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CASOPIS PRO PESTOVANI MATEMATIKY

Vyddvd Matematicky ustav CSAV, Praha
SVAZEK 98 * PRAHA 15.8. 1973 % &[SLO 3

JEDNOPARAMETRICKE SYSTEMY PROJEKTIVNICH PROSTORU
DIMENSE n V PROSTORU DIMENSE 37 + 1

MiLosLAV JUzA, Praha
(Doslo dne 5. srpna 1971)

Zakladni véty o jednoparametrickych systémech projektivnich prostori S, v pro-
jektivnim prostoru S, byly odvozeny v préci [7]. JiZ dfive byly tyto systémy podrob-
n&ji studovany pro nékteré dimense. Krom& pfimkovych ploch (n = 1) byl studovan
piipad m = kn + k — 1, zvla§t&¢ m = 2n + 1. (Viz prace [1], [2], [4], [5], [6])
a pfipad n = 2, m = 6 (viz [3]). V tomto &lanku je studovan pfipad m = 3n + 1.

1. Mé&me v prostoru S;,,; jednoparametricky systém (monosystém) projektivnich

prostori
Su(t) = [yo(®s y4()s - yal(9)] -
Predpokléddejme, Ze plati

(1) [YO, Yis oo Vno y:)a y’l""’ yr’v yg’ y'l's"" y:—l] + 0.

Z (1) plyne, Ze monosystém neleZi v prostoru dimense niz¥i nez 3n + 1.
Vzhledem k tomu, Z2e m = 3n + 1 a plati (1), miZeme psat

n—1

o=y alyj+ Y by;+ Y y;,
j=0 j=0 j=0
kde a’, b/, ¢! jsou funkce t. Provedeme-li zmé&nu Fidicich k¥ivek

ii=yi’ i=0,1,..-,n—1,
n—1
Vo= Yn— zajyj9
j=o0 )
miZeme dosdhnout toho, ¢ a/ =0, j=0,1,...,n — 1. Budeme tedy nadale
pfedpokladat, Ze plati (1) a

n
(2 ya=Y bly; + 3 cly;.
j=0 j=0
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2. Oznadme Ty(to) = [yo(to); - --» Yalto)s Yo(to), - -.» ¥a(to)] teEny prostor mono-
systému podél tvoficiho prostoru [ye(to), ..., ¥a(to)]- Méme-li na monosystému
kfivku b

3 x(1) = ¥ a(1) y{1),

n
i=0

je oviem x'(to) € Ty(t,). Je-li dokonce x"(to), X"(to), --., x** *¥(to) € Ty(t,), nazveme
bod x(t,) poloasymptotickym bodem Fddu k k¥ivky x(r) (viz [7]).
Derivovanim (3) a upravou podle (2) dostaneme

n—1 n n
(4) x” =‘Z“oa'y',' +izo(2a" + a'b’) y; + _‘;0(.) Vi

Vzhledem k (1) je tehdy bod x(t,) poloasymptotick)?m: bodem ¥ddu 1 kFivky x(t)
prdvé tehdy, je-li oa%(to) = a'(ty) = ... = a""(t,) = 0, tj. lexi-li x(to) na kFivce
ya(t). KFivka y,(t) je jedinou poloasymptotickou krivkou Fddu 1 na monosystému.

3. Zjistime, kdy na kfivce y,(f) leZi poloasymptotické body fadu 2. Derivovanim
a opétnym pouZitim (2) dostaneme

=+ 55+ ()9).

Aby tedy bod y,(t,) byl poloasymptoticky Fddu 2, je nutné a staci, aby b%(t,) =
= bl(t) = ... = b""Y(t;) = 0.

4. Oznatme Ty(a'(to), 10) = [Vo(to)s ---» ¥a(to) 2 @'(to) ¥i(to)] te€ny prostor mo-
n i=0
nosystému v bod& ¥ a'(t,) yi(to). Bod x(t,) nazveme asymptotickym bodem kfivky
i=0

(3), jestlize x"(t) € Ty('(to), to)-
Aby bod x(t,) byl asymptotickym bodem kf¥ivky x(t), je podle (4) nutné a stagi, aby

(A) a¥(ty) = a'(ty) = ... = a" " H(ty) = 0;
(B) matice

o® . ol y ey ar! ] o
2a%) + o"b°, 2(al) + ™, ..., 2Aa""Y) + "B L, 2AeT) + b
méla pro t = t, hodnost 1. Odtud plyne (viz [7]), Ze bod x(t,) je asymptotickym

bodem kfivky (3), kdy? a jen kdy? x(t,) leZi-na poloasymptotické kFivce y,(f)
a tecnou kFivky x(t) v tomto bodé je pFimka .

® [s(t0 (1) ilto) — 4 3. (1) b(t) yt)]
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Aby kfivka x(f) byla asymptotickd, musi byt poloasymptotické, tj. splynout
s poloasymptotickou k¥ivkou y,(t). Ale aby kfivka y,(f) byla asymptotickd, musi

ptimka (5) byti jeji te€nou, coz znamena, Ze bod oy, — 4 Y o"b'y, musi pro kazdé ¢
i=0

leZet na p¥imce [y,, y,]. Vzhledem k linearni nezéavislosti bodi yo, ..., ¥, ys to nasté-
va pravé tehdy, kdyZ b' = b* = ... = b"~! = 0. KFfivka (3) je tedy asymptotickd
pravé tehdy, je-li poloasymptotickd Fadu 2.

5. Necht pro monosystém S,(t) = [yo(t), y4(), ..., ya(t)] V S3n+, OpEt plati (1)
a Fidici krivka y,,(t) necht je zvolena tak, Ze plati téZ (2). Vzhledem k (1) existuji
funkce mi, ni, pi tak, Ze plati

mo_ - J.n o J ’ z Jj . : — _
!
(6) yi Zm:y,+2ny,+2p,y,, i=01,..,n—1.
j=0 Jj=0 ji=0
Provedeme zménu Fidicich kfivek
n—1
() Ji=Yuly;, i=01,..,n—1, det(uf) +0,
j=0
Vun = Yn-

Ur&ime-li funkece v (j, k = 0,1, ..., n — 1) tak, aby Z phk = &}, bude
j=0

n—1
Vi =XVifes J=0 1. om—1, det(v)) +0,
k=0 .

Yn = Vn-

Derivovanim (7) a pouZitim (6) a (2) dostaneme proi = 0, 1,...,n — 1:

i = Z iy + Z 3(ui) ¥j + Z(( Jyi+ () )=

=308 + T ) 5% + 5k + () ) =

0

=
]

n—=1n-—

=T Y + T )i+ SO 5+ ()5).

Zvolime-li za funkce p! feSeni systému diferencidlnich rovnic
n—1 -
3y + Y udmh =0, uito) =6%; i,k=0,1,...,n—1;
j=0

budou mezi k¥ivkami , ..., 7, platit vztahy obdobné (6), ale bude m} = 0, i, j =
=0,1,...,n — 1. Pfitom (2) zistane zachovéno. Tedy za pfedpokladu, Ze plati (1),

.
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miizeme zvolit ¥idici k¥ivky tak, Ze bude platit
(®) -y =Ynly;+ ¥ ply;,, i=01,..,n-1,
j=0 j=0
=Y blyj+ Y. cy;.
ji=0 j=0
6. Mg&jme opét na monosystému kfivku (3). Ozna¢me
n—1
(0, t0) = [1olto): - 1), it - ¥iltor T (1) ¥i(1)]

2-oskulaéni prostor monosystému v bod& Z @/(to) yito). Body x(to), x'(to), x"(to)

leZi v T,(a'(to), to). Je-li téZ x"(to) € Ty(x (to) to) nazveme bod x(t,) kvasiasympto-
tickym bodem indexu 2 kiivky (3) (viz [7]).

Derivovanim (3) a pouZitim (8) dostaneme
= ; a'y; + éo(a‘)v' Yis
¥ =Tyt + 30 + @) i+ T (),
w =T + ) ¥+ 5 ()i () ).

Aby x"(to) € To(e'(to), to), je nutné a sta&i, aby matice

(3(“0)' + o', ..., 3@ + anbn—l)

a® s ey o=t
méla pro t = t, hodnost 1, tj. aby i)ro t = t, byla splnéna soustava rovnic
(B@Y + a"b) ol — 3() + ") a! =0, i,j=0,...,n—1,
tj. soustava
) (@) of — (af) o = $o"(e'b) — /b)), i,j=0,...,n—1.

Aby tedy bod x(to) byl kvasiasymptotickym bodem indexu 2 kfivky (3), je nutné
a stadi, aby pro t = t, byla splnéna soustava rovnic (9). Kfivka (3) je kasiasympto-
tickd indexu 2 tehdy a jen tehdy, spliuje-li soustavu diferencidlnich rovnic (9).

Spliiuji-li funkce af, a';..., " soustavu (9) a je-li ¢ libovolna diferencovatelna
funkce, splituji zfejm& i funkce ga®, o', ..., ga" soustavu (9).

1228



7. Zjistime nyni, jak vypadaji kvasiasymptdtické kfivky indexu 2 prochézejici

danym bodem x(to) = Y o(to) yi(t,). Budeme pfitom pfedpokladat, Ze x(t,) nelei

i=0
na poloasymptotické kfivce, takZe neni soudasn& a®(t,) = a'(tp) = ... = &"7(ty) =
= 0. Existuje tedy ¢, 0 < g < n — 1, tak, Ze a%(t,) #+ 0. Vhodnou volbou skalarniho
faktoru muZeme dosédhnout toho, Ze ve vyjadieni kfivky (3) je o2 = 1 v okoli ¢,.
Napi§eme soustavu diferencialnich rovnic

(10) (@) = $o"(a’b? — b)), i=0,1,...,9—1,9+1,...,n—1.

Jestlize funkce o, ..., «" spliiuji (9) a a? = 1, pak funkce a°, ..., 07", %!, .. o
splituji (10). Ale také naopak, jestlize funkce a°, ..., a?" %, a@*!, .., o" spliiuji (10),
pak funkce a°, ..., 2?71, 1,00* 1, .., o spliiuji (9). To je zfejmé u t&ch rovnic (9),
u nichZ i = g nebo j = g. BudiZ tedy i % g + j a necht je spIn&no (10). Potom

(&) o — (of) o = Ja"(a’b? — b) o/ — da"(a/b? — b)) o =
= 1a"(bla’ — b'd)),

tedy i rovnice (9), u nichZ i # g # j, jsou spln&ny.

V soustavé (10) muZeme zvolit libovolné funkci «” a soustava pak ma pfi danych
podateénich podminkach pravé jedno ¥efeni o, ..., a1, a2*!, ..., «""!. To zname-
na, Ze v soustavé (9) maZeme libovolng zvolit funkci " a soustava ma pak pii danych
pocate¢nich podminkach pravé jedno fe¥eni af, ..., a"~! takové, Ze a? = 1. ReSeni
soustavy (9) jsou pak pravé viechny soustavy funkei tvaru ga®, o', ..., go". Odtud
plyne:

Kazdym bodem x(t;) = Y. y' y{to) monosystému, ktery neleZi na poloasymptotic-
i=0

ké krivce, prochdzi nekoneéné mnoho kvasiasymptotickych krivek indexu 2. Dosta-

neme je tak, %e bod x(t,) normujeme tak, aby y* = 1 pro néjakéq,0 < g <n — 1,

pak v (3) zvolime libovolné funkci o” tak, Ze «"(t,) = y".a ostatni o« v (3) zvolime jako
(jediné) Feseni soustavy (9), pri kterém o = 1.

8. Zjistime, jak vypadaji te¢ny kvasiasymptotickych kfivek indexu 2 prochézeji-
cich bodem x(t,). '

Je-li (3) kvasiasymptotick4 k¥ivka indexu 2 prochazejici bodem x(t,), je jeji te¢nou
pimka [x(to), x'(t,)], p¥i Semz

(10 = 3,200 Y1) + 3. (1) 00

i=0

Funkce o' spliiuji soustavu (9). Vidime, Ze hodnoty a%(t,), ..., "~ '(t,) nezavisi na
tom, jak zvolime (")’ (to). Cislo (a")'(to) miZeme zvolit zcela libovolng. TeEnami
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kvasiasymptotickych kfivek indexu 2 jsou tedy p¥imky [x(to), z(to) + uy.(t5)], kde

-

(11)

L n—1
z=3dyi+ Y (@)
i=0 i=0

a u je libovolné &islo. Vidime, Ze tecny kvasiasymptotickych krivek indexu 2 jdou-
cich bodem x(t,) vyplni rovinu [x(t,), z(to), y(to)], kde bod z je ddn vzorcem (11).

Poznimka. Pro n = 1 je soustava (9) spln¥na, af jsou funkce o, a' jakékoliv.
Tedy na ptimkové plofe v S, je kazda k¥ivka kvasiasymptotick4 indexu 2 (plati-li
(1)). To je ostatn& vid&t i pfimo, nebot prostor T,(«(fo), to) vyplni cely S,.

9. Méjfne na monosystému krom& kfivky (3) jest& k¥ivku

%0 = 350 500

a nechf tato kfivka prochézi bodem x(t,) a ma v n&m s kfivkou x(¢) spole€nou te¢nu.
Potom, je-li x(t;) kvasiasymptotickym bodem indexu 2 na kfivce x(t), je X(to)
kvasiasymptotickym bodem indexu 2 na kfivce ic'(t)

Skute&ng, protoZe x(r), X(f) maji spole¢nou te¢nu v bod& x(t,), existuji &sla ¢, g,
tak, Ze

X(to) = ex(to), e *0,
x'(to) = © x'(to) + o x(t,) .
Z prvni z té&chto rovnic plyne
(12) &(to) = e @(to)

a z druhé dostaneme v bodé t = t,:

n
¥ =Yyay+
i=0 i

™M=

(&) yi = t(é:oa‘y:- + éo(ai)’ y) + aézoa‘yi -

0

M=

Yraly; + Y (@) + oal) y;.
i=0 i

0

Odtud na zékladg (1) plyne

&(to) = t(to) , (@) (to) = (o) (o) + o a'(to) ,

takZe srovnanim s (12) dostaneme ¢ = t a
(13) (&) (to) = (@) (to) + o &(t0) .
230



Ale bod x(t,) je kvasiasymptotickym bodem indexu 2 na kfivce x(t), tedy «(t,),
(«) (to) spliiuji soustavu (9). Odtud na zéklad& (12) a (13) dostangme v bod& ¢ = ¢,
proi,j=0,1,...,n—1:

@) & — (@) & = (e(o) + oa') ga’ — (o(a) + oa) oo’ =
= o%(() o — (&) &) = @* . $o"(«’b! — /b)) =
= @&’ — @&b’).
Tedy &isla &'(t,) (&) (to) rovn&Zz spliiuji soustavu (9) a bod %(t,) je kvasiasymptotic-
kym bodem indexu 2 kfivky X(¢).
Odtud na zéklad€ odst. 8 dostaneme vétu:

Bod x(t,) je kvasiasymptotickym bodem indexu 2 kFivky

) = $a0 500,

prdvé kdy? tecna této krivky v bodé x(to) leZi v roviné [x(to), z(to), ya(to)], kde bod
2(to) je ddn vzorcem (11).
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Résumé

SYSTEMES MONOPARAMETRIQUES DES ESPACES PROJECTIFS
DE LA DIMENSION n» DANS UN ESPACE DE LA DIMENSION -
3n+1

MiLosLAV JUzA, Praha

Soit S,(t) = [yo(t), y1(¢), ..., y,(t)] un systéme monoparamétrique (monosystéme)
des espaces projectifs dans un espace projectif S;,,;. Supposons que les points
Yo(t), ¥1(£)s - s ¥a(t)s ¥o(£), ¥1(?), ..., yo(t) sont linéairement indépendant pour
chaque ¢ et que la matrice

[}’o, Vis oeos ym }’6, .Yi’ gy y::’ yg’ y’lla Aoy y;:]
est de rang 3n + 2.

Une courbe x(f) = ) a(f) y(f) est appelée asymptotique si, pour chaque t, le
i=0

point x"(t) est placé dans I'espace tangent du monosystéme au point x(f). Elle est
appelée semiasymptotique d’ordre k si, pour chaque t, les points x(t), x"(¢), ...
..., X *8(¢) sont placés dans I'espace

Lyo(®), y4(8)s +- s yal8), y6(8)s ¥3(0), - ya(®)] -

Sur le monosystéme, il y a une et une seule courbe semiasymptotique d’ordre 1.

Cette courbe est semiasymptotique d’ordre 2 si et seulement si elle est asymptotique.
n

Une courbe x(f) = Y /() y({) est appelée quasiasymptotique d’indice 2 si, pour
i=0

chaque ¢, le point x"(t) est placé dans I’espace osculateur du monosystéme au point
x(?), c’est-a-dire dans I’espace

[o(®)s s 7o)y Y50 - ¥1(0), é:oa‘(t) Vo]

Par chaque point du monosystéme qui n’est pas placé sur la courbe semiasymptotique,
il passe I'infinité des courbes quasiasymptotiques d’indice 2. Leurs droites tangentes
a ce point forment un plan (de la dimension 2). Ainsi, un plan correspond & chaque
point du monosystéme qui n’est pas placé sur la courbe semiasymptotique. Une
courbe sur le monosystéme est quasiasymptotique d’indice 2 si et seulement si,
a chaque point, sa droite tangente est placée dans ce plan.
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&asopis pro péstovini matematiky, ro¥. 98 (1973), Praha

ON A GRAPH THEORY PROBLEM OF M. KOMAN

DraGoOS M. CveTkoviC, Beograd
(Received September 30, 1971)

We consider only finite undirected graphs without loops or multiple edges.

