 1).

5. The solution of boundary problems. The following theorem gives a formula for the
explicit representation of the solution of problem (1), (2), (3;).

Theorem 3. Let the right hand side of (1) ¢(x,t) be a function of the class
Co(£2) n So[x, (0, 1); t] and the boundary functions belong to the following classes:
g(x) e Co(€0, 1)); at), bj(t)eS,[t,(0, TY] and ct), dft) e So[t,(0,TY] for
j = 1,2. Then the function '

(28))
uyx, ) = (—1)1L [aj(r) D;79G(x,1;0,7) + ¢,(t) D; ) G(x, t; 0, ‘C)] dr +

t
+ (—1)’“[ [b,(t) D™ Gx,t;1,7) + dj(t) D} Gy(x, t; 1, r)] dr +
0

1 t O
+I 9(8) Gfx,£; ¢,0)d¢ + I f Gi(x, t; &, 7) @(&, 7) dE dv
1] 0J 1

is a solution of problem (1), (2), (3;) forj = 1, 2.

Proof. First of all we see that there exists a continuous extension of a j» by, ¢;and
d;, j = 1,2 on the closed interval <0, T).

The functions D} I'o(x, t; —¢&, ) and D} T'o(x, t; +& + 2k, 7)fork = +1, +2, ...
and v = 0, 1, ... are continuously differentiable on 2 x & up to an arbitrary order
and satisfy the homogeneous equation L(u; x, f) = 0 on £ for every fixed (¢, 7) e .
With respect to formulas (10), (13), (17) and to the decomposition D}G, = D}I', +
+ Du{ it is obvious that u(x, t) satisfies condition (1).

12



Letting t — 0+ in (28;) we get condition (2) by Lemmas 2c, 3a and 4a.
For the proof of conditions (3;) j = 1, 2 we shall need the following identity:

(29) DD} Gz, t;¢,1) =

=)™ e [0 """ {[(=1)" cos g(z — & — 2k) + (—1) cosg(z + & — 2k)] —

N 2T k=—w J_o
—i[(=1)"sing(z — & — 2k) + (—1) sing(z + & — 2k)]} exp [—o*(t — 7)] de

which may be obtained analogously to formula (25) by (22;). If the parameters
(v, v4, j» z) attain the values (0, 0, 1, 0), (0,0, 1, 1), (2,0, 1, 0),(2,0, 1, 1) and(1, 0, 2, 0),
(1,0,2,1),(3,0,2,0), (3,0, 2, 1) then the derivative (29) is equal to zero for 7 < t.
Hence and by Lemmas 2a, 3a for the same values of parameters (v, vy, j, z) as above
the derivatives of the both last integrals in (28;) with respect to x up to the order
v=20,1,2, 3 converge to zero as x - 0+ or x - 1— for every t € (0, T). From the
continuity of J, on € x <0, 1), ¢ # x and from (16) we have

t
(30) D;J‘fj(-c) DyGjx,t;&,1)dt >0 if x>0+ or x-—1-—
0

( f; represents any ome of the functions a;, b;, c; d; of (28 ;) for all values
wvi2)=(0,1,12), (0,3,1,2), (21,12, (2,3,1,z) and (1,0,2,2),
(1,2,2,2),(3,0,2,2),(3,2,2,z), where z=1—¢and £ =0,1 (( + 2). If ¢ =2z
then Lemma 4a enables us only to interchange the differentiation and integration in
(30). For the calculation of the limits of the integrals in (28;) if x - 0+ and x —» 1—
we have to use Lemma 5b,c. (There are two singular integrals in (30). If z = 0 then
both integrals for k = 0 — see (22;) — are singular and if z = 1 the first integral for
k = 0 and the second integral for k = 1 are singular.) The remainder of integral (30)
is a continuous function on 2 x @ and we find out as well as in the previous case that
its limit is zero. Thus the function u(x, t) given in (28;) satisfies condition (3;).

The function u(x, f) is sufficiently smooth. Indeed, the continuity of derivatives
Diu;forv =0,1,2,3,4and Duj;, j = 1,2 in Q follows successively by Lemma 2a,b
and 3a,b,c and 4a,b and by the continuity of u§? on @ x @. Letting t — 0+ in (28))
for x € (0, 1) and then x — 0+ and x — 1— for ¢t € (0, T) we get the continuity of
uyx, t) on @ — {(0, 0), (1, 0)} by Lemma 2c and 5a,b,c. Theorem 3 is proved.

Remark 4. In Theorem 3 we have proved the continuity of ujx,t) in
Q — {(0, 0), (1, 0)}. For the continuity of u(x, ) in the whole closed domain 2 we
have to put further conditions on the boundary functions. For instance, it is sufficient
to assume that g(x) and a,(t), by(f) have a compact support in <0, 1) and <0, T)
respectively. Really, substituting (x — &)/t'/* by —z we obtain for a sufficiently small
e>0

Io(x £5.0) = f 6(8) Folx, 15 €, 0) dé =
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2

1-¢
= f 9(&) T'y(x, t; ¢, 0) d¢ = f g(x + t/%2) (2, 1;0,0) dz,
where ; = (x — g)t'*, w,=(1 —¢— x)[t'*, xe0,1), te(0,T) and
Io(x,t;0) > 0 as (x, £) - (0,0) or (x,f) - (1, 0) for (x, t) € Q. In virtue of (6) for
(x, 1) e @, E€<0, 1) and f() € Co(<0, T)) we get

é Otj(t) ’ V1 = 0, 1, 2

J.tf(‘t) Dy Gi(x, t;¢,7)dr

t r1l
@(&, 1) G(x, 1; &, 1) dE dr| < Bi(1),
0

where lim a(f) = lim B;(1) =0, j=1,2.Let £ = 0,1 then [} f(z) Di G{(x,t; ¢, 7)dt
t—=0+ t—=0+

is a continuous function at the point (1 — &,0) (see Lemma 4a). Furthermore
by (18) for y = 1 and x € (0, 1)

|73(x, £; 0)| <

t
al(J)I D} I'o(x, t; 0, 7) dr
0

t
+J las(c) — ay(1)| | D To(x, 1;0,7)| dr <
0

< |ay(9) {

where K > 0, 0 < p < 1 and lim y(f) = 0. Thus J,(x, t;0) - 0 if (x, ) - (0, 0).

-0+

Analogously J,(x, t; 1) — 0 as (x, £) - (1, 0).

t
I D; I'y(x, t1,2)dz
0

K
+;;+1}+y(t)

Remark 5. The above procedures are directly applicable to the boundary value
problems
Lu;x, 1) = D¥"u + (—=1)'Du = o(x,1), (x,1)eQ

u(x’ 0) = g(x) , XE (0’ 1)
Diy+j—l u(O, t) — avj(t) , D§v+j_l u(l, t) = bvj(t) >

te(0,T>,v=0,1,...,n -1, j=12,
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1. INTRODUCTION

One of the most important problems of mathematical statistics is to express the
strength of statistical dependence between two random variables. There have been
given different sets of requirements that have to be satisfied by an adequate measure
of statistical dependence. To all of these sets some requirements are common. It
seems to be natural to choose a range of values of measures of statistical dependence
to be in the closed interval [0, 1], to reach the lower bound 0 if and only if random
variables are independent and the upper bound 1 in the case of their highest de-
pendence. The highest dependence of random variables.has been introduced in dif-
ferent ways by authors. For example, we can remind W. HOFFDING’s [4] and A.
RENYI's [15] approaches to this problem. Important properties for adequate measures
of statistical dependence have also been pointed out by A. PErez [10]. However, in
practical situations, for a proper selection of an adequate measure of statistical de-
pendence an important role is played by both the specific features of the given task
and the behaviour of sample estimators of measures of statistical dependence.

In Sec. 2 of this paper a set of requirements 1—4 on measures of statistical depen-
dence is given. There also the problem of the highest dependence of random variables
is discussed. In Sec. 3 a class of measures of statistical dependence that satisfy the
requirements 1—4 is found and in Sec. 4 upper bounds of such measures of statistical
dependence under particular restrictions on random variables are derived. In Sec. 5
sample properties of a special class of measures of statistical dependence are ex-
amined.

*) A slightly different version of this paper was presented as a part of the lecture at Sixth
Prague Conference on Information Theory, September 19—25, 1971.

15



2. PROBLEM FORMULATION

Let & and n be two abstract valued random variables. It is well known that to the
random variables ¢ and # there correspond sample probability spaces (X, &, P,)
and (Y, #,P,) respectively, ie., £ > (X, %,P,) and n - (Y, #,P,). Let (X x Y,
Z x ) be the Cartesian product of (X, &) and (Y, .£) and let us assume that to the
abstract valued random variable (&, n) there corresponds a sample probability space
(X xY, & x £, Py, ie, (&) > (X x Y,  x £, P,). Moreover, let P, and P,
be marginal probability measure of P,, on (X, Z) and (Y, .#) respectively. If we con-
sider the probability measure P, x P, and a measure 1 on (X x Y, ¥ x £), where
Ais an arbitrary dominating measure of P, and P, x P,, we shall denote by p,,(x, y)=
= dP,,/dA and p(x) p,(y) = d(P; x P,)[dA the corresponding Radon-Nikodym den-
sities.

Further we shall denote by e,,,(P,, P; x P,) the minimum probability of error
(Bayes risk) for testing the hypothesis Hy: P = P, x P, against H;: P = P, in the
case that the a priori probabilities of Hy and H; are equal to 4, i.e.

1 .
¢y €1/2(Pgp Pg x Py) = 5—.[ min [ pg,(x, ¥), ps(x) p(»)] dA.
XxY

Now we shall give some general requirements on adequate measures of statistical
dependence stimulated by W. Hoffding’s [4] and A. Perez’s [10] works. If we denote
by 8(¢, n) a measure of statistical dependence of random variables ¢ and #, these
requirements do not determine 5(?,‘, n) uniquely, reading as follows:

1. 0=46(¢n) st

2. a) 6(¢,n) = 0 if and only if ¢ and # are independent;

b) lim sup d(¢, n) =0,
et1/2 Di(e)

where 2,(e) = {(£,n) : 3 > €12(Peyp P: X P,) 2 €};

¢) lim sup e,;5(Ps,, P; x P,) = %,
310 &:(3)

where &4(8) = {(£&,1):0 < &(¢, 1) < 6}.

3. a) 8(¢, n) = 1if and only if ¢ and n are singular;
b) lim inf 8(¢, n) = 1, '

010 F2(0)
where D,(¢) = {(£,1) : 0 < e;2(Psy P; x P,) S €};

c) lim inf e”z(Pg,,, P‘: X P,') = 0,
31 £209)

where &,(8) = {(&,n):1 > 8(¢, 1) 2 5.
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4. If (& n)> (X xY, %' x S, Pg,), where &' x S' < & x S is a sub-
o algebra and Py.,. is the restriction of Py, on Z’ x ', then

a) 8(¢',n') < (&, m);
b) 8(¢', n") = 8(¢, n) if and only if %' x S’ is sufficient with respect to P,, and
P, x P,.

Remark 1. Independence and singularity of random variables £ and # is defined
by the equality and singularity of probability measures P,, and P; x P, i.e., Py, =
= P, x P, and P, L P, x P, respectively.

Further we shall discuss the problem of the highest dependence of random vari-
ables. The highest dependence given by the singularity of random variables ¢ and #
in the requirement 3.a) corresponds to the c-dependence introduced in [4]. The
c-dependence likewise the strict dependence introduced in [15] have been defined
for real valued random variables. We extend both these definitions to abstract valued
random variables in the following way.

Definition 1. Random variables ¢ and # are c-dependent if there exists an 4 €
€ X x S such that

LP"’(X’ y)da - ch(x) p(y)di=1.

Definition 2. Random variables ¢ and # are strictly dependent if either ¢ = g(n)
or n = h(£), where g(y) is a measurable mapping of (Y, #) into (X, &) and h(x) is
a measurable mapping of (X, &) into (¥, £).

In the following two lemmas we examine the relationship of the strict dependence
and c-dependence.

Definition 3. A set (a class of P-equivalent sets) C in a probability space (Q, <, P)
is an atom, if P(C) > 0 and for C > B e & either P(B) = 0 or P(C — B) = 0 [7].

Lemma 1. Let C be an atom in (X x Y, % x £, Pg,). Then there exists an atom
Ein(X, %, P;) and an atom F in (Y, £, P,) such that C = E x F [Pg,].
If P, (D) =1, De X x £ and there exists an atom C in (X x Y, & x S, Py),
then P; x P,(D) > 0.
Proof. Let us consider the sequence ¢, = 1/n, n=12,..., and let n, be such
kn

a positive integer that ¢,, < Pc,,(C). For any n = n,, there exists a set 4, = | E,;, x
i=1

X F,, such that for a fixed n the sets E,, x F,, (i = 1,2, ..., k,) are disjoint and
P, (C A4,) < &,. Since for any n = ny Pg,(C — A4,) = 0, therefore

P,(CNA4,) = :‘éIP{,,(C N (Ein % Fy)) = Pg(C).
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Moreover, for any n = n, there exists a unique index i, such that
i P;,,(C) = P{n(Ei..n x F i..n) < P«‘.‘H(C) t &, .

For n = n, we denote E, = E, , and F, = F; ,. For n < n, we define E, =X,

F,=Y.Let E, = N E,, ¥y = N F,. Clearly E, x Fo = () (E, x F,) and P,,((E, x
n=1 n=1 n=1

x Fg) — C) = 0. Simultaneously P,,(C — (E, x F,)) < Y P,(C — (E, x F,)) = 0.
n=1

Now we shall prove that the set E, contains an atom E in (X, Z, P;) such that
Py(E x Fo) = Pg(C). Let us establish a decomposition of the set E, into at most
countable union of disjoint atoms E; and their non atomic complement E’ in E,, (see

o0
[6], p. 110), ie. E, =‘E)1E;U E'. If P,(E; x Fo) =0 for all i =1,2,..., then

Py(E' x Fo) = P,(C) and E’' x F, is an atom in (X X Y, & x S, Pg,). Let us
divide E’ into m, disjoint sets Ej such that PJ(E}) < P,(C), j = 1,2, ..., m,. Then
Pg,,(E}’ x Fog) =0 for j = 1,2,..., my, which is a contradiction. Therefore indeed
there exists such an atom E in (X, %, P,).

Similarly we find an atom F in (Y, 4, P,) such that P,(E x F) = P,(C). This
proves the first part of the lemma.

If Pg,,(D) = 1 and C is an atom in (X XY, & x £, Pg,), then it follows from the
first part of the lemma that there exist atoms E, F such that C = E x F [P,,].

Let us denote C* = Cn D n (E x F). Since C* is an atom in (X x Y, & x £,
P,,), therefore C* = C [P,,]. Now we shall show that P, x P,(C*) = P,(E) P,(F).

Let us assume that P, x P,(C*) < P{E)P,(F). Then there exists a countable
union of disjoint rectangles E; x F; (i =1,2,..) such that C* <« UE; x F;
c E x F and simultaneously _ i=1

® Pe x P,(C*) < X, PAE) PF) < PAE) P(F) .

Moreover, P, (C*) = ¥ P (E; x F;) = P,(E x F). In view of the fact that E x F
i=1

is an atom in (X x Y, % x S, P,), there exists a unique index i, such that
Py(E;, x F;)) = Pg(C*). Therefore P(E,;) 2 P,(C*) > 0, P,(F;) = P,(C*) > 0
and since E and F are atoms, it follows P(E, ) = P,(E), P,(F,,) = P,(F). However,
this contradicts the second part of inequality (2). Consequently P, x P,(C*) =
= P{E) P,(F) and P, x P,(D) > 0.

Corollary 1. If C is an atom in (X x Y, Z x J, P,,) and & and n are strictly
dependent then & and n are not c-dependent.
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Lemma 2. The strict dependence n = h(£) or & = g(n) implies the c-dependence
if and only if there are no atoms in (Y, £, P,) and (X, &, P,), respectively.
®

Proof. Let n = h(¢) and let ¢ and n be c-dependent. Then for D = {(x, y):
1y = h(x)} it is Pg,(D) = 1 and P, x P,(D) = [x P,(h(x)) dP; = 0. Therefore there
are no atoms in (Y, £, P,).

If n = h(¢) and there are no atoms in (Y, %, P,), then Pg(D) = P,{(x, »):
:y = h(x)} =1 and P; x P(D) = [xP,(h(x)) dP; = 0. Then we can see that ¢
and n are c-dependent.

The proof for the strict dependence ¢ = g(r) is similar.

Corollary 2. If there are no atoms in (X, %, P;) and (Y, £, P,) then ¢ and n are
strictly dependent if and only if they are c-dependent.

Remark 2. We can notice that ¢ and # are c-dependent if and only if there exists
a function k(x, y) such that k(x, y) = O[P,,] and k(x, y) + O[P; x P,]. It seems to
us that there are no reasons to restrict ourselves to strict dependences with k(x, y) =
=y — h(x) or k(x, y) = x — g(»).

Now we will state some problems that arise in this field.

Problem 1. Are there any measures of statistical dependence 6(¢, ) that satisfy
all the requirements 1—4?

Problem 2. What are upper bounds of &(¢,#) and a lower bound of e, ,(P,,
P, x P,) figuring in the requirements 2 and 3 attainable under particular restrictions
on random variables ¢ and 5?

Problem 3. What are the sample properties of adequate measures 6(&, 1)?
In the following sections we try to answer at least partly all these questions.

3. fINFORMATIONAL MEASURES OF STATISTICAL DEPENDENCE

In the sequel we shall be interested in measures of statistical dependence that are
based on the notion of f divergence of two probability measures (called also general-
ized f-entropy [9], [11], [13]) introduced by I. CsiszARr in [1]. The most important
properties of f-divergences are based on the convexity of a function f(u) defined on
[0, o0), where the following conventions are observed:

. 0\ _
3) 10) = tim (), 0 f((—)) ~0
and

0f(%> = vf, where v > 0 and f, = limf(—i).

utoo U
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For the sake of sxmphcuy we shall denote f; = f(1) and f, = f, + f.,, where fo =
= f(0).

If we consider two probability measures P,, and P, x P,on (X x Y, % x S ) then
in this special case the f-divergence of P,, and P, x P, is deﬁned by

O] D(P,, P; x P,) = fxxyf <ﬁ§;%) P(*) p,(y) dA.

According to the notation in [9] we shall call [ D/(P,,, P, x P,) — f,] the general-
ized f-information. However, considering the fact that the additive constant —f, is
irrelevant in all what follows, for the purpose of this paper we denote

(5) " I,(¢, 1) = Dy(Pg,, Py x P,)

and also call it the f-information.

In statistics some f-informations have been frequently used for measuring statistical
dependence between two random variables. The most important of them are
Pearson’s mean square contingency

2 _ [ [palx9) — pdx) 2(¥)]
# s (%) PA(¥) o

with f(u) = (1 — u)?, Shannon’s information

0) I= L”pg,,(x, y) log P(:;gxp”ﬁ). di

with f(u) = u log u and Hoffding’s coefficient of statistical dependence

® i

with f(u) = 4|1 — u|. Moreover, y and e,,,(P,,, P; x P,) are tied together by the
relation [19]

©® e1/2(Pgs Py x Py) = 3(1 — ).

One of further measures of statistical dependence based on the notion of f-information
is Hellinger’s integral

(10) -= f bl ) i) RO

with f(u) = — \/u.
The adequacy of f-information with f(u) = u log u for measuring statistical de-
pendence has been already discussed in [9], [10]. The relationship of f-informations

Per(%: ) = Pe(x) py(v)| 42
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with convex functions f(u) satisfying (3) to the requirements in [15] has been exam-
ined in [2].

Now we shall try to give some statements concerning the behaviour of measures
of statistical dependence based on f-informations with respect to the requirements
1—4. We strongly rely on the results of I. Csiszar [1], [2], A. Perez [9], [11] and
1. Vajda [19], [20] that systematically examined properties of f-divergences.

Let us denote by F the class of convex functions f(u) defined on [0, o) and satis-
fying the conventions (3) and let F be a subclass of F such that every f(u) F is strictly
convex with f, < co.

Theorem 1. For every f(u) e F

(11 56 m) = Ao s

I3 =11

satisfies all the requirements 1—4.

Proof. The satisfaction of the requirements 1, 2, 3 follows directly from the reuslts
in [20], [12] and 4 from [1].

Remark 3. We can notice that the function f(u) = — ./u (Hellinger’s integral h
is based on it) satisfies the assumptions of Theorem 1.

Remark 4. If f(u) e F with f, < oo is not strictly convex, we cannot quarantee
that 6 (&, n) given by (11) satisfies the requirements 2.a), 2.c) and 4.b). However, for
the function f(u) = |1 — u| (minimom probability of error e,;,(P,, P; x P,) and
Hoffding’s coefficient of statistical dependence y are based on it) that is not strictly
convex with f, < oo, we can state the following obvious lemma.

Lemma 3. Hdffding’s coefficient of statistical dependence y = 0 (i.e. e;,5(Pg,
P, x P,) = 1)if and only if £ and n are independent.

From Lemma 3 it follows that H6ffding’s coefficient of statistical dependence satis-

fies moreover the requirement 2.a) and it obviously satisfies also the requirement
2.0).

Theorem 2. For every f(u) e F with f, = o
(12) 6&n) = o[1(& n)]

satisfies the requirements 1, 3.b) and 4.a). The function ¢(t) in (12) is an arbitrary
real function defined and increasing on [f, ©], with @() = lim ¢(t), that is
tf oo

mapping the closed interval [ 1, ] onto the closed interval [0, 1].

Proof follows from the results in [20], [1].
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This sort of transformations of f-informations with f, = co has already been used
in statistics. For example, the transformation of Pearson’s mean square contingency
x* by the funetion ¢,(f) =./(¢/(1 + )) gives the contingency coefficient
JOA/(1 + x*) [3] The transformation of Shannon’s information I by the function
@,(f) = /(1 — e~ ?") gives the informational coefficient of correlation /(1 — e~2") [5].

We can find many other functions ¢(t) that are increasing on (f;, c0] and mapping
this interval onto [0, 1]. However, the functions ¢,(f) and ¢,(f) are mapping x* and I
respectively onto the closed interval [0, 1] in such a way that in the case of Gaussian
distribution Py, with the coefficient of correlation ¢

(13) \/ L -ty =

1+

This property for adequate measures of statistical dependence has been required in
[15].

Further, é (¢, n) given by (11) and (12) will be called f-informational measures of
statistical dependence. We can see that f-informational measures of statistical de-
pendence are even symmetrical, i.e. 5 (&, 1) = 8,(n, £). The symmetry for adequate
measures of statistical dependence has been required in [15]. However, it remains an
open problem whether the symmetry of measures of statistical dependence is a useful
property in general. In some cases asymmetrical measures of statistical dependence
seem to be much preferable [10].

4. UPPER BOUNDS OF fINFORMATIONAL MEASURES
OF STATISTICAL DEPENDENCE

In Sec. 3 we introduce a class of f-informational measures of statistical dependence
and have not put any restrictions on random variables (6, n) under consideration.
In some cases we can a priori restrict the investigated class of random variables (f, 1)
and then it may happen that the highest dependence defined by the requirement 3.a)
in Sec. 3 never can occur. According to Lemma 1, this arises in all cases when there
exists an atom in (X x Y, & x S, P,,) and, consequently, in the case when we con-
sider a class of random variables (¢, 7) > (X x Y, T x 7, P,,), where & and ¥ are
c-algebras generated by measurable decompositions Dy = (X;, X,,...,X,) of
(X, &) and Dy = (Y3, Yy, ..., Y;) of (Y, #) respectively. Therefore it seems to be useful
to ask for attainable upper bounds of & (&, n) with respect to an a priori restricted
class of random variables (&, ). Owing to the relations (11), (12) it is sufficient to

solve this problem for f-informations I (¢, #). In the sequel we use the notation intro-
duced above.

Theorem 3. Let ¢ — (X, ¥, P;) and n — (Y, ¥, P,) be two random variables and
let (&,1n) = (X x Y, ¥ x 5, P,,) be a random variable with marginal probability

22



measures P; and P, on (X, ) and (v, ¥) respectively. Let us denote by Py =
=P (X; x Y)), pr. =P{X), py=PX)) for i=12,..,1, j=1,2,...,5 and
assume p;, > 0fori=1,2,...,r,p,; > 0forj=1,2,...,5 Then

(14) 1(¢,7) < min [H/), H/(n)] ,
where

(19) B = 22t s (o) + 00t - 5D
and

(16) H,(r) = zm( ) +fO( -3 7).

Proof. Let us consider two measurable spaces (I, #, p) and (R, &, v), where
I= [0, 1], & is the o-algebra of Borel sets in I and pu is Lebesgue measure, R =
= {1,2,...,r}, R is the o-algebra of all subsets in R and v is the counting measure.

Let us divide I into r intervals Jy=[aub) t=1,2 ...0 = 1) I, =[a,d,]
i-1

where a; = z Pr.> by = Z Pis Po. = 0 and let g,(f) denote the density of uniform

dlstrlbutlon onJ;i= 1, 2, ..., . A measurable decomposition D;, = (E;y, Eq3, ...
» Ey) of (J,, #,), B; = J; n & into s parts is done in such a way that

Jl g,(t)du(t)=p—”, i=14L2.4rj=1,2...,5
Eij Di.
If we denote E; = U E,j, j=1,2,..,s, then Dg = (E,, E,, ..., E,) is a measurable

decomposition of (I .@) and S(DE) denotes the minimum o-algebra generated by Dy.
We can define a probability measure Pg,, on (R x I, # x %) in the following way:
dP,(i, ) = p,. g{f) d[v x u] . Then marginal probability measures of B,, on (I, %)

and (R, &) are dP,(t) = h(t) du, where k() = Y. p;. g(f) and Py(i) = p,. respectively.
i=1

If we denote by P, the restriction of P,, on (R x I, # x S (Dg)), we can see
that P, (i, Ej) = p;;fori =1,2,...,r,j = 1,2,..., s Then it follows from Theorem
3in [1]

1,(¢, ) = Dy(Pgyy Py x Py) < Dy(Pyy, Pe x Py) =

= J'R J (Lg‘(t)) P h())d[v x p] = le’t- -

«r \Pu h(t)
5 [ () ety x 1= E e
-k;pk.f (—ii’j—) =§1p?.f (;}'—) +£(0) (1 -;pi) = H{¢),
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where ;; = 1 and &;; = 0 for i % j is the Kronecker symbol. Similarly we get
1,(¢, n) < H/(n). Therefore I (¢, n) < min [H/(£), H(n)] .

Corollary 3. If r = s, pyy = pi. = py = 1r, i = 1,2,..., 1, then
(17 16 =140 = L2+ s L1

Theorem 4. Let us consider two random variables ¢ — (X, Z, P,) and & -
- (X, %,P), where P(X)=p., PX)=1[r for i=1,2,..,r. If g(u) =
= [f(u) — f(0)]/u is a concave function, then

g 1O s =124 5021
Proof. Applying Jensen’s inequality we get
HAO) = 5 pLs (o) + 7001 - 5o =70 +
= ie =1

1
. | fl=) - 1O

ie
i=1 1

Pi.

Remark 5. We can see that Theorem 4 holds for example for the following func-
tions: f(u) = ulogu, f(u) = |1 — u|, f(u) = (1 — u)* and f(u) = —u", ae (0, 1).

Remark 6. Shannon’s inequality follows from Theorem 3 for f(u) = u log u.

Corollary 4. If (&,n) > (X x ¥, & x %,P,), € (X, 2, P) and 71— (Y, %,Q)
are random variables, where P(X,) = 1[r for i = 1,2,...,r and Q(Y)) = 1[s for
ji=12,..,sand g(u) = [f(u) — f(0)]/u is a concave function, then

(19) 1,(¢, m) < min [H(&), H/(m)] .

We see that Corollary 4 enables us to estimate upper bounds of I (¢, ) for (¢, ) with
unknown marginal probability distributions and Theorem 3 for (¢, ) with a priori
given marginal distributions. However, there are some cases when we can evaluate
the maximum of I(¢ ) over all random variables (£, 7) = (X x ¥, & x 7, P,)
with a priori given marginal probability distributions P, and P, ,directly.

Lemma 4. Let £ - (X, &,P) with r =2, P(X,)=p> 0, P(X;)=(1-p)> 0
and ij - (Y, #, Q) where Q(Y)) = 1/s, j = 1,2, ..., 5. Let us denote by € a class of
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random variables (£,n) = (X x Y, T x 7, P,,) with marginal probability measures
P, =P and P,=Q on (X, ) and (Y, #) respectively. Then the maximum of
1(&, n) over € is equal to

(20) e I(& ) = ke G) + ¢ (p - f) + (s — k= 1) (0),

where
_ D (s5x 1—p,./1—sx
w=1() ()

Proof. Let us consider random variables (¢,7) = (X x Y, & x 4, P,,) with
marginal probability measures P, = P and P, = Q and denote P, (X, x Y)) = z,,
Po(X, x Y))=(]s) —z; for j=1,2,..,s, 2=(24,23,...,2), 05 2; X 1fs,

Z z; = p. Then
om0 () 522

Fy 1 —_ p
=j;1¢(2,-) = &(z).

and k = [sp].

j=

In view of the convexity of f(u) we can see that &(z) is a convex function. Then by
Theorem 4d in [21], &(z) reaches its maximum value at the point z* = (z}, z3, ..., z3),
where 2} =23 = ..o=zy =1s, i =p— 15 B =2 =...=20 =0
Putting P.,(X; x Y;) = zJ, Pg(X, x Y)) = (1fs) — 2}, j = 1,2, ..., 5, we obtain in
this case

1 1) = Dy(Pey P x Q) = k¢(§) ¥ ¢(p_§) (s — k= 1)9(0),

where k = [sp], which proves (20).
The following Theorem shows the relationship of the strict dependence of random

variables ¢ and 7 to the attainability of the upper bounds H,(¢) and H(n) given by
(15) and (16) respectively.

Theorem 5. Under the assumptions of Theorem 3, the strict dependence & = g(n)
or n = h(§) implies 1{(&, n) = HA&) and 1(&, n) = H(n), respectively. If, more-
over, f(u) is a strictly convex function, then 1(&,n) = H{¢) if and only if & =
= g(n) and 1,(¢,n) = Hy(n) if and only if n = h(¢).

