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ON QUASICONTINUOUS AND CLIQUISH FUNCTIONS

ANNA NEUBRUNNOVA, Bratislava

(Received December 30, 1971)

The notion of quasicontinuous and cliquish function will be used in the sense as it
was introduced in [1] or [2]. Thus a function defined on a topological space X and
assuming values in a topological space is said to be quasicontinuous at the point x € X
if for any neighbourhood U of the point x and any neighbourhood V of f(x) there is
an open set ) + G < U such that f (G) < V. Further, a function f defined on a topo-
logical space X and assuming values in a metric space Y with the metric g is said to
be cliquish at a point x € X if to any positive ¢ and any neighbourhood U of the point x
there is an open set @ + G < U such that o[ f(x,), f(x,)] < & for any two x,, x, € G.
A function f is said to be quasicontinuous (cliquish) if it is quasicontinuous (cliquish)
at each point x € X. _

The present paper consists of three parts. The first one concerns the pointwise
limits of transfinite sequences of quasicontinuous and cliquish functions. In the second
part, the mutual connections between the Denjoy property and the properties D,, D,
and L (the definitions see belov) are studied. The last part contains some assertions
connected with the results of S. Marcus ([1], [4]) and H. THIELMANN ([2]).

I

In this part (X, ¢) denotes a separable metric space and (Y, ¢') any metric space.
The functions which are dealt with are defined on X and assume values in Y. Let
be the first uncountable ordinal number. The transfinite sequence {a,},, of elements
of a metric space Y with the metric ¢’ is said to be convergent and have a limit aeY
if for each & > O there exists an ordinal number u < Q such that for each ¢, u <
< & < Q the inequality ¢'(a,, @) < & holds. ’

A transfinite sequence {f,},<q defined on aset T with the values in a metric space M
is said to be (pointwise) convergent to a function f defined on T'if {f,()}¢<q is conver-
gent to fy(f) for any te T.

Instead of the notation ¢'(a, b) for a, b € Y the notation |a — b| will be used.
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Theorem 1. Let {fe} (?,‘ < Q) be a transfinite sequence of quasicontinuous functions
pointwise converging to a function f. Then f is quasicontinuous.

Proof. Let f be not quasicontinuous at x, € X. Then thereisane > Oanda d > 0
such that for any nonempty open set G = K(x,, 6), (K(x,, 8) denotes the sphere with
the centre x, and the radius 6) there exists t € G with

¢)) |£(t) = f(xo)| 2 & -

Hence the set T of all ¢ for which (1) is true is dense in K(x,, &). Let S be a countable
dense subset of T. There is u < Q such that for & > pu

©) , 1) = £(x)
for any x € S U {x,}. The last fact easily follows from the definition of transfinite

convergence and the fact that S U {x,} is countable. (See e.g. [8], Lemma 1.)

Let &, > p be any fixed ordinal number. The quasicontinuity of f,, at x, implies
the existence of a nonempty open set § & U = K(xo, 6) such that |f,(x) — fe(x0)| <
< efor x € U. Evidently U n S % 0. For any t e U n S we have |f(xo) — feo(t)| <

< & But fy(xo) = f(xo) feo(t) = f(t) (in view of (2)), hence |f(xo) — f()| < &,

which is a contradiction to (1).

Note. It is clear from the above proof that the separability of X assumed in the
theorem may be substituded by local separability.

Theorem 2. Let {f.} (¢ < Q) be a transfinite sequence of cliquish functions
pointwise converging to a function f. Then f is cliquish.

Proof. Let f be not cliquish at a point x,. Then there are ¢ > 0, 6 > 0 such that
in any open set G, @ + G < K(x,, ) there is at least one pair y, z such that

(1) 76) - fG) z .

Let {G,}-, be a countable basis of open sets in K(xo, §). In each G, there is a pair
Y 2y such that

2 [f() = ()| 2 &

Consider the set S of all y,and z, (n = 1,2, 3,...).
The set S is countable, hence an ordinal number 1 < Q exists such that

(3 fdx) =f(x) forall xeS

whenever ¢ > u. Let &, > p. Since f,, is cliquish, there exists an open set U, @ +
# U < K(xo, 6) such that |f, (y) — fs(z)| < & for any pair y, z e U. There exists
G,, *+ 0 such that G,, = U. Hence |f;(ys,) — f2(245)| < € in contradiction to (2).
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II.

The definitions of the properties Dy, Dy, D, will be used as introduced in [3]
Let I, denote any interval on the real line. The function f : I, - R (R = (— 0, ©))
is said to have the Denjoy property D, ifforanya, beR,a < btheset{xel,:a <
< f(x) < b} is either empty or of positive Lebesgue measure (see [6]). Further, the
function f : I, — R is said to have the property D,(D,) if it has the property D,
for any interval I = I, which is closed (open) in I, i.e., if for any such interval and
any a,beR, a < b the set {xel:a < f(x) < b} is either empty or of positive
Lebesgue measure. The L-continuity (T. SALAT) is defined as follows. The function f
defined on an interval I is said to be L-continuous at a point x, € I if for any ¢ > 0,
5>0, the set {x:xe(xo — 6, Xo + &) nI; |f(x) — f(xo)| < &} is of positive
Lebesgue measure. In what follows the phrase ,,a function f has the property L at
a point x,’’ means that f is at x, L-continuous. The connections between the proper-
ties D; (i = 0, 1, 2) and L will be studied.

Theorem 3. Let f be defined on the interval I. Then the following implications are
true: Dy = L < D, = D, while the implications L = D, D, = D, do not hold.

Proof. Let f have the property D,;. Let x,€l, ¢ > 0, 6 > 0. Consider the set
{x:xeln(xo— 6, xo + 0); |[f(x) — f(x0)| < &}

There exists a closed interval K such that x, € K, K < (xo — 8, x, + d)and K < I.

Since {x:xeln(xo— 8, xo + 0); |f(x) — f(x0)| < &} 2 K n {x:|f(x) —
— f(xo)| < €} 3 x, the property D, yields |{x:x el n(xo — 8, xo + 8); |f(x) —
— f(xo)| < ¢| 2 |K n {x:|f(x) — f(x0)| <& >0 (where |E| denotes the outer
Lebesgue measure if E is a set). Hence f is a L-continuous at x,,.

Let f have the L-property at any point x€l. Let a < b and U < I be any open
interval. If there is not x, € U such that a < f(x,) < b then {x :a < f(x) < b} N
AU = §,hence |{x : a < f(x) < b} N U| = 0.]If there is such a point x, then choose
6 >0 and & > 0 such that (xo — 6, xo + 8) = U and a < f(xo) — & < f(xo) +
"+ & < b. Considering the L-continuity at x, we get

[{x:a <f(x)<b}nU|l 2
2 |{x:xe(xo — 8 xo + 8); |f(x) — f(xo)| < &} >0.

Thus f has the property D,.

Let f possess the property D,. Let x, € I. We shall prove the L-continuity at x,.
Lete>0,6>0.Put U= (xo— 0, xo + 6) N1, a = f(xo) — & b = f(xo) + &

Under the assumption the set {x eU :a < f(x) < b} is of positive Lebesgue
measure. Hence f possesses the property L.

The implication D, = D, was proved in [3], where also an example showing
that Dy = D, is not true was given. In [3] we find also an example showing that, the

implication D, = D, does not hold. The last fact together with what was proved
above shows that L = D, is not true.
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IIL

The following theorem is proved in [4]:

Let a real function f be a derivative and let it be almost everywhere continuous
on (a, b).

Then f is quasicontinuous on (a, b).

The proof of the quoted theorem does not use the fact that f is a derivative. It
uses only the property D,. Moreover, the proof works even if f is supposed only to
be L-continuous and quasicontinuous on (a, b). Thus the following theorem holds.

Theorem 4. Let f be almost everywhere continuous and L-continuous on (a, b).
Then f is quasicontinuous on (a, b).

Proof. Let a < xo < b, £ > 0. Put 4, = {x :|f(x) — f(xo)| < %¢}. Choose an
open interval I such that xo el < (a, b). The L-continuity implies |I n 4,| > 0.
Under the assumption f is almost everywhere continuous on (a, b), hence a number
& eI n A, exists such that f is at £ continuous. Hence an interval J < I containing &

as an interior point exists such that the oscillation of f on J is less then }e. Thus
forxeJ

€.

16) = fxo)l < 1) = S@)] + 1£0) = Sxo)] < 5 + 2
The quasicontinuity of f at x, is proved.

Let us introduce a usefull example of a quasicontinuous and L-continuous function.

Example 1. Let C be the Cantor discontinuum. Define f on <0, 1) as follows:
f(x)=1if xeC. If a,beC, (a,b) = €0,1) — C, put f(x) =1 for x;, = a +
+ (b — a) £ x = a + %(b — a) = x,. In the intervals (a, x,) and (x,, b) let f be
linear, f(a+) = f(b—) = 0 and such that it is continuous in (a, b).

It is clear that the quasicontinuity of f implies its L-continuity. A question arises
whether the converse of Theorem 4 is true, i.e., whether the quasicontinuity implies
the almost everywhere continuity. A slight modification of the above example shows
that the answer is negative. It is sufficient to consider a function defined on (0, 1>
as in Example 1, where the set C is substituded by a nowhere dense set of positive
measure which may be constructed in the usual way. An example of a quasicontinuous
function which is discontinuous at each point of a set C with |C| > 0 is obtained.

Theorem 5. Let f be defined on (a, b) and aproximately continuous at a point
Xo € (a, b). Then f is L-continuous at x,.

Proof. Let f be aproximately continuous at x,. Then a set H < (a, b) exists such
that x, € H, x, is a point of density of H and lim f(x) = f(x,).

x=X0
xeH
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Thus to & > 0 there exists a § > 0 such that |f(x) — f(xo)| < & for xe Hn
N (xo — 8, xo + 8) N (a, b). Since x, is a point of density for H the number & can
be chosen so that |[H n (xo — &, xo + ') N (a, b)| > 0 for any 6’ < 6. Then for
any 6" > 0

{x:xe(xo — 8", %o + 8") N (a, b); |f(x) — f(xo)] <&} =
> {x e(xo — 8% xo + 6*) N (a, b); |f(x) — f(xo)| <&} =
> {xe(xo — 8% xo + 6*) N H; |f(x) — f(xo)] < ¢},

where 6* = min (6, 6”). The last set is of positive measure.
The following theorem is a corollary of Theorems 4 and 5.

Theorem 6. If f is aproximately continuous and almost everywhere continuous
on (a, b), then it is quasicontinuous on (a, b).

Note. A direct proof of Theorem 6 is given in [4] (Theorem 5). Now we shalk
give some assertions closely related to the results of [1] and [2].

In what follows, the symbols 4., C,, D, denote the set of points of cliquishness,
continuity and discontinuity of the function f, respectively. A result proved in [1]
asserts that 4, — C, is of the first category in X. In [1], X is supposed to be a metric
space and the function f is defined on X with values in a metric space Y. We give
another proof of the mentioned theorem. We suppose X to be only a topological
space. The oscillation o/(x) of the function f defined on a topological space and
assuming the values in a metric space Y with the metric g is defined by

oflxo) = inf { sup o(f(). S0}

O(x0) x,ye0(xo

where O(x,) is any neighbourhood of x,. Then f is continuous at x, if and only if
05(xo) = 0.

Theorem 7. Let f be defined on a topological space X and assuming values in
a metric space Y with the metric ¢. Then A; — C, is a G, set of the first category
in X.

Proof.

o 1 ® 1
A, — Cy=A;,n D, = A, nkgl {x to(x) 2 ;} =k{=le, N {x tofx) 2 ;} .

Denote M, = A, n {x : o/(x) = 1/k}. It is sufficient to prove that M, is nowhere
dense. The set A, is closed (see [7]). Choose x € X. Let U be any neighbourhood of
the point x. If x ¢ A, then xe(X — A;) " U = U where (X — A4;) n U is open and
has an empty intersection with M,. If x € A, then in view of the cliquishness of f,
to any k and any neighbourhood U of the point x there exists an open set V< U
such that o(f(y,), f(v2)) < 1/2k for any y,, y, eV.

Hence o(y) < 1/2k < 1/k for any y e V. Hence V n M, = 0.
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Theorem 8. Let f, X, Y have the same meaning as in Theorem 7. Let A; be dense
in X. Then D, is of the first category in X.

Proof. Since A, is closed we have A; = X. In view of Theorem 7 A; — C; =
= X — C, = D, is of the first category. ’

Note. For metric spaces Theorem 8 is proved in [1].

Corollary. If f is cliquish then D, is of the first category.

Note. For metric spaces, Corollary follows from the mentioned theorem in [1].
It is formulated without proof in [2] for topological spaces.

In [2] we find also a theorem asserting that if f is cliquish then it is at most point-
wise discontinuous. Such a theorem for metric spaces X and Y where X is complete is
evidently a corollary of Theorem 8. However, in general such a theorem is not true
as the following example shows.

Example 2. (J. SMITAL.) Let X be the set of all rational numbers in (0, 1) with the
usual metric.

Put f(x) = 1/g for x = p/q. Then f is cliquish on X but D, = X.
Nevertheless, the following theorem may be proved.

Theorem 9. Let X be a topological space of the second category at each of its
points. Let f be cliquish on X. Then f is at most pointwise discontinuous.

Proof. In view of Theorem 8 D, is of the first category in X. If U = 0, U is open
in X then U = D, does not hold. Hence a point x, € U exists such that x, € C,.
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REMARK ON LINEAR EQUATIONS IN BANACH SPACE

STEFAN SCHWABIK, Praha

(Received July 20, 1972).

In this note Fredholm theorems for linear equations in a Banach space are estab-
lished without requiring the knowledge of the usual adjoint space.

The main result (Theorem 3) concerns the operator A = I + T where T is a com-
pact (completely continuous) operator in a Banach space. In this theorem the usual
adjoint operator is replaced by the operator which is conjugate to 4 with respect to
a total space of continuous linear functionals on the Banach space. The investigation
is based on some results about the dimensional characteristic of linear operators in
a Banach space [4]. Reformulating the results from [4] in terms of linear equations
we obtain a generalization of the well known Fredholm theorems.

Let X be a Banach space (over theé field of real or complex numbers). The set of all
linear operators A mapping X into itself such that Ax is defined for all x € X (D, = X)
let be denoted by Ly(X). Let Bo(X) be the set of all bounded operators belonging to
L(X).

We denote by N(4) = {xeX; Ax = 0} the kernel of 4 e Ly(X), by R(4) =
= {yeX; y = Ax, x € X} the range of 4 € Ly(X) and define o, = dim N(4), B, =
= dim X|R(A) !). The index of 4 € Ly(X) is the number

ind4d=8,—a,.

Let X’ be the space of all linear functionals on X. A space & = X’ of linear func-
tionals on X is said to be total if é(x) = O for all £ € £ implies x = 0 e X.

For a given A € Ly(X) and a total space & = X’ we define on E the conjugate
operator A’ with values in X': ‘

A E(x) = {(Ax) forall xeX and (eZ.
l) By dim the dimension of a linear set is denoted, X,‘R(A) means the quotient space.
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By X* the Banach space of all continuous linear functionals on X is denoted;
X* is evidently total. The conjugate operator to A € Ly(X) with respect to the space
X* is denoted by A*. If A € By(X) then evidently A™ is continuous; i.e. A* € By(X ™).

The space X can be embedded into =’ (the space of linear functionals on Z) via

the usual embedding x : X — &', ie. x x(£) = &(x) for x € X. The image xX of X
in E’ is a total space.

Let now Z = X’ be a total space. As above, for a given 4’ € Ly(Z) we can define
A":xX - E'and A'* : E* - E'. If A’ € Bo(E) then A'* € Bo(Z™).

If for a given A € Ly(X) and a total space £ = X’ we have R(4’) = Z then we say
that the space £ is preserved by the conjugate operator A4'. If this is the case then also
the space xX c Z'is preserved by A" (xX is a total space in Z).

Further it can be shown that A"xx = xAx for all x € X, i.e. the operator A" :

: xX — xX conjugate to A’ € Ly(Z) is (up to the natural embedding x) identical with
the operator A if Z is preserved by A4'.

Let us suppose that £ — X ™ is a total space (Z is normed with respect to the norm
in X*). Any x € X is assigned the linear functinonal xx € Z’; the natural embedding
% : X — E’ is a monomorphism (cf. [2]). Since we have |&(x)| < ||| . |x[, the func-
tional »x is continuous, i.e. xx € E*. Moreover, the image ¥X of X in E* is a total
space (cf. [2]).

Theorem 1. Let X be a Banach space, E = X* a total subspace of continuous
linear functionals on X.

Let A € By(X) and let E be preserved by the conjugate operator A'.
If ind A = O then either

1. the equation
(1) Ax = %
has in X only one solution for any ¥ e X
or
I1. the equation
2 Ax =0

has r linearly independent solutions in X (r is an integer).

If moreover ind A’ = 0 then in the case 1. the equation
) AL =1¢
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has also a unique soltuion in Z for any & € Z and in the case 11. the equation
4) A¢=0
has r linearly independent solutions in E.

Proof. The first part of this theorem is almost trivial. Indeed, if ind A = 0 then
dim N(4) = dim X/R(A) = r, where r = 0 or r > 0 is an integer. The case I. corre-
sponds to r = 0 and the case II. to r > 0. The second part of this theorem is a con-
sequence of Theorem 3 in [4] which assures that if ind A = ind A’ = 0 then
dim (N(A) = dim N(4’) = dim E[R(4’).

Remark 1. Theorem 1 has the form of the usual Fredholm theorems. The first
part is the well known alternative and it is only a trivial reformulation of the assump-
tion ind 4 = 0. As for the second part let us mention that A’ is not the usual adjoint
operator. The classical (second) Fredholm theorem is a special case of our Theorem 1
ifweset Z = X*.

If the case II. in Theorem 1 occurs then some solvability conditions for the equation
(1) are needed. Such conditions for the classical case are given by the third Fredholm
theorem. Our aim is to obtain such a condition in terms of the conjugate equation (3).

Theorem 2. Let X be a Banach space, E = X* a total subspace. Let A € By(X),
R(A) is closed in X and N(A*) = E(A* is the conjugate operator to A with respect
to X*.) Then the equation (1) has a solution if and only if the relation

©) ) =0
holds for any solution & € E of the equation (4).

Proof. Since R(4) is closed, we have R(A)* = N(A*), where R(A)* is the
orthogonal complement of R(A) in X*; this is a well known fact (see for example
[1]). Further we have evidently N(A) = N(4*)nE and by the assumption
N(A*) = E we have N(4') = N(A™). This proves our theorem.

In the sequel we will formulate Fredholm theorems for the case A = I + T where
I is the identical operator in X and Te By(X) is compact.

Theorem 3. Let X be a Banach space, E = X *a total space which is also a Banach
space. Let Te Ly(X) be a compact operator and let E be preserved by the conjugate
operator T'. Then the following assertion holds:

Either
1. the equation

(6) x4+ Tx =%
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has in X only one solution for any X e X

or

I1. the equation
0 X+Tx=0
has r linearly independent solutions in X (r is an integer).
In the case 1. the equation
@® E+TE=2¢
has also only one solution in E for any £ € E and in the case I1. the equation
©) E+TE=0

admits r linearly independent solutions in E.

Moreover, the equation (6) has a solution in X if and only if &(%) = O for any
solution & € E of the equation (9) (and symmetrically (8) has a solution in E if and
only if &(x) = 0 for any solution x € X of the equation (7)).

Proof. First let us mention that this theorem is well known if we set £ = X ™.
Further it is known that under the present assumptions A = I + T€ By(X) and
ind A = 0. Moreover the operator T" € Ly(ZE) is also compact (cf. Theorem 7,4 from
CIIlin [3]). Hence ind A’ = 0 where A’ = I + T’ and all assumptions of Theorem 1
are fulfilled. This yields our theorem except the last part concerning the solvability
conditions for the equation (6) and (8).

The proof of this part we obtain from Theorem 2. For the case of a compact
Te Ly(X) it is known that R(A4) is closed, A = I + T and similarly R(4’) is closed
in 5, A’ =1 + T’ € Ly(E). It remains to prove that N(4*) < Z and N(4'") = »X.
By definition we have '

(10) N(A*) n E = N(4')

and therefore

(11) dim N(4’) < dim N(4%).
Similarly |

(12) N(A'*) nxX = N(4")

and

(13) dim N(4") < dim N(4'").
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Since % : X » E* is a monomorphism we have dim N(4") = dim N(4). Hence the
inequality (13) assumes the form

(14) dim N(4) < dim N(4'*).

Using (14), (11) and the equalities dim N(4) = dim N(4*), dim N(4’) = dim N(4'*)
which are consequences of the compactness of Te Ly(X), T’ € Ly(E) respectively we
obtain

dim N(A4) < dim N(4'*) = dim N(4’) < dim N(4*) = dim N(4)
and therefore

dim N(4) = dim N(4') = dim N(4'*) = dim N(4*).
These equalities together with (10) yields

dim (N(4*) n E) = dim N(4') = dim N(4%).
Hence N(A*) = E. Using (12) we obtain in the same way

dim (N(4'*) n xX) = dim N(4") = dim N(4) = dim N(4'*)
and also N(4'*) = »X.

Remark 2. Theorem 3 is a complete collection of Fredholm theorems for a com-
pact operator Te Ly(X), the only difference between it and the usual Fredholm
theorems being that it is sufficient to know a smaller total space of functionals
Z < X* and the conjugate operator acting in this space.

We conclude this note by an example in which Theorem 2 and 1 is used.

Let BV be the usual linear space of all real functions defined on [0, 1] with bounded
variation. If we set

[x]lav = [x(0)] + varg x

for x € BV then .| 5y is a norm and BV is a Banach space. A satisfactory description
of the conjugate space BV * of all continuous linear functionals on BV is notavailable.

We denote by S the set of all break functions w(f) from BV for which we have
lim w(t) = lim w(z) for all ¢ & (0, 1). The set S is closed in BV.
-

T=>t+

Let us form the quotient space BV/S. The elements of BV/S are denoted by capitals
and they are classes of functions such that their difference betongs to S. The canonical
mapping of BV into BV/S is denoted by y, i.e. for ¢ € BV we have Y(¢) = ¢ + S =
= @ e BV/S. The space BV/S forms a Banach space with the norm

(15) [®|sv/s = inf [o|sy = inf varge.
vip)=9o V(@)=0
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Let now @ € BV/S. We define for x € BV

(16) : o(x) = j :x(o do(1)

where y(¢) = ®. The integral in (16) is the Perron-Stieltjes integral. All integrals oc-
curring in the sequel are also Perron-Stieltjes integrals.

The relation (16) is independent of the choice of ¢ € BV with the property y(¢) = @
(see [3], p. 326) and &(x) from (16) is evidently a linear functional on BV. Since (x)
from (16) is independent of the choice of the representant of the class @ and the in-
equality

I 'x(6) dol)

0

< sup |x(2)| . varg @
te[0,1]

holds we have

I‘p(")| = "x"m" "‘b"m'/s
and the functional &(x) from (16) is continuous. The Banach space BV[S can be identi-
fied with a subspace in BV* which will be also denoted by BV/[S (BV/S = BV*).

If x € BV, x = 0 then there is a ¢ € BV/S such that ¢(x) # 0 (see Lemma 5,1 in
[3]). Hence BV/S is a total space in BV ™*.

For a given real function k(s, t) defined on [0, 1] x [0, 1] (k: [0, 1] x [0, 1] = R)
and a nondegenerate interval J = [a, b] x [¢, d] = [0, 1] x [0, 1] we set

m(J) = k(b, d) — k(b, ¢) — k(a, d) + k(a, c)
and define

v(k) = sup Xi]m(.l )|

where the supremum is taken over all finite systems of nonoverlapping intervals J;
in [0, 1] x [0, 1] (i.e. J{ n JJ = @ when i % j). The number v(k) is a kind of two-
dimensional variation (the so called Vitali variation) of the function k.

Let us suppose that k : [0, 1] x [0, ]1 - R is such a function that v(k) < + o0
and varg k(0, *) < +oo0. We define the operator

1
Tx = j () dyk(s, 1)
o
on BV. We have evidently Te Lo(BV) and by Theorem 3,1 from [3] the operator T
is compact. Hence ind (I + T) = 0.
If moreover varg k(+, 0) < + oo then for @ € BV/S; y(¢) = @ we have (cf. Lemma
2,2in[3])

or) = | ([ X0 4k ) a0(9) = | 04 l 1) () = T 82
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where

To =y ( f ) dcp(s)) , 8= ¥(0).

The operator T’ is the conjugate of T and evidently preserves the conjugate space
BV/[S. By theorem 5,1 from [3] T’ € By(Z) is compact. Hence ind (I + T’) = 0.

All the assumptions of Theorem 2 being satisfied we obtain easily the following

Theorem 4. Let k:[0,1] x [0,1] - R be such a function that v(k) < +o0,
varg k(0, ) < + oo, varg k(,, 0) < +oc0. Then either the equation

1
(17) 4@+jxm¢4&o=ﬂg
0
has in BV only one solution for any x € BV or the homogeneous equation
1
(18) x(s) + J. x(t) dk(s, 1) = 0
0

has r linearly independent solutions (r is an integer).
In the first case the equation

1
(19) , o(f) + '[ k(s, £) do(s) = @(1)
(1]
has a solution (not unique) for any @ € BV and in the second case the equation
1
(20) o(t) + 'f k(s, £) do(s) = 0
0

admits r solutions in BV which are independent over the subspace S in BV?).
Moreover the equation (17) has a solution in BV iff

ri(t) do(t) =0

for any solution @ € BV of the equation (20) and the equation (19) has a solution
in BV iff

1
Ix@dﬁ0=0
0
for any solution x € BV of the equation (18).

2) The functions @1, -+ @, € BV are linearly independent over the subspace S if the relation
¢ 9, + ... + ¢,0, € S(cy, ..., ¢, are real numbers) yields ¢; = ¢, = ... = ¢, = 0.
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This theorem is slightly different from Theorem 3. It is obtained taking into ac-
count the relationship between the equations ® + T'® = &, & + T'® =0, &, P e
€ BV/S and (19), (20) respectively. A more detailed account is found in the proof of
Theorem 5,2 in [3].

Remark 3. A similar example for the case of the space of n-vector functions of
bounded variation can be found in [3]. Theorem 5,2 in [3] is essentially the same as
the above Theorem 4 but the way of obtaining it in [3] is unnecessarily lengthy and
cumbersome. A more complicated example is included in the paper [5] where Theo-
rem 2 is applied to integral boundary value problems for integrodifferential equations
of a complicated nature.
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ON CHROMATIC AND ACHROMATIC NUMBERS
OF UNIFORM HYPERGRAPHS

ERNEST Jucovi¢ and FRANTISEK OLEINIK, KoSice

(Received August 25, 1972)

1. BASIC NOTIONS

(Cf. BerGE [1].) By a hypergraph H is meant a couple (X, &), where X is a finite
set of elements (called vertices) and & = {E,, ..., E,} is a finite system of subsets

E; + 0 of X (called edges) such that |) E; = X and for i # j is E; + E;. A hyper-
i=1

graph is k-uniform, k > 1, if all edges have cardinality k. A 2-uniform hypergraph is
called graph. A k-uniform hypergraph with n = k vertices is complete if its set of
edges consists of all k-tuples formed from the n vertices.

The complement of a k-uniform hypergraph H = (X, &) is the hypergraph H =
= (X, &) whose edges are all those k-tuples E,, E,, ... formed from vertices of X
which are not contained in & and whose vertex set X is the union of all these edges.
(Notice that our uniform hypergraphs have no “isolated”” vertices and that for the
complement H = (X, &) of H = (X, &) |X| < [X| holds.) (By |X| the cardinality
of the set X is denoted.)

H' = (X', &') is a partial hypergraph of the hypergraph H = (X, &), defined by
the set of edges &' < &, if X’ consists of all vertices belonging to edges from &’.

A coloring of the hypergraph H is an assignment of colors to all vertices of H
such that not all vertices of an edge of H are assigned the same color and every vertex
is assigned one color. Two colors ¢,, ¢, in a coloring of the hypergraph H are adjacent
if there exists an edge of H containing two vertices colored by ¢, and c,. A coloring
of a hypergraph H is complete if all pairs of used colors are mutually adjacent.
(Clearly, if a coloring uses the minimum possible number of colors then it is com-
plete.) In the paper we deal with the chromatic number y(H) or the achromatic num-
ber y(H) of a hypergraph H which means the minimum or maximum number, re-
spectively, of colors used in a complete coloring of H.
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2. CHROMATIC NUMBERS

We want to estimate the number y(H) + x(H) supposing H to be a k-uniform
hypergraph. For k = 2, i.e. for a graph G, NORDHAUS and GADDUM [6] proved the

inequality X(G) % X(G) <n+i,

where n is the number of vertices of the graph G.

Trying to generalize this result for k > 2 and wishing to give a relation between the
numbers x(H) + x(H), the uniformity k and the number of vertices n of H only, we
obtain the following bound:

(D 2(H) + x(H) 2] 2 [

k-1

. (Jx[ denotes the smallest integer = x.)

Although hypergraphs can be constructed for which the equality in (1) is attained
(e.g. the 3-uniform hypergraph with vertices 1, 2, 3, 4 and edges (1, 2, 3), (1, 2, 4))
there exist many hypergraphs for which (1) is too rough. We present here estimates
depending on other invariants of hypergraphs. In course of the proof a well-known
theorem by GALLAI will be generalized. First the new invariants must be introduced.
(Cf. Berge [1]).

A set of vertices of the hypergraph H is called stable if it does not contain the ver-
tices of a whole edge of H; the maximum cardinality of a stable set of H is called the
stability number of H and denoted by a(H).

A set T of vertices of the hypergraph H is said to be transversal if every edge of H
has a non-empty intersection with T} the transversal-number of H, ©(H), is the mini-
mum cardinality of such a set.

A set N of edges of the hypergraph H is called independent if all the edges of N are
pairwise disjoint; the maximum cardinality of an independent set, v(H), is called the
independence number of H.

A set of edges of the hypergraph H is called a covering set if its union is the whole
vertex set of H; the minimum cardinality of a covering set of edges of H is called the
covering number of H and denoted by Q(H).

Theorem 1. For a k-uniform hypergraph H = (X, &)
(22) x(H) + x(H) = ]l:—(f—)l[ +o(H) + 1
(2b) x(H) + x(H) g ]LX_II;—TU@ +1 [ +] |x |k- V(H)[

(20) 2(H) + x(H) ]kl(f_)l +1 [+] x| - V(H)[

k-1
holds.
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To prove Theorem 1 we need some lemmas.

Lemma 1. For a hypergraph H = (X, &),
(3 «(H) + «(H) = |Xx|.

Proof of Lemma 1. a) Let S = X be a stable set of maximal cardinality. Then
T = X — S is a transversal set of the hypergraph H and we have

|T| = |X = 5| = |X| = |S| = |X]| — «(H)

and 7(H) < |T|, so that
4 ©o(H) < |X| — o(H).

b) Let T < X be a transversal set of minimal cardinality. Then S = X — T is
a stable set of the hypergraph H because no edge of H has all its vertices in S. We
have

51 = I = 7] = |x] = |7} = |x]| - <)
and «(H) 2 |S|, so that

®) o(H) 2 |X| - «(H).

From (4) and (5), (3) follows.

Lemma 2. For a k-uniform hypergraph H = (X, &) the following inequalities
hold:

© oH) + (k — 1) () < [X],
o WE) + (k= 1) o(B) 2 |X].