Let G be a graph with vertices numbered by 1,...,s. A walk of length k in G is
a sequence iy, ..., iy4 Of vertices with i; and i;,, adjacent for every j = 1,..., k.
The adjacency matrix A of the graph G is defined by A = |a;;|$, where a;; is equal
to the number of edges connecting the vertex i with the vertex j. It is known that the
element at the place (i, j) of matrix A* is equal to the number of walks of length k
leading from the vertex i to the vertex j [1], p. 124. A

Let B = {B,,..., B,} be a set of n-tuples B, = (Brys ..., Byn)s f = 1,..., q of the
numbers 0 and 1 not containing n-tuple (0, ...,0). NEPS (incomplete extended
p-sum of graphs [2]) with the basis B of graphs Gy, ..., G, is the graph G = g 4(Gy;, ...
..., G,), whose set of vertices is equal to the Cartesian product of the sets of vertices
of graphs Gy,...,G, and in which two vertices (py,..., p,) and (qy, ..., q,) are
adjacent if and only if there is an n-tuple (B4, ..., B,), in B, such that p; = g;
exactly when f,; = 0 and p; is adjacent to g; in G; exactly when B,; = 1.

We shall now deduce a relation between the numbers of walks in G, ..., G, and
the number of walks in g4(G;, ..., G,); this relation is a little more precise than the
corresponding ones in [3] and [2].

Let the vertices in every graph Gy, ..., G, be ordered (numbered). We shall give the
lexicographic order to the vertices of NEPS (representing the ordered n-tuples of
vertices of graphs G, ..., G,) and we shall form adjacency matrix &/ of NEPS
according to this ordering.

If Ay, ..., A, are the adjacency matrices of graphs G, ..., G,, the adjacency
matrix of gy(G,, ..., G,) is given by

g
(1) A =YAr Q.. A4,
f=1
where ® denotes Kronecker’s multiplication of matrices [2].
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Let B, = A} ®...® A%", f =1, ..., q. Then

!
) A =B +..+Bf =Y — K _pu -
dtuesty Sq)oue 85
k! :
=Yy ——A'®...04"
S1,00058g Sl' Sq
where the sum is taken over all ordered partitions (compositions) of the number k

q
and where I, = ) B s, (i = 1,...,n).
f=1

Let x and y be two vertices of the graph to which a square matrix Z of the order
equal to the number of vertices corresponds. (Z), , denotes the element of Z from
the row corresponding to x and the column corresponding to y.

According to (2) we have

(3) (dh)(xls-u;xn)v(yl’----)'n). Z . an (Ah)xh)u CLiC (A'll" Xns¥n *

«»Sq Sl' q

Let N, . .00z De the number of walks of length k in NEPS leading from
the vertex (x,, ..., X,) to the vertex (yy, ..., y,) and ‘N%, ., i = 1, ..., n the numbers
of walks of length k in G; leading from x; to y;. Relation (3) can be written in the
following way:

(4) N(,, ..... Xn) s (V1 0eees¥n) Z

51,..0,8g sl...s

k! _lNh .. an,.

1 X1,Y1 Xns¥n *
q

According to [4] we can deduce that the numbers ‘N,  are of the form
k S i k
(5) lNI( WY jzojicxh’liji ’
=

where }‘C,,,,‘, 'A;, are real numbers and b, nonnegative integers.
Substituting (5) into (4) we get

k' 1 o n nqln
(6) N(!x. o Xn)s(Veseees¥n) Z 1. —' Z ]1 X1,01 A . Z jncxn ¥n '11n =
Si1yeesSg S10 00e Sgt J1=0 .in=0
a
: k! 2 Brisy o Bynsy
o 1 n . 1497=1 f=1 _
- z .’lcxl Wyttt jncxm)'n Z ' ) A]l "ijn -
J1seeasdn S1seeesSq Sp0 e Sq.
1 n ! 118 B
e 1 n n\Sf __
=, I iCoun 3G T T -
J1sesesin S1400055q Sp ¢ S=1
— 1 n 12811 nBsn\k
- Z chxhn Jncxmyn( Z j'h AJ.’. ’
J1yeeesdn S=1 :
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where Y denotes the sum over all n-tuples j,, ..., j, for which 0 < j, S b, i =
j 1yee0y Jn
=1,..., n holds.

Adding up relation (6) for all pairs of vertices in a NEPS we get the result of [3],
i.e. of [2].

The number of walks of length k joining two given vertices in the graph G (G to be
defined below) is determined in [5]. Vertices of G are all n-tuples (py, ..., p,), where
1<p;sr,i=1,...,n Two vertices are adjacent if and only if they differ in
exactly one coordinate (in [5] directed graphs are treated but the above formulation
using undirected graphs is equivalent). We shall extend obtained results to the graph
of a somewhat more general form and we shall use a method different from that in [5].

NEPS with the basis containing all possible n-tuples having exactly one 1 is called
the sum of graphs. The above described graph G can be represented as the sum of
graphs K, , ..., K, , where K, denotes the complete graph with r vertices. We shall
consider an arbitrary NEPS of the mentioned complete graphs and we shall determine
the number of walks of length k joining two given vertices of NEPS.

Primarily, we shall find the expressions for the number of walks of length k in
a complete graph. Due to the symmetry, we shall distinguish only two case: 1°(2°) the
first and the last vertex of the walk are (are not) identical.

Let a complete graph with r vertices be given. The number of all walks of length k
is, obviously, equal to r(r — 1)*. The set of eigenvalues of the adjacency matrix of the
graph contains the number r — 1 as well as r — 1 numbers equal to — 1. The number
of all walks of length k starting and terminating at the same vertex is equal to the
trace of the matrix 4% i.e., to (* — 1)* + (r — 1) (—1)%. The number of all walks of
length k joining two non-identical vertices is then r(r — 1)* — [(r — 1)* + (r — 1).
(=1 =(—-1)(r - 1)* = (r — 1)(—1)* The number of walks starting and ter-
minating at the given vertex is equal to (r — 1)*/r + (r — 1) (—1)*/r and the number
of walks starting at the given vertex and terminating at the other given vertex is equal
to (r — 1)*/r — (—1)¥/r. The number of walks starting at the vertex i and terminating
at the vertex j can be, in general, expressed by

) Noy==[(r = 1 + (8 = (=11,

where é;; denotes Kronecker’s §-symbol.

Let G; = K, (r; = 2) and let p, and g, be two vertices of G,, for every i. Then

1 & .
(8) iN:«m = Z (riémm - l)j‘ (ri =1= rl.’i)k .
r; ji=0

The number of walks of length k starting at (p,, ..., p,) and terminating at
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(415 --+» g) in gu(K,,, ..., K,)) is then
©) . N¢

(P1yeeesPn)s(@15ees@n)

z [.fll(r‘(smm - l)h] s [fil iljl(ri -1- riji)pﬂ]k s

=Py vy}
Jlseesdn i=

where (jy, ..., jn) ranges over the set {0, 1}".
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ON THE RELATION BETWEEN YOUNG’S AND KURZWEIL’S
CONCEPT OF STIELTJES INTEGRAL

STEFAN SCHWABIK, Praha
(Received October 19, 1971)

The considerations in this paper are limited to the closed interval [a, b], -0 <
< a<b < 4+ and to finite real functions defined on this interval. For a real
function g : [a, b] > R we denote by var, g the obvious (total) variation of g on
[a, b]. The set of all real functions g : [a, b] > R with varbg < + oo is denoted
by BV(a, b).

1. THE RIEMANN AND YOUNG INTEGRALS.

Let 2 be the set of all sequences D = {«y, y, ..., %} of points in the interval [a, b]
such that

(1,1) a=ao<a1<...<ak=b.

We consider finite sequences (subdivisions of [a, b]) B = {a, 7y, &y, ..., T, %}. For
agiven D = {a, ay, ..., %} € 2 we denote by #*(D), (D) the sets of all subdivisions
B = {0, Ty, 3, ..., T4 @} such that, respectively,

(1,2) a) @ =1, 2q, b) oy <7 <a
forallj=1,2,..., k.
On 2 we define the binary relation > in the following manner: for D, D' € & we

have D’ > D if D’ is a refinement of D, i.e. if any point a; from D appears also in D'.
If we define |D| = max |o; — a;_,| for D € 2 then another binary relation > may
j= k

,,,,,

J
be defined on 2 by D’ > Dif |D'| < |D|.
It can be easily shown that (2, >) and (2, >) are directed sets.
Let now be given finite functions f, g : [a, b] — R; for every B = {ao, 7y, ay, ...
«++» Tps 0} satisfying (1,1) and (1,2) a) we put

(13 R(B) = £/(5) (o) - (0s-)-
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Definition 1,1. The function f:[a, b] > R is Riemann-Stieltjes integrable
(Riemann-Stieltjes norm integrable) on the interval [a, b] with respect tog :[a, b] —»
— R if there is @ real number I such that to every ¢ > 0 there exists D € 9 so that

|[R(B) —I| < ¢

for all Be #*(D) if D > D(D » D). The number I will be denoted by R [ fdg
(NR [2fdg) and is called the Riemann-Stieltjes (Riemann-Stieltjes norm) integral
of f with respect to g on [a, b].

Supposing that for the function g :[a, b] > R the limits lim g(s) = g(¢t+),

s—t+
lim g(s) = g(t—) exist for all ¢ € [a, b] (for the endpoints of [a, b] the corresponding
s t— .

onesided limits) then we put for f : [a, b] -» R and B = {ay, 1y, ..., 7, %} satisfying

(1,1),(1,2) b)

(L) ¥(B) = 3 [/(05o0) (oas-1+) = 0(05-1) + ) 0ls,) — olsy-1 ) +
+1(0) (6(e) — alz,-))] =

[(ty-1) A%0(051) + £(5) (oay=) — 0y-1+)) + () A™g(w)] =

rvja

J

1

= 3:1(0) Ba(e) + 31(5) a(o5-) = 0 5,-1+)

where A*g(x;) = g(a;+) — g(o)), A”g(w;) = g(o;) — gla;—), j=1,2,....,k -1,
A*g(b) = A~g(a) = 0 and Ag(a;) = A*g(x;) + A7g(2;),j =0,1,2,..., k.

Definition 1,2. If for g : [a, b] — R the limits g(t+), g(t—) exist for all t € [a, b]
then the function f : [a, b] — R is said to be Young (Young norm) integrable on the
interval [a, b] with respect to g if there is a number I such that to every ¢ > 0
there exists D e 9 so that

[Y(B) — 1] < ¢

for all Be #(D) if D > D(D » D). The number I will be denoted by Y [} fdg
(NY [2fdg) and is called the Young integral (Young norm integral) of f with
respect to g on [a, b].

Remark 1,1. From Def. 1,1 and Def. 1,2 it is clear that if NR [?fdg, NY [} fdg
exist then also R f,',’ fdg, Y[2fdg exist respectively, because evidently D > D’
implies D > D’. The concept of the Stieltjes type integral from Def. 1,2 is in detail
described and studied in the book [2] (cf. I1.19.3 in [2]).

In the sequel we suppose that g € BV(a, b). Hence Y(B) from (1,4) is defined, because
g(t—), g(t+) exist for any t € [a, b].
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For the Riemann-Stieltjes integral the following result is known (cf. I1.10.10 in [2]

or [1])

Theorem 1,1. I f : [a, b] —» R, g € BV(a, b) and R [} f dg exists, then f is bounded
on a finite number of ‘closed intervals which are complementary to a finite number
of open intervals on which the function g is constant.

In [2] (Theorem 19.3.1 in [2]) the same statement is asserted, R [ fdg being
replaced by Y f: f dg. Unfortunately, this statement does not hold in general. This
fact can be demonstrated in the following way: Let g € BV(a, b), g(a) = g(b) =
= g(t+) = g(t—) for all t € (a, b) (i.e. g is different from a constant on a countable
set of points in (a, b)). Further let f : [a, b] — R be an arbitrary finite function. For
any De 2 and B = {ay, 1y, &y, ..., T, 0%} € B(D) we have

k k
Y(B) =j§0f (o) Ag(a;) + z::lf (7)) (9(2;=) — g(2;-1+)) = 0
because g(a;+) = g(o;—) and Ag(a;) = 0. This yields the following.

Proposition 1,1. Let g € BV(a, b), g(a) = g(b) = g(t+) = g(t—) for all t e (a, b).
Then Y [} f dg exists and equals zero for every finite function f : [a, b] - R.

Example 1,1. Let us define g(1/(k + 1)) =275 k = 1,2,..., g(t) = 0for [0, 1] —
— {1/(k + 1)};=;. We put f(1/(k + 1)) = 2% £(0) = f(1) = 0 and we suppose that f
is linear in [4, 1], [1/(k + 2), 1/(k + 1)], k = 1, 2, ... The Young integral Y [ofdg
exists by Proposition 1,1 and equals zero by the same Proposition. Any finite number
of closed intervals which are complementary to a finite number of open intervals on
which g is constant contains necessarily an interval of the form [0, «], @ > 0 on
which g is not constant and the function f defined above is not bounded. Hence we
obtain that Theorem 19.3.1 from Chapter II. in [2] is false.

For the Young integral the following Theorem (an analogue to Theorem 1,1}
holds:

Theorem 1,2. If f : [a, b] = R, g€ BV(a, b) and Y [ f dg exists, then f is bounded
on a finite number of closed intervals which are complementary to a finite number
of open intervals J; = (a;, b;), a; < b, i = 1,2, ..., I such that g(a;+) = g(b;—) =
=g(t+) = g(t—) forallteJ,i=12,..,1

Proof. By definition for every & > 0 there exists a De 2 such that |Y(B) —
—Y[.fdg| <e for all Be #(D) if D> D. We choose a fixed D = {xg, %, ..
.oy 0} € D, D > D. We have evidently

[¥(B)] = Ijiof(%) Ag(y) +élf(71) g(o;=) — g(oaj-s+))| < [V [afdg| + &

239



for all Be #(D), i.e. for all 7; € (a;_, a;), j = 1,2, ..., k. Hence there is a constant

K>0(K=| Xk:(‘f(a,) Ag(a;) + |Y [2f dg| + &) such that
Jj=

(19 |376) 0(6,-) - o621 +)] 5 K

forallt,e(aj-q, @),/ =1,2,..., k.

Let us suppose that f is unbounded in some («;_, ;). If g(o;—) —g(@—1+) + 0
then f(z;) (9(«;—) — g(2;—(+)) would be arbitrarily large for a suitable choice of
;€ (2j-1, @;), but this contradicts (1,5). Therefore we have necessarily g(a;—) =
= g(a;-1+) = ¢, where c is a constant. Let now a € (o;_, a;) be given; by the as-
sumption f is not bounded either in («;_, @) or in (a, a;). If we add the point a to D
then we obtain D' = {cxo, O0gs. « wvs Obigy o Oy Oy 45+ 4 43 ozk} €2 where evidently
D’ > D > D and the same argument as above gives either g(a—) = corg(a+) = c.
In this way we obtain that if f is not bounded in some («;_,, ;) then g(a;—) =
= g(2;—1+) = cand for any a € («;_,, o;) we have either g(a+) = corg(a—) = c.
Since we suppose g € BV(a, b), the limits g(¢+) and g(t—) exist for any t € (a;_,, o;)
and it is a matter of routine to show that g(a+) = g(a—) = ¢ for all a € (a;_4, @;).
This proves the Theorem, since the number of intervals («;_,, «;) is finite.

Remark 1,2. Evidently in Theorem 1,2 the assumption g € BV(a, b) can be replaced
by the requirement that the limits g(¢+) and g(t—) exist for all ¢ € [a, b] (with the
corresponding onesided limits at the endpoints of [a, b]).

Corollary 1,1. Let g € BV(a, b) be given and let J, = (a;, b)), i =1,2,...,1 be

a finite system of open intervals in [a, b] such that g(a,+) = g(b;)— = g(t+) =

= g(t—) holds for all te J,. If for f :[a, b] — R the integral Y [} fdg exists and
4

if f:[a, b] > R is such a function that f(t) = f(t) for all te[a, b] — U J; then
f=1

Y[2fdg exists and Y [} fdg = Yj'f,’fdg. The same statement holds also for the
Young norm integral.

The proof follows easily from the definition of the Young integral and from the
fact that the term from Y(B) (cf. (1,4)) which corresponds to some [a;_, ;] = J;
equals zero for any function f.

The Young integral is‘an extension of the Riemann-Stieltjes integral; the following
theorem holds:

Theorem 1,3. (cf. 11.19.3.3 in [2]). If f:[a, b] > R, g€ BV(a, b) and R [} fdg
exists then Y [} f dg exists and the two integrals are equal. (The same holds for the
norm integrals.)

In the opposite direction we have the following
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Theorem 1,4. (cf. 11.19.3.4 in [2]). If f : [a, b] — R, g € BV(a, b) g is continuous
in [a, b] and Y [} f dg exists then R [ f dg exists and both integrals are equal. The
same statement is valid for the norm integrals.

For continuous g € BV(a, b) we can state the following Theorem which is a rever-
sion of the statement given in Remark 1,1.

Theorem 1,5. Let f:[a,b] - R, geBV(a, b),g continuous and let Y [}fdg
exist. Then NY [} fdg exists and Y [?fdg = NY [!fdg.