Proof. Let us consider ¢ = g(n). Then for every i 1,2, ..., (i = r) there exist num-
n(i) -

bers pi, Diss «+os Paingy SUch that ) p,; = p;, and Pg(X; x Y;) =0 for j # i,
k=1
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(k=1,2,...,n(i)), Pp(X, X Y)) = p.y for j = i (k=1,2,...,n(i)), fori = 1,2, ...
r,j=12,...,s Hence

r n(i) p r n(i)
If(f’ n) =2 2 PiDu, ( b )+f(0) (1 —‘Z:l kglpf. p.i) = Hy(¢).

i=1k=1 i-P-ik

Let f(u) be a strictly convex function and I, n) = H{¢). Let us assume that
¢ = g(n) does not hold. Then there exists j(1 < j < s) such that 1 > p;;/p,; = 0

fori=1,2,...,r and Z py[p.; = 1. Without loss of generality we can put j = s

and assume p,,,/p,s > 0 for i=1,2,.,mmz2and pyfp,,=0fori=(m+ 1),
(m + 2),..., r. Let us consider two measurable spaces (I, %, y) and (R, &, v), where
I =[0,1], # is the o-algebra of Borel sets and p is Lebesque measure, R =
= {1, 2 ey r}, A is the o-algebra of all subsets of R and v is the counting measure.
Let us establish a measurable decomposition Dy of (I, &), Dy = (J1, J2, -..s Jy4m=-1)s

wherje J; = [a, J) j=12..,(s+m—2)and J(H,,, o= [a(s+,,, - b(s+1,,, nl
aj; ‘kZoP.k, b; —kZOP.k forj=1,2..,(s-1),4a;= Z P + Z Pinb; = Z Pu +
Jj—s+1
+ Y psforj=s, (s+1),...,(s+m—1), and p,o = po; = 0. Let us denote
1=0

by S(Dy) the o-algebra generated by Dy and define a probability measure IN’,:,, on
(R x I, # x S(Dy)) in the following way:

ﬁg,,(i, .7,) =pfori=12,..,rj=12,.., (s -1,
If’{,'(i, ](s+‘_1)) = 5i!pis fOI‘ i = 1, 2, cenyg Iy t = 1, 2, ey m

At the same time P, and lN),, denote the corresponding marginal probability measures
on (R, &) and (I, S(Dy)) respectively. Let us establish another measurable decomposi-
tion Dy = (Jy, J3, ..., J;) of (I, &), where J, =J,, i=1,2,...,(s — 1) and J, =

s+m—1

= U J, and denote by P,, the restriction of P, on (R x I, # x S(D;)). Owing
i=s

to the fact that g-algebra 2 x S(D,) is not sufficient with respect to 'f*;,, and P; x ﬁ,,,
Theorem 3 in [1] and Theorem 3 imply Hy(¢) = I{¢, ) = Dy(Pg, P; x P,) <
< DBy, P; x P,) < H/{(¢) which leads to contradiction.

Remark 8. For f(u) = ulog u Theorem 5 gives the known result for Shannon’s
information.
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5. «-INFORMATIONAL MEASURES OF STATISTICAL DEPENDENCE

In Sec. 3 we met with two important subclasses of f-informations that led to
interesting measures of statistical dependence. The first one is given by f(u) =
=|1 — u|", @ = 1 and such f-informations we call a-informations [20]. To this
subclass total variation with f(u) = |1 - u| and Pearson’s mean square contingency
with f(u) = (1 — u)® belong. To the second subclass with f(u) = sign (x — 1) u°%
a > 0, [2], [11], [18], Hellinger’s integral with f(«) = — ./u belongs and Shannon’s
information can be derived by [11]

(21) lim &M =1y

all a—1
and

lim M =1

atl 1—a
or [16]

) 1

(22) lim 108 lIgign(a—l)u’(é’ n)l =1 ’

aw100 — 1

where (1)(e — 1)) 10g |1 gn(a-1yue(é; 1)| is the so called Rényi’s information of order a.

However, it seems that an important role for measuring the statistical dependence
can be played by f-informations with f(u) = —u% « € (0, 1), that satisfy all the re-
quirements 1—4. Moreover, the function f(u)/u is a concave function and Theorem 4
holds. In the sequel, ,(¢, 7) will denote f-informational measures of statistical de-
pendence with f(u) = —u% « € (0, 1), i.e. 6,(&, ) = 1 + I_ (& 1), and §,(&, n) will
be called a-informational measure of statistical dependence. In the case of Gaussian

distribution P, with the coefficient of correlation g the relationship of 6,(¢, 1) to ¢
is expressed by

(23) oo =1- = L

[ - e~ D7

In the first subclass of f-informations with f(u) = |1 - u[', o = 1, sample proper-
ties for & = 2 have already been investigated in [8]. In this Section we shall be in-
terested in sample properties of f-informations with f(u) = —u%, « € (0, 1) under the
hypothesis that ¢ and # are independent.

Let ¢ = (X, &, P,) and n = (¥, 7, P,) be two random variables and let(¢, #) =
=(X x Y, Z x J,P,,) be a random variable with marginal probability measures
P, and P, on (X, &) and (Y, ) respectively. Let us denote p;; = Py(X; x Y)),
Pi. = PYX)), p.; = P,(Y)) and assume p;, > 0, p,; > Ofori =1,2,...,r,j=1,2,...
.+ 5. Let us have n independent realizations of (&, 7), ie., (X, y), t =1,2,...,n
from a sample space (X x Y). Let p;; = ny/n, p;, = n.[n, p.; = n,;[n be sample
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estimators of p;;, p., p.; for i =1,2,..,r, j=1,2,..., s, where ny; denotes the

s r
number of obseryations (x,, y)e(X; x ¥;) and n, =Y ny, n,; =Y n;, Then
i=1 i=1

r s

() =1 + I(E, 1), 8P(8, ) = 1 + 1D, ), where I0(E, ) = — 3 Y 55 -

r s i=1j=1
L (p'n P-j)l_¢ and Igz-)(f’ ") = 121 _legj(ﬁi- ﬁ-j)i—a’ a€E (Oa 1)'
=
Theorem 6.* Under the hypothesis Hy : Py, = P, x P, the statistic
2n A
— 1 - 8O,
ol 8]
is asymptotically y*-distributed with (rs — 1) degrees of freedom and the statistic
@ 2n 5(2)
(25) ZP = ———M[1 - 57 n)]
ao — 1)

is asymptoticaly X*-distributed with (r — 1) (s — 1) degrees of freedom.

(24) Z =

Proof. The asymptotic distribution of Z{ follows directly from the results in
[17]. The asymptotic distribution of Z{? is found by expanding Z{ in the Taylor
series retaining the terms of the second order at the point p;; = p;. p.ji=1,2,..., 1,
j=1,2,...,s. After arranging suitably the terms in the Taylor expansion we obtain

r _ )2 r — . 2 s — K
z® =_Z z ("u np;;) -y (n;. = npy) _.Z (n.j np.;)
i=1 j=l np” i=1 npi. J=1 np.j

2

s

— Z Z ("U — N, Py — N,;Pi. — "Pz.I’.j)2 + nU,,
i=1j=1 np;. D.j

where nU, — 0in probability. Then according to 3b.4.(iv) in [ 14], Z{? is asymptotical-
ly y*-distributed with (r — 1) (s — 1) degrees of freedom.

Acknowledgement. I wish to thank Prof. A. PEREZ for bringing the problem to my
attention for the first time and to Dr. I. VAIDA for valuable discussions concerning
the proof of Theorem 3.
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&asopis pro pEstovini matematiky, ro¥. 99 (1974), Praha

O KRIVKACH MAXIMALN{ DELKY

MiLosLAV NEKVINDA, Liberec

(Doslo dne 4. listopadu 1971)

OZNACENI{

C(a, b) mnoZina viech spojitych funkci v intervalu <a, b)

d(f, a, b) délka kfivky K orovniciy = f(x),a < x < b

V(a,b) mnoZina viech funkci f e C(a, b) s konednou variaci

M(a, b) mnoZina téch funkci fe V(a, b), jejichZ graf ma maximalni délku
b

Vf variace funkce f v intervalu {a, b)

n Lebesgueova mira

1. EXISTENCE KRIVEK MAXIMALN{ DELKY

Je zndmo, Ze exitsuje neklesajici spojitd funkce f v intervalu <0, 1), f(0) = 0,
f(1) = 1, pro niZ plati d(f, 0, 1) = 2. Vezm&me napf. Cantorovu mnoZinu (diskon-
tinuum) 4 < <0, 1). Je-li (a, b) styény interval této mnoZiny, definujme f(x) =
= (a + b)[2 pro x € (a, b). V bodech mnoZiny A dodefinujme f tak, aby byla spojita
v €0, 1). Je zfejmé, Ze f je neklesajici v €0, 1), f(0) = 0, f(1) = 1, d(f,0,1) = 2.
Méné trividlni je nasledujici tvrzeni.

Véta 1.1. Existuje funkce f téchto vlastnosti:

1. fje spojita a rostouci v €0, 1);

2.f0) =0, f(1)=1;
3. d(f,0,1) = 2.

Dikaz tohoto tvrzeni byl podan v [1]. Spotiva v konstrukci posloupnosti {f,}
spojitych rostoucich funkci v intervalu €0, 1), £,(0) = 0, f,(1) = 1, jejichz grafy jsou
lomené &ry, pfitemZ plati:
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L fo¥)=2x0Sx51;

2. Je-li déna funkce f,, pak uhlovymi body (tj. body, v nichZz ma prvni derivace
nespojitost a déle body (0, 0), (1, 1)) funkce f,, ; jsou jednak tihlové body funkce f,
a dale body leZici uprostfed mezi dvéma sousednimi uhlovymi body funkce f,. Pfitom
lomené ¢&ary jsou konstruovény tak, aby byl splnén vztah

d(f,,,o,1)>2—1.
n

Snadno lze pak ukézat, Ze posloupnost {f,} je stejnomérné konvergentni v intervalu
<0, 1) a Ze funkce f(x) = lim f,(x) spliiuje poZadavky véty.

n—> o

Je zfejmé, Ze Ize vétu 1.1 formulovat obecnéji:

Véta 1.2. Necht a, b, c, d jsou libovolnd redind &isla, a < b. Pak existuje funkce
f téchto vlastnosti:

1. fje spojitd a monotdnni v intervalu {a, b);
2. f(a) = ¢, f(b) = d;
3. d(f,a,b)=b—a+|d—c|

JestliZe ¢ + d, lze vlastnost 1 zesilit takto:

1. f je spojitd a ryze monotdnni v intervalu {a, b).

Definice 1.1. Nechf kfivka K je grafem funkce fe V(a, b), a < b. Rekneme, Ze
K mad maximadlni délku v intervalu {a, b), jestliZze plati

(1.1) d(f,a,b)=b—a+\b/f.

Symbolem M(a, b) oznaéme mnoZinu viech funkei f € V(a, b), pro n&Z plati (1.1).

Poznédmka. V dal§im budeme obvykle uZivat réeni ,,funkce f ma maximalni délku
v {a, b)* misto formulace uvedené v definici. Je zfejmé, Ze pro libovolnou funkci

b
feV(a, b) plati vztah d(f, a,b) < b — a + V f. Tim je odiivodn&n pojem funkce
maximalni délky. “

Lemma 1.1. Nechf a £ ¢ < d £ b a necht f € M(a, b). Pak fe M(c, d).

Lemma 1.2. Necht a < b < ¢ a necht fe M(a, b), fe M(b, c). Pak fe M(a, c).

Dilikaz obou lemmat je trivialni.
Véta 1.3. MnoZina M(a, b) je hustd v C(a, b).
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Dikaz snadno plyne z véty 1,2 a lemmatu 1.2, nebof mnoZina vSech spojitych
funkci v {a, b), jejichZ grafy jsou lomené &ary, je husta v C(a, b).

Pozndmka. V&u 1.3 lze formulovat ostfeji: mno¥ina viech funkci maximalni
délky v {a, b), jeZz nejsou konstantni v Zidném intervalu I < (a, b), je hustd
v C(a, b).

2. VLASTNOSTI FUNKC{ MAXIMALNf{ DELKY

Da se dokazat, Ze funkce f, zkonstruovana v diikazu véty 1.1, neni absolutng spo-
jita. Pozdé&ji uvidime, Ze libovolna nekonstantni funkce maximalni délky neni abso-
lutné spojita. Nyni zavedeme kvantitativni charakteristiku absolutni nespojitosti libo-
volné funkce f € V(a, b).

Necht f € V(a, b), necht x € {a, b). Necht M, je &iseln4 mnoZina spliiujici nasle-
dujici dvé vlastnosti:

(i) 0OeM,;

(ii) necht ¢ > 0. Pak ¢ e M, <>k libovolnému & > 0 existuje pfirozené &islo n
adlislaa, b;,i =1,2,...,n, pro n& plati

(2.1) a<a; <b;fa,<b,£...2£a,<b,<x;
(22) i(b,- —a)<é;
23 %1760 - £l z o.

i=1

Je zfejmé, Ze M, je neprazdni, shora omezena Ciselnd mnoZina (élslo V f je jeil
horni hranici); je-li e € M, a &, €0, &), pak &¢; € M,.

Definice 2.1. Necht f € ¥(a, b). Funkci
(24) r(f,a,x) =supM,, xe<a,b)

nazveme redukovanou funkci k funkci f v intervalu {a, b).

Lemma 2.1. Funkce r(f, a, x) je spojitd a neklesajici v {a, b), r(f, a, a) = 0;
r(f, a, x) = 0 pro x € {a, b) <> f je absoltuné spojitd v {a, b).

Lemma 2.2. Nechfa < b < c. Pak plati
r(f9 a, x) = r(fs a, b) + r(f’ b’ x) pro xe<b’ C) C

Tvrzeni obou lemmat plynou bezprostfedn& z definice 2.1.
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Lemma 2.3. Necht' a < b, necht'I je interval, I = {a, b). Pak f je absolutné spojitd
vI prdvé tehdy, je-li funkce r(f, a, x) konstantni v I.

Diukaz. Tvrzeni je bezprostiednim disledkem lemmat 2.1 a 2.2.
Necht 9 je mnoZina, jejiz prvky jsou kone¢na sjednoceni intervald (otevienych,
polootevienych, uzavienych), patficich do {a, b) a prazdna mnoZina. Zfejmé& plati:

AeU<>AeA(4 =<a, by —A4); 4;eA, i=12,...,n=>

=U1AieQI, A;eqU.
i= =1

L3

A je tedy algebra mnoZin. Bude-li nutno zduraznit, Ze zakladni mnoZinu algebry A
je interval {a, b}, oznagime ji symbolem (a, b). Rekneme, Ze systém {4,}}_, mno-
Zin z U je skoro disjunktni (resp. Ze Ay, A,, ..., 4, jsou skoro disjunktni), nemaji-li
Zadné dv€ mnoZiny A4;, A;, i + j systému spolecnych vnitfnich bodi.

Necht f € V(a, b), necht A € U(a, b) a necht 6 > 0. PoloZme

(29) V.1 4) = sup 0.3 |£(b) ~ f(ai))

kde a;, b;, i = 1,2,..., n probihaji viechny kone&né mnoZiny &isel, pro né€Z plati
() Li=<auby><c4, k=12,..,n,
(ii) systém {I,}p-, je skoro disjunktni,

(i) ¥ ) <.

Je ziejmé, Ze V(9, f, A) je (pro danou f a dané A4 € A(a, b)) neklesajici nezdporna
funkce argumentu 6 € (0, + o). Cislo

(2'6) vf(A) = V(b - a f, A)
nazyvame variaci funkce f na mnoZin& A e A. Ziejm& v(<a,x)) = Vf pro xe
€ <a: b>- a

Polozme

Je zfejmé, Ze @(f, A) < v(A). D4 se snadno dokazat

Lemma 2.4. Necht A;€ W(a, b), i = 1, 2 jsou skoro disjunktni, necht f € V(a, b).
Pak plati

O(f 41 0 4;) = 6(f, 4)) + &(f, 4;) .
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Definujeme funkci ¢(f, a, x) vztahem

(2‘8) i * (P(fs a, X) = ¢(f9 <aa x>) » XE <a’ b> .

DokaZeme, Ze plati

Lemma 2.5. Necht fe V(a,b). Pak plati r(f,a,x) = ¢(f,a x)' pro vSechna
x € {a, b).

Diikaz. Nechf x € {a, b). Je-li f absolutn& spojita v {a, x), pak zfejm& ¢(f, a, 1) =
= r(f,a,t) = 0, te<a,x). Nechf tedy f neni absolutn spojitd v (a, x). Pak
(lemma 2.3) r(f, a, x) > 0. Necht ¢ je libovolné &islo, 0 < & < r(f, a, x). DokaZeme,
%e ¢(f, a, x) 2 e. Vzhledem k definici mnoZiny M, mime ¢ € M, a tedy k libovolnému
8 > 0 existuje konedn4 mnoZina &isel a;, b;, i = 1,2, ..., n, spliiujici vztahy (2.1) az
(2.3). To viak znamend, Ze V(d,f,<a,x)) =& Tedy limV(3,f,<a,x)) =

50+

= ¢(f, a, x) 2 e. ProtoZe ¢ lze volit libovoln& blizké k r(f, a, x), jest ¢(f, a, x) =
2 r(f, a, x). Nyni dokaZeme, Ze ¢(f, a, x) < r(f, a, x). Necht r, je libovolné &islo,
ry > r(f, a, x). Sta¥i dokazat, Z¢ ¢(f, a, x) < r,. ProtoZe r, ¢ M,, existuje & > 0
tak, Ze pro libovolna &isla a;, by, i = 1,2, ..., n, pro n& plati (2.1), (2.2), plati téz

¥ |£(b;) — f(a)| < ry. To viak znamené, Ze V(3, f, {a, x)) < ry atedy ¢(f, a, x) =
i=1

= lim ¥(9, f, <a, x)) < r;. Tim je tvrzeni lemmatu dokézano.
30+

Lemma 2.6. Nechf fe V(a, b), g € V(a, b). Pak pro vSechna x € {a, b) plati
r(f+g,a,x) <r(f,a,x) +r(g,a,x).

Diikaz. Necht 6 > 0. Zfejm& plati V(o,f + g, <{a, x)) < V(9, f, <a, x)) +
+ V(3, g, <a, x)). Pfechodem k limit& pro 6 — 0+ s pouZitim lemmatu 2.5 dostane-
me hledané tvrzeni. - ‘

Lemma 2.7. Nechf f, je spojitd neklesajici (nerostouct) funkce v {a, b), i = 1, 2.
Pak pro vSechna x € {a, b) plati

r(fl +f2’ a’x) = r(fp a,x) + r(fz, a,x).

Dukaz. Vzhledem k pfedchozimu lemmatu sta&i dokézat, Ze r(fy + f5, a, x) =
2 r(fy1, a, x) + r(f2, a, x) pro x € {a, b). Pro urtitost pfedpokladejme, Ze f, i f,
jsou ob& neklesajici pfipad, kdy f;, f, jsou obé& nerostouci, lze vySetfit analogicky).
Pfedeviim je zfejmé, Ze nerovnost plati pro x = a. Necht tedy x € (a, b). Necht V;
jsou libovolné &isla, pro n&Z plati V; < ¢(f}, a, x), j = 1, 2. Pro libovolné 6 > 0 tedy
plati V; < V(3, f}, <a, x)), j = 1, 2. Existuji &sla a}, b}, i =1,2,...,n, a a7, b;
k=1,2,...,n,, pro n& aZ<al <.b{§a£<b§§...§aﬁj< b,{ng,
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n nj

Yl —a)<sa)|fib) —fla))|> V,j=1,2 Zfejm¢ existuji &sla a;, by,

i=1 i=1 n

i=1,2..,n asa <bfa,<b=..5a,<b,=sx }(bi—a)<2,
pfiemZ ke kazdému j = 1,2 a i =1,2,..., n; existuje ke {ll,=21, e n} tak, Ze
(al, bl) = (ay, b). Je zfejmé (f; jsou neklesajici), Ze i |£i®) = fa)| =
2 31,6 ~ 1ieD). " o

Tedy i; [£1(62) + £2(b:) = (fa(as) + fa(an)] éi;(fn(bi) =fi(a) + ‘; (fa(bs) —

— f2(a)) > Vi + V,. To znamena, Ze V(26, fy + f2, a, x)) > V; + V,, z &hoz
pfechodem k limit¥ pro 6 — 0+ dostaneme ¢(f, + f, a, x) 2 V; + V,. Vzhledem
k volb& V;, V, mame podle lemmatu 2.5 r(f; + f, a, x) = r(f}, a, x) + r(f>, a, x).

Lemma 2.8. Necht f, g, f — g jsou spojité, neklesajici (nerostouci) funkce
v<a, b). Pak pro vSechna x € {a, b) plati

f—g,a,x)=r(f,a,x) — r(g,a,x).

Dukaz. Podle lemmatu 2.7 plat, r(f, a, x) = r(f — g, a, x) + r(g, a, x).

Lemma 2.9. Nech? f € V(a, b), necht c je libovolné redlné &islo. Pak pro vSechna
x € {a, b) plati
r(cf, a, x) = |¢|r(f. a, %) .

Diikaz. Sta&i se presvédiit, Ze V((S,'cf, <a, x)) = |c|V (3, £, <a, x)).
Lemma 2.10. Nech? f € V(a, b). PoloZme

(2.9 v(x)=Vf, xe<a,b).
Pak pro vSechna x € {a, b) plati

v, a,x)=r(f,a,x).

Dikaz. I. DokaZeme, Ze r(f, a, x) < r(v;, a, x) pro x € a, b). Toto tvrzeni viak
snadno plyne ze vztahu v(y) — v{(x) = |f(») - f(x), a S x <y < b.

II. Nyni ukaZeme, Ze r(f, a, x) = r(v,, a, x) pro x € {a, b). Pro x = a je tvrzeni

zfejmé. Nechf x € (a, b), necht ¢ a J jsou libovolna kladna &isla. Pak existuji &isla
a, b, i = 1,2, ..., n, spliujici podminky (2.1), (2.2) a podminku

V(6, vy, <a, x)) — & < lz::l(v,(b,) —vay).
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Ke kaZdému i = 1,2,...,n existuji &isla ¢}, di, j=1,2,..,n, a;<¢j <dj <

Sch<dyS...sch <di by, vlb) —vla) —gln <Y f(di) — f(c])|. Ziej-
. i=1

mé systém S intervall <c}, d>, j=1,2,..,n,i=12,...,n je skoro disjunktni

a ) (dj—cj)<é. To znamend, Ze V(3,f,<a,x)) g_i‘, i]f(d,') - f(c})| >

i=1 j=1
> Y (v (b)) — va;)) — & > V(8, vs,<{a, x)) — 2¢. Pozadované tvrzeni vyplyva z po-
i=1

sledniho vztahu pfechodem k limit& pro 6 — 0+, nebot ¢ je moZno volit libovolné
malé.

Lemma 2.11. Nechf' fe V(a, b), necht v, je definovand vztahem (2.9). Pak plati
d(vs, a, b) = d(f, a, b) .
Dikaz. Je obdobny dikazu lemmatu 2.10.

Disledek. f e M(a, b) pravé tehdy, jestlize v, € M(a, b).
Véta 2.1. Nechf fe V(a, b). PoloZme

rl(x) = r(f, a, X) sy XE <aa b> L
Pak plati

r(ri,a,x) =ry(x) pro xe<la,b).

Diikaz. Vzhledem k lemmatu 2.10 lze pfedpokladat, Ze f je neklesajici v {a, b).
Predeviim je ziejmé, Ze r(ry, a, x) < ry(x) pro x € {a, b). Stadi tedy dokazat, Ze
r(ry, a, x) 2 ry(x). Pro x = a je nerovnost zfejma. Necht x € (a, b), necht & > 0.
Existuje 4 > 0 takové, Ze plati

6] 6 (0, 4) = V(9,f, <a, x)) < ry(x) + % ;

Zvolme 6, € (0, 4). Pak existuje skoro disjunktni systém intervald {I,};-, takovy, Ze
plati

(i) k:ély(l,‘) <d, vf(k\:JlIk) S r 8 = .82.

kde v, je definovéana vztahem (2.6). Oznaime E = U I, E, = {a, x) — E. Ze vztaht
k=1
(i), (i) vyplyva: je-li {J,}r=, libovolny skoro disjunktni systém intrevald, J, < E;,
k=1,2..,m Y uJ) <4 -6, pak
k=1
(iid) v(UJ) <e.
k=1
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To znamena, Ze V(4 — 6,,f, E;) < ¢ a tedy ¢(f, E,) < ¢ (¢ je definovana vztahem
(2.7)). Dokézeme, Ze plati

(IV) vrl(El) se.

Necht v, (E,) > e. Pak existuje skoro disjunktni systém intervald {J,}i=, J; =
={a, by < E, k=1,2,...,m, Y (rb) — ri(a)) = ¢ + &, & > 0. Protoze
k=1

pro kazdé k = 1,2, ..., m jest ry(b) — ry(a,) = ¢(f, {as, by)), existuje (pro kazdé
k=1,2,..., m) skoro disjunktni systém intervala {I}}7,, I} < <a, by, j =

n

=1,2,...,m, 21 uIy) < (4 = 8,)|m, Zlvf(lf) > ry(by) — ri(a) — &[m. Je ziej-
i= i=
mé, Ze systém intervald {I'}, j = 1,2,..,m, k= 1,2,...,m je skoro disjunktni,
I} c E,, Zp(]") <d4-35;a Yo(IH>Y (ri(by) — ri(a) — &y = &, coZ je ve
k=1

k.j

sporu s (111) Tedy plati (iv).

JelikoZ plati (r, je neklesajici) r,(x) = v,,(<a, x)) = v,,(E) + v,,(E,), mame podle
(iv) v,,(E) = r4(x) — & Tim je dokézéno, Ze plati: k libovolnému &, € (0, 4) existuje
skoro dls_]unktm systém intervald {L;};-y I, = <a,x), k =1,2,...,n, pro néjz

Zu(lk) < éy, Z ,l(I,,) 2 ry(x) —e. To viak znamend, Ze V(&l, re, <a, X)) 2

g rl(x) — & Pro 51 — 0+ dostaneme vzhledem k libovolnosti & ¢(ry, <a, x)) =
2 ry(x). Podle (2.8) a lemmatu 2.5 vyplyvé z posledni nerovnosti r(r, a, x) 2 r,(x).
Tim je véta dokazana.

Diisledek. Nech? fe V(a, b). Pak funkce Vf r(f, a, x) je absolutné spojitd
v {a, b).

Duikaz. Nechf x € {a, b). Oznaime v (x) = V f, r,(x) = (f, a, x). ProtoZe funkce

vy, y, Uy — 1y jsou neklesajici v <a, b, vyplyva z lemmatu 2.8 vztah r(v, — ry,
a, x) = r(vy, a, x) — r(ry, a, x). Jezto r(v;, a, x) = r(f, a, x) = ry(x) (lemma 2.10)
a r(ry, a, x) = ry(x) (v8ta (2.1), jest r(v, — ry, a, x) = 0 pro x € <a, b). Z lemmatu
2.1 pak vyplyva, Ze funkce v, — r, je absolutné spojita v {a, b), coZ jsme mé&li dokazat.

Necht f je spojitd a neklesajici v <a, b). Bud dano dé&leni ® intervalu {a, b):
a=1xy<%X;<..<x,=Db. Oznalme 4;=(x; f(x)), i=0,1,...,n k; =
= (f(x)) = f(xi-))(xs = xi-1), ; = arctgk;, I, = o(4;-1, 4, i=1,2..,n
Necht L= L(D) je funkce, jejimZ grafem je lomen4 &ira s Ghlovymi body A4;, i=
=0,1,..., n. Necht a € (0, #/4); necht &; = S,(?, «) respektive &, = S,(D, «) je
mnoZina téch ie{1,2,...,n}, pro n& plati k; < tga respektive k; > cotgo;
necht €, = &5(D,a) = {1,2,...,n} — S; — S,. Plati
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Lemma 2.12. Necht f je spojitd a neklesajici v {a, b) a necht f e M(a, b) (viz de-
finici 1.1). Nechf a € (0, n[4). Pak k libovolnému & > 0 existuje 6 > 0 tak, Ze plati:

je-li D libovolné déleni intervalu {a, b), pro néZ plati
(i) d(L,a,b)> b —a+f(b) — f(a) — 9,
pak Y I; <e.

€G3

Dikaz. Pfedpoklidejme opak. Pak existuje ¢ > 0, Ze pro libovolné 6 > 0 existuje
dé&leni D intervalu (a, b) takové, Ze je splnéna podminka (i) a

(i) Ylhi=¢2¢.

ieSs3

Zvolme 6 = ¢ (cos o + sina — 1). Necht D je dé&leni, spliiujici podminky (i), (ii).
ProtoZe f ma maximélni délku v kaZdém intervalu <{x;_,, x;>, i = 1, 2, ..., n, mame
Y d(f, x;-1, x)) = Y. Il (cos o; + sin a;). JelikoZ pro x € {a, n/2 — a) plati cos x +
ieG3 ieG3

+sinx 2 cosa + sina a o€, nf2 — «) pro i€ S;, dostaneme Y. d(f, x;—y,

ieS3
x;) 2 Y Ifcos o + sina) = gy(cosa + sinx). Z toho vyplyva, Ze d(f,a,b) =
n ie®3
=Y d(f,xi—,x) 2 Y, d(f,xi-y,x;) + gy(cosa + sina) a tedy Y IS
i=1 ieG1uS2 ieG1US2

< Y d(f, xi-1, x;) < d(f, a, b) — gy(cos & + sina). Z posledniho vztahu a ze
ie®1uS2

vztahu (ii) vyplyvd d(L,a,b) = Y 1, + Y I, < d(f, a, b) — e,(cos a + sin a —
ieG1US2 ic®3

- 1), tj. (e, 2¢) d(L a,b)=<d(f,a,b) — ¢cosa + sina — 1) = d(f, a, b) -39,

coZ je spor s (i). Tim je lemma dokazano.

Vita 2.2, 'Necht f(€)V(a, b). Pak f € M(a, b) prdvé kdy pro viechna x € {a, b)
plati

nf,a,x) = V.
Dikaz. Lze pfedpokladat (lemma (2.10), Ze f je neklesajici. V tomto pfipadg je
V f = f(x) — f(a) a jelikoZ f(x) — r(f, a, x) je téZ neklesajici, pfejde podminka v&ty

v ekvivalentni podminku
Q) * 1(f,a,b) = f(b) - f(a) .