Proof of Lemma 2. a) First we prove the inequality (6) Let N < & be an inde-
pendent set of edges of H of maximal cardinality. Denote by S the set of all vertices
of H not lying in any edge of N, The maximality of N implies that S is a stable set.
To every vertex v of S associate an edge incident to v and denote by M the set of these
edges. Obviously |[M| < |S|. Consider the set of edges K = N U M belonging either
to N or to M. Since the sets of edges N, M are disjoint, we have

K| = [N| +M| < |N] + |s].
As |S| = |X| = k. |N|, we have
[K|»§ |N| +.{X|—k.|N|. | |
However, K is a covering set of edges of H, i.e., o(H) < |K| which implies
: " e(H) < v(H) + |X| — k. »(H)
and (6) follows. ‘ : :
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b) Let P be a covering set of edges of the hypergraph H = (X, &) of minimal
cardinality. For the partial hypergraph H, = (X, P), it follows from its construction
that g

(8) o(Ho) = o(H) and v(H,) < v(H).
We first prove that
©) |X| = W(Ho) < (k — 1) o(Ho)

holds. Let Q be an independent set with maximal number of edges of the hypergraph
H,, i.e., |Q| = v(H,). Obviously Q < P. For the set of edges B = P — Q we have

(10) Bl =[P - 0] =IP| - |0] = e(Ho) — ¥(Ho) = @ .

Every edge from the set B has at least one vertex in an edge belonging to the set Q,
because otherwise Q would not be a maximal independent set. Thus the number of
vertices belonging to edges from B and not belonging to edges from Q is at most
(k — 1) . w. The number of vertices belonging to edges from Q is k . W(H,) < |X|.
From this the relation

|X| —k.v(Hp) S (k—1). @
follows. Now using (10) we get
|X| = k. v(Ho) < (k — 1) .. (e(Ho) — v(Ho))
and (9). Using further the relations (8) we get the assertion (7) of Lemma 2.

Remark 1. (3), (6), (7) are generalizations of Gallai’s [2] relations for graphs.
The proofs of (3), (6) are in fact Gallai’s arguments. Clearly, the inequalities (6), (7)
are for all k = 2 the best possible.

Lemma 3. For a k-uniform hypergraph H with n vertices,
n
H) <
x(H) = ] . 1[

Proof of Lemma 3 is quite simple and can be omitted.

holds.

Proof of Theorem 1. Let N be an independent set of edges of the hypergraph H
with maximal cardinality, i.e., [N| = v(H). The number of vertices belonging to edges
from N is k . v(H). The vertices of the hypergraph H not belonging to edges from the
set N are colorable with ](|X| — k. v(H))/(k — 1)[ colors (by Lemma 3). The edges
of N do not belong to the hypergraph H. Hence if we assign all vertices of an edge of N
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the same color we obtain a coloring of the hypergraph H. We have

x(mé]l—w[.

k-1
Using the relation (7) of Lemma 2 we have

(11) x(H) < o(H).

Let S be a stable set of vertices of the hypergraph H with maximal cardinality, i.e.,
|S| = o(H). Lemma 3 implies that the vertices of the set (X — S) are colorable by
1(x — o(H))/(k — 1)[ colors. Assigning the vertices of S the same color we get a
coloring of the hypergraph H, i.e.,

AH) < ] Xk_ “(H)[+1.

By Lemma 1 we have
12 x(H)g]’:—(I—{ll[+ 1.

Adding different expressions for y(H) and x(H) we get the assertion of Theorem 1.

Equality in (2a) — (2c) is attained for a k-uniform hypergraph H with n vertices.
such that n — 1 = 0 (mod k — 1) and there is a vertex in H which is the unique
common vertex of every pair of edges of H. For such a hypergraph with a “large’
number of edges (2) is much better than the above mentioned generalization (1)
of the Nordhaus-Gaddum estimate. Many other hypergraphs can be constructed
for which equality in (2a) — (2c) is attained.

3.ACHROMATIC NUMBERS

HARARY and HEDETNIEMI [5] have given some bounds for the achromatic number
of a graph G using a homomorphic mapping of G onto the complete graph K, g).
We do not see how this technique could be employed for treating the problem in case
of k-uniform hypergraphs for k > 2. We give here some simple bounds for the achro-
matic number of a hypergraph H. They are strict; however, for many hypergraphs
they give rather rough estimates.

Theorem 2. For the achromatic number Y(H) of a k-uniform hypergrah H with h
edges, the inequality

(13) Y(H) ¢
holds where ¢ is the positive solution of the equation

x* —x — h(k* - k)=0.
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Proof. If H is completely colored by y(H) = m colors then in H there are (Z’)

pairs of adjacent colors. In one edge of H at most (;) different pairs of adjacent
colors can occur. Then we have

From this our statement follows.

Fr_om the argument above it follows that in (13) equality is attained for a hyper-
graph H admitting such a coloring that each pair of colors is adjacent in exactly one
edge of H; balanced incomplete block designs (m, k; 1) (formed from m elements,
each block having k elements, each pair of elements occurring in exactly one block)
are such hypergraphs. E.g. the finite projective plane with m points (lines are edges

_of the hypergraph) has achromatic number m (cf. HALL [4]).

The strong-stability number of a hypergraph H, &(H), is the maximum cardinality

of a set of vertices of H no two of which belong to the same edge of H.

Let E(v) = {E', ..., E"} be the set of all edges of the hypergraph H such that the
vertex v of H belongs to all of them. By the degree m(v) of the vertex v we mean the
minimum cardinality of a subset of E(v) whose union of vertices is equal to the union
of vertices of all edges from E(v).

Theorem 3. For a k-uniform hypergraph H with maximum degree of a vertex
equal to m,

(14) YyH)Sm.aH).(k—1)+1.

The proof is based on the following Lemma which is a generalization of a statement
by Harary-Hedetniemi [5].

Lemma 4. For a hypergraph H with p vertices,

(15) W(H) S p - a(H) +1.

Proof of Lemma 4. Consider any complete coloring of the hypergraph H =
= (X, &) and any strong-stable set S of vertices of H. If all vertices of S have the same
color then the total number of colors used in the coloring is not greater than p —
— |S| + 1. If two vertices x and y from S are colored by different colors k(x), k(y)
there must be in X — S a vertex colored by k(x) or k(y) because the considered color-
ing is a complete one. Generally, at least s —.1 vertices of X — S are assigned colors
which occur in S, where s is the total number of colors appearing in S. From this
(15) follows. !
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Equality in (15) is attained e.g. for the hypergraph with 6 vertices 1, ..., 6 and edges
(1,2,3),(3,4,5), (5,6, 1).

Proof of Theorem 3. Associate to every vertex v of a strong-stable set S of
maximal cardinality the edges to which it belongs. Such a ‘“‘star’’ contains at most
(k — 1).d + 1 vertices where d is the degree of v. The union of all “stars’ associated
to vertices of S contains all vertices of the hypergraph H, because otherwise S would
not be a strong-stable set of maximal cardinality. This implies v < (k — 1).m.
.@(H) + &(H), and using (15) we obtain the assertion of our theorem.

Equality in (14) is attained for complete k-uniform hypergraphs with p vertices if
(p — 1) = 0 (mod k — 1). Evidently, for these and “‘similar’ hypergraphs, (14) is
a better bound than (13). Nevertheless, e.g. for the 3-uniform hypergraph consisting
of seven disjoint edges equality in (13) holds while (14) is almost meaningless.

Remark 2. For a graph G with n vertices and its complement G the following
relations are known:

WO+ @) s [Sn| (GupalsD,
¥(G) + x(G) < n + 1 (Harary-Hedetniemi [5]) .

Trying to generalize these bounds to a k-uniform hypergraph H with k> 2 having n
vertices we obtain very easily (using Lemma 3) the relations:

Y(H) + y(H) < 2n,

W(H) + ((H) S n + ]——[
. k-1

Examples can be constructed showing that these bounds are sharp, too. The first
estimate is sharp e.g. for the finite projective plane with 7 vertices. Equality in the
second one is attained for the hypergraph (X, &), X = {1,2, ..., 6}, & = {(1,2, 3,),
(1,2,4), (1,2,5), (1,2,6), (1,3,4), (1,3,5),(1,4,5), (1,4,6), (1,5, 6}. However,
for many hypergraphs these bounds are rough, and it would be desirable to find better
ones depending on different invariants of the hypergraph.

Added in proof (February 1974): The arguments employed in the proof of
Theorem 1 yield also the following estimate for a k-uniform hypergraph H with n

vertices
x(H)+x<mg]%_‘ll))[+1
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OSCILLATION OF SOLUTIONS OF THE DELAY
DIFFERENTIAL EQUATION

y20 + ZpOOTOD = 0. nz 1

PAavoL MARUSIAK, Zilina

(Received September 28, 1972)

Our purpose in this paper is to give some ocsillation criteria for the nonlinear delay
differential equation

¢)) y@(1) +i§1p;(t)f:[yh,(t)] =0, n21,

where y, (1) = y[h(D] i=1,...m

(2 pieC[R, =[0,0),R,] (i=1,...,m)

(3) fieC[R,R], zf(z) >0 for z # 0, f(z) is nondecreasing

on R(i=1,...,m)
4 hie C[R,,R], hf(t)<t for teR, (i=1,..,m).

We shall assume the under the initial conditions y(f) = @(f), t < t,, y®(to) =
=y, k=1,...,n — 1, the equation (1) has a solution which exists for all ¢ >

A solution y(t) of (1) is called oscillatory if the set of zeros of y(t) is not bounded
from the right. A solution y(t) of (1) is called nonoscillatory if it is of constant sign
for sufficiently large . The equation (1) is called oscillatory if every solution is oscil-
latory.

BURKOWSKI [2], GoLLwiTzER [3], ODARIE-SEVELO [9, 10] have given necessary
and sufficient conditions for second order nonlinear delay differential equations to be
oscillatory. LADAS [4], MARUSIAK [8] have given oscillation criteria for the differen-

tial equation
¥ + F(t, y(1), y[h(D]) = 0.
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Recently, KusaNo and ONosk [7], SEveLo and VARrecH [11] and Staikos and
Sricas [12] (these papers appeared while my article was being reviewed) have proved
sufficient conditions for the oscillation of certain nonlinear delay differential equations
of arbitrary order. ~

In the next part we shall need the following lemma due to KIGURADZE [ 5, Lemma 2].

Lemma 1. Let u(t), ..., u™~(t) be absolutely continuous and of cosnstant sign
in the interval (to, 00). If u(t) 2 0, u™(t) < O for every t 2 t,, then there exists
an integer k with0 < k < m, m + k is odd and

(a) uP() 20, i=1,...k, t=t,,
® . (-t z0, i=k+1,...m, t21,,
il '
) (0 u®(1) < :
(t = o)

D, i=L.uk 123,

Analogous statement can be made if u(f) < 0, u™() = 0 in the interval (¢, o).

" Lemma 2. If u(f), ..., u™ ') are absolutely continuous and of constant sign
in the interval (t5, ) and u(t) u™(f) < 0, then there exists an integer k with
0<k<m,m+ kisodd and

(6) uP(Du()20, i=01 vouk and
(™=t uDu() 20, i=k+1,...m, t2ty,
(7) Iu(k)(t)l g m—k=1 u(m—l)(zm—k—lt) , 1=,
® [u®=P()| 2 Bam ki tum= ()|, i =1,. .k, t2 2" R,
where
2—(m+k+i)3 .

_(m—k);..(m—k+i— 1)’

Proof. The correctness of (6), (7) follows from Kiguradze’s lemma 1 [6] and its
proof. Integrating (7) i times (i € {1, ..., k}) from t, to t and using (6), we obtain

(t — go)mkHin1 :
-k)...(m—k+i-

lu(k-—i)(t)l > (m 1) |u(m—1)(2m—k—lt)| , 12 15,

If we put ¢ instead of 2™ ~*~ !¢ into the last inequality and then use u(f) u®*~*1(¢) >
= 0, we get '

(9) . |u(k-i)(t)| g |u(k—i)(2-—m+k+lt)| g
2—(m—-k+i—l)z(t _ 2m—k—lto)m—k+i-

(m—k)...(m—k+i—1)

v

1
[um= ()|, tz 2",
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Let t 2 t; 22.2" % ¢, then t — 2""*"t, > ¢/2 and from (9) with regard to
the last inequalities we get (8).

Lemma 3. Let u(t), ..., u™(t) be continuous functions in the interval (t,, ) and
u®() u(?) > 0, (k =0,1,...,m), u(t) u™*)(t) < 0 (m is an integer and let A be
a nonnegative real number. Then

_u(n)
o u(t + A)
Proof.
) ! =1, t‘={t‘ m=1},
t~o u(t + A) 1+Alimu_’(_tQ t+A; m>1
t»o U l)
because

(m)
lim #(t,) = lim () _
) u(t) t=w uMm~ U(t)

Theorem 1. Let functions p,, fi, h, satisfy (2), (3), (4) and, in addition, suppose that
(10) Y J " lp(dt < 0.
i=1

Then the equation (1) has at least one nonoscillatory solution.

Proof. Let us consider the following system

(11) yo(t) = {1, t<t,
1, t=t,
Lttt
Vira(t) = ; { ) (5(2_ to)*"” p( ) £y, [hs)]) ds +
»[ = t0)2€2—nl : l()s!_ L pds) fly,[hd(s)]) ds,

where ¢, is chosen such that

max s 6=t s)ds
(12 - ms@F [ S e s

© (S - to)Zn—l _ (S . t)2n—1 - 3

That we can do because (10) holds.
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By mathematical induction, with regard to (11), (12) and (3), it is easy to show that
1<y()Sy+1() £2,j=0,1,..., t 2 1o holds. From the last inequalities it
follows that the seqiience {y(f)};2o of continuous functions is nondecreasing and
uniformly bounded on [#,, c0) and therefore uniformly convergent on every finite
interval. Let y(f) = lim y,(f). Then 1 < y(t) < 2,t = t, and y(t) is the solution
of the equation jme

t=<t,
W) = w (s — )
Z: { ° P:( ) £(y[h{s)]) ds +
(s -

’)Zn 1 (s—t)z n—1

f i O SOTHOD 8}

However, it means that y(f) is a nonoscillatory solution of the equation (1). The proof
is therefore complete.

Theorem 2. Let functions p, f, h, satisfy (2), (3), (4) and, in addition, suppose that

(13) (@) h()=t—g(r), 0=g() =M, teR,
(ii) there exists a number B, 1 < B such that

(14) (i) I 271 p(t) dt =

Then the differential inequality
(A) ¥ + H)SGTHOD S0, teR,
(B) [y®() + p(O fO[H(]) 2 0, teR.]

has no positive [ negative] solution on [t,, o) for every t, € R..

Proof. Suppose that the conclusion of Theorem 2 is false. Assume that there exists
a positive solution y(t) of (A) for t 2 t, € R,. (The case of the differential inequality
(B) is treated similarly.) Since lim h(f) = oo as t —» oo there exists a t; 2 t, such
that y[h(f)] > Ofor t 2 ¢,.(A) with regard to (2) and (3) implies

(15) () s - pOSOTHOD <0, 121,

From y®"(f) < 0, y(t) > 0t follows that there exists t, 2 t; such that y(¢), y'(1), .
, y#*~1)(1) have constant sign for t > t,. Then by Lemma 2 for y(t) and its de-
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rivatives (6)—(8) hold, where ke {1, 3,..., 2n — 1}. By (6), y®"~1)¢) is decreasing
and y?""Y(c0) = ¢ = 0 holds.

Integrating (A) from ¢ (¢ 2 t,) to oo and neglecting y2"~1)(c0), we get

(16) Yy () 2 J‘wp(s)f(y,,(s)) ds, t2t,

and then in view of the monotonicity of y?*~)(r) and (4) we obtain

(17) () 2 J' "M fs) ds, 21

1. From (7), for k = 1 we get
(18) Y(i) = 2rm2 yan=D(n=2p) g > q,

If k = 1 then, with regard to (6), y"(f) < 0 for t = t,, y*"~1)(¢) is decreasing and
so from (18) we have

y'(! _ M) g [l - M)Zn—z y(Zn—l)[22n—2(t — M]
2 [t = M2y D2Dp), t2t,21,+ M.

From (16) using the last inequality we get

(19) yiE-M)z[t- M]z;.-sz p(s)fyi(s)]ds, t2t;.

22n=-2¢

Integrating (19) from t; to t, t = t; ,we obtain

22n=2t Fn2—-2n, __ 2n—-1 __ _ 2n—-1
(20) ¥t — M) — y(ts - M) 2 I [P = M = [ MIRTE
22n-24, 2n -1

x p(s) fLya(s)] ds + [t~ M}™"" — e, — M} J‘m p(s) fLyvi(s)] ds .

2n -1 22n-2¢

From (20), with regard to the monotonicity of y(f), f(z) and t — M < h(t), we get

e 2 [ L= MEm Lo =M ez 1y - m s,

In the sequel we shall use the method due to ATKINSON [1].

If we raise the last inequality by —p (8 > 1), then multiply by {[t — M]**~* —
— [t; = M]*~} p(2%"~2) f[¥(t — M)], (t 2 t;) and integrate the resulting in-
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equality from 1, to t5 (13 < t, < t < t5), we have
(21) Jm{[s — MJ™1 — [ty — MP"1} p(22%s) fy(s — M)] [ (s — M)] ™ ds <

< @—ﬂ—j;” [{ j ;([s — M1 = [ty — M=) p(222) fTo(s — M)] d}”]

For t5 — oo the right hand side of (21) is bounded and therefore the integral
r{[s = M7 = [ty = M]*71} p(22728) fy(s — M)] [¥(s — M)] ™" ds
ta
is convergent. If we choose t, = 2M, we can show easily that
(22) J(t,) = jwsz""‘p(Zz"‘zs)f[y(s ~M)][y(s — M)]Pds< 0.
ta

By virtue of the assumption y(f) > 0, t 2 t, and Lemma 2 either y(c0) = b > 0
or y(c0) = oo. In either case, with regard to the continuity and the monotonicity of
f (z) and the assumption (ii) of Theorem 2, there exists T = t, such that

IE=M], 4150 i>T.

[v(e = M))P

Then, from (22) we get

> J(t)z (T) 2 d J sn=1 p(22=2) ds = g (22~ 2ryn=1 j 211 p(1) dt,
T 22n-2T

which contradicts (14).
II. Let ke {3, ...,2n — 1}. Frome (8), for i = k — 1) we obtain,

y’(t) > Ktzn—z'y(zn'—n(t) , t2 2(n—kt2 =1,
where K = B;_;.
Then, with regard to (6) and (13) we have

YO zZy(t—-M K[t —-MP 2y Dt -M), tzi,2i;+M.

From (17), by means of the last inequality it follows
0
y(0) 2 K[t — M]*~? j POSINO] ds, 12 1,
t
Further, exactly as in the case I we obtain

23) 1(t5) = j "5 1p(6) (s — M)] [YO]* ds < oo .

is
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(6) implies y(t) > 0, y'(f) > 0, y"(f) > 0 and therefore y(c0) = co. Then, by
virtue of the assumption (ii) and Lemma 3

=M e SO e /DO
B 70l 7 vy, Rl 70 i

holds. In view of the last inequality there exitss T = 5 such that

=M1 z50. 27T,
ber — 7
Then we get from (23)

-]

o>Ji)2JT)2d J g1 p(238~25) s = (2321 f t>""1p(r)de,
T 2m-2T
which contradicts (14).

This completes the proof of Theorem 2.
We shall now apply Theorem 2 to obtain the oscillatory character for the equation

’ V"I"he‘orem 3. Let functions p;, f;, h; satisfy (2), (3), (4) and, in addition, suppose
(@) h(t) =t — git),0 < g(t) = M, teR,,(i=1,...,m)

(ii) there exists a number B, B > 1 such that

|z] > 4

liminflj%(z;)]'> 0, [ = L..wsy ).

Then the equation (1) is oscillatory if and only if

(24 '[ 2"~ 1p()dt = 0
at least for one je{l,..., m}.
Proof. I. The necessity follows immediately from Theorem 1.

II. The sufficient condition. Let us suppose that the conclusion of Theorem is false.
Let y(f) be a nonoscillatory solution of the equation (1). We may assume to be specific
that y[h(t)] > 0(i=1,...,m) for t = ¢t; = t, € R,. Then from the equation (1),
in view of (2), (3) we have

(25) Y0 + p O FOTROD S 0, 121

and y(¢) is a solution of (25). By virtue of Theorem 2, the inequality (25) has no positive
solution and this contradicts the fact that y(f) is a positive solution of the equation
(1). The proof of Theorem is complete.
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Theorem 4. Let p satisfy (2) and, in addition,
(26) (a) heC[R4,R], W()=0 for t=TeR,, h(t)<t, teR,,
limh(f) =00 as t— o0,
(b) feC'[R,R], zf(z)>0 for z+0, f(z2)20, zeR,
(c) for everye> 0

® dz ~® dz
e el
@) @ . j “THOT P dt = oo

Then the differential inequality (A) [(B)] has no positive [negative] solutions on
[to, ) for every toe R,.

Proof. Suppose that the conclusion of Theorem 4 is false. Assume that there
exists a positive solution y(t) of (A) for t = t, € R.,.. [ The case of (B) is treated similar-
ly.] It follows from (26) that there exists ¢, = t, such that y[h(f)] > O for ¢t > ¢,.
From (A), in view of (2) and (b) of Theorem 4 we get y*"(f) < 0 for t = t,. From
the last inequality, by virtue of y[h(f)] > 0, t 2 t,, we can assert that the assumptions
of Lemma 1 are fulfilled. Then (5), for k =2v + 1, i =2v (ve{0,1,...,n — 1})
implies

< (20+1) @,
0y (t)g(t_tl)zvy(t), t>1t,.

By virtue of the last inequality there exists a constant K, 0 < K < 1 and a number
t, > t, such that

(28) 0 <y () < KQo)! y'(1), t2t,, ve{0,1,...,n—1}.

If we multiply (A) by [h(£)]**~* f~*[ ()], integrate the resulting inequality from
a(2max {t,, T}) to t, use Lemma 1, the assumption (b) and omit negative numbers,
we obtain

@ [TOP o ds 5 e0 + @n = 1) 500 [HOP2 1) x

% £ 1[y)] ds £ ey + (2n — 1) f R 0(s) ()2 H(s)

X f D] ds s e+ @n— 1) [ @90 x-2 £330 dx,
ha)

where ¢y =y~ (a)[h(a)]*" ' f~((a)) 2 0.
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If we integrate the last integral in (29) by parts 2(n — » — 1) times and neglect nega-
tive numbers, we obtain

(30)
J”[hl(s)]z"'1 ps)ds<C+(2n—-1)...(2v + 1) t Yy (x) x2° f7Y(y(x)) dx ,
a h(a)

where C is a positive constant.
From (30), in view of (28), we get
t

J.‘[h(s)]z""1 p(s)ds < C + K(2n — 1)!J V(%) f 1 (¥(x)) dx

h(a)

t
§C+K(2n—1)!f dz/f(z) < 0 for t— .
yih(a)]

It means that [ [h(s)]>*~* p(s) ds < oo, but this contradicts (27). This completes
the proof of Theorem 4.

Corollary 1. Let p;, i = 1, ..., m satisfy (2) and, in addition,

(31) (@) h;eC'[R.,R], hf{t)<t for teR,, h(t)=0 for t= TeR,,
limh(f) =0 as t->ow(i=1,..,m)),

(32) (b) fii=1,...,m satisfy the assumptions (b), () of Theorem 4. Then the
equation (1) is oscillatory if

(33) j “Th 01 ) dt = oo

at least for one je {1, ..., m}.

Proof. Let us suppose that the conclusion of Corollary is false. Let y(f) be a non-
oscillatory solution of the equation (1) and let y[h()] >0 (i =1,...,m) for t =
2 t; 2 toe R,.[The case y(t) < 0 is treated similarly.] Then from the equation (1),
in view of (2), (32) we have (25) and y(¢) is a positive solution of (25). This contradics
Theorem 4.

The proof of Corollary is complete.

Finally, we shall study the oscillatory properties of the differential equation

(34) yE(t) + F(t, yu(2), .o Y, (1) = 0.
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With regard to the equation (34) we assume that the following conditions are
satisfied:

C|2Ea0et), x>0, i=tim
(35) Flt, %y v )y oo

! ’ gip,(i‘)l//i(x), x;<0, i=1,...,m
F(t,0,...,0) = 0,
where (a) pi(t), i = 1, ..., m, satisfy (2),
(b) ;€ C[(0, ), (0, )], ;€ C[(—0,0), (—0,0)], i =1,...,m
Theorem 5. Let the equation (34) satisfy (35) and; in addition,
(i) ks i =1, ..., m, satisfy (4), (13),

(ii) @l2) ¥«(2), i = 1, ..., m, are nondecreasing functions,
(iii) there exists B > 1 such that
lim inf |(p( >0, hmmfl—-l >0, i=1...m.
zow z—=> =0 |Z|p

Then the equation (34) is oscillatory if (24) holds at least for one je {1, ..., m}.

Proof. The proof of this Theorem is very similar to that of Theorem 2 and hence
we omit it.

Theorem 6. Let the equation (34) satisfy (35) and, in addition,

@) hy i =1,..., m, satisfy (31)

(ii) there exist (Pi(u) ¥i(v) and @i(u) = 0 for u > 0, |ﬁ (v) =20forv<0,i=1,.
s m’

(iii) for everye > 0

J‘"" du ~® dv . -

- <00, <o, i=1,...m.

‘Jde (Pt(u)- . d . -t Iﬁi(v) '

Then the equation (34) is 6scillatory if (33) holds at least for one je {1, ..., m}.

Proof. The proof of this Theorem is very s1m11ar to that of Theorem 4 and hence
we omit it.

Acknowledgment. The author wishes to thank Prof. J. KURZWEIL for his helpful
suggestions. o
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THE NONEXISTENCE OF FREE COMPLETE VECTOR LATTICES

MARIA JAkUBIKOVA, KoSice

(Received November 6, 1972)

Free vector lattices were investigated in [1], [3], [9], [11] (cf. also [2], Chap. XV,
§ 5). Since the class of all vector lattices is an equational one, for each cardinal m
there exists a free vector lattice X, with a set A of free generators such that card 4 =
= m. HALEs [4] proved that there does not exist a free complete Boolean algebra
with an infinite set of free complete generators (this solved the problem proposed by
RIEGER [8]). Using the result of Hales we show that there does not exist a free com-
plete vector lattice with an infinite set of free complete generators. An analogous
result concerning complete I-groups was proved in [5]. Further, we examine the
existence of free («, co)-distributive vector lattices where « is an infinite regular
cardinal.

For the terminology, cf. [2], Chap. XV. Lattice unions and intersections are de-
noted by v and A, respectively. Set unions, set intersections and the inclusion are
denoted by U, n and <, respectively. A sublattice L; of a lattice L is said to be a
closed sublattice of L, if, whenever {x;} (i €I) is a subset of L, such that Vx; exists
in L, then Vx; € L,, and if the dual condition also holds. A mapping ¢ of a lattice L
into a lattice L is said to be a complete homomorphism if it fulfils the following con-
dition (c,) and also the condition (c,) that is dual to (c,): If {x;} = L and if Vx;
exists in L, then

Vo(x;) exists in L and ¢(Vx;) = Vo(x)).

Let us recall the definition of a vector lattice (cf. [2]).

A real linear space L with elements f, g, ..., is called a vector lattice if L is lattice
ordered in such a manner that the partial ordering is compatible with the algebraic
structure of L, i.e.,

(i) f< gimpliesf + h < g + hforevery f,g,heL,

(ii) f = 0 implies of > O for every f € L and every real number a = 0.
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Thus (L; +, A, V) is an Abelian lattice ordered group; hence (L; A, v)isa dis-
tributive lattice and

fHgvh=(F+gv(f+h),
frlgan)y=(Ff+ag) r(f+h
is valid for every f, g, h € L.

Let A be a subset of a complete Boolean algebra B. We say that A completely
generates B if B; = B for each closed subalgebra B; of B with A < B;. The set A
is said to be a set of free generators of B, if it satisfies the following conditions:
(2) A completely generates B; (b) if B’ is a complete Boolean algebra and if f is a map-
ping of the set 4 into B’ such that the set f(4) completely generates B’, then there
exists a complete homomorphism ¥ of B onto B’ such that y(a) = f(a) for each
ae A.(Cf.[4])

Now we introduce analogous notions for complete vector lattices. For any vector
lattice X the corresponding lattice will be denoted by X. A vector sublattice X; of
a vector lattice X is said to be a closed vector sublattice of X, if X, is a closed sublat-
tice of X. Let A be a subset of a complete vector lattice X. We say that A completely
generates X if X, = X for each closed vector sublattice X, of X with 4 < X,.
A homomorphism ¢ of a complete vector lattice X into a complete vector lattice X’
is called a complete homomorphism if ¢ is a complete homomorphism of the lattice
X into the lattice X'. Let A4 be a subset of a complete vector lattice X. Then 4 is said
to be a set of free complete generators of X if it fulfils the following conditions: (a)
A completely generates X, and (b) for each complete vector lattice X’ and each map-
ping f : A —» X’ such that f(A4) completely generates X’ there is a complete homo-
morphism ¥ of X onto X’ such that y(a) = f(a) for each a € A. If A is a set of free
complete generators of a complete vector lattice X and card 4 = 7y, then X is called
a free complete vector lattice on y free complete generators.

Let X be a complete vector lattice, 0 < e € X. The element e is called a weak unit
of X if e A x > 0 for each 0 < x € X. The element e is a strong unit of X if for each
0 < x € X there is a positive integer n(x) such that x < n(x) e. Each strong unit of X
is a weak unit of X. Let e be a weak unit of X and let B(e) be the set of all elements
e;e X such that e; = O and ¢; A (e — ¢,) = 0. The set B(e) is said to be a basis of X.

We need the following results:

Theorem A. (Cf. [6], p. 92.) Let e be a weak unit of a complete vector lattice X.
Then the basis B(e) is a closed sublattice of X and B(e) is a Boolean algebra.

Theorem B. (Cf. [6], p. 131, Thm. 1.53.) Let B be a complete Boolean algebra.
Then there is a complete vector lattice X and a weak unit e of X such that the basis
B(e) is isomorphic to B.
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Theorem C. (Cf. [4], § 4, Thm. 3.) Let m be an infinite cardinal. There exists a
complete Boolean algebra By, and a subset A = By, such that A completely genera-
tes By, card A = ¥, and card B,, = m.

Theorem 1. Let o be an infinite cardinal. There does not exist a free complete
vector lattice on o free complete generators.

Proof. Suppose that a set A, is the set of free complete generators of a complete
lattice X, card 4, = «. Let m be a cardinal, m > card X,. Let B = B,, be a Boolean
algebra fulfilling the assertion of Thm. C. Further let X be a complete vector lattice
satisfying the assertion of Thm. B. Since the Boolean algebras B,, and B(e) are iso-
morphic we may put B(e) = B,,. Choose ao, a, €A, and A; = A, \ {ag, a,},
card A; = N,. Let f, : 4; - A be a bijection and let f be a mapping of the set 4,
into X such that f(a,) = 0, f(a,) = e, f(a) = fi(a) for each a€ 4, and f(a) = 0 for
each ae 4, \ (4, U {ay, a,}). Let Y be the intersection of all closed vector sub-
lattices Y; of X with f(4,) = Y;. Then Yis a closed vector sublattice of X, hence Y
is a complete lattice and Y is completely generated by the set f (Ao).