Proof. Let ¢ > 0 be given. By definition there is a D = {ay, a4, ..., @} € 2 such
that |Y(B') — Y [ fdg| < & for all B'€ #(D’), D’ > D. Regarding Theorem 1,2 and
Corollary 1,1 we can suppose without any loss of generality that the function f is
bounded, i.e. |f(f)| £ M for all t € [a, b]. If this is not satisfied, then we define the
function f by Corollary 1,1 so that f is bounded and we work with the integral
Y [2fdg instead of Y |2 f dg. '

From the continuity of g at all points a;, i =1, ..., k we obtain the existence of
a & > 0 such that |g(r) — g(a;)| < ¢/2Mk provided |t — a;| < 8,i=1,..., k.

Let D = {ag, ay, ..., 0} € P be an arbitrary subdivision such that |D| < & and let
us construct a subdivision D’ which is a common refinement of D and D; evidently
D’ > D. For a given B € #(D) and B’ € %(D’) we give an estimate of [Y(B) — Y(B')|.

If it occurs that o; _; < @44y < ... < Gyyp, < a; then

sj =11 (z) (9(2;) — 9(2;-1)) =
= f(z;) (9(2;) = 9(an+m)) + (9(ansm,) = 9(@nsms=1)) + - + (9(ah+1) — 9(t;-1))

is the term of Y(B) corresponding to «;_; < 7; < a; and the terms of Y(B') are of the
form

sj = f(T;+,,.,) (g(2) = g(a,,+,,,j)) + f(7;+mr1) (g(a,.+,,,_,) - g(ah+m1'1)) T .
e+ S() (9(an+1) — 9(2-1)) -
The difference s; — s; consists of m + 1 terms of the form
() = f(ra+)) (9(4) = 9(v))

where |u — v| < & (since | D| < 6) and either u or v equals to some a;. Hence

|£(e5) = F(za++)) (9(u) — g(0))| < 2M . (s2MK) = ¢[k
and
s; — sj| < e(m; + 1)[k = em;[k + e[k .

If the interval («;_ ,, a;) does not contain points from J then the corresponding terms
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from Y(B) and Y(B') are equal. Hence we have
. [¥(B) - Y(B)| < e X(m; + Dk

where the sum on the right hand side is taken over all j for which («;_,, a;) contains
points from D. The number of such intervals is at most k — 1 and Y'm; < k; this
yields

[¥(B) — Y(B)| < &(1 + ((k — 1)[k) < 2e.

In this way we obtain

¥(B) — ijfdg

< |¥(B) — ¥(B)] + ‘Y(B’) _y 'f s dgl < %

for all B e #(D), |D| < &, ie. NY [? f dg exists and is equal to Y [} f dg.

If g, he BV(a, b), f: [a, b]] = R, |f(t)] £ M for all te [a, b] and if B = {ay, 1y,
Uy, .0y T %} € B(D) for some D = {ay, ..., %} € 2 then we denote

T(B) = 3(0) Ah(s) + 3(2) (hoy-) = hsy-1+)

and similarly Y,(B) denotes the Young sum for g (cf. (1,4)).
Evidently the inequality

(16) |%(B) — Yi(B)| = M varg (g — h)
holds.

Similarly for f, f': [a, b] = R and g € BV(a, b) we have
(1) [¥(B) ~ Y/B)| 5 s 110) - )] vt

k k
for any Be #(D), De P, where Y/(B) =Y f(«;)Ag(x) + ¥ f(t;) (g(e;=) —
j=0 j=1
— (-1 +)) and similarly for Y/(B) (cf. (1,4)).
The inequality (1,6) immediately leads to the following

Proposition 1,2. (cf. II. 19.3.9 in [2]). If g,, g € BV(a, b),n = 1, 2, ... lim var} (g, —
—9)=0,f:[a,b] >R, |f(t)] £ M for all te[a, b] and Y [} f dg, exists for all
n=1,2... then bothY |} fdg and lim Y [ f dg, exist and are equal.

- Corollary 1,2. If g, € BV(a, b) is a pure break function and f:[a,b] > R is
bounded (|f(t)] < M for te [a, b]) then Y [ f dg, exists and we have Y [ f dg, =
=S 10) Al

te[a,b]

Proof. To every pure break function g, € BV(a, b) there exists a sequence g, €
€BV(a, b), n = 1,2,... of break functions with a finite number of discontinuities
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such that lim var® (9» — g) = 0. Therefore by Proposition 1,2 it is sufficient to prove

n—w
that Y 7 f dg exists for any pure break function g € BV(a, b) with a finite number of
discontinuities at the points {t;,...,t,} = [a, b]; let us now prove it: we choose
an arbitrary D = {op, ay, ..., 4} € @ such that {t,,...,1,} = D. For every B =
= {09, Tq5 1, -, Tt &} € B(D), D > D we have

Y(B) = .1(x) 80le) + 2/(2) 0(0,-) = o(oy-1+) = 310 Ao

because g(a;—) — g(x;—y+) =0 for all j=1,2,..,k and Ag(x) =0 if a;¢
¢ {t, ..., t,}. This implies the existence of Y [? f dg and moreover we have obtained
the equality

b v
Y j 7dg = Y.1(0) Aa(1)
From the inequality (1,7) we obtain

Proposition 1,3. (cf. IL. 19.3.8 in [2]). If f,:[a, b] — R, lim f, = f uniformly
in [a, b], g€ BV(a, b) and if Y [ f, dg exists for all n = 1,2, ... then Y [2f dg as
well as lim Y [? f, dg exist and are equal.

Corollary 1,3. If f, g € BV(a, b) then Y [ f dg exists.

Proof. It is known that every f € BV(a, b) is representable as the uniform limit of
a sequence f, of step—functions on [a, b] (see for example 7.3.2.1 in [1]), i.e.
every f, is a pure break function with a finite number of points of discontinuity
{ts, 2 ..., t,,} = [a, b]. We prove that Y [?f, dg exists for all n =1,2,... Let
D € 2 be an arbitrary subdivision of [a, b] with {t,, t,,...,t, } = D; let be D > D,
B = {«g, Ty, ..., T, 0%} € #(D) and let us suppose that a < t; < ... <t, < b.

Hence using the fact that the function f, is constant with values f(a), f(t;+),

i=1,...,v,— 1, f(b) in the intervals [a,t,),(t;, t;4y) i=1,..,v, — 1, (4, b]
respectively, we obtain

¥(B) = 3 1w) Aa(w) + (5D (0(0-) = a(oy-1+) =
= £(6) A%g() + 11(0) Aa(t) +S(6) A"a(b)+
# 7@4) 0t =) = o@+) + F1004) 0C001=) = afech) +

+1(b-)(g(b=) ~ g(t,,+)) = glf(t;) Ag(t:) +:"=Z-:f(t;+) (g(tie1=) = g(ti+)) +
+1(a) (g(t1=) — g(a)) + 1(b) (9(b) — 9(1,,+)) »
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i.e. the Young sum depends only on ¢, ..., ¢, and is independent of the choice of
D > D and B € #(D). This implies that the integral Y [? f, dg exist and has the value
Y(B) evaluated above.

The analogous argument gives the same result if a = ¢t; or b = ¢, . The existence
of Y [% f dg follows now from Proposition 1,3.

2. THE KURZWEIL INTEGRAL
Let for any t € [a, b] a 6 = 6(r) > 0 be given (i.e. & : [a, b] — (0, + 0)).
Put
21 S={(r,t)eR} ast=<bh t—0(r)St=t+ (1)}

and denote by & = ¥(a, b) the system of all such sets S € R%. Any set Se & can
be evidently characterized by a function é: [a, b] — (0, + ).
We consider finite sequences of numbers 4 = {0y, Ty, @y, ..., Ty, @} such that

(22 a=ay <o, <..<o=>b,
(2,3) aj_lé'tjéaj, j=1,-..,k.

For a given set S € &, A is called a subdivision of [a, b] subordinate to S if
(2,4) (tj,)esS for telaj_y,0;], j=1,2,...,k.

The set of all subdivisions A of [a, b] subordinate to S € & let be denoted by A4(S)
(cf. Definition 1,1,3 in [3]). In [3], Lemma 1,1,1 it is proved that A(S) # @ for any
Se&.

Let f:[a, b] = R, g : [a, b] = R be given. For every A = {09, Ty, &y, ..., Ty %}
satisfying (2,2) and (2,3) we put

@9 K(4) = 2(5) (o(e) - o).

Definition 2,1. The function f : [a, b] — R is Stieltjes integrable on the interval
[a, b] with respect to g : [a, b] — R in the sense of Kurzweil if there is a number I
such that to every ¢ > 0 there exists such a set S € & that

(2.6) |K(4) —I| <&

if A€ A(S). The number I will be denoted by K [°fdg and called the Kurzweil
integral of f with respect to g on [a, b]. '

The following proposition is an obvious consequence of the completeness of R
and of Def. 2,1:
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Proposition 2,1. Let f, g : [a, b] = R. The integral K [? f dg exists if and only if
for any ¢ > O there is a set S € & such that

1) K(4) - K(4)] <
for all Ay, 4, € A(S).

Remark 2,1. The above Def. 1. follows the definition given in [3] (see 1.2 in [3]).
In [3] the notation [} DU(z, t) with U(z, 1) = f(t) g(?) is used instead of our symbol
K [} f dg. Some fundamental theorems (additivity etc). about the Kurzweil integral
can be found in [3] (cf. 1,3 in [3]).

Remark 2,2, It is almost evident that if the Riemann-Stieltjes norm integral
NR [? f dg exists then also the Kurzweil integral K [? f dg exists and both integrals
are equal. To prove this fact it is sufficient to set 6(r) = |D| for any ¢ > 0 where D
is the subdivision from Def. 1,1.

Though it is not immediately apparent, the Kurzweil integral from Def. 2,1 is
equivalent to the Perron-Stieltjes integral if we suppose g € BV(a, b).

Remark 2,3. For given finite f:[a, b] > R, g € BV(a, b) we denote by P [!fdg
the Perron-Stieltjes integral of the point function f with respect to the additive
function G of a interval in [a, b] which is defined by the relation G(I) = g(d) — g(c)
for I = [¢, d] < [a, b] (cf. [4]).

The following theorem states the result promised above.

Theorem 2,1. Let f : [a, b] — R be finite, g € BV(a, b). Then the integral K (® f dg
exists if and only if the integral P [} f dg exists and both integrals have the same
value.

Proof. 1. Let P [} f dg exist. From the definition (cf. [4]) we have: For any ¢ > 0
there is a major function U and a minor function V' *) (U and V are additive functions
of interval in [a, b]) of f with respect to G such that

28) U([a. b]) - V([a. b)) < s

Let &, : [a, b] = (0, + ), &, : [a, b] = (0, + ) be the function occuring in the
definition of the minor function ¥ and the major function U, respectively. Let us put
(t) = min (6,(<), 6,(7)) for any 7 € [a, b] and let S € & be the set which corresponds
to & : [a, b] — (0, + ) by (2,1). We suppose that an arbitrary 4 = {a, 7y, &y, ...

*) An additive function of an interval V is said to be a minor function of f with respect to G
on [a, b] if to each point 7 € [a, b] there corresponds a number 6; = d;(r) > 0 such that

(e, d]) < f(z) G([c, d]) = f(z) (g(d) — g(c)) for every interval [c,d] such that 7 € [c,d] and
{d — ¢| < 8,(z). The major function U is defined analogously.
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«vus Tpy 0} € A(S) is given. The properties of a subdivision from A(S) as well as those
of a major and minor function guarantee the inequality

N[oy-15 2;]) < f(7)) (9(2) — 9(2-1)) < U([oj-1, 2])

forany j = 1, 2, ..., k. Hence the additivity of U and V implies
k
V([a, b]) éjglf(n) (9(2;) = 9(;-1)) = K(4) = U([a, b]) -

From (2,8) we obtain in this way the inequality |K(4,) — K(4,)| < eforall 4, 4, €
€ A(S) which means that by Prop. 2,1 the integral K [} f dg exists. Considering that
P (2 fdg = inf U([a, b]) = sup V([a, b]) we have evidently also K [?fdg =
=P [tfdg. Y 4

2. Now we suppose that K u’ f dg exists. Let an arbitrary ¢ > 0be given. According
to Prop. 2,1 we choose a set S € & (characterized by é : [a, b] — (0, + 0)) such that

(29) [K(4r) - K(45)] <e
for all 4,, 4, € A(S).

For a given 7, a < v £ b let 4, be a subdivision of .[a, 7] subordinate to S(A4, €

€ A(S, ), A(S, 7) is the set of all subdivisions of [a, r] subordinated to S). Let us
define

M(t) = sup K(4,), m(x) = inf K(4,),
M(a) = m(a) = 0. We put U([c, d]) = M(d) — M(c), V([c, d]) = m(d) — m(c) for
[¢, d] = [a, b]. Hence by definition and by (2,9) we have
(2,10) 0 < U([a, b]) — V([a, b]) = M(b) — m(b) < &.

U is a major function of f with respect to G: Let 6 : [a, b] — (0, + o) be the function
which characterizes the set S. For fixed t€[a, b] let [c,d] = [a, b], € [c, d],
|d = ¢| < &(z). Then by definition

f(2) G([c, d]) + M(c) = f(z) (9(d) — g(c)) + M(c) = M(d),
ie.
f(2) 6([c, d]) = M(d) — M(c) = U([c, d]) -
In a similar way it can be proved that V is a minor function of f with respect to G
in [a, b].

The existence of the Perron-Stieltjes integral P [? f dg follows immediately from
(2,10). '

Definition 2,2. Let g : [a, b] — R be given. A point t € [a, b] is called a point of
variability of the function g if to every ¢ > 0 there is a t' € [a, b], It - t’| <eg
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such that g(t) + g(t'). The set of all points of variability of g in [a, b] is denoted
by V, while C, = [a, b] — V.
It is easy to prove that the set V, is closed in [a, b].

Proposition 2,2. Let fy, f,, g : [a, b] = R, fi(t) = f,(t) for teV, and let K [%f, dg
exist. Then K |2 f, dg exists and equals K % f, dg.

Proof. For every 1€ C, = [a, b] — V, there is by definition a §(r) > 0 such that
for all 7’ € [a, b], |t — 7’| < §(r) we have g(r) = g(r'). Since K [} f, dg exists, we
can choose to every ¢ > 0 a set Se & (characterized by a function & : [a, b] —
— (0, + o0)) such that

(1) 25 () — o(er-0) = K [ 7190] <

for any A4 = {0, 74, &y, ..., T, &} = A(S). We define 6*(zr) = §(7) for t€V, and
5*(7) = min (6(r), §(r)[2) for te C,; evidently 6*(z) < &(z) for all € [a, b] and
S* c Sif S* e & is the set in R? characterized by the function 6* : [a, b] — (0, + o).
Let further 4 € A(S*), then also 4 € A(S) and (2,11) holds for any 4 = {a,, 7y, @y, ...
eoor Tio 04} € A(S¥). If ;€ C, then we have from (2,3) that |t — 7)| < 6%(z)) <
< 68(t;)[2 < 8(z;) for all te[ao;_y, a;] and therefore g(o;) — g(a;—;) = 0. Hence
for all 4 = {0, 74, &y, ..., Tp» %} € A(S) we have by assumption

B (o) = a1-0) = :5) (o) - o(01-0)
and by (2,11) also

L)) - oes-1) ~ K [ Fudg] <

for any A € A(S*). This completes the proof.

Proposition 2,3. Let g,geBV(a,b), I =1,2,... and limvar’(g, — g) = 0.

=

Further we assume that for f : [a, b] —» R it is |f(tf)] < M for all te [a, b] and that
K [®fdg, exists for all 1 = 1,2, ... Then also K [%f dg and the limit lim K [} f dg,
exist and the equality -

limKJ-bfdg, = Kwadg
holds. T ’

Proof. For every subdivision 4 = {ag, 7, 2y, ..., fk, .} we have evidently
(2.12) © |K(4) - K(4)| = M .varg (g — g))

where K(A4) is the Kurzweil sum for f and g,.
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Let ¢ > 0 be given. We choose I, such that var} (g, — g) < /4M for 1 > I,,.
(If M = 0 then the proposition is evidently valid.) Since K |} f dg, exists for all I we
can find for a given I > I, a set Se€ & such that for any 4,, A, € A(S) we have
|Ki(A4) — Ki(4,)| < ]2 (cf. Prop. 3,1). Hence
|K(4y) - K(4,)| < |K(4r) = Ki(4y)| + [Ki(41) = Ki(4,)| + |Kf(42) — K(4,)] <

S2Mvary(g;,—g) + g2 <e

forany A;, 4, € A(S)and K [} f dg exists by Prop. 2,1. The other part of the proposi-
tion is a consequence of the inequality (2,12).