1. Diikaz postacitelnosti. Necht plati (i), necht ¢, & jsou libovolné kladna &isla. Pak
existujf &isla ay, by, i = 1,2, ..., n pro n&Z plati

(i) a<ay<b;Sa<b,=..2a,<b,<b, Y(by—a)<3$,
i=1

Z".:ff(”') ~f(a)) > £(b) ~ f(a) —e.
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Necht
(iii) A, A, By, A5, B,, ..., A, B,, B

jsou body grafu funkce f: A = (a,f(a)), A, = (a,f(a), B, = (b,f(b)), i =
= 1,2,...,,n, B = (b, f(b)). Necht L je funkce, jejimz grafem je lomena &ara s wihlo-
vymi body (iii).
Z_l(ﬁ) vyplyva _21 (4w B) 2 .Zl(f(b‘) = f(a)) > f(b) — f(a) — & o(4, 4y) +
"+ Y o(B;, A;41) + o(B,,B)>b—a—06. Tedy d(f,a,b) = d(L,a,b)>b-—
i=1
— a + f(b) — f(a) — & — 6. JeZto ¢, d mohou byt libovoln& mald, mame d(f, a, b) =
2 b — a + f(b) — f(a), tj. fe M(a, b).
1I. DokéZeme, Ze podminka (i) je nutni. Nechf &, & jsou libovolna kladné &isla.
Necht « € (0, z[4) spliiuje podminky
(iv) (b—a)tga <eg2, (f(b)—fla)tga <3.

Podle lemmatu 2.12 existuje §, < O tak, Ze plati: je-li D libovolné dé&leni intervalu
{a, b), pak (ve shodé s oznadenim lemmatu 2.12) plati

(v) d(ﬁ,a,b)>b—a+f(b)—f(a)—61=»'eze: I, < -

Necht D je d&leni spliiujici levou stranu implikace (v). Zfejmé plati (f je neklesajici)
Z (f(x;) = f(x-1) < (b — a) tg« < 3¢ (podminka (iv)), Z (f(x) = f(xi=p) =

i€,

<.gs: I, < 3¢ (podminka (v)) a tedy z (f(x) = f(xi=y) < f(b) — f(a) — . Jelikoz
Z (x — Xi-1) < (f(b) — f(a)) tg < s (vztah (iv)), mame ¥(4,f,<a, b)) =
2 Z (r (x,) f(xi=1) > f(b) — f(a) — &, tedy (vzhledem k libovolnosti &)

(5 f <a, b)) 2 f(b) — f(a). Jelikoz & bylo libovolné kladné &islo, dostaneme
(lemma 2.5) r(f, a, b) = ¢(f, a, b) = lim V(3, f, <a, b)) = f(b) — f(a). ProtoZe
50+

plati r(f, a, b) < f(b) — f(a), je podminka (i) a tim i v¥ta doké4zana.

Diisledek. Nech? f e V(a, b), necht ry(x) = r(f, a, x) pro vechna x € {a, b). Pak
ry € M(a, b).

Dukaz. ProtoZe je r, neklesajici, sta&i podle véty 2.2 dokazat, Ze r(ry, a, x) =
= ry(x) — ry(a) = ry(x) (nebot r,(a) = 0), coZ je tvrzenim véty 2.1.

Lemma 2.13. Nech? f je absolutné spojitd v {a, b), necht g € M(a, b). Pak pro
vSechna x € {a, b) plati

\x'(f+g)=\x'f+\xlg.
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Diikaz. Zfejmé staéi dokazat podminku pro x = b. Nechf ¢ > 0. Existuje 6 > 0
takové, Ze plati

6) AeUa,b), pud)<d=v/(4) <e.

Podle véty 2.2 existuje 4, € A(a, b), u(4, < 9, v,(4,) > \bfg — & (v, je definovéna
vztahem (2.6)). PoloZme 4, = <a, b) — A;. ProtoZe plati (;)odminka D) v(4y) <&,
mame v,(A4,) > z’ f — & Zuvedenych vztahii vyplyva v, (4) = v(4,) — v(4,) >
> {,’g — 28, vfaﬂ(Az) > v,(Az) —v,(4;) > {,’f —2 a tedy uv;,,(Ca, b)) =
= vf+,(A1) + vy4(4;) > V f + V g — 4e. Protoze € Je libovolné malé mame
V(f+ g9) = v, ,(Ka, b)) 2 > Vf+ Vg ProtoZe plati V(f+ g) < Vf+ Vg, je

lemma dokazano.

Véta 2.3. Nech? f je absolutné spojité v {a, b> a necht g e M(a, b). Pak plati
b
d(f + g,a,b) = d(f,a,b) + Vg.

Diikaz. Podle lemmat 2.11 a 2.13 stadi vétu dokazat za pfedpokladu, Ze f, g jsou
neklesajici v {a, b). V tomto pfipadé m4 tvrzeni véty tvar

d(f + g, a, b) = d(f, a, b) + g(b) — g(a) .

I. Necht D: a = x5 < x; < ... < x, = b je libovolné déleni intervalu (a, b).
Oznatme 4, = (%, f(x) + 9(x0), Ay = (% f(x:)), kK =1,2,...,n. Ziejm& plati
0(4i-1, A) < 0o(Ai-1, 4) + 9(xi) — g(xe-1), k = 1,2, ..., n, z&hoZ vyplyva vztah
d(f + g, a, b) < d(f, a, b) + g(b) — g(a). Soudasng je ziejmé, Ze pro libovolné ne-
klesajici spojité funkce f, g v {a, b) plati

(2.10) d(f,u,v) < d(f + g,u,v) < d(f, u,v) + g(v) + g(u),

jestliZe a<u<vZh.

II. Nyni dokéZeme, Ze plati d(f + g, a, b) 2 d(f, a, b) + g(b) — g(a). Necht
¢ > 0. ProtoZe funkce f je absolutné spojitd v <{a, b), existuje 6 > 0 tak, Ze plati:
je-li {J,}7=; libovolny skoro disjunktni systém intervaldi, J, = <a, b), k = 1,2, ...
...y m, pak

(1) ’z: u(Jy) < 6= Z v(Jy) < €.

40



ProtoZe g € M(a, b), existuji (podle véty (2.2) &isla a;, by, k = 1,2,...,n,a £ a, <
<b,=Za,<b,=...=<a, <b, £ b tak, Ze plati

@) Tbo-a)<s. L) - alad) > o6) - @)~ o.

Je zfejmé, Ze &islo & v podminkach (i), (ii) maZe byt libovoln& malé (napf. & < ).
Ozname b, = a, a,,, = b. Ze vztahu (2.10) vyplyva

(iii) 2:: (f + g, by, 1) 2 2 d(f, by, G4 1) -

n n
Jest d(f9 a, b) =k21d(f’ Ay bk) +k20d(f’ bk& ak+1); z (1) Vypl)’lVé. kzld(f’ Ay, bk) é
< 2 (b — ) +f(b) — f(@} <o+ d,tedy 3, d(f, b ays1) > d(fra,b) — & —
— 8, z &ehoZ vzhledem k (iii) vyplyva

(iv) id(f+g, by, ayy1) > d(f,a,b) —e — &
k=0

Dale jest podle (2.10) d(f + g, a;, by) = d(g, ai, b) > g(by) — g(ay), k = 1 2,.
z &ehoz podle (ii) dostaneme

0 Sl + g, aib) > g(6) — o(a) — 2.

Ze vztahu (iv), (v) vyplyva snadno, Ze d(f + g, a, b) > d(f, a, b) + g(b) — g(a) —
— 2¢ — 4. JelikoZ ¢, 6 lze volit libovoln& mala, plati d(f + g, a, b) = d(f, a, b) +
+ g(b) — g(a), &imZ je potfebné tvrzeni doké4zéano.

Lemma 2.14. Necht f e M(a, b). Pak plati
fx)=0

pro skoro viechna x € {a, b).

Dikaz. Oznagime-li v(x) = V£, x € {a, b, pak pro skoro viechna x € {a, b)

plati |f(x)| < v(x) (dokonce |f'(x)| = v}(x) skoro viude v <a, b)). JelikoZ v, e
eM (a, b) (dﬁsledek lemmatu 2.11), sta&i tvrzeni lemmatu dokazat za pfedpokladu, Ze
f je neklesajici v a, b). V tomto pfipad? je f’(x) = 0 skoro viude v <a, b). Polozme
fi(x) = [ f(t) dt. Funkce f, je absolutng spojita a neklesajici v <a, b)>. Pfedpokla-
dejme, Ze f’(x) > 0 na mnoZin¥ kladné miry. Pak f,(b) > 0, z &noZ vyplyva
d(fy, a, b) > b — a. JelikoZ f — f, je neklesajici v <a, b, jest podle (2.10) d(f — f,,
a,b) < d(f,a,b). Z véty 2.3 vyplyva d(f — f, a, b) = d(f;, a, b) + f(b) — f(a)
a tedy d(f, a, b) > (b — a) + f(b) — f(a), coz je spor. Tim je lemma dokazano.
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Lemma 2.15. Nech? f € V(a, b). Pak pro viechna x € {a, b) plati

j 7Ol = V7~ (s, a5

-

Diikaz. Polozme f,(x) = [7|f(¢)| dt. Jest pro skoro viechna x € <a, b} fi(x) =
= |f'(x)|. JelikoZ r(f, a, x) € M(a, b) (disledek véty 2.2), plyne z lemmatu 2.14

r'(f, a, x) = 0 skoro viude v <a, b). PoloZme v/(x) = Vf, x € {a, b). ProtoZe je

vi(x) = |f'(x)| skoro vSude v <a, b), mame v}(x) — r'(f, a, x) = |f’(x)| skoro viude
v {a, b). JelikoZ funkce f, a funkce v,(x) — r(f, a, x) (disledek véty 2.1) jsou abso-
lutné& spojité v {a, b) a maji skoro viude v {a, b) stejné derivace, existuje konstanta C
takové, Ze plati f,(x) = v{(x) — r(f, a, x) + C, x € {a, b). Dosadime-li v tomto
vztahu x = a, dostaneme C = 0. Tim je lemma dokazano.

Véta 2.4. Necht f € V(a, b). Pak f € M(a, b) prdvé kdy

f'(x)=0
skoro vSude v {a, b).

Dikaz. Nutnost podminky vyplyva z lemmatu 2.14. Nechf tedy je f'(x) = 0 skoro
viude v {a, b). Pak f,(x) = [7(f'(t)dt = 0 pro viechna x e {a, b). Z lemmatu

2.15 pak vyplyva, Ze V f = r(f, a, x) pro viechna x € <a, b), coZ podle véty 2.2 zname-
na, %e f € M(a,b). Tim je v&ta dok4zéna.

Poznadmka. Funkce fe V(a, b) se nazyva singularni, jestlize f'(x) = 0 skoro
viude v {a, b). Véta 2.4 tedy tvrdi, Ze f € M(a, b) pravé tehdy kdyZ f je singuldrni
v {a, b).

Lemma 2.16. Necht f je absolutné spojitd v {a, b). Pak

b
d(f, a, b) = .[ L+ £2(x)] dx .
Dikaz. Je podan v [2], str. 543.

Vita 2.5. Necht fe V(a, b) Pak plati
b b b
d(f, a, b) = f JIL+ 2] dx + V£ — J 1F/(%)] dx .

Dikaz. Polome f,(x) = [3 |f(f)| dt, v/(x) = V f pro x € <a, b). Z lemmatu 2.15
vyplyva, %e v/(x) = r(f, a, x) + f,(x); funkce f; je absolutn& spojitd v <{a, b) a
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r(f, a, x) € M(a, b) (disledek véty 2.2). Z lemmatu 2.11 a vty 2.3 nyni plyne

(i) d(f’ a, b) = d(vf’ a, b) = d(fl’ a, b) + r(f’ a, b) .

JelikoZ r(f, a, x) € M(a, b), jest (véta 2.4) r'(f, a, x) = 0 skoro viude v {a, b) a tedy
|f(x)] = vj(x) = fi(x) skoro viude v <a, b). Podle lemmatu 2.16 mame

b b
@ e n = [V 6 = VI 8
Podle lemmatu 2.15 jest

(i (0 D) = Vs - [ 9] e

Dosazenim do (i) ze vztahi (ii), (iii) dostaneme tvrzeni véty.
Poznamka. Funkce maximalni délky byly vySetfovany z pon€kud jiného hlediska
v [1].
Literatura
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matematiky, ro¢. 81 (1956), 172—180.
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Adresa autora: 461 17 Liberec, Halkova 6'(Vysoka $kola strojni a textilni).

Zusammenfassung
UBER DIE KURVEN VON MAXIMALER LANGE

MiLosLAV NEKVINDA, Liberec

Es sei K eine Kurve, die durch die Gleichung y = f(x), a < x < b gegeben ist.
Es sei vorausgesetzt, dass f stetig im Intervall {(a, b) und von beschrinkter
Schwankung ist. Von der Kurve K soll gesagt werden, dass sie von maximaler Linge

b

ist, wenn die Beziehung d(f, a, b) = b — a + Vf gilt, wobei d(f, a, b) die Linge
b a

der Kurve K und Vf die Schwankung der entsprechenden Funktion f im Intervall

a
{a, b) bedeuten. In der Arbeit werden die Eigenschaften von Kurven maximaler
Léinge untersucht. Es wird u. a. gezeigt, dass der folgende Satz gilt: Eine Kurve K ist
genau dann von maximaler Linge. wenn die ihr entsprechende Funktion f singular
ist.
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RECONSTRUCTION OF A TREE
FROM CERTAIN MAXIMAL PROPER SUBTREES

LADisLAV NEBESKY, Praha
(Received February 3, 1972)

B. MANVEL [4] has proved that a (finite) tree T can be reconstructed up to an
isomorphism from its set of non-isomorphic maximal proper subtrees, excluding
the cases when either (a) T has exactly four vertices, or (b) T has exactly six vertices
and exactly three of them are terminal. In the present paper we shall demonstrate
that we can obtain the same result by replacing the set of non-isomorphic maximal
proper subtrees by its certain subset. For Manvel’s reconstruction of a tree and also
for other ways of reconstructing a tree from subgraphs (see [3], [2], and [1]) the
notion of a center of a tree is important. In the present reconstruction an important
role will be ascribed to certain vertices which we shall call a focus and a pseudofocus.

First we introduce the necessary notions and symbols (for basic notions of theory
of graphs, see [5]). By a tree we shall mean a finite tree. Let T be a tree. By a subtree
of T we shall mean a connected subgraph of T. By a maximal proper subtree of T
we mean a tree which we obtain from T by deleting one of the terminal vertices of T.
By V(T), I(T), C(T), d(T) and r(T) we denote its vertex set, its set of terminal vertices,
its set of centers, its diameter and its radius, respectively. If u, veV(T), then by
dy(u, v) we denote the distance between u and v in Tand if w € V(T), we denote

(1) rr(w) = max {dg(w, c) | ce C(T)} .

Moreover, we denote

) I(T) = {veI(T) | ro{v) < j}, for 1<j=nT);
I(T) = {vel(T) | rs(v) = j}, for 1=j=nT);
(3 ¥(T) = min {j | either j = H(T) or |[I(T)| = 3} .

We say that a maximal proper subtree T’ of the tree T is a y-subtree of T if there
is u € Iy(T) such that we obtain T” from T by deleting the verex u.
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If T, is a tree, |V(Ty)| 2 2 and v € I(Ty), we say that (T, v) is a branch or a branch
rooted in v. Branches (T}, v,) and (T3, v,) will be isomorphic if the trees T, and T,
are isomorphic and if there exists an isomorphism between T; and T, in which
v, and v, correspond to each other. We say that a branch B is a branch of T rooted
in v, if B = (T, v) where T, is a subtree of T such that the only vertex w in T, which
is joined to v by an edge fulfils the following condition: u € V(T,) — {v} if and only
if u e V(T) and w lies on the path connecting  and v in T.

Let T be a tree with at least one edge, and if [I(T)| = 3, let T be such a y-subtree
of Tthat d(T") = d(T). We say that u € V(T) or u’ € V(T") is a focus of T or a pseudo-
focus of T, respectively, if the following conditions hold: (i) there are at least two
branches of T or T’ rooted in u or u’, respectively, such that each of them contains
at least one vertex from I,r)(T) or I q)(T"), respectively; (ii) if v € V(T) and ry(v) <
< rg(u) or if v’ eV(T’) and rp(v') < rp(u’), then all the vertices of I,.(T) or
Lry(T"), respectively, lie in exactly one of the branches of T that are rooted in v
or in exactly one of the branches of T’ rooted in ¢', respectively. By F(T) or P(T’)
we denote the set of foci of T or the set of pseudofoci of T”, respectively. It is easy
to see that 1 < |F(T)| £ 2, 1 £ |P(T")| £ 2, and if |F(T)| = 2, then F(T) = C(T)
and if |P(T")| = 2, then P(T’) = C(T"). If |F(T)| =1, we denote f(T) = ry(w),
where w is the focus; if |F(T)| = 2, we put f(T) = L. If |P(T")| = 1, we denote
P(T’) = rr.(w’), where w’ is the pseudofocus; if |P(T")| = 2, we put p(T") = 1.

Example. Let T; denote the tree in Fig. i, 1 £ i < 3. Then y(T,) = y(T;) =
= ')’(Ta) =3, 13(T1) = {31’ 1y, “1}, Ia(Tz) = {52, t3, Uy, Uy, Wz}s Is(Ts) =
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= {83, t3, U3, 03, W3}, C(T3) ={ey}, F(TY) ={f1}, C(T3) = {c2. 3} = F(To),
C(Ts) = {c3, e3}, F(T3) = {c5}, and f(T;) = f(T3) = f(T3) = 1.

For the remainder of the present paper we shall assume that a tree T'is given such
that |[V(T)| 2 2, [V(T)| =+ 4, and that if [V(T)| = 6, then |I(T)| * 3; by R we denote
its set of non-isomorphic y-subtrees. If R contains trees of different diameters or if it
contains a tree with at most two terminal vertices, then y(T) = r(T); thus I,.,(T) =
= I(T) and from Theorem 1 in Manvel [4] it follows directly that T can be recon-
structed up to an isomorphism from R. This proposition is complemented by the
following theorem:

Theorem. Let the set R not contain any tree T, with |I(To)| < 2, and let all the
trees in R have same diameter. Then T can be reconstructed up to an isomorphism
Jrom the set R.

Proof. It is easy to see that d(T") = d(T), n(T") = (T) and |C(T")| = |C(T)),
for every T’ € R. First we determine y(T).

(A) Let there be m, 1 < m < r(T), and Ty, T, € R such that |I(T})| * |I(T)]
and that for any n, m < n < r(T), and for any T’, T" € R it holds that |I,(T")| =
= |I(T")|. Denote h = max {|I,(To)| | To € R}. Obviously, h = 1. If h = 1, then
for every y-vertex of T it holds that ro(v) = m + 1;thusalsop(T) = m + 1.Ifh = 2,
then there is a y-vertex u such that rr(u) = m and there is no y-vertex w such that
re(w) > m; thus y(T) = m.

(B) For any T, T,eR and for any m, 1 < m £ H(T), let |I(T})| = |I(T>)|.
Then for any y-vertices v, and v, of T, rr(v;) = r¢(v,). Thus |I,1,(T)| = 3, and
if p(T) > 1, then I,¢)—4(T) = 0. For any T, € R, |L,1(Ty)| 2 2, and if y(T) > 1,
then |I,(r)-4(Ty)| < 1. Thus o(T) = min {j | |[I(T,)| = 2}, for any T, e R.

As we know y(T), we also know I, 5(T") for any T’ € R and thus we easily determine
P(T’) and p(T"), for any T’ € R. Obviously, |[F(T)| = 1 if and only if [P(T,)| = 1,
for any T, € R; |F(T)| = 2 if and only if there is T € R such that |[P(T")| = 2. Thus
we have |F(T)| = max {|P(T;)| | To € R}. If |F(T)| = 2, then f(T) = 1. Let |F(T)| =
= 1. It is easy to see that there exists T, € R such that p(T,) % f(T) if and only
if there exists a branch of T rooted in the focus which contains exactly |I,(T)(T)| -1
y-vertices of T. Thus if for T, € R, p(T,) * f(T), then p(T;) > f(T). Obviously, there
is T" € R such that p(T’) = f(T). Thus we have f(T) = min {p(T,) | Tp € R}. Now
we shall demonstrate the remaining part of the reconstruction of the tree T.

(1) Let |R| = 1, let T be the only element of R, |[P(T’)| = 1 and let there be at
least two different branches B, and B, of T’ rooted in the pseudofocus such that B,
and B, each have exactly one edge. Then T can be reconstructed by adding an edge
to the pseudofocus of T".
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(I1) Let case (I) not hold. Consider any Ty, € R. If |F(T)| = 1, then by v, we denote
the vertex of T, such that rp(vp) = f(T) and that v, lies on the path connecting
the pseudofocus with the center if |C(To)| = 1, or with the nearer center if |C(Ty)| = 2;
any branch of T, rooted in v, will be called a fundamental branch of T,. If |[F(T)| = 2,
we shall describe as fundamental branches of T, the two branches of T, each of which
is rooted in one center of T, while also containing the corresponding second center

0
”\
_ N
~O-

il

Q

Q

Fig. 2. Fig. 3.

If |F(T)] = 1, then by a focus branch of T we call every branch of T rooted in the
focus; if |F(T)| = 2, then we describe as focus branches of T the two branches of T
each of which is rooted in one focus of T while also containing the corresponding
second focus. It is easy to see that for any focus branch B of T there is T' € R such
that B is isomorphic to a fundamental branch of T".

By X we denote such a set of non-isomorphic branches that it hqlds (1) if BeX,
then there is T’ € R which has a fundamental branch isomorphic to B; (ii) if To € R
and if B, is a fundamental branch of T, then there is B € X such that B, and B are
isomorphic. If Be X, T' € R, then by g(B, T’) we shall denote the number of funda-
mental branches of T’ which are isomorphic to B. Moreover, we denote g(B) =
= max {g(B, T") | T' € R}. Let By, B, € X; we shall write B, — B, if there is T, € R

47



such that it has a fundamental branch B, isomorphic to B, and containing a vertex
v € L(p)(T,) such that if we delete v from B, we obtain a branch isomorphic to B,.

We say that B € X is extraordinal if simultaneously (a) there is no B’ € X such that
B’ - B, (b) there is B” € X such that B » B”, and (¢) g(B, T,) = g(B), for any T € R.
If B e X fulfils (a), then it is isomorphic to a focus branch B, of T; if moreover B
fulfils (b), then B, has at least two edges and it contains a y-vertex. It is easy to see
that if B is extraordinal then all focus branches of T which contain any y-vertex
are isomorphic to B; thus X contains at most one extraordinal branch.

By G we denote the directed graph with the vertex set X which is defined by the
binary relation —. Obviously, G is acyclic. Every vertex B of G is evaluated by the
positive integer g(B). Now, we define a new evaluation h(B), for every Be X, as
follows: (i) if B is extraordinal, then h(B) = g(B) + 1; (b) if B is not extraordinal
and if there is no B’ € X such that both B’ — B and h(B') % 0, then h(B) = g(B);
(c) if B is not extraordinal and if there is B’ € X such that B’ — B and h(B') # 0,
then h(B) = g(B) — 1. As G is acyclic, h(B) is uniquely determined for every B € X.
~ Let Be X. Then B is isomorphic to no focus branch of T if and only if g(B) = 1
and there is B’ € X such that B’ — B and B’ is isomorphic to a branch of T. B is
isomorphic to exactly n > 1 focus branches of T'if and only if either (a) B is extra-
ordinal, and g(B) = n — 1, or (b) B is not extraordinal, g(B) = n, and there is no
B’ € X such that B" - B and B’ is isomorphic to focus branch of T, or (c) B is not
extraordinal, g(B) = n + 1 and there is B’ € X such that B’ —» B and B’ is iso-
morphic to any focus branch of T. By induction we have the result that every Be X
is isomorphic to exactly h(B) focus branches of T. As every focus branch of T is
isomorphic to some B e X and since we know the number of foci of T, then T can
be reconstructed. The case when |F(T)| = 1 is obvious. If |[F(T)| = 2, then T has
exactly two focus branches; they have one common edge joining the foci.
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BOUNDARY VALUE PROBLEMS FOR LINEAR PARTIAL DIFFERENTIAL
EQUATION WITH CONSTANT COEFFICIENTS.

HOMOGENEOUS EQUATION IN THE HALF PLANE

JAN CHRASTINA, Brno
(Received May 3, 1972)

Certain types of functional spaces corresponding to each type of partial differential
equations are known which are, in a certain sense, suitable for their investigation.
This is a common approach to this theory. It is also possible, however, to look for
such a space in which suitable boundary problems could be solved for the largest
possible class of equations. The summary of the corresponding results is given in the
book [1] where boundary value problems in the half space for the operator
p(0]0x) &"[ot" + ... + po(0/0x) (pos ..., pn being polynomials) with p,(x) =1
are studied. The last condition is remowed in the presented paper.

We investigate a nonstandard space of distributions where boundary problems
for an arbitrary differential operator with constant coefficients in a given half plane
can be formulated and solved. Although the results are more complicated than those
in the book [1], it is possible to give quite elementary proofs, which are more concise,
technically simpler and perhaps even more complete. Qur conception seems to be
useful even if the variable x is a vector. These considerations seem to be connected
very closely with the papers [2], [3] where the elliptical case is studied.

The case when p, £ 1 and the polynomial p, even has real roots, leads after
Fourier transformation to an equation the solution of which has singularities.
We can see that this case occurs in some types of problems even if p, = 1. It appears,
e.g., in the case of nonhomogeneous equations which will be dealt with in the next
part of the paper.

1. Function and distribution spaces. Let L be the space of all functions w(x)
(=0 < x < o) such that |w| = f|w(x)| dx < oo, with usual topology. Let P
be a polynomial such that P(x) % 0 for real x. We denote by PL the space of all
functions v (v = Pw, w e L) with the norm |[v]|p = |[v/P||. Put & = UPL with the
topology of inductive limit. P
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Let Q be a polynomial such that Q(x) & 0. We denote by Q~'.% the space of all
distributions u defined in the domain —o0 < x < oo such that Qu e £. The map
u — Qu has a finite-dimensional kernel and the topology in the space Q™1 is,
by definition, the weakest separated topology for which the exactly given map
is continuous. Put & = UYQ~1.Z with the topology of inductive limit.

Q

2. Explicit form of a distribution from the space 2. Distribution u is defined
if the values (u, @) are given for all functions ¢ € Cg with a sufficiently small support.
Choose a real number a and let Q(x) = (x — a)° Qy(x) (s = 0, Q,(a) # 0). Let
ae Cy be a function such that a(x) = 1 in a neighboarhood of the point x = a.
Then for all functions ¢ € C§, the support of which is in a small neighbourhood
of the point x = a, the equation

(1) (u, ) = (Qu, ¥y + Z ¥ (“)

holds where we denote
@ v=o(o-ay T a), - watx- ).

Clearly Y € Cg and according to the suppositions Qu = ve ¥. We also see that
the function U = v/Q is determined by the distribution u almost everywhere and
at the same time we can write the equation (1) in the form

(1) u, 0y = [Uow dx + z ¢ (“)

Function U will be called an (ordinary) component of the distribution u. It is clear
that a function U(x) (—o < x < c0) is a component of a distribution u € 2 if and
only if there exists a polynomial Q (Q(x) % 0) such that v = QU e Z.

Unfortunately, the numbers a . depend on the choice of function « and therefore
they are of no invariant s1gn1ﬁcance It is, however, important that the numbers u] ,
(j=s,s+1,...) are already defined by the component U:

(3) ul . = (u,ax — a)f) Ua(x —a)dx (j=ss+1,..)

and generally that the knowledge of the component U and of the numbers u] ,
(j=ec c+1,...; c 2 0)is equivalent to the knowledge of values (u, ¢ for those
functions ¢ for which ¢(a) = ... = ¢“~(a) = 0.

A a rule, for the sake of brevity, the indices , , will be omitted.
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3. Fourier transform. We shall limit ourselves to some brief remarks concerning

the notation. By # we denote the Fourier transform of the distribution u. This
transform is defined for u = we L to be

() = J uloc) e~ dx:,

In other cases the distributions # will be defined on the domain —o0 < ¢ < ©
as well. The spaces L, PL, %, Q"'%, A lead to the spaces L*, (PL)" = PL", ...

., A ". The topology is defined in the usual way for the transform * to be a homeo-
morphism. E.g., to the space # * there belong such distributions 4 that Q(—iD) 4 =
= P(—iD) w, where P, Q are the corresponding polynomials, we L, D = D, is the
derivative in the distributional sense.

4. Distribution depending on parameter. If, e.g., the distribution u = u(f) e "
depends on a parameter ¢, we shall denote its derivatives according to the parameter
in the sense of topology of the space 4 by (d’/d#)(f). Analogous notation will
be used for other spaces as well. For example,

(d ] ()) - u(t) vhere we denote: 8= (WH)* :
t
Further, we shall need the rules

—pu(t)—p— u(®), <P ()—w—u(t)

u = {u(?), ) s
(510 «p> (o) 09
where p is a polynomial, ¢ € C3, ¢ is the derivative in the elementary sense.

5. Conclusions from inductive limit topology. Let the distribution u = u(f) e o
(a £t < b) depend continuously on the parameter t. The interval a <t < b
is compact, therefore there exist polynomials P, Q such that u(f)e Q~'.%, Q u(f) e PL
(a £t < b). At the same time the function Q u(f) depends continuously on the
parameter ¢ in the space PL.

The preceding conclusion holds to a certain extent also for the noncompact
intervals. Let us say that the distribution u(f) (a <t < o) is tempered if there
exists N (N 2 0) such that
4) lim u(t) £ = 0

t—

in the sense of the corresponding topology. We can see that if the distribution u(f) €
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(a <t < ) is tempered and depends continuously on the parameter ¢, then again
u()e Q7'%, Qu(t)e PL (a <t < o) for the appropriate polynomials P, Q.
At the same time the function Q u(t) is tempered in the space PL.

6. Equations in the spaces ¢, )¢ *. We shall deal with the conditions
- i
()" Pa(=iD) — (i) + .. + po(~iD) i(f) = 0,

df)e X (0=<t< o), at)istempered.