According to the definition of a free complete vector lattice, there is a complete
homomorphism ¥ of X, onto Y such that y(a) = f(a) for each a € A,. Since e is
a weak unit of X, e is a weak unit of Y. By Thm. A, B(e) = B is a closed sublattice of
X and hence the set BN Y = B, is a closed sublattice of Y. Thus, since 0, e € B,
the set B, is a complete lattice. Obviously B, is distributive. Let by € By,. Then
b, € B(e), hence by A (e — by) = 0. This implies e — b, € B(e) and so e — b, € B,
Further we have b, v (e — by) = by + (e — by) = e, hence e — b, is the comple-
ment of b, in the Boolean algebra B. This implies that B, is a closed subalgebra of B.
Since A = B, we obtain (because B is completely generated by A4) that B, = B.
Therefore m = card B < card Y = card y(X,). This implies card X, > m, which is
a contradiction.

Let a, B be cardinals. Let us consider the following condition on a lattice L (cf. [4]):
(d,) L satisfies the identity

Ases V!esz,z = cheTs Asesxs,tp(s)

whenever card S £ «, card T £ B and all joins and meets do exist in L.

If L satisfies (d,) and the condition dual to (d,) then L is called («, B)-distributive.
If L is (a, B)-distributive for each cardinal g, then it is said to be (a, oo)-distributive.
It is easy to verify that a vector lattice is («, §)-distributive if it fulfils the condition (d, ).

A complete (&, co)-distributive Boolean algebra B is said to be a free complete
(@, co)-distributive Boolean algebra on y free complete generators if there is a subset
A < Bwithcard 4 = y such that A is a set of free complete generators of B and every
‘mapping f of A onto a subset 4’ of a complete (, c0)-distributive Boolean algebra B’
‘which completely generates B’ can be extended to a complete homomorphism of B
onto B'.
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Replacing “Boolean algebra’ by “vector lattice’’ everywhere in the above definition,
we obtain the definition of a free complete (, oo)-distributive vector lattice on y
complete generators.

Theorem C'. (Cf.[4], p. 62.) Let y be an infinite regular cardinal. Let m be a car-
dinal, m 2 y. There exists a complete (y, o)-distributive Boolean algebra B? and
a subset A = BS such that A completely generates B%, card A = y, and card B}, =
=m.

Theorem D. (Cf. [7].) Let B be a Boolean algebra and let M be the Stone space
of B. Then the lattice C(M) fo all real continuous functions on M is (o, f)-dis-
tributive if and only if B is (o, p)-distributive.

Theorem E. (Cf. [10], Thm. v. 3.1.) Let e be a strong unit of a complete vector
lattice Y. Let M be the Stone space of the Boolean algebra B(e) = B. Then Y is
isomorphic with the vector lattice B(M) consisting of all bounded continuous func-
tions on M.

A subset P of a vector lattice Q is said to be convex if p;, p,€ P,qe€ Q,p; < q < p,
implies g € P. '

Lemma. Let P be a vector sublattice of a vector lattice Q. Assume that P is a con-
vex subset of Q and that for each 0 < q € Q there exists0 < pe P with p A g > 0.
Then P is («, p)-distributive.

Proof. If {f;} is a subset of P and if f € P is the least upper bound of {f;} in P,
then f is also the least upper bound of the set {f;} in Q (since P is convex in Q).
A similar assertion holds for greatest lower bounds of subsets of P. Thus if P is not
(o, )-distributive, then Q fails to be (a, f)-distributive. Assume that Q is not (a, )~
distributive. Then there exists a system {x,,} < Q with card S £ «, card T £  such
that all joins and meets standing in (d,) do exist in Q and

v = /\ses Vrssz,t > queTS Asesxs,w(s) =u.
There exists 0 < f, € P with f; A (v — u) > 0. Denote

(X0 AV) VU=X,,,

(fs.t = u) Afl = Vst +
Then we have

0 <f1 A (D - u) = AseS VreTys,t * V¢ETS Asesys,cp(s) =0 >

hence P is not («, f)-distributive.
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Theorem 2. Let y be an infinite regular cardinal. Then there does not exist a free
complete (y, 00)-distributive vector lattice on y complete generators.

Proof. Suppose that X o is a complete (y, co)-distributive vector lattice with a set
A, of free complete generators, card 4, = y. Let m be a cardinal, m > card X,.
Let B, = B be as in Thm. C'. Now we use a similar method asin the proof of Thm. 1.
Let X be as in Thm. B. We may put B = B(e). Choose two distinct elements a,, a, €
€ Ao and denote A, = 4, \ {ao, a,}. Then there exists a mapping f, of 4, onto A
and let f be a mapping of 4, into X such that f(a,) = 0, f(a,) = e and f(a) = f,(a)
for each a € A,.

Let Y be the closed vector sublattice of X generated by the set 4 U {0, e}. Then
Y is a complete vector lattice that is completely generated by the set A U {e} and e is
a weak unit of Y. Let Y, be the set of all y € Y satisfying —n(y) e < y < n(y) e for
a positive integer n(y). The set Y, is a complete vector lattice and it is a convex vector
sublattice of Y; the element e is a strong unit of Yj,.

Let M be the Stone space of the Boolean algebra B. According to Thm. D, C(M)
is (y, oo)-distributive and hence by the Lemma the vector lattice B(M) is (y, co)-dis-
tributive. From Thm. E it follows that Y, is isomorphic with B(M) and therefore Y,
is (y, oo)-distributive. Since e is a weak unit of Y and since e belongs to Y,, according
to the Lemma we obtain that Y is (y, co)-distributive. Thus there is a complete homo-
morphism y of X, onto Y. By the same reasoning as in the proof of Thm. 1 we get
that B(e) < Y. Therefore m < card Y < card X, which is a contradiction.
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Introduction. In [11] the boundary value problem
dx

— =D [A(t) x + J :[dsG(t, s)] x(s) + f (t)],

d’t—

b
J‘[dL(s)] xs)=1 (~o <a<b< )
a

was treated. In particular, theorems analogous to the well-known Fredholm theorems
from the theory of integral equations were proved. The first of the above equations
is a generalized ordinary differential equation in the sense of J. KURZWEIL [6].
An n-vector function x(t) is said to be its solution on [a, b] if for any t € [a, b]

(1) = x(a) + f TdA(s)] x(s) + I "[4(G(t, 5) — G(a, s))] x(s) + £(t) — £(a).

The principal assumption was that of the regularity of A(f) on [a, b] (i.e. A(a+) =
= A(a), A(b—) = A(b) and A(t+) + A(t—) = 2A(¢) for all a <t < b). In this
note the analogous investigation of the case of left-continuous A(f) is carried out.
Before treating the general problem we also generalize the results of [11] concerning
the two-point problem

% = D[A(t) x + f(1)], M x(a) + N x(b) = 1.

For motivations of the study of such problems and for more detailed bibliography
see [11]. Let us note furthermore that in [10] J. TAUFER developed numerical methods
for solving some boundary value problems (taken from the technical practise) which
are very close to those we are going to study here. Some of them (or at least some
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important special cases) even can be reduced to boundary value problems for gener-
alized ordinary differential equations. For example, the following (interface) problem
occurs in [ 10]. To find a vector function x(f) piecewise absolutely continuous on [a, b]
such that

%= A()x + f(1) ae.on [a,b],
x(ti+)=Wx(t;=) +w; (i=12,...,p),
M x(a) + N x(b) = 1.
(A and f are L-integrable on [a, b], M, N and W, are constant matrices, w; and [ are

constant vectors, a < t; <1, < ... <t, < b.) Putting

t
B(t)=J-A(s)ds for St =,
t
B(t)=fA(s)ds+(W,—I) for t;<t=t,,...

t
B(t)=JA(s)ds+(Wl—I)+...+(WP—I) for t,<1%<b
and

t
g(t)=J‘f(s)ds for agt<t,,
t
g(t)=J.f(s)ds+w1 for t, <t=<t,,...
t
...,g(t)=.[f(s)ds+w1+...+w,, for t,<t=<b,

we get an equivalent two-point boundary value problem

? = D[B(t) x + ¢()], M x(a) + N x(b) = 1.

T

Moreover, in [10] the transformation of problems with integral additional conditions
to equivalent two-point boundary value problems was found independently of W. R.
Jones [5].

1. Preliminaries. Let — o0 < a < b < o0. The closed interval a £ t £ b is denoted
by [a, b], its interior @ < t < b by (a, b) and the corresponding half-open intervals
by [a, b) and (a, b]. Given a matrix M, M" denotes its transpose, I is the identity
matrix, O is the zero matrix. Vectors are generally considered as columns. Row
vectors are denoted as transpositions of column vectors.The space of n-vector functions
with bounded variation on [a, b] is denoted by BV, and the n-dimensional Euclidean
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space is denoted by R,. Given a matrix function F(t) of bounded variation on [a, b],
we put F(a—) = F(a), F(b+) = F(b), A"F(t) = F(t) — F(t—), A*F(t) = F(t+) —
— F(t)and AF(f) = F(t+) — F(t—) for any t € [a, b]. The space of all functions F(t)
of bounded variation on [a, b] such that F(t+) = F(t—) = F(a) for all t € [a, b]
is denoted by N. Integrals are always the Perron-Stieltjes ones. For our purpose the
notion of the o-Young integral (Y-integral), which is on the space of functions with
bounded variation equivalent to the Perron-Stieltjes integral, is fully sufficient. (For
the definition and basic properties of the Y-integral see [4] II 19,3. An exhaustive
survey was given in [12], too.)

Without any special quotation we shall make use of the fundamental results con-
cerning generalized linear differential equations

j—: = D[A®) x + f(1)],

which were established by T. H. HILDEBRANDT [3] and St. Scuwasik [7]. (In parti-
cular, in [7] the case of left-continuous A(t) was intensively studied. For some details
see also [9]. A detailed survey of these matters was given also in [11] and [12].)

2. Two-point problem. The subject of this section is the two-point boundary value
problem (p)

@ = = DL + £0)]

(2,2) M x(a) + N x(b) =1,

where A(f) is an n x n-matrix function of bounded variation on [a,b], fe BV,
le R, and M, N are constant m x n-matrices. We are seeking a function x € BV,
which is on [a, b] a solution to the generalized linear differential equation (2,1) and
fulfils the condition (2,2). (Let us notice that the equation (2,1) possesses only
solutions with bounded variation on [a, b], cf. [9].)

Any problem (p*) to find y € BV, and A € R,, such that y'(f) is on [a, b] a solution
to the generalized linear differential equation

) Y — D[~y B0)]
and '
(2,4) y'(a) = =A'M, y'(b)=A'N

with A — Be N is said to be the adjoint of the problem (p).
Throughout the section we suppose that

(2,5) A—BeN, A*B(t)A*A() = A"B(t)A"A(t) on [a,b]
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and that at least one of the following conditions is satisfied

(2,6) det(I — A" A(f))det (I — A*B(r))det (I + A*A(t)) #+ 0 on [a,b],
(2,7) det(I — A A(t))det (I — A*B(f))det(I + A™B(t)) +0 on [a,b],
(2,8) det(I + A*A(r))det (I + A™B(t))det(I — A*B(f)) + 0 on [a,b],
(2,9) det(I + A*A(f))det(I + A™B(t))det(I — A"A(t)) £0 on [a,b].
Without any loss of generality we may also assume A(a) = B(a) = O.

Let U(t, s) and V(t, s) denote the fundamental matrix solutions on [a, b] to the
equations (2,1) and (2,3), respectively. It means that

10 Ut s) = I + J' ' [44()] UGz, 5)

for t,se[a, b], t 2 s if det (I — A™A(t)) % 0 on [a, b] and for ¢t < s if det (I +
+ A*A(t)) + 0 on [a, b]. Furthermore,

(2,11) Vits) =1 + j V(, o) dB(o)

S

for t,se[a, b], t 2 s if det(I — A*B(t)) + 0 on [a, b] and for t < s if det (I +
+ A”B(t)) # 0 on [a, b]. The following lemma establishes the relation between the
functions U and V.

2,1. Lemma. Let A — BeN. If (2,6) or (2,7) holds, then for t,se[a, b], t 2 s
(2,12)  ¥(t,s) = U(t, 5) + V(t, 5) (A(s) — B(s)) — (A(t) — B()) U(t, s) +
+ V(t,5) A*B(s) A* A(s) — A™B(t) A~ A(r) U(t, s) +
+ s<zt:< ‘(V(t, 7) (A*B(t) A* A(r) — A™B(1) A~ A(7)) U(1, 5)) .
If (2,8) or (2,9) holds, then for t,se[a, b],t < s
(2,13) V(t,5) = U(t,5) + V(t,5) (A(s) — B(s)) — (4(r) — B(r)) U(1, 5) +
+ V(t,s) A"B(s) A" A(s) — A*B(t) ATA(t) U(t, s) +
+ Y (V(t,7) (A™B(z) A= A(r) — A*B(r) A*A(7)) U(x, s)) .

t<t<s

Proof. Lete.g. (2,6) be satisfied. Let ¢, s € [a, b], t = s. By the substitution theorem
for Y-integrals and by (2,10) and (2,11)

0- f'[d,V(t, UG 1) + j Vi(t, ) dUe, 1) = J.tV(t, 2 [4(A(s) — B()] U, 1) =
— V(t, 5) (A* A(s) — A*B(s)) U(s.t) + (A~ A(t) — A~ B(1)) =
= —V(t, 5) (4(s) — B(s)) + (4() — B(r)) -
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On the other hand, according to the integration-by-parts theorem

Q=1-V(t,s)U(s,t) — A3V(t,s) AT U(s, 1) + AsV(t, ) AT U(t, 1) +
+ Y (A7V(t7) AT U(t, £) — AsV(t, 1) A{ U(x, 1)),

s<t<t

where AfU(t, s) = U(t +,s) — U(t, s), A;U(t, s) = U(t, s+) — U(t, s), ... It follows
readily from (2,10) and (2,11) and from the properties of the Y-integral as a special
kind of the Kurzweil integral ([6], Theorem 1, 3, 6; cf. also [4], [7], [9] or [12])
that

AV(t,s) = —V(t,s) A*B(s), A7U(t,s) = ATA(r) U(t,s),

A7V(t,s) = —V(t,s) AB(s), A[U(t,s) = A"A() U(t,s).

Hence the relation (2,12) immediately follows.
The other cases can be treated similarly. If (2,8) or (2,9) holds, then instead of the
expression Q we should handle the expression

L'[d,v(s, )] U(t, s) + J :V(s, 2) dU(, 5).

The variation-of-constants formula yields the following

2,2. Lemma. Let (2,5) hold. If (2,6) or (2,7) holds then an n-vector function x(f)
is a solution of (p) iff it is on [a, b] given by

1) x)=00a)e + 10~ 1) - [ U 9 (6 - 1),

where ¢ &R, s a solution to the Tinear equati:m

(2.15) [M + NV(ba)]c =1+ N {V(b, a) f(a) — £(b) — f :[dsV(b, 9] f(s)} .
17 (2,8 or (2,9) holds, then any sohution x5 o (g} s of the form

216 x(i) = Ut b)e + £() - f(b) + j Tt 1 () - £(5).

where
(217) [MV(a,b)+ N]c =1+ M {- £(a) + V(a, b)£(b) — I T4V (a, 5)] f(s)}.

Proof. Putting the variation-of-constants formula (2,14) (valid if (2,6) or (2,7)
holds) into (2,2) we get that x(¢) is a solution to (p) iff

[M + NU(b,a)]c = 1 + N {U(b, a)f(a) — () + f [4,U(b, )] f(s)}.
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Since by (2,12)
V(b, s) = U(b, s) + V(b, s) (A(s) — B(s)) + V(b, s) A*B(s) A* A(s)
for s € [a, b], W(s) = V(b, s) — U(b, s) e N and V(b, a) = U(b, a). Thus

j "Td(b, 5)] u(s) = j "[4.U(b, 9] u(5)

forany u e BV,. (Infact, W(a) = W(a+) = W(t+) = W(t—) = W(b—) = W(b) = O
for all t € (a, b). The continuous part W, of W vanishes everywhere on [a, b]. Hence
by the definition of the Y-integral

b b
j [aW(s)] u(s) = ‘[ [AWAs)] u(s) + A*W(a) u(a) + A~ W(b) u(b) +
+ Y AW(s)u(s) = 0.
a<s<b
Hence our assertion follows. The cases (2,8) and (2,9) could be treated analogously.

2,3. Lemma. Let det(I — A*B(t)) + 0 on [a, b] (or det(I + A™B(f)) + 0 on
[a, b]). Then a couple (y(t), 2) is a solution to (p*) iff

y'(t) = AN V(b,t) (or y'(t) = —A'MV(a,t)) on [a,b],
where A € R,, is such that
(2,18) AM[M + NV(b,a)] = O (or A'[MV(a,b) + N] = 0).

Proof. In the former case, a couple (y(¢), A) is a solution to (p*)iff y'(r) = y' V(b, 1)
on [a, b], where y‘(a) = y'V(b, a) = —i'M and y'(b) = y* = A'N.

2,4. Theorem. Let (2,5) and at least-one of the conditions (2,6)—(2,9) be satisfied.
Then the problem (p) possesses a solution iff

OVCRRICY OB NCHOWOREY
for any solution (y(t), 2) of (p*).

Proof follows immediately from 2,2 and 2,3.

2,5. Remark. The assumptions (2,5) are fulfilled e.g. if

(i) B(f) = A(?) on [a, b] and (A* A())* = (A~ A(¢))? on [a, b] (this case was studied
in [11]),

(ii) B(a) = A(a), B(t) = A(t+) for t&(a, b), B(b) = A(b) (B = 4*), (A*A(a))? =
= (A A(b))* = 0 and A* A(t) A~ A(t) = A~ A(t) A* A(t) on (a, b).
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In particular, the assumptions of this section are fulfilled if e.g.

a) A, f areleft continuous on (a, b] and right-continuous at a, det (I + A*A(r)) % 0
on [a, b] and B = A*, or

b) A, f are regular on [a, b], det (I — (A*A(t))?) % O on [a, b] and B = 4, or

C) A, f are regular on [a, b], (A*A(f))* = O on [a, b] and B = 4, or

d) A, f are right-continuous on [a, b) and left-continuous at b, det (I — A~ A(f)) + 0
on [a, b] and B = A*.

(Only the cases b) and c) are included in [11].)

2,6. Remark. Of course, also Theorems 2,1, 2,3 and 2,4 of [1 1] are valid under the
assumptions of this section.

3. General problem. The subject of this section is the boundary value problem
(P) to find x € BV, which is on [a, b] a solution to the equation

3.1) ;l:- =D [A(t) % + (i) x(a) + D(1) x(b) + J 14,60t 5] (5) + f(t):l

and fulfils the condition

(3.2) M x(a) + N x(b) + J‘b[dL(s)] x(sy=1.,
We assume that

(3,3)  A(t), C(1), D(t) are n x n-matrix functions of bounded variation on [a, b],
feBV,, G(t,s) is an n x n-matrix function of strongly bounded variation
on [a, b] x [a, b], L(t) is an m x n-matrix function of bounded variation
on [a, b], M and N are constant m x n-matrices and [ € R,,

and

(34) A, C, D, fand G(., s) are for an arbitrary s € [a, b] left-continuous on (a, b]
and right-continuous at a, while det (I + A*A(t)) # 0 on [a, b].

(A matrix function K(t, s) is said to be of strongly bounded variation on [a, b] x

x [a, b] if it is of bounded two-dimensional Vitali variation o(K)on [a, b] x [a, b]

and var® K(a, .) + var, K(., a) < oo. For details see [4] III,4 and also [8] or [11].)
Without any loss of generality we may assume further that

(3,5) G(t, .) and L are for any te€[a, b] right-continuous on [a; b) and left-
continuous at b, while G(a, .) = 0 on [a, b], C(a) = D(a) = 0, L(a) = O
and f(a) = O.

Let us put
(3.6)  B(t) = A(t+) on [a, b] (B(b) = A(b+) = A(b)).
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Then B is right-continuous on [a, b) and left-continuous at b, while A~ B(f) = A* A(f)
for te[a, b] (A*B(a) = A”B(b) = 0). Evidently A — Be N. Let U and V be again
the fundamental matrix solutions to the equations

% = D[A(f)x] and % = D[-y"B(1)],

respectively.

3,1. Remark. Let #,se[a, b]. Then by 2,1 V(t,s) = U(t, s) — V(t, s) AT A(s) +
+ A*A() U(t, s) or (I + A*A(r))"* V(t,s) = U(t,s) (I + A*A(s))~*. Since U(t, s) .
(I + A*A(s))™* = U(t, s+) (cf. Theorem 2 in [9]) and analogously (I + A™B(t))~*.
.V(t,s) = V(t—, s), we have

(3,7 ’ V(t—,s) = U(t,s+) forall t,se[a,b].
Furthermore,

(3.8) V(b—,s)=V(b,s) and U(t,a+)=U(t,a) forall t,sela,b].
(Hence ¥ (b, a) = U(b, a).)

3,2. Lemma. Given g € BV, right-continuous on [a, b) and ceR,, the unique
solution y(t) of
dy 3 \
& DLy ) + 0]

on [a, b] such that y(b) = c is on [a, b] given by
V(1) = V(b, 1) - r[dg‘(s)] V(s=,1).

(The proof is similar to that of the analogous assertion for the equation (2,1) given

in [7])

3,3. Definition. The problem (P*) of finding a couple (y(t), 1) € BV, x R, such that
¥(?) is on [a, b] a solution to

(39) oA [- y* B(#) — A L(t) — J :y‘(s) 4,G(s, t)]
and
(3,10) y(a) + I'M + J "y(s)dc(s) = 0,

b
$(b) — AN — J' (s) dD(s) = 0
is called the adjoint boundary value problem to the problem (P)
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3,4. Remark. Any solution x(f) of (3,1) is left-continuous on (a, b] and right-
continuous at a, while any solution y(f) of (3,9) is right-continuous on [a, b) and
left-continuous at b.

3,5. Theorem. Let (3,3)—(3,6) hold. The given problem (P) has a solution iff
b
J. y'(s)df(s) = A'1

for any solution (y(£), A) of its adjoint (P*).

Proof. Sufficiency. An n-vector function x € BV, is a solution of (3,1) on [a, b]
such that x(a) = c € R, iff it is on [a, b] given by

(3,11) (i) = Ul a) ¢ + J U, s+) dh(s) + j Ut s+) df(s),

a o

where
(3,12) W) = () x(a) + D(t) x(b) + f 14,60, $)] x(6)

has bounded variation on [a, b], is left-continuous on (a, b] and right-continuous
at a and vanishes at a (h € V,). Putting (3,11) into (3,12) and (3,2) and making use
of the Dirichlet formula we find that the given problem (P) is equivalent to the system
of equations for (h(t), c)e V, x R,

(3,13) Wt) + P(t) c + j "K(t, 5) dh(s) = u(®) on [a,b],

0c + J "R(s) dh(s) = o,

a

where for t, s € [a, b]
61 RO = e + D) U, + j:’[d,c(t, A Ve .
R() = NU(b, 1) + ‘[ :’[dL(a)] Uo, t4),
K(t5) = — {D(t) U, s+) + J‘ :[d,G(t, )] U(o, s+)} ,
) = - [Ke )50, o=1- R ).

(If a couple (h(1), c) is a solution to (3,13) and if x(f) is given by (3,11), then x(¢) is
a solution to (P). Conversely, if x(f) is a solution to (P) and ¢ = x(a) and h(f) is given
by (3,12), then a couple (h(t), c) is a solution to (3,13).) Obviously, P, R and u have
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bounded variation on [a, b], while P, u and K(., s) are for any s € [a, b] left-con-
tinuous on (a, b] and right-continuous at a and vanishing at a. Moreover, by Lemma
5,1 of [11], K(t, s) is of strongly bounded variation on [a, b] x [a, b]. Analogously
as in Lemma 4,1 in [11] we can show that the system (3,13) possesses a solution iff

(3,15) jbx‘(s) du(s) + y'v =0

for any solution (x(t), y) € BV, x R,, of the system adjoint to (3,13)
b
(3,16) () + 7 R() + J' ) dKis, )= 0 on [a,b],
b
7'0 + j x'(s)dP(s) = 0.
Inserting (3,14) into (3,15), we get by Proposition 2,4 of [8]

0=y1-| frro+ | 26 [KG ()

or by (3,16),
b
0=7y1+ f x'(0) df (1) .

Let (x(), y) be an arbitrary solution of (3,16). We shall show that then the couple

(x(7), —7v) is a solution to (P*) and thus we shall complete the first part of the proof.
Since by Prop. 2,4 of [8]

j:x‘(s) [ds fj[d,G(s, )] U(o, t+)] = J‘b [d, th‘(a) [d,G(o, s)]] U(s, t+),

t

we have according to (3,7) and (3,8) -

20 = =7 RO - | 26 k(e ) =
= -+ [ @ a0} v 0 - [Tofr -] P |-

for t € [a, b]. Hence by 3,2 x(t) is a solution of (3,9) on [a, b] such that

x'(b) = —y'N +jbx‘(8) dD(s).

Finally, by (3,16),

x'(a) = =y'NU(b, a) + jbx‘(s) dD(s) U(b, a) — y* J‘b[db(s)] U(s, a) +
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+ [ro[a o606 9] = vm - [FCECE

The second part of the proof (necessity) is identical with the second part of the
proof of Theorem 5,1 in [11].

3,6. Remark. Analogously we could prove that also Theorems 5,2 and 5,3 from
[11] are valid under the assumptions of this section.

Corrigendum to [11]. The lines 201*°~!! and 203, in [11] should read

wLet T: & - & be a completely continuous operator and let the operator
T : % « Z* be completely continuous and such that y(Tx) = T" y(x) for all xe X
and ye¥ and T'(Y) = ¥ ...*

and

,,Since by Theorems 3,1 and 3,2 of [14] T and T" are completely continuous and
by Lemma 5,1 of [14] ....
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INTRODUCTION

One of the most elementary yet most important properties that a graph can possess
is that of being connected. This is a global property in the sense that it is defined
in terms of all pairs of vertices in the graph. It is the object of this paper to present
results dealing with graphs which are connected in a localized sense.

PRELIMINARY DEFINITIONS

In this section we define several terms which will occur throughout the paper.

If Wis a nonempty subset of the vertex set of a graph G, then the subgraph induced
by W is that graph with vertex set W and whose edges are those edges in G joining
two vertices of W.

The neighboring vertices of a vertex v in a graph G are those vertices in G adjacent
with v. The neighborhood N(v) of v is the subgraph induced by the neighboring
vertices of v. The graph G is locally connected if the neighborhood of every vertex
of G is connected.

The complete graph K , is that graph with p vertices every two of which are adjacent.
The complete n-partite graph K(py, ps, ..., pn), 1 2 2, is the graph whose vertex
set can be partitioned as ¥, UV, U ... UV, where |[V}| = p;, i = 1,2,...,n, such
that uw is an edge if and onlyifueV,and weV,, i # j.

ELEMENTARY PROPERTIES OF LOCALLY CONNECTED GRAPHS
First, it should be noted that neither the property of being connected nor the
property of being locally connected implies the other. For example, every cycle

of length n = 4 is connected, but the neighborhood of every vertex in this graph
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consists of two isolated vertices. Thus the graph is not locally connected. Conversely,
let G be the disconnected graph with two components, each of which is a triangle.
The neighboorhood of every vertex of G is the connected graph K,; therefore,
G is locally connected.

Since every connected graph H contains a spanning tree (a tree containing every
vertex of H) and every tree contains one less edge than vertex, we obtain the fol-
lowing. (The degree of a vertex v in a graph is denoted by deg v.)

Proposition 1. If v is a vertex in a locally connected graph G, then v belongs
to at least deg v — 1 triangles.

The preceding proposition implies that every locally connected graph of suf-
ficiently large order contains a relatively large number of triangles. Indeed, if a graph
G contains no triangles, then the neighborhood of each vertex of G contains no edges.

The simplest neighborhood in any locally connected graph is a tree. Another
observation can now be made. A wheel is a cycle together with an aditional vertex
adjacent with every vertex of the cycle.

Proposition 2. Every neighborhood in a graph G is a forest if and only if G has
no wheels.

Corollary. Every neighborhood in a graph G is a tree if and only if G has no
wheels and is locally connected.

While the minimum number of edges in a connected graph G occurs when G
is a tree, the maximum number of edges occurs when G is complete. In this connection,
we make the following observation.

Proposition 3. Every neighborhood in a graph G is complete if and only if every
component of G is complete.

Proof. If every component of G is complete, then it is clear that every neigh-
borhood in G is complete. Conversely, suppose H is a graph in which every neigh-
borhood is complete. Assume H contains a component H, which is not complete.
Then in H,, there are two vertices u and w which are not adjacent. Since u and w
belong to the same component, there exists a u — w path, say u = vg, vy, ..., v, = W.
Let k be the least i such that v;v, is an edge of H;. Thus, v, is adjacent to v;_; and v,
but v,_, and v, are not adjacent to each other. However, then, the neighborhood
of v, is not complete, which is a contradiction.

Corollary. Every neighborhood in a connected graph G is complete if and only
if G is complete.
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LOCALLY n-CONNECTED GRAPHS

A graph G is n-connected if the removal of fewer than n vertices results in neither
a disconnected graph nor the trivial graph consisting of a single vertex. A graph G
is locally n-connected if the neighborhood of every vertex of G is n-connected.
We now investigate the relationship between connectedness and local connectedness.

Proposition 4. If a graph G is locally n-connected, n = 1, then every component
of G is (n + 1)-connected.

Proof. Suppose there exists a component G, of G which is not (n + 1)-connected.
Then there exists a set T of k(<n) vertices of G, such that G, — T'is disconnected
or consists of-a single vertex. If G; — T consists of a single vertex, then G, has k + 1
vertices, implying that the neighborhood of a vertex of G; has at most n vertices
and that, consequently, no neighborhood is n-connected. Thus, G, — T is discon-
nected. Let ve T, and suppose u and w are neighboring vertices of v in different
components of Gy — T. Therefore, the minimum number of vertices separating u
and win G, — visatmost k — 1 (<n — 1). This implies that the minimum number
of vertices separating u and w in N(v) does not exceed n — 1. However, N(v) is
n-connected, and this is a contradiction, which completes the proof.

It is well-known that every 6-connected graph is nonplanar, while there are 5-con-
nected graphs which are planar (such as the graph of the icosahedron). For local
connectedness, however, the situation is quite different.

Proposition 5. Every locally 3-connected graph is nonplanar.

Proof. Let G be a locally 3-connected graph, and let v be a vertex of G. If N(v)
is complete, then since N(v) is 3-connected, N(v) contains the complete graph K,
as a subgraph. In G, the vertex v is adjacent to all vertices of K, so that G contains K
as a subgraph, and by Kuratowski’s theorem, G is nonplanar.

If N(v) is not complete, then there exist two nonadjacent vertices u and w. By
Whitney’s theorem, there exist three disjoint u — w paths, each of which has length
at least two. In G, the vertex v is adjacent to the interior vertices of these three paths;
thus, G contains a subgraph homeomorphic with K(3, 3). Again, by Kuratowski’s
theorem, G is nonplanar. ,

We note that the graph K, is planar and locally 2-connected so that, in a certain
sense, the preceding. proposition is best possible; however, from the proof of this
proposition, a somewhat stronger version holds.

Corollary 5a. If a graph G contains a vertex whose neighborhood is 3-connected,
then G is nonplanar.