Corollary 2,1. If g, BV(a, b) is a pure break function and f:[a, b] - R is
bounded then K |[? f dg, exists and we have K [3fdg, = Y. f(t) Agy(t).
3]

tel[a,

Proof. Similarly as in the proof of Corollary 1,2 it is sufficient to prove that
K j‘: f dg exists for any pure break function g € BV(a, b) which is discontinuous at

the points of a finite set {1y, t,, ..., t,} < [a, b] and that K [2fdg = Y f(t;) Ag(t;).
i=1

Let us suppose thata < t; < t, < ...t, < b and let us define

8(7) = %e(r. {a, 11, ..., 1,, b})

forte (a, b),t + t;,i =1,..., v, where g is the Euclidean distance; further we define

A;= max 6(r), j=1,..,v—1

te(ty,ty+1)

and A, = max 6(t), A, = max §(7) if @ < t,, t, < b, respectively and we set 8(a) =
te(a,ty) te(ty,b)
=6(t)) =8(b) =A,j=1,...,v, where A = min (A;). In this way we have defined
J
a function & : [a, b] — (0, + o) which provides a set S defined by (2,1).
Let now A = {o, 7y, 0y, ..., Ty %} € A(S). By definition we have [«;_y, o;] =
< [t; — 8(t)), t; + 6(r;)] forany j = 1, ..., k and the following assertions are valid:

1)if 7;e{a ty,....,t,b} then |o; —o;_4| £26(r;) =2A and [o;_y, 0] N
n{a ty,..,t,b} =1,

2) if 7; ¢ {a, ty, ..., t,, b} then |a; — o;_,| < 25(;) = 4e(7;, {a, ty, ..., 1, b}) and
therefore [a;_, o] N {a, ty, ..., 1, b} = 0.
Hence {a, ty, ..., t,, b} = {1y, ..., 7,} and

K(A) = £1(5) o) — 0(51-3) = 10 oa+) - o) +
+ A (@0+) = o(t=) + 18) 0(8) - 9(6-)) = 210 Aa(e)



for any 4 € A(S), i.e. K [?f dg exists and equals ). f(¢;) Ag(t;). This proves the corol-
lary. =1

Proposition 2,4. Let T < (a, b) be given such that [a, b] — T is dense in [a, b]

(i.e. [a, b] — T = [a, b]) and let g(t) = O for te [a, b] — T. If K [} f dg exists then
necessarily K [°fdg = 0.

* Proof. For any §: [a, b] - (0, + 00) we choose from the system of intervals
(v = 8(2), T + &(7)), T € [a, b] a finite s::‘stem (r; = 8(ty), 7; k+ ér))=Jpi=1,..

..., k such that t; < t;,q, [a, b] C;Uf,j and [a, b] -—leJ,- + @ for any r =

*r
=1,...,k. Hence J;n J;;; + 0 is an interval for all jj= 1,...,k — 1 and the
density of [a, b] — T implies that there is an a; e (J; N J;4,) n([a, b] — T) for
j=1,...,k — 1 If we set ag = a, oy = b, then we evidently obtain a subdivision
A = {ag, 71, %y, ..., Ty, %} € A(S), where S is determined by 6 (cf. (2,1)) and g(a;) = 0
fori =0,1,..., k. Hence we have K(A4) = 0 for this subdivision 4 and our proposi-
tion follows immediately from Def. 2,1.

Example 2,1 (due to I. Vrkog). Let g(1/(I + 1)) =27 1=1,2,...,4(t) = 0 for
te[0,1] — {1/(I + 1)};2,. Evidently ge BV(a, b). Let us put f(1/(l + 1)) = 2,
f(f) = 0 for te[0,1] — {1/(1 + 1)};2,. We show that the integral K [3 f dg does
not exist. For an arbitrary & : [0, 1] — (0, + oo) we set = 7 = 0. Since 1/(I + 1) -
— 0 for [ - oo, in (0, (0)) there exists a point of the form 1/(I, + 1). We set further
ay = 14 = 1/(I, + 1) and choose points a,,..., % and 7,...., 7, such that 4 =
= {ag, T4, Ay, -, Tp %} € A(S) where S is the set given by 6 (cf. (2,1)) and g(a)) = 0
forj=2,..., k.

This choice of 4 € A(S) yields

K(4) = 1(5) (6) - 9(65-1) = 12) o(e) =

= (1o + 1) g(1/(lo + 1) = f(1](% + 1) g(1[(fo + 1)) = 1

for any & : [0, 1] - (0, + o). Hence the integral K |2 f dg cannot exist. Indeed, if it
existed, its value would be zero by Prop. 2,4 the set T = {1/(I + 1)};2 having all
properties required in Prop. 2,4. However, for any S we have constructed an 4 € A(S)
such that K(4) = 1 and Definition 2,1 yields a contradiction with the existence
of K [3fdg. -

The set T = {1/(I + 1)};2; =V, is the set of all points of variability of g. The
function g is evidently of bounded variation in [0, 1] (g € BV(0, 1)). By Prop. 2,2 the
integral K [? f dg does not exist for g given above and for any arbitrary function f
satisfying f(1/(! + 1)) = 27, f: [0, 1] € R (e.g. for the function from Example 1,1).
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In this way functions g € BV(0, 1) are constructed such that the Young integral
Y [3 f dg exists but the Kurzweil integral K {3 f dg does not.

-

b b
3. COMPARISON OF YJ. fdg AND KI fdg FOR g € BV(a, b)

a a

In this section we assume that g € BV(a, b), f:[a, b] > R and Y [ f dg existsg
The aim of our study is to find additional properties of f and g guaranteeing the exis-
tence of the integral K [ f dg.

For the function g € BV(a, b) let us denote by Ny < (a, b) the set of all points
te(a, b) of discontinuity of the function g for which g(t—) = g(t+), i.e.

Ns = {te(a, b); g(t=) = g(t+), g(t) + g(t—)}

and let us define gg(t) = g(t) — g(t—) for teNg, gs(t) = 0 for te[a, b] — Ng;
we have evidently gse BV(a, b) because varsgs =2 Y (g(t) — g(t—)) < vars g.
teNs

In Prop. 1,1 we have proved that Y [?f dgs exists for any function f: [a, b] > R
andY [l fdgs = 0.

We denote further gg = g — gs; evidently gg € BV(a, b) and if gg(t+) = gg(t—)
then gg(t) = gg(t—), i.e. gg is continuous at all points of continuity of g as well as
for all t € Ng.

Since Y [ f dg, exists by the assumption, the integral Y (2 f dg exists as well and
equals Y [2fdg — Y [2fdgs = Y [? f dg. Using the existence of Y [} f dgx we obtain
from Theorem 1,2 that f is bounded on a finite number of closed intervals which are
complementary to a finite number of open intervals on which the function gy is
constant. It is possible to assume that |f(f)] < M for all t € [a, b]; in the opposite
case we set f = f on the set on which f is bounded and f = 0 otherwise. By Corollary
1,1 the existence of Y [ f dgp is equivalent to the existence of Y [ f dgx and we have
Y.’.:fdGR = Y.[:fdgx- ’

Now we uset the usual decomposition gg = g. + gg, Of gg € BV(a, b) into the
continuous part g, and a pure break function gg,. Corollary 1,2 guarantees the exis-
tence of Y [ f dgg, and so we obtain also the existence of Y [? f dg,. Moreover, we
have

Y f Fdgm = 3 1) ani) = 3 £(1) Ag().-
~ te[a,b] te[a,b]

Since g, € BV(a, b) is continuous the norm integral NY [? f dg, exists by Theorem 1,5
and by Theorem 1,4 also the Riemann-Stieltjes norm integral NR [} fdg, exists.
From Remark 2,2 the existence of K [ f dg, and the equality K [®fdg, = Y [2f dg.
immediately follows. Further, Corollary 2,1 implies the existence of K [7f dggs
since the function f is bounded, and also the equality K [fdgg, = Y [2f dggs.
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Hence the integral K [2fdgg = K [ fdg. + K [? f dgg, exists; this statement is an
easy consequence of Prop. 2,2.
We can summarize the above results for the case Ny = 0 in the following

Theorem 3,1. If f : [a, b] = R, g = BV(a, b is such that g(t+) = g(t—) for some
te(a, b) implies g(t) = g(t—) and if Y [°f dg exists, then also K [?f dg exists and
both integrals are equal.

In the general case, i.e. if Ng + § the existence of Y [? f dg implies not necessarily
the existence of K [? f dg. This fact is shown in Example 2,1.

If we suppose that f is bounded on N(|f(t)] < M for t € N5) then we define f(r) =
= f(t)for t € Ng, f(f) = Ofort € [a, b] — Ns. Hence fis bounded and from Corollary
2,1 we obtain the existence of K [? fdgs while Prop. 2,2 guarantees the existence of
K [?fdgs. Corollary 2,1 gives moreover K [°fdgs = 0 because gg(t) = gs(t+) —
— gs(t—) = Ofor all t € [a, b]. This yields the following

Theorem 3,2. If f: [a, b] —» R, |f(f)] < M for te N5, ge BV(a,b) and Y [,f dg
exists then K [! f dg exists and both integrals are equal.

Remark 3,1. Evidently, if the set Ny is finite, then the boundedness of f on Ng can
be omitted.

Corollary 3,1. If f, g € BV(a, b) then K [! f dg exists and equals Y [} f dg.

Proof. This statement follows from Corollary 1,3 which states the same result for
the Young integral, from the boundedness of f and from Theorem 3,2,

Finally, we mention the known fact (see [1]), that if we set [a, b] = [0, 1], g(t) =
= t, f(t) = sin (1]f) — (1/¢) cos (1/¢), for t € (0, 1], f(0) = O then the Perron integral
P [§ f dg exists and by Theorem 2,1 also the integral K | o f dg exists. It is also known
that for this choice of f and g the Riemann integral does not exist. Since g(t) = t is
continuous in [0, 1] we obtain that Y [§ f dg cannot exist (cf. Theorems 1,3, 1,4) and
so we have an example of functions g € BV(a, b), f : [a, b] —» R such that K [2fdg
exists but Y [2 f dg does not.
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KONFIGURACE BODU ROVINNE KUBIKY II

JaroMir KRryYS, Hradec Kralové
(Doslo dne 24. listopadu 1971)

1. UVOD

Tato prace je pokradovanim &lanku [1], jehoZ znalost pfedpokladdme a pokradu-
jeme také v oznadovani vét i poznamek. V pfispévku dokaZeme existenci nekoneéné
mnoha dal§ich konfiguraci bodt rovinné kubiky. Cela prace je zaloZena na studiu
grupy bodi rovinné kubiky. Hned pfipojujeme poznamku, Ze vzhledem ke struénosti
nerozli$ujeme pojem grupa a jeji mnozina. Cten4f jisté snadno pozn4, kdy se jedna
o mnoZzinu (pole grupy) a kdy o strukturu. Viechny problémy fe$ime v komplexn&
projektivni roving a pfedpokladame znalosti vét o rovinné kubice.

2. PODGRUPY GRUPY G

Véta 25. Necht' G je komutativni grupa a pro kaZdé a € G existuje takové a, € G,
pro které plati a} = a. (Operaci grupy oznacujeme jako ndsobeni.) Potom plati:
JestliZe v G existuje podgrupa G,-Fddu n, kde n je pfirozené Cislo vétsi nef 1, pak v G
existuje také podgrupa G,, Fddu 2n.

Diikaz. Nejdfive dokaZeme, Ze existuje takovy prvek y e G a y ¢ G,, Ze soudasn&
plati y* = g,, pfi¢emZ g, € G,. Pro a % 1, a € G, nemiiZe zfejme& byt a®> = a, proto
v G, existuje prvek x, pro ktery je x> = g;, x + g;a g, € G,

Kdyby neexistoval prvek y (uvaZovanych vlastnosti), potom musi v G, existovat
aspoil jeden (podle pfedpokladu) prvek x; # x, takovy, Ze plati x; = x. Podobn¥
v G, musi existovat prvky x,, Xs, ..., X,, pro které plati, Ze jsou navzijem rtizné a dale
xf,“ = x; kdej = 1, 2, ..., n. To vSak nemiiZe nastat, nebot G, je kone¢na podgrupa.

Nyni dokéaZeme, Ze G, U {y} = G,,, kde {y} je prvek grupy G/G, ureny uvazo-
vanym prvkem y. G,, je pologrupou, nebof je-li:’

1. yie{y}, y;e{y}, potom y;y;, = g;€G,;
2. y,€{y}, 9:€G,, potom yg; =y;e{y};
3. 9,€G,, g;€G, potom g,g; = g,€ G,
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Kone&n& dokaZeme, Ze ke kazdému y; e {y} existuje jediny prvek inverzni. PoloZi-
me y; = yg;, ¥; = yg;, kde g; je takové, 7e g;9; = g; ! a g;, y jsou prvky uvazované
v prvé Casti ditkazu této véty. ProtoZe g; € G,, existuje jediné g, této vlastnosti.
Dostavame y;y; = 1 a tedy existuje k danému y, jediné y; = y; 1.

UvazZme nyni, zda grupa G bodi rovinné kubiky C rodu 1 spliiuje v&tu 25. Nechf
bod 4 € C. Hledejme bod A,, pro ktery plati A, + A, = A. Pfimka OA protne
kubiku jesté v bodé A'. Hledany bod A; ma za svij tenovy bod bod A’. Zfejmé ke
kazdému bodu A existuji v tomto pfipad€ &tyfi vesmé&s navzajem rizné body A,.
MuiZeme tedy aplikovat vétu 25 na grupu G. Necht J, je mnoZina uvaZovana ve vé&té
10, D, z véty 12, E, z véty 14 a F, z véty 16. Potom zfejmé plati:

Véta 26. Grupa G bodii rovinné kubiky rodu 1 md tyto podgrupy:

1. Jo, J1, 3, ooy e Jo md devét bodii a J, md 9 . 2" prvki (bodi).

2. Dy, D}, D}, ..., D,. Dy md prdvé dva proky a D, md 2 .2" = 2"*! proka.
3. E,,E} E), ..., E|. E, mad prdvé étyfi proky a E, md 4.2" = 2"*2 proki.
4. Fy, Fi, F, ..., F,. Fy md prdvé tfi proky a F, md 3. 2" prokii.

Poznamka 8. Grupa bodu kubiky s bodem uzlovym spliiuje také vétu 25, zde
viak dalsi podgrupy nedostavame. Pozd&ji ukiZeme, Ze nemusi byt J5, = J, a obdobné&
D;k = Dk’ E’Zk = Ek a Fék = Fk'

3. KONFIGURACE BODU KUBIKY RODU 1
Aplikujeme-li nyni vétu 2 na podgrupy J., F, a D,, dostdvame:

Véta 27. Existuji rovinné konfigurace bodii rovinné kubiky rodu 1 typu:
(27.25.0:'9%:23%), (9B 9.2 5 (3.2, 28779,

kde n je pFirozené ¢islo a u prvnich dvou typit miife byt n také rovno nule.

K odvozeni dalsich konfiguraci, je tfeba poznat strukturu podgrup grupy G.
V daliim budeme studovat jenom ty podgrupy, které obsahuji aspoil jeden inflexni
bod a tedy spliiuji vétu 4. Dale budeme uvaZovat jenom podgrupy grupy G bodi
kubiky rodu 1. h

Vita 28. Jestlize podgrupa G = {X1,....X,} grupy G obsahuje tfi navzdjem
riizné dotykové body tecen vedenych z bodu M ke kubice, potom G je slo¥ena z g|4
Stvefic bodii se spolenym tecnovym bodem.

Dikaz. Necht X, X,, X, splituji podminky v&y 28. Necht X, je bod kubiky,
ktery ma s body X,, X,, X; spoleény tenovy bod. Pfimka X X, protind kubiku
jedt& v dal¥im bod& napf. Z a podle véty 4 plati Z e G. Pfimka X,Z zfejm& protina
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kubiku v bod® X, € G. Nechf X € G (X5 + Xy, X,, X3, X,,). Pfimka X, X protina
kubiku je§t¢ v bod& napf. X,. Piimka X,X, protind kubiku jesté v dal§im bodé&
grupy G, napf. X. Podle zndmé véty X5 a X4 maji spoledny tednovy bod. Pomoci
bodl X; a X, dostaneme body X, a X, a plati, Ze X5, X4, X, Xg maji spoleény ted-
novy bod. X 5 jsme viak zvolili libovolng a tedy s kazdym bodem leZi v G cela &tvetice
se spole&nym te¢novym bodem. Téchto &tvefic je zfejmé g/[4.

Véta 29. Necht podgrupa G grupy G nespliiuje tvrzeni véty 28 a necht md sudy
pocet prvki. Potom je tvofena dvojicemi bodit se spolenym teénovym bodem.
Téchto dvojic je zFejmé g|2.

Dikaz. Bod X; dané grupy lze spojit s kazdym bodem dané grupy a tfeti prisecik
této spojnice s kubikou leZi také v dané grupg& (v&ta 4). Necht X, je inflexni bod.
Potom jeho tednovy bod je X;. ProtoZe g je sudé musime rozdélit lichy pocet bodii
do dvojic jejichZ spojnice prochazi bodem X;. Pravé jedna z téchto spojnic musi byt
te¢na vedené z X ke kubice. Bod dotyku této te¢ny ozna¢me X ;. Body X; a X ; maji
spoleény te¢novy bod a sice bod X ;. Necht X, neni inflexni bod. Te¢novy bod bodu X;
ozname X;. Teénovy bod X; oznaéme X,;. Zfejm& je X, + X,;. Bodem X lze vést
spojnici s X; a spojnici s X;. Zbyvajicich g — 3 bodi dané grupy musime rozdélit
do disjuktnich dvojic. ProtoZe g — 3 je €islo liché, 1ze to jeding tak, Ze tenovy bod
jednoho z té&chto g — 3 bodi napf. X; je bod X;. Opét jsme nasli k X; bod X ; a plati,
Ze maji spole¢ny te¢novy bod.

Tim jsme rozdélili nAmi uvaZované grupy v podstaté do dvou skupin. Z uvaZova-
nych grup jsme nezafadili jedin& grupu J, a F, jejichZ strukturu viak zname. V dal-
§im budeme oznacovat , G grupu splilujici tvrzeni véty 28 a ,G grupu spliiujici tvrzeni
véty 29.

Véta 30. a) Proek (t¥ida) {4} grupy G/,G je tvoFen g4 étveficemi bodit se spolec-
nym tecnovym bodem.

b) Prvek (tfida) {B} grupy G/,G je tvoFen g[2 dvojicemi bodi se spolecnym
tecnovym bodem.