Moreover, we suppose that p,(x), ..., po(x) (n = 0) are given polynomials, p,(x) # 0,
D = D; is the derivative in the sense of distribution theory. By Fourier transform
we get an equivalent problem

5) (%) f:: u(t) + ... + po(x) u(t) = 0

u()eX (0<t< o), u(t)istempered.
7. Ordinary differential equation with a parameter. Let us consider the conditions

(6) PuXx) U™ + ... + po(x) U =0, U=U(x,1) (—0 <x<00,0=t< ),
there exists N (N = 0) suchthat limU(x,#)t ™" =0.
t— 00

The index ¢ means the derivative according to the parameter ¢, both the derivative
and the limit being understood in the elementary sense of the classical analysis.
Thus we have an ordinary linear differential equation the coefficients of which are
constants dependent on the parameter x. In the following lemmas we imagine that
this parameter is fixed. The function U will interest us except sets of measure 0 with
regard to the parameter x.

8. Main problem. The aim of this paper is to prove that if (5) holds for the distribu-
tion u(t), then its component U fulfils (6) provided that we adapt it conveniently
on a set of measure 0. Conversely, we wish to prove that if U(x, #) is the component
of a distribution u(¢f) € &~ dependent on the parameter ¢ and’'(6) holds at the same
time, then U is the component of a distribution u(r) for which (5) holds.

9. General lemma. Let .# be a compact topological space. Let ¥", W be normed
vector space where the space ¥~ has a finite dimension. Let T, (Z € #) be a linear
transformation of the space ¥~ into the space W such that every vector T,Y (Z € #,
Ye ¥") depends continuously on the point Z. Then there exists a constant M for
which |Ty| < M (Z e #).

This lemma is evident.
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10. Lemma, Let z,, ..., z, be the roots of the polynomial p,z" + ... + po(n 2 0,
Pn#0). Then |z;| £ C =1+ |puey/pa| + ... + |Po/pal G =1,..., m).

This lemma is well known.

11. Lemma. There exists a constant M, such that for every solution y(t)
(=00 < t < ) of the differential equation p,y™ + ... + poy = 0 the inequalities
O] S M KL+ i) e(y(0)] + -.. + [y* @) (o0 < 1 < 0, =
= 0, 1,...) hold where C is the constant from 10.

Proof. Let ¥~ be the vector space of all n-tuples Y = (o, ..., ¥,—4) With the norm
[¥]+ = |yo| + ... + |Vu1]|- For every vector Z = (zy, ..., z,) let T,Y = y be the
solution of the equation y® — ¢,y®" D + .+ (=1)"6,y =0 (0y =2z, + ... +
+ Zpy.ees Oy = 2y ... 2,) determined by the conditions y(0) = y,, ..., y""1(0) =
= y,_1. It is easily verified that

(D) Te(yos -+os Yu=1) (tle) = Tzi(yos Y1/ oo os Yu-1]e"" 1) (£) (—o00 <t < ).

Let # be the vector space of all functions w(f) (— oo < t < o0) such that w|, =
= sup |w(t)| (1 + || ™**) ™!l < 0. (The continuous dependence of the vector
T,Y on the vector Z follows quite simply from the fact that the space of all vectors
of the form T,Y is finite dimensional and therefore any two norms are equivalent in it.
It suffices to take for one of these norms the usual norm ‘“sup” on a nonvoid interval
(for which the continuous dependence is well known), for the other the norm |. ||4-.)
Let  be the set of those Z for which |z,| £ 1,...,|z,| £ 1. According to 9 there
exists a constant M, for which |T;| = M, (Z € #).

If the polynomial p,z" + ... + poz has the roots zy, ..., z,, then evidently y(t) =
= T(¥(0), ..., y®~(0)) (). Let C be the constant from 10. Then Z/C e .# and
therefore according to (7) the inequality

sup [y(0)| (1 + [Ce| 7)™ = [y(t[C) |4 =
= [ Tzc(3(0), .., y*=2(O@)[C"") (| = M, |(5(0), ... y*~P(Q)[C* )5 =
= M(y(O)] + ... + [y*~(0)))

holds. This is, however, the required inequality for the case j = 0. The other cases
J=1,2,... are already easy consequences of the preceding one.

12. Lemma. Let the polynomial p,z" + ... + po (n 2 0, p, % 0) have the roots
Zy, ..., 2, such that

(8) Rez; £...<Rez, <0< Rez,,; <...ZRez,

for some m (0 < m < n). Then for every number y, ..., -1 there exists exactly
one solution y(f) (— o < t < o) of the differential equation p,y™ + ... + poy =0
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for which y(0) = yq, ..., Y™ (0) = y,_; and such that for every positive & it is
lim y(f) e™* = 0.
1= -

Proof. Let the curve € circle the roots z,, ..., z, in the plane of the complex
variable z. It is well-known that the function

O J_I Yo(PaZ ™t + .+ P) + yi(PuZ" Pt A P F et Doy,

2ni ) ¢ Dz + ... + Do

is the only solution of the equation p,y™ + ... + poy = 0 for which y(0) = y,, ...
cweg IO I(0) == 3,y
The condition with the limit holds if and only if z,,, ..., z, are regular points
of the function after the symbol of integral. It occurs if and only if there are suitable
constants a,,_q, ..., dg, by = ap_y, by, ..., b, for which
Yo(Puz" ' 4+ .+ P)+ o+ Py A2 Ay

PaZ" + ... + Po (z=2z)...(z — zu) B

bo(z" ' — )z + .+ (—1)" Yoy s) + by(z" R =02+ L+
+ (_1)"!-2 a',‘"_l + e + bm—l

(z—=21)...(z — zp)

holds, where we denote 6} = z; + ... + Zpy oo+, Oy = Z; ... Z,,. We see that

1 J‘bo(z'"‘i 4+ .ot OGpy) oot by e?dz (-0 <t < o)
€

9 t) = —
®) 0 2mi (z=20)...(z — zp)
at the same time it is clear that

(9') b0=y(0) = .Vo,---, bm—l = y(m-l)(o) = y"l-l'
Hence the existence and uniqueness follows.

Remark. From equation (9) it follows that the function y(¢) is a solution of the
equation

(=2)e =2y =y™ — ™V + .+ (=1)"apy =0.

13. Lemma. Under suppositions 12 there exists a constant My such that the
inequalities |yUt)] < MyC™= (1 + (") (|y(O)| + ... + [y D(0)) (0=t <
< 0, j =0,1,...) hold for the corresponding solutions.

Proof. Let ¥ be the vector space of m-tuples Y = (yq, ..., Yu—y) With the norm
[Y]ls = |vo| + ... + |Vm=1|- For every vector Z = (z, ..., z,) such that (8) holds,
let T,Y = y be the solution of the differential equation y™ + ¢,y®~V 4+ ... + 0,y =
= 0 determined by conditions y(0) = y,, ..., Y™ (0) = y,—y, lim y(t)e™* =0

t—* o0
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(e > 0). Let % be the vector space of the functions w(t) (0 < t < o) such that
[w]w = sup [w(t)| (1 + || ™™*') < 0. Let # be the set of such vectors Z =
= (24, ..., 2,) that (8) holds, |z, + ... + |z,| £ 1. By (9), (%) the vector T,Ye #
depends continuously on Z € .#. The reasoning is then analogous to that of 11.

14. Lemma. Let F(f) (0 < t < o0) be a continuous function such that lim F(t) .
 Sndl]

.17V = 0 for a suitable positive N'. There exists at least one function y(t) (0 £ t <
< o) for which

(10) p,y™ + ...+ poy = F, limy(t)t™ =0 for a suitable positive N .

t—> o

Proof. Let us take the function j(¢) (— o0 < t < o) for which
P + .o+ poy =0, §(0)=..=3""20)=0, y*V(0)=1.

It is possible to write § = ¥, + j_ where p,j% + ... 4+ poys+ = 0 holds again
and at the same time 7,(¢) (—o0 < t < o0) is a function such that lim j,(f) ™ = 0
and §_(f) (—oo < t < 0) is a bounded function. o

The function

() = f’mt _ ) F(x) dr — ry_(z _ ) F@)dr (0<t< o)

0 t

is sought. It follows from the obvious fact that there is

i J;y(t ~ 1) F(e) dv — J "yt — 9 F(@) de

0

where the first summand is a solution of the non-homogeneous equation and the
second is a solution of the corresponding homogeneous one.

15. Lemma. Under the suppositions 12, 14 there exists exactly one function
¥(t) (0 = t < ) such that (10) holds, y(0) = yo, ..., Y™ V(0) = yp—;.

This is an easy consequence of 13, 14.

16. Lemma. Let (5) hold. There exists a function y(x,t) such that for every N
(N =0,1,...) there exist polynomials P, Q (Q(x) % 0) for which (d’[d¢#') Q u(t) =
=y, 1) = (d/[d¢’) y(,f)e PL (0 < t < 0, j = 0, 1, ..., N).

Proof. It is convenient to choose the number N sufficiently large. Then let N > n.
Further choose the constant N”. By 5 there exist polynomials P, Q (Q(x) # 0) such
that (d’/d¢) Qu(t)e PL(0St < N', j=1,...,N), Qu(t)e PL(0 £ t < o). Let us
denote Qu(t) = v(~,t) and let y(x, t) be the function defined by the conditions
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¥(x,0) = v(x, 0), ..., YV x, 0) = (d"~*[d" 1) v(x, 0),

(12) . Pa(X) Y™ + ...+ po(x) y = 0.

We suppose that x is a parameter, ¢ is the derivative according to the variable t.
(The function y is determined only for almost all values of the parameter x but the
sets of measure 0 are not essential.)

First we shall prove that yJ(-, 1) = (d¢//d¢) o(-, 1) (0 < t < N, j = 0).

Let Q be an arbitrary compact interval where

(1 + |pa-1(x)/pa(x)| + ... + |Po(x)/Pa(x)]) = C(x) < constant .

From the ihequalities in 13 and from the Lebesque theorem on majorant convergence
it follows that for an arbitrary polynomial p,

()]
v“py(l)dx=<J‘pydx) (—oo<t<00,j=0,1,---,")-
0 2
Therefore

(m)
(J.p,,ydx) +...+Ipoydx50 (—0 <t < ),
2 2

) a’ @)
pydx) =| p—ovdx = pv dx (t=0,j=0,...,n—1).
2 o dv a

From these equations together with the equation (5) multiplied by the polynomial Q
it follows that the function 4 = y — v satisfies the relations

(n)
(J‘p,,ddx) +...+.[p0Adx=0 (0=t=<N),
o T Ja

)
(J‘pddx) =0 (t=0,j=0,...,n—1).
2

Integration yields

Lp,(x) Alx, i) dx + ﬂ Lp,_,(x) A, 1) dx dt, + ...

’ t 1 th-2
+f J J' fpo(x) A(x,t,—,)dxdt,_y...dt; =0 (0=t=<N').
oJo Jo Ja

This identity holds if we take instead of the interval £ its arbitrary subset @ <= Q.
Let us fix ¢ and let @ be a subset such that the functions Re p,4, Im p,4 of the
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variable x do not change the sign on it. Then

<2

J‘ [p.4] dx = Rej |pad| dx + Imj‘ |pad4| dx =
o e 6
ReJ.p,,A dx| + =<

Imj pad dx '[ p,4 dx
L) ) )

t t tn—
_S_2(J‘ Ilp,_lAldxdt1+...+f J'”J. 2J' IpoAIdxdt,,_l...dt,).
0Je odJo Jo Ja

Since the interval Q can be expressed as a union of four subsets @ of the above
mentioned type, it must be

t
flp,,d|dx§2<'|ﬂj‘[p,,_lAIdxdtl + ... +j...f|p0A|dx...dtl <
2 oJa o Jo
t t
< 2 const. ('f J’ |p.4| dx dt, + ... +.[-[ |p.4] dx ... dt1>.
0Ja o Jo

This inequality holds for every t (0 <t < N’) and hence it easily follows that
Ja |Pad| dx = 0, therefore p,(x) 4(x, t) = 0 (x € Q) for every ¢ (0 < t < N’) and for
almost all x and even, with regard to the arbitrariness of the interval Q and the
constant N, p,4 = 0 almost everywhere.

Thus we proved that y = v + 4 = p, therefore

. d/
ND=—9p 0=t<oo,j=0).
yP=—50 )
The case when j = 1, 2,... can be investigated in an analogous way by means

of relations (5), (12) derived according to t. At the same time it is necessary to consider
that our functions y, v fulfil y¥(x, 0) = (d’/dt) v(x,0) (j = 0, 1,...).

17. Theorem. Let (5) hold. Then for the corresponding component (suitably
modified on a set of measure 0) (6) holds.

Proof. In 16 choose N > n. From the equation (d//d¢#’) Q u(t) = yU)(=, 7) (j = 0)
it follows that we can choose U(x, f) = y(x, t)/Q. (The roots of the polynomial Q
are inessential.) From (12) it follows that p,y™/Q + ... + poy/Q = 0, which is the
first one of the equations (6).

According to 5, (5) the polynomials P, Q(Q(x) =% 0) exist such that
lim |Q u(f) t™¥|p = 0 for a suitable N. We can suppose P, 0, N to be the
= 0

same as the corresponding items from 16. Then Q u(f) = y(v,¢), therefore
lim ||y(x, £) t™¥||, = 0. By the Riesz theorem it is possible to choose from every
=00
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sequence ty, t,,..., =00 a subsequence ft,,t,,, ..., o0 such that for almost all x,
lim y(x, t,,j) t,,‘j" =_0. The function y is, however, a solution of the differential

t— o0

equation (12), therefore it must be, moreover, lim y(x, f) t™ = 0 for almost all x.
t—> o

The sets of measure 0 are, however, inessential.

18. Analysis of equations (5). Let (5) hold. Let Q be a polynomial from 16. If a, «, ¢
have an analogous meaning as in 2, then the relation corresponding to (1):

(13) u(t), > = <Qu(t), > +,‘§, %’)uf(t)

holds where ¥ € Cg, u/(t) = <u(t), o(x — a)’). The function Q u(t) = y(-, 1) satisfies
(12) where instead of derivatives ¢’ we can write d’/d¢’ therefore according to the
rules from 4 we have

0= p,,d—:u(t)+...+pou(t),(p = p,,d—:y(',t)+...+P0)’(',t),<p +
< dt > < dt >

+ T PO ) + . o) =L T 33 pturrton.
j=o j! i=o j! k=01

where we denote
n(x) = le,"(x —a) (k=0,...,n).

Since the function ¢ is in general arbitrary, the equation

14 - T SAWEE =0 (j=s—1,..,0).
k=0 1
must hold.

It is also evident that

(15) thereexists N (N 2 0) for which limu/(f)t™ =0 (j=0,1,...).
t— o0

19. Definition. Let Q, be the set of those numbers x = a for which p,(a) =
= ... = po(a) = 0. For x ¢ Q_ let z,(x), ..., z,(x) (r = r(x), 0 < r(x) < n) be all
roots of the polynomial p,(x) z" + ... + po(x) with the corresponding multiplicity.
For the sake of definiteness, let Rez,(x) < ... £ Re z,(x) £ 0 < Re z,44(x) <
< ... S Rez(x) (m = m(x), 0 < m(x) < r(x)). Denote by Q, the set of those
numbers x for which m(x) = c. Further, denote Q° = Q,u...U Q,, Q' =Q, U
U uQ,.., 2 =0,
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20. Solution of equations (6). Choose the functions Gy(x), ..., G,—4(x)
(=00 < x < ). According to 15 the function U satisfying the relations (6) is
uniquely determined by the conditions

(16) U(x, 0) = Go(x) (x€R2'),..., U V(x,0) = G,—4(x) (x€Q")

From the inequalities in 13 it follows that if the functions G,, ..., G, are compo-
nents of some distributions, then for every ¢ (0 < ¢ < oo) this function U(x, ¢) is also
a component of a distribution of the space 2. From the same inequalities it is clear
that there exist polynomials P, Q (Q(x) % 0) for which

(17) QUY(-,f)ePL (0St<o,j=0,...n)
(18) IimU9(x, )t =0 (j=0,...,n).
t— o0

Now the question is whether the distribution u(f) whose component is U(x, t)
can be chosen so that (5) may hold. It sufficies if we solve this problem locally. Let
us choose the point x = a and suppose that (1), (1)’ hold or, in more detail, (13).
At the same time let us choose the polynomial Q so that (17) holds for a suitable
polynomial P.

21. Form of equations (14), (15). The functions uf, u***, ... are defined by (3).
It is important to realize that the corresponding relations (15) hold not only for
j=s,5+1,..., but according to (18)-it is, moreover,

(19) limu»P() ™" = limw* D)t =...=0 (j=0,..,n).

t—* o0 t—
Now, we have to define the functions u*~1, ..., u°. They satisfy the system of equa-
tions (14):

(14) pgus—l.(n) K s pgu:—-l =F,_,,
plus™2™ 4 pOusT? 4
+ put T L+ putTH = F,

pu®®™ 4+ pdu® +

+ plut®™ 4 . 4 plul 4+ ... =F,.

The functions F,_; = —plus®™ — ... — phu* — ..., Fo= —plu>®™ — .. —
— pou® — ... which occur there are well-known already. Moreover, let us realize
that according to (19),
(20) ImF(f)t™"=0 (j=s-1,...,0).

t—* o
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22. Solution of equations (14), (15) if a ¢ Q. In this case it is not p} (=p;(a)) = 0
(j =0, ..., n) and from the system (14) the functions u*~, ..., u° can be successively
determined in such a manner that (15) holds. In more detail: Let a € 2,. Then
according to (20), (15) these functions are uniquely determined by the numbers
w(0), ..., u™=10) (j = s — 1,..., 0) which can be taken arbitrarily.

23. Solution of equations (14), (15) if ae Q. Then pl = ... = pJ = 0 and the
first equation of the system (14) has the form F,_; = 0, therefore it is a condition
assigned to the functions already known. We prove that it is an identity so that
no nontrivial compatibility relations occur.

First of all we shall write the equation (12) in this form:

(P: +pix—a)+..)y"™+...+(po+p3(x —a)+..)y=0.

We know that y(s, {) = (d’/d#’) Q u(t) where Q = (x — a)* Q; (Q,(a) % 0). The
identity which is to be proved follows therefore easily in this way:

0= <(P: +pHx—a) +..)Y + ... + (ps + pa(x — a) +...) y, g—> =

n o " o
= <p,‘.y"+ ceo + DOYs —é—> + <p,%y“ + .+ p(z,y,a(x - a)> + .=
1 1

= <pu® + ... + pou, ofx — a)’> + <piu® + ... + poualx — af T + .=
= plus®™ 4 4 piut + puttt®™ 4 4 pluttt 4 ... = —F,_,.

It can be proved quite analogously that if p! = ... = py = 0 as well, then the
second equation of the system (14) has the form F,_, = 0 and it is again the identity,
etc. Thus we can see that there are no compatibility relations of the system (14) and
if the equations with the indices j = s — 1,...,j = 5 — ¢ are identically fulfilled,
then only the functions u*~%,...,u*”° occur in this system. For the functions
u*~c"1, ..., u® we have only the conditions (15).

24. Summary. An arbitrary distribution u(f) for which (5) holds can be obtained
in this manner: Functions Gy(x), ..., G,—4(x) are chosen which are components
of some distributions from the space . Then the component U(x, t) of the distribu-
tion u(?) is defined by the conditions (6), (16). A polynomial Q (Q(x) % 0) is chosen
so that (17) holds. In the neighbourhood of the point x = a the sought distribution
is defined by the equations of the type (1), (1), (13), where the functions u/(r)
(j =s-1,...,0), hitherto unknown, occur. They can be computed from the
equations (14), (15) where the functions F,_j, ..., F, are already uniquely defined
by the known component U. In more detail: Let a ¢ 2, and for the sake of defini-
teness, a € Q,,. Then the functions u*~%, ..., u° are uniquely determined according
to 15 if we choose arbitrarily the numbers u/(0), ..., u»™~1(0) (j =s — 1,...,0).

60



On the contrary, let a € Q_ and let ¢ be the largest number such that p;’ =..=
=p;7'=0 (j=0,...,n). From the equations (14), (15) only the functions
u(t), ..., u*"(t) can be computed (initial conditions at the point t = 0 must
be still chosen) but the functions u*~°~(¢), ..., u%(¢) are arbitrary in the main.

Corollary. If the component U(x, t) of a distribution satisfies the conditions (6),
then the corresponding distribution u(t) can be chosen in such a manner that (5)
holds.

Corollary. If (5) holds, then for every N (N =0, 1,...) there exist polynomials
P, Q (Q(x) £ 0) such that Q(d’/d¥)u(f)ePL (j =0,...,N;0 <t < o). This
derivative is to be understood as the derivative in the space PL.

In 2 we have already noted that the functions u/(f) have no invariant significance
by themselves but they are very closely connected with the restriction of the form
{u, @) to certain invariantly defined subspaces of the space Cg. It is advantageous
to understand our results exactly in this manner which is, however, a little clumsy
and therefore we shall not use it explicitly.

25. Definition. A point is called an ordinary point of the distribution u, if it has
such a neighbourhood that in this neighbourhood the distribution u is equal to its
component U. We say that the distribution u € %" (with the component U) is equal
to zero on a set Q if U(x) = 0 (x € Q) and if all points of the set Q are ordinary

points of the distribution u. If Q is an‘open set, then this definition agrees with the
usual one.

26. Theorem. Let Q_, be an empty set. Let us denote by Q the union of boundaries
of all sets Qo, ..., ,. Let p,(x) + 0 (x e Q), let gy, ..., g,—1 be distributions of the
space A~ such that all points of the set Q are their ordinary points. Then there
exists exactly one distribution u(t) having these properties: It satisfies the equation
(5), every point x € Q is an ordinary point of the distribution u(t) (0 <t < o),

every distribution (d*/df*)u(0) — g, (k =0,...,n — 1) is equal to zero on the
set Q<+1,

Proof. Let us choose the point x = 0 and suppose that in its neighbourhood the
relations (1)’ hold:

| s=1 ()
<gk’ (P> = J.GkQ'p dx +j§0 9-#_). gi (k = 0: ey B — 1) .

The component U is defined by the conditions (6), (16). In the neighbourhood
of the point a € Q, according to the inequalities 13, the function U(-, 1) (0 < t < )
is integrable and therefore we can take s = s(a) = 0, u(f) = U(s, t). Let a ¢ Q and
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for the sake of definiteness let a € Q,,. Then a € ' U ... U Q™ and then the equations

w®0) =gl (k=0,...m—1;j=0,...,5s — 1)
must hold. .

It is clear that the functions u°(t), ..., u~*(f) and thus also the distributions u(r)
are uniquely determined by these conditions and equations (14). At the same time
it is necessary to observe that the functions F,_,, ..., Fy can be computed by means
of the relations (3).

27. Example. Let us deal with the equation —iD(d/df) 4 + ci = 0, where n = 1,
p1(x) = x, po(x) = c. x(d/dt) u + cu = 0 holds for the function u, xU’' + ¢U =0
holds for the component U and the properties of these equations depend on the
behaviour of the polynomial xz + c.

Let ¢ = 0. Then 0 e Q,, and for x % 0 we have xe Q, = Q', r(x) = m(x) = 1.
Let us choose the distribution g,. From the equations (6), (16) it follows U = G,.
For the polynomial Q we can take an arbitrary polynomial such that Qg, e Z.
From the equations (14) it follows that for a = 0 it is u} = g{ ,, and for a = 0
we have the solution u$,' = c,_q, ..., u;, = ¢y, ul, = f(t). In general

s—1 s—1
u =g, +j§lc,_1D’(6/j!) +f(1)6, =4, +.;1cs_1(i§)f/j! + f(?).

Let ¢ + 0. Then @, = 0, for x < 0it is x € Qy, m(x) = r(x) = 1 and for x > 0
it is xeQy, m(x) = r(x) = 1. Clearly U(x, 1) = f(x) e™/* (x > 0), U(x,7) =0
(x < 0). First let us choose f(x) = 1. Then the definition equation of the distribution
u(?) can be written globally in the form

o0
Cu, @ = j e o(x) dx + Y. (1) 9(a)
0 a,j
where the sum is finite and ranges over a > 0,j = 0, 1,.... We have

° .
i = {u, ) = J e” TR dx + Y cl(1) (—i) €

0 a,j
the integral must be understood in the generalized sense and it could be possible
to express it by means of Bessel functions. The functions cJ(f) must be chosen in such
a way that the sum ), is a solution of the equation u,, + cu = 0. From the general

a,j
theory it follows that the numbers cJ(0) can be chosen arbitrarily. Secondly, let
us choose f(x) = 1/(1 — x). The definition formula for the distribution u(f) can
be written in the form

@ 0> = [ ee1(o() o) 9(0)

1—x

+ Ledr) 97a)
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(where a e C3, «(0) = 1) and in the sum the term c(t) ¢“(1) must be given since
in our case the corresponding polynomial Q is a multiple of the polynomial x — 1.
We see that

i = J'we_“/"(e"“" — ofx)) dx + Y ci(r) (—ig) ee.
0 1—x a4

The functions c}(f) must be still calculated and c}(f) plays a significant role.

It is clear that it could be possible to choose

() = J :e'“/" o)

dx
1 —x

, d=0 (j=12..).
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1. INTRODUCTION

Given a square matrix A, assign to it the directed valuated graph G(4) in the
natural way. If some elements of A are zero then many terms of det A vanish, of
course. In this paper, non-zero terms of principal and “almost principal’’ minors of
the matrix 4 and of matrices obtained by modifying its diagonal are described by
means of certain classes of subgraphs of G(A). This theory makes it possible to gener-
ate and to enumerate certain subgraphs of a given directed or non-directed graph
and yields inequalities concerning minors of matrices of a certain kind. Some general-
izations of results of the papers [1], [2] and [3] are given. Another application con-
sists in expressing the solution of the system of linear equations and the coefficients
of the characteristic polynomial of a matrix 4 and of its modifications by means of
subgraphs of G(4). These formulae are well-known and frequently used in the field
of electrical networks analysis (v. [3]).

2. PRELIMINARIES

Common concepts and terms from matrix and graph theory are used tacitly.

Let n be an integer. Denote N = {1, 2, ..., n}. Let F be a set. Denote by |F| the
cardinality of F.

Let A = (ay) be an n x n matrix and @ = K € N, § + L< N. Denote by Ag;
the submatrix obtained from A by deleting the rows and columns with indices from
N — K and N — L, respectively. Denote by G(4) the directed valuated graph con-
sisting of vertices 1,2, ..., n and edges (i, k) for each a; =+ 0. Each edge (i, k) is
assigned the value a,. By diag(dy, d, ..., d,) denote the n x n matrix M = (my)
such that m;; = d, for each i € N and all the off-diagonal elements m,, are zero. By
D(A) denote the matrix diag (Y a4, Y. @24 --.» 2. am). By I is denoted the identity

k*¥1  k*2 k*n

matrix of the appropriate order.
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Regard now det B as a polynomial in the n? elements b,, of B. Let r, se N. It is
easy to see that

(_1)!'"‘8 det BN—{r},N—(s) = aa det B .

rs

Suppose now r,se V= N, r % s. Put

mV,r,s)=r+s+|{jeN-V|r<j<s}| for r<s,
m(V,r,s)=m(V,s,1) for s<r.

It is easy to see that
(2.1) det(B-I)=(-1)"+ Y (-1 "ldetByy,
BFWEN

and more generally
(2.2) det(B—1I)yy = (-1 + ¥ (=1)"I="ldet By, .
GFWsV

Differentiation of (2.2) with respect to b,, yields

(2.3)

(_ l)m(V,r,s) det (B _ I)V—{r),V—{s) = ZW V(_I)IVI+IW|+m(W,r,s) det BW—(r),W—(s) .
r,seW S

Let G be a directed graph of vertices 1, 2, ..., n and V £ N. By G, denote the sub-
graph of G the vertex set of which is ¥ and the edges of which are all the edges of G
connecting two vertices from V. By C(G) (resp. D(G)) denote the class of all the span-
ning subgraphs (resp. of all the subgraphs) of G such that each component of them is
a cycle (in other words, a directed circuit). Let, j, k€N, j % k. By P;(G) (resp.
Q,(G)) denote the class of all the spanning subgraphs (resp. of all the subgraphs) of G
such that one component of each of them is a path from j to k, the other components
being cycles. Evidently, from each vertex and into each vertex of a subgraph from
C(G) or D(G) leads exactly one edge. The same is true for all vertices of subgraphs
from P;(G) and Q;(G) with the exception of j and k. By adding the edge (k, j)
(provided that it is contained in G) to a subgraph from P(G) (resp. Q;(G)) a sub-
graph from C(G) (resp. D(G)) is obtained. The empty subgraph (both the vertex and
the edge sets are empty) belongs to D(G). A root of a graph is a vertex from which no
edge leads. By L(G) denote the class of all the spanning subgraphs of G such that each
component of them is either a tree with exactly one root or a graph obtained from
a tree with exactly one root r by adding the edge (r, r). Intuitively, each edge of a
component of a subgraph from L(G) is directed “towards’ the root or the loop. Let
K = N. By Lg(G) (resp. L,(G)) denote the subclass of L(G) consisting of all the
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subgraphs such that the root set of each of them is K (resp. contains K). In this nota-
tion, L(G) = L,(G). Let r, s e N. By Lg(G) (resp. L{,(G)) denote the subclass of
Lx(G) (resp. Lx)(G)) consisting of all the subgraphs such that each of them contains
the vertices r, s in the same component.

Let H be a subgraph of the graph G(A) introduced above. Denote by n(H), ¢(H)
and o(H) the product of edge values, the number of components and the number of
roots, respectively, of H. Let K(G(A)) be a class of subgraphs of G(4). Denote

oK(G(4)) = > (-1)re®*@n(H),

HeK(G(A))

n being the number of vertices of G(A).

I. EXPANSIONS OF MINORS

Throughout this chapter, assume that A = (ay) is an n X n matrix over an in-
tegral domain, and that @ = V < N. Wherever the symbols R, S, r and s appear,
it is assumed that r,se VS N, r +s and the following notation is wused:
R=V-{r}, S=V-{s}, m(R,S) = m(V, r,s) (the function on the right side
was introduced above). '

3.A

(kX)) det 4 = &(C(G(4))).

Proof. Assign to each non-zero term ay;a,;, ... a,;, of det A a subgraph H
consisting of edges (1, iy), (2, i3), ..., (n, i,) of the graph G(A4). This is one-to-one
correspondence between non-zero terms of det A and subgraphs from C(G(4)).
Moreover,

sgn {iy, iz .vu i} = (— 1) 70

Consequently,
detA= Y (=1y"® n(H) = &(C(G(A4))).
HeC(G(A))
(32  det dyy = 9(C(Gy(4))) .