.. Examples can be given to show that among the connected, locally connected
graphs, there are many hamiltonian graphs (graphs with a cycle containing every
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vertex). Along this line, we present the next result. (The maximum degree among
the vertices of a graph G is denoted 4(G).)

Proposition 6. Let G be a connected, locally connected graph with at least three
vertices. If A(G) < 4, then either G is hamiltonian or G = K(1, 1, 3).

Proof. Since G is connected and locally connected, it follows by Proposition 4
that G is 2-connected. Assume that G is not hamiltonian. Then a cycle C of maximum
length in G does not contain all vertices of G. Since G is connected, there exists
a vertex w not on C adjacent to a vertex u on C. Let u, and u, be the vertices con-
secutive to u on C. The vertex w is adjacent to neither u, nor u,; for otherwise
a cycle exists having length exceeding that of C.

Since the neighborhood of u is connected, there exists a vertex v (different from
W, Uy, u,) which is adjacent to u such that v is adjacent to at least one of u, and u,,
say u,. Necessarily, v lies on C; for otherwise there exists a cycle whose length exceeds
that of C. Now, v is adjacent to w, since the neighborhood of u is connected and the
neighborhood of u cannot contain more than four vertices. The vertices u, and v
are consecutive on C, for otherwise v has degree at least 5. If 4, and u, are adjacent,
then G contains a cycle whose length exceeds that of C. Therefore, v is adjacent
to u,, implying that u, and v are consecutive on C. Hence, G contains K(1, 1, 3)
as an induced subgraph.

We claim that G = K(1, 1, 3); for otherwise, there exists another vertex x adjacent
with one of u,, u,, w, say u,;. Hence u, v, and x are vertices in N(u,), but w and u,
do not belong to N(u,). Since N(u, ) is connected, there exists an x — u path in N(u,).
This implies that at least one of u and v has degree exceeding four, which is a contra-
diction.

SUFFICIENT CONDITIONS FOR LOCALLY CONNECTED GRAPHS

We now turn our attention from properties of locally connected graphs to con-
ditions which are sufficient for a graph to be locally connected. We present one
dealing with the degrees of the vertices.

Proposition 7. Let G be a graph of order p such that for every pair x, y of vertices,
deg x + deg y > 4(p — 1). Then G is locally connected.

Proof. Suppose G satisfies the hypothesis of the proposition but is not locally
connected. Thus, there exists a vertex v of G such that N(v) is not connected. Let u
be a vertex in a smallest component of N(v), and assume this component has order m,.
Let w be a vertex in one of the other components of N(v), where the union of the
components of N(v) not containing u has order m,. Let k denote the number of
vertices different from v which are not in N(v).
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By assumption, degv = m,; + m,. Since u is adjacent to no vertex of N(v) in
a component not containing u, it follows that degu < p — m, — 1. By hypothesis,

degu>4p—1)—degv=%4p—1) —m —m,.

Thus,
p—my—1>4p—1)—m —m,,

so that

m;>4p-1).
However, m, = m,, so that

m,>%p-—1).
Therefore,

k<¥p-1).
Now,

degu +degw<(my +k)+(my+k)=(p—-1)+k<$p-1),

but this is a contradiction.

We obtain an immediate corollary. (The minimum degree among the vertices
of a graph G is denoted by §(G).)

Corollary 7a. If G is a graph of order p for which 6(G) > 4(p — 1), then G is
locally connected.

The previous proposition can be extended to locally n-connected graphs.

Proposition 8. Let G be a graph of order p such that for every pair x, y of vertices

degx + degy > 4[p + 3(n — 3)],
where 1 < n < p — 2. Then G is locally n-connected.

Proof. Assume that there exists a graph G such thatfor1 < n < p — 2,
degx + degy > 4[p + 3(n — 3)]

for every pair x, y of vertices of G but such that G is not locally n-connected. Hence
there exists a vertex v such that N(v) is not n-connected. We consider two cases.

Case 1. Assume N(v) = K;, for some j < n. Suppose that there exists a vertex
u + v, such that u is not adjacent with v. Then degv = j and degu < p — 2 so
that degu + degv < p — 2 + j < p — 2 + n. By. hypothesis,

p—2+n>4[p+3n=~3)],

which implies that n > p. However, this is impossible. If there is no such vertex u,
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then N(v) = K,_, and G = K,. Here G is locally n-connected foreveryn, 1 < n <
< p — 2, and this is a contradiction.

Case 2. Assume N(v) contains a set S of s(<n) vertices whose removal from N(v)
disconnects N(v). Let u be a vertex in a component of N(v) — S of minimum order m;,
and let w be a vertex in one of the other components of N(v) — S, where the union
of the other components of N(v) — S has order m,. Now degv = m; + m, + s
and degu < p — m, — 1. By hypothesis, deg u + deg v > o, where

a=4[p+ in-3)].

Thus, degu > o — degv so that p — m, — 1 > a — m; — m, — s. Hence m; >
>oa—p—s+ 1, and since m, = my, it follows also that my > a — p — s + 1.
Let k=p—m; —my—5s—1. Then k<p—-20+2p+2s—2—-5—-1=
=3p—20+s—3 Now degu+degws=<(my +s+k)+(my+s+k)=
=p+s+k—-1<p+s—1+Bp—2a+s—3)=4p+2s—20—4=4p+
+ 2n — 20 — 6 = a. This is a contradiction, and the desired result follows.

We have a corollary in this case also.

Corollary 8a. If G is a graph of order p for which §(G) > %[p + ¥(n — 3)],
where 1 £ n £ p — 2, then G is locally n-connected.

Both of the preceding results are best possible as we shall now illustrate. Let n
and p be positive integers, where p = n + 2and p = n(mod 3). Let G’ be a complete
graph of order p. Denote a vertex of G’ by v and some other set of n — 1 vertices
of G’ by S. The remaining p — n vertices can be divided into 3 sets of i(p — n)
vertices each. Denote these sets by S;, S,, and S;. Delete all edges joining v with
elements of S5 as well as all edges joining elements of S, and elements of S,, calling
the resulting graph G. For all vertices x and y of G, we have degx + degy =
2 4[p + ¥(n — 3)], and &(G) = 4[p + (n — 3)]. However, the neighborhood
of v is not n-connected; therefore G is not locally n-connected.

Author’s addresses: Gary Chartrand, Western Michigan University, Kalamazoo, Michigan
49001, U.S.A.; Raymond E. Pipert, Purdue University, Fort Wayne, Indiana, U.S.A.
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ON CUBES AND DICHOTOMIC TREES

LApisLAV NEBESKY, Praha
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The notion of the n-cube Q, (and other notions not defined here) can be found
in BEHZAD and CHARTRAND [1] or in HARARY [2]. The complete dichotomic tree D,
can be defined as follows: if n = 1, then D, is the complete bigraph K(1, 2); if n = 2,
then D, is the tree obtained from two disjoint copies T and T’ of D,_, and from
a new vertex v in such a way that v is joined by one edge to the only vertex of degree 2
of T and by another edge to the analogous vertex of T'. Thus D, has 2" vertices
of degree 1, one vertex of degree 2, and 2" — 2 vertices of degree 3. The vertex of
degree 2 of D, will be referred to as its root. HAVEL and LieBL [3] have proved that
if n = 2, then D, is a subgraph of Q,, , but D, is not a subgraph of Q,, ;. Obviously,
D, is a subgraph of Q,.

If n = 1, then we denote by B,, the tree obtained from two disjoint copies of D,
in such a way that their roots are joined by an edge; this edge will be referred to as

the axial edge of D,. Obviously, D, has 2"*2 — 2 vertices. Havel and Liebl [4]

conjectured that 5,, is a subgraph of Q,,,, for n = 1. In the present paper, this
conjecture will be verified. )

We introduce the graphs QY and Q; which are certain local modifications of Q,.
Let n = 2; by QY we denote the graph Q, + rt — s, where r, s and ¢ are such vertices
of Q, that rs and st are distinct edges of Q,; by Q, we denote the graph Q, — u — v,
where u and v are such vertices of Q, that uv is an edge of Q,. The first two theorems
which will be proved in the present paper are:

Theorem 1. D, is a spanning subgraph of QY,,, forn = 1.

Theorem 2. 5,, is a spanning subgraph of Q,,,, for n = 1.

Both theorems will be easily obtained from the following lemma. An edge of
a tree Tincident with an end-vertex of T will be referred to as an end-edge. Let n > 1.
By D, or D, we denote the tree obtained from D, by inserting two new vertices of

’
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degree 2 into the axial edge or into one end-edge, respectively. The path of D, obtained

from the axial edge of B,, is referred to as the axial path of D,.

Lemma. D, and D, are spanning subgraphs of Q,.,,, forn = 1.

Proof. Obviously, the graphs D,, D, and Q, . , have the same number of vertices.
Hence it is sufficient to prove that both D, and D, are subgraphs of Q, ,.

Let m be a positive integer. We shall say that a tree T is m-valued if each edge
of T is assigned a positive integer not exceeding m. As follows from the work of
HAVEL and MOoORAVEK [5], a tree T is a subgraph of Q,, if and only if T can be
m-valued so that

(1) for each path P of T, there exists k such that precisely an odd number of edges
belonging to P is assigned k.

(Cf. also HLAVICKA [6].)

(A) We shall prove that D, can be (n + 2)-valued so that (1) holds and that the
edges of the axial path are assigned the integers 1, n + 1, and n + 2 (in some order).
The case n = 1 is obvious. The case n = 2 is given in Fig. 1.

- - ‘ e n ﬂ—l -

Fig. 2.

Let n = m = 3. Assume that for n = m — 2, the statement is proved. Consider
four disjoint copies of D,_, which are n-valued so that (1) holds and that they can
be expressed as in Fig. 2, where R; and R; are n-valued copies of D, _,. If we identify
the root of each of the n-valued trees R; and R; with the vertex r; and r;, respectively,
in Fig. 3, we obtain an (n + 2)-valued tree D,. Obviously, the edges of the axial
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path are assigned 1, n + 1, and n + 2. It is routine to prove that this valuation
fulfils (1).

(B) Let n = 1; by 'D,‘:‘ we denote the tree obtained from D, by inserting two new
vertices of degree 2 into one end-edge of D,; the vertex of D¥ obtained from the
root of D, will be referred to as the root of D). We shall prove that D, can be (n + 2)-
valued so that (1) holds. The case n = 1 is obvious. Let n = m > 2. Assume that

for n = m — 1, the statement is proved. Consider disjoint D,_, and D,_, which
are (n + 1)-valued so that (1) holds and that they can be expressed as in Fig. 4,
where T, T; and T; are (n + 1)-valued copies of D,_y, and T; is an (n + 1)-valued
copy of D}_,. Join the root of T, by an edge assigned n + 2 to the vertex t, and the
root of T; by an edge assigned n + 2 to the vertex t; (see Fig. 5). Thus we obtain D,
which is (n + 2)-valued such that (1) holds. Hence the lemma follows.

. n . 1 ~ANs1 2
7, —" o1 SN+t o Ty T4
1 P & 1
t, 1 Ne2| ne2
1 . .
To— T3 : T2 T2
Fig. 4. Fig. 5.

Proof of Theorem 1. The case n = 1 is obvious. Let n = 2 and let ¢, u, v and w
be such vertices of D,_, that tu, uv and vw are the edges of the axial path. Then
D, = D,_, + uw — v. Thus the lemma implies the theorem.

Proof of Theorem 2 directly follows from the lemma.
Corollary. B,, is a subgraph of Q,,,, forn = 1.

Let n = 2. By D, we denote the tree obtained from disjoint D,_, and D, by joining
their roots by an edge. As D, is a subgraph of 5,,, it is also a subgraph of Q,,,.
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It has been pointed out by Havel and Liebl [4] that the trees D, and 5,, are useful
for a study of trees with the maximum degree 3.

Theorem 3. Let T be a tree with the diameter d = 2 and with the maximum
degree 3. Then T is a subgraph of Qajzy+2-

Proof. The case d = 2 is obvious. Let d = 2n, n = 2; it is easily seen that T
is a subgraph of D, and thus T'is a subgraph of Q,,,. Letd=2n+ 1,n = 1;then T

is a subgraph of B,, and thus T'is a subgraph of Q, . ,. Hence the theorem follows.
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O JEDNEJ SUSTAVE DIOFANTICKYCH ROVNIC II

PAVEL BARTOS, Bratislava
(Doslo diia 27. februara 1973)

Tento &lanok nadvézuje na pracu [1], v ktorej sa rieenie sustavy diofantickych

n
rovnic Y x; =a;x; j=1,2,...,n, vytvori pomocou rieSeni optickej rovnice
i=1

5 ~
Y 1/a; = 1.V tejto Gvahe urobime podobne so slistavou rovnic
=1

1 x;+k=ax,, j=1,2,...,n, n>1, kdané prirodzené &slo *).
P Jvi

Pod riefenim sstavy rovnic (1) rozumieme v dal¥om vZdy rieSenie v prirodzenych

Cislach x4, X5, ...y X, Ay Agy ooy Ape

Veta 1. Vietky riesenia siistavy rovnic (1) dostaneme nasledovne:

a,i=1,2,...,n + k je také riesenie optickej rovnice

nt+k
@ Tija =1
v ktorom
(3) a,,+1=a,,+2=...=a,,+k=t[a,,a2,...,a,,], tlk
a
4 Xy = @gpafag, i=1,2 .40,

Dokaz. Oznadme v (1) a;x; = api1,j = 1,2,..., n, takZe x; = a,44/a;a a4y =
= t[ay, a,, ..., a,]. Po dosadeni do (1) mame

) tfay, ay, ..., a,,]éll/a, + k = t[ay, aj, ..., a,)

1y K pripadu k = n = 2 ststavy (1) vedie uloha B.1 P. KosTYRKU v Mat. obzoroch I. 2 (1973)
str. 59.
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odkial vyplyva t | k a dalej
(6) Y 1/a; + k[t[a,, a3, ...,a,] = 1.
i=1

Ak poloZzime a,,; = Gy43 = ... = Gpyy = t[ay, a,, ..., a,], mdZeme (6) pisaf v tvare
(2). Podmienky su nutné.

Dosadenim (3) a (4) do (1) dostaneme (2). Podmienky st aj dostacujiice.
Poznamka 1. Veta 1 plati aj pre k = 0 a dava vetu &lanku [1].

‘Veta 2. Nech k' = k[I, 1| k, k' > 1,12 1. Cisla
() (K& ap i =1,2,...,n)

kde aj &, i = 1,2,...,n su disla prirodzené, su rieSenim siustavy rovnic (1) vtedy
a len vtedy ked Cisla (¢;, a;, i = 1,2, ..., n) su rieSenim sustavy rovnic

®)

Dékaz. Dosadenim (7) do (1) méme (8) a nasobenim (8) &islom k' zase (1).

o

f;+l=ajfj, j=1,2,...,n

1

Poznamka 2. RieSenia (7) sistavy (1) nazjvame jej trivialnymi rieSeniami, ostatné
jej rieSenia netrividlnymi.

Veta 3. KaZdé rieSenie (x‘, a,i=12.., .., n) sustavy (1), pre ktoré plati (2), (3),
(4) a este t > 1 je trividlne. _

Dékaz. PretoZe x; = t[ay, a,, ..., a,)[a; = t&,i = 1,2, ..., nplati tvrdenie podla
vety 2.

Veta 4. KaZdé rieSenie (x;, a;, i = 1,2, ...,n), (x; =1, & = [ay, a,, ..., a,)[ail,
i =1,2,..., n)sistavy (1), pre ktoré plati (2), (3), (4) a este

9 1| (k, [a1, a3, ..., a,)), aid|[ay, az, ..., a.),
I>1,t=1, i=12..,n
je trividlne.
Dékaz. Rovnica (6) da sa na ziklade predpokladu (9) pisaf v tvare

: k[l -
P P Tl

a z rieSeni tejto roynice dostaneme rieSenia sistavy

Y&+ kl=ag, j=1,2,...n

i=1
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vo forme (&; = a,44fa, a;, i =1,2,...,n), pri€om a1 = Gpyp = ... = Gpygy =
= [ay, @z, ..., @,][l = ap4ql. Cisla &, i = 1,2, ..., n s podla toho prirodzené prave
vtedy, ked a/l | [a1, a3, ..., a,], €o plati poda (9). PodIa vety 2 je teda rieSenie (x; =
=, a,i=1,2,..., n) sustavy (1) trividlne. Tym je veta dokéazana.

Poznamka 3. Ak podmienka a;!|[ay, a, ..., a,], i = 1,2, ..., n neplati, rieSe-
nie (x;, a;) nie je trividlne, lebo nie vietky ¢, st &sla prirodzené. Cisla (I, a;) tvoria
v tomto pripade netrividlne riefenie sustavy (1).

Daésledok 1. Netrividine rielenia sistavy (1) dostaneme prdve vtedy, ked t = 1
a stcasne

a) (k, [al, A2y eony a"]) &= 1
alebo

b) (k, [as, az, ..., a,]) = 1 > 1, ale a;l|[ay, a,, ..., a,] neplati pre vietky i =
=1,2,..,n

Priklad. Riesit sustavu rovnic

3
(10) zxi+2=ajx], j=1,2,3.
i=1

3
RieSenie. RieSenim ststavy Y & + 1 =a;¢;, j=1,2,3, dostaneme podla

i=1
vety 2 vietky trividlne rieenia, ako aj netrivialne rieSenia podla bodu b) désledku 1
a rieSenim sustavy (10) netrivialne rieSenia podla bodu a) désledku 1. Podla vety 1 a 3
treba urdit vietky rieSenia rovnice

(11) —+—+—+—=1,
a tie rieSenia rovnice
1 1 1
(12) E PR RPN JENE NP
ag a, as a, as

v ktorych ay, a,, a; st neparne &isla a a, = as.

Riefenia rovnice (11) st uvedené v &lénku [2] a spolu z nich plyntcimi &, &,, &;
st uvedené v tab. 1. Pripady (a,, a, a3, a,) = (2, 3, 10, 15), (3, 4, 4, 6) daju netrivi4l-
ne rieSenia podla bodu b) ddsledku 1.

Rovnicu (12) pi¥me vo forme

(13) i+-1—+—1—+——2——-=1
a - a as [abaz»as]
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Tab. 1

a, 2| 2| 2 2| 2| 2| 2|2|2|2]|3|3|3]34
a, 30 30 3| 3| 3| 4| 4/4| 56| 33|44
a, 7|/ 8| 9|10|12| 5| 6|8 | 5|6 | 4| 6| 4]|4
a, 422418 15|12(20|12| 8 |10| 6 [12| 6| 6| 4 |
& = ayfay 21(12] 9[2| 6|10 6|4 | 53| 4|2]|2]1
&, = aylay 14| 8| 6| 5| 4| 5| 3|2|2[1|4/2]|3]|1
& = ay/a; 6| 32| 3| 1| 4] 2|1 2{1|3|1]|3]1

pretoZe t = 1, ay = as = [ay, a,, a;]. Sta&i hladaf riedenia a, < a, < a;. PretoZe
5/ay 2 1, je a; < 5 a pravdaZe a, > 1. Teda je a; = 3, 5.

Ak je a, = 3, mame

kg B =5,iz§, a; =6,

teda a; = 5,7,9. Dosadenim sa presved¢ime, Ze vyhovuju &isla a; = 5,9 a davaju
(ay, a3, a3) = (3,3,5), (3,3,9).
Ak je a, = 5 obdobne néjdeme, Ze rovnici (13) nemdZe byt vyhovené.
Ak je a; = 5, ndjdeme obdobnym postupom jediné rieSenie
(a3, a5, a3) = (5,5,5).
Z tychto rieSeni rovnice (13) dostaneme tieto netrividlne rieSenia siistavy (10)

(a1, a2, G35 %4, X2, %3) = (3,3, 5;5,5,3), (3,3,9;3,3,1), (555:1,1,1).

Tab. 2
a, 20 2 21 2 2| 2| 2| 2| 2{2|3|3|3|4|3|3]|S5
a, 3) 3| 3| 3| 3| 4| 4| 4| 5| 6| 3| 3| 4|4|[3|3]|S5
a, 7| 8/ 910|112 5| 6| 8| 5| 6| 4| 6| 4| 4|5 |9|S5
Xy 42 124|118 |15|12|20|12| 8|10| 6 | 8 | 4 | 4 | 2| 5] 3|1
Xy 28 (16 (12 (10| 8 (10| 6| 4| 4( 2 | 8 | 4 (3 (2]|5]|3 |1
X3 12| 6| 4| 3| 2| 8| 4| 2| 4| 2| 6| 2|3|2|3]|1 1
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V tab. 2 st uvedené vetky rieSenia sustavy (10), z tabulky 1 si to rieSenia (2¢,, a;, i =
=1,2, 3), medzi nimi dve netrivialne rieSenia. Dovedna ma ststava (10) 17 primitiv-
nych rieSeni, tj. takych, v ktorych a; < a, < a5, x; = X, = X3, z nich 5 netrivial-
nych. Okrem primitivnych rieSeni sui tu elte rieSenia (a,, a;, a,; X,, X3, X,), kde o, B, y
je Tubovoln4 permutacia indexov 1, 2, 3.

Literatura
[1] Barto$ P.: O istej stistave diofantickych rovnic. Cas. pé&st. mat. 93 (1968), 484— 486.
[2] Bartos P.: O riedeni rovnice x; + x5 + ... + x, = y[x;, x,, ..., x,] arovnice x; + x, 4 ...

...+ x, = ¥x;x, ... x, v prirodzenych &islach. Cas. pést. mat. 96 (1971), 367— 370.

Adresa autora: 801 00 Bratislava 1, Sibirska 9.

Zusammenfassung

UBER EIN SYSTEM DIOPHANTISCHER GLEICHUNGEN II

PAVEL BARTOS, Bratislava

Im Artikel wird die Losung des Systems

M=

Xtk=am, j=12..n n>1,

i=1

wo k eine gegebene natiirliche Zahl ist, in natiirlichen Zahlen a;, x; auf die Losung
n+k

der optischen Gleichung )’ 1/a; = 1 iiberfiihrt.
i=1

.
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Casopis pro péstovini matematiky, rot. 99 (1974), Praha

POZNAMKA O POCTE RIESEN{ OPTICKEJ ROVNICE

PAVEL BARTOS, Bratislava
(Doslo diia 7. marca 1973)

P. ERDOs v &lanku [1] uvadza, Ze o podte rieSeni diofantickej rovnice Y. 1/x; = a/b
i=1

ni¢ nie je zndme. V &lanku [2] sa po&et rieSeni rovnice 1/x + 1/y = 1/b vyjadruje
pomocou po&tu d(b) delitefov &isla b. V tejto \ivahe sa ur&i dolné ohranidenie po&tu
rieSeni rovnice

(1) Yix=1, n>2

tym, Ze sa stanovi po&et (resp. jeho dolné ohranidenie) tych rieSeni (1). ktoré moZno
vypotitat podla &lanku [3] a [4].

Pod rieSenim rovnice (1) rozumieme tzv. primitivne rieSenie, vyhovujice podmienke
x; £ x, £... £x, v prirodzenych &islach. RieSenia spliiajice podmienku x, <
< X, < ... < x, nazveme P-rieSeniami, ich podet p(n) a rieSenia, ktoré tito podmien-
ku nespliiajii, Q-rieSeniami a ich poet g(n).

I. P-RIESENIA

Podla definicie 3 a vety 2 a 9 &lanku [3] dostaneme pre n > 2 tzv. prolongabilné
rieSenia rovnice (1) spliiajiice podmienku x; < x; ... < x, nalsedovne:

(2) ao=1, ai=a;_,(l+gﬂ), k‘_l|ai_1, k‘<a‘, i=l,2,...,n—1

i-1
x,=a,_1+ki-1, i=1,2,...,n—-1, Xg = Qp-1 »
Podmienka k;_, | a}_; vo vete 2 &lanku [3] bude splnen4, ak k;_, | a;-,.

Veta 1. RieSenia (2) rovnice (1) si pro rézne postupnosti {k,}]=3 rézne P-riefenia.
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Dokaz. Treba dokazat len, Ze rdzne postupnosti {k;} a {k}} daju rozne riesenia.
Pretoe podla (2) ao = ko = 15 a; = 2, k; = 1, existuje taky index j, 2<j <
sSn-—2, % ko= ko, ky = ki, ... k;—y = kj_,, ale k; + kj. Potom, pravdaZe,
aja; = aj, %o platidokoncaprei < j,leboa; = a;_,(1 + a;-,/k;—,) = ajaa; * 4]
pre i > j. Z toho vyplyva, Ze xj, — X;41 = a;+ kj —a; — k; = k; — k; + 0.
Tym je veta dokdzana.

Lema 1. Nech aj, k; st ¢isla urcené podla (2), j 2 2. Poéet d'(a;) delitelov k;,
 k; < ay, cislo aj nie je mensi neZ j + 1.

Ddkaz. PretoZe a, = ay(1 + ay/k;) = 2(1 + 2) = 6, je d'(a,) = 3 a lema pre
Jj = 2 plati. Nech plati pre uréité j = 2, dokdZeme, Ze plati pre j + 1. Podla (2) je
aj+y = ajl + ajlk;), teda a;|a;4y, a; < a4y, a preto d'(ajy,) 2 d'(a;) + 1,
lebo pribudol aspoii delitel a;. PretoZe predpokladame d'(a;) = j + 1, je d' (a ok l) >
2 j + 2. Tym je lema dokazana.

Veta 2. Pre pocet p(n) P-riefeni rovnice (1) plati
p(n)=4(n - 1), n>2.

Dékaz. Veta plati pre n = 3 (s rovnosfou), lebo p(3) = 1 (rieSenie x; = 2,x, = 3,
x3 = 6). DokaZeme, Ze ak veta plati pre nejaké n 2 3, plati aj pre n + 1. Z kazdého
P-rieSenia pre n dostane sa totiZ podla (2) aspoii tolko P-rieeni pre n + 1, kolko je
potet d'(a,—,), lebo x,4y = a, = a,—4(1 + a,—,[k,—,), takZe p(n + 1) = p(n).
.d'(a,—y) 2 ¥(n — 1)! n = in! Tym je veta dokazana.

Pozndmka. Podla vety (1) nedostaneme vietky P-rieSenia rovnice (1). Napr.
rieSenie (2, 4, 6, 12) rovnice (1) pre n = 4 pomocou vety 1 nedostaneme.
IL. Q-RIESENIA

Netiplny poget Q-rieeni rovnice (1) uréi sa podla vety 2 &lanku [4], ktord hovori,
Ze rovnica

. 1]
©)] iZlbi/a:, =1, I>1
maA rekurentne urlené rieSenie
(4) 61=1+b1, é,i =,.1+bi6152"'€l—1’ i=.2,3,...,1—1,

&i=b8r... 8-

Toto rieSenie rovnice (3) poskytuje zrejme aj rieSenie x, va, ...» X, rovnice (1)
v tom pripade, ak b; + b, + ... + b, = n. Oznadiac s; = b, + b, + ... +°b,,
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i=1,2,...,1jetym rieSenim

(5) Xg =X =...=X, =&
- x,l+1=-..=x32=§2; T xs,_l+1=xs,_l+2=...=x,,= élf S,=n,

a'zrejme plati x; < x, < ... < x,,.

Veta 3. RieSenia (5) rovnice (1) si rézne Q-riesenia pre vietky usporiadanél
particieby + b, + ... + by =n,1 < | < n, &isla n okrem particitn =1 + 1 + ...
..+lan=n.

Dékaz. Particia n =1 + 1 + ... + 1 da podla (4) a (5) tzv. extrémne rieSenie
rovnice (1) urdené rekurentne takto: x; = 2, x; = 1 4+ X X5 ... X;_y, i = 2,3, vy
et — 1, X%, = XX, ... Xx,_,. PretoZe pre n > 2 plati pre toto riefenie x; < x, < ...
... < x, (pozri [1]), nie je Q-rieenie.

RieSenie pre particiu n = n dostaneme aj z particie n = (n — 1) + 1 (nie viak
z particie n = 1 + (n — 1), o Com sa podla (4) Tahko presved&ime.

Ak vynechame spomenuté particien = 1 + 1 + ... + 1an = n potom pre kazdi,
ina particiu (a) n = by + b, + ... + b, plati I 2 2 a existuje aspoti jedno také i,
Ze b; 2 2. No zo (4) a (5) je zrejmé, Ze &, &,, ..., £, zodpovedajice tejto particii sit
jednozna&ne uréené a to isté plati o x,, k = 1, 2, ..., n. Dalej dvom réznym particiam
(a) budii na zaklade (4) a (5) zodpovedat dve rozne Q-rieSenia rovnice (1)

Tym je veta dokazana.

Veta 4. Pre pocet q(n) roznych Q-rieSeni rovnice (1) plati
gn)z2""1 -2, n>2.

Dokaz. Podla knihy [5] str. 26—29 je polet usporiadanych particii &isla n =
=by + b, + ... + b, (1 £1 = n)2"" . PretoZe sme vyluili vo vete 3 dve particie,
mame podla tejto vety 2"~' — 2 Q-rie¥eni rovnice (1). Rovnost plati pri n = 3,
aviak uZ prin = 4 je q(n) > 2"~ — 2 (napr. rieSenie (2, 4, 8, 8) rovnice (1) nedosta-
neme pomocou particie 4 = 1 + 1 + 2). Tym je veta dokazana.

II1.

Zhrntic vysledky kap. I a IT m6Zeme vyslovit vetu:

Veta 5. Pre pocet m(n) vSetkych rieSeni rovnice (1) spliiajicich podmienku
X =x,=... £ x, plati :

(6) m(n) = p(n) + g(n) 2 3(n — 1! + 2" - 2.

Dokaz. KaZdé primitivne rieSenie rovnice (1) je bud P-, bud Q-rieSenie. PretoZe
tieto mnoZiny si disjunktné, plati dokazovana veta podla vety (2) a (4). S
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Poznamka 1. Dolné ohranifenie podla vety 5 sa k vy$§im hodnotim n stava
stale voInej$im, dovody sa zrejmé.

- n
Poznamka 2. Nerovnost (6) plati aj pre rieSenia rovnice Y 1/x; = 1/a,, lebo ak
i=1

(x4, x3, ..., X,) je primitivne rieSenie rovnice (1) je (aoX, aoXa, ..., aoX,) primitivne
n

rieSenie rovnice ., 1/x; = 1/a,.
i=1

Poznimka 3. Vzhfadom na vetu 1 &l4nku [6] plati nerovnost (6) aj pre rovnicu
Y x; = y[xy, X3, ..., X,], ak za jej primitivne rieSenia povaZujeme tie, pre ktoré
i=1

plati x; S x, < ... S x,a (%, X3, ..0,%,) = L.

Literatura

(11 Erdés P.: Ak 1/xy + 1/x5 + ...+ 1/x, = a/b egyenlet egész szdmi megold4sair6l. Mat.
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Adresa autora: 801 00 Bratislava 1, Sibirska 9.

Zusammenfassung

BEMERKUNG ZUR LOSUNGENANZAHL DER OPTISCHEN GLEICHUNG

PAVEL BARTOS, Bratislava

In der Abhandlung wird gezeigt, dass fiir diec Anzahl m(n) der Lésungen der
diophantischen Gleichung

Yix,;=1, n>2, x, <x,<...5x,,
1

m(n) = 3(n — 1) + 22" = 2
gilt.
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Casopls pro péstovini matematiky, ro¥. 99 (1974), Praha

JEDNODUCHE NOVE RESENI{
DIOFANTICKE ROVNICE 432 + B® + C? = D?