Dikaz. a) Nechf 4; € {4}, 4; ¢ ;G. Necht O je inflexnim bodem grupy ,G. Spo-
ledn& s bodem O leZi v G i body G,, G,, G5 o nichZ plati, Ze maji spoleény tednovy
bod a sice bod 0. Dalsi body tfidy {A} dostaneme takto: Spojime A; postupné s O,
G,, G, a G, a dostaneme je§t& body kubiky A}, 47, A? a A}. Tyto body maji podle
znamé vity spole¥ny tenovy bod a dale plati, Ze tyto body neleZi v {A}. Nyni body 4},
(i = 1 i5es 4) spojime s O a dostaneme je3t€ dalsi body kubiky A4;, 4;, 4, A4, které
leZi v {4} a zfejmé tyto body, tak jako body A, majf spoleny te&novy bod. Bod 4,
jsme volili libovoln¥ a tedy plati, Ze s kazdym bodem prvku {4} leZi v {4} celé &tvefice
bodii se spole¢nym te¢novym bodem. Zfejm t¥chto &tvefic je g/4.

b) Zcela obdobn¥ dokéaZeme tvrzeni b) véty 30. Tento dikaz pfenechame &tenafi.
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Uvazujme nyni prvek (t¥idu) {4} grupy G/,G. Necht {24} % {T — A}. Potom {A}
a {T — 24} jsou dv& rizné tfidy a plati, Ze pfimka 4,4 (A;, A; € {4}) protne kubiku
jesté¢ v bod& M;e{T — 24}. Kazdym bodem A;e{A} prochézi g — 1 piimek
takovych, Ze na kazdé z nich leZi pravé dva rtizné body t¥idy {A} a prave jeden bod M;
tfidy {T — 24}. Vzhledem k v&t& 30 jsou body M, rozdé€leny do dvou disjunktnich
mnozin M a M’ takovych, Ze g/2 body M; mnoziny M prochazi pravé g — 2/2 pfimek
vySe uvazovanych a g/2 body M; mnoZiny M’ prochézi pravé g/2 téchto pfimek.
Dokazme nyni existenci tfidy napf. {B} =% {A} okteréplati {T — 24} = {T — 2B}
a déle, ze body M, se daji rozdélit do uvaZovanych mnozin M a M’, pfi¢emzZ plati,
Ze body mnoZiny M prochazi pravé g/2 pfimek B;B;M; a body mnoZiny M’ prochazi
pravé g — 2[2 pfimek B;B;M; (B, % B;). Podle véty 6 existuji je§t& dal3i tfi t¥idy
{B}, {C}, {D} pro n& plati {T— 24} = {T - 2B} = {T - 2C} = {T - 2D}.
Aspoii jedna z téchto tfid ma uvaZovanou vlastnost, nebof v opaéném pfipadé snad-
nou uvahu zjistime, Ze v aspoii jednom bodé M, existuje ke kubice vice tefen nez
Styfi. Nechf tedy uvaZovanou vlastnost ma tfida {B}, potom body tfid {4}, {B}
a{T- 2A} prochazi pravé g — 1 pfimek na nichZ leZi pravé tfi vesmés navzdjem
riizné body danych tfid. Proto plati véta:

Véta 31. Existuje konfigurace typu (3g,-4,9(g — 1);) bodit rovinné kubiky
rodu 1, kde g je pocet prvkit grupy ,G, kterd spliiuje vétu 29.

Poznamka 8. Tyto konfigurace existuji i na kubice s bodem uzlovym, nebot jak
snadno zjistime viechny podgrupy této kubiky jsou typu druhého. K dikazu véty 31
je jesté tfeba dodat, Ze existuje vZdy takova tfida {A}, pro kterou plati {24} %
% {T — A}. Jist& existuje tiida, kter4 neobsahuje ani jediny inflexni bod.

Véta 32. Existuji konfigurace typu (39 -2/2y 39(9 — 2)s) a (3g,)2, 493) bodit
rovinné kubiky rodu 1, kde g je po&et prvkii grupy ,G, kterd splituje vétu 29.

Diikaz. Tato véta vyplyva bezprostfedné z tivahy, kterd pfedchazela vété 31.
V piipadé prvého typu konfigurace vynechame v konfiguraci z véty 31 pfimky
A A;M,, pfi¢emZz M; € M’ a B,B;M,, kde M; e M. V pfipadé druhého typu vynecha-
me v dané konfiguraci pfimky 4;4;M;, pfi¢emZz M;e M a B;B;M;, kde M;e M'".

Poznamka 9. Konfigurace z vét 31 a 32 maji pravé 3g-tice prvki, neplati vSak
jako v ostatnich dosud odvozenych konfiguraci, Ze body kaZdé g-tice jsou od sebe
oddéleny.

Dokazme nyni, Ze existuji podgrupy ;G a ,G pro viechny podgrupy dosud nami
odvozené. Uvazujme podgrupu D,. Grupa D, obsahuje inflexni bod J; a bod dotyku
napf. J,, tedny vedené z bodu J; ke kubice. Hledejme Dj. Z véty 25 vyplyva, Ze
kazdy bod X ¢ D, a o n¥mz plati 2X e D, ur&uje prvek (tfidu) grupy G/D, a {X} U
U Dy = Dj. Téchto bodii je celkem Sest a oznaéme je Jyp, J13, J1115 J1125 J113s
J114- Oznadili jsme J,, a J;; body dotyku teéen vedenych bodem J; ke kubice
a obdobn& J,;, kde i = 1, 2, 3,4 jsou body dotyku tefen vedenych bodem J;,
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ke kubice. Zfejm& jenom pro tyto body plati, Ze 2X € D, a proto existuji tfi riizné
tfidy (prvky) grupy G/D,. Podle pfedchazejiciho tedy tfi riizné grupy Dj. Z vity 28
vyplyva, Ze body J,, a J, patfi stejné t¥idé a dostavame grupu ,G, = E,. Body J,y;
tvofi dvé tfidy a zfejmé& spojnice dvou bodu stejné t¥idy musi prochazet bodem Jy;.
Dostavame dalii dvé grupy a ty jsou zfejmé typu ,G,.

Poznamka 10. Podle véty 7 tvofi D, spolu s uvaZovanymi tfemi t¥idami grupu
a to typu ;Gg. Kromé& toho k v&t& 7 chybi diikaz, Ze ke kazdému bodu existuje bod
inverzni. Dopliiujeme timto tento dikaz s tim, Ze existence jediného inverzniho
prvku k danému okamZité vyplyva z véty 25.

Pokradujme nyni v uvaze pfed pozndmkou 10. Timto jsme udélali prvni krok
1tiplné indukce. Necht ,G,« je podgrupa grupy G splitujici vétu 29. Grupa ,G,« je tedy
sloZena g 2"/2 dvojic bodi se spolenym te¢novym bodem a tyto teCnové body lezi
v této grup¥ (uvaZujeme stale grupy spliiujici vétu 4). MnoZinu t&chto te¢novych bodi
ozna&me T. Existuje celkem 3. 2% bodd, které neleZi v ,G,« a jejichZ teénové body leZ
v ,G,« Tyto body tvofi ziejm& tfi prvky (t¥idy) grupy G/,G,« a kaZdy tento prvek
spolu s danou grupou tvofi grupu Gyx+:. Jednu z t&chto t¥id zfejmé& tvofi mnoZina
bodu jejichZ te€nové body jsou body mnoziny T a dostdvame tak grupu ;Gjk+s.
Zbyvajici body tj. body dotyku tegen vedenych ke kubice z bodét mnoZiny ,G,x — T,
mohou tvofit dané dvé tfidy jedin& timto zpisobem: Jednu tfidu tvofi body, které
dostaneme jako body dotyku dvou riiznych te€en vedenych ze vSech bodd mnozZiny
2Gx — T. Druhou tfidu tvofi zbyvajici body. V kazdém jiném piipad& prochazi
n&kterym z bodi mnoZiny ,G,« — Tnapf. A aspofi tfi teny a grupa G = ,Gx U {4}
je typu jedna, ale body mnoZiny T prochézi jenom dvé teény, jejichZ dotykové body
leZi v dané grupg. Tim jsme ukézali, Ze existuji jak ;G,n, tak i ,G,», kde n je pfirozené
&islo (s vyjimkou Dy = ,G,). Grupy F;a J; miZeme dostat obdobnou tvahou. Pokra-
Zujme rychleji. Necht je dina G,. a plati J, € G,», J, a J; neleZi v G, (zde oznaduje-
me J; inflexni body kubiky). J, a J; zfejm& uréuji dva rizné prvky grupy G/Gn.
Ziejm& prvky {J,} = G,n, {J,} a {J3} maji obdobné vlastnosti jako body J;, J, a J,.
Plati tedy G,n U {J,} U {J3} = G ;n. Podobni plati {J,} U {J;} v {J} U {Js} U
U {Js} v {J;} u{Js} U{Jo} UG,n = Gy ,n Tim jsme dostali podgrupy J; i F;.
Déle jsme ukézali, Ze existuji jak ;G5 ,n a {Gg 2n, tak i ;G5 5n @ ,Gy ,a, kde n je pfiro-
zené Cislo a v pfipadé grup prvého typu nemiiZe byt rovno 1. Plati tedy:

Véta 33. Vkonﬁgurac:ch z vét 31 a 32 mizfeme za g postupné dosadit: 2"*1,3 . 2"
a9.2"

Uvaha, kterou jsme ptesli od grupy G,. ke grup& G, ,» nam pomize odvodit dal¥i
typy zajimavych konfiguraci. To co plati o inflexnich bodech plau i o deviti tfidach
urenych jednotlivymi inflexnimi body.

Véta 34. Existuji konfigurace bodii rovinné kubiky rodu 1 typu: (9.2 20 12.22%,
kde n je nezdporné celé é&islo.
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Dukaz. Inflexni body kubiky rodu 1 tvofi znamou konfiguraci (94, 12,). Zvolime
napf. J; = 0. Konstruujeme grupu G,., kterd mi jediny inflexni bod a sice J;.
KaZzdy dal3i inflexni bod kubiky urduje prvek grupy G/G,.. Dostaneme spolu s G, cel-
kem devét prvki, které tvofi uvaZovanou konfiguraci. Kazdy tento prvek leZi tedy na
Gtyfech ,,pfimkach dané konfigurace. Kazdou tuto ,,pfimku‘ miZeme uvaZovat
jako konfiguraci (3 . 23., 23"). V grup& G ,», kterou tvofi uvazovanych devdt prvki
grupy G/G,., budeme uvaZovat viechny pfimky konfiguraci (3 .23., 23"). Téchto
pfimek je zfejm& 9.2".4.2"(3 = 12.2?" a kazdym bodem grupy Gg ,» prochazi
pravé 4 . 2" téchto pfimek.

Poznamka 11. V ptipad€ n = 1 dostavame konfiguraci (18, 48;). Body této
konfigurace jsou jednak inflexni body a jednak devét dotykovych bodi teCen vede-
nych ke kubice z inflexnich bodi. Uvadime tento pfipad hlavné proto, aby si ¢tenaf
uvédomil vyznam algebraického pohledu na kubiku, nebot tuto konfiguraci z vlast-
nosti kubiky bychom téZko odvodili.

Dvé disjunktni konfigurace napft. (3gg, g§) muZeme uvazovat jako konfiguraci
(6924, 493). Toto je ziejmé a v celém Elanku tohoto nepouZzivame, nebot timto zpiso-
bem se nezméni podet piimek prochéazejici danym bodem. Nyni provedeme tvahu
v jistém smyslu obracenou. UvaZujme podgrupy G, a G,, pfi¢emZ G,, > G,. Podle
véty dv& tfi navzdjem rizné téidy (prvky) {B}, {C} a {T — (B + C)} grupy G/G,,
tvoti konfiguraci (12g,,, 1693). Ziejmé existuji prvky grupy G/G, {E} = {B}, {F} =
c{C}a{T— (E + F)} < {T— (B + C)}, které tvoti konfiguraci (3g,, g3). Vyne-
chame nyni v pfedchézejici konfiguraci viechny body, které patfi prvkam {E}, {F}
a {T — (E + F)}. Tim se zmen§i po&et bodl v dané konfiguraci o 3g tj. ziistane 9g.
Kazdym z t&chto 9g bodi prochazi pravé 2g pfimek prochizejicich vynechanymi
body. Zmensi se tedy polet pfimek prochazejicich danymi body o 2g a dostavame:

Véta 35. Existuji rovinné konfigurace bodii kubiky rodu 1 typu (99, 6g3), kde g
je pocet prvkii podgrupy grupy G.

Véta 36. Existuji rovinné konfigurace bodit kubiky rodu 1 typu (3g.4%4™ —
— angam—2) g% . 425(4™ — 1) (4™ — 2),), kde g je pocet prvkit podgrupy grupy C
a k, m jsou pFirozend disla.

Dukaz. Uvazujme G, 4o D G, 4x, pfiCemZ plati k + m = n a k, m, n jsou pfiro-
zena &isla. Nyni op&t v konfiguraci (3¢ . 45 4, g2 . 4§") vynechime body konfigurace
(39 - 4% 41, g* . 43F). Tim se n4m zmensi poZet bodit prvni konfigurace o 3g .4
a dostavame 3g . 4%(4™ — 1) bodd. Podet pfimek prochézejicich uvazovanymi body
se zmensi 0 2g . 4* a dostavame g . 4(4™ — 2) pfimek.

V dalgi vét& budeme aplikovat na vétu 35 a 36 dikaz resp. vétu 34.

Véta 37. Existuji rovinné konfigurace bodii kubiky rodu 1 typu (27gg,, 7293%)
a (27g . 45(4™ — D)gxsm gam—2y 997 . 427™(4™ — 1) (4™ — 2),), kde g je polet prvki
podgrupy, kterd md jediny inflexni bod tj. g = 2".
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Poznimka 12. MiZeme pokradovat v odvozovani dalsich konfiguraci tak, Ze
v pfipadé kdy n — k > 1 vynechdme vice neZ jednu konfiguraci uvazovaného typu.
Tyto tivahy pferechime &tenéfi. Dale také nebudeme ve vé&tach 35 a 36 dosazovat za g
pfislu¥na &isla.

UvaZujme nyni podgrupu ;G; ,» a ;Gg .. Podle véty 7, resp. podle poznamky 10,
grupa ; G, je rovna s;ednocem Gyn-2 a tii tHid grupy G/G,a-2. Tyto tii tfidy zfejm&
urduji konfiguraci (3.23.%,23~?). Nyni v ,G,. vynechame body grupy G,.-:
a v tfidach, které spolu s 1(72,. uréuji postupné ;G; ;. @ {Gg .. Vynechdme body
tfidy se stejnymi vlastnostmi jako uvazovani G,.-.. Zbyvajici body tvofi podle
v&t 35 a 37 konfigurace z t&chto vét. Pfidanim pfimek uvaZované konfigurace
(3. 25.3,23?) dostavame konfigurace:

(9. 25555 9. 3% & (27,2535-3,81.25%°Y),

Tyto konfigurace jsou podle podtu bodii a pfimek stejné jako konfigurace z véty 27,
maji viak jinou strukturu.

Dalsi typy konfiguraci dostaneme, kdyZ budeme aplikovat konfigurace z véty 33
na grupy ,G; ,na ,Gy 5. UvaZujme ,G,n. UvEdomime-li si strukturu této grupy ihned
dostavame: ,Gjn = ,Gn-2 U {4} U {B} U {C}, kde {4}, {B} a {C} jsou prvky
grupy G/[,G,a-2 a déle plati ,G,n-2 U {A} = 3Gzn-1. 3Gn-2 U B % ,G,a-1, nebof
kdyby tomu tak nebylo a platilo pfedchazejici, musela by byt ,G,. prvého typu.
Z toho vyplyva, Ze musi platit {T — 2B} = {4} a {T — 2C} = {4} a tfidy {4}, {B}
a {C} spliiuji podminky 31 resp. 32 tj. uréuji konfigurace t&chto vét. Nyni v ,G,.
vynechdme body grupy ,G,.-2 a v t¥idach, které spolu s ,G,. uréuji postupné ,G; ,n
a ,Gg . vynechime t¥idy se stejnymi vlastnostmi jako ma uvaZovani grupa ,G,a-o.
Zbyvajici body tvofi konfigurace z vét 35 a 37 a navic miiZeme v kazdé tfidé pfidat
pfimky z konfiguraci podle vét 31 a 32. Dostavame:

Véta 38. Existuji rovinné konfigurace bodii rovinné kubiky rodu 1 typu

~ [15¢* 59 + 2
(993.-1» 39(30 - 1)3) > (995g/2a (—‘zg ) ) a (99(5“2)/2, 39 ( gz ) >
3 3

pFidem# za g miZeme dosadit jednak 3.2""% a jednak 2"~2. Cislo n je pFirozené
a vétsi neZ dvé.