Proof. Observe that G,(4) = G(4yy) and apply (3.1).
33 (=1)"®5) det Aps = —D(P,(Gy(A4))).
Proof. Differentiate (3.2) with respect to a,,.
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4. A—1
@) det (4 — I) = &(D(G(A))) .
Proof. Substitute (3.2) into (2.1). The term (—1)" corresponds to the empty
subgraph.
42 det (4 — I),, = &(D(Gy(4))) .
Proof. Observe that (4 — I),, = Ay, — I and apply (4.1).

4.3) (= 1)"®S det (4 — I)zs = —B(Q,(Gy(4)) .

Proof. Differentiate (4.2) with respect to a,,.

5. A—D(A)

G.1) det (4 — D(4)) = ®(Ly(G(4))) .

Proof. If all the diagonal elements of A are zero then Ly(G(4)) = @ and so
®(Ly(G(A4))) = 0. Further, the matrix 4 — D(A) is singular since all its row sums are
zero. Thus (5.1) is true in this case. :

Suppose now that there exists an w € N such that a,,,, & 0. If n = 1 or if 4 is the
zero matrix then (5.1) is true. Suppose than n > 1 and that (5.1) is true for each square
matrix of order less than n and for each n x n matrix the number of non-zero ele-
ments of which is less than that of A.

Suppose first that a,,, = 0 for each z € N — {w}. This implies
det (A == D(A)) = Qyw det (A s D(A))N'-(w),N—(w) = Qyw det (B - D(B))
where
B = AN—{w},N—(w) - dlag (a1w3 Aoy ooy anw)N—{w},N-(w) .

By the induction hypothesis,

det (B — D(B)) = 9(Ly(G(B) .
It is easy to see that

D(Ly(G(B))) = H(Ly(Gr-w(4)) — P(Lpy(G(A))) -
Consequently,

det (4 — D(4)) = ay, B(Ly(Gy-n(4)) — aww B(L0y(G(4))) = B(Ly(G(4))) -

It remains to consider the case that a,, # 0 for some ze€ N — {w}. Denote by
4’ (resp. A”) the matrix obtained from 4 by replacing the element a,,, (resp. the ele-
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ments a,,, for each ze N — {w}) by zero. By the induction hypothesis,
. det(d - D(4Y) = B(L,(G(4)),
det (4" — D(47) = BL,(G(AY)-

It is easy to see that
Ly(G(4)) = Lg(G(4")) v Ly(G(4") ,

the sets on the right side being disjoint. Hence
det (A — D(A)) = det (4’ — D(A4)) + det (4" — D(A")) = ®(Ly(G(A)))

which completes the proof.

(52) det (A - D(A))VV = (_1)"_IV| ¢(LN~V(G(A))) 0

Proof. Denote by C = (c) the n x n matrix such that C,y = 4,y and ¢, = &y
foreach ie N — ¥, ke N. According to (5.1),

det (4 — D(A))yy = det (C — D(C)) = H(Ly(G(C))) -
It is easy to see that
LB(G(C)) = LN—V(G(A)) c
(53 (=1)m®9 det (A — D(A))rs = (—1)""1® &(LF_z(G(A4))) -

Proof. Denote by C = (cy) the n x n matrix such that Crn-tmn = An—y. 8
¢, = ¢,s=1andc,, =0 for each we N — {r, s}. According to (5.2),

(—1)™®5 det (4 — D(A))gs = det (C — D(C))yy = (= 1)~ &(Ly_(G(C))) .

Denote by LY% ,(G(C)), Ly*,(G(C)) and L}>",(G(C)) the subclass of Ly _(G(C)) con-
sisting of all the subgraphs such that none of them contains a path between r and s,
each of them contains a path from r to s and each of them contains a path from s to r,
respectively. It is easy to see that

Ly-/{(6(C)) = LY (6(C)) + Ly(G(C)) + Li(6(C)).
the sets on the rigth side beipg disjoint, and
(L2 AG(C)) = —PLHEA(G(A)
B(LY(G(C)) = P(LYZR(G(A4))) »

B(LN(G(C)) = —D(Ly-x(G(4))) -
Consequently,

(=27~ B(Ln-(G(O)) = (= 171N HLF_K(G(A)) -
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6. A—D(A)—I
6.1) det (4 — D(A) — I) = &(L(G(A))).

Proof. Set B = A — D(A) and substitute (5.2) into (2.1). The term (—1)" corre-
sponds to the subgraph of n roots, i.e. to the subgraph consisting of n isolated vertices.

(62) det (4 — D(A) — Iyy = (=1 &(Ley_y,(G(4))) .

Proof. Set B = A — D(A) and substitute (5.2) into (2.2).
63) (—1)"®Ddet (A — D(A) — Drs = (—1)""I® &(L{ - )(G(4))) .
Proof. Set B = A — D(A) and substitute (5.3) into (2.3).

* * *

Principal minors M, and “almost principal’’ ones Mg of certain modifications M
of a matrix A were dealt with in this chapter. The question about the other minors
suggests itself. Indeed, it is not difficult to derive analogous expansions of them using
analogous methods. However, these expansions lose the combinatorial character,
i.e. the signs of their terms depend not merely on the appearance of corresponding
subgraphs but also on the order of jts vertices. For example, in the case n = 5,
R ={1,2,3},S = {3, 4, 5}, the terms a,5a,,a35 and a,,a34a,5 of det (A — D(4))gs,
which correspond to the subgraphs

1 1
) 4
3 3

of G(A), have opposite signs.
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II. APPLICATIONS

In this chapter, some applications of the results of the Chapter I are shown.

7. SYSTEMS OF LINEAR EQUATIONS

Let A be an n x n matrix and b be an n-dimensional column vector. Consider the
system of linear algebraic equations Ax = b.

It holds
xk det A = Z (_ 1)i+kbi det AN—(i},N—{k}
i=1

for each k € N. According to (3.3) and (3.2),

x.det 4 = — i;kb,- &(P,(G(A))) + by, B(C(Gy_(4))) -

2=(50)

where o is the n-dimensional zero row vector. It is easy to rewrite the last expansion
into the form

Put

x,det A = (D(P k.on+ 1(G(B))) )

the expansion of det A being given by (31)
Analogously,
xk det (A - I) = ¢(Q,"n+ I(G(B))) ’
xi det (4 — D(4) = B(LEY(G(B))
and «
xi det (4 — D(4) — I) = S(LEL(G(B))
for each k e N. .

Such a formulae are frequently used in electrical engineering. They make it possible
to read the solution of certain systems of linear equations which arise in network
analysis immediately from the network diagram.

8. COEFFICIENTS OF CHARACTERISTIC POLYNOMIALS

Let A be a n x n matrix. The following expression of the coefficients of its char-
acteristic polynomial

n
det(4 — xI) =Y ax""*
t=0
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is well known:
a, =(-1y"* det Ay froeach teN,

TEN T=t
Qg = (—‘1)" .
According to (3.2), for each te N,

(5.1 a = (=177t % 9(C(G{A)) = HD(G(4)

where by D, (G(4))) the subclass of D(G(A)) consisting of all the subgraphs of exactly
t vertices is denoted. )

Further, according to (5.2), it holds for the coefficients of the characteristic poly-
nomial

det(4 — D(A) — xI) = ex""*
t=0

of the matrix 4 — D(A), for each te N,

(82 e=(=1"" ¥ (=1 WLy-o(G(4)) = 9(,-L(G(4))

TEN |T|=t

where by ,L(G(A4))) the subclass of L(G(A)) consisting of all the subgraphs of exactly
z roots is denoted. '

Consider now the characteristic polynomial

det(A —I—xI)=Y) bx""*
f=0

of the matrix A — I. According to (2.2), foreach te N,

b,=(-1y"" Y det(d—Ipr= (-1)""TE§TH[(—1)' +

TEN [T|=t
+ Y (—1)"Wldet Agy] =
PFWET
=(-1) (’:) +‘§1(_1),.-w ('; —_ ‘:’) WsN;W|=wdet A,, =w§o ('; : ?) Bogn
Thus, according to (8.1),
(83 b= 3 (%2 %) @ou(6a)

for each te N.
Analogously, it works out for the coefficients of the characteristic polynomial

»
det(A —D(A) —I —xI) =Y dx""*
=)
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of the matrix A — D(4) — I, according to (8.2),

t
=y

0

()10

for each te N.

9. GENERATION OF SUBGRAPHS

Let G be a finite directed graph. Observe that all its subgraphs of any class defined
in the Preliminaries can be constructed in the following way. Order the vertices of G
and assign to each edge (i, k) of G a variable x;. Further, construct the matrix X
such that G = G(X). Then the subgraphs of such a class correspond with the terms of

the appropriate minor (which is regarded as a polynomial in x) of the appropriate
modification of the matrix X.

For example, let G be the following graph

R

and construct all the subgraphs of the class L(R)(G). Number the vertices from left
to right, then

X131 X12 X33 0

0 0 x,3 x4
0 0 0 xj4
0 x4 0 x44

X =

Further,
det (X — D(X)){1,3,4),(1,3,4> =

X131 — X12 — X33 Xi13 0
= det 0 —X34 X34 =
0 0 X4q — X4

= —X11X34%44 + X11X34X42 + X12X34%X44 — X12X34%X42 + X13X34X44 —
— X13X34%X42 -
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The corresponding subgraphs are
; /O ”7
| /O /7

10. PROOF TECHNIQUES

The expansions of minors given in the Chapter I can be used to prove some rela-
tions concerning minors. For example, prove the following well-known formula.

Letn>3,r,seN, r % sand A = (ay) be an n x n matrix. Then
(—1)r+s+1 det Ay_ (g, n-(s) = dsp det Ay N -(r,) —

— Y agagdet Ay_g, g N-(is —
ieN—{r,s}

N—{i,r,s},N—{k,r,
- Z (_l)m( (hrshN = ”Dairask det AN (i p sy N=thors) *
l,keN—lfr,s)
i+
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Proof. Denote by P.(G(A)) (resp. P{Y(G(A))) the subclass of the class P,,(G(4))
consisting of all the subgraphs such that the path component of each is of length I
(resp. at least ). According to (3.3),

(—1)y*s*tdet Ay gy v-(9 = P(Ps(G(4))) =
= &(P;(G(4))) + @(P3(G(4))) + (PF(G(4))) -

Further,
&(P,(G(4))) = a,, (C(Gy-r,9(4)) = a, det Ay g x-(r.p»
¢(P:P(G(A))) = - . NZ( )asiair ¢(C(GN—(i,r,i)(A))) =
=— Y aga,det Ay_, o N-(irs)
ieN —{r,s}
and
¢(P - )(G(A))) = Z asiak,tb(P ik(GN—(r,s) (4)) =

i,keN—{r,s} i¥k

_ N={ir,s), N=(k,r,s)
= == ¥h agity(— 1N T N det Ay g - ors -
ikeN—{r,s} ik

* * *

In the rest, formulae of the section 5 are applied. Observe that each subgraph
H € L(G) contains exactly n — o(H) edges (i, k) such that i # k, n being the number
of vertices of G. This makes it possible to eliminate the factor (—1)"~%¢“) in the
terms of expansions of minos of the matrix 4 — D(A4) by changing the signs of all
the off-diagonal elements of A4.

For formal reasons, extend now the symbols R, S defined in the introduction to
the Chapter I, to the case @ = R = S < N. Then put m(R, S) = 0, r = s = 1. This
makes it possible to write the formulae (5.1)—(5.3) in the universal form (5.3).

Given an n x n matrix 4 = (a,), denote by R(4) = (r,) the n x n matrix such
that r;; = a;; and ry, = —ay for each i, k e N, i + k. Then it holds for the elements

Sik Of the matl'ix S(A) = R(A) o D(R(A)) that S” — Z a,-j and Sik': _aik fOl‘ eaCh
Jj=1

ieN,keN,i # k. Further, S(S(4)) = A and the formula (5.3) can be written in the
form

(*)  (=Dm®D det (S(d)rs = (-1 M HLY_(GA) = ¥  n(H).

HeL™*y - r(G(4))

11. ENUMERATION OF SUBGRAPHS
Let G be a directed graph of n vertices. Having chosen a fixed ordering of its ver-
tices, assign to each edge of it the value 1 and construct the matrix 4(G) such that

G = G(A(G)) and the matrix S(G) = S(A(G)). (The matrix 4(G) is usually called the
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incidence matrix of G.) Then the elements s;, of the matrix S(G) satisfy sy = —1 if
(i, k) € G and 5, = 0 otherwise for each i, k e N, i # k, s;; being equal to the number
of edges of G leading from the vertex i for each i € N. The formula (*) yields

IL5-4(G)] = (— 1" det (S(G))ms -

Let G be a non-directed graph of n vertices without loops now. Having chosen
a fixed ordering of its vertices, assign to it the matrix S(G) = (s;) such that s, =
= sy = —1if (i, k) e Gand sy, = s,; = 0 otherwise for each i, ke N, i + k, s;; being
equal to the number of edges of G which are incident with the vertex i (the degree
of the vertex i) for each i € N. It is easy to see that S(G) = S(G’) where G’ is the di-
rected graph obtained from G by replacing all the non-directed edges (i, k) of G by
the pair of directed edges (i, k), (k, i). It is easy to see that there is a one-to-one corre-
spondence between spanning forests of G and subgraphs from L(G’). (A forest is
a subgraph each component of which is a tree.) Consequently, (— 1)"®% det (S(G))zs
is equal to the number of all the spanning forests of G such that each consists of
exactly n — |R| components, each vertex from N — R being contained in exactly one
component, the vertices r, s being contained in the same component. Especially, for
any i € N the minor det (S(G))y—;,v-(; is equal to the number of spanning trees of

6(cf. [1], [2])-

12. INEQUALITIES CONCERNING MINORS

(12.1) Let M = (my) be a real n x 'n matrix such that my, < 0 and Y m;; = 0
for each i,ke N, i + k. Then =1

(— l)m(R's) det MRS g 0 .
Equality is attained if and only if Ly_g(G(S(M))) = 0.

Proof. Obviously, M = S(A) where A is a non-negative matrix, so each term in
(*) is non-negative. Further, 4 = S(S(4)) = S(M) and the sum in (*) is non-zero
if and only if LY_x(G(4)) + 0.

n
(12.2) Let M = (my) be a real n x n matrix such that my, < 0 and Y, m;; > 0
. J=1

foreachi,keN, i % k. Then
(— l)m(R.s) det MRS > 0 .
Proof. This is an easy corollary of (12.1).

(12.3) Let M be a matrix satisfying the assumptions of (12.2). Let D = (d;) be
a non-negative diagonal n x n matrix. Then

(= 1) RS det (M + D)gs 2 (‘ 1) Re%) det Mgs .
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Equality is attained if and only if any subgraph from Ly _g(G(S(M))) contains
no edge (i, i) such that dy; > 0 and |Ly_x(G(S(M)))| = |L¥-r(G(S(M + D)))|.

Proof. M = S(A) where A is non-negative and M + D = S(4 + D). The theorem
follows immediately from ().
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AN INEQUALITY INVOLVING POSITIVE KERNELS

Ivo MAREK, Praha
(Received November 7, 1972)

1L
A classical result concerning finite series of positive numbers (see [3], Theorem 328,
pp. 318 —319) can be formulated as follows.

Let n be a positive integer and let x = (¢y,...,&,), ;> 0, j=1,...,n. Let P
be a permutation matrix, i.e. let Px = y <> y; = x;, j = 1,..., n, where (iy, ..., i,)
is an ordered system of all of the integers 1,...,n. Then the relation*)

(1.1) (Px, z) = (Pe, e)
holds for every z = (4, ..., (), §; > 0,'j =1,..., n, for which
(1'2) Cléj = 13 1,...,”,

where x = (&y,...,&,), & >0, e=(1,...,1). Furthermore, if P is indecom-
posable,**) then the equality sign in (1.1) takes place if and only if x = z = ce,
¢ being a constant.

Using a result of G. Birkhoff [1] saying that every doubly stochastic matrix
T = (t;,) can be expressed as a convex combination of permutation matrices Py
N N
T=ZlkPk’ 0<)’k<19 ZAk:l’
k=1 k=1
we deduce from (1.1) that the relation

(1.3) . (Tx, z) = (Te, e)

*) Here we let (x,z) = i &y
j=1

**) See Remark 2 of the Appendix.
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holds for every couple of vectors x and z for which (1.2) is fulfilled. If T is inde-
composable then the equality sign in (1.3) takes place if and only if x = ce, ¢ being
a constant.

Let T be a matrix for which
n n
ﬂ":Zth:Zth, th;O, [lJ>0.
k=1 k=1

Then relation (1.3) remains to be valid also for this case.

Let T be an arbitrary nonnegative matrix and let r(T) be its spectral radius. Let u,
and v, be some nonnegative eigenvectors of T'and its transposed matrix T’ respectively
corresponding to the spectral radius: Tuo = r(T)uy, T'vg = HT) vy, uy =
= W1y e s Ma)s Vo = (Vs 05 V)

We easily verify that for the matrix U = (uy), where uj, = v;tpm + 60y, k, j =
=1,..,n, 6 >0, the following relations

n n
Yup=rT)vm+ =73 u
-] k=1

hold. Thus we have that
(1.4 (Ux, z) 2 (Ue, €)

holds for every couple x and z for which (1.2) is fulfilled. But (1.4) is equivalent
to the relation

Ma

kZl [Vjtjk'lkijk + 86,¢,0] = '21 kzl[vjtjknk of: 55_,'1:]
= j= =

Jj=1

and, since ¢ is arbitrary, we obtain
n n n n
(1.5) Y Xt 2 Y, X Vitudi-
j=1k=1 j=1 k=1

The procedure just shown is a slightly modified procedure used by M. Fiedler [2].
We summarize the previous results in the following theorem.

Theorem 1. Let T = (t;,) be an n x n matrix with nonnegative entries ty, 1 < j,
k < n. Let u, and v, be any nonnegative eigenvectors of T and its transposed T’
respectively corresponding to the spectral radius r(T). Let x be an arbitrary vector
with positive coordinates and z let be such that (1.2) holds. Then the relation

(16) (Vi 2) 2 H(T) (4or v0)

holds, where V = (v;) and
Vjg = Vilptk, Yo = ("1’ ceey nn) sy Up = (vls saey V,,) .
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If moreover T is indecomposable then the equality sign in (1.6) takes place if and
only if x = ce, ¢ being a constant.

We note that only the last assertion has to be proved. We shall not do this now
because our aim is to prove a slightly more general result in Section 2.

Remark. Note that for T = P, where P is a permutation matrix, the relation (1.6)
is identical (1.1) because u, = v, = e in this case.

2.

Let u be a nonnegative o-additive regular measure on a c-algebra MM of subsets
of Q, where Q is a closed bounded subset of a Euclidean space 6”. Let ¥ = £*(Q, p)
be the Banach space of classes of y-measurable p-equivalent real-valued functions
on Q with the inner product

([u], [2]) = Lu@ ofs) du(s)

and the norm ||[u]|? = [u], [u]), where u and v are any representatives for [u]
and [v] in £*(Q, u) respectively. In the following we shall not distinguish the
notation for classes and their representatives.

Let 7 = J (s, t) be a kernel on Q. We set Tx = y if y(s) = [ T (s, t) x() dp(z).
The following theorem is a consequence of a well known result due to M. G. Krein
and M. A. Rutman [4].

Theorem 2. Let T be a compact linear operator mapping % into % having the
property that x € Y, x(s) 2 0, p-almost everywhere in Q (p-a.e.) implies that y(s) = 0
p-a.e. in Q, where y = Tx. If dim % is infinite then let the spectral radius r(T) =
= max {0, sup [|4| : A an eigenvalue of T]} be positive. Then there exist eigen-
functions uq and vy of T and its adjoint T* respectively corresponding to r(T) and
we have that uy(s) 2 0 and vy(s) 2 0, p-a.e. in Q:

Tuo = r(T) Up , T*Uo = T(T) Vo .

Definition. We call the kernel 7 = J(s, 1), I(s,£) 2 0 pu x p-ae. in Q x Q
indecomposable if for every couple of nonnegative u a.e. functions u and v, u % 0,
v % 0, there is an iteration T? such that (7?4, v) > 0 [6]. We also call T indecom-
posable, or J -indecomposable, where " = {ue ¥ :u(s) = 0 p-a.e.}.

Remark. If T in Theorem 2 is an indecomposable integral operator on £*(2, p),
then u, and v, are positive p-a.e. in Q and up to a multiple constant uniquely

determined [7].
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Definition. We say that kernel 7~ = (s, 1) has property (B)if y = Tx is a bounded
function whenever x € £*(Q, p).

Definition. We say the kernel 7 = J7(s, t), s, t € Q, satisfies condition (C) if for
every ¢ > 0 there is a continuous on Q x Q kernel 7, = J (s, t) such that

f 2 U' n|9'(s, ) = T{s 1)’ d#(‘)] du(s) < €.

Our generalization of Theorem 1 is as follows.

Theorem 3. Let 7 = 7 (s, t) be a kernel having property (C). Let x be any p-
measurable u-a.e. positive function on Q. Then we have

2.1) LLg-(s, 1) v(s) wol1) -’% du(s) du(f) = n(T) Luo(s) o3 e
where uy and v, satisfy
(22) J’ T(s, 1) uo(t) du(t) = (T) ue(s), 0% upe LR, ) () 2 0 prave. in @,

J‘ T (s, 1) vo(s) du(s) = {T)vo(t), 0% vge LR, 1), vo(s) 20 p-ae. inQ,

for r(T) > 0 and uy 2 0, vy = 0 are quite arbitrary for r(T) = 0.
If moreover T is indecomposable and has property (B), then the equality sign
in (2.1) takes place if and only if x(s) = constant p-a.e. in Q.

Remarks. Because of our assumption (C) and because of the density of the set
of all continuous functions on Q in £*(Q, p) it is easy to see that it is enough to prove
the first part of Theorem 3 concerning the inequality (2.1) only for continuous kernels
and continuous functions x’s.

Obviously the relation (2.1) holds trivially whenever r{T) = 0 and thus there
is nothing to be proved.

Since (T) = 1, and u, = v, = e, where ¢(s) = 1 p-a.e. in Q for T being defined
by a doubly stochastic kernel 7, i.e. by kernel 7 for which

5] 700 = 25 [ 7094 = 49,

wQ) Ja
the relation (2.1) turns to be expressed as
(22 (Tx,z) = (Te, ¢),
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where

(2.3) 2(s) =

p-a.e. in Q.

()

Proof of Theorem 3. Since the integrand in (2.1) is nonnegative there is nothing
to prove if the integral on the left hand side diverges. Hence, let us assume the left
hand side in (2.1) to be finite. According to the previous remark we may assume that
J is a continuous in Q x Q kernel and x is a continuous function in Q.

First let us assume that  is a doubly stochastic kernel. According to the mean
value theorem we can find disjoint subsets 2; = Q in such a way to have

(2.4) j NECELTCLOE >: 3 705 0 @) ),

where 5;€ Q; and t, e @, j = 1,...,N, N being a positive integer.
Obviously we have

N N
(2.5) T T =2 Ty = My
k=1 k=1
where
T = T (55 t) W(Q) u(R), n; = p(K;)>0.
According to (2.5) and (1.5) we have that

(2:6) i ﬁ’tjkg = i itik

holds for every vector x = (&,...,&,), §;>0,j=1,...,N.
Let us choose ¢ > 0 arbitrary. Then we can find N large enough to have

[Lfreaigoosio-z 2ol

According to (2.6) it follows that
J;) J;ﬂ' (s, 7) 3:;((% dpu(t) du(s) ;él kélt =
- J ) '[nﬂ'(s, £) du(f) dus) — & = L j als) du() — e

Since ¢ > 0 is arbitrary, we get that

L 75,9 28 )du(‘) auls) = j RIECLTC

and this is equivalent to (2.1).
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Further, we assume that J satisfies the following conditions

27) j (5, ) = '[ 765 dH) = ofs), s€2,

where o is a nonnegative continuous function. It is easy to find a positive constant §
to make the following expression positive

B(s) =6 — J'nﬂ'(s, t)du(t) =6 — J‘ﬂﬁ'(t, s)du(t) =6 — afs), seQ.

Note that B(s) > 0, or more precisely, inf f(s) > 0. We define an operator Z by
setting

(28) @) = 5[ 7603080 + 306 59, s<e.
It is easy to verify that for s e Q‘
(2e) (s) = %[,B(s) + f 705 du(t)] - %[ﬁ(s) ; j 709 du(t)]: s).

Similarly as in the case of doubly stochastic kernels we can show that the following
relation holds

f (9 (229 au() 2 j ) [2e] () (),
where z(s) = 1/x(s), or else,
29) L _[ 705 % du(®) du(s) 2 L (5.1 ) ).

This is the required relation for the case considered.
Finally, let us consider a general continuous kernel . Let us set

U(s, t) = vo(s) T(s, ) uo(t), s,teQ.
Then

j (s ) 4u() = o(T) () ) = J' () ), sen.

Thus the kernel U satisfies (2.7) with a(s) = r(T) uo(s) ve(s) = 0. By virtue of (2.9)
we have that

I j U(s, ) X au(t) du(s) 2 J' J U(s, 1) du(t) du(s)
2la x(1) ala
and this is equivalent to the required relation (2.1) which was to be proved.
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To finish the proof of Theorem 3 we have to examine the case of an indecom-
posable operator T. We shall use the same machinery as before.

Let 7 = J (s, 1) be a doubly stochastic kernel. We assume that

e | Lf(s, 0 % aul) du(s) = j ) j 7(5,) ) du() = j ) Ldu(') auls).

or else

(V.TV;'e,e) (Te,e) _ 1
(e, €) (e, €) ’

where e(s) = 1p-a.e. in Q and
(2.11) Ve = v o(s) = x(s)u(s), seQ, x,0,ueL*(Qp).

Since x € £%(9Q, p) is up to positivity quite arbitrary, we also have that (assuming
we) =1)

1 S (V7' TVee, ) = (V,T*V; e, ¢),
where T* is the adjoint of T. Obviously, [T + T*] is stochastic and it follows that
VLT + T*]V; e, e) 2 ([T + T*] e, e) = 3(T+ T*) = 1.

According to our assumptions T + T* is compact and symmetric. Thus,

(. )

This fact together with # -indecomposability of T+ T* according to the definition
of V, implies that y, = V, 'e being an eigenvector of T + T* corresponding to
(T + T*) is a multiple of e : ¥ ‘e = ce, ¢ > 0. In other words, x(s) = const. p-a.e.
in Q, and this was to be proved.

T+ T*) =max{w tue L3, p), (u,0) £ 0,0 > 0}.

Further let 7 satisfy (2.7) with some positive function a = «(s). Then for the
operator V, defined in (2.11) we have with appropriate f§ that

j (9 [22] 9 4u(9) = j o) [22] () ),
where Z is defined by (2.8). We deduce that
Wz + 241V e, ) 2 H(Z + Z¥) e,e) =1 =(Z + Z%) = |Z + Z¥| .

Since the null space W(Z + Z*) = {ve L2, p) : (Z + Z*¥)v — |Z + Z*| v = 0}
is one dimensional (see [7] and also the Appendix), we conclude that V; e being
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an eigenfunction of (Z + Z*) corresponding to the eigenvalue ||Z + Z*|| is a
multiple of e: ¥V 'e = ce, ¢ > 0. Thus, the assertion is proved in this case too.

We conclude the”proof of Theorem 3 by observing that for a general indecom-
posable kernel I = I (s, t) the kernel T = F (s, t) = vo(s) T (s, t) uy(t) satisfies
(2.7) and u, and v, are positive and uniquely determined up to a multiple factor.
Thus from

(Ve TV e, €) = (Tye, €),
where

Tyu = v<os) = Jﬂfl(s, Hu(f)du(t), seQq,

the required relation x(s) = constant p-a.e. in Q follows. This completes the proof
of Theorem 3.

The relation (2.13) contained in the following Corollary is essentially used in some
applications concerning cone preserving operators (see [2, 6]).

Corollary. Let T be an integral operator whose kernel I = (s, t) satisfies
property (C). Let uy and v, be some nonnegative eigenfunctions of T and its adjoint
T* respectively corresponding to the spectral radius r(T). Then we have

(2.13) f ) j 6 ) ot ls) dn() ) 2 f ) f 705 ) ) () () ).

If moreover I is indecomposable and satisfies condition (B) then equality sign
in (2.13) takes place if and only if uy(s) = c vo(s) p-a.e. in Q with some ¢ > 0.

Proof. According to the indecomposability of 4 we know that u, and v, are
positive p-a.e. in Q. We then put x(s) = uo(s)/ve(s) and apply Theorem 3. This
completes the proof.

3.

With some minor changes the results of Section 2 can be generalized to £7(2, p)
spaces with p € (1, + o). We formulate a particular result in this direction concerning
bounded kernels.

Let pe(1, +o0)and 1/p + 1/p* = 1. Let 7 = Js, t) be a bounded nonnegative
kernel on Q x Q. Let u, be an eigenfunction of J and v, an eigenfunction of the
transposed kernel 7*(s, t) = J(1,5), 5,t€ Q.

Wecall I = 7 (s, t) to satisfy condition (C,) if for every &¢ > 0 there is a continuous
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kernel 7, = 7 (s, t) such that

[[[17600 = 7ienr o] "ou) < o.

We say that a kernel 7 = J(s, t) is indecomposable if for any couple u € LP(Q, )
and ve L?(Q, u), u £ 0, v % 0, there is a positive integer p = p(u, v) such that

< f j T(6t2) o Tty 1,) ols) u(t,) dults) .. du(t,) dus).
a Ja '
Theorem 4. With the previous notation we have the following relation

(3.1) ‘[ J (s, 1) vo(s) ) 8 du(t) du(s) = o(T) J'nuo(s) 0o(s) duld),

where x is any p-measurable positive function on Q. If moreover, I is indecom-
posable and such that Tu is bounded for ue £?(Q, ) and x is bounded, then
equality sign in (3.1) takes place if and only if x(s) = constant p-a.e. in Q.

4. Appendix. We shall prove an assertion a corollary of which was already used
in the proof of a part of the main result.

Let V be defined as follows.

Vx = y < y(s) = f(s) x(s), xe L%, p) and fe L=(Q, u), f(s) = 0 p-a.e. in Q.
Set #*(Q) instead of L*(Q, p).