JaN Kusf¢ek, Olomouc
(Doslo dne 8. bfezna 1973)

Jiz starovéci matematici znali néktera celofiselna feSeni diofantické rovnice
(5] A+ B+ C =D}

(napf. YeSeni A =1, B=6, C =8, D =9). Refenim této rovnice se téZ zabyval
Euler, ktery dokazal, Ze jestlize cela &isla p, g, r, s vyhovuji jednodussi diofantické
rovnici

) gr = s* + 3p?,

pak disla

3 A=3pqg —sq—r?, B=.3pq+sq+r2, C =sr+q*> - 3pr,
D =sr + q* + 3pr

jsou FeSenim diofantické rovnice (1). (Eulerovy vzorce jsou tedy &tyfparametrické,
pfi¢emZ parametry p, g, r, s jsou svazany diofantickou rovnici (2).)

Nové fe¥eni diofantické rovnice (1) je formulovano v nésledujici vét& (Kubitkova
identita):

Budte a, b libovolnd celd ¢isla. Potom &isla A, B, C, D dand vzorci
4 A=a®—-ad®), B=0bb*®-a%), C=al2b®+d?,
D = b(2a® + b?)
Jjsou opét celd a jsou FeSenim diofantické rovnice (1).

D1ikaz Kubi€kovy identity se snadno provede dosazenim vzorci (4) do rovnice (1).

Na zavér poznamenivame, Ze vzorce (4) jsou dvouparametrické, pfitem% para-
metry a, b jsou nezavislé. Jsou-li parametry a, b racionalni, dostdvame opét racionalni
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Ye¥eni rovnice (1). Je samoziejmé, Ze toto nové feSeni, stejné jako Eulerovo, neni
uplné.

Adresa autora: 772 00 Olomouc, Starodruzniki 3.

Zusammenfassung

EINE EINFACHE NEUE LOSUNG
DER DIOPHANTISCHEN GLEICHUNG 4* + B® + C* = D?

JaN KusiCek, Olomouc

In der Arbeit wird die folgende Behauptung bewiesen: Es seien a, b beliebige
ganze Zahlen und sei

A=a(b®—a*), B=>b0b>-a’), C=a(2b®+a%), D=0b(2a®+b%.
Dann geniigen die ganzen Zahlen A, B,C, D der diophantischen Gleichung
A® 4+ B® + C® = D3. Diese Losung wird die ,,Kubitek-Identitit* genannt.
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Casopis pro p&stovini matematiky, rot. 99 (1974), Praha

BRELOTOVY PROSTORY NA JEDNODIMENSIONALNICH VARIETACH

JoseF KRAL a JAROSLAV LUKES, Praha

(Doslo dne 20. biezna 1973)

1. Uvod. V dal§im X znamena jednodimensionalni varietu, tj. Hausdorffiiv topo-
logicky prostor, v némZ kazdy bod mé4 okoli homeomorfni s reidlnou osou R'.
Obloukem (resp. kompaktnim obloukem) v X rozumime podmnoZinu X homeo-
morfni s R* (resp. s uzavienym intervalem <0, 1)). Pfedpokladejme, Ze kaZzdé otevie-
né mnozZiné U — X je pfifazen vektorovy prostor #y spojitych realnych funkci,
nazyvanych harmonické funkce na U, tak, Ze zobrazeni 5# : U — 5 spliiuje nasle-
dujici axiomy.

1. Axiom svazku. Jestlize U = V jsou oteviené mnoZiny a h je harmonickd
funkce na ¥V, potom Rest, h (= restrikce funkce h na mnoZinu U) je harmonick4
na U; déle, je-li f funkce na U, kter4 je harmonicka v okoli kaZzdého bodu mnoZiny U,
potom f je harmonicka na U.

II. Axiom base. Regularni mnoZiny tvofi basi pro topologii X (relativng kom-
paktni oteviend mnoZina U < X, jejiz hranice 0U je neprazdnd, je regularni, jestlize
kaZda spojita funkce f na U maé spojité rozsifeni H na U = U v 9U, harmonické
v U; navic nezaporné, je-li f nezaporné na oU).

III. Princip minima. Ke kaZzdému x € X existuje okoli U, tak, Ze na U, existuje
striktn€ kladna harmonicka funkce a pro kazdy kompaktni oblouk C = U, je splnén
nasledujici princip minima: Je-li h spojita funkce na C, nezdporna na dC a harmonicka
na vnitiku C, je h nezdporni na C.

Dvojice (X, ) splitujici axiomy I, II, III se nazyva harmonicky prostor.
Jelli U = X regularni mnoZina, potom zobrazeni o} : f — Hy(x) je pro kazdé
- x € U nezapornd Radonova mira na dU; tzv. harmonickd mira pfisluina k U a x,
jejiz nosi¢ budeme znadit symbolem spt w”. Rekneme, Ze bod x € X je elipticky,
jestlize x ma fundamentélni systém regularnich okoli U takovych, Ze spt w? = oU.
Harmonicky prostor (X, H) nazveme Brelotiv, jestlize kazdy bod X je eliptickym
bodem. .

ProtoZe (X, ) spliiuje lokaln& axiomy H. BAuera ([1], str. 11; viz [6], remark
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2.1), mé4 svazek # Doobovu konvergen¢ni vlastnost (limitni funkce neklesajici
posloupnosti harmonickych funkci na otevfené mnoZiné U je harmonicka, pokud je
kone¥n4 na mno¥in husté v U). Je-li tedy (X, &) Brelotiiv, ma 5 podle [5], cvideni
3.1.3, Brelotovu konvergen&ni vlastnost (limitni funkce neklesajici posloupnosti
harmonickych funkci na oblasti je harmonicka, pokud je kone&na v jednom bodg)
a podle [6], corollary 2.3, m4 ka¥d4 komponenta X spodetnou basi.

Je-li F funkce na X, ozna&me F_,(0) = {x € X; F(x) = 0}. Pro funkce f, g defi-
nované na otevfené mnoZin&€ M < X necht {f, g},  zna¥i mnoZinu viech funkci,
které jsou na kaZdé komponenté mnoZiny M linearni kombinaci funkci f, g.

Bud (R', o) Brelottiv harmonicky prostor. Potom podle [6], lemma 1.2, plati:

(«) Je-li h harmonick4 funkce na R' a mnoZina h_,(0) ma hromadny bod, je

= O na R'.

(B) (R', H) m4 ,,roz8ifovaci vlastnost, tj. kazd4 harmonicka funkce definovana
na podoblasti prostoru R! se d4 jednozna&n& roziifit na funkci harmonickou

v celém R! (charakteristika harmonickych prostordl s ,;rozifovaci vlastnosti je
podéna v [7]).

2. Ptiklady. (A) Budte h, g spojité funkce na R* spliiujici ndsledujici podminky:
(i) h, g jsou linedrné nezdvislé na R,
(ii) mnozZiny h_,(0), g—,(0) jsou isolované a h_,(0) n g_,(0) = 0,
(iii) funkce hg™! je prostd na ka¥dé komponenté mnoZiny R*\ g_,(0) a funkce
gh~?! je prostd na kaxdé komponenté mno¥iny R* \ h_(0).

Potom (R', U > {h, g}y) (kde U probihd otevFené mno¥iny v R*) je Brelotiv harmo-
nicky prostor.

Dukaz. Pomoci Borelovy véty se ov&f axiom svazku. KaZdy interval (a, b), pro
n&z <a, b) = R'\g_,(0) anebo <a, b) = R*\h_,(0), je regularni. Toto plyne
ihned z (lii) jednoduchym vypodtem: Lehko té% zjistime, Ze pro kazdy takovy interval
je spln&n princip minima a nosi¢ harmonické miry w™? je pro kazdé x € (a, b)
roven 9(a, b).

Pozndmka. Jsou-li a < b takové body z g_,(0), %e (a, b) n g_,(0) = 0, je
mnoZfina (a,b) N h_4(0) jednobodovd a sign h(a) = —sign h(b) + 0. Jestlite
sup h_,(0) = + oo, jeisup g_,(0) = +oo.

Dukaz. Funkce hg~! je prostd a spojitd na (a, b) a g(a) = g(b) = 0. Tedy

lim hg~!(x) = —lim hg~*(x) a tyto limity jsou nevlastni. Existuje tudiZ prav& jedno

x-a+ x—b—

¢ e(a, b), pro n& hg~*(¢) = 0.

(B) Necht —0 < a <b < +0 a necht # : U > #y pFifazuje kaZdé oteviené
mnoZiné U < (a, b) vektorovy prostor Xy viech FeSeni y diferencidlni rovnice
y" + y = 0naU. Pak ((a, b), #) = H(a, b) je Brelotiw prostor.
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Dukaz. PoloZime-li h(x) = sin x, g(x) = cos x (x € R'), pak Brelotiiv prostor
konstruovany v ptikladu (A) splyva s H(— o, + c0).

Poznamka. Jsou zndmy velmi obecné podminky na diferencidlni operator P
zarudujici, Ze svazek definovany fefenimi rovnice Pu = 0 v oteviené podmnoZin&
prostoru R" ur&uje Brelotilv prostor; o tom viz nap¥f. [2].

3. Definice. Zobrazeni, které vznikne sloZenim zobrazeni ¢ se zobrazenim V),
budeme znagit symbolem ¥ * ¢. Rekneme, Ze harmonicky prostor (X, o) je harmo-
nicky ekvivalentni (kratce jen ekvivalentni) s harmonickym prostorem (X,7),
jestliZe existuje homeomorfni zobrazeni ¢ prostoru X na X a kladna spojita funkce g
na X tak, Ze pro ka¥dou otevienou mnoZinu G < X je funkce h harmonické na G,
pravé kdyZ existuje h € #,,, proniz h = (gh) » p na G.

Vztah ekvivalence pravé definovany je ziejmé& reflexivni, symetricky a transitivni.

4. Priklad. Vy3etfime, kdy prostory H(a,, b,) a H(a,, b,) z ptikladu 2(B) jsou
harmonicky ekvivalentni.

(A) Budte (ay, by), (ay, b,) omezené intervaly, by — a, = b, — a,. Potom
H(a,, by) a H(a,, b,) jsou ekvivalentni.

Dikaz. Poloime ¢ :x > x + (a, — a,) pro xe(ay;, by), ¢ =1 na (az b,).
Potom pro x € (a,, b,) jest

q(¢(x)) sin @(x) = cos (a, — a,) sin x + sin (a, — a;) . cos x,
4(¢(x)) cos ¢(x) = cos (a, — a,) cos x — sin (a, — a,).sinx,
odkud jiZ lehko plyne tvrzeni.

(B) Necht (—a, a),(—b, b) jsou omezené intervaly, |b — a| = in. Potom
H(—a, a) a H(—b, b) nejsou ekvivalentni.

Diikaz. Necht 0 < a < a + 4n < b. Naleznéme celé neziporné k tak, aby
3kn < a < ¥(k + 1) = a predpokladejme zprvu, %¢ k je sudé. Nech{ H(—a, a)
a H(—b, b) jsou ekvivalentni, budte ¢, g pfisluiné funkce z definice 3, ¢ : (—a, a) -
— (=b, b). V intervalu {a, b) leZ alespoii jeden nulovy bod funkce cos (a sice bod
(k + 1) 4n), kromé toho v intervalu (—a, a) je k nulovych bodd funkce cos. Tedy
mnoZina {¢_,(x); xe(—b,b), cosx = 0} mé4 alespoii (k + 2) riiznych prvka.
Ale 2a < (k + 1) =, &ili existuji 4, B € (—a, a) tak, ¢ 0 < |4 — B| < =, cos ¢(4) =
= cos ¢(B) = 0. Nalezn&me déle «, f € R! tak, aby

asin x + B cos x = g(@(x)) . cos ¢(x)

pro x e(—a, a). Potom oviem (o, B) * (0,0), asin 4 + fcos A = asin B +
+ B cos B = 0, tedy sin 4 cos B — sin B cos 4 = sin (4 — B) = 0, co jest ve sporu
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s podminkou 0 < |4 — B| < m. Je-li k liché, je tvaha obdobna pouze pracujeme
s funkci sin misto cos.

- (C) Nechtk 270 je celé, 3kn < a < b < }(k + 1) n. Potom H(—a, a)aH(—b, b)
Jjsou ekvivalentni.

Dikaz. PoloZme 4 = tg b. (tg a)~* > 0a pfedpokladejme pro jednoduchost, Ze k
je liché. Definujeme-li ¢(x) = arctg (4 tg x) + jx pro x € (3(2j — 1) =, 3(2j + 1) n)),
i=01..,3%k—1), ¢(x)=arctg(4tgx) + tkn pro xe(3kr, a), o(x)=

= —o(- x) pro x €(—a,0), ¢(}jn) = }jn, je ¢ rostouci a spojitd na intervalu

(~a, a) a ¢((—a, a)) = (—b, b). Pro y e (—b, b) dale polozme g(y) = cos ¢_,(y) .
. (cos y)~*, pokud cos y + 0 a g(y) = 4, pokud cos y = 0. Funkce g je kladn4 a spo-
jita na (—b, b), pFiemZ pro x € (—a, a) plati

a(e(x)) sin p(x) = ( )

=cosx.Atgx = Asinx, q(o(x)). cos ¢(x) = cos x.

. sin (p(x) = cos x . tg ¢(x) =

(D) Bud k > 0 celé, a > 0, a + kn. Potom prostory H(0, a) a H(0, kr) nejsou
ekvivalentni. _

Diikaz pro |a — kx| 2 = plyne tvrzeni z (A) a (B). Necht |a — kn| < = a pfedpo-
kladejme, %¢ H(0,a) a H(0, kr) jsou ekvivalentni, budte g, ¢ : (0, a) > (0, k=)
piislusné funkce z definice 3. Potom existuji , B, o', B’ tak, Ze pro kazdé x € (0, a)
plati

(*) 4g(e(x))sin ¢(x) = asinx + Bcosx,
(*+) g(o(x)) cos ¢(x) = asinx + fcos x.

Je-li ¢ rostouci na (0, a), potom ¢(0+) =0, ¢(a—) = kn a z () plyne =0
(pro x - 0+). Tedy 0 = sin a (pro x - a—), odkud « = B = 0. Obdobn& zjistime,
Ze o = B = 01i v pfipadé, kdy ¢ je klesajici.

Shrnuti. Budte \—a, a), (—b, b) omezené intervaly, a < b. Potom H(—a, a)
a H(-b, b)jsou ekvivalentni, pravé kdy? existuje k = 0 celé tak, fetkn <a < b <
<3}k + )=

Dtikaz. Bud k celé. Je-li $kn = a anebo 3kn = b, nejsou podle (D) a (A) prostory
H(—a,a) a H(—b, b) nikdy ekvivalentni. Je-li a < }kn < b, potom H(—a, a)
a H(-b, b) nejsou ekvivalentni podle (B) v pfipad® b — a = in. Jeli viak
$(k—=1)n<a<itkn <b<3(k+1)n lze pouZit (C) k pfevedeni na ptipad
k—1N)n<a <a<b<b <ik+1)r kde b’ — a’ > 4n a ukazat opét po-
moci (B), Ze ani v tomto p¥ipad® nemohou byt H(—a, a) a H(—b, b) ekvivalentni.

~ (B) Budte a,beR'. Potom H(—o,a) a H(—o, b) jsou ekvivalentni. Také
H(— o0, a) a H(b, ) jsou ekvivalentni.
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Dikaz. V prvnim pfipad® sta&i poloZit ¢(x) = x + (b — a) pro x e(—oo a)
q = 1. Je jist& zfejmé, jak je tieba volit p a g v druhém piipadé.

(F) Budte a, b,ce R, a < b. Potom %ddné ze dvou prostori H(a, b), H(c, + ),
H(— o0, + o) nejsou ekvivalentni.

Dikaz probiha obdobng jako pro pfipad (B).

5. Lemma. Bud (R*, 5#) Brelotiw harmonicky prostor, necht f, g jsou nenulové
harmonické funkce na R'. Maji-li f, g spoleény nulovy bod, pak jsou linedrné
zdvislé.

Dikaz. Necht f(x,) = g(x,) = 0. Podle [6], lemma 1.21, je x, isolovany bod
mnoziny f_,(0). Zvolme y > x, tak, aby y¢f_,(0) a aby pro interval {xo, y>
platil princip minima. Nechf g(y) = A f(y). Potom funkce g — }tf se anuluje na
mnoZing {x,, y}, tedy na {x,, y), a tedy na R*.

6. Lemma. Bud (R*, #) Brelotiv harmonicky prostor a necht Hg: = {h, g}g:.
Potom funkce h, g splituji (i)—(iii) z pFikladu 2(A).

Dukaz. Funkce h, g jsou linearn& nezavislé (nebot existuje regularni interval).
Mnoziny h_4(0), g_4(0) jsou isolované opét podle [6], lemma 1.21, a h_,(0) N
N g_4(0) = 0 podle lemmatu 5. Bud C komponenta mnoZiny R*\ g_,(0). ProtoZe
funkce g zachovava znameni na C, miiZeme uvaZovat prostor ¢ = {hg™*; h € #c}
viech g-harmonickych funkci na C, ktery tedy obsahuje konstanty. Podle [6],
lemma 1.6 existuje na C ryze monotonni spojitd funkce F a k € R! tak, Ze 93¢ =
{F, k}c. Tedy hg™! = aF + b (a,’b € R*) na C. Jeliko? a + 0, je funkce hg~* ryze
monotonni na C.

7. Lemma. Bud (R', #) Brelotiv harmonicky prostor. Potom existuji funkce
h, g Hyg: tak, Ze Hgi = {h, g}p: (a funkce h, g maji vlastnosti (i)—(iii) z 2(A)).

Ditkaz. Bud h € 5# . nenulova na R!. Za funkci g sta&i vzit libovolnou harmonic-
kou funkci na R!, kter4 je s h na R! linedrn& nezavisl4. Takova funkce zajisté existuje;
stali vzit regularni interval (a, b), najit feSeni g Dirichletovy ulohy g(a) = 4
g(b) = B, kde A h(b) — B h(a) = 0, a potom roziifit g z(a, b) na R'. Zfejm¢ kazda
daldi harmonick4 funkce na R! je linearni kombinaci h, g.

8. Véta. Bud (R', ) Brelotiw harmonicky prostor. Potom existuje interval
(4, B) = R! tak, Ze (R, #) a H(A, B) jsou harmonicky ekvivalentni.

Dukaz. Podle lemmatu 7 existuji harmonické funkce h, g na R! tak, Ze #'g: =
= {h, g}g:. Necht (a, b) je komponenta mnoZiny R*\ g_,(0). MiiZeme pfedpokla-
dat, Ze funkce g je na intervalu (a, b) kladn4 a Ze funkce y = hg~! je na (a, b)
rostouci. PoloZme ¢ = arctg * Y na (a, b). Potom ¢((a, b)) = (@', b') = (— 4n, in);
pfitemz a’ > —4n (resp. b’ < }m), pravé kdyZ ¥ je zdola (resp. shora) omezend na
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(a, b). Definujeme-li funkci q na (a’, b’) vztahem g = g * ¢_,/cos, je g kladna a spo-
jitAna (a’, b’)a h» ¢_, = gsin na (a’, b'). Je-li (a, b) = (— o0, + 0), jsme hotovi.
Necht b < + o0, potom funkce Y nemiZe byt shora omezend na (a, b) (nebof
g(b) = 0, h(b) > 0), tedy b’ = }n. Necht (¢, d) je komponenta mnoZiny R* \ k_,(0),
kter4 obsahuje bod b. Potom funkce h je kladn4 na (c, d), funkce ¢ = hg~! je rostou-
ci v jistém levém okoli bodu b, tedy funkce § = gh™! je klesajici na intervalu (c, d).
PoloZme @ = arccotg » / na (c, d). Potom ¢((c, d)) = (¢, d’), kde 0 < ¢’ < 4n <
< d’ £ m. Definujeme-li je¥t& funkci § na (¢, d') pfedpisem
h*g_,

g =,

sin

je d kladné a spojitana (¢’, d)ag » $_, = § cos na(c’, d’). Krom& toho na intervalu
(a,5) " (c,d) = (c, b) je ¢ = ¢ a na intervalu ¢((c, b)) je ¢ = §. Vidime tedy, Ze
homeomorfismus ¢ lze z intervalu (a, b) prodlouZit na (a, d) a funkci g na ¢((a, d))

tak, aby
h(t) = a(o(t)) sin (1) , g(t) = a(o(?)) cos ¢(t)

prote(a, d).Jellid = + oo, jsme s ,,prodluZovanim doprava“ hotovi. Je-lid < + oo,
je d’ = m, vezmeme komponentu mnoZiny R* \ g _,(0), kter4 obsahuje bod d a celou
konstrukci opakujeme. Vzhledem k vlastnosti (ii) mnoZin k_4(0), g_,(0) dostaneme
tvrzeni: Existuje interval (4, B), homeomorfismus ¢ : R* — (4, B) a kladné spojitd
funkce g na (4, B) tak, Ze h(f) = q(¢(t)) sin ¢(?), g(t) = q(¢(t)) cos ¢(f) pro viechna
t € R'. Odtud jiZ lehko vyplyva, Ze prostory (R!, o), H(A, B) jsou ekvivalentni.

9. Diisledek. Bud X nekompaktni souvisld jednodimensiondlni varieta. Necht 5
Jje takovy svazek funkci na X, %e (X, ) je Brelotiw harmonicky prostor. Potom
existuje interval (A, B) = R® tak, %e (X, #) a H(A, B) jsou harmonicky ekviva-
lentni.

10. Pozndmka. O souvislosti harmonickych prostorti nad otevienou &asti
prostoru R” s feSenimi parciélnich diferencidlnich rovnic pojednava pfednaska [3],
kde je uvedena dalji literatura o této problematice. Vysledky, jeZ se tykaji mnohem
sloZit&jsiho pfipadu n = 2, nejsou ov¥em jiZ tak elementarni a uplné jako pro n = 1.
Poznamenejme, Ze pfi vySetfovanich tykajicich se vicerozmérného pfipadu popsa-
nych v [3] hraje podstatnou roli pfedpoklad, Ze mezi harmonickymi funkcemi je
v jistém smyslu mnoho funkci dostaten& diferencovatelnych; ekvivalence ve smyslu
vySe uvedené definice 3 se v tomto pojeti neuplatiiuje.
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Summary

BRELOT SPACES ON ONE-DIMENSIONAL MANIFOLDS

Joser KRAL and JAROSLAV LUKES, Praha

A Brelot space (X, 5#) is a locally connected Hausdorff topological space X
equipped with a sheaf 5# associating with each open set U < X a vector-space 'y
of continuous functions (termed harmonic functions) on U such that the sheaf axiom,
the base axiom and the Brelot convergence axiom hold. Two Brelot spaces (X, 5#)
and (X, 57) are termed equivalent if there is a homeomorphism ¢ of X onto X and
a positive continuous function g on X such that, for any open G c X, he #,q,
if and only if the function h defined on G by h(x) = g(¢(x)) h(¢(x)) (x € G) belongs
to Hg.

The purpose of this note is to present an elementary proof of the following result
describing all equivalence classes of Brelot spaces that can be defined on a non-
compact one-dimensional manifold.

Theorem. Let X be a connected non-compact one-dimensional manifold. Given
a Brelot space (X, #) then there are numbers —o0 < A < B < + 00 such that
(X, o) is equivalent with the Brelot space H(A, B) determined on (4, B) = {x € R";
A < x < B} by solutions y of the differential equation y" + y = 0; two spaces
H(A, B) and H(4, B) are equivalent if and only if one of the following conditions
holds:

1) All the numbers A, B, 4, B are finite and either B — A = B — A or there is an
integer k = 0 such that
kn <min(B—A,B—-A)<max(B—4,B-Ad)<(k+1)x.
2) Each of the intervals (A, B), (4, B) is unbounded and different from R'.
3)A=-0w0 =4, B=+x = B.
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Casopis pro p&stovini matematiky, ro¢. 99 (1974), Praha

STRUCNE CHARAKTERISTIKY CLANKU OTISTENYCH V TOMTO CISLE
V CIZfM JAZYKU

ANNA NEUBRUNNOVA, Bratislava: On quastcontmuous and cliquish functions. (O funkciach
kvazispojitych a cliquish.)

V préci su $tudované dve zov§eobecnenia pojmu spojitosti. Prvym je kvazispojitost zavedend
Kempistym a druhym vlastnost ,,cliquish* zavedend Bledsoem. Dokazujeme, Ze limita trans-
finitnej postupnosti { f¢}¢< o kde 2 je prvé nespotitatelné ordinélne ¢islo, kvazispojitych (cliquish)
funkcii je funkcia kvazispojité (cliquish). Dalej sa $tudujt vztahy kvazispojitych a cliquish funkcii
k funkcidm majtcim isté vlastnosti typu Denjoyovho. ZovSeobeciiuju sa tieZ niektoré tvrdenia
tykajtice sa $truktiry mnoZiny bodov, v ktorych je funkcia ,,cliquish®.

" STEFAN SCHWABIK, Praha: Remark on linear equations in Banach space (Poznamka o linearnich
rovnicich v Banachové prostoru.)

V préci jsou formulovany Fredholmovy véty pro linedrni rovnice v Banachové prostoru, pro
které neni poZzadovéna znalost celého adjungovaného prostoru. Price je zaloZena na jistych vy-
sledcich o dimenziondlnich charakteristikdch linedrnich operatora.

ErNEsT Jucovi¢, FRANTIEK OLEINIK, KoSice: On chromatic and achromatic numbers of uniform
hypergraphs. (O chromatickych a achromatickych &fslach uniformnych hypergrafov.)

- V préci st podané horné medze pre Cisla x(H) + x(H), y(H), kde H je k-uniformny hypergraph,
k > 1, H je komplement hypergrafu H; (M) znaci chromatlcké y(M) achromatické &islo hyper-,

grafu M.

PAVOL MAarusiak. Zilina: Oscillation of soutions of the delay differential equqtion y(3")(r) +
+ Z pi(t) f,(y(h,(t))) =0,n > 1. (Oscilatori¢nost diferencidlnej rovnice s oneskorenym argu-
mentom H20) () = EP (@) f;h 1)) =0,n 2 1.)

V préaci je dand nutné a postaujiica podmienka a niektoré postalujice podmienky pre to,

m
aby diferencidlna rovnica ¥ + 3 p(#) f;((h;())) = 0, n = 1 bola oscilatoricka.
: i=1

MARIA JaKUBfkOVA, KoSice: The ronexistence of free complete vector lattices. (Neexistence.
uplného volného vektorového zvizu.).

V &anku sa dokazuje, %e neexistuje tplny volny vektorovy zvizs nekoneénou mnoimou vol..
nych tplnych generdtorov.
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MiLAN TVRDY, Praha: Boundary value problems for generalized linear integrodiferential equa-
tions with left-continuous solutions. (Okrajové ulohy pro zobecnéné linedrni integrodiferencidlni
rovnice se zleva spojitymi feSenimi.) ‘

Ve svém predchozim ¢&ldnku (Czech. Math. J. 23 (98), (1973), 183—217) formuloval autor
adjungované tlohy k okrajovym ulohdm dx/dr = D[A(t)x + f(t)], M x(a)+ Nx(b)=1
a dx/dt = DIA(t) x + [5[d,G(t, )] x(s) + £(D], j'z [dL(s)] x(s) = | a dokdzal pfislu§né véty
Fredholmova typu. Pfedpoklady byly ty, Ze feSenimi danych uloh byly regularni funkce s kone¢-
nou variaci (x(¢+) + x(t—) = 2x(t)).. Zde jsou dokazény obdobné vysledky pro pfipad zleva
spojitych feSeni. .

GARY CHARTRAND, Kalamazoo, RAYMOND E. PipperT, Fort Wayne: Locally connected graphs.
(Lokalné& souvislé grafy.) :

V ¢lanku se odvozuji nékteré elementarni vlastnosti lokalné souvisl)?éh grafti a pak se pojem
zjemiiuje na lokalni n-souvislost. Kone&né se odvozuje postadujici podminka pro to, aby graf
byl lokalné souvisly.

LADpisLAV NEBESKY, Praha: On cubes and dichotomic trees. (O krychlich a dichotomickych
stromech.)

V ¢lanku se vySetiuji vztahy mezi jistymi stromy a n-rozmérnou krychli a ov&fuje se pravdivost
hypotézy Havla a Liebla (Embedding the polytomic trees into the n-cube. Cas pést. mat. 98 (1973),
307—314.)
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RECENSE

Jean Giraux: COHOMOLOGIE NON ABELIENNE.:Springer-Verlag, Berlin— Heidelberg —
New York, ix + 467 str., cena DM 109,— (179 svazek kniZnice Die Grundlehren der mathema-
tischen Wissenschaften in Einzeldarstellungen.)

Kniha je prakticky prvni monografii o neabelovskych kohomologiich. Na tomto misté je
uZite¢né si pfipomenout, Ze a¢koliv kohomologické grupy topologického prostoru s koeficienty
ve svazku abelovych grup jsou dnes v matematice b&2n€ pouZiviny, analogické grupy s koefi-
cienty ve svazku neabelovskych grup definovat nelze. Podafilo se zavést pouze objekt daleko
skromné&jsi, totiz kohomologickou mnoZinu topologického prostoru s koeficienty ve svazku
neabelovskych grup, a to je$té pouze v dimensich nula, jedna a dv&. Nultd kohomologickd mno-
Zina m4 sice strukturu grupy, prvni a druhd v$ak jiZ na sob& Zddnou algebraickou strukturu ne-
nesou. Pfesto viak s pouZitim takovychto kohomologickych mnoZin bylo dosaZeno pé&€knych
vysledkil, zejména v teorii tzv. fibrovanych prostoru.

Recensovand monografie obsahuje systematicky vyklad teorie neabelovskych kohomologii.
Autor pracuje zcela v pojmech teorie kategorii. Neni zde snad tfeba pfipominat, Ze znalost klasické
teorie neabelovskych kohomologii je pro &etbu knihy zcela nezbytnd. Na druhé strané oviem
&tenaf alesponi nepotfebuje nikterak obzvldstni znalosti teorie kategorii.

Kniha je rozdélena do osmi kapitol. Prvni dvé kapitoly jsou pfipravné. Velmi pékné& a srozumi-
telné jsou zde probirdny viechny pojmy a konstrukce nezbytné pro ndsledujici vyklad. Uvedme
zde pfedeviim Grothendieckovy topologie a specidlni typy fibrovanych kategorii ,,champ sur
un site*.

Treti kapitola je vénovana kohomologii v dimensi 1. Centrdlnim pojmem zde je prvni koho-
mologickd mnoZina Grothendieckovy topologie s koeficienty ve svazku (obecné& neabelovskych)
grup. Je moZno fict, Ze vyklad v této kapitole je celkem standardni, a Ze se v hlavni linii neodli¥uje
od klasického nekategorického pojeti. Prvni kohomologickd mnoZina je zde definovdna pomoci
pojmu zobeciiujiciho pojem hlavniho fibrovaného prostoru.

Kohomologie v dimensi 2 se studuji potom ve &tvrté a paté kapitole. Oproti kohomologiim
v dimensi 1 je zde autoruv pfistup novy. Pfesun z klasického pojeti do teorie kategorii a zavedeni
nového pojmu ,,gerbe‘, (ktery je ustfednim pojmem vykladu) zjednodusuje teorii a &ini ji pfehled-
n&j8i. Uvedme zde pro orientaci, Ze definici a zdkladni vlastnosti neabelovskych kohomologii
v dimensi 2 nalezne &tendf v § 3 kapitoly 4. Za zminku stoji téZ, Ze pro neabelovské kohomologie
je moZno zobecnit pfislu§nou &4st Lerayovy spektrdlni posloupnosti.