UvaZujme ,G,x © ,Gyn. ZfejmE existuje ,G,a[,G,e a protoZe kazdy prvek této
faktorové grupy se sklada z 2*[2 dvojic bodi se spolegnym te€novym bodem, Ize tyto
prvky rozdglit do disjunktnich dvojic takovych, Ze pro kaZzdou dvojici prvka {X}
a {Y} existuje prvek {Z} pfi%emz plati {Z} = {T — 2X} a {Z} = {T — 2Y}. Zfejmé
jedin& v ptipad¥ {X} = ,Gx« tyto tfi prvky nejsou vesm&s riizné. V ostatnich p¥ipadech
splituji tedy uvaZované tfi prvky vétu 31 resp. 32 (jinak by totiZ dan4 grupa byla
prvého typu). Nyni rozd&lime danou ,G,. do disjunktnich trojic uvaZzovanych prvki
tj. kazdy prvek bude patfit jediné trojici navzdjem vesmés riznych prvki. Ziejmé
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plati: je-li &slo n — k sudé potom jediné ,G,« nepatii 24dné uvaZované trojici. PFi
n — k lichém nebude Z4dné trojici naleZet ,G,« a {4}, pfidemZ plati ,G,« U {A} =
= ,G,x+1. Nyni budeme postupovat jako v pfedchézejici v&t&, s tim, Ze v obou pfi-
padech vynechivame podgrupu grupy ,G,. a tedy vynechané body jak v ,G; 5
tak i v ,G,_,. tvofi konfiguraci a tedy jsou spln&ny podminky v&ty 35. Dostdvame:

Véta 39. Existuji rovinné konfigurace kubiky rodu 1 typu:

(3(2" = 29 gn_kys (2" =29 (2" = 2¢ = 1)y),
(92" — 2%42n—7.2%-1, 32" = 2%)(4.2" — 7.2% — 1),)
(32" = 2" Vnoz gy (2 = 22T (20 - 3. 2% — 1))
(902" — 2** M)y 2acqs.0xmys 3(2" = 2¢71)(4.2" — 15.2% — 1))
kde n a k jsou pFirozend Cisla, k § n — 2 a u pronich dvou typil je n — k sudé
a u zbyvajicich dvou typii je n — k liché.

Poznéamka 13. Ctenaf si jist& uvédomil, Ze ve vét& 39 jsme mohli uvést jeit& dalSich
osm typt konfiguraci. Dale by platilo, Ze véta 38 je specidlni pfipad véty 39 a sice
prok =n — 2.

Necht k = 1 a n je sudé. Konfigurace z pfedchézejici véty v tomto pfipad& dostava-
me tak, Ze v grupé ,G,. vynechame &tyti body a sice: Jy, J11, J111, J112- Plati, Ze
body Jy, Jy1, J132 leZi na pfimce. Vynechme nyni v ,G; ,. jeding body J,, J2, Ja;.
Piimka J;;J;; prochézi bodem J,, kde i,j, k = 1,2,3 a jsou navzijem vesmés
riizna. V bodech J; (i = 1, 2, 3) tim, Ze vynech4me uvaZované body zmen3i se podet
primek konfigurace (3 . 23,, 23") o jednu a v ostatnich bodech o dv&. JestliZe vynech4-
me v dané konfiguraci je§té¢ pfimku J,J,J; dostavame:

Véta 40. Existuji rovinné konfigurace bodii kubiky rodu 1 typu:
B2 =g, (2" =1)3) a (9.(2" = D)gzn-rs 32" —1)(4.2" = 7);),
kde n je sudé pFirozené dislo.

Dukaz. Druhou konfiguraci dostaneme tak, ¢ v ,Gg ,» vynechame J;;, i =
=1,2,...,9 a tfi ptimky napf. J J,J3, J4JsJg a J;J Jg.

Zavéretna poznamka. VSechny uivahy, které jsme v tomto &ldnku provedli se
daji zdualisovat. Tedy plati:

Véta 41. Necht (u,, uv[3;) je konfigurace odvozend v predchdzejicich vétdch.
Potom existuje také konfigurace (uv/33, u,) tecen rovinné sextiky.
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Zusammenfassung
PUNKTKONFIGURATIONEN EINER EBENEN KUBIK, II

JAroMir KRrYS, Hradec Krédlové

Diese Arbeit ist eine Fortsetzung einer fritheren Abhandlung des Verfassers [1].
Es wird die Existenz unendlich vieler weiterer Punktkonfigurationen einer ebenen
Kubik bewiesen.
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&asopis pro p&stovini matematiky, ro&. 98 (1973), Praha

a

K RIESITELNOSTI DIOFANTICKEJ ROVNICE Y L =
J=1 x5

PAVEL BARTOS, Bratislava

(Doglo diia 10. decembra 1971)

V ¢&lanku [1] je odvodena veta 3 o postatujiicich podmienkach riestieInosti rovnice
n
1
(1) Y=, @h)=1, nz2
s x;

v prirodzenych &islach x;,, x,, ..., x, v pripade n = 3. V tomto ¢lanku tato vetu
zovseobecnime pre TubovoIné n > 2.

Veta 1. Prirodzené éisla x;, i = 1, 2, ..., n, ktoré moZno vyjadrif vo forme

n n
vy [1u; H
ji=2 j=2

@ xg =, s = B e2an
ab au(y H u; — b?
j=2

M:

]

kde a, b, y, u,, us, ..., u, si prirodzené cisla, tvoria riesenie rovnice (1).

Dokaz sa vykond dosadenim (2) do (1).
Veta 2. Pre ¢isla y, u,, us, ..., u, v (2) plati za predpokladu x; = min {x;}
J
(3) b?> < y[Ju; £ nb*.
‘ j=2

Dékaz. Za udineného predpokladu plati 1/x, < a/b, n/x, 2 a/b, z &oho vyplyva
Q)

Poznamka 1. Podmienky (2) vety 1 su v pripade n = 3 aj nutné (pozri vetu 1
&lanku [1]). Tak je tomu aj v pripade n = 2, v ktorom zneji:

7 i u bu
(2 ) Y _ Y

Xy = —,

X, = ——.
ab’ 7’ a(yu — b?)
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Ak vyjadrime trividlne x; = (b + k)[a, potom z (2) yu = b® + bk, takZe x, =
= (b + b*[k)/a, &o st nutné a postalujice podmienky pre riedenia rovnice (1) pri
n = 2 (pozri vetu 1 v &anku [2]).

4
Pre n > 3 podmienky (2) nie si nutné. Napr. rovnica ) (1/x;) = 1 ma podla
i=1 4
tab. 1 v &lanku [3] 14 rieSeni. PretoZe v tomto pripade podla vety 21 < y [Ju; < 4,
j=2

Tahko sa presved&ime Ze zo vzorcov (2) vietky tieto rieSenia nedostaneme. Jednako
moZno vzorce (2) pouZif na vypoditanie zna€ného po&tu rieSeni rovnice (1) pri
fubovolnom n = 2.

Veta 3. Nech b =r(moda), 0 <r <a. Nech b =b,b,...b, je rozklad na
prirodzené Cisla. Cislo afb je ¢islom A,, ¢i%e rovnica (1) md rieSenie v prirodzenjch

dislach, ak bud b, bud ) b; md delitela tvaru at — r, t 2 1.
i=2
Dokaz. VoIme
4) y=0bB+at—r)b,, u;=b;, j=2,3,..,n

Podmienka (3) je zrejme splnena. Po dosadeni (4) do (2) mame

b+at—r (b + at — 1) by ]—[bz
5 Xy = ——, X = =2 j=2 | k=273 ..,n.
) = a ¢ abk(at—r)
Z(a,b)=1ab = r(moda) ihnedvypl)"va(a,at—r)=1.Preto ked (at — )| b,

potom tieZ a(at — r) [ (b + at — r). Dalej by | H b;, takZe x; su prirodzené &isla,
j=1,2,...,n Obdobne ked (at -7 Z b;. Tym je veta dokazana.

Poznamka 2. Veta 3 v &lanku [1] je zvlastny pripad vety 3 tohoto &lanku pre
”=3,b1=1,b2=b,b3=1.

Daésledok 1. Ak a = n (mod 2), potom éislo al[aq + 3(a — n + 2)] je éislom A,
O tom sa lahko presvedéime, ak v (5) volime b, = b, by = by = b, =...=b, = 1.
Stadi na zdklade vety 3 dokdzat, e b + n — 2 md delitela tvaru at — r.

Aviak r=Ha —n+2)(moda) a tedka b+n—2=aq+3a+2-n)+
+(n—2)=aq + Ha — 2 + n) = —r(mod a); &m je tvrdenie dokazané.

Veta 4. Nech b md delitela tvaru at — 1, t 2 1. Potom rovnica (1) md rieSenie
v prirodzenych Cislach, ¢iZe &islo alb je ¢islom A, n 2 2.
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Dékaz. Podla predpokladu b = b’(at — 1). Sta&i vetu dokézat pre rovnicu

n l_ a

i=1 x; at — 1

Ak je totizto (xy, x5, ..., x,) jej rieSenim, je (b'xy, b'x,, ..., b'x,) rieSenim rovnice
Y 1/x; = a[b'(at — 1) = a/b, &iZe ak je &islo af(at — 1) &islom A,, je nim aj &islo a/b.
j=1

Cislo at — 1 diava modulo a najmensi kladny zvySok r = a — 1 a ma delitela
a—r=a—(a—1)=1. Teda podla vety 3 tohoto &éanku je af(at — 1) a potom
aj a/b &islom A,.

Désledok 2. Cisla 1/b, 2[b si ¢islami A,. V prvom pripade md b delitela 1 =
=1.2—~1a v druhom 1 =2.1—1, teda v oboch pripadoch delitela tvaru
at — 1, t = 1.

Veta 5. Cislo a[b je ¢islom A, pre
(6) n=a-r+1
(r md rovnaky vyznam ako vo vete 3).

Dokaz. Volme b, = b, b, = by = ... = b, = 1. Cislo Zb =n — 1 ma deli-

tela tvaru at — r, &o je zrejmé zo (6). Preto podIa vety 3 je / gislom A4,_,,,. Tym
je veta dokazana.

Poznamka 3. Treba si uvedomit, Ze ak je &islo a/b &islom A,, je aj &islom A4,
pre vietky n’ > n.

Poznamka 4. Veta 5 dava len v pripade r = 1 trividlny vysledok n = a. Je to
préave ten pripad, ktori robi tazkosti v mnohych pripadoch (napr. pri dékaze domnien-
ky P. ERDUSA, Ze 4[b je &islom 4,).
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Zusammenfassung

ZUR LOSBARKEIT DER DIOPHANTISCHEN GLEICHUNG Z —l— = 7—)
ji=1Xj;

PAVEL BARTOS, Bratislava

Es werden die Formeln (2) abgeleitet, mit deren Hilfe man algorithmisch eine ge-
wisse Anzahl von Losungen der Gleichung (1) in natiirlichen Zahlen x4, x,, ..., X,
bestimmen kann. Weiter wird dann Satz 3 bewiesen, der Bedingungen angibt, die
dazu hinreichend sind, dass die Zahl a/b die Zahl A, ist. Aus diesem Satz werden
gewisse Folgerungen hergeleitet, insbesondere Satz 5, laut dem a/b die Zahl 4,_,_,
ist, falls b = r(mod a) ist, 0 < r < a.
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Casopis pro péstovani matematiky, ro¥. 98 (1973), Praha

K ZOBECNENi POJMU PROJEKTOR

JAN HAVRDA, Praha
(Doslo dne 17. ledna 1972)

Ukolem &lanku je jisté zobecnéni znamého pojmu projektor na linearnim prostoru
se skalarnim soucinem, pfiemZ mnoZinou, na kterou se promitd, je zde neprazdna
konvexni uzaviena mnozina. V &lanku jsou téZ uvedeny né&které zakladni vlastnosti
tohoto zobecnéného projektoru.

Symbolem Lbudeme znagit linearni prostor se skalarnim souginem (.,.), symbol | . |
bude znadit jim indukovanou normu. Velka pismena A4, I, S apod. oznaduji operatory
definované na Ls oborem hodnot v L; pfitom I znaéi identicky operator. Symbolem L,
apod. budeme oznadovat obor hodnot operatoru A.

1. Lemma. 1. Je-li A idempotentni operdtor, pak mnoZina L, je rovna mnoZiné
samodruznych bodil operdtoru A.

2. Je-li A spojity idempotentni operdtor, pak L, je uzavfend mnoZina.

Dikaz je zfejmy.

2. Véta. Bud A idempotentni operdtor takovy, Ze pro vSechna x,, x, € L plati
(1) [Ax, — Ax,[|* < Re(x; — x,, Ax; — Ax,).
Potom L, je neprdzdnd konvexni uzaviend mnofina a pro kaZdé x, € L pFi vSech
ze L, plati
@ o — Aol < 0 — 2] .
Pritom Ax, je jediny bod mnoZiny L,, pro ktery pfi viech z € L, plati nerovnost (2).

Diikaz. Z nerovnosti (1) vyplyva, Ze pfi viech x,, x, € L plati |Ax; — Ax,| <
< |x1 — x,|, operator 4 je tedy spojity a podle 2) lemmatu 1 je L, uzavieni mnoZi-
na. Okolnost, Zze L, + 0 je zfejma. '

Z nerovnosti (1) a 1) lemmatu 1 déle plyne, Ze pro viechna x, € La z € L, plati
|Ax, — z|* < Re(x; — z, Ax, — z) ¢&ili

(3) Re(z — Ax,, x; — Ax;) £ 0.
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Nyni dokédZeme, Ze L, je konvexni mnoZina. Bud z,,z,eL,, 4, =20, 4, 20,
Ay + A, = 1. Oznadme y = A(A,z, + 4,2,), Az, + 4,2, — y = v. Podle (3) plati
Re (z;, v) £ Re(y, v), Re(z,, v) < Re(y, v), tedy téZ Re (1,2, + 4,2,,v) < Re(y,v)
&li Re (y + v, v) < Re(y, v), takZe |[v]|* < 0. Odtud v = 0 a A,z, + A,z,€ L,

Budxy € L,z € L,. Potom ||z — xo? — [|[Axo — xo[* = ||z — Axc||* — 2 Re (z —
— Axg, Xo — AX,) Z 0 v disledku platnosti vztahu (3). Tedy plati (2). Jestlize pro
zeL, plati |z, — xo|| = |Axo — Xof, Pak 0 = ||z, — xo|* — [|[Axo — xo[? =
= ||z, — Axo||* — 2 Re(z;, — Axo, xo — Ax,) = 0 0opét v diisledku platnosti vztahu
(3), tedy |z — Ax,| = 0. Véta je dokézana.

3. Oznaceni. Systém viech operatori spliiujicich pfedpoklady véty 2 oznaéme /.

4. Disledek. Bud A € o/ ,. Potom kaZdy bod x € L lze vyjddFit ve tvaru
4 X=X9+ Yo, Xp€Ly, yo€L
tak, Ze pro vSechna z € L, plati
(5) Re (z — Xo, y9) £ 0.
VyjddFeni bodu x ve tvaru (4) s vlastnosti (5) je jediné, pFicem? x, = Ax.

Dukaz. PoloZime-li x, = Ax, yo = x — Ax, plati (4) a (5) v disledku platnosti
nerovnosti (3). Zbyva tedy dokazat jen jednoznalnost. Kdyby navic platilo x =
= X; + 1, X; € L, y, € L, a kdyby pfi viech z € L, bylo Re (z — x,, y,) < 0, pak
Xy — Xo = Yo — Y1, Re(xy — X, ) £ 0, Re(xo — x4, ,) S0, tudiz 0>
2 Re (x; — Xo, Yo — ¥1) = Re (x; — Xo, X; — Xo) = [|x; — xo[? Proto x, = x,
a tedy téZ y, = y,.

5. Lemma. Bud 4 € &/,

1) Jestlife xe L, x = Ax + y, 2 2 0, potom A(Ax + Ay) = Ax.

2) Jestlize x{,x,€L, x; = Ak, + Y X =Axy, + y,, A, 20, 1,20, A, +
+ A, = 1, pak existuje x; € L tak, Ze Axy = A(Ax3 + A1y; + A,),).

Diukaz. 1) JestliZze x = Ax + y, podle nerovnosti (3) pro viechna z € L, plati
Re(z — Ax,y) <0, tedy pfi A 20 téZ Re(z — Ax, Ay) < 0. Oznadime-li v =
= Ax + Ay, podle disledku 4 dostdvime Ax = Av = A(Ax + Ay).

2) Jestlize x, = Ax, + y;, X, = Ax, + y,, pak pfi viech ze L, plati Re(z —
— Axy,y,) £ 0, Re(z — Ax,, y,) £ 0. Nasobenim prvé z t&chto nerovnosti A2
a druhé 13 a sedtenim dostaneme, Ze pro viechna z € L, je Re (z — A;Ax; — A,4x,,
A1yy + A;9;) £ 0. Podle vdty 2 je z; = A;Ax; + A,A4x, € L,. Existuje tedy x; €L
tak, %e z; = Ax,. Pfitom pfi viech ze L, plati Re(z — Ax;, A;y; + 4,5;) S 0.
Oznadime-li v = Ax; + Ay, + 4,y,, vidime, Ze podle diisledku 4 je Ax; = Av =
= A(Ax; + 41y, + A,,).
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6. Véta. Bud Ae o, S =1 — A. Potom Lg je konvexni kuZel.

Dikaz. a) Bud y e Ly, A 2 0. Existuje x € Ltak, Ze y = Sx = x — Ax. Podle 1)
lemmatu 5 plati 1y = Ax + Ay — Ax = Ax + Ay — A(Ax + Ay) = S(4x + Ay),
tedy Ay € Lg.

b) Budte y;, y,€Ls, 4;, 20, 4, 20, 4, + 4, = 1. Existuji x;,x,eL tak, Ze
Y1 = Sxy, y, = Sx,. Podle 2) lemmatu 5 existuje x; € L tak, Ze A,y, + A,y, =
= Ax3 + A1yy + Ay, — A(Ax;y + A1y, + A2y3) = S(Ax3 + Ayyy + A2y,), tedy

Ay1 + A2y, € Lg. Odtud y; + y, = 2(%)’1 + 1y,)e L.