Theorem 5. Let U be a bounded operator on £*(Q) mapping p-a.e. nonnegative
functions into p-a.e. nonnegative ones. Let x,€ £*(Q) be an eigenvector of U.
Let x, have the property that xo(s) 2 B(€) Xaw(s) p-a.e., where

Qe) = {te Q:f(f) > supess f — &}

for sufficiently small € > 0 and where 3gq, is the characteristic function of Q(e)
and P(e) is a positive constant. Furthermore, let for every p-a.e. nonnegative
ve L*(Q),v % 0, there be an «(v) > 0 such that

(4.1) (Uv) (s) 2 ov) xo(s) p-a.e.
Let p(Q(¢)) > 0 for all sufficiently small ¢ > 0. Then

r(T) > V) = supess f,
where T=U + V.

Proof. We may assume that u(Q(e)) < + oo.
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Let ¢ > r(T). It is easy to see that for every x € £*(Q), x 2 0 p-a.e. we have that
[Re. D51 () 2 [UR@ U)s1() + [R@ V) 5] () wae

where R(g, 4) = (oI — A)~* and A is a bounded linear operator on £2(, y) and
I is the identity operator. It follows that
R(e, T) Xaw = R(e, U) Ufae + R(e, V) Xae) >
1 % & 1
—rU)"°  e—rV)+e
> [“(Xn(e)) ﬂ(B) + 1
“Le-rU) o-r(V)+

According to Theorem 6.2 in [4] we conclude that

> “(xa(z)) p Xa@ =

s] XaeE) = ?(Q) Xae) *

n(R(e, T)) = 7(e) -
Obviously, 1
R V) = — )
and
- —— = 1 =
TS e - Ale - (V)1 [e — V) + ]

x {a(Xaw) Be) [e = r(V)]* + & a(xaw) B() [e — (V)] = ele = n(U)]} .

We see that

1
e) — >0
e— V)
for ¢ sufficiently large. This means that
n(R(e, T)) > r(R(e, V)
and since
1
R o, T)) =
R T) = =
we deduce that
1 1

>
¢e—1r(T) e¢—rv)
and this implies the required result. Theorem 5 is prbved.

Remark 1. If U in Theorem 5 is compact then T = U + V is a Radon - Nikolskii
operator [5]. Thus, each spectral point A for which [A| = 1(T)is a pole of the resolvent
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operator and hence an eigenvalue of T having finite dimensional eigenspace. It is
a consequence of indecomposability of U and hence of T as well that the eigenspace
corresponding to r(T) is one-dimensional [7].

Remark 2. In our considerations we silently used the concept indecomposable in
the sense of Sawashima’s definition treated in our particular #?-space situation
with the cone of #%-functions nonnegative u-a.e. If the measure p is atomic, i.e.
concentrated in a finite discrete set, one clearly obtains finite dimensional operators
defined by nonnegative matrices. Thus, Sawashima’s definition of indecomposability
applies. Let us note that with the standard definition of indecomposability or de-
composability respectively saying that 4 is decomposable if there is a permutation

matrix P such that
pap = (41 © ,
A; A,

where P’ is the transpose to P, and A, and A4, are square matrices and @ is zero
matrix, the uniqueness assertion of Theorem 1 holds if n = 2.
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STRUCNE CHARAKTERISTIKY CLANKU OTISTENYCH V TOMTO CiSLE
V CIZIM JAZYKU :

VLApMiR DURIKOVIE, Bratislava: On the solution of boundary value problems for linear parabolic
equations of higher order. (O rieeni okrajovych udloh pre linedrne parabolické rovnice vy&ieho
radu.)

Prica pojedndva o dvoch modifikaciach Dirichletovej ulohy pre rovnicu Di‘u + Du=
= ¢(x, t) na (0, 1) X (0, T). Pomocou Greenovych funkcii sii skonstruované rieSenia danych
uloh v explicitnej forme za predpokladu, Ze funkcia ¢ a okrajové funkcie st holderovsky spojité.

JANA ZVAROVA, Praha: On measures of statistical dependence. (O mirach statistické zavislosti.)

V préci se autorka zabyva problémem méfeni sily statistické zavislosti mezi dvéma nahodnymi
veli¢inami. Uvadi systém zdkladnich poZadavkii.na vhodné miry statistické zdvislosti. Blize si
v3ima pojeti nejvy3si zdvislosti ndhodnych veli¢in a vySetfuje souvislost mezi Rényiho pfimou
zévislosti a H6ffdingovou c-z4vislosti s pfihlédnutim k existenci ¢i neexistenci atomi ve vybéro-
vych prostorech ndhodnych veli¢in. Déle zkoumad f-informaéni miry statistické zavislosti a jejich
chovéni vzhledem k systému zékladnich poZadavki. Odvozuje horni dosaZitelné meze f-informad-
nich mér statistické zavislosti za uréitych omezeni na uvazované ndhodné veli€iny. Zavérem si
v8ima vybérovych vlastnosti a-informa¢nich mér statistické zavislosti. '

LADISLAV NEBESKY, Praha: Reconstruction of a tree from certain maximal proper subtrees.
(Rekonstrukce stromu z jistych maximdalnich vlastnich podstromi.)

V ¢lanku je definovan y-podstrom (kone&ného) stromu T jako specidlni pfipad maximdlniho
vlastniho podstromu 7T a je dokdzano, Ze skoro kazdy strom T miZe byt aZ do izomorfizmu
rekonstruovan ze své mnoZiny neizomorfnich y-podstromd.

JAN CHRASTINA, Brno: Boundary value problems for linear partial differential equation with
constant coefficients. Homogeneous equation in the half plane. (Okrajové tlohy pro linedrni
parcidlni diferencidlni rovnici s konstantnimi koeficienty. Homogenni rovnice v poloroving.)

V ¢lanku je studovan nestandardni prostor distribuci, ve kterém mohou byt formuloviny
korektni okrajové tlohy v poloroving pro operator p,(d/0x) o"/ot™+ ...+ po(9/ox). Korekt-
nosti se rozumi jednozna&nost, existence a spojitd zdvislost na danych okrajovych hodnotéch.
Rozdil od dfiv&j§iho pojeti je v tom, Ze nemusi byt p,(x) = 1, polynom p, miZe mit dokonce
i redlné kofeny.

ANTONIN VRBA, Praha: Subdeterminants and subgraphs. (Subdeterminanty a podgrafy.)

V préci jsou popsany nenulové &leny hlavnich a skoro hlavnich minori étvercové matice a jejich
modifikaci pomoci jistych tfid podgrafi ohodnoceného orientovaného grafu. To umoZiuje ge-
nerovat a enumerovat jisté podgrafy daného orientovaného &i neorientovaného grafu a odvodit
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nerovnosti mezi minory jistych matic. Dalsf aplikace spoc¢ivaji ve vyjadiéni feSeni soustavy li-
neirnich rovnic a koeficientli ‘charakteristického polynomu matice a jejich modifikaci pomoci
podgrafi.

Ivo MAREK, Praha: An inequality involving positive kernels. (O jisté nerovnosti obsahujici
kladna jadra.)

Bud K = K(s, t) nezdporné dvojits stochastické £%(Q X @2, u X p) jadro, kde € je kom-
paktni mnozina v R? a u je {ipln4 o-aditivni mira na o-algebfe podmnoZin 2. Dokazuje se platnost
nerovnosti [q fo K(s, £) (x(s)/x(¢)) du(s) du(t) = o fa du(s) du() pro libovolnou méfitelnou
pu-skoro vSude kladnou funkci x. Za nékterych dalSich poZadavki na jadro K je uvedena nutng
a postadujici podminka pro platnost rovnosti ve vy$e uvedeném vztahu. V)’sledek je rozsiten
na obecna nezdpornd jadra.
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Casopis pro p&stovini matematiky, rot. 99 (1974), Praha

ULOHY A PROBLEMY

Uloha &. 1. Budte dany tfi body A,;, 4,4, S neleZici v jedné pfimce. Necht bod
Ay; (4,,) je stfedem svazku paprskit X3 (Z,4). Ze svazku X5 (Z,4) vyberte
viechny dvojice paprskd ay, as (a, a,), kterym lze ve svazku X,, (Z;5) pfifadit
dvojice a,, a4 (ay, as) tak, aby kazda &tvefice ay, a,, a3, a, omezovala t&tivovy
&tyFihelnik, vepsany do kruZnice k o stfedu S.

1) Nalezn&te planimetrickou konstrukci, kterd Zidané pfifazeni umoZni.

2) Ukaite, Ze pfipustnou trojici bodd 4,3, 4,4, S je kaZd4 trojice, kdy body 4,3,
A4, S tvofi trojuhelnik ostrouhly, kde P je pata vySky, spusténé z bodu S na stranu
Ay 34,4. P je spoledny pruseéik kruZnic c;, opsanych ¢tyfem trojihelniktim, tvofenym
pfimkami a, a;, a,, na nichZ leZi strany uvaZovaného tétivového Ctyfuhelnika
(i, j, k, m je libovolna cyklick4 permutace &isel 1, 2, 3, 4).

Uloha &. 2. Body 4, (i = 1,2,3,4) jsou vrcholy rovinného &tyfuhelnika [A4;].
Oznadme Q| paty kolmic, spudt&énych z bodu 4, na strany a Ghlopf¥i¢ku daného &ty¥-
thelnika [A,], jeZ neprochazeji bodem A4; (r, s je libovolna kombinace 2. tfidy &isel
j» k, m; i, j, k, m libovolna cyklickd permutace &isel 1, 2, 3, 4). Trojice bodi Q! pti
pevném i uréuji kruZnice g;.

Uka’te, Ze plati:

1) kruZnice g; (i = 1, 2, 3, 4) se protinaji v jednom bod& B,

2) tvofi-li napf. body 4; (i = 1, 2, 3) pevny trojihelnik, zatim co bod A4, se v rovin&
tohoto trojihelnika libovoln& pohybuje tak, Ze Zddna trojice bodtt A;4,A4,, A;A3A,,
A,A3A, neleZi v pfimce, opisuje bod B Feuerbachovu kruZnici ptisluSného pevného

trojuhelnika. Josef Brejcha, Brno

ReXeni ilohy & 1 (autor Josef Kral) z ro&. 97 (1972), str. 334.

Uloha: Necht U je resolutivni mnoZina s hranici U* % @ v harmonickém prostoru
X (viz [1]) a ozna&me pro kazdy kompakt K = X symbolem C(K) prostor viech
spojitych (kone¥nych) redlnych funkci na K. KaZdé funkci f e C(U*) je tedy pfifa-
zena harmonicka funkce H ? na U, kter4 je zobecn&nym feSenim (v Perronové smyslu)
Dirichletovy ulohy pfisluiné k mnoZin€ U a okrajové podmince f. Necht U, znadi
mnoZinu viech x e U*, pro néz lim HY(y) = f(x) pro kazdou funkci fe C(U*).

U

y—xye
MnoZina U se nazyva semiregulérni, jestlize pro kaZdou funkci f € C(U*) Ize pfislu3-
nou funkci HY roziifit na F € C(U L U*). Je-li U semiregularni, pak U, je kompaktni.
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Obréaceni tohoto tvrzeni neplati v Bauerovych harmonickych prostorech. Rozhod-
néte, zda obracené tvrzeni plati v Brelotovych prostorech (nebo alespoii v harmonic-
kém prostoru indukovaném klasickymi harmonickymi funkcemi na n-rozmérném
euklidovském prostoru X = R"), tj. rozhodnéte o spravnosti nasledujiciho

Tvrzeni. Necht X je Brelotiiv prostor a bud U = X relativné kompaktni oteviend
(a tedy resolutivni) mnoZina, U* % 0. Pak U je semireguldrni, pravé kdyz U, je
kompaktni.

V [4] je dokazéno, Ze tvrzeni uvedené v tloze plati pro jistou tfidu harmonickych
prostort (specialng pro klasické harmonické funkce na R"). Nyni ukaZeme (véta 5),
Ze zminéné tvrzeni obecné v Brelotovych prostorech neplati.

1. Oznadeni. Je-li M mnoZina v topologickém prostoru, oznacime M jeji uzavér
a int M jeji vnitiek.

Nyni budeme uvaZovat prostor X = E; a klasické harmonické funkce. Necht G,
je Lebesgueova oblast v E; s iregularnim hrotem x. Pfedpokladejme, Ze G, je ne-
prazdn4 otevien4a mnoZina s hladkou hranici, pro niZ G; = Gy, a pro y z uzivéru
mnoZiny G = G, — G; oznalme symbolem u, vymet (balayage) Diracovy miry ¢,
soustfedéné v bod& y na mnoZinu E; — G. (Pro z € G je tedy p, harmonickd mira
pfislu§na mnoZin& G a bodu z.) ProtoZe bod x je iregularni bod souvislé mnoZiny G,
nosi€ miry p, obsahuje mnoZinu G, viech regularnich bodé mnoZiny G ([3], lemma
3.8). Odtud plyne, Ze

@ 0<p(G)<1.

2. Lemma. Nechfc > 0 a nechtf je funkce na G* takovd, %e f(GY) = {0}, f(G¢) =
= {c}. Potom H{ > 0na G a

(2 lim inf Hf(y) < c.

y—x, yeG
Dikaz. Existuji x, € G konvergujici k x, pro n€Z miry u, konverguji slab& k p,
([3]; lemma 3.1). Specialng
lim H}(x,) = ¢ . u,(Gg) .
V4 (1) plynou nerovnosti 0 < ux(Ga') < 1 a tedy plati (2). ProtoZe pro jisté x, € G je
H(x,) > 0 a funkce f je nezaporn, je Hf > O na G.

3. Lemma. Nechf g € C(G}). Potom existuje prdvé jedno c € R* tak, %e Dirichle-
tova uloha prislusnd k mnoZiné G a funkci

f=(9 na GY

Nc¢ na Gp
md klasické FeSeni.
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Diikaz. Z lemmatu 2 plyne, Ze konstanta ¢ s uvedenou vlastnosti existuje nejvyse
jedna. Ozna®me . restrikci miry p, na Gt a poloZme (srv. s (1))

3 ¢ = [u(GD] ™. o) -
Stadi ukazat, Ze Dirichletova tloha p¥islu$na k mnoZing G a okrajové podmince

po/9—c¢ mna Gt
N0 na G}

mé klasické FeSeni. K tomu oviem sta¥i zkoumat chovani funkce HY v okoli bodu x.
Je-li v8ak x, € G, x, = x a miry u, konverguji slab& k mife p, existuje a € <0, 1) tak,

~

Ze
p=o.g + (1 —a)p,

([2], Corollary 7.2.6). Vidime, Ze

fim H9(x) = 0 + (1 — a) . [ul(g) — ¢ . u(G}] = 0 = h(x).

n—o

Tim je lemma dokéazano.

4. Lemma. Nechf F je uzaviend podmnoZina G, a necht G, — F je souvisld mnoZi-
na. Oznadme A" systém viech spojitych funkci na G, — F, které jsou harmonické
na G, — F a konstantni na Gy; necht xo€ Gy — F. Jestlize k, € A" je neklesajici
posloupnost s limitou k a k(x,) < o, potom k€ A'.

Diikaz. Sestrojme neprizdnou otevienou mnoZinu G, s hladkou hranici, pro niZ
F c G, = G, < G,.

Z klasické Harnackovy véty vyplyva, Ze k je harmonick4 funkce na oblasti G, — F.
Toto je zcela zfejmé, pokud x, € G, — F. Z ptedpokladu k(y) = + oo pro viechna
y € G} plyne snadno podle lemmatu 3 (srv. rovnost (3)), Ze k(z) = + oo pro kazdé
z € Gy. Je tedy pravda, Ze funkce k je v ka?dém ptipad€ konedna v n&kterém bodg
z Gy — F.

Necht m > n jsou pfirozena &isla a w € Gg. ProtoZe funkce k je omezen na kom-
paktni mno%iné G} = G, — F, je posloupnost {k,(w)} omezena (srv. opét s (3)).
Z principu maxima pro harmonické funkce dostadvime nerovnost

4 sup {(kn — k,) (2); z€Gy — G,) < sup {(kn, — k,) (2); ze G} u {w}}.

Posloupnost {k,} konverguje stejnomérn® na G (podle Diniho véty) a ze (4) tedy
snadno plyne, Ze k je spojita funkce na G, — G,. Nyni se jiZ snadno diikaz tvrzeni do-
kondi.

5. Véta. Necht G, a G, maji stejny vyznam jako v odst. 1. Necht X je Alexandro-
vova kompaktifikace Go. Pro kafdou otevFenou mnofinu V < X oznaéime H#(V)
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mnoZinu vech redilnych spojitych funkci naV, jejichZ restrikce na V n G, jsou re-
Seni Laplaceovy rovnice na V n G,. Potom (X, ) je Brelotiw prostor, na ném#
konstanty jsou harmonické. Mnofina U = G, — G, < X neni semireguldrni a pFi-
tom U, = GY je kompakini.

Diikaz. Prostor X je zfejmé& lokaln& souvisly a nem4 Zadné isolované body. Z lem-
matu 3 plyne, Ze regularni mnoZiny vzhledem k 3# tvofi basi X. Pomoci lemmatu 4
a klasické Harnackovy véty se snadno odvodi, Ze s ma Brelotovu konvergenéni
vlastnost. (X, ) je tedy Brelotiv prostor.

UvaZ¥ujme nyni otevfenou mnoZinu U = G, — G,. KaZdy bod z G} je regularni
bod mnoZiny U. Z lemmatu 2 plyne, Ze idedlni bod w ({w} = X — G,) je iregularni
bod mnoZiny U a tedy U, je kompaktni. Na U* = Gf U {w} definujme funkci h tak,
aby h(G?) = {0} a h(w) = 1. Kdyby mnoZina U byla semiregulérni, existovala by

lim Hy(y)=c.

y— o yeU

Pro funkci f definovanou v lemmatu 2 by pak existovalo klasické feSeni Dirichletovy
ulohy ptisluiné k mnoZing& G a funkci f, coZ je spor s (2).

MnoZina U neni tedy semiregularni a ditkaz véty je hotov.

6. Pozndmka. Tvrzeni, %e (X, #) je Brelotiv prostor, je uvedeno bez dikazu
v [2] (Excersice 6.3.10). Na jiny pfiklad harmonického prostoru s analogickymi
vlastnostmi, uvedeny v &lanku C. Constantinescu (Rev. Roum. Math. Pures Appl. 10
(1965), 267—170), mne upozornil J. LUKES.

Zvolime-li x, € G, a uvaZujeme harmonicky podprostor X, = X — {x,} prostoru
(X(o#), dostavame ptiklad nekompaktniho Brelotova harmonického prostoru, v n&mz
oblast U ma uzavifenou mnoZinu regularnich bodi a neni semiregularni.

Literatura

[1] C. Constantinescu: Harmonic spaces and their connections with the semi-elliptic differential
equations and with the Markov processes, Ellipitsche Differentialgleichungen (Symposium),
Akademie-Verlag, Berlin, 1969. :
[2] C. Constantinescu - A. Cornea: Potential theory on harmonic spaces, Springer Verlag, Berlin,
1972.
[31 E. G. Effros-J. L. Kazdan: Applications of Choquet simplexes to elliptic and parabolic
boundary value problems, J. Diff. Equatinos, 8 (1970), 95— 134.
[4] 1. Netuka: Pozndmka o semireguldrnich mnoZinéch, Cas. p&st. mat. 98 (1973), 419—421.
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&asopis pro pEstovini matematiky, ro¥. 99 (1974) Praha

- | RECENSE

SYMMETRIC SPACES. Short courses presented at Washington University. Uspotadali
W. M. Boothby a G. L. Weiss. Marcel Dekker, Inc New York 1972. Stran XIII + 487, cena
neudéna.

Ve $kolnim roce 1969/70 uspofddal Matematicky tistav washingtonské university fadu pied-
nasek o riznych aspektech teorie symetrickych prostori. Recenzovany sbornik se sklad4 z tex-
t, pfednesenych v téchto kursech. V dal$im proberu stru¥né obsahy nékterych &lanki.

N. R. Wallach: Minimal Immersions of Symmetric Spaces into Spheres. Necht (M’, {, ) je
Riemannova varieta, V’ Riemannova konexe na M’, M varieta (viechny variety a zobrazeni jsou
tiidy C®) a x : M— M’ imerse. Nechf p € M, X a Y budteZ vektorova pole na M v okoli bodu p,
roz§ifme je na vektorova pole Xa Y na M’ v okoli bodu p. Symetrické bilinedrni zobrazeni (tzv.
druhou fundamentélni formu imerse x) B, : Ty(M) X T, (M) —N,= {v € T,(M’); v, T,(M ) - =
= 0} definujeme jako B,,(X, Y)= V,",Y— V,pY. Vektor stfedni kfivosti se pak definuje jako

n

H,= n! .‘Zpr(e,, e;), kde ey, ..., e, je ortonormélni base v T,(M). Imerse x: M— M’se

kone¢né nazyva minimdlni, jestlize H = 0. V ¢lanku se studuji minimalni imerse do euklidov-
skych prostori a do sfér; napf. je dan popis minimdlnich isometrickych imersi kompaktnich
symetrickych prostorii do sfér. RovnéZ se-studuji otdzky rigidity. Necht S} je sféra euklidov-
ského prostoru E™*1 Kkiivosti k. Dv& minimalni imerse x, y : S%— S? se nazyvaji ekvivalentai,
jestlize Ax = y. Je dokdzan tento vysledek: Pro kazdé n = 3 a K > 0 existuje vektorovy prostor
W, x a jeho kompaktni konvexni podmnoZina L, g, kterd hladce parametrisuje mnoZinu ne-
ekvivalentnich minimélnich isometrickych imersi x : Sg— S§, které neleZi ve velké sféfe S%~ L
Jestlize K + 1, n/2(n + 1), n3(n+2) a L,,’K ¥ 0, potom dim L, g = 18. Vnitini body L, K
odpovidaji imersim, pro néz p je maximalni.

R. Gangolli: Spherical Functions on Semisimple Lie Groups. Pfedpoklddejme, Ze zndme klasic-
kou Fourierovu analyzu na euklidovském prostoru, na anuloidu nebo na kompaktni Lieové gru-
pé. V kazdém z téchto piipadi mdme lokdlné kompaktni topologickou grupu G a néjaky prostor F
funkci na G. Jestlize mluvime o harmonické analyze funkci z F, studujeme obvykle nésledujici
problémy: (1) Konstrukce dudlniho objektu k (G, F). (2) Konstrukce specidlnich funkci. (3) Defi-
nice Fourierovy transformace f— f. V praci neni studovan obecny ptipad (G, F), ale nasledujici
situace: G je souvisld nekompaktni polojednoducha Lieova grupa s koneénym centrem, K maxi-
mdlni kompaktni podgrupa v G, CG) prostor funkci s kompaktnim nositem, F= C/(K \
\ G/K) < C.(G) se skl4da z t&ch f, pro néif(klxk-,) = f(x) pro viechna x € G; ky, k, € K (tyto
funkce se nazyvaji sférickymi).

R. Gangolli: Spectra of Discrete Uniform Subgroups of Semisimple Lie Groups. Necht G je souvis-
14 polojednoduché Lieova grupa s kone&nym centrem a I = G diskrétni podgrupa takovd, %e G/I"
je kompaktni; nechf dx je Haarova mira na G. Pro kazdé p > O necht L (G/F) je prostor méfi-
telnych funkcf fna G, pro n&% (i) f(yx) = f(x) pro y € I, x € G; (i) || /|| ,,r = (J6/r|f0)|? dx)l/rP <
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< . Prostor Ly(G/TI') je separabilni Hilbertdv prostor. Grupa G m4 unitdrni representaci R na
L,(G/T’) definovanou relaci (R, f)(») = f(yx) pro y € G. Hlavnim problémem j¢ studium této
representace.

K. L Cross - R. A. Kunze: Fourier Decompositions of Certain Representations. UvaZuje se topo-
logick4 transformaéni grupa (U, X), kde U a X jsou Hausdorffovy prostory, grupa U je kompaktni
a X je lokdln& kompaktni prostor. Nechf rovnice L(u) f(x) = f(u'lx) pro u € U x € X udavd
spojitou unitdrni representaci L grupy U na prostoru L,(X) funkci; pfedmétem vySetiovéni je
tato representace. '

R. Hermann: Geometric Ideas in Lie Group Harmonic Analysis Theory. Je dan piehled autoro-
vych vysledkii o asymptotickém chovani elementii representace Lieovy grupy a studiu vztahi
mezi harmonickou analyzou na Lieové grupé a kompaktiﬁkaci homogennich prostort.

A. W. Knapp: Bounded Symmetric Domains and Holomorphic Discrete Series. Studuji se sy-
metrické prostory nekompaktniho typu, které jsou pfirozenym zpiisobem komplexnimi varietami.

S. Kobayashi: Schwarz Lemma. Jsou uvedeny nékteré véty, obsaZené v autorové knize o hyper-
bplick)"ch varietach.

Y. Matsushima: On Tube domains. Valcové oblast T(R2) = C" je mnoZina bodi z = x + iy €
€ C" kde y €2 — R" a 2 m4 tyto vlastnosti: (i) 2 je oteviend, konvexni a pro kazdé x e 2 a
A< 0 je Ax €2, (ii) 2 neobsahuje zddnou piimku. Dokazuje se ndsledujici vysledek: Necht
T(Q), T(R’) jsou holomorfné ekvivalentni, potom existuje reguldrni linedrni transformace 7 :
: R"— R", pro niz 1(2) = Q. Kazdou T(2) je moZno vnofiti jako otevienou mnoZinu do alge-
braické podvariety B komplexniho projektivniho prostoru tak, Ze Aut T(R2) je podgrupou grupy
projektivnich transformaci zachovavajicich B a T(R).

Z piedchoziho je patrné, jaka je zhruba problematika jednotlivych &ldnkid. U zbyvajicich udé-
vam proto jen jejich autory a ndzvy. S. Helgason: Conical Distributions and Group Representa-
tions. J. A. Wolf: Fine Structure of Hermitian Symmetric Spaces. H. Furstenberg: Boundaries of
Riemannian Symmetric Spaces. A. Koranyi: Harmonic Functions on Symmetric Spaces. N. J. Weiss:
Fatouw’s Theorem for Symmetric Spaces. S. J. Rallis: New and Old Results in Invariant Theory with
Applications to Arithmetic Groups. Hsien-Chung Wang: Topics on Totally Discontinuous Groups.

Sbornik je jist€ velmi cenny, zvla$té si mizeme vaZiti podrobnych seznamil literatury u jednot-
livych &lanki.

Alois Svec, Praha

Isaac Chavel: RIEMANNIAN SYMMETRIC SPACES OF RANK ONE. Lecture Notes in
Pure and Applied Mathematics, vol. 5. M. Dekker, Inc., New York 1972. Str. VII 4 81, cena
neudéna.

Utelem monografie je podati elementarni vyklad teorie uvedenych prostori. V prvni kapitole
jsou uvedeny zékladnf definice (linedrni konexe, jeji tensory torse a kfivosti, Riemannova varieta,
geodetiky, Jacobiho pole, fokalni a konjugované body) a nejdileZit&jsi vlastnosti konjugovanych
bodii. Druh4 kapitola je pokradovdnim knihy Gromolla, Klingenberga a Meyera Riemannsche
Geometrie im Grossen (Springer Verlag 1968) a dokazuje se v ni Bergerova véta: Necht M je
upln4 jednoduse souvisl4 Riemannova varieta, pro niz % < K(a) £ 1, K(a) = kfivost 2-fezu a;
potom M je homeomorfni se sférou nebo je isometrickd s Riemannovou symetrickou varietou
f4ddu jedna (¥Ad jedna = ostfe positivni kfivost). T¥et{ kapitola je v podstaté uvodem do teorie
Ri¢mannovych homogennich prostoril. Nejprve jsou uvedeny nutné definice z teorie Lieovych
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grup a je probrdna teorie pfirozen& reduktivnich Riemannovych homogennich prostori a jejich
kanonickych konexi, zavedenych K. Nomizu. Riemanniv homogenni prostor G/H se nazyva
2-homogenni, jestlize-dva pary stejn& vzddlenych bodl je mozZno v sebe pifevésti pohybem; jsou
nalezeny podminky pro to, aby G/H byl 2-homogenni. Kone&n& v posledni kapitole jsou studo-
vany Riemannovy symetrické prostory ¥4du jedna. Riemannilv prostor M se nazyvé symetrickym,
jestlize je souvisly a pro kaZdé p € M existuje isometrie S, M—>M s témito vlastnostmi:
(@) s,(p) = p; (ii) jestlize y(t) je geodetika s »(0) = p, pak s,(¥(1)) = y(—1) [v definici na str. 64
si opravte »(0) = 0 na sprdvné y(0) = p). JestliZze M je Riemanniv symetricky prostor, pak je
nutné lokaln& symetricky, tj. VR = 0, kde R je tensor kfivosti. Nejprve se dokazuje Cartanova
véta, podle niZ jednodu$e souvisly lokdln& symetricky Riemanniv prostor je nutné symetricky.
Nechf M je Riemanniv symetricky prostor s positivni kfivosti. Potom M je Riemanniiv homo-
genni prostor, jeho kfivost spliiuje K = const. > 0 a podle Bonnetovy-Meyersovy véty je M kom-
paktni. Grupa J(M) isometrii a jeji komponenta identity G jsou kompaktni Lieovy grupy transi-
tivni na M; jestlize H je isotropickd grupa bodu o € M, potom G/H je analyticky difeomorfni
8 M. Viechny geodetiky v G/H jsou jednoduse uzaviené a maji konstantni délku. Po fad& pfiprav-
nych Gvah se ukdZe, Ze G/H m4 strukturu k-dimensionélniho projektivniho prostoru.

Chavelova kniha m4 velkou vyhodu v tom, Ze je velmi kratkd, ale doch4azi k hlubokym a sou-
¢asné modernim vysledkiim. Od ¢&tendfe se nepfedpoklddaji velké predb&Zné znalosti, ale Cetba
nenf trividlni. Diikazy jsou provedeny detailnd. Knihu doporuduji hlavné klasicky vzd&lanym
&tendfim, protoZe pfi dokazovéni vysledkl se nepouZiva sloZité Morseovy teorie ani teorie kom-
paktnich Lieovych grup.

Alois Svec, Praha

1. Kra; AUTOMORPHIC FORMS AND KLEINIAN GROUPS. W. A. Benjamin, Inc.,
Reading, Mass. (U.S.A.) 1972. Stran XIV 4 464, cena neudéna.