Zavéretné kapitoly 7 a 8 jsou vénovany aplikacim. Prvni z nich aplikacim v algebraické
geometrif, druhd pak aplikacim v teorii Grothendieckovych topologii a v teorii roz§ifovdni grup.

Celkovy dojem z knihy je velmi p&€kny a je moZno fict, Ze autor ji napsal srozumitelnym a pie-
hlednym stylem. Tiskovych chyb se nenalezne mnoho, zdkonem schvilnosti jsou oviem n&kdy
umistény na velmi nepfijemnych mistech.

Jifi VanZura, Praha
Edwin Hewitt, Kenneth A. Ross: ABSTRACT HARMONIC ANALYSIS. Volume II. Vydalo

nakladatelstvi Springer jako 152. svazek serie Die Grundlehren der mathematischen Wissen-
schaften. Cena DM 140, stran X + 776. Berlin— Heidelberg— New York 1970.
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Prvni dil, vySly v roce 1963, obsahoval prvnich 3est kapitol (teorie topologickych grup, teorie
integrace na lokalné kompaktnich prostorech a grupach, konvoluce a reprezentace, dualita LCA
grup) a tfi dodatky.

V tomto druhém dilu je cilem autort, jak se pravi v pfedmluvé, podat nejdtlezitéjsi ¢asti har-
monické analyzy na kompaktnich grupiach a na LCA grupdch. Zabyvaji se obecnymi lokaln&
kompaktnimi grupami jen tam, kde je to zcela pfirozené.

Dlouhd sedma4 kapitola je vénovdna teorii reprezentaci a dualité kompaktnich grup (Peterova-
Weylova véta, podrobné studium duélniho objektu kompaktni grupy, Tannaka-Krejnova véta
o dualité).

V osmé kapitole se studuje Fourierova transformace (L, a L, teorie, positivné definitni funkce
na lokalné kompaktnich grupach, Bochnerova véta, Stoneova véta o unitarnich reprezentacich
LCA grup).

Dalsi kapitoly jsou vénovany teoriim, které byly zatim monograficky méné zpracovany.
V devaté kapitole je to teorie absolutné€ konvergentnich Fourierovych fad na kompaktnich gru-
pach, teorie multiplikator pro razné téidy Fourierovych transformaci na kompaktnich grupach,
lakunarni Fourierovy transformace; centralnim vysledkem desaté kapitoly je Malliavinova véta
o nemoznosti spektralni syntézy v nekompaktnim ptfipadé. Kone¢né jedendcta kapitola jednd
nejprve o funkcich, pro néz v Hausdorffové-Youngové nerovnosti plati rovnost; posledni para-
graf pak je vénovan bodové séitatelnosti Fourierovych transformaci.

Kniha kon¢i dal§imi dvéma dodatky (tenzorové soudiny, rizné vysledky z funkciondlni analy-
zy) a drobnou opravou k prvnimu dilu.

Ctenéti tohoto impozantniho dila shledaji, Ze vyklad je podrobny a pozoruhodné plynuly;
zvlasté je tieba upozornit na zajimavé pozndmky k jednotlivym paragrafim, kde jsou komento-
vany prace z obsahlého seznamu literatury. )

Karel Kartdk, Praha

J. L. Lions, E. Magenes: NON-HOMOGENEOUS BOUNDARY VALUE PROBLEMS
AND APPLICATIONS. Springer-Verlag; Berlin— Heidelberg— New York 1972. Dil I. XVI +
-+ 358 stran, cena DM 78,—. Dil II: XII + 242 stran, cena DM 58,—.

Jako svazky 181 a 182 vychdzeji ve znamé Zluté fadé prvni dva dily tfidilné monografie (vydani
tietiho dilu se chystd v roce 1973). Pfekladem tohoto vyznamného dila do angli¢tiny se jeho
obsah zpfistupnil podstatné $ir§imu okruhu Stenara (pfipomenime, Ze rusky vySel proni dil v roce
1971). Prekladatel se drZel v&rné& francouzského originalu, o némz jsme referovali v tomto ¢asopise
ve 4. &isle roéniku 97 (1972), str. 421—422; autofi pouze opravili nékteré chyby a podstatnéji
doplnili seznam literatury.

Dodano pfi korektufe: V roce 1973 vysel anglicky i tfeti dil monografie; dodejme proto
pro uplnost, Ze tvofi svazek 183 Zluté fady, ma XII + 308 stran (a 1 obrdzek) a stoji DM 78,—.

Alois Kufner, Praha

Elna B. McBride: OBTAINING GENERATING FUNCTIONS. Springer-Verlag, Berlin—
Heidelberg— New York 1971. VIII + 100 stran, cena 44,— DM.
Funkce G(xy, ..., Xps t) se nazyvd vytvofujici funkci soustavy funkci f(x,,..., Xp)
(n=0, +1, +2,...), existuji-li konstanty ¢, tak, Ze (formalng!) plati:
o0
Gy, wrs X )= 3 €S (Xysesnr %) ",

n=-o

Autorka se v kniZce zabyva pfedeviim tfemi metodami, umoziiujicimi k dané soustavé funkci f,,
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nalézt néjakou vytvofujici funkci G: Metoda Rainvilleova je zalozena na pfimé manipulaci s moc-
ninnymi fadami (kap. I), Weisnerova metoda vyuziva nékterych poznatkl z teorie grup (kap. II
aIII) a Truesdellova metoda se hodi tam, kde 1ze funkce soustavy { Sn } pfetransformovat v sousta-
vu F(z, a), pro jejiz “funkce plati vztah typu 0F(z, «)/0z = F(z, « + 1) (kap. IV). V kap. V je pak
pro uplnost uvedeno jesté nékolik dalsich metod ziskdni vytvorujicich funkci.

Vytvorujici funkce zndme piedeviim z teorie specialnich funkci a ortogonalnich polynomii.
Na téchto polynomech také autorka své metody hojné ilustruje a hlavné jimi se zabyva: tak napf.
v kap. II je uvedeno 3est vytvotujicich funkci pro soustavu Laguerreovych polynomil.

Vyklad je celkem elementéarni a zabyva se ve valné vétsiné zcela konkrétnimi pfipady; s trochou
nadsazky lze fici, Ze obsahem knihy je fada nepf¥ili§ obtiznych cvi¢eni. Nelze ov§em zapomenout,
Ze vytvofujici funkce maji zna¢né uziti pfedev§im v teorii specidlnich funkci (umozfiuji napf.
nalézt rekuren&ni vztahy mezi funkcemi soustavy {f,}, a to i vztahy diferencialni, poméhaji pfi
vypocétech riznych integrdlt apod.), a také je tfteba zduraznit, Ze Etenaf najde v kniZce celou fadu
velmi uzite¢nych a zajimavych vztahi, které se pfipadné mohou hodit i jinde. Pfesto viak celkovy
pohled na publikaci vyvolava spise otazku, zda jde o téma, které je natolik nosné a uzaviené, aby
stalo za to zpracovat je jako 21. svazek edice Springer Tracts in Natural Philosophy. Srovnani
s nékterymi jinymi svazky této edice spiSe naznacuje, Ze to bylo pred¢asné.

Alois Kufner, Praha

DIE HILBERTSCHEN PROBLEME. Akademische Verlagsgesellschaft Geest & Portig
K.-G., Leipzig 1971. 302 strany.

Na mezindrodnim matematickém kongresu v Pafizi v srpnu roku 1900 formuloval David
Hilbert 23 problému, které povaZoval za kli¢ové problémy dalsiho rozvoje matematiky. Tehdy
to byla prognoza; v pribéhu desitileti se vSak ukdazalo, ze to, co Hilbert vyslovil, pfedstavovalo
velmi redlny program.

Hilbertova fe¢ (a kone¢né celd Hilbertova tvorba viibec) vyrazné ovlivnila matematiku 20. sto-
leti, ze slov ,,Hilbertiv problém* se stal terminus technicus a jeho prednaska je realitou nejen
matematickou, ale i historickou. MySlenka podivat se na Hilbertovy tivahy z odstupu témét sedm-
desati let a konfrontovat je se sou¢asnym stavem matematiky je tedy velmi ldkava. Uskute¢néni
této myslenky se ujalo moskevské nakladatelstvi,,Nauka‘, které v roce 1969 vydalo pod redakci
P. S. Aleksandrova sbornik ,,IIpo6nemer I'mnp6epra‘‘. Vedle Givodniho slova redaktora sborniku je
zde uveden autenticky text Hilbertovy pfednasky a pak nasleduji komentéie k jednotlivym problé-
mum, jichZ se ujalo 16 ptednich sovétskych matematikli: A. S. Jesenin-Vol’pin, V. G. Boltjanskij,
I. M. Jaglom, E. G. Skljarenko, B. V. Gnedenko, A. O. Gel’fond, J. V. Linnik, D. K. Faddejev,
J. I. Chmelevskij, J. I. Manin, A. G. Vituskin, O. A. Olejnikovd, B. N. Delone, A. G. Sigalov.
B. V. Sabat a L. E. El’sgol’c; jedinou vyjimku tvofi dvacaty prvy problém, kde bylo jako komen-
tafe pouzito ¢ldnku H. Rohrla, uvefejnéného v roce 1957 v Casopise Mathematische Annalen.

Posuzovani kniha je némeckym piekladem tohoto sborniku; je doplnéna je$té dalsim ivodem,
v némz je podan stru¢ny prehled o Zivoté a dile Davida Hilberta.

Autorsky kolektiv sborniku je tedy velmi Siroky; uz z toho plyne, Ze charakter komentar je
ponékud nehomogenni, %e nékteré z nich lze &ist bez velkych pfedb&Znych znalosti, zatim co jiné
pfedpoklddaji uz dosti zasvéceného ¢tenaie. Bezpochyby se viak jednd o praci, ktera skldda hold
jedné z nejvyznamnéjSich postav svétové matematiky a v niz je historické ocenéni této osobnosti
spojeno s pfistupem k souasnému stavu badani. V tomto idedlnim sjednoceni dvou velmi rozdil-
nych aspekti vidim hlavni cenu sborniku, nemluvé uz o-tom, Z¢ mlad$im generacim se naskyté
moZnost seznamit se pfimo s fakty, ktera se stala historii matematiky.

(Je snad na misté pfipomenout, Ze ¢asopis ,,Pokroky matematiky, fyziky a astronomie‘‘ zacal
v posledni dobé otiskovat seridl podobnych komentafi k jednotlivym Hilbertovym problémim
z péra domécich autori.) Alois Kufner, Praha
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J. K. Percus: COMBINATORIAL METHODS, Applied Mathematical Sciences 4, Springer-
Verlag, New York — Heidelberg— Berlin 1971, stran 194, obrazka 58, cena 24 DM.

Tato kniha vznikla z pfednasek o kombinatorickych metodach, které autor konal v Courantové
ustavé na newyorské universit€ v obdobi 1967— 68. Obsah piednasek byl ovlivnén vyb¢rem studen-
t, o nichz se v predmluvé fikd, Zze méli nestejnorodé zaméieni (byli to matematikové, fyzikové
a chemikové). Knizka je rozvrzena do dvou kapitol, z nichZ prvni ma nazev Counting and enume-
ration on a set a druha Counting and enumeration on a regular lattice. Povézme si nejprve trochu
o obsahu kapitoly pryni.

V dvodu se zavadéji vytvorujici funkce a fesi se nékolik jednoduchych prikladd. Zviasté je
rozebran problém Fibonacciovych ¢isel, pro néz se odvodi explicitni vzorec. Pak nasleduje odsta-
vec o principu inkluzz a exkluze s nékolika pfiklady (Eulerova funkce v ¢iselné teorii, permutace,
které méni kazdy prvek a zndma uloha o n manzelskych parech sedicich kolem kulatého stolu
tak, Ze se muZzi a zzny stfidaji a Zddny muz nesedi vedle své manzelky). O par stranek déle se uka-
zuje uziti permanent( v kombinatorickych tlohach a odvozuje se Mac Mahonova véta o vyjadieni
permanentu jako koeficientu vhodné mocninné fady. V jednom paragrafu se diskutuje zndmd
uloha o rozmisténi daného poctu predméti do daného poctu tiid. Vznikaji Ctyfi typy ulohy podle
toho, zda predméty resp. tiidy jsou rozlisitelné nebo nikoliv. Jeden z té€chto pfipadu je trividlni,
zbyvajici tfi maji své ustalené ndzvy (composition, decomposition, partition) a jsou zde feSeny.
Pak se obraci pozornost k Ramseyové vété, o niZ uz existuje obsahla literatura. Je tu i mala ta-
bulka dnes znamych Ramseyovych Cisel, kterd si viak ziejmé necini naroku na uplnost. Kdyz
takto s nami Ctenaf proSel asi ¢tvrtinu knihy, setkd se poprvé s pojmem graf. Pfesna definice tu
neni uvedena, autor se spise opird o ndzor a odvolava se na instruktivni obrazek. Takovou povahu
ma i zavadéni dalSich pojmu (cesta, kruznice, Cayleyho a Husimiho strom, artikulace atd.).
Pfi definici cesty a kruznice (path, cycle) neni napf. jasné, zda posloupnost uzlti musi byt prosta
¢i nikoliv. Nezvykly je ndzev hvézda (star) pro to, ¢emu se obvykle fika blok (F. Harary) nebo
star§im nazvem neseparabilni graf (H. Whitney). Pravi se, Ze hvézda je graf bez artikulaci, ale
ziejme se mysli graf souvisly. O grafech se odvozuji nékteré enumeracni vzorce (pocet souvislych
grafii s n o¢islovanymi uzly a k hranami, Cayleyho vzorec s hodnotou n"~ %) a probir4 se Polyova
véta. V piikladech na tuto v€tu se autor zabyva zji§tovanim poctu vSech isomerd C, H,, ,0H
a nékolik nerozie$enych uloh zlstava jako cviéeni pro ¢tenéafe.

Druhd kapitola s ndzvem uz vyse zminénym se rozpada opét na nékolik ¢asti. Zacind se ndhod-
nymi prochazkami po mfiZovych bodech a fe$i se napf. tato uloha: Maji-li vSechny kroky od
miiZového bodu k jeho sousediim stejnou pravdépodobnost, jaka je pravdépodobnost, Ze se po n
krocich dostaneme zpét do po¢atku? Ve specidlnich odstavcich se probira jednorozmérny a dvoj-
rozmérny pripad a vyklad se ilustruje napf. tzv. hlasovacim problémem. Na dalSich strankdch
jsou aplikace pfirodovédné a tato ¢4dst knihy ukazuje zjevné, Ze vznikla z pfednéasek pro poslucha-
¢e riiznych profesi, jak se o tom mluvilo v ivodu. Resi se tu napf. tzv. dimer problem, v némz jde
o model kapaliny s dvojatomovymi molekulami. V problému entropie dvojrozmérného ledu jde
o to, kolika zpisoby lIze zorientovat dvojrozmérnou mfiz, aby byla splnéna jistd podminka vzata
z praxe (ice condition). Neni tfeba pfipominat, Ze ladtka se tu nepodava systémem definice —
véta — diikaz, ale jde o volny vyklad znamy z fyzikélnich a pfirodovédnych pojednani.

Percusova kniha leZi na pomezi matematiky a aplikovanych véd a okruh jejich ¢tenaid bude
jisté pestry. Neni ti§téna klasickym zplisobem, nybrz fotografovdna pfimo z rukopisu. Na titulnim
list€ se pravi, Ze dilo m4 58 obrazkt, ale mam dojem, e si autor trochu usnadfiuje préci. Rada
ilustraci jsou jen bandlni schémata a na druhé strané ¢tenaf nékdy postrad4 obrazek u sloZitéjsich
situaci. Seznam literatury neni uveden, ale &asopisecké prameny jsou citovdny pribézné v textu.

Jiti Sedldéek, Praha
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Erik M. Alfsen: COMPACT CONVEX SETS AND BOUNDARY INTEGRALS, Springer
Verlag, Berlin— Heidelberg— New York 1971, 210 str.

Kniha je vénovana studiu konvexnich kompakti v topologickych linedrnich prostorech, které
zaznamenalo pozordhodny rozmach v poslednim desetileti. V§imnéme si nékterych typickych
vysledki, které jsou v knize vyloZzeny. Pfipomeiime, Ze (Radonovym) ndbojem na kompaktnim
Hausdorffové prostoru T se rozumi spojity linedrni funkcional na prostoru Cg(T) vSech spojitych
redlnych funkci normovaném pomoci maxima, tj. prvek prostoru Crp(7)* dudlniho k Cg(T).
Kazdému takovému ndboji u € Cgr(T) odpovidd vzijemné jednoznalné Bairetiv naboj (= o-adi-
tivni mnoZinova funkce na o-algebfe By(T) vSech baireovskych podmnozin prostoru T), ktery
1ze jednozna¢né rozsifit na regularni Borelliv naboj, jenz se rovnéz znac¢i symbolem x. Tiida viech
reguldrnich borelovskych ndbojti na 7' se zna¢i symbolem Mg(T), M;(T) je tiida vSech nezapor-
nych naboji (= mér) z Mg(T). Je-li Elokdlné konvexni Hausdorffliv topologicky linearni prostor

aue MGRg(T), pak zobrazeni q: T— E se nazyva (slab€) integrovatelnym s integralem y € E,
jestlize pro kazdy funkciondl p € E* plati p(y) = [p o q du (p¥i€emZ p o q zna&i komposici g a p);
» = [q(x) du(x) se pak nazyva (slabym) integralem g podle u. Jestlize u je mira na konvexnim

Yy

Je-li f afinni redlna funkce 1. Baireovy tfidy na K, pak fje omezend a pro kazdou pravdépo-
dobnostni miru u € ME(K) plati f(xu) = [fdu; tato formule viak nemusi platit pro omezené
afinni funkce 2. Baireovy tfidy.

Dulezitou roli v fadé vySetfovani hraje Choquetovo (¢aste¢né) usporddani v Mg(K). Znaci-li
P(K) kuzel viech spojitych konvexnich funkci na K, pak toto uspofadani je indukovdno dualnim
kuzelem P(K)* = {u € Mg(K); u(f) = 0 pro viechna fe P(K)}; pro uy, u, € Mg(K) je tedy
ny < py, pravé kdyz u (f) = u,(f) pro kazdou funkci f' € P(K). (Poznamenejme, Ze antisymetrie
relace < plyne z hustoty P(K) — P(K) v Cg(K). Necht M{ (K) = {ne MZ(K); u(K) =1} je
tfida viech pravdépodobnostnich mér na K a M{(K) = {u € M{ (K); x, = x} je tiida téch mér
z M{ (K), které maji za t&7i§té x € K. Jestlize u,, u, € M{(K) a p; < p,, pak miry u,, u, maji
spole¢né t€zisté x, = x,, a lze si pfedstavit, Ze u, je ve srovnani s u, ,,vice rozptylena od Xy,
smérem k extremdlni hranici konvexniho kompaktu K*. Pfesnéj§im vyjadienim této predstavy
je nasledujci Cartierova véta:

Je-li K metrisovatelny konvexni kompakt a u, u, € M{ (K), pak u; < u, pravé kdyz existuje
zobrazeni x 1> o, € M{(K) definované u — skoro viude na K takové, Ze pro kazdou funkci
f € Cgr(K) je funkce x > g,(f) integrovatelna vzhledem k p, a u,(f) = [o.(f) du,(x).

Takov4 mira y, jeZ je maximalnim prvkem M;{ (K) vzhledem k relaci <<, se nazyv4 hrani¢ni.
Je-llipe M,{(K) hrani¢ni, pak pro kazdou uzavienou Gy-mnozinu C < K, jez je disjunktni s ex-
tremélni hranici ¢,K (= mnozina vSech vrcholii konvexniho kompaktu K), plati u(C)= 0;
specidlné nosi¢ u je obsaZzen vZIE(pruh znaci uzdvér). Je-li K metrisovatelny, pak ¢,K je typu G,
aupe M,*{(K) je hrani¢ni, pravé kdyz u(K\ ¢,K) = 0. V obecném pfipad¢€ plati nasledujici dile-
Zita véta ukazujici, Ze kazdy bod z K lze representovat hrani¢ni mirou (Choquet - Bishop - de
Leew):

Ke kaZzdému bodu x konvexniho kompaktu K existuje hrani¢ni mira g € M f’,(K). Ideu Choque-
tova uspofdddni mér 1ze oviem aplikovat i v obecné&jsich situacich, kdy roli konvexniho kompaktu
K < E prebird kompaktni topologicky prostor X a roli kuzele P(K) jisty kuZel S funkci na X.
Piedpokladejme, Ze X je kompaktni topologicky prostor a S je kuZel shora polospojitych funkci
< -+ na X, jenZ obsahuje konstanty a odd€luje body z X. Pak lze na Mg(X) zavést reflexivni
a transitivni relaci <g pfedpisem

uy <gs ity <> u(f) < uy(HVfES.
Tato relace je (S4stenym) uspofadanim (tj. je antisymetrickd), jestlize linedrni obal tfidy S N
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N Cgr(X) je husty v Cr(X). Bod x € X se nazyva S-Choquetovym bodem, jestlize Diracova mira &,
je maximalnim prvkem v M;{(X) vzhledem k relaci <g; mnozina d¢X viech S-Choquetovych
bodi se nazyva Choquetovou hranici prostoru X. Neprazdnost Choquetovy hranice je disledkem
nasledujiciho Bauerova principu maxima:

Ke kazdé funkci fe S existuje takovy bod x € 05X, ze f(x) = sup {f(y); yE€ X}.

Predpokladejme nyni stile, ze S < Cg. Potom 0gX je (v relativni topologii) Bairetv pro-
stor (Choquet, Edwards). Poznamenejme, ze 03X = ¢,K ve vySe uvazované situaci, kdy X' = K
je konvexni kompakt v lokaln€ konvexnim linedrnim prostoru E a S= P(K). Véta o re-
presentaci bodii pomoci mér na Choquetové hranici vyplyva z nasledujiciho vysledku:

Ke kazdému x € X existuje mira 4 definovana na ¢¢X N By(X), pro niz u(0sX)=1a f(x) =
=< [osx fdu pro viechny funkce f€ S.

Otézky souvisejici s jednoznaénosti representujicich mér jsou soustfedény do druhé ¢asti knihy,
v niz je studovana geometrickd struktura konvexnich kompakti. Pfedpokladejme, Zze K je kon-
vexni kompakt v lokaln€ konvexnim prostoru E takovy, ze E splyva s linedrnim obalem K a K
je Casti jisté nadroviny v E neprochdazejici po€atkem. Pak kazdy bod x € E uréuje linearni funkcio-
nédl g, na prostoru A(K) < Cg(K) viech spojitych afinnich funkci na K definovany ptedpisem
q.(a) = Aa(y) — pa(z) (a€ A(K)), kdykoli x = Ay — puz, y,z€ K, 1, u = 0. Jestlize x > q, je
topologicky isomorfismus E na (slabé topologisovany) duél A(K);“V prostoru A(K), pak fekneme,
ze K je regularné vnofen do E.

Abstraktnim konvexnim kompaktem se rozumi dvojice (X, A4), kde X je Hausdorffiiv kompakt-
ni topologicky prostor a 4 je uzavieny podprostor v Cr(X) obsahujici konstanty, oddélujici
body z X a takovy, Ze kazdy stav p na 4 (= nezdporny linearni funkcional nabyvajici hodnoty 1
na funkei identicky rovné jedné) je urCen jistym bodem x, € X (tj. p(a) = a(x)) Va € A). Kazdy
abstraktni konvexni kompakt Ize regularné vnofit do lokdlné konvexniho Hausdorffova prosto-
ru E v tom smyslu, Ze existuje homeomorfismus ¢ kompaktu X na konvexni kompakt ¢(X)
reguldrné vnofeny do lokalné konvexniho Hausdorffova prostoru E takovy, 7e zobrazeni
¢* 1a > ao ¢ je isomorfismus A(e(X)) na 4. Navic je takové reguldrni vnofeni az na linearni
homeomorfismy jednoznaéné uréeno. ProtoZe kazdy ,,konkrétni‘“ konvexni kompakt v lokalné
konvexnim Hausdorffové prostoru lze chdpat jako abstraktni konvexni kompakt (K, A(K)), je
mozno pii studiu vnitfnich vlastnosti konvexnich kompaktt vzdy pfedpokladat, Ze jde o kom-
pakty regularné vnofené do jistého lokdlné konvexniho Hausdorffova prostoru E. Necht K je
takovy konvexni kompakt a bud K kuzel v E s vrcholem O a basi K. Je-1i E svazem pfi (¢4aste€ném)
uspofddani uréeném kuzelem K, pak K se nazyva (Choquetovym) simplexem. Souvislost tohoto
pojmu s representaci bodd hrani¢nimi mirami objastiuje Choquetova véta: Konvexni kompakt K
je pravé tehdy simplexem, kdyz kazdy bod z K je t&zistém jediné hrani¢ni pravdépodobnostni
miry.

Takovy simplex K, jehoZ extremalni hranice @,K je uzaviena, se nazyva Bauerovym simplexem.
Uvedme nékteré charakteristické vlastnosti Bauerovych simplexti K:

Kazdy bod z K je tézistém jediné pravdépodobnostni miry s nosi¢em v 2,K. A(K) je svazem
v pfirozeném uspoifddani funkci. Kazdou spojitou redlnou funkci na 9K lze rozsifit na funkci
z A(K).

V druhé kapitole monografie je vyloZena fada zajimavych vlastnosti simplexii. Déle se studuji
stény konvexnich kompaktii v souvislosti s idedly v A(K), sténova topologie na ¢,K a direktni
konvexni rozklady.

Je moZno jen litovat, Ze aplikace na problémy konkrétni analyzy (napf. na Dirichletiiv
problém v teorii potencidlu) zistaly mimo rdmec knihy; v tomto sméru odkazuje autor &tenafe
na Casopiseckou literaturu. Dlikazy jsou zpracovany srozumitelné a elegantné, vyklad je poddn
v modernim duchu a doprovéazen rozsihlou bibliografii s pfislusnym komentdfem. Monografie
si zaslouZi pozornosti étenati sezndmenych s elementy funkciondlni analyzy a teorie integralu.

L)

Josef Krdl, Praha
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F. G. Frobenius: GESAMMELTE ABHANDLUNGEN I[—I1II. (Herausgegeben von J. P.
Serré), Springer-Verlag, Berlin- Heidelberg—New York 1968, str. 650, 733, 740, cena DM 136, —.

Sebrané spisy F. G. Frobenia (1849—1917) byly pro toto vydani rozdéleny do tfi dilt. S néko-
lika vyjimkami jsou prdce v podstaté chronologicky fazené a jsou rozdéleny takto: prvy dil
(prace 1—21) zahrnuje obdobi 1870— 80, druhy dil (prace 22— 52) obdobi 1880— 1896 a posledni
tieti dil (prace 53— 107) pokryva obdobi 1896—1917.

Pochopitelné je nad sily recensenta podat odpovidajici rozbor dila tohoto znamého matemati-
ka, jehoZ prace G¢innym zpusobem zasdhly do nékolika odvétvi matematiky; omezim se proto na
stru¢ny piehled. Recensovana publikace je zafazena do knihovny MFF UK, Sokolovska 83,
Praha 8 a zijemci si mohou Frobeniovy prace ze svého oboru prostudovat.

Rozdélime-li Frobeniovy préace alespofi zhruba podle oborl, mizeme nejvice z nich (skoro
&tyficet) zafadit do algebry. Zde pfevazuji prace z teorie grup a teorie matic. Prace ¢. 74 bude
snad nejvice zndma; obsahuje totiz znamou podminku FeSitelnosti soustavy linearnich nehomo-
gennich rovnic. Zhruba po dvaceti pracich lze pfifadit matematické analyze (pfevaZzuje teorie
theta funkci a funkci eliptickych) a teorii Cisel (pifevaZuje teorie kvadratickych forem). Oddéli-
me-li asi deset praci, které jsou vénovany diferencidlnim rovnicim, zistdvaji jednak ojedinélé
publikace z jinych obora (geometrie, krystalografie), jednak $est praci (spise pfileZitostnych ¢lan-
ki), vénovanych vyro¢im znamych matematikii, jejich umrti atp. (Euler, Mertens, Weber, De-
dekind, Kronecker).

Na druhé strané je zajimavé sledovat, jak se ménil Frobenitlv zdjem, pokud Ize v tomto sméru
z publikaci usuzovat. Do roku 1879 je to teorie funkci a diferencialni rovnice. Zajem o diferen-
cialni rovnice tim konéi, v teorii funkci Frobenius pokracuje, ale za¢ina téz publikovat prace
z teorie kvadratickych forem a algebry. Publikace z mat. analyzy ustdvaji v r. 1889. Zajem o al-
gebru a kvadratické formy trva a v poslednim desitileti svého Zivota se specializuje na teorii téles
a Fermatiiv problém. Casové je také zajimavé, Ze nejplodnéjsi roky byly ¢tyfi 1896 a 1911 (po
Sesti pracich, 1880 a 1903 (po péti pracich).

Dodejme jeité, ze v prvnim dile je zafazena Frobeniova fotografie a vzpominka C. L. Siegela
na Frobeniova léta v Berliné€ (1915—17). Na zavér je zafazen uplny seznam jeho praci.

Bretislav Novdk, Praha

J. C. Oxtoby: MASS UND KATEGORIE, Hochschultexte, sv. 3, Springer-Verlag, Berlin—
Heidelberg— New York 1971, str. 112, cena DM 16,—.

Recensovand publikace je preklad anglického origindlu a vychdzi v nové Springové edici
,,Hochschultexte*‘, kterd ma obsahovat v podstaté uvodni informaci z riznych obortt matematiky.
Autor sam vyty¢uje dva okruhy problémi, kterym je knizka vénovana: existen¢ni dukazy v mate-
matice provadéné na zakladé Baireovy véty a dualita mezi mnoZinami nulové (Lebesgueovy)
miry a mnoZinami prvé kategorie. .

Skoro polovina kapitol celé kniZky je vénovana vybudovani potfebného aparatu teorie miry,
metrickych a &aste¢né i topologickych prostori. Zbytek obsahuje fadu tématickych celka,
z nichz vybereme nejdilezitéjsi.

Druh4 kapitola spadd vlastn& do teorie ¢isel, presnéji do teorie diofantickych aproximaci.
Autor zavadi pojem Liouvilleova &isla (tj. takové iracionélni &islo «, Ze nerovnost |gx — p| <
< ¢~ " m4 pro kazdé pfirozené n feleni v celych p, g, ¢ > 0), dokazuje transcendentnost t&chto
&isel a déle, Ze mnoZina Liouvilleovych &isel md miru nula (dokonce nulovou Hausdorffovu
dimensi). Na druhé stran& viak Liouvilleova &isla tvofi ,,residuel®, tj. jejich doplnék je mnoZina
1. kategorie.