7. Véta. Bud Ae oy, S =1 — A. Je-li mnoZina L, kompaktni, pak Lg = L.

Dukaz. Bud yeL, xoeL, a oznatme A(xo + ny) = x,, S(xo + ny) = y,.
n =1,2,... Na zaklad€ véty 2 pfi n = 1, 2, ... tedy plati x, + ny = x, + y, a pfi
viech ze L, je Re(z — x,, y,) £0. PonévadZ x,e L, pfi n = 1,2,..., existuje
vybrana posloupnost {x,, }, kterd ma limitu x°e L,. Pfi k = 1,2, ... plati

h:————xo—xm‘—{—y

ny ny
takZe lim y,, [n, = y. Navic pfi viech z € L, plati Re (z — x,,, y,/m) < 0 a pfecho-
k

dem k limit& pfi k » oo dostaneme Re (z — x°% y) < 0. Oznadime-li v = x° + y
podle dusledku 4 je Sv = y, tedy y € Lg.

8. Oznaleni. Symbolem ;" oznadime systém viech operatori 4 € &/,, pro n&Z
plati, Ze pfi véech x € La viech 1 = 0 je AAx = 1Ax.

9. Véta. Jestlife Ae o, pak S =1 — Ae A,.

Dikaz. Bud Ade o/, S =1 — A. Podle disledku 4 pfi xe L, x = Ax + Sx
a pfi viech z € L, je Re (z — Ax, Sx) < 0, tedy pfi viech 4 = 0 plati 0 > Re (14x —
— Ax, Sx) = (4 — 1) Re (4x, Sx), takZe Re (Ax, Sx) = 0. TudiZ pro viechna ze L,
a viechna y € L, mame

(6) Re(z,y) 0.

a) Bud xeL, x = Ax + Sx, tedy x — Ax = 0 + Sx a pfi viech ze L, plati
Re(z — 0, Sx) £ 0. Podle disledku 4 tudiz A(x — Ax) = 0 &ili AS = 0. Nyni
S?x = Sx — ASx = Sx pfi viech x € L. )

b) Pro x, x, €L je x;, = Ax, + Sx;, x, = Ax, + Sx, a podle nerovnosti (1)
Plati (Ax; — Ax,, Ax; — Ax,;) < Re(x; — x,, Ax; — Ax,) &li 0 < Re(Sx; — Sx,,
Ax, — Ax,) &ili |Sx; — Sx,[* < Re(x; — x,, Sx; — Sx,).

¢) Bud xe L, A 2 0. Pak SAx = Ax — AAx = A(x — Ax) = ASx.
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10. Disledek. Je-li Ae &, S =1 — A, pak L, i Lg je uzavieny konvexni kuZel.
Toto tvrzeni ihned plyne z vét 9, 6 a 2.

11. Oznaleni. Bud U = {L,: A€ o,}. Dale pti L, e A kladme L; = Lg, kde
S=1I1-A. '

12. Véta. Trojice (U, =, 1) je uspofddand mnozina s ortogonalitou.

Ditkaz. a) Bud L, e U, L = L. Pak Ly = L, v dusledku platnosti véty 9.

b) Necht L,,,L,, e, L,, = L,,. Bud L, = Lg,, L;, = Lg,. Je-li y € Lg,, podle
nerovnosti (6) pro viechna z e L, plati Re(z — 0, y) < 0, coZ tedy plati téZ pro
vSechna z € L,,. JelikoZnavicy = 0 + y a0 € L,,, podle dsledku 4 je y € Lg,. Tedy
Ls, < Lg,.

¢) Pro viechna L, e AplatiL, ¢ L= L;, Ly = L= L;. Nech{ L, = Ly, L; = Ly,
kde LpeU.Je-lixeL= L;,je x = Ax + Sx,kde S =1 — A. Pfitom Axe L, < Ly
Sxe Ly = Ly, tedy x = Ax + Sx € Ly. Existuje proto sup (L,, Lj) a plati
sup (Ly, Ly) = L= L,.

Adresa autora: 166 27 Praha 6 - Dejvice, Suchbatarova 2 (katedra matematiky FEL CVUT).

Summary

GENERALIZATION OF THE NOTION OF THE PROJECTOR

JAN HAVRDA, Praha

In the paper, the notion of a projector on a linear space L with the scalar product
(-».) (and the induced norm |.||) is generalized. The set which is projected upon is
a nonvoid closed convex set.

If A : L— Lis such an idempotent operator that for all x;, x, € Lthe inequality (1)
holds, then L, = {4x : x € L} is a nonvoid convex closed set and for all x, € Land
z € L, the inequality (2) holds. Ax, is the only point in L, to satisfy the inequality (2)
for every z € L,. Furthermore, every x € Lcan be expressed uniquely by (4) so that for
all z € L, the inequality (5) holds. If S = I — A, where I is the identity operator, then
Lg = {Sx : x € L} is a convex cone. If L, is a compact set then Lg = L.

Let o7, stand for the family of all idempotent operators 4 : L — Lsuch that for
all x,, x, € Lthe inequality (1) holds and for all x e Land 4 2 0 the formula 4Aix =
= AAx is satisfied. Then the implication 4 € &/, = Se &/, holds. In this case,
L, and Lg are closed convex cones. Let U be the set {L, : 4 € &/,} and let us denote:
L; = Lg. Then (%, <, 1) is a poset with orthogonality.
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&asopis pro p&stovini matematiky, ro¥. 98 (1973), Praha

O JEDNOM EXTREMALNIM PROBLEMU PRO GRAFY S «(G) < 2

JAROSLAV MORAVEK, Praha
(Doslo dne 18. ledna 1972)

Znama Turanova véta, viz [ 1] str. 269, uréuje minimalni podet hran v neorientova-
ném grafu bez smycek a nasobnych hran, s danym pocétem uzli n a s &islem stability
nepfesahujicim dané k. Dale udava tato véta vSechny grafy s uvedenou extremalni
vlastnosti. N&ktefi autofi se zabyvali jejimi riznymi modifikacemi a zobecn&nimi, viz
napf. [2] a [3]. V této poznidmce vychazime ze specialniho p¥ipadu Turanovy véty
pro k = 2 a ve tvaru domnénky formulujeme jeho jisté zobecnéni pro grafy s kladné
ohodnocenymi uzly. Je ziskan jisty dolni odhad pro feSeni pfislusného extremalniho
problému. PouZité definice a fakty z teorie grafi jsou pfevzaty z [1].

Necht n = 2 je dané, pfirozené &islo a budiz K, tplny, neorientovany graf s n
uzly, oznaCenymi uy, u,, ..., u,, priCemZ predpokladame, Ze graf je bez smydek
a nasobnych hran. Necht dale jsou dina kladna redlna &isla ¢y, c,, ..., c,, pfifazena
uzlim u,, u,, ..., u, v uvedeném potadi. Pro kazdy Casteény graf G grafu K, oznacme
a(G) jeho &islo stability, tj.

#(G) = max {card (s)

S < {uy, u,, ..., u,}; Zadné dva
uzly z S nejsou sousedni v G

a pomoci dy(G), dy(G), ..., d,(G) oznalme stupn& uzld uy, u,, ..., u, v G. Nakonec
ozna¢me symbolem %, mnoZinu viech &asteSnych grafii G grafu K, pro n&z o(G) < 2
a polozme

(1) T{ers €25 405 €)= min Z"cj .dJG).

Ge%n j=1

Problém, kterym se chceme zabyvat, zaleZi v uréeni 1,(cy, ¢5, ..., ¢,) a viech grafii
G € 4,, pro néz plati

Ty(C1s €25 - o us Cp) =jzlcj .d{G).

Ve specialnim pfipadé ¢; = ¢, = ... = ¢, = % je
2.¢;-df(G) =13 dj(G)
j=1 j=1
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rovno poétu hran G a odpovéd na zformulovany problém poskytuje specialni pfipad
Turéanovy véty, ktery lze vyslovit takto:

1. Plati .
=[5 J5)

2. Pro kazdy graf G € %, jsou nasledujici dva vyroky ekvivalentni
a) Poget hran G je [(n — 1)%/4].

b) G se sklad4 ze dvou komponent, které jsou plnymi grafy, pfi¢emZ prvni
obsahuje [n/2] uzld, druhé ]n/2[ uzld.

Zforrﬁulované tvrzeni pfivadi k nasledujici domnénce; pfi jeji formulaci i v dalSim
textu pfedpokladime, Ze ¢, = ¢, = ... = ¢, > 0, éehoZ lze bez ijmy na obecnosti
docilit pfecislovanim uzld K,

Domnénka. Urédemeac€ {1,2,...,n — 1} tak, aby vyraz(a — 1) . (¢; + ... + ¢,) +
+(n—a—1).(caes + ... + ¢,) byl minimdlni. Domnivime se, %e graf sestdvajici
ze dvou uplnych komponent, kde proni md uzly u;, u,, ..., u, a druhd uzlyu, ., ...
..oy U, je FeSenim zformulovaného extremdlniho problému, tj. domnivdme se, Ze
plati

T(€1s €25 400y €) =
= min ((@-1).(c;+...4+¢c)+(m—a—1).(caa1 +... + ).
1

a=1,..., n—1

Domnénku se nam nepodafilo dokazat ani vyvratit a cil této poznamky je skromnéj-
§i: V nasledujici v&t& je nalezen v jistém smyslu nezlepitelny odhad pro 1,(cy, c,, ...

-

Véta. Pro t,(cy, ¢3, ..., C,) platl;

sy chj - n;/n . \/(File) < 1,(C15 €20 a0 Cp) S

4 j=1

é-'=1r?.i.l,l[n/zg(a (st te)+(m—a—1).(crs + ... + ).

Diikaz. 1. Horni odhad. Graf zkonstruovany pfi formulaci domnénky poskytuje
horni odhad

LA (T §.=1'n.1'i'r;_l((a — ey +..tc)+(n—a—1)(coey +... +0¢)).

1y [€]::= nejvétsi celé &islo, < &; )¢[ := nejmensi c. &., =¢.
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Z pfedpokladu ¢, = ¢, = ... = ¢, > 0 vSak vyplyva

min ((a—1)(c; +...+¢c)+(n—a—-1)(coe; +... +¢)) =

a=1,..., n—1

= mn ((a—1D(c;+...+¢c)+(m—a—1)(cy + ... +¢,)).
a=1,...,[n/2]

2. Dolni odhad. Necht G € ¢, a polozme é; = d;(G) (j = 1, 2, ..., n). Dale oznag-
me E mnoZinu viech hran grafu G. Rekneme, Ze e € E pokryuvd trojici uzli (u;, u i Ue)s
kdel £ i < j < k < n, prav€ kdyz e spojuje nékteré dva z uzli u;, u;, u,. Symbolem
T(e) ozna¥me mnoZinu viech takovych trojic, pokrytych hranou e a polozme

@) T=UT(e).

ProtoZe a(G) < 2,0bsahuje T viechny trojice (u;, u;, u,), kde 1 £i<j<k=n,
a tedy

3) card (Ties MBZ ‘2 B=2)

Ze vztahu (2) dostavame

card(E

(4) card (T) = Z:l)(—l)'-l Y card (T(e,) N ... n T(e,)) %)

kde symbolem Y ) card (T(e,) N ... N T(e,)) je oznaZen soudet &isel card (T(e;) N ...
... n T(e,)) pro viechny r-prvkové podmnoziny {e,, e,, ..., e,} mnozZiny E. Ze (4)
vak vyplyva vztah
%) card (T) = Y™ card (T(e,)) —
— Y P card (T(ey) N T(e;)) + Y. card (T(e,) N T(e;) N T(e;)),

nebot viechny dal3i &leny na pravé stran (4) jsou nuly. (To vyplyva z faktu, Ze nejvyse
tfi rizné hrany mohou pokryvat spolenou trojici uzli.)

Vyjadfime nyni prvni dva &leny na pravé strang (5) a odhadneme ¢len tfeti:
n-—2

(6) YW card (T(e,)) = (n — 2) card (E) = -

n
29
j=1
(protoZe kaZdéa hrana pokryvé pfesn& (n — 2) riiznych trojic uzld),
a - £ card (T(e,) 0 T(en) = 4 3,5/5; ~ 1)
o
2) Podle tzv. ,,principu inkluse a exkluse*‘.
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(protoZe kaZdé dv& hrany, pokryvajici spole&nou trojici uzld, inciduji v jednom uzlu),
8) » Y@ card (T(e,) N T(e,) N T(ey)) <
< 15O card (T(e,) n T(e;)) = ila,. (5, - 1)
i=
{(protoze kazdym tfem hranam, pokryvajicim spole¢nou trojici uzld, odpovidaji ti

dvouprvkové mnoZiny hran, uvazované v ) *) card (T(e,) n T(e,)).
Spojenim (3), (5), (6), (7) a (8) dostavame vztah

z iéj—%_iéj(éj— 1)21(1——06—("——_2—)’

a po jednoduché upravé s nim ekvivalentni vztah

© i(éi_ n—4)§

j=1 4

EY

Z (9) vyplyva pouzitim Cauchy-Lagrangeovy nerovnosti

jzlci 3n——4zc+zc (5j_3n;4>g3n—4zcj_

-dE- (£ (o - 25)) 2 2 S - v g

4 i

coz dokonéuje diikaz.

Poznimka 1. Ziskané odhady jsou t&sné v tom smyslu, Ze v pfipadé ¢, = ¢, = ...
.. = ¢, = } z nich vyplyva vzhledem k celogiselnosti 7,(3, 1, ..., %), Ze 7,(3, %, ...

) = [(n = 12/4].

Poznamka 2. Z dokazané véty vyplyva, Ze nerovnost

\

3n — 4 n./n , &
so- Bl s
ji=1
< mn ((@a=1)(c;+...4+¢c)+(m—a—1)(cory + ... +¢)
a=1,..., (n/2]
plati jestliZec, 2 ¢, = ...=¢,=20an = 2.

Poznamka 3. Vztah (9) pfedstavuje nutnou podminku pro to, aby cela nezaporna
&isla d4, ..., 6, byla stupni néjakého grafu G € ¥,. Bylo by zajimavé nalézt n&jaké dalsi
nutné nebo postadujici, resp. nutné a postadujici podminky.
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Summary

ON AN EXTREMAL PROBLEM FOR GRAPHS WITH «(G) < 2

JAROSLAV MORAVEK, Praha

Let n = 2 be a given integer, and let K, denote a complete, undirected graph with n
nodes u,, u,, ..., u,, where it is assumed the graph not to contain loops and multiple
edges. Further, let be given positive real numbers c,, c,, ..., ¢, assigned respectively
to uy, u, ..., u,. For any partial graph G of K, let us denote «(G) its number of
stability (see [1]), and put d(G), ..., d,(G) for the degrees of uy, ..., u, in G. At last,
let 4, denote the family of all partial graphs G of K, such that o(G) < 2, and put

T"(Cl, Cz, ceny C") = énin j—zl(:j dJ(G) .

Certain bounds for t,(c;, ¢,, ..., ¢,) are obtained, and they are shown to be best
possible. The author conjectures that

Ty(C1y o ees Cp) =a=11'1'1.i3”/2]((a =Dy +...4+c)+(n—a—1)(coes + ... +¢))

ife, 2e2...2¢,>0.
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ON A MODIFIED SUM INTEGRAL OF STIELTJES TYPE

STEFAN SCHWABIK, Praha
(Received January 27, 1972)

Let [a, b] be a bounded interval on the real line, —o0 < a < b < +o0. Given
a positive function 6 : [a, b] — (0, + ), we consider finite sequences of numbers
A ={0g, Ty, ¢y, ..., Ty, %} such that :

) a=ay <oy <..<o=D>h,
(2) aj_lé‘fjéaj, j=1,2,...,k,
©) oy = ol < 8(z)» Jay-r — 5l S6(z), T=12... k.

The set of all subdivisions A of [a, b] satisfying (1), (2) and (3) with a given
d : [a, b] - (0, + ) we denote by /().
Further, replacing (2) by the condition

(2*) ST <®m, Gy <<, j=2,3.,k=1, ;<7 S .

we denote the set of all A satisfying (1), (2*) and (3) with a given é : [a, b] — (0, + )
by «*(5).

In [2] it was proved that o/(6)-= @ for any § : [a, b] — (0, + o) (cf. Lemma 1,1,1
in [2]). The proof is based on choosing a finite covering of [a, b] by intervals of the

form (t — &(z), © + &(r)) where 7 € [a, b]. By the same argument we can prove that
#*(8) + 0 for any 6 : [a, b] - (0, + 0).

Definition 1. The function f : [a, b] — R is K-integrable (K*-integrable) on [a, b]
with respect to g : [a, b] — R if there exists a number I such that to every ¢ > 0
there is such a 6 : [a, b] — (0, + o) that

IK(4) ~ 1] <ee
provided A € o#(8) (A € #*()) where

K(4) = () (6(%) - 9(21-0)
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for A= {ao, Tys Oy ouny Tps ak}.
The number I (if it exists) will be denoted by K (% fdg (K* [2f dg) and will be

called the Kurzweil integral (the modified Kurzweil integral) of f with respect
to g on [a, b].

Remark. The concept of the K-integral was introduced and studied for the first
time by J. Kurzweil in [2], it is used in [2] and in a number of other papers to study
ordinary differential equations.

In [2] and [4] it is shown that if g is a function of bounded variation on [a, b],
i.e. g € BV(a, b), then the usual Perron-Stieltjes integral P.S. [? f dg (cf. [3]) is equi-
valent to the integral K [} f dg.

In [4] we studied further the relation between K [ f dg and the Young o-integral
Y f3 f dg for g € BV(a, b) (for the Young integral see also [1]). In this direction we
have obtained that for g € BV(a, b) the existence of Y [2 f dg does not in general imply
the existence of K % f dg (cf. Sec 3 in [4]). In this note we prove that the modified
Kurzweil integral includes the Young o-integral, i.e. the following theorem holds:

Theorem 1. Let f:[a, b] - R, let g :[a, b] > R be of bounded variation on
[a, b] (g € BV(a, b)). Then if the Young c-integral Y [ f dg exists then also the mo-
dified Kurzweil integral K* [} f dg exists and both integrals are equal.