Nechf Mob oznaéuje grupu zobrazeni z— (az + b)/(cz + d), ad — be = 1, rozsifené kom-
plexni roviny C* = C U {0}, pfedmétem studia jsou podgrupy I = M¢b. Nechf X je Rieman-
nova plocha a I" grupa jejich konformnich automorfismi, definujme I', = {y € I'; yx = x}. Riké-
me, Ze I' je nespojitd v x jestliZe: (i) I', je konednd, (ii) existuje okoli U bodu x tak, Ze (U) = U
proy € I'ya W(U) N U= @ pro y € I'— I'y. PiSme Q(I")= {x € X; I" nespojit v x} grupa I' se na-
Zyva nespojita, jestlize Q(I") + 9. Limitni mnoZina se definuje jako A(I") = X — Q(I'); je moZno
ukézati, 2e card A(IN)=0, 1,2, 0. Jestlize card A(") < 2, pak I' se nazyva elementarni.
Jestlize Q(I") + @ a card A(I") = o0, pak I" se nazyv4 neelementarni Kleinova grupa. Jestlize I
je Kleinova a v C* existuje kruh k, jehoZ vnitiek se zachovava transformacemi z I', pak I se na-
zyvé Fuchsova (prvniho druhu v pl‘ipadé A(I') = k, jinak druhého druhu). Necht X je universalni
kryti Riemannovy plochy X, potom X je bud C* nebo C nebo U= {z€C; |z] < 1}; ztejmd
G = {konformni automorfismy plochy X; #og = n} < Mdb.

Piedmétem prvni kapitoly je podrobné&j¥f analyza Riemannovych ploch (abelovské diferen-
cidly, Riemannova-Hurwitzova relace, Riemannova-Rochova véta, Weylovo lemma). V daldf
kapitole se popisuje struktura orbit Kleinovy grupy G. Nechf = : 2(G) — 2(G)/G je pfirozend
projekce; na prostoru 2(G)/G. se konstruuje komplexni struktura takova, ¥e = je holomorfni
zobrazeni. Uvedme jeden korolar ziskanych vysledki: Nechf I” je Fuchsova grupa operujfci na
U= {z eC,Imz > 0} jestlize I" obsahuje parabolicky element (tj. trace? y = (a + d)? = 4),
pak U/TI obsahuje propichnuti (= puncture). Tato propichnuti jsou ve vzdjemné korespondenci
s tiidami konjugovanosti parabolickych elementi. Dochézi se aZ k dikazu klasické v&ty: Nechf
S je kompaktni Riemannova plocha rodu g = 2 a Aut S grupa jejich konformnich automorfismi,
potom card Aut S < 84(g — 1).

Tfeti kapitola se zabyv4 automorfnimi formami. Nechf D = C* je oteviend mnoZina, p a ¢
celd &isla nebo poloviny celych &isel. Nechf f: D— C* je holomorfni zobrazeni. Pro kaZdou
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funkci ¢ na f(D) definujeme na D funkci (fp:,0) (2) = o(f(2)) f(2) f'(2)% piseme f; = f,%.
Necht nyni D ma hranici dD s card 9D > 2, G je nespojitd grupa konformnich automorfismi
mnoZiny D a ¢ = 2 je celé &islo. M&fitelnd automorfni forma vahy —2¢ se pak definuje jako t¥ida
ekvivalence (modulo funkce skoro viude nulové) méfitelnych funkci u, pro néz A:'u = u pro
viechna 4 € G. Podrobné vysetfeni automorfnich forem vede k hlavni vété, podle niZ na kazdé
Riemannové ploSe existuje nekonstantni meromorfni funkce. Ve &tvrté kapitole se probiraji
aproximad¢ni véty pro holomorfni funkce, v daldi tzv. Eichlerova kohomologie. VyloZeni obsahu
paté kapitoly pfesahuje rdmec referatu. Jako pfimd aplikace se v $esté kapitole dokazuje
Riemannova-Rochova véta se svymi dusledky (struktura prostoru abelovskych diferencidli).
V pfedchozim vybudovany aparat je velmi mocny. Uk4Zi to citovdnim né&kterych vysledki, které
se na jeho zdkladé jiz pomérné snadno dokaZi a jsou obsaZeny v z4dvéredné kapitole. Nejprve se
dokazuji Behnkeho-Steinovy vysledky. Jestlize D je jednoduse souvisla oblast v oteviené Rieman-
nové ploSe M, potom kaZd4 holomorfni funkce na D miiZe byt stejnomé&rn& aproximovdna na
kompaktnich podmnoZinich v D funkcemi holomorfnimi na M. Necht { pk} je diskrétni posloup-
nost na M, {v,‘} posloupnost pfirozenych &isel, potom existuje holomorfni funkce f na M tak, Ze
f mé nuly pouze v bodech {pk} a ordp, f= v;. Necht déle z; je lokdlni soufadnice s z,(p;) = 0
a {ay,i(ky» 9k, i)+ 1> - - » 9k, jk)} konstanty pro k = 1,2, ..., kde i(k) a j(k) jsou celé &isla s j(k) =
= i(k); potom existuje na M meromorfni funkce f, ktera je holomorfni a nenulovad na M s vyjim-

o0
kou bodi {p,}, kde mé Laurentovy fady f(z) = Y. @, _,z,{.
Jj=i(k)

Necht dile M je Riemannova plocha a A(M) resp. K(M) okruh holomorfnich resp. téleso
meromorfnich funkci na M. Nechf M a N jsou Riemannovy plochy a F: A(N)— A(M) homo-
morfismus takovy, Ze: (i) obraz F obsahuje alespofi jednu nekonstantni funkci, (ii) restrikce F na
C < A(N) je automorfismus komplexnich &isel, ktery zachovdva J(-— 1). Potom existuje jediné
holomorfni zobrazeni F*: M— N, které indukuje F, tj. (Ff) (x) = f(F*(x)) pro fe€ A(N),
x € M. Pro meromorfni funkce dostdvame tento vysledek. Necht F: K(N)— K(M) je surjektivni
isomorfismus; jestlize F(i) = i a navic F(1) = A pro A € C p¥i N kompaktni, potom Fje indukovan
jedinym holomorfnim homeomorfismem F* : M— N. Ohodnocenim na télese K rozumime zobra-
zenf v: K — {0} — Z (= celd &isla) takové, Ze pro f, g € K— {0} plati v(fg) = v(f) + v(g)
a o(f+ g) = min {o(f), ¥(9)}. Necht x € M; zobrazeni v, : K(M) — {0} > Z, v,(f) = ord, f,
je ohodnocenim. Ukazuje se, Ze kazdé ohodnoceni na K(M) je ekvivalentni s néjakym ohodno-
cenim v,.

Knihu doporuduji ¢tend¥im, ktefi znaji teorii Riemannovych ploch. Za&ate¢rik by se nepo-
chybné ztratil v mnoZstvi technickych detailii stfednich kapitol.

Alois Svec, Praha

Frederick W. Stevenson: PROJECTIVE PLANES. W. H. Freeman and Comp., San Francisco,
1972. Stran X 4 416, cena $ 13.50.

Autor ve své pfedmluvé zcela jasné popisuje vyznam své knihy: ,,Tato kniha je pokusem o hlub-
3i studium disledki jednoduchého axiomatického systému, ktery popisuje matematickou struk-
turu, zndmou jako projektivni rovina. O projektivni rovin& bylo napsdéno mnoho knih. Pickertova
Projektive Ebenen (Springer, 1955) a nov&ji Dembowskiho Finite Geometries (Springer, 1968)
vylerpavaji popis jediného matematického objektu zpisobem, ktery nenf obvykly. Tyto knihy
viak nejsou u¢ebnicemi. Jsou velmi cenné pro pokrotilé aspiranty (graduate students), ale jsou
mimo chépéni primé&rného studenta (undergraduate). U&ebnice projektivni geometrie se snaZi
pokryti Siroky okruh problémil. To je samozfejmé, protoe projektivni geometrie je pfirozenym
odrazovym miistkem ke studiu neeuklidovskych geometrif a dokonce linedrni algebry. Nicmén&
jejich uelem neni studovati projektivni rovinu jako samostatny objekt. Vieobecn& je ptijato za
sprivné, ¥e student matematiky by m&l prostudovati do hloubky alespoii jeden jeji obor. Timto
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oborem je &asto algebra — nejspide teorie grup nebo okruhii. Ale i teorie projektivni roviny ie
vhodnym oborem pro takové koncentrované studium. Obdobng jako teorie grup nebo okruhii
mé: jednoduchy axiomaticky zdklad. Také ona uvadi studenta do né€kolika zdkladnich pojmu,
z nichZ nejdiileZit&j$i je pojem grupy transformaci. Projektivni rovina je pozoruhodn& piibuzna
s algebraickymi strukturami se dvéma bindrnimi operacemi (téleso, okruh s délenim, polotéleso,
skorotéleso, kvasitéleso). Jeji studium dale pfivadi studenta k jinym oborim matematiky, nap¥.
ke kombinatorické analyze, linedrni algebie a teorii &isel. Kone¢né je zde mnoho nefeSenych
problémii; nékteré jsou patrné€ felitelné, jiné jsou klasické a nebudou patrné nikdy vyfeSeny.

S timto autorovym tUvodem pln& souhlasim. V na$i zemi byla kdysi projektivni geometrie na
vysoké trovni. Z riznych divodu viak jeji rozvoj naprosto ustrnul (az na jedinou &estnou vyjim-
ku); obdobné je tomu i v algebraické geometrii. Ostatné& ani historie geometrie se nedostala za
objev neeukleidovské geometrie a jména jako S. Lie jsou téméf zapomenuta. Za projektivni geo-
metrii se u nas pfevdZn€ vydava teorie konstrukci kuZelosedek z mnoha (mnoho == pét) elementl.
Tento stav je nutno radikdlné zménit. DileZité je, Ze svétovy vyvoj v teorii projektivni (afinni, ne-
eukleidovské atd.) geometrie je moZno.i u nas b&hem né&kolika let pohodln& dohnati; v algebraické
geometrii je to podle mého minéni jiZ nemoZné. Stevensonova kniha je velmi uZite¢n4. Jest viak
jiZ smutnou tradici, Ze bude dlouho nepfistupna a budeme si muset po¢kat na pfipadny rusky
pieklad. Toho jsme se jiz doCkali alespofi u Hartshorneovy knihy (Foundations of Projective
Geometry; Benjamin, 1967), kterd je viak daleko elementdrnéjsi. Nejlepsim feSenim by patrné
bylo napséni vlastni &eské ucebnice. Protoze o Stevensonovu knihu chci vzbudit skuteny zéjem,
jsem nucen nejprve vyloZit nejzakladné&jsi pojmy, jeZ jsou v ni studovény.

Rovinou nazveme trojici (#, &, £),kde 2, &, FjsoumnoZzinya Z2 N L =0,Z2U Z + O,
F S P X &, prvky z 2 se nazyvaji body, prvky z & pFimkami a (p, L) € # znamend, Ze bod p
lezi na pfimce L. Rovina (£, %, #) se nazyva projektivni, jestlize spliiuje nésledujici axiomy:
(1) kazdé dva body p + ¢ lezi na prévé jedné piimce; (2) kazdé dvé pfimky L + M prochézeji
pravé jednim bodem; (3) existuje &tvefice bodil, z nichZz Z24dné tfi nelezi na pfimce (tzv. 4-roh).

Ctendf patrn& zna pouze jediny ptiklad projektivni roviny, a to rovinu nad redlnymi &isly R.
Ta je definovdna takto: #= {[x,y,z]:x,7,z€R, [x,»,21%[0,0,0]}, &= {[a,b,c]:
a,b,ceR, [a,b,c]l+[0,0,0]}, #={[x,» 2] [qb,c]):ax+ by+ cz=0}; [p,q,r] znadi
mnoZinu viech trojic tvaru (pz, gz, rz), kde 0 + z € R. Uvedme proto velmi obecnou konstrukci
projektivniroviny. Terndrnim okruhem (ternary ring) nazyvame systém 7= (R, ¢), kde R je mnoZina
at:RX R X R— R je zobrazeni s nésledujicimi vlastnostmi: (1) existuji prvky 0, 1, € R tak,
2 0+ 1, t(0,a,b)=1@a,0,b)=>b, t(1,a,0)=1t(a,1,0)=a; (2) k danym a,b,c,d€R,
a F c, existuje jediné x € R tak, Ze #(x, a, b) = t(x, ¢, d); (3) k danym a, b, ¢, € R existuje jediné
x € R tak, Ze t(a, b, x) = c¢; (4) k danym-a, b, ¢, d € R, a ¥ c, existuje jedind dvojice (x, y) €
€ R X R tak, Ze t(a,x,y) = b a t(c, x, ) = d. Necht nyni T= (R, t) je dany terndrni okruh
a 2={lxy)[xLz:x,yeR}, L={{y).{(x),Z:x,yeR}, £={(x,y], {mk)):
2(x, m, k) = y} U {(Ix, »], {xD)} U {(Ix], <x, D)} U {(z, {xD)} L {(Ix], 2)} U (z, Z). Pred-
poklédame-li 2 N L= 0, z¢{[x,»), [x]l:x,y €R}, Z¢{{x,¥),{x):x,y €R}, je np=
= (2, £, J) projektivni rovinou. Dikaz neni obtiZny. UkaZzme napf., kterd (jedind) pfimka L
prochdzi dvéma riznymi body p, ¢, € 2: (a) Necht p = [a, b], ¢ = [a, d], pak L = {a); (B) necht
p=1[a,b]), q=[c,d], a ¥ c, pak existuje jedind dvojice (m, k) € R X R tak, Ze t(a, m, k) = b,
t(c,m,k) =da L= {mk);(y)p= [a, bl, g = [c], pak existuje jediné k € R tak, %e t(a, c, k) =
=ba L= {ck); 8) p= l[a,bl, g= z, pak L= {a), (¢) p= [a], ¢ = [b] nebo g = z, pak
L = Z. Obdobng by se nasel (jediny) priusetik dvou pfimek. Zadné tfi z boda [0, 0], [0], [1, 1],
z neleZi na pfimce. Uvedeny pfiklad se zd4 byt nesmirné umélym. UkaZme, %e tomu tak neni.
Necht z = (2, &£, #) je projektivni rovina a {u, v, 0, e} jeji dany 4-roh. Systém T(u, v, 0, €) =
= T = (R, ) definujme nasledovnd: () R = ou — {u}, kde pq zna¢i pfimku body p, ¢; (B) pro
a, b, c € R se t(a, b, ¢) definuje jako vw N ou, kde postupn& m = vh N oe, n= um N ve, p =
=onNuv, q=cv Noe, r=ugq N ov,s=prNav, w= su N oe. Snadno se ukaZe, e pred-
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chozi konstrukce je proveditelnd a T je terndrnim okruhem, ktery oviem zéleZi na volb& 4-rohu
{u,v,0,e}. DV& roviny n = (2,2, #), o’ = (&, £’ #’) se nazyvaji isomorfni, jestliZe existuji
vzdjemné jednoznand zobrazeni f: P —> P, F: ¥ — ¥’ tak, ¢ (p,L) € # pravé kdyz
(f(p), F(L)) € #'. Plati, %e pro projektivni rovinu 7 mame 7 ~ TT(u,0,0,e)> KdE {u, v, 0, e} je
libovolny 4-roh v n. Ternarni okruh je tedy algebraicky systém, ktery ndm umoZziiuje zavést sou-
fadnice do projektivni roviny. Nicmén& pojem terndrniho okruhu je dosti neobvykly. Z tohoto
davodu proberme podrobnéji pfiklad projektivni roviny m,, kterd je projektivnim rozlifenim
oby¢ejné eukleidovské roviny. V 7, zvolme pravodhly systém soufadnicovy a necht o = (0, 0),
e == (1, 1), u (resp. v) je nevlastni bod osy x (resp. ¥). Potom R je prdvé€ osa x; nechf a = (o, 0),
b==(8,0), c= (y,0). Provedenim pfedchozi konstrukce zjistime, Ze #(a, b, ¢) = (af + 7, 0).
Tento priklad ndm dava voditko, jak konstruovati ternarni okruhy.

Necht T'= (R, t) je ternarni okruh a Py = (R, +,.) je algebra, v niZ a4 b= 1(1, a, b),
aob=t(a,b,0). Terndrni okruh T se nazyvi linedrnim, jestlize t(a, b, c) = ao b+ c, kde
ao b+ cje definovano v Pr, tj. #(a, b, c) = t(1,t(a, b,0), ). Systém D = (S, +, .), tj. mnoZina S
s dvéma bindrnimi operacemi -+ a ., se nazyvd okruhem s délenim (division ring), jestlize:
MDa+b+o)=(@a+ b+ ¢ a.(b.c)=(a.b).cproa, b, cecS; (2 existuji o, e € S tak, Ze
o+xeato=o0o}‘+a=a,e.a=a.e=aproacS;(3)kac Sexistujeb € Stak,Zea+ b=
= b+ a= o, jestlize a + 0, existuje c€ S tak, 2¢e a.c=c.a=¢e; (4 a+ b= b+ a pro
a,beS;Sa.b+c)=a.b+a.c,(a+b).c=a.c+ b.cproa,b,ceS. Okruh s déle-
nim D = (S, +, .) se nazyva télesem, jestlize navica.b= b .aproa, b € S. Necht D = (S, +,.)
je okruh s délenim. Potom T = (S, t), kde t(a, b, ¢c) = a. b + c, je ternarni okruh. Timto zpt-
sobem je mozZno konstruovati nékteré terndrni okruhy. Zfejmé néds bude zajimati fundamentalni
otdzka: Bud déna projektivni rovina; ptdme se, kdy ji pfislusny terndrni okruh vznikne popsanou
konstrukci z n&jakého okruhu s délenim. Projektivni rovina n se nazyva desarguesovskd, ma-li
tuto vlastnost: jestlize p, q, r a p’, g/, r’ jsou trojice nekolinedrnich bodu takovych, Ze pfimky
pp’, qq’, rr’ prochézeji jednim bodem, potom body pg N p’q’, pr 0\ p’r’, qr N\ q’r’ leZi na jedné
ph’mce., Projektivni rovina n se nazyva pappovskd, mé-li tuto vlastnost: jestlize p,q,r a p’,q’, r’
jsou trojice riznych bodd na pfimkach L resp. L’ (L #+ L’) a bod L N L’ je rizny od bodi
p, ..., ¥, potom body pq’ N p’q, pr’ O\ p’r, g N q’r lezi na pfimce. Odpovéd na uvedeny pro-
blém je nyni snadno formulovatelna: Projektivni rovina = je desarguesovskd (resp. pappovskd)
pravé kdyZ n ~ m pro n&ktery linedrni terndrni okruh 7, k némuZ pfifazend algebra Py je okru-
hem s délenim (resp. t€lesem).

V. pfedchozim jsem kratce popsal, jakymi hlavnimi problémy se recensovand kniha zabyva.
Viimnéme si nyni podrobnéji jejiho obsahu. Prvni ¢4st se skldda ze étyf kapitol; v prvnich dvou
jsou uvedeny definice rovin, jejich netrividlni pfiklady a elementédrni vlastnosti. Dal8i dvé kapitoly
se zabyvaji kolineacemi projektivnich rovin, tj. isomorfismy (f, F) roviny = na sebe. Hlavnim
pfedmétem studia je jejich transitivita. Celd druh4 &ast je vénovana studiu desarguesovskych
rovin. Studuji se vztahy mezi existenci desarguesovskych konfiguraci a transitivitou kolineaci,
teorie harmonickych bodi, pappovské roviny. Ukazuje se ekvivalence Pappova axiomu s funda-
mentalni vétou projektivni geometrie. Pokraduje se studiem rovin nad okruhy s délenim a té&lesy,
velkd pozornost je vénovédna grupadm kolineaci v téchto rovinach. V zdvé&re¢né kapitole se pak
ukazuje, Ze témito rovinami jsou vy&erpany viechny desarguesovské (resp. pappovské) roviny.
Dochdzi se k né€kterym hlubokym vysledktim; pfikladem je diikaz toho, Ze kaZda kone¢né desar-
guesovsk4 rovina je pappovské. Cést tfeti obsahuje podrobnou analyzu nedesarguesovskych rovin
nad linedrnimi terndrnimi okruhy. Tyto roviny jsou alespoii C4stetné desarguesovské. Napf.
plati toto tvrzeni: Necht 7 je projektivni rovina, {1, v, 0, e} jeji 4-roh; ternérni okruh T'(y, v, 0, €)
je linearni pravé kdyZ vSechny z v centriln& perspektivni trojihelniky tvaru bpw, vgr jsou axialng
perspektivni z uv.

Vyse jsem popsal, jak se z terndrniho okruhu T= (R, r) utvofi algebra P = (R, +, o).
Viechny Pr s T linedrnim se nazyvaji plandrnimi okruhy; plati, Ze plandrni okruh je generovéan
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jedinym linedrnim terndrnim okruhem. Planirni okruh P = (R, +,.) se nazyvad kartézskou
grupou, jestlize (R, +) je grupa. Pfikladem kartézské grupy je P = (R, +, o), kde R jsou redlna
&isla, 4 je obvyklé s¢itdinfaaob=abproab = 0,ac b= aszroa >0 >b,aob= ab® pro
a < 0 < b; P nespliidje ani asociativitu ndsobeni ani distributivni zdkony. Kolineace projektivni
roviny 7 se nazyva centrdlni kolineaci, jestlize alespoti jedna pfimka je pfi ni bodové invariantni
(potom existuje i invariantni bod); necht CC(p, L) je grupa centrdlnich kolineaci se stfedem p
a osou L. Projektivni rovina = se nazyva (p, L)-transitivni, jestlize grupa CC(p, L) je transitivni
Nynf plati véta: Nech( 7 je projektivni rovina, {u, v, 0, e} jeji 4-roh a T = T(«, v, o, €) pfislusny
ternarni okruh; n je (v, uv)-transitivni pravé kdyZ T je linearni terndrni okruh, jehoz planarni
okruh Py je kartézskd grupa. Tato véta je typem tvrzeni, kterd jsou dokazovana pro riizné druhy
rovin nad plandrnimi okruhy. UvaZuji se napf. plandrni okruhy s asociativnim resp. komutativnim
nasobenim resp. s¢itdnim, kvasitélesa ¢ili Veblenovy-Wedderburnovy systémy (tj. P je kartézskd
grupa s jednim distributivnim zdkonem), skorotélesa (nearfield : P je kvasitéleso s asociativnim
nésobenim), polotélesa (P je kartézska grupa s obéma distributivnimi zdkony) a alternujici okruhy
(P je polotéleso a a(ab) = (aa) b, (ab) b = a(bb) pro a, b € R; alternujicim okruhéim pfislueji
tzv. Moufangovy roviny). Zavér této &asti je velmi hluboky. Ukazuje se Ze jestlize 7 je kone¢na
projektivni rovina s grupou kolineaci, kterd je transitivni na mnoziné€ viech 4-rohi, potom = je
Moufangova a tedy pappovska.

Kniha obsahuje na 350 cvi¢eni. Vydavatel uvadi, Ze existuje zvlastni svazek, obsahujici feseni
t&chto cviteni z prvnich dvou &4sti knihy; tento svazek viak nemdm k disposici. Kniha je pfevizné
vénovéana projektivnim rovindm, samoziejmé jsou v8ak probrany pfislu¥né specialisace na afinni
rovinu. Velkym kladem je, Ze text je osvétlovan na fadé netrividlnich pfikladi. Tyto pfiklady jsou
algebraické i geometrické. N43 student znd riizné axiomatické systémy, definujici rozli¢né alge-
braické struktury. Doceni v8ak napf. poZzadavek asociativnosti, kdyZ nic neasociativniho nevidél?
V knize miZe takovych p¥ikladu nalézti celou fadu.

Stevensonovu knihu mohu &tendfi jen doporucit. Neni viak tak elementarni, jak uvadi autor;
1épe se hodi pro &tendie, ktery umi text pfebihat a znovu se k nému vracet, neZ pro toho, kdo ¢te
peclivé fadek po fadku. Patrné bych dal knize jinou skladbu (pravé z tohoto divodu), ale to je
nézor jiZ ptili§ osobni. Alois Svec, Praha

H. G. Garnir, M. De Wilde, J. Schmets, ANALYSE FONCTIONNELLE. Tome II: Mesure
et intégration dans I’espace Euclidien E,. Birkhduser Verlag, Bassel und Stuttgart, 1972, 287 stran.

Solidni u&ebnice (linearni) funkciondlni analyzy vZdy v&€nuji pozornost pouZiti obecnych vy-
sledki a metod v konkrétnich funkciondlnich prostorech. Autofi zamysleji studovat prostory po-
sloupnosti, funkci a distribuci ve tfetim dile jejich prace ,,Analyse fonctionnelle*, coZ vyZ?aduje
dobrou znalost teorie miry a integrdlu. Recenzovany druhy dil se zabyv4 pravé teorii miry a in-
tegrluv E,. Vétsina vysledkit zde odvozenych se snadno pfenese na p¥ipad obecné miry. Rieszova
véta o reprezentaci, existence Haarovy miry a studium riznych typu konvergence posloupnosti
spojitych funkci tvoii souddst tfetiho dilu.

Prvni kapitola pojedndvd o mife a m4 22 stran. Semiintervalem I = la, b] v E,, kde a =
= (ay,..., a,), b= (by, ..., b,) € E,, se rozumi soutin intervali Ja;, b;], i = 1, ..., n; £(I) znadi
néjaké délenf I na semiintervaly, I,,—> I je podle definice dr,,(x) = 6;(x), Vx € E,, kde dy, znati
charakteristickou funkci mnoZiny M. Bud 2 oteviend mnoZina v E,. Mira v 2 je definovana jako
zobrazeni u z mnoZiny viech semiintervalli obsaZenych v 2 do mnoZiny komplexnich &isel, které
spliiuje tyto vlastnosti:

a) VI < @, V2W) p() = Y jeo(n) #(J) (aditivita);
b) VI = @, Ac(l) > 0, V() Y jepn|u(J)| < c() (1 mé ohranienou variaci);
¢) 1I,— IvQimplikuje u(1,,)—> u(I) (spojitost).
V této kapitole jsou odvozeny zékladni vlastnosti mér a uvedeny nekteré ptiklady mér.
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Druh4 kapitola (82 stran) se zabyvé integraci funkci. V celé kapitole 2 znaci otevienou mno-
Zinu v E,, I, I; semiintervaly v 2 a u miru v Q. Jednoduché funkce jsou definovany jako (konené)
linedrni kombinace charakteristickych funkci semiintervald a integrdl jednoduché funkce je de-
finovdn obvyklym zplisobem. MnoZina e S Q je u-zanedbatelnd (v jiné terminologii x#-nulovéd),
jestlize ke kaZdému e > 0 existuje spofetné pokryti mnoZiny e semiintervaly I; takové, Ze
> Vu(I)) < & Pomoci u-zanedbatelnych mnoZin lze jiZ zavést pojmy ,,u-skoro viude v mnoZing
A S Q,,,SUDp.s.0.,xed [(X)*, ,, [, konverguje stejnomérné k f u-s.v. v A* atd. Posloupnost jed-
noduchych funkci o, se nazyvad u-slusnou, jestlize f|a,, — o] dVu— 0 pro inf (m, k)— o (tj.
L,(Vu) — cauchyovskd); pak posloupnosti |«,| dVu a f«, du konverguji. Funkce f je podle
definice u-integrovatelnd, jestlize je u-s.v.limitou u-slu§né posloupnosti jednoduchych funkci
a,.; u-integral funkce f je zaveden pfedpisem [fdpu = lim,, fa, dz. u-méfitelné funkce jsou
u.-s.v. limity posloupnosti jednoduchych funkci. Jsou odvozena vSechna zdkladni tvrzeni o u-
-méfitelnych a u-integrovatelnych funkcich a jejich posloupnostech. Uvedme jedno z nich, které
se ne vZdy uvadi v uebnicich integrdlniho po¢tu. Bud / Lebesgueova mira a B(x, R) oteviend
koule se stfedem v x’a polomérem R. Je-li flokdlné& /-integrovatelnd, pak

fim e — fO) dy =
R—lartl)]+ I[B(x, B)] J' n(x,n)lf(X) for e

pro I-s.v. x € 2.

Treti kapitola (15 stran) je vénovana borelovskym funkcim a mnoZindm a &tvrta (14 stran)
sou¢inu mér (Fubiniho véta).

Nejdelsi kapitolou (94 stran) je pat4 kapitola: Vztahy mezi mérami. Pro lokaln& g-integrova-
telnou funkci f (f. p) (I) = [y fdu definuje miru f. x4 v 2. Dokazuje se Radonova véta: Je-li
1 <€ v (tj. u je absolutné spojitd vzhledem k v), pak existuje (jednozna¢né v-s.v.) lokédlné v-inte-
grovatelnd funkce f takovd, Ze u= f.v; je-li v=1I lze udat pfedpis pro

fi f(x) = lim p[B(x, R)]/IB(x, R)]
R0+

pro I-s.v. € 2. Studuje se silnd a slabd konvergence mér (u,,—> 4, jestlize V(u,, — p) (I) =0
pro VIS @; pu,, —~ u, jestlize p,(e)— u(e) pro kazdou borelovskou ohrani¢enou mnoZinu
esé & Q), zuZeni, rozSifeni a obraz miry (pfi p-méfitelném zobrazeni x": — Q' S E,.).
Integral mér [, du je definovan rovnosti (fi, du) (I) = A, (1) du, kde A, jsou miry v 2’ < E,,
pro p-s.v. x €2, takové, ze A,(I) jsou p-integrovatelné pro VI = Q’; uvadi se Tonelliho véta
s dikazem. Zavadise pojem konvolu¢niho sou¢inu mér, atomové a difusni miry. PFipomefime, Ze
u je difusni, jestlize jednobodové podmnoZiny mnoZiny 2 jsou u-zanedbatelné. Dokazuje se
Lebesgueova véta o rozkladu miry a zndmé Halmosovo zobecnéni tohoto tvrzeni: Je-li z difusni
a ey je p-integrovatelna (tj. charakteristicka funkce mnoZiny e, je u-integrovatelnd), pak Ve > 0,
dn > 0, Ve:
eSS ey, diame < 7, ep-méfitelnd = Vule) < ¢.