Zajimavy a skoro b&Zn&€ nezndmy je obsah $esté kapitoly: Banach-Mazurova hra. Bud dén
uzavieny interval /. Hra¢ (A) obdrZi podmnoZinu A4 < I, hri¢ (B) jeji doplnék B = I, — A.
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Vlastni hra je vlastné postupné definovani posloupnosti uzavienych intervald Iy o I, o I, o ...
tak, Ze hra¢ (A) uréuje postupné ,.liché* intervaly, hra¢ (B) ,,sudé': Obsahuje-li pranik N7,
alesporii jeden bod mnoziny A, vitézi hra¢ (A); v opa¢ném ptfipadé hrac¢ (B). Pfirozené vznika otaz-
ka, jak dalece volba mnozZiny 4 uruje vitéze. Plati tato zajimava véta: ,,Vitézna** strategie pro
hrace (B) existuje, pravé kdyZ mnozina A je 1. kategorie. Za piedpokladu, Ze mnoZina A ma Bai-
reovu vlastnost, lze dokonce tvrdit, Ze je-li 4 prvni kategorie, ma vit€znou strategii hrac¢ (B),
jinak hrac (A).

Jedendctd kapitola obsahuje znamy Banachtv dikaz existence spojité funkce, kterd nema
kone¢nou derivaci v zidném bodé a obvyklé poznamky o Bezikovi¢oveé funkci a Saksové vété
s tim souvisejici. V Ctyfstrankové kapitole tfinacté jsou studovany automorfismy jednotkového
intervalu I = (0, 1>, tj. homeomorfni zobrazeni I na I. Je-li H mnoZzina viech téchto automor-
fismi, tvoii H mnozinu typu G5 v C = C(0, 1); je to tedy topologicky Uplny prostor (pfisludna
metrika, pfi niZ je H Gplny metricky prostor je napf. o(f, h) + o(f ~ 1, h™ 1), kde ¢ je metrika v C).
Zajimavé jsou nyni tyto véty: Je-li ddna mnozina 4 < I 1. kategorie, pak pro vSechna he H az
na mnozinu 1. kategorie (v H) je h(A) nulova mnozina. Dale: Je-li f omezena funkce na / s mno-
zinou bodu nespojitosti U, pak funkce f(#) je Reimannovsky integrovatelna pro vSechna s € H,
pravé kdyz U je spocetnd a pro alespoii jedno A € H, pravé kdyz U je 1. kategorie. Kone¢né je
zajimavé, ze mnozina 4 < [ je 1. kategorie, pravé kdyz existuje & € H tak, ze h(A) je Easti nulové
mnoziny typu F,.

Ctrnactda patnacta kapitola vySetfuji, jak se prenaseji jisté vlastnosti mnoziny Ec P X Q
na mnoziny ,,fezi** E, = {y € Q; [x, y] € E}, a to jak ve smyslu miry, tak i ve smyslu kategorii
(Fubiniova véta a véta Kuratowského-Ulamova).

Kapitoly sedmndact a osmnact obsahuji studium posloupnosti {T"x},f‘;o. kde T je zobrazeni
jistych vlastnosti. Zejména je dokdzana Poincarého véta (je-li 7 homeomorfni zobrazeni omezené
oteviené mnoziny G < E, na sebe, které zachovdva miru, potom aZ na nulovou mnozinu 1. kate-
gorie viechny body x € G jsou rekurentni vzhledem k 7, tj. pro kazdé okoli U bodu x je mnoZina
U N {T"x}$% o nekoneénd) a je (metodou kategorii) ukdzand existence automorfismu T jednotko-
vé krychle K < E, na sebe tak, ze pro vhodné x € K je mnozina {T"x}%% _ ., hustd v K (dokonce
toto plati pro viechny body x € K s vyjimkou mnozZiny prvé kategorie).

Z4avér knihy je vénovan podrobnéj§imu studiu jisté duality mezi nulovymi mnozinami a mnoZi-
nami 1. kategorie. JiZ v pfedchozich kapitolach byla tato podobnost na konkrétnich pfipadech
zdiraznéna. V r. 1934 ukdzal Sierpifiski, Ze za pfedpokladu platnosti hypotézy kontinua existuje
prosté zobrazeni E; na sebe takové, Ze f(E) ma nulovou miru, pravé kdyz E je prvé kategorie.
Zobecnéni a zpfesnéni pochazi od Erdose z r. 1943: Za predpokladu platnosti hypotézy kontinua
existuje prosté zobrazeni E; na sebe takové, ze f = f"1 a f(E) ma nulovou miru (je prvé katego-
rie), pravé kdyz E je prvé kategorie (ma nulovou miru). Z této véty pochopitelné plyne dualita
vyrokd o mnoZinach nulové miry a mnozinach prvé kategorie, pokud oviem pouZijeme pouze
pojmu ,,Cisté teorie mnozin. Pro pfiklad uvedme jen tyto dvé véty: Kazd4d mnoZina M < E,
druhé kategorie obsahuje mnozinu N, mohutnosti kontinua a takovou, Ze kazdé jeji nespocetnd
Cast je 2. kategorie (Luzin 1914). Kazdd mnoZina M < E, kladné vnéj3i miry obsahuje mnoZinu N,
mohutnosti kontinua a takovou, Ze kazda jeji nespodetna ¢ast ma kladnou vné&jsi miru (Sierpinski
1924). Kniha obsahuje pochopitelné pfikladii celou fadu, dokonce princip duality je dale rozSifen
na fadé prikladl pro pojmy Baireova vlastnost a méfitelnost.

Celkem moZno shrnout, Ze tato pe€livé psana knizka obsahuje nestandardni a zajimavy material
a lze ji doporucit kazdému zdjemci. Snad lze jen litovat, Ze ttly rozsah knizky nedovolil autorovi
rozsahlejsi pfehled vyuziti Baireovy véty v matematice; fada téchto zajimavych vysledki je jen
roztrousena v Casopisech a mnohdy i zapomenuta.
Bretislav Novdk, Praha
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Claude Dellacherie: CAPACITES ET PROCESSUS STOCHASTIQUES. Vydalo naklada-
telstvi Springer-Verlag, Berlin - Heidelberg - New York, jako 67. svazek kniznice Ergebnisse der
Mathematik und ihrer Grenzgebiete v roce 1972. Stran 155. Cena DM 44,—.

Kniha patii do odvétvi teorie pravdépodobnosti, které vzniklo z potfeby logického ospravedI-
néni intuitivnich uvah a nahrazuje pravdépodobnostni intuici schopnosti pfedstavovati si slozité
mnozinové konstrukce. Doobova kniha ,,Stochastic Processes*, vysla pied dvaceti léty poprvé
pojednavala systematicky o nahodovych procesech z hlediska teorie miry. Vyvoj teorie nahodo-
vych procesti, nasledujici po vyjiti této knihy, uspokojivé v ramci teorie miry rovnéz vyfiesil
z nazoru ziejmy piedpoklad, Ze markovovska resp. martingalova vlastnost zistava zachovana
vzhledem k ndhodnym ¢astim, nezavislym na budoucnosti. Takové ¢asy jsou struénéji nazyvany
markovovskymi a v teorii martingalii to mohou byt doby, kdy se hra¢ rozhodne k ucasti ve hie
na zékladé pfedchozich vysledkii. Nutnost zabyvati se podrobné markovovskymi ¢asy byla zdu-
raznéna aplikacemi Markovovych procest v teorii parcialnich diferencialnich rovnic a v teorii
potencidlu, zapo€atymitaké J. L. Doobem. V téchto aplikacich jsou markovovské Casy dulezitym
nastrojem a bylo proto tfeba mit jejich teorii zpracovanu na drovni exaktnosti srovnatelné
s oblastmi, v nichZ jsou aplikovany. Dulezita soubornda prace Huntova ,,Markovovy procesy
a potencidgly** z roku 1957 byla na programu pafizského seminafe profesori M. Brelota, G.
Choqueta a J. Denyho v roce 1960—61. Hlavnim prednasejicim byl profesor P. A. Meyer,
pozdé&jii tviirce dnes jiz proslulého seminafe o Markovovych procesech na université ve Strasbur-
ku. Ze strasburského seminare také pochdzi recensovana kniha.

Kniha je rozdélena na dvé ¢asti. Cast A s ndzvem Teorie aproximace zdola ma dvé kapitoly.
Zakladnim obsahem prvni je Choquetova véta o kapacitach. Pozoruhodny dikaz nepouziva
teorie analytickych mnozZin. Druha pojednava o borelovskych mnozinach, jezZ jsou sjednocenim
nespofetného systému disjunktnich mnozin nenulové kapacity. Vyuziva se v ni teorie kapacit
k zobecnéni takovych tvrzeni jako je Alexandrovova-Hausdorffova véta fikajici, Z= nespodetnéd
mnoZina v kompaktnim metrickém prostoru obsahuje nespocetnou kompaktni podmnozinu.

Cast B ma nazev Obecna teorie procest. Vychazi se z prostoru s pravdépodobnostni mirou
(2, #, P), na kterém je definovan rostouci systém o-algeber #,, 1 € RT. # , obsahuje ndhodné
jevy, o nichz se v Case ¢ urcité vi, zda nastaly ¢i nenastaly. Kapitola tfeti je vénovana marko-
vovskym &astim. Tak se nazyva nezdporna ndhodna veli¢ina T, plati-li {T <t} e #,, te R,
Zavédi se pojem piedvidatelného a dosazitelného m. Casu, definuje se g-algebra # . S pomoci
Choquetovy véty se fe$i dilezité otazky méfitelnosti, souvisejici s m. €asy. Ctvrta kapitola se
tykd podmnozin kartézského sou¢inu (RY, #) ® (2, #). Rezy A(w) mnoziny Ac B ® F lze
interpretovati jako ndhodnou mnozinu ¢asovych okamzik. Autor se soustfeduje na mnoziny,
jejichz pribeh lze vhodné postihnout m.-¢asy. (Napf. poéatek mnoziny inf A(w).) Zavadi c-al-
gebry, generované nahodnymi intervaly [S, T, kde S a T jsou m. ¢asy. Podle toho, zda tyto ¢asy
jsou libovolné, dosazitelné ¢i predvidatelné, vznikaji g-algebry mnozin dobfe métitelnych, dosa-
zitelnych a predvidatelnych. VySetfuji se vlastnosti téchto o-algeber zejména ve vztahu k ndhodo-
vym procesim a k integraci vzhledem k monoténnim procesim. Kapitola patd pojednava
o supermartingalech a o projekcich procesi do prostort funkci, méfitelnych viaci vyse uvedenym
o-algebram. Posledni kapitola je vénovana nékterym specidlnim vlastnostem nahodnych mnoZin.
Jako ptiklad uvedme tvrzeni: Je-li A dobfe méfitelnd a A(w) spoletnd pro kazdé o, potom A(w)
je sjednocenim posloupnosti grafii m. ¢asti. Jsou studovany rovnéz nékteré topologické vlastnosti
ndhodnych mnozin. :

K Zetbé knihy je zapotiebi zb&hlost v teorii miry, k pochopeni motivace vysledk jisty piehled
o pracich francouzské $koly teorie pravdépodobnosti, zejména Meyerova $trasburského seminate.
Kniha obsahuje velké mnozZstvi definic, které jsou vSak vhodné voleny, a jejich zapamatovani je
usnadnéno sugestivnimi ndzvy (hoblovéni, dl4Zdéni, mosaika apod.) Jedna se o dilo skute¢né
pozoruhodné a, vezmeme-li v ivahu sloZitost pfedmétu, také elegantni.

Petr Mandl, Praha
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S. Kobayashi: TRANSFORMATIONS GROUPS IN DIFFERENTIAL GEOMETRY.
Ergebnisse d. Math. und ihrer Grenzgebiete, Bd. 70. Springer-Verlag, Berlin— Heidelberg— New
York 1972. Str. VI + 182, cena DM 52,—.

Obsah knihy je dan titulem. Jednim ze zdkladnich objekti matematického vySetfovani je
ziejmé grupa automorfismt dané struktury. V diferencidlni geometrii mame obvykle diferencova-
telnou varietu a na ni urcitou strukturu, ptdme se na to, jak vypada grupa difeomorfismi, zacho-
vavajicich tuto strukturu. NapF. nds zajima, je-li tato grupa Lieovou grupou, jakou ma maximalni
dimensi apod. Strukturou zde rozumime ponejvice G-strukturu; podle Kobayashiho ndm dvé
dali bohové (Riemannovu a komplexni), ostatni jsou produktem nizsich lidskych mysli. Tohoto
(patrn€ rozumného) ndzoru se autor pfidrzuje hlavné v tom, Ze uvedenym dvéma strukturam
vénuje hlavni pozornost.

V prvni kapitole si autor v§ima automorfismii obecnych G-struktur. Jsou uvedeny &etné pii-
klady G-struktur a jejich zakladni vlastnosti. Ukazuje se, Ze grupa automorfismt G-struktury,
ktera je kompaktni eliptickd nebo kone¢ného fadu, je Lieova grupa. Velka pozornost je vénovana
symplektickym a kontaktnim strukturdm. Zavér kapitoly je vénovan vztahim mezi G-struktura-
mi, pseudogrupami a filtrovanymi Lieovymi algebrami, nejsou v§ak uvedeny zadné véty, coZ je
jisté nedostatek. Druhd kapitola se zabyva grupou g(M) isometrii Riemannova prostoru M.
Jsou nalezeny prostory s maximalni moznou grupou, tj. dim g(M) = 4n(n + 1), kde n == dim M.
Grupa g(M) neobsahuje uzaviené podgrupy h, pro néz in(n — 1) + 1 < dim 4 < %n(n + 1).
Je nalezena struktura viech M, pro néZ g(M) obsahuje podgrupu 4 s dim h = 4n(n — 1) + 1.
Dalsi vysledky se tykaji variet M, pro né€z g(M) je koneénd (napi. Ricciho forma je negativni).
Velkd pozornost je udélena pevnym bodim isometrii resp. nulovym mistim infinitesimalnich
isometrii. V tfeti kapitole se studuji automorfismy komplexnich variet. Jsou uddny typy variet,
jejichz automorfismy tvoii Lieovu grupu (kompaktni, hyperbolické) resp. grupu kone¢nou (zédpor-
na prvni Chernova tfida, kompaktni hyperbolické, nesingularni algebraické nadplochy v projek-
tivnim prostoru). Dalsi paragrafy studuji Lieovu algebru holomorfnich vektorovych poli Kéhle-
rovy variety. Posledni kapitola je kone¢né vénovdna grupiam automorfismli prostort s afinni,
konformni a projektivni konexi. .

Charakterisace knihy mi déla znaéné potize. Neni to ucebnice (n€kdy se predpoklddd znalost
dosti slozitych véci) ani monografie (vysledky nejsou zdaleka tplné). Snad je tedy kniha nejspise
,,popularnim*‘‘ ivodem do velmi dulezité partie diferencidlni geometrie s podrobnym soupisem
literatury.

Alois Svec, Praha

N. Bourbaki: ELEMENTS DE MATHEMATIQUE, Fasc. XXXVII, GROUPES ET AL-
GEBRES DE LIE. Chap. 1I: Algébres de Lie libres; chap. III: Groupes de Lie. Actualités scienti-
fiques et industrielles 1349. Hermann, Paris 1972. Stran 320, cena neudéna.

Druhd kapitola knihy navazuje bezprostfedné na Bourbakiho algebru (Algebre I, 1970).
Obalujici algebry Lieovy algebry byly jiz probrany v prvni kapitole (vydédni z r. 1971), zde se z nich
tvoii bigebra a studuje se jejich struktura. Déle jsou uvedeny zdkladni viastnosti volnych algeber
a jejich obalujicich algeber. Zavérecné &asti jsou pripravou nasledujici kapitoly a pojednavaji
o Hausdorffovych fadach a jejich konvergenci. Tfet{ kapitola je vénovana vlastni teorii Lieovych
grup nad télesem redlnych nebo komplexnich &isel nebo nad komutativnim ultrametrickym
télesem. Nejprve je uvedena obvykla teorie (definice, podgrupy, morfismy, homogenni prostory,
lokdlni definice). Lokdlni Lieové grupé se fika groupuscule, je uvedena i jejich teorie. K Lieové
grupé je konstruovana pfislu§na Lieova algebra, adjungovana representace a Maurer-Cartanovy
formy. V dal3i ¢asti se k Lieové algebfe konstruuje pfislu$na jednoduse souvisla Lieova grupa.
Podrobné se studuje struktura mnoziny automorfismi Lieovy grupy.
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Cetba knihy vyZaduje neustilé konsultace s Bourbakiho Algebrou a Diferencovatelnymi
varietami a neni tedy lehkd. Velmi zajimava jsou ov8em cvieni, kterd néasleduji po obou ka-
pitolach.

-

Alois Svec, Praha

Roman Sikorski: DIFERENCIALNI A INTEGRALNI POCET. FUNKCE VICE PRO-
MENNYCH. Academia, Praha 1973. Naklad 3500 vytiskli. Czna vdzaného vytisku 39,— Kc¢s.
Podle druhého, zménéného a doplnéného, polského vydani z roku 1969 pielozil Doc. dr. Ilja
Cerny, CSc.

Pievazna &ast recenzované knihy (jeji kapitoly IV—IX) jsou nevelkou modifikaci pfednasky
z difzsrencidlniho a integralniho poc¢tu funkci vice proménnych, kterou autor konal na Varsavské
université v roce 1963/64. Zbyvajici kapitoly jsou zafazeny pro tplnost a snadnéj$i odkazy na
tvrzzni obsazend v téchto kapitolach.

Kniha, ktera je schvilena jako pfiru¢ka pro vysoké $koly universitniho sméru, obsahuje
predmluvu, informaci pro &tenare, deset kapitol, seznam citované literatury, seznam symboli,
rejstiik a doslov.

Kapitola I (Zakladni mnozinové pojmy) zacina tak, jako zac¢ina témér kazda kniha o zdkladech
matematické analyzy, tj. opzracemi s mnoZinami a pojmem zobrazeni. Navic je pojednano o po-
sloupnostech redlnych ¢isel a jzjich limitach. Se zakladnimi geometrickymi a algebraickymi pojmy
(tj. napf. bod, vektor, matice, determinant, linearni a multilinedrni formy, multiindexova matice,
zobrazeni) je Ctenaf sezndmen v kapitole II. Vlastnosti metrickych prostorti a zobrazeni mezi
takovymi prostory jsou zkoumdény v kapitole II1. Kapitola IV pojednava o d ferencovani redlnych
funkci vice promé&nnych. Nejdfive se definuje derivace ve sméru, pak derivace funkce (tj. gradient)
a totdlni diferencidl. Déale se studuji derivace vysSich fadu a jejich vyuziti pfi hledani extrému
funkci. Teorie zobrazeni je ndzev kapitoly paté, ve které se zavadéji pojmy z kapitoly IV — nyni
viak pro vektorové funkce. Dokazuji se zdkladni véty o diferencovatelnych zobrazenich (napf.
véta o dsrivaci slozeného zobrazeni) a v § 4 (Re$eni rovnic) se dokazuje véta o implicitnich funk-
cich (tento svétov€ pouzivany nazev vSak ¢étenafovi neni prozrazen). Vétou o lokdlnim difeo-
morfismu, definici nadplochy a hleddnim extrému s vazbou (tzv. véta o Lagrangeovych ¢&initelich)
kon¢i tato kapitola. Teorie miry (kapitola VI) je vyloZzena na 31 strance (kapitola obsahuje:
mnoZinové algebry, definice miry, rozklad intervalu, vnéj§i Lebesgueova mira, méfitelné mnoziny,
charakterizace méfitelnych mnozin v eukleidovském prostoru). Domnivam se, Ze na Matematicko-
fyzikdlni fakulté Karlovy univarsity v pfednaskach pro druhy ro¢nik a v knize V. Jarnika Integral-
ni poéet II je teorii miry vénovana podstatné vét3i pozornost. Abstraktni Lebesguetiv integral je
vybudovan a jeho zékladni vlastnosti (hlavné véty o l:mitnim pfechodu za integraénim znamenim)
jsou dokazany v sedmé kapitole, dali kapitola (VIII) pak pojednava o integralu v eukleidovském
prostoru (Fubiniova véta, véta o substituci, neur&ity a nevlastni integral).

Pro Ceské Etendfe je asi nejvétsim piinosem této knihy jeji devata kapitola o integralech pfes
nadplochy a télesa. Tato problematika vychéazi (kromé uéebniho textu Integrdlni poéet II autora
I. Cerného a J. Maftika) zpracovana v &eském jazyce prvné&. C:ly vyklad téméF stostrankové kapi-
toly o plo§ném integralu kon¢i ditkazem véty Gaussovy-Ostrogradského pro dosti obecné mno-
Ziny.

Posledni kapitola (X) obsahuje nékolik informaci o diferencidlnim po&tu pro zobrazeni
v normovanych prostorech, Bzttiho grupach, de Rhamové vété a diferencovatelnych varietach
(v8echno pouzs formou poznamek a bez dikazh). ’

Domnivam se, Zz diikazy nékterych vét jsou dosti stru¢né. Autor v uvodu pise, Ze se rozhodl
pro drasticky fez v symbolice (ve svétové literatufe bylo jiZ koncem padesatych let analogické
oznadovani v diferencidlnim po&tu pouZivané). Na nékterych mistech je revolu¢nost v oznadeni
pfehnand (napf. determinant &tvercové matice A4 je oznaovan /A4/, vypisujeme-li prvky matice A4,
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pak jsou &arky rovné a |4| znamena absolutni hodnotu determinantu matice A4). Zavést lim sup,
lim inf a odtud teprve definovat limitu posloupnosti se mi z pedagogického hlediska nezdd
vhodné. Kdyby byl definovan diferencidl pro zobrazeni mezi normovanymi prostory (stacilo by
kone¢né dimense), zjednodusila by se formulace né€kterych vét kapitoly paté.

Prieklad je proveden peclivé. Mél bych pouze nékolik drobnych pfipominek a vyhrad. Napft.
na str. 25, 10— 11 fadek shora, se nedopatienim mluvi o rovnych zobrazenich, definice fady (na
str. 29 nahofte) je mi zcela nesrozumitelna (a je nékolik moznosti, kde by mohla byt chyba), termin
zobecnéna funkce pouzivany pro funkce nabyvajici i nekone¢nych hodnot koliduje s uZivanym
terminem pro distribuci. Ctenafi se predkldd4d celd fada novych pojmi. Pro& se mu tedy zaté-
zuje paméf terminem verzor, misto pouziti vystizného terminu jednotkovy vektor?

Typografickd aroven je na vysi, v knize je celkem béZné mnozstvi nezdvaznych tiskovych chyb.
Pro lepsi orientaci ¢tendfe by mohly byt graficky oddéleny dikazy od definic a vysvétlujiciho
textu. V knize se $etfi zdvorkami a mdm dojem, Ze napt. formule na str. 32 by si n&jakou zadvorku
navic zasluhovaly (jedna se o priru¢ku pro posluchace vysokych skol!).

Kniha je vhodnym dopliitkem a dodatkem ke studiu Jarnikovych knih Diferencidlni pocéet II
a Integrdlni pocet II. Jisté je a bude na kniznim trhu vitdna (vZdyt je to jedina kniha o diferencidl-
nim a integralnim po&tu pro studenty vysokych kol universitniho sméru, kterou je mozno v sou-
¢asné dobé zakoupit), i kdyZ si myslim, Ze zvoleny pfistup i forma vykladu vyvolaji v matematické
obci mnoho diskusi. Vzejde-li v§ak z téchto diskusi néjaky navrh na novy pfistup k pfednasce
o plo$ném integrdlu vhodné pro posluchace druhého roéniku MFF (méné naro¢ny na ¢as a kvan-
tum pfedbéZnych znalosti) ¢i ukaze-li se, Ze vhodné&jsi pro nase poméry je preklad nékteré z osvéd-
¢enych knih s touto tematikou, bude to dalsim kladem Sikorského knihy.

Svatopluk Fuéik, Praha

Z. Pirko, J. Veit: LAPLACEOVA TRANSFORMACE. SNTL & Alfa, Praha & Bratislava
1972. 248 stran, 74 obrizkl. Cena K¢s 22,—.

S podtitulem ,,Zaklady teorie a uZiti v elektrotechnice** vychdazi tato vysokoskolska ucebnice,
uréend poslucha¢im a absolventiim elektrotechnickych fakult vysokych $kol technickych, jiz
ve druhém vydani (prvni vy$lo v roce 1970). Jak vyplyvd uZ z nazvu, pojednava kniha predev§im
o Laplaceové transformaci (kap. I— X), kapitola XI je vénovdna Fourierové transformaci a ka-
pitola XII transformaci £. Zavér tvofi pfehled vzorci a tabulka (slovnik) Laplaceovych transfor-
maci dtlezitych (pfedevsim raciondlnich) funkci.

Druhé vydani je oznafeno jako ,,opravené‘‘; zfejmé byly odstranény nékteré drobné nepiesnosti
obsazené ve vydani prvnim, nebof vnéjsi tipravou se ob& vydani od sebe vibec neli§i (zb€znym
porovnanim lze zjistit, Ze misto stfidavého n— c0 a n— + o0 se ve druhém vyddni v limitach
objevuje dusledné jen n— +0). Snad by druhé vydani stdlo alespoii za novou pfedmiuvu
(slova ,,v posledni dobé* maji v roce 1972 jiny smysl neZ v roce 1970) a za doplnéni seznamu
literatury (posledni citace je z roku 1967; ¢tenaf by se mél alespoit dozvédét napf. o Doetschovi).

Redakce
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Casopis pro p&stovani matematiky, roé. 99 (1974), Praha

ZPRAVY

K SESTDESIATINAM AKADEMIKA STEFANA SCHWARZA

JAN JakuBik, KoSice a MiLAN KOLIBIAR, Bratislava

Dia 18., maja 1974 doZiva sa 60 rokov popredny CGeskoslovensky matematik
akademik STEFAN SCHWARzZ. S jeho menom sa spija nielen rozvoj matematiky na
Slovensku, vychova a usmeriiovanie vedeckého dorastu v matematike, ale aj rozvoj
SirSich oblasti nasej narodnej kultury,

Prof. Schwarz sa narodil v Novom Meste nad Vahom. Stredo$kolské §tudium
ukondéil v roku 1932 vo svojom rodisku na tamoj$om reformnom realnom gymnéaziu.
Vznik svojho zaujmu o matematiku vyli¢il sim nedavno v spomienkovom &lanku
[C49], ktory okrem toho aj sugestivnym spdsobom zachycuje atmosféru za&inajucich
matematikov (a nielen matematikov) po&iatkom 30. rokov.

Akademik S. Schwarz za&al svoju vedecku &innost na Karlovej univerzite v Prahe,
kde v r. 1936 ukondil §tudia a p6sobil do roku 1939 ako asistent. V roku 1939 presiel
ako asistent na novozriadenu Slovensku vysoki $kolu technicki do Martina. Na tejto
$kole, ktora sa neskorsie prestahovala do Bratislavy, pdsobi dodnes. R. 1946 sa habi-
litoval za docenta na Prirodovedeckej fakulte Univerzity Komenského a r. 1947 bol
menovany profesorom matematiky. Roku 1952 bol zvoleny za ¢Elena-koreSpondenta
Ceskoslovenskej akadémie vied. Za riadneho &lena — akademika Slovenskej akadé-
mie vied bol menovany pri uzdkoneni Slovenskej akadémie vied v roku 1953. V roku
1960 bol zvoleny za akademika Ceskqslovenskej akadémie vied. V Slovenskej akadé-
mii vied a Ceskoslovenskej akadémii vied zastaval rad vyznamnych funkcii. V rokoch
1965—1970 bol predsedom Slovenskej akadémie vied a podpredsedom Ceskosloven-
skej akadémie vied. Od 1. januéra 1964 je externym riaditefom Matematického ustavu
Slovenskej akadémie vied.

Zivotné jubileum zastihuje akademika Schwarza v obdobi intenzivnej vedeckej
prace. Vzhladom k hibke a rozsahu vysledkov jeho vedeckej prace nie je moZné
v tomto kratkom ¢lanku podat stiborné zhodnotenie jeho vedeckych prac; daju sa
struéne zaznamenat len najdoéleZitejSie tematické okruhy, do vyvoja ktorych v pod-
statnej miere zasiahol, a ukazky niektorych typickych vysledkov akademika Schwarza
z tychto tematickych oblasti.

Vedecké prace akademika Schwarza sa stistreduji na algebru a tedriu éisel. K orien-
tacii na algebraické otazky stvisiace s tedriou &isel in$piroval S. Schwarza jeho ugitel,
vyznamny matematik KAREL PETR, profesor Karlovej univerzity.
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Nadvizujic na vysledky K. Petra zaoberal sa §. Schwarz vo svojich prvych pracach
otazkami, tykajlcimi sa ireducibility polynémov nad obormi integrity. Do tejto
skupiny patria prace [1], [4], [7], [9], [11], [15]. I8lo o problematiku, ktori je
moZné v ramci vyvinu matematiky povaZovat za klasicka; ziskaf nové vysledky
v tejto do zna¥nej hibky prebadanej oblasti bolo, prirodzene, niroénou a obfaZnou
ulohou.

Dalsie prace akademika Schwarza st venované problematike rozloZiteInosti poly-
némov nad koneénym telesom na suéin ireducibilnych polynémov. Su to &¢lanky
[2], [3], [10], [16], [38], [49], [50], [55], [56]. Jednou z hlavnych uloh, ktoré si
v tychto pracach §. Schwarz poloZil, bolo stanovenie explicitnych formiil pre ur&enie
podtu o, navzéjom rdznych ireducibilnych &initeov stupiia k pre dany polyném f(x)
nad koneénym telesom. V tomto smere najprv zoveobecnil vysledky, vzfahujiice sa
na binomické polynémy mod p, ako aj vysledky Radosa, Hurwitza a Turdna. Potom
riesil (menovite v pracach [38] a [50]) celkom vSeobecne tito otazku:

Nech fi (x) je polyném stupiia m nad koneénym telesom GF (q) UvaZujme o sustave
m-—1
=Y ¢;x) (modf(x)) 0<is<m-1)
j=0

a nech C je matica (¢;;). V citovanych pracach akademika Schwarza je odvodeny rad
vysledkov o vzfahoch medzi maticou C a hodnotami a,.

Otazka rozloziteInosti polynémov nad koneénym telesom na stéin ireducibilnych
polynémov nadobudla v poslednych rokoch mimoriadnu aktuélnost v suvislosti
s teriou kédovania ako aj v sivislosti s radarovau technikou. E. Berlekamp vypraco-
val v rokoch 1967 —71 metddy strojového rieSenia tejto \ilohy. V praci [D7] uvadza,
Ze S. Schwarz nasiel (v roku 1956) ako prvy zasadné rieenie a objavil vyznam mati-
ce C, ktora je podkladom metédy pre strojové rie$enie uvedenej ulohy.

Znatny ohlas v matematickej literatire mali &lanky [12], [13], [14], [17], [19].
[35], v ktorych sa Studuje rieSiteInost rovnice

(1) ax¥*+...+axt+b=0

nad kone&nymi resp. lokalnymi telesami. Speci4lne sa skiimal pripad @, = ... = a, =
= 1 (ide o tzv. Waringov problém); pre tento pripad dosiahol 8. Schwarz zostrenie
vysledkov Tornheima a Rédeiho. Ako typicky uvedme nasledujici vysledok dokaza-
ny v [12]: Nech n, k si prirodzené &isla a nech p je prvogislo, 6 = (p" — 1, k) <
= p— 1. Nech a; = ... = a, = 1. Potom existuje najmensie prirodzené ¢&islo s
s tou vlastnosfou, Ze rovnica (1) mé rieSenie s hodnotami x; € G F(p") pre kazdé
be G F(p"); pritom 1 < s £ 6.