PovaZuji za sympatické a neobvyklé, Ze tato kapitola obsahuje princip bang-bang, coZ jist&
piivitaji ti, kdoZ se zabyvaji teorii optimalniho fizeni, a Ljapunovovu vétu o konvexité a kompakt-
nosti oboru hodnot miry. Pokud vim, knihy, kde jsou tato dvé dulezitd tvrzeni dokdzina, lze
spocitat na prstech jedné ruky. Snad si zaslouZi ocitovat pfekrdsnd kniha: H. Hermes, J. La Salle,
Functional Analysis and time optimal control, Academic Press, New York and London, 1969.
Ocitujeme ob& tvrzeni. Princip bang-bang: Bud e u-méfitelnd mnoZina v 2, M(x) u-méfitelnd
matice typu M X N definovand na e a B ohrani¢end podmnoZina Cy. Pak mnoZina

A (B) = { J eM (x)_-f.(x) du :}—:(x) = (f1(x), ..., fy(x)) definovand a p-méfitelnd na e,
j_'zx) € B p-s.v.}
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m4 nésledujici vlastnosti: a) &/(B) je ohranitend. b) Je-li u difusni nebo B konvexni, pak <(B)
je korivexni. c) Je-li # difusni nebo B konvexni a je-li B kompaktni, pak /(B) je kompaktni.
d) Je-li u difusni a B kgmpaktni, pak &/(B) = (ext B), kde ext B zna&i mnoZinu viech extremal-
nich bodii mnoZiny B. Ljapunovova véta: Jsou-li miry g, ..., uy difusni a je-li e u-integrovatelna
(=1, ..., N), pak mnoZina :

{@y(€), ... uy(€)): € uyméfitelnd (i=1,..,N), ¢ e}

je konvexni a kompaktni v Cy,.
Zbytek'p4té kapitoly je vypln&n studiem mnoZin mér, které jsou absolutn& spojité vzhledem
k pevné mife (véta o stejnomé&rné absolutni spojitosti, kritérium ohrani¢enosti atd.).

Posledni dvé kapitoly (celkem 47 stran) jsou Gvodem do teorie mér a integrace funkci s hodno-
tami v lokdlné konvexnim prostoru E. Kromé jednoduchych zobecnéni nékterych &asti piedcho-
ziho textu jsou zde odvozeny napi. Pettisova véta, ekvivalence p-integrovatelnosti a striktni
p-integrovatelnosti v pfipadé, kdy E je striktni limitou Fréchetovych prostori. Kniha kondi
diikazem Radonovy véty pro vektorové miry, kde E je separabilni refl=xivni Banachilv prostor,
nebo Fréchetiv-Schwartziv prostor, resp. striktni induktivai limita téchto prostori.

Seznam literatury je op&t omezen jen na knihy (7 cit.), z nichZ nejéasté&ji je citoviana kniha
H. G. Garnira ,,Fonctions de variables réelles*, Vol. II, Vander, Louvain, 1965. Kniha je vyplnéna
120 cvitenimi a dobfe se &te.

Josef Dane$, Praha

Paul L. Butzer, Rolf J. Nessel: FOURIER ANALYSIS AND APPROXIMATION, Vol. 1.
One-Dimensional Theory, Birkhauser Verlag, Basel und Stuttgart 1971, XVI 4 553 stran.

Impuls k napsani této knihy vySel z mezindrodni konference o harmonické analyze a integral-
nich transformacich v Oberwolfachu v roce 1965. Autofi jsou zndmi odbornici v teorii aproximaci
a integrélnich transformaci, plisobi na vysoké $kole technické v Cachéch.

Kniha pojednava o teorii Fourierovych fad, Fourierovych integrald a o teorii aproximaci. Jde
tedy o dilo, které sjednocuje tfi velmi $iroké, samostatné oblasti matematické analyzy. Cilem
knihy je vyloZit zaklady viech tfi jmenovanych oblasti se zvlaitnim zfetelem na principy, které je
sjednocuji. s

Text je rozdélen do péti ¢asti: Aproximace pomoci singularnich integral, Fourierova transfor-
mace, Hilbertova transformace, Charakterizace jistych t¥id funkci a Teorie nasyceni (saturation
theory).

V prvni &4sti jsou vyloZeny klasické metody séitdni Fourierovych fad, pfimé aproximaéni véty,
véty Bernsteinovy a Jacksonovy pro polynomy nejlepsi aproximace a singuldrni integrdly. .

Druh4 &4st pojedndva o Fourierové transformaci v Ltav LP, p > 1, jak pro piipad periodic-
kych funkci tak také pro pfipad funkci danych na celé redlné ose; zejména je zkoumén vztah teorie
Fourierovych fad a Fourierovy transformace. Jsou zde také uvedeny slozité véty o reprezentaci
posloupnosti resp. funkci pomoci Fourierovy transformace. Metody Fourierovy transformace
pro feSeni riznych uloh s parcidlnimi diferencidlnimi rovnicemi druhého ¥ddu (vedeni tepla,
Dirichletova a Neumannova tloha pro jednotkovou kruznici, rovnice struny aj.) uzaviraji tuto
&ast knihy.

V pomérn& kratké &asti tfeti je pojedndno o Hilbertové transformaci a konjugovanych funk-
cich.

Favardovy tfidy (tfidy nasyceni) funkci, které pro dany konvoluéni integrél poskytuji nejlepsi
moZny fad aproximace jsou popsany ve &tvrté &asti knihy. Tato ¢4st m4 uplatnéni v zdv&ru knihy,
ktery je vénovan teorii nasyceni daného aproxima&niho procesu a ve kterém zejména jde o stano-
veni saturaéni vlastnosti daného aproximaé&niho procesu a o charakterizaci jemu p¥isluiné Favar-
dovy tfidy.
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Tento strohy a neliplny vy&et obsahu knihy ozfejmuje, Ze jde o dilo mimofddné Sirokého z4bé-
ru. Je aZ udivujici, Ze takové mnoZstvi materidlu lze vtésnat do jediného svazku. Autoriim se toto
podafilo mimo jiné také vhodnou volbou symboliky ale zejména maximalnim vyuZitim jednoti-
cich hledisek, spolednych viem vyloZenym teoriim. Vyklad je zcela pfesny, k &etb& neni tfeba spe-
cidlnich znalosti. Pfesto oviem nelze Fici, Ze by bylo snadné tuto knihu rychle pfe&ist. Vhodnym
vybérem jednotlivych kapitol knihy 1ze sestavit tfi zcela samostatné kursy: o Fourierovych fadach,
o Fourierové transformaci a o teorii aproximaci.

Jak uz sam podtitul napovid4, jde o prvni dil knihy. Autofi v pfedmluvé ke knize hovofi o dal-
$im dilu, ktery je stadiu pfiprav a bude pojednavat o podobnych problémech pro funkce vice
proménnych. D4 se pradvem predpokladdat, Ze celek, ktery takto vznikne bude jednou ze zdklad-
nich monografii vedle knih A. Zygmunda, N. K. Bari, S. Bochnera a K. Chandrasekharana,
N. 1. Achiezera aj.

Recenzovany exemplaf knihy je zdjemctim k dispozici v knihovné Matematického ustavu
CSAV v Praze.

Stefan Schwabik, Praha

Serge Dubuc: GEOMETRIE PLANE. Presses Universitaires de France, Colleciton SUP, Le
Mathématicien 8. Stran 147, obr. 37. Cena 15 F. Paris 1971.

Ve sbirce ,,Les précis de I’enseignement supérieur** (SUP), kterd je u nds prakticky nezndma4, vy-
chazeji svazky kapesniho formatu prozatim z patnécti riiznych oborti humanitnich, p¥irodové-
deckych a sociologickych. V sekci matematické, kterou fidi Jean-Pierre Kahane, vy$lo dosud
8 svazki. Nase ¢tenafe mohou zajimat jednotlivé tituly i autofi; jsou to: 1. Jean-Louis Krivine:
Théorie axiomatique des ensembles. 2. Jean-Pierre Serre: Cours d’aritmétique. 3. Roger Temam:
Analyse numérique. 4—5. Louis Comtet: Analyse combinatoire, svazky 1 a II. 6. Gérard Letac:
Problémes de probabilité. 7. André Gramain: Topologie des surfaces. 8. Serge Dubuc: Géométrie
plane. ‘

Podepsany recensent m4 k disposici jen svazek posledni. Jeho autor, Serge Dubuc, pracuje
v matematickém oddéleni university v Montréalu. V sedmi kapitoldch, jimZ pfedchdzi kratky
uvod, probiréd elementarni projektivni a afinni geometrii v rovin€ s n€kterymi metrickymi speciali-
sacemi, a to s typickou francouzskou lehkosti. UZiv4 vyhradn€ metody analytické, ale piSe upfim-
ng, ¥e v geometrii syntetickd metoda je matkou metody analytické. Analytickd metoda umoZiiuje
viak zobecnéni klasickych geometrickych tivah. Autor konstruuje modely takovych: geometrii
tim, %e soufadnice jsou prvky jakéhokoli algebraicky uzavfeného komutativniho télesa K. Tim se
vyhyb4 t&m geometriim, kde K neni komutativni nebo algebraicky uzaviené, tedy napk. i koneg-
nym rovindm, ale mnohé jeho vysledky lze uZit i v té€chto pfipadech, totiZ ty, které spocivaji jen
na linedrni algebre.

Hned v tivodu definuje autor svym zptisobem barycentrické soufadnice v roving, jich? pak
v celé kniZce uZiva. V 1. a 2. kapitole pojedndvé o projektivni pfimce a projektivni roving. Projek-
tivni transformace pravé tak jako transformace soufadnic jsou charakterisovdny pfislu$nymi re-
gularnimi maticemi nad télesem K. UZiti barycentrickych soufadnic mu dovoluje rychlé uvedeni
véty Menelaovy a véty Cevovy z geometrie trojuhelnika a jednoduchy dikaz v&ty Desarguesovy
pro homologické trojihelniky. Kapitola 3 je vénovana afinni roving, kterou autor konstruuje
béZnym zplsobem z projektivni roviny vynechdnim jedné p¥imky. Kombinuje zde vektorovy
pocet s barycentrickymi soufadnicemi a uvadi zdkladni vlastnosti translaci, homotetii a obecnych
afinnich transformaci; paty odstavec této kapitoly o klasifikaci projektivnich transformaci v roving
patii spi¥e do kapitoly 2. Ve 4., resp. 5. kapitole jsou probrany vlastnosti kuZelose&ek v projektivni,
resp. afinni roviné. Zde se oviem pfedpoklddd, e charakteristika t&lesa K je rizn4 od 2. V projek-
tivni roving je oviem uvedena i polarita a v&ta Pascalova. Afinni vlastnosti jsou zaloZeny na studiu
homotetickych kuZelosedek. Odtud uZ neni daleko k zavedeni kolmych vektord, &m% je viechno
pfipraveno ke studiu kruZnic a trojihelnikd v kapitoldch 6 a 7. Je tu zobecn&na fada pojmii a vy-
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sledki z klasické elementédrni geometrie pro tuto rovinu nad télesem K, jako napf. véta Ptole-
maiova pro tétivovy ¢&tyfihelnik, pojem mocnosti bodu ke kruZnici, Eulerova a Simsonova
piimka i Apolloniova kruZnice z geometrie trojuhelnika. KruZnici deviti bodu, kterd je u nds
vétSinou zndma pod jménem kruZnice Feuerbachova, nazyva autor krunici Eulerovou. UZitim
isogondlni kvadratické transformace jsou odvozeny vlastnosti Lemoinovych bodili, pfimek
a kruZnic z geometrie trojuhelnika aj.

Odbornik si tuto kniZku pfeéte s pot&Senim, zatate¢nikovi miZe pisobit jisté potiZze autoriv
velmi struény zplisob vyjadfovani, ktery nuti &tenafe fadu podrobnosti domyslet samostatné.
Naproti tomu nerusi tiskové chyby, jichZ je ostatn& velmi malo, protoZe si je kazdy snadno
opravi sdm (napf. na str. 12, 14, 53).

Karel Havliéek, Praha

L. Chambadal: LES ENSEMBLES (MnoZiny). V edici Connaissance-Université vydalo na-
kladatelstvi Bordas, Pafiz— Montréal 1971; 150 stran, cena neud4na.

Pfi povrchnim pohledu na tuto utlou kniZzku kapesniho formétu vznikne nejspie dojem, Ze jde
o dal8i populdrni broZurku o mnoZindch. Ani zb&Zny vyéet ndzvi jednotlivych kapitol (1. MnozZi-
ny a relace, 2. Zobrazeni, 3. Operace, 4. Binarni relace, 5. Ordindlni a kardinélni &isla, 6. Axiomy
teorie mnoZin) patrné je$té nepiesv€d¢i o tom, co zjistime, jakmile se do textu knizky zadivime
ponékud pozornégji: Ze totiz jde o dilko sice drobné, aviak s aspiracemi vy3§imi, nezli by se
zdalo. Z&hy shleddme, Ze k utlosti knizky velmi podstatnou mérou pfispivd pfedeviim hutny
a usporny styl, bez jakychkoliv zbyteénych piikras. D4 se dokonce fici, Ze text je redukovdn na
nezbytné minimum vynechdnim vieho, bez &eho je mozZné se obejit. Je aZ s podivem, jak velké
mnoZstvi definic i tvrzeni 1ze sméstnat na tak malém prostoru. (USetfeného mista je vyuZivdno
mj. téz k obfasnému vyjadiovani kritickych osobnich stanovisek autorovych napf. k termino-
logii, ke korektnosti b&Znych definic, k metodice vykladu teorie mnoZin & k pracim jinych
autord.) PonévadZ jde skute¢né o zdkladni pojmy teorie mnoZin (v&etné pfisluenstvi jako jsou
relace, operace, zobrazeni apod.), je vét§ina jednoduchych tvrzeni ponechdna bez diikazi; ty jsou
podavany tehdy, jsou-li sloZit&jsi anebo vyZaduji-li netrividlni obrat.

Nejde tedy rozhodné o Zddnou ,,rekreadni‘ Eetbu. V této souvislosti snad ponékud piekvapuje
jestlize se na obdlce kniZky tvrdi, Ze je urena Zakum $kol a jejich rodi¢tim (!) — a oviem téz
uditelim a vysoko3kolskym studentiim. Nedovedu si né&jak pfedstavit normdalni rodi¢e nasich
stfedodkoldki (ledaZe by sami byli profesiondlnimi matematiky), jak se delektuji napi. definici
vektorového prostoru nad komutativnim té€lesem (uvedenou ostatné jen tak mimochodem pro
ilustraci distributivniho zdkona): je to ,,aditivn& zapisovand abelovsk4 grupa s jednou vnéj$i ope-
raci (operdtory jsou prvky onoho t&lesa), spliiujici podminky asociativity, distributivity, ...
SpiSe 1ze pfedpoklddat, Ze autor, ktery je profesorem matematiky v tzv. pfipravnych t¥idach
lycea (jeZ nemaji obdoby v na¥em $kolském systému) napsal pro své Z4ky stru¢ny pfehled Zadou-
cich védomostf. V tomto smyslu by tedy bylo moZné vyuzivat Chambadalovy knizky u nds spise
aZ¥ na urovni prvniho ro¢nfku vysoké $koly.

Frantisek Zitek, Praha

Kdroly Jordan: CHAPTERS ON THE CLASSICAL CALCULUS OF PROBABILITY. Vy-
dalo nakladatelstvi Akadémiai Kiad6, Budapesf, jako 4. svazek kniZnice Disquisitiones Mathema-
ticae Hungaricae v roce 1972. Stran 619.

Autor knihy, profesor Kdroly Jordan, se narodil pfed vice neZ sto lety. Pliivodnim zaméfenim
byl fyzik, vyu€oval viak tficet let na Vysoké §kole ekonomické v Budapesti. Jeho zdlibou byla nejen
vé&da, alei d&jiny védy a zvlait& poétu pravdépodobnosti. Profesor Jordan proto shromazdil vel-
kou sbirku klasickych dél o pravdépodobnosti, kterd byla bohuZel v roce 1956 znitena. Pé&i na-
kladatelstvi Madarské akademie v&d vychdzi Jordanova kniha, podavajici obraz teorie pravdé-
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podobnosti pfed jejim intensivnim rozvojem mezi obéma sv&tovymi vdlkami. Autor se v ni ne-

ustéle vraci do historie a k ptivodni literatufe. Kniha je tedy i pfisp&€vkem k celym d&jinam teorie
pravdépodobnosti.

Vyklad uréeny spife nematematikiim, muZe matematikovi pfipadat na nékterych mistech
zdlouhavym. Na pftiklad stanoveni pravdépodobnosti binomického rozloZeni se nazyva prvnim
problémem Bernoulliovym, jejich s¢itdni druhym problémem. Ur¢it rozloZeni souétu ok na hracich
kostkéch je problémem Monmortovym-Moivreovym. Resi se za pomoci Dirichletova faktoru ne-
spojitosti (Fourierovou transformaci). Nelze se v§ak ubranit urdité zdvisti pfi pfedstavé doby, kdy
universitni uditel stdl pfed ulohou, bez spéchu vyloZit fadu zdkladnich faktd, a mohl, byl-li oviem
tak seétély jako profesor Jordan, osv&Zovati vyklad &etbou mistrovského dryvku o ruleté od
M. Maeterlincka &i usmévné pasdZe z dekretu Ludvika XIV. pfi zaloZeni Loterie Royale. Dojem
o trvalé hodnoté poznatk, jichZ se poslucha¢im dostdvd, mohl byt je$té podtrZen tim, Ze v pro-
po¢tenych prikladech je uetnictvi pojisfoven vedeno v tolarech.

Kapitolu prvni tvoii s velkou erudici napsany, historicko-filosoficky vyklad pojmu pravdépo-
dobnost. Matematické prostfedky po¢tu pravdépodobnosti, obsaZené v kapitole II, za¢inaji kom-
binatorikou. Déle se pfedklddaji zdklady diferenéniho poé&tu, Laplacetv integrdl, gamma a beta
funkce, momenty a semiinvarianty, metoda nejmensich &tverctli, aproximace funkci, interpolace
apod. Axiomy teorie pravdépodobnosti a Bayesiiv teorém jsou vyloZeny v dal3i kapitole. Zv14$tni
kapitola je vénovana aritmetickému a geometrickému priméru. Dvé kapitoly se tykaji posloup-
nosti opakovanych pokusi. Jednorozmérny pfipad zahrnuje problém Bernoullitiv, Poissoniv a
Lexistiv. Sem jsou také u pfileZitosti vykladu o aproximaci normalnim rozloZenim zafazeny né-
které otdzky statistické indukce o parametrech tohoto rozloZeni. Piistup je bayesovsky. Viceroz-
mérné normalni rozloZeni je uvedeno pod nédzvem Bravaisova formule. Jeho vlastnosti jsou po-
drobné rozebrany opét zejména v souvislosti s numerickou aproximaci né€kterych rozloZeni. Zde
je tfeba zduraznit zdkladni pfistup autoriv. Po&et pravdépodobnosti je disledné€ chdpan jako
metoda vypodtu pravdépodobnosti sloZitych jevi z pravdépodobnosti jevil jednodussich. Rozumi
se vypo¢tu numerického za pouziti dostate¢né pfesnych pfibliZzeni. Jedna kapitola obsahuje vybér
uloh: problém ruinovani hra¢e (Huygens 1657), Pacioliovu Glohu o rozdéleni sdzky v nedokonéené
hie (1494), zminény jiZ Monmortiv-Moivredv problém (1710), pravdépodobnosti pfi hie poker,
trente et quarante, pfi ruleté a v loterii. Kapitola o geometrickych pravdépodobnostech je véno-
vana pfevaZné ulohdm podobnym Buffonové (1733) a Bertrandové (1889). Knihu ukon¢uje vy-
klad zdkladi vyrovnédvaciho poétu s diirazem na vysvétleni vypo&etnich metod a krdtkd zminka
o kinetické teorii plynii. Na zavér je tabulka binomickych koeficientl. Bibliografie na konci kazdé
kapitoly obsahuje bohatstvi odkazli na t&%ko dostupn4 dila minulych stoleti o po&tu pravdépo-
dobnosti.

Kniha je vyddna velmi peclivé. Z né€kterych chyb, vzniklych pfehlédnutim p¥i korekturach,
je nejndpadnéj$i zdména Theory of Games misto Theory of Gases v obsahu a na sudych strankich
stejnojmenné kapitoly. Se zdjmem si dilo pfe¢tou ti, kdo maji zalibu v minulosti a v pou&eni o vy-
voji v&dy. ‘ )

Petr Mandl, Praha
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Casopis pro pEstovini matematiky, ro¥. 99 (1974), Praha

‘ ZPRAVY

OPRAVA

Technickym nedopatfenim se stalo, Ze u ¢lanku ,,Doc. Jan Vysin, CSc. Sestdesiatpatroény*:,
ktery byl oti¥tén ve 4. ¢isle ro¢niku 98 (1973) nebylo uvedeno jméno autora doc. dr. JOZEFA
MoRrAvé&fka.ze Ziliny. Velmi se timto omlouvame jak autorovi &ldnku tak i jubilantovi.

Redakce

DVACATY DRUHY ROCNIK MATEMATICKE OLYMPIADY

Ve $kolnim roce 1972— 73 probghl jiz XXII. ro¢nik celostatni matematické olympiady,:.pofé-
dané opét ve &tyfech kategoriich (kat. 4, B, C pro zaky $kol 1I. cyklu, kat. Z pro Zdky ZDS)‘. Vy-
vrcholenfm sout&Ze bylo celostétni 1. kolo kategorie A, pofddané z technickych divodi na dvou
mistech — v Zilin& a v Bratislavé. Vitézem se stal JARoMIR SIMSA z Ostravy, druhym byl KAREL
HorAK ze Strakonic a tfetim MirosLav KMo3ek z Brna. Celkem bylo vyhlaseno 20 vitézi a dal-
§ich 17 usp&nych Fesiteld.

UstEedni vybor matematické olympiddy zajistil obdobn& jako v pfedchézejicich ro&nicich dalsi
hlub3i matematické Skoleni jednak pro nejlepsi fesitele wloh II. kola kategorii B a C ve Zddru
n. S., jednak pro uZi vybér representantli na XV. mezindrodni matematickou olympiddu; toto
$kolenf se konalo v Malesicich. B€hem $kolniho roku probihaly seminafe pro $ir$i vybér moZnych
representanti pro MMO; hlavni stfedisko tohoto $koleni bylo na gymnasiu v Praze 2, ul. W.
Piecka. Dali zdvaZnou &innosti UVMO bylo zaji$tovani a recense rukopist pro edici ,,Skola
mladych matematiki‘‘. V uplynulém $kolnim roce vy3ly sice jen dva svazky (¢. 31 — OL. ODVARKO:
Booleova algebra a & 32 — J. Vy3in, J. Ku€erovA: Druhy vylet do moderni matematiky), aviak
dalsi svazky této edice jsou v tisku nebo vrecensi.

Viastimil Machddéek, Praha

XV. MEZINARODNf MATEMATICKA OLYMPIADA

XV. MMO se konala 5.—16. 7. 1973 v Sovétském svazu v Moskvé. Za&astnil se ji rekordni
podet drusstev — 16: Rakousko (A), Bulharsko (BG), Kuba (C), CSSR (CS), NDR (D), Francie
(F), Velk4 Britanie (GB), Madarsko (H), Mongolsko (M), Holandsko (NL), Polsko (PL), Ru-
munsko (R), Svédsko (S), Finsko (SF), SSSR (SU) a Jugoslavie (YU). S vyjimkou Kuby, kterou
reprezentovalo 5 Zdki, byla viechna druZstva osmi¢lennd. Vedouci &s. delegace byl RNDr. JOZEF
Moraveik, CSc., docent VSD v Ziling, pedagogickym vedoucim byl Jitf Mipa, odb. asistent
PeF UK v Praze.

Zéci Yedili ve dvou dnech celkem 6 uloh, jeZ vybrala mezindrodni jury z navrhi, které zaslaly
jednotlivé ucastnici se staty. Mezi soutéZni dlohy byla zafazena i jedna Ceskoslovenskd. Maxi-
méln€ mohl kaZdy G¢astnik ziskat 40 bodd.
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XV. MMO skontila pro &eskoslovenské druZstvo pomérné uspé$né. V neoficidlnim potadi
druzstev podle poétu ziskanych bodi se umistili &s. Z4ci na 7. misté. Poprvé od X. MMO ziskal
jeden z &s. ucastniki lepsi cenu neZ tfeti. Byl jim PAVEL FERsT z 3. ro¢. gymnasia na Sladkovského
nam. v Praze 3, jenZz obdrZel 2. cenu.

Vysledky XV. MMO podle stati zachycuje tabulka:

Stat A|BG|C|CS|D|F|GB|H|M|NL|PL|R | F |SF|SU|YU

Body 144| 96 | 42 | 149|188 (153|164 |215| 65 | 96 | 174|141 | 99 | 86 | 254|137
1. cena — |- =1 =|=1- 1 1{—-|—-|=|=-|—-|- 3(—
2. cena el el 1 2 3| — 2| — | — 2 1 1| — 2| —
3. cena 6 1 1 4| 4 1 51 5 1 2( 4| 3 1 2 3 5

Jifi Mida, Brandys nad Labem

PRVNI KONFERENCE O APLIKACICH MATEMATIKY — OLOMOUC 1973

Ve dnech 17.— 20. za¥i 1973 porddaly JCSMF a JSMF ve spoluprici s pfirodovédeckou fakul-
tou Palackého university v Olomouci Konferenci o aplikacich matematiky. Konference byla za-
fazena do ramce oslav &tyfstého vyrodi zaloZeni university v Olomouci. Byla to prvad konference
&eskoslovenskych matematikii toho druhu. ZG&astnilo se ji pies sto ¢lentt JCSMF a JSMF.

Piedmétem konference byly matematické aplikace v nejrizné&j§ich oblastech v&€dy, vyzkumu
i praxe. V dopolednich zaseddnich bylo p¥edneseno 15 hodinovych a pllhodinovych sdéleni
o matematickych metodach dileZitych pro aplikace nebo v aplikacich uZ pouZitych. Tato sdéleni
se tykala varianich metod, metody kone¢nych prvki, optimaliza¢nich metod v reaktorové fy-
zice, byly pfedneseny referdty o fizénych Markovovych procesech, o matematice a informatice,
o aplikacich matematiky: v linguistice, v teorii dédi¢nosti, v psychologii a o nékterych aplikacich
matematické logiky. Daldi pfednds$ky pojedndvaly o matematickych modelech mechaniky defor-
movanych téles, o nékterych otdzkich optimalizace, o aplikaci matematiky a zejména teorie
grafti v doprav€. Na zdvér byly pfedneseny referdty o matematickych aplikacich v mechanice
tekutin a o variaénich metodéach v teorii kvaziparabolickych rovnic.

V odpolednich zased4nich byli pak Gi¢astnici konference informovani o aplikacich matematiky
provadénych na nékterych fakultich vysokych ¥kol a ve védeckych a vyzkumnych ustavech.
Informace o aplikacich matematiky podalo 18 wG&astniki konference z t&chto vysokych 3kol,
fakult a dstavi: Strojni fakulta CVUT, stavebni fakulta CVUT, elektrotechnick4 fakulta CVUT,
Ustav teorie informace a automatizace CSAV, Vysoka $kola technick4 v Bratislavé, Matematicky
ustav CSAV, Matematicky ustav CSAV, pobotka v Brng&, Palackého universita v Olomouci,
Vysok4 $kola baiiskd v Ostravé, matematicko-fyzik4lni fakulta University Karlovy, Ekonomicky
ustav CSAV, Vysok4 $kola dopravni v Ziling, Statnf vyzkumny ustav pro stavbu strojii v B&ho-
vicich u Prahy.
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Z védeckych i pfehlednych referdtii v¥ech fe¢nik i dopolednich zaseddni jednozna&né vyplynula
dilezitost aplikaci matematiky a jeji pfinos pro nasi socialistickou spole¢nost, odpoledni infor-
mace poskytly dobry pfehled o aplika&ni ¢innosti v oboru matematiky. BohuZel program konfe-
rence byl pfili§ nahu$tén, takZe se nedostdvalo ¢asu k diskusim o konkrétnich aplikacich mate-
matiky na pracovi§tich. Takova diskuse byla nesporné velmi uZite¢nd. '

Dva velery byly vénovany panelovym diskusim. Prvy veder se hovofilo o vyznamu nového
vé&dnfho oboru, o matematické kybernetice, druhy veler se diskutovalo o ndvrhu uspoiddat kon-
ferenci matematikli v roce 1974 v Ostravé. Diskuse na obou vefernich beseddch byly Zivé, vécné
a uZitetné a vze$ly z nich nésledujici podnétné navrhy: Navrh skupiny matematikd pracujicich
v teorii vypo&tovych procesii a systémi, ndvrh na konédni konferenci o aplikacich matematiky
vZdy v pétiletych intervalech a ndvrh na uspofdddni Konference &eskoslovenskych matematik
v roce 1974 v Ostravé, jejiZ ikolem by bylo vedle v&decké problematiky téZ projednat Sesty pé&tilety
pldn statnich programi zdkladniho vyzkumu a posoudit ndvrhy na perspektivni rozvoj ¢esko-
slovenské matematiky.

Utastnici konference vyslovujf dik Palackého université za pohostinstvi, které pfisp&lo k vy-
tvoieni pfételského prostiedi a tim i k dspéchu konference, a pfeji Palackého universit¢ mnoho
védeckych i spoleenskych tispéchli v daliim jejim rozvoji.

Josef Novdk, Praha

OZNAMENI{

Druhé &eskoslovenské symposium o teorii grafii se bude konat v Praze ve dnech 24. aZ 28.
Cervna 1974, Pfedsedou organizadniho vyboru je prof. dr. MirosLAv FIEDLER, DrSc. z Matema-
tického ustavu CSAYV, Zitn4 25, 115 67 Praha 1, CSSR.

* * *®

Jednota &eskoslovenskych matematiki a fyzikd a Jednota slovenskych matematiki a fyziki
ve spolupréici s Vysokou $kolou baiiskou v Ostravé uspofddaji ve dnech 26.—29. srpna 1974
v Ostravé Konferenci &eskoslovenskych matematikti. Vedle v&deckych pfednasek bude na kon-
ferenci poddn pfehled o stavu bad4ni v jednotlivych oborech matematiky v CSSR a projednany
névrh na sestaven{ $estého pétiletého pldnu stdtnich programi zdkladniho vyzkumu a névrhy
na perspektivni rozvoj Ceskoslovenské matematiky. Sou€dsti konference bude Valné shromazdéni
&lent matematické védecké sekce JCSMF. Pfihlasky zasilejte na adresu: Vladimir Dolezal,
Matematicky ustav CSAYV, Zitna 25, 115 67 Praha 1. .

Redakce
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