Podstatna &ast vedeckych prac akademika Schwarza je venovana tedrii pologrup.
S. Schwarz patri medzi matematikov, ktorf vybudovali zdklady tejto tedrie. V obdobi,
ked vy3la jeho prva praca z tejto oblasti (1943), neexistovala elte nijak4 teéria polo-
grip. Existovala kniha A. K. Sudkevida [D6] a v rokoch 1941—43 vy3lo niekolko
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malo prac A. H. Clifforda, P. Dubreila a D. Reesa. Netreba zdoraziiovat, Ze tieto
préce boli v tom &ase u néis celkom nepristupné. UZ prva praca S. Schwarza o polo-
grupéch [8] prinia nielen aktualne vysledky, ale aj rad metodickych prostriedkov
na skimanie $pecidlnych otazok tedrie pologrip, ktoré sa neskorsie dobre osveddili.
V tejto praci sa po prvy raz objavuje v literatire pojem maximalnych grup danej
pologrupy, pojem radikélu pologrupy a v podstate aj pojem idedlu pologrupy, vedo-
me pouZity na $tidium 3truktiry pologrip. V celom rade prac objasnil S. Schwarz
vyznam idempotentov a idealov pre $truktiru pologriip. Obzvlast detailne sa zaoberal
pologrupami, ktoré sa dajt rozloZit tak, Ze prisluné triedy rozkladu tvoria pologrupy
Specidlnych vlastnosti (napr. grupy, idedly urgitych typov, pologrupy spliiujice
pravidla o krateni, apod.). Od stidia koneEnych pologriip presiel k skiimaniu
periodickych pologrup [22], ktoré maji s konegnymi pologrupami niektoré analo-
gické vlastnosti. Pre uvedené triedy pologrup ziskal rad hlbokych 3trukturalnych
viet.

V préci [20] je dokdzana tato zdkladna veta. Jednoducha pologrupa, ktord ma
idempotent, je uplne jednoduché prave vtedy, ked ma aspoii jeden minimalny Iavy
ideal. V praci [21] sa po prvy raz Studuje podrobne sokel pologrupy. (Vysledky tejto
prace st z velkej asti prevzaté do kapitoly 6 knihy [D1, Vol. 2].)

Daldimi triedami pologrip, ktoré akademik Schwarz podrobne prebadal, st
duélne pologrupy [46], [75], [76]. Duélnymi pologrupami sa nazyvaji pologrupy
s nulovym prvkom, v ktorych systémy pravych a lavych idealov splyvaju so systéma-
mi uzavretych mnoZin pri Galoisovej konexii danej relaciou xy = 0. Ako typicky
vysledok uvedme nasledujicu vetu o dualnych pologrupach, dokazana v [76].
Nech S je dualna pologrupa bez nilpotentnych idedlov. Potom sa S da vyjadrit vo
tvare

S=uM,, M, Mg=M,nMy;=0 pre a=+p,

pri¢om kaZd4 z mnoZin M, je minimalny ide4l v S a zéroveii je M ;, duélnou pologru-
pou. KaZdé z pologrip M; je pritom tzv. Brandtova pologrupa. V pracach [46]
a [76] je dokézany aj rad viet pre dualne pologrupy, ktoré maji nenulovy radikal.

Algebraické vysledky ziskané Schwarzom (predovsetkym v pracach [8], [20]—[25])
pouZil neskdr A. D. Wallace (a jeho Ziaci) pri rozvinuti tedrie topologickych polo-
grup. :

Dalgia séria prac akademika Schwarza sa tyka charakterov pologriip. Charakterom
komutativnej pologrupy S sa rozumie zobrazenie y pologrupy S do mnoZiny viet-
kych komplexnych &isiel, také, Ze je x(ab) = x(a) x(b) pre kazdé a, be S. Ak pre
charaktery y, Y polozime (x¥) (a) = x(a) y(a), potom mnoZina vietkych charakte-
rov na S tvori pologrupu S*. Pre.viaceré triedy pologriip podarilo sa 8. Schwarzovi
popisat Strukturu alebo ddleZité vlastnosti pologrupy S*; pre koneéné komutativne
pologrupy v &lankoch [26], [27], [28], pre topologické kompaktné pologrupy v &léan-
koch [32], [36], pre multiplikativnu pologrupu zvySkovych tried mod n v praci [43].
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Ako priklad uvedme niektoré z vysledkov &lanku [26]. Nech S je koneéna komu-
tativna pologrupa a nech E = {e;} je mnoZina vietkych idempotentov pologrupy S.
Pripomeiime najprv, Ze kazdému idempotentu e; zodpovedd maximélna podpolo-
grupa P; a kaZd4 pologrupa P; obsahuje maximalnu grupu G; (porov. [8]). V préci
[26] sa dokazuje, Ze mnoZina E* vietkych idempotentov v S* je polozviz, dudlne
izomorfny s polozvizom P = P’ U {S}, kde P’ je mnoZina vietkych prvoidedlov
pologrupy S. Dalej 8. Schwarz dokazuje, e S* je zjednotenim disjunktnych grip G
(pri¢om kaZda grupa G} je izomorfné s G;) a grupy {x,}, kde ¥, je jednotkovy prvok
pologrupy S*. Odvozuje sa tieZ explicitné pravidlo pre nasobenie idempotentov
pologrupy S* s grupami G}. Schwarzove vysledky z teérie charakterov (podrobne
reprodukované napr. v knihe [D1], Vol. 1, Chap. 5) sa stali vychodiskom radu prac
viac ako 20 zahraniénych autorov. Medzi¢asom boli najdené aj §iroké triedy polo-
grup, pre ktoré platia vety analogické klasickym vetim Pontrjaginovym z tedrie
lokalne kompaktnych grup.

Od 3tidia charakterov pologrip presiel S. Schwarz k 3pecialnejSej, ale déleZitej
problematike, a to k $tidiu mier na kone&nych pologrupidch a na topologickych
Hausdorffovych kompaktnych pologrupach. MnozZina mier na pologrupe s operaciou
konvolicie tvori pologrupu. Stidium vlastnosti tejto pologrupy tvori obsah pric
[40], [41], [53], [54] a [57]. Schwarzove vysledky v tejto oblasti zasadené do ramca
neskor§ieho vyvinu st podrobne zhodnotené napr. v prehladnej praci Williamsona
[D8]. Ako typické vysledky v tomto smere spomefime niektoré vysledky prace [40].
~ Nech S je kompaktnd Hausdorffova pologrupa. Predpokladajme, Ze pre kazdu
otvorenu podmnoZinu X je mnoZina Xa tieZ otvorenou mnoZinou. Nech u je miera
na Borelovych podmnoZinich mnoziny S, u(S)-= 1. Miera p sa nazyva sprava inva-
riantnou, ak plati y(E) = p(Ea) pre kaZdi Borelovu mnoZinu za predpokladu, Ze Ea
je tieZ Borelovou mnoZinou; analogicky sa definuje zlava invariantni miera. V préaci
[40] sa dokazuje, Ze ak S mé Iava invariantnii mieru aj pravi invariantni mieru,
potom uZ S musi byt grupou. St najdené nutné a postaujice podmienky pre existen-
ciu pravej invariantnej miery na S formulované pomocou existencie pravého idealu
s urditymi vlastnostami. V obsiahlej praci [53] su popisané (okrem iného) vietky
idempotentné miery na kone&nych nekomutativnych pologrupach.

Vysledky, ktoré S. Schwarz ziskal pre rozli¢né triedy abstraktnych pologrip,
vyuZiva pri $tudiu dodleZitych typov ¥pecidlnych pologriip. V pracach [61]—[70]
Studuje pologrupy matic s nezapornymi prvkami a pologrupy stochastickych matic.
U prvého typu pologriip vySetruje najma rozloZenie nulovych prvkov v postupnosti
mocnin danej matice. Pre druht z uvedenych tried pologriip okrem vysledkov o rozlo-
Zeni nenulovych prvkov dokazuje rad viet limitného typu. Vysledky tychto prac maji
pocetné aplikacie. _

V &éankoch [72], [73], [74], [77], [79] sa skumajii pologrupy binarnych reldcii.
O tejto tématike existuje v literatiire pomerne velky podet prac. Clanky akademika
Schwarza prin4$aji do tejto problematiky zovSeobectiujici pohfad a zaraduju
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jednotlivé problémy do rdmca tedrie pologrup. Aktudlnost tematiky zdoraziiuju jej
aplikécie v tedrii automatov.

Spomefime tu njektoré z vysledkov prace [72], ktor4 — hoci vysla len pred tromi
rokmi — nalla uZ velky ohlas v literattire. VaSina vysledkov prace ma kombinato-
ricky charakter. Nech S je pologrupa vetkych binirnych relicii na kone¢nej mnoZi-
ne M obsahujicej n prvkov. Pre g € S oznatme d(g) podet prvkov maximalnej grupy,
ktora je obsiahnutd v pologrupe generovanej prvkom g. Nech r(g) je najmensie
prirodzené &islo, pre ktoré ¢" je idempotentnym prvkom v S. Binarna reldcia g sa
nazyva reducibilnou, ak prisluind booleovskd matica je reducibilnd. Dokazuje sa,
Ze g je ireducibilnd prave vtedy, ked jej tranzitivny uzéver je kvadratickd binirna
relacia. Relacia ¢ sa da jednozna¢nym sp6sobom rozloZit na disjunktny sucet svojich
maximalnych ireducibilnych podrelacii a takych podrelécii, ktoré neobsahuju Ziadne
ireducibilné relacie. Rel4cia ¢ neobsahuje ireducibilné podrel4cie prave vtedy, ked
jej tranzitivny uzaver je nilpotentnym prvkom v S. Ak g je ireducibilna, potom Iubo-
volné dve z d(g) po sebe nasledujicich mocnin relécie ¢ su navzajom disjunktné.
Cislo r(e) sa v tomto pripade rovni najmensiemu z prirodzenych &isiel s, pre ktoré g*
je ekvivalencia na mnoZine M. Vysledky tejto prace maji tizky vztah k teorii nezapor-
nych matic.

V praci [73] bol rozriedeny problém kombinatorického razu tykajici sa binarnych
relacii, ktory zostaval dlho nerozrieSenym.

Velké &ast Schwarzovych vysledkov z tedrie pologrip je dnes pristupné v kniZnej
forme menovite v monografi4ch E. S. Ljapin [D3], A. H. Clifford - G. P. Preston
[D1], A. B. Paalman - de Miranda [D4], ako i v dalSich knih4ch z teérie pologriip
([D2], [D5]). Mnohé z nich sa stali medziasom vieobecnym majetkom 3pecia-
listov. '

Jeho vysledky su citované vo viac ako 250 pracach inych matematikov z mnohych
krajin sveta. Niektoré jeho vysledky sa uvadzaju aj v udebniciach (napr. v knihach
A. A. Alberta, P. Dubreila, L. Rédeiho, A. A. Costu) alebo monografiach z inych
oblasti (R. H. Bruck, E. Hewitt - K. A. Ross, G. Moisil, U. Grenander).

Charakteristickym rysom vedeckych prac S. Schwarza je snaha doviest vysledky
do tvaru &o najviac explicitného. Touto snahou je poznamenani aj metéda prof.
Schwarza: dosledne dava prednost postupom kon$truktivnym a dopracovéava tivahy
aZ do stavu ¢o najviac uzavretého a k iplnému popisu $truktiry skimanych objektov.

Tento rys sa prejavuje aj v knihdch a popularizaénych &lankoch akademika
Schwarza, ktoré sleduju pedagogické ciele. Citatefovi ukazuje ,,zadné myslienky*
teérie a dovddza ho a¥ k aplikicidm tedrie. Styl vykladu v tychto pricach je svieZi
a nékazlivy, dokdZe vzbudif zdujem Citatela. Tato metodika sa efte znasobuje pri
jeho praktickej pedagogickej &innosti. Jeho prednasky si povaZované za jedny z naj-
lepsich. (Pisatelia tychto riadkov vdaiia tejto metdde prof. Schwarza za mnohé pod-
nety a podnietenie zaujmu.)

Prof. Schwarz vedel okolo seba za poslednych 20 rokov sustredit rad slovenskych
matematikov, ktori publikovali préce z tedrie pologrip (J. Abrhan, J. Bosak. I.
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Fabrici, R. Hrmova4, J. Ivan, J. Kajan, B. Kolibiarova, D. Krajiidkova, F. Kriian,
B. Parizek, L. Satko, R. Sulka). UdrZiava osobny a pisomny styk s mnohymi mate-
matikmi v zahraniéi a ma tak aj rad nepriamych Ziakov vo viacerych krajinich sveta.

Ako ¢lovek so Sirokym matematickym rozhladom, presahujlicim daleko hranice
algebry a tedrie &isel, bol $kolitefom viac ako 20 kandidatov vied, Casto aj z odborov
dost vzdialenych jeho uZSej Specializicii. Treba vyslovne poznamenat, Ze i ked jeho
vlastna vedecka tvorba je zamerana skor teoreticky, ma rozsiahle znalosti z aplikécii
matematiky na fyzikalne a technické vedy. Nejde len o klasicki mechaniku a matema-
tick fyziku, z ktorych konal po roky prednasky, ale aj o rozsiahle partie diskrétnej
matematiky, ktoré sa v stvislosti s rozvojom pocitatov dostavaji do popredia zdujmu
Sirokych kruhov matematikov i inZinierov. Po roky kona prednasky postgraduélneho
charakteru pre pracovnikov vysokych §kdl, vedeckych a vyskumnych ustavov a po-
maha tak $irit matematicku kulttru medzi $ir§ie vrstvy vedeckych pracovnikov, ktori
sa dnes bez matematiky sotva zaobidu.

Pedagogicka ¢innost profesora Schwarza sa neobmedzuje na ¢innost na Slovenskej
vysokej $kole technickej. Prednasal dlhé roky na Prirodovedeckej fakulte Univerzity
Komenského a to v &ase, ked to bolo najviac potrebné — v zaiatkoch. Nemaly
vplyv na vychovu matematikov maji aj uZ spomenuté jeho knihy a velky rad ¢lankov
v &asopisoch. Ako hlavny redaktor Matematického Casopisu, ¢len redakénej rady
Czechoslovak Mathematical Journal a Semigroup Forum recenzoval, dopliioval,
opravoval desiatky prac inych autorov. Pre Mathematical Reviews napisal viac ako
160 recenzii. Dalsie recenzie napisal pre PedepaTusnsrii xypHaan a Zentralblatt fiir
Mathematik.

Aktivne sa zaCastnil na mnohych matematickych kongresoch, konferenciach
a zjazdoch. Na pozvania predniesol viac ako 70 predna$ok vlastnych vysledkov na
celom rade univerzit a vedeckych instithcii v 12 $tatoch.

Akademik Schwarz venoval mnoho Casu a energie aj organizacii nasho $kolského
a vedeckého Zivota. Pdsobil v rozli¢nych funkcidch v rAmci akadémie, v $kolskych
a inych kultirnych a kultdrno-politickych institicidch. Ako &lovek hlboko spolo-
densky angaZovany, Zil a Zije s problémami celej spolo¢nosti. V rokoch 1966 —1971
bol &enom Ustredného vyboru KSC.

Je obdivuhodné — a malokomu sa to tak uspe$ne podari — ako dokaZe akademik
Schwarz zvladnut vSetky tieto price. Nafa spolo¢nost ocenila vietrannd a spolo-
densky velmi déleZitd Einnost akademika Schwarza mnohymi prejavmi uznania. R.
1951 mu bola udelen cena mesta Bratislavy a r. 1955 Statna cena Klementa Gottwal-
da I. stupiia. V roku 1964 mu bol udeleny Rad préce. Je Cestnym &lenom Jednoty
Ceskoslovenskych matematikov a fyzikov. Viaceré institicie ho poctili pri rozliénych
prileZitostiach medailami (Univerzita Komenského, Slovenska vysoka ¥kola tech-
nické, Ceskoslovensk4 akadémia vied).

Nasa matematickd obec a vietci Ziaci akademika Schwarza mu srde€ne gratuluji
k 60. narodenindm a prajii mu vela zdravia a mnoho zdaru v dalej praci pre rozvoj
Ceskoslovenskej matematiky.
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29—41.

[31] Na zéver diskusie o matematike. Technika (Zavodny &asopis SVST), roé. III, & 19, m4j
1961. - .

[32] Sur la réductibilité des polyndmes dans les corps finis. Lucrarile celui de al IV-lea Congres al
Matematicienilor Romini, Bucuresti 1960, str. 29—30. (Vyfah z predni$ky na kongrese
v Bukuresti v r. 1956.)

[33] Sur les caractéres des demi-groupes compacts. Séminaire Dubreil-Pisot (Algébre et théorie
des nombres); 14e année, 1960/61. Exposé no 23, 8 pp. Secrétariat mathématique. Paris
1962 (mimeographed).

[34] Les mesures dans les demi-groupes. Séminaire Dubreil-Pisot (Algébre et théorie des
nombres); 14e année 1960/61, Exposé no 23 bis, 9pp. Secrétariat mathématique, Paris 1962.
(mimeographed).

[35] O ulohe matematiky v rozvoji modernej vedy. Rudé pravo, 2. decembra 1962.

[36] K na3mu jubileu. Technika, ro&. VI (XXIV), oktobér 1963.

[37] Recenzia knihy: L. Rédei ,,Theorie der endlich erzeugbaren kommutativen Halbgruppen®.
Acta Sci. Szeged, 25, 1964, 175—176.

[38] Ulohy naej vedy. Pravda 1. janudra 1966 (rozhovor).

[39] Applications de la théorie des demi-groupes a 1’étude des matrices non-négatives. Séminaire
Dubreil-Pisot (Algebre et théorie des nombres) 20e année 1966/67, no 2. (Strén 8).

[40] Sedemdesiatiny akademika Vojtécha Jarnika. Matematicky ¢asopis 17, 1967, 318.

[41] Halbgruppen und nicht-negative Matrizen. (Vyfah z prednasky vo Viedni diia 12. 1. 1968.)
Nachrichten der Oesterreichischen Math. Geselschaft Nr. 89, Mai 1968, p. 70.

[42] Vedeckd préca prof. Karla Petra v oblasti tedrie &isel. Casopis pro pést. mat. 94, 1969,
358—361.

[43] Spomienka na prof. Jur Hronca. Technika ro¢. XI(XXIX), oktober—december 1968.

[44] Prihovor na sldvnostnom zasadnuti Ukrajinskej Akad. nauk. Vestnik Ukrajinskej Akad. nauk
No. 2, 1969, str. 56.

[45] On powers of binary relations on a finite set (abstract). Colloquia Mathematica societatis
Jénos Bolyai 4. Combinatorial theory and its applications. Balatonfiired (Hungary), 1969,
997—998.

[46] On the structure of dual semigroups. Séminaire P. Dubreil, 23e année, 1970, Fascicule 2,
Algebre et théorie des nombres, Exposé no. 2, 5 pp. Secrétariat mathématique, Paris 1970.

[47] O bindrnych reldciach na kone¢nej mnoZine. Zbornik Elektrotechnickej fakulty SVST,
Bratislava 1971, str. 177.

[48] Nekrolog. Academician Vojtéch Jarnik (22. 12. 1897—22.9. 1970). Acta Aritmetica 20,
1972, 107—123. (Spolu s B. Novdkom.)

[49] Zamyslenie nad 50. ro¢nikom Rozhledov. Rozhledy matematicko-fyzikdlni, 50, 1972,
241— 245,

[50] On some semigroups in combinatorics. Proceedings Mini-conference on Semigroup theory
in Szeged, August 29-September 1, 1972, 24—31. (Vyslo 1973.)

[51] Recenzia knihy: Gécseg-Pedk, Algebraic theory of automata. Mat. ¢asopis 23, 1973, 191.

[52] Matematika a inZinierske §tidium. (Vyjde v Sborniku ved. ped. konferencie SVST, ktora sa
konala v septembri 1973.)

Poznamka. Tento zoznam je netplny. Akademik Schwarz napisal rad ¢ldnkov a poskytol rad
rozhovorov dennej a tyZdennej tladi, rozhlasu a televizii. Tykali sa z velkej &asti ulohy matematiky
v dnesnej spolo¢nosti. Ako zodpovedny funkciondr SAV a CSAV predniesol na Valnych zhro-
maZdeniach SAV a CSAV rad prejavov (vi&§inou publikovanych vo Vé&stniku CSAV) kulttrno-
spolodenskej povahy a tykajtcich sa rozvoja vedy ako celku v CSSR a najmi na Slovensku.
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DOC. LADISLAV KOUBEK ZEMREL

JAROSLAV BLAZEK, FRANTISEK FABIAN, Jikf RaicHL, Praha

Dne 1. prosince 1973 zemiel Doc. RNDr. LapisLAv KOUBEK, CSc., feditel Centra
numerické matematiky na matematicko-fyzikalni fakulté University Karlovy.

Doc. Lad. Koubek se narodil 4. 1. 1923 v Praze. V letech 1945 —49 studoval na
tehde;jsi pfirodovédecké fakulté Uhiversity Karlovy. Znaény vyznam pro po¢atky jeho
védecké Cinnosti mélo jeho studium geometrie u prof. E. Cecha. V padesatych letech
sepsal L. Koubek nékolik védeckych praci, v nichZ vySetfoval projektivni vlastnosti
kfivek a vlastnosti pfimkovych parabolickych kongruenci (viz seznam praci [ 1 —3]).
Koubkova pedagogicka Cinnost byla vZdy spojena s konkrétni praci. Aby svym
posluchalim umoznil zvladnuti latky, sepsal pro své pfednasky z analytické geometrie
a algebry skriptum (viz seznam praci [4]), které poslucha&i prvnich ro¢nikd dosud
uzivaji. RovnéZz zasluZnou se jevi jeho &innost pfekladatelskd, podilel se na pfekladu
znamé Kuroovy monografie vénované abstraktni algebfe (viz seznam praci [22]).
Tézist€ Koubkovy badatelské prace spada do oboru-teorie programovani a teorie
algoritmickych jazyki. Témto otdzkam se doc. Koubek vénoval od konce padesatych
let po navratu ze studijniho pobytu na Moskevské statni universit€. Toto jeho zamé-
feni je patrné i ze seznamu publikaci (viz seznam praci [5—21]).

Od roku 1961, kdy vzniklo Centrum numerické matematiky (CNM), se doc.
Koubek ucastnil spolu s prof. NoZi¢kou jeho budovani. Vyznamnou mérou pfispél
k roziiféni programového vybaveni v CNM a svoje bohaté pedagogické zkuSenosti
uplatiioval také ve vyuce programovani, a to i v fad¢ prézdninovych a postgraduél-
nich kurst. ‘ '

[
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Doc. Koubek jevil vZdy velky zajem o uZiti po&itadi p¥i feSeni iloh technické praxe,
coZ jej vedlo i k tomu, Ze pfijal misto externiho vedouciho matematického oddéleni
Vyzkumného tistgvu zvukové, obrazové a reprodukéni techniky. Zde vedle feSeni
fady mensich problémi vytvofil i velmi originalni pfeklada¢ z ALGOLu pro po¢itaé
ODRA (viz seznam praci [9—21]).

Roku 1966 byl jmenovan feditelem CNM, které bylo tehdy tfeba podstatné rozsi-
fit, nebof byl instalovan po&itat MINSK. Avsak i pfes znané zaneprazdnéni orga-
nisa&nimi ot4dzkami se doc. Koubek pravé v této dob& obétavé vénoval i vychové
fady mladych v&deckych pracovnikii v obtiZnych oborech, kde matematika hrani¢i
s lingvistikou, meteorologii nebo technickymi v&dami.

Doc. Koubek zastival rovnéZ fadu akademickych funkci. V letech 1957—1959
byl prod&kanem, v letech 1964—1966 dékanem matematicko-fyzikalni fakulty Uni-
versity Karlovy. V roce 1973 byl zvolen prorektorem University Karlovy.

Veskera &innost doc. L. Koubka, cely jeho Zivot byl v podstaté vénovan préci pro
nasi spolenost pro uskutediovani mySlenek komunismu. Pevnym zékladem tohoto
zaméfeni byl jak jeho ptivod, tak pevné vnitini komunistické pfesvédceni.

Clenem KSC se stal ihned po osvobozeni v roce 1945 a od této doby aZ do své
smrti pracoval pro stranu bez ohledu na &as a na své zdravi. Zastaval fadu stranickych
funkci v misté svého bydliit¥, ve vojenské presenéni sluzbé a zejména pak jeho
vefejna &innost na matematicko-fyzikalni fakulté¢ UK méla velmi intensivni charakter.
Po fadu funk&nich obdobi zastaval funkci pfedsedy stranické organisace.

Své hluboké komunistické pfesv&deni prokazal mnohokrat pravé v nejkompli-
kovangj$ich situacich; zejména toho je dokladem jeho jednozna¢ny marxisticko-
leninsky postoj v krizovych letech 1968 — 1969. Jeho z4sadné a vysoce Cestné a uvaZzené
jednani a rozhodovani mé&lo velky dopad pfi feSeni sloZitych praktickych problémii
v dal$im konsolidaénim procesu na fakultg.

Za svou mnoholetou, ob&tavou a zésadovou politickou a vefejnou &innost byl
doc. Koubek n&kolikrit vyznamenan. Mimo jiné mu byla udélena pamétni medaile
k 25. vyro&i Unora, v roce 1971 mu byla ud&lena UV KSC pamétni medaile u pfile-
¥itosti 50. vyro&i zaloZzeni KSC a v roce 1973 medaile u pfileZitosti 625. vyro&i zalo-
Zeni University Karlovy.

V doc. Koubkovi ode3el vysoko3kolsky uéitel mimofadnych kvalit, ktery patfil
mezi ty uditele komunisty, ktefi spojovali vZdy svou obétavou uditelskou a vé€deckou
préci se soustavnou aktivni vefejnou, politickou a politicko-vychovnou &innosti.

Jeho spolupracovnici v ném ztratili star§iho pfitele, ktery mél vZidy porozuméni
pro jejich osobni otdzky.

SEZNAM PRACI DOC. DR. LADISLAVA KOUBKA, CSC.
[1] Projektivni vlastnosti kfivek na kvadratickych plochich a bodovych korespondencich dvou
pfimek. Kandidédtsk4 disertaéni prdce — nepublikovéano.

" [2] 06 omuoM ceoiicTee pemennt MuddeppeHTMATLHOrO YPABHEHHS C YACTHHIMH HPOH3BOXHEI-
Mu napaGoymvecxoro Tana. Yex. Mat. xypran 5 (80), (1955), 91—98.
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[3] N&které véty theorie parabolickych ptimkovych kongruenci. Cas. pro p&st. mat. 81, (1956),
224—266.
[4] Uvod do analytické geometrie a algebry. Praha, SPN 1959.
[5] Programujici program samo¢inného poéitate LGP-30. Centrum numerick€é matematiky na
MFF UK, 1961.
[6] Programovani pro samoc¢inny po&ita& LGP-30. SPN (spole¢n&s N. Kudld¢kem a J. Raichlem).
[7] Programujici program ACT 1c pro po¢ita& Ural 2. Apl. mat. 9, 110—130, (1964).
[8] Algoritmus kompildtoru z ALGOLu 60 pro malé pocitace. Publikace letni §koly v Bezdru-
zicich (1968).
[9] Translator PHEN-ALGOL. Sbornik referati II. z mezindrodniho symposia o vyuZivani
samocinnych podita¢i ODRA, 1968.
[10] Programujici program PHEN-ALGOL pro pocitate ODRA 1003 a 1013. Zdvé&re¢n4 zprdva
& 10/69 VUZORT.
[11] Algoritmus piekladade z jazyka ALGOL 60 vhodny pro maly pocitaé. AUC, Mat. Phys.
10, (1969).
[12] Algoritmus kompilace nepodminé&nych vyrazl, dosazovacich pfikazi a pfikaz skoku v pfe-
kladadi z jazyka ALGOL 60. AUC, Mat. Phys. 10, 57— 69 (1969).
[13] Zobrazeni veli¢in a specifikace parametrii procedur a jedné realizace piekladade z jazyka
ALGOL 60. AUC, Mat. Phys. 10, 71—76 (1969).
[14] Kompilovani podminénych vyrazi a pfikazi v transldtoru z jazyka ALGOL 60. AUC, Mat.
Phys. 10, 77— 85 (1969).
[15] Pfeklad proménnych s indexy a pfepina&l v pfekladadi z jazyka ALGOL 60. AUC, Mat.
Phys. 10, 87—90 (1969).
[16] Programovéani pfikazi cyklu v kompildtoru z jazyka ALGOL 60. AUC, Mat. Phys. 10,
91—96 (1969).
[17] Kompilace popisti a p¥ikazi procedur v kompildtoru z jazyka ALGOL 60. AUC, Mat. Phys.
10, 97—102 (1969).
[18] Vytvéfeni seznami v transldtoru z jazyka ALGOL 60. AUC, Mat. Phys. 10, 103—104
(1969). s
[19] Program vypoltu Einitele zvukové pohyblivosti z méfeni v dozvukové komofte. Dil&i zprava
& 18/20 VUZORT.
[20] Program vypodtu akustické impedance. Dil¢i zprava &. 18/20 VUZORT.
[21] Program pro vypodet spektra vlastnich kmitli uzavieného prostoru tvaru kvddru. Dil¢f
zprava &. 18/20 VUZORT.
[22] A. G. Kuros: Kapitoly z obecné algebry, Praha Academia 1968 (pfeklad z rustiny spoleén&
s J. Blazkem).

SEMINAR ,,APLIKACE MATEMATIKY V GEODEZII*

Vyzkumny ustav geodeticky, topograficky a kartograficky v Praze a matematickd védeckd
sekce JCSMF usporddaly ve dnech 19.—21. z4¥i 1973 v M&Fin& na Slapské piehradé seminaf
o aplikacich matematiky v geodézii. Smyslem semindfe bylo neformélni setkdni geodetl a mate-
matiklt a vzijemnd informace jak o n€kterych matematickych disciplindch, tak i o pfimych
aplikacich matematiky v geodézii. Semindf se uskute¢nil diky vyznamné finan&ni a organisa¢ni
podpote VUGTK. Ze strany matematikt m&] pak nespornou zésluhu o uspé$ny prib&h seminife
doc. Dr. Z. NApeNiK, DrSc., ktery s n&kolika spolupracovniky vede jiZ nékolik let riizné matema-
tické semindfe pro pracovniky v geodézii. Na zdklad& zku$enosti z této spoluprdce matematikix
a geodetli bylo pak moZno sestavit program seminife v Mé&Fing, na kterém se matematici seznd-
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mili s né€kterymi pracemi geodetl a tim i s matematickymi problémy geodézie, geodeti se mohli
alespoii stru¢né sezndmit s takovymi matematickymi disciplinami, jako je teorie grafl, celo-
¢iselné programovani apod. Do programu byla zafazena téZ zajimavad pfednaska o modernizaci
stfedoskolské matematiky.
Pfi zdvére¢ném hodnoceni se Gc¢astnici vyslovili positivné o G¢elnosti semindfe a doporudili,
aby nezistal ojedinélou akci v tomto sméru. ‘
Leo Boéek, Praha

OBHAJOBY A DISERTACNI PRACE KANDIDATU VED

Pted komisemi pro obhajoby kandiddtskych disertaénich praci obhdjili dne 5. Cervence 1973
RNDr. IvaAN NETUKA prici na téma: ,,Tfeti okrajova tloha v teorii potencidlu‘, dne 20. zafi
1973 RNDr. Jikf Rosicky praci na téma: ,,Podsvazy svazu topologii‘‘ a dne 18. fijna 1973 viet-
namsky stdtni pfislu§nik NGuyEN MANH Quy prici na téma: ,,0O problémech podobjekti‘,

Redakce
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