Proposition 1. If f : [a, b] » R, g € BV(a, b) and K [® f dg exists then K* [!f dg
exists and both integrals are equal.

Proof. It is easy to see that if 4 € &#*(6) for some 6 : [a, b] — (0, + o) then also
A € &(9) and the proposition is an easy consequence of Def. 1.

Proposition 2. If f : [a, b] - R, g € BV(a, b) such that g(a) = g(t+) = g(t—) =
= g(b) for all t € (a, b) then K* [ f dg exists and equals zero.

Proof. Without any loss of generality we can suppose that g(a) = 0. Indeed our
proposition evidently holds for g(f) = const. by definition and therefore the additivity
of the integral yields that in the case g(a) # 0 it is sufficient to consider the function
g(t) = g(t) — g(a) for which we have g(a) = 0.

Since g is a function of bounded variation there exists a countable set N = {t,,
eees tys ...} <= (a, b) such that g(f) = 0 for te[a, b] — N and g(f) + 0 for teN.
Moreover, we have var, g = 2 Y |g(f)] < +c0. Given now an arbitrary ¢ > 0, we

teN h

define for f, g and ¢ a function 6 : [a, b] — (0, + o0) in the following way:
IfreN,ie. 7 = t,forsome m = 1,2,..., then there is a 6(1:) > 0 such that

lo()] < &. 27 /()] + 117
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for 0 < |t — 7| < &(r). This is a consequence of the existence of limits g(z—), g(z+)
for all e (a, b) and our assumption g(t+) = g(r—) = 0 for all te(a, b). For
7€ N let §(t) bg the positive number given above.

If te[a, b] — N then we define the set

H ={te[a,b] —N; I S|f()] <!+ 1}
oo}
for all I =0,1,2,... Evidently Y H, = [a,b] — N and H,n H,, = @ for | + m.
1=0

Further we determine foralll = 0, 1, ... a set N; = N such that
Y 2lg()] <e(t +1)"t.27E,
teN—N;

This is obviously possible since the series . [g(t)| converges. If 7 € [a, b] — N then
teN

there exists a uniquely determined integer > 0 such that t € H; and we define

() = $o(t,N;) > 0

where ¢ is the Euclidean distance on the real line. This &(z) is positive since © ¢ N,.
By definition we have [t — (1), T + 8(1)] "N, = @ for all te H,.

Now let 4 = {ao, Tys Oy, ..oy Ty, 0} be arbitrary and let us consider the corre-
sponding sum K(A4). We have

IK(4)] = IZf(fj) (9(2)) = g(2;-1))| = Z 1/(z)) (9(2y) = 9(2;-1))] -
Ift;eN,ie., 1; = t,forsome m = 1, 2, ... then

175 (g(e) = 9(- )| = |7(t)] (lo(@)] + lo(es-1)]) =
S ()] - 2e(|f (1) + 1)1 .27 < g2,
since Aef*() implies 0 < |o; — t,,| < (t,) and 0 < |o;_y — t,| < &(t,). If

7;¢ N then there is an integer I > 0 such that r; e H; and we have |f(1;)| S I+ 1.
Hence

|£(z5) (a(e)) = g(s-))| < (1 + 1) [g(2)) = g(o-0)| S (1 + ) varg!_, g

and for the sum S, = Z | f(t,) (9(2) — g(a;-,))| of all absolute values of sum-

mands in K(A4) with 7, € H , We can give the estimate

S;s(1+1) Z vary_ g < (I + l)mnzu 2|g(1)|

t,e;
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where M; = U [&;_y, «;]. Let us mention that M, " N, = @ since M; = U [r; —
tyeH, teH;

— &(t;), 7; + 6(z))] and [z; — &(z;), 7; + 8(t;)] " N, = 0 for any 7;€ H;. Hence
NnM; =N — N, and we have

S;s(+1) Y 2g@)| <@+ De.(+1) .27 =¢. 27!
teN—N;
Therefore we have
IK(A)] < (327" + ¥ 27) = 3
m=1 1=0
and the proposition follows immediately from Def. 1.

Proof of Theorem 1. Let us define the set

Ng = {te(a, b); g(t+) = g(t-), 9(t) * 9(t-)}

and the function g4(f) = 0, te [a, b] — N, gs(t) = g(t) for te N5. We put g =
=g — gs

Since Y [ f dg exists by assumption and the existence of Y J2f dgs and also the
equality Y [?fdgs = O follows from Proposition 1,1 in [4] the integral Y [ fdg,
exists. Using Theorem 3,1 form [4] we obtain that K [? f dgy exists and Proposition 1
yields the existence of K* [%fdgy and the equality K* [?fdgg = K [2fdgg =
=Y [? f dgg. By Prop. 2 we obtain the existence of K* [® fdgs and K* [?fdgs = 0.
Thus the integral K* [? f dg exists and

b b b b b
K*deg=K*Ifdgs+K*de9R=ijng=Ydeg-

a a a a a
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LJAPUNOVOVA METODA V TEORII OMEZENOSTI
LINEARNICH REGULOVANYCH TOKU

FrRANTISEK TUMAJER, Liberec
(Doslo dne 16. unora 1972)

1. Oznaéeni. Symbolem P oznaime netrividlni realny linearni normovany prostor,
jehoZ nulovy prvek je 0 a norma || |, R neprazdnou podmnoZinu mnoZiny realnych
gisel, R* mnoZinu kladnych &isel, m = {(0, 9) € P x R : 9 € R}, U neprazdnou mno-
Zinu, a ¢ tok na P nad R s domaint = {(3, x,0)eR x P X R: 3 = a} = D, tj.
zobrazeni t : D — P, je? ma nasledujici vlastnosti (pfitom definujeme 4t,x = #(9, x, )):

() (o, x, @) € D = t,x = x,
(ii) 4tp 0 gtaX = ,t,x pro vechna y > = a v R a kazdé x € P.

Symbolem {“ : u € U} ozna&ime linearni regulovany tok na P nad R x U (viz prace
[1]), jenZ je definovan timto zpiisobem:

(i) Pro kazdé u e U je t* tok na P nad R a jsou-li u € U, v € U, pak domain ¢ =
= domain t* = D,

(ii) (B, x,a)e D, (B, y,®) € D, ue U, A, p redlna &isla = pty(Ax + py) = Agtax +
+ pptzy, ‘

(iii) (B, x, @) e D, ueU, plox = 0=>x = o,

(iv) U je takova neprazdna mnozina, 7e pro kazdou posloupnost u* e U, x,_, € P,
k=1,2,... aprokazdé déleni oy < a; < ... mnoZiny R, pro které x, = ,kt::_lx,‘_l,
k =1,2,..., existuje alespoti jeden prvek u € U takovy, Ze 4t _ x,_; je definovano
na {oy_q, %> N R rovnosti gt A

uk_lxk_l = stak_lxk__l pI'O k = 1, 2, oo

Rikdme, Ze {*:u e U} je lokdlni, ptipadn¥ globdlni, pravé kdyz mnoZzina R
nema maximum, pfipadng je shora neomezen4. Rikame, %e {* : u € U} je staciondrn,
pravé kdyz pro kazdé (x, u)eP x U,aeR, e R, « £ B a pro viechna 3eR je
p-sla-9X = gleX = piglasgx. Je-li dano o e Ru {—oo} takové, Ze <o, + ) N
N (R — {o}) je neprazdna mnoZina, pak oznatime # = <o, +0)NRa E = (P —

- {0}) x &.
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2. Definice. Rikame, Ze parcidlni zobrazeni ¥:P x R = R* je ljapunovskou
funkei linearniho regulovaného toku {t : u € U}, pravé kdyz plati

y=gtx, ueU, (x,x)edomainV, (y,f)edomainV="V¥(y, )< V(x,a).

3. Definice. Rikame, Ze {t":ue U} je na E omezeny vzhledem k mnoZiné m,
pravé kdyz existuje zobrazeni ¢ : E — R™ takové, Ze plati
1 8, x,x)eD, (x,0)eE, uelUs= |sux| < o(x, ).

Rikame, Ze {t“:u € U} je na E stejné omezeny vzhledem k mnoZin& m, pravé kdy?
existuje zobrazeni { : # x R* — R* takové, Ze plati

() %, x,0)eD, (x,0)eE, |x|=Lw, uelUs= |sx| = {(x w).
Rikéame, Ze {1* : u € U} je na E stejnomérné omezeny vzhledem k mnoZin& m, pravé
kdyZ existuje zobrazeni { : R* — R™ takové, Ze plati

(3) (9, x,0)eD, (x,a)eE, |x| Lo, uelU= x| = (o).

Rikéme, Ze {t* : u € U} je na E stejné asymptoticky omezeny vzhledem k mnoZing m,

pravé kdyz je na E stejn& omezeny k m a existujf konstanta x € R*, zobrazenit : # x
x Rt - R* takové, Ze plati

(4) 8, x,0)eD, (x,0)eE, [x| =20, 92a+1(r,w)),

ueU = ||| < .

Rikame, Ze {t“: u e U} je na E stejnomérné asymptoticky omezeny vzhledem k mno-
Zin& m, pravé kdyz je na E stejnomérné omezeny k m a existuji konstanta x € R*,
zobrazeni 7 : R — R™ takové, Ze plati

() @xwed, (xo)eE, | S0, 82a+a),

ueU = |gix] < x.

Poznamka k definici 3. Existuje-li konstanta x a zobrazeni t tak, Ze plati (4),
pak ke kazdému x € R existuje t zdvislé na x takové, Ze je splnéno (4).
Samoziejmé plati t4Z poznamka o konstant& x a zobrazeni t ve vztahu (5).

4. Véta. Linedrni regulovany tok {t* : u € U} je na E omezeny vzhledem k mnoZi-
né m, prdvé kdyZ? existuji

(6) konstanta 6 e R*, parcidlni zobrazeni V:E — R*, parcidlni zobrazeni
a:R* - R*, a rostouci, a(v) > + o0 prov ».+

a majici ndsledujici vlastnosti:
(i) ¥ je ljapunovskd funkce s domain V = {(x, )€ E : ||x| = 6},
(i) (x, «) € domain V= a(||x|) < V(x, a).
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Dukaz. Necht {t*: u € U} je na E omezeny vzhledem k m. Zvolme 6 € R* a defi-
nujme parcidlni zobrazeni

(7) V:E->R*:V(x,a) =sup {|sfix| :ueU, a«a<9eR} pro |x| =5,
(8) a:R* > R*:a(v)=v A
a ukaZme, Ze maji vlastnosti (i), (ii).

Ad (i): Necht je dano (x, «) € domain V. Pak podle (1) ze vztahi (9, x, a)€ D,
ueU plyne |stix|| < ¢(x, &), takZe je V predpisem (7) skutetn& definovano. Dale
pro y = stex a kazdé z = ,tpy existuje w € U takové, Ze plati z = gt;x. Odtud plyne

V(y, B) = sup {||stpy| :ueU, p< 9eR} <
S sup {||stix|| cueU, a < 9eR} =V(x,a),
takZe V je ljapunovskou funkci.
Ad(ii): Zfejmé& plati
x|l € {|lstix|| :u € U, « < $€R},
takZe ||x" < V(x, a).

Nechf existuji parcidlni zobrazeni (6) s vlastnostmi (i) a (ii). Definujme zobrazeni
¢ : E - R* tak, aby byl splnén vztah

(pg=9) = (779

a ukaZme, Ze ¢ spliiuje (1). Necht jsou dany (9. x, @) € D, (x, a) € E, u € U. Pak pro

(st: L X, .9) € domain V
]

o(fegg ) = Crp=2) = v (= o) =2 (g #),

takZe ||stex|| < o(x, «). Je-li

plati

sr—x

pak [stix| < |x| = @(x, @). Je tedy {t* : u € U} na E omezeny vzhledem k m.

5. Désledek. Necht {t*: u € U} je staciondrni linedrni regulovany tok na P nad
R x U. Necht pro kaZdou trojici ue U, a€ R, Be R, a £ B a libovolnou linedrni
invariantni mno%inu A < P plati gtzA = A. Necht pro kaZdé ueU je tok t* na
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(P — {0}) x R omezeny vzhledem k mnoZiné m. Potom existuji zobrazeni V :
:(P — {o}) x R > R*, zobrazeni a:R* - R™, a rostouci, a(v) » + o pro v -
— 400, s ndsledujicimi vlastnostmi:

(i) V je ljapunovskd funkce,

(ii) (x, o) € domain ¥ = a(||x]) £ V(x, ).

Diikaz vyplyva z prvni &asti dilkazu pfedchézejici véty a z diikazu véty 2.2 prace [1].

6. Véta. Linedrni regulovany tok {t":ueU} je na E stejné omezeny vzhledem
k mnoZiné m, prdavé kdy? existuji

(9) konstanta &€ R*, parcidlni zobrazeni V:E — R*, parcidlni zobrazeni

a:R* - R", a rostouct, a(w) - + o0 pro w - +oo0 a parcidlni zobrazeni
Co e g X R+ - R+

s ndsledujicimi vlastnostmi:
(i) V je liapunovskd funkce s domain V = {(x, ®) € E : ||x|| 2 6},
(ii) (x, «) € domain ¥V = a(||x])) < V(x, «),
(iii) (x, o) e domain ¥, [x|| £ @ = V(x, ®) < {o(x, w).

Dikaz. Necht {*:ue U} je na E stejn& omezeny vzhledem k m. Zvolme é € R*
a definujme parcialni zobrazeniV : E — R* vztahem (7), parcialni zobrazenia : R* —
— R* piedpisem (8) a

(10) {o: R x RT > R* 1 {o(a, w) = {(o, w) .

Nyni dokaZeme, Ze V, a a (10) maji vlastnosti (i), (ii), (iii). Parcialni zobrazeni V a a
maji zfejm& podle 4.Ad (i), 4.Ad (ii) vlastnosti (i) a (ii). Z (2) pak plyne, Ze V je pfed-
pisem (7) skute¢n& definovéno a ma vlastnost (iii).

Necht existuji parcialni zobrazeni (9) s vlastnostmi (i), (ii) a (iii). Definujme zobra-
zeni { : # x R* —» R* tak, aby byl spIn&n vztah

a (g ¢ w)) 2 Lo(a, )

a ukaZme, Ze { spliiuje (2). Necht jsou dany (9, x, @) € D, (x,a) € E, ||| £ o, ueU.
Pak pro

(st: é X, 3) € domain V
(0]

(efD=rlaze)s

44 ("%" X, cz) S o(a,0) < a G (o, w)>,

plati
é

sla— X

IIA

(

)

o
3t“"_‘ X
"Il
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takZe [|otix| < {(a, w). Je-li

)
sl — x|l <9,

(0]

-

pak |stix| < ® < {(«, ®). Je tedy {* : u € U} na E stejn& omezeny vzhledem k m.

7. Disledek. Necht {t*:ue U} je lokdlni linedrni regulovany tok na P" nad
R x U, kde P" je n-rozmérny linedrni normovany prostor. Necht pro kaZdé u e U

jetok t“na (P" — {0}) x Romezeny vzhledem k mnoZiné m. Potom existuji konstanta
oc€R, ljapunovskd funkce V:(P" — {0}) x ({o, +©) " R) > R* a zobrazeni
a:R* - R*, a rostouci, a(w) - + o0 pro w » +, {, : ({6, +0) N R) x R* -
— R* takové, %e plati 6(ii), 6((iii).

Duikaz vyplyva z véty 2.7 prace [1] a z prvni &asti ditkazu pfedchazejici véty.

8. Véta. Linedrni regulovany tok {t":ueU} je na E stejnomérné omezeny
vzhledem k mnoZ%iné m, prdvé kdyZ existuji

(11)  konstanta &€ R™*, parcidlni zobrazeni V:E — R*, parcidlni zobrazeni
a:R* > R*, a rostouci, a(y) > + oo pro y — + 00 a parcidlni zobrazeni
Co . R+ =P R+
s ndsledujicimi vlastnostmi:
(i) V je liapunovskd funkce s domain V = {(x, a) € E : ||x| = &},
(i) (x, o) € domain ¥V = a(||x|) < V(x, @) < Col|x]).
Véta vyplyva z dikazu véty 6 a ztoho, Ze zobrazeni { v (3) a parcialni zobrazeni {,
v (11) nezavisi na a.

9. Diisledek. Nechf jsou splnény predpoklady disledku 7 a necht {t*:ue U} je
staciondrni. Potom existuji '

(12) zobrazeni V:(P" — {0}) x R » R*, zobrazeni a:R* — R*, a rostouci
a(y) > +o0 pro ¥ » + o a zobrazeni {, : R* - R*

s ndsledujicimi vlastnostmi:
(i) V je liapunovskd funkce,
(ii) (x, ) € domain V= a(|x|)) < V(x, @) < Zof|x])-
Diikaz vyplyva z disledku 2.8 préace [1], z prvni &asti dikazu véty 6 a z toho, Ze

{t* : u € U} je stacionarni.

10. Véta. Linedrni regitlovany tok {t* : u € U} je na E stejné asymptoticky omeze-
ny vzhledem k mno%iné m, pravé kdy# existuji parcidlni zobrazeni (9) s vlastnostmi

282



6(i), 6(ii), 6(iii), konstanta x, € R* a zobrazeni v, : # x R* - R* majici vlastnost

(iv) (x, ®) €E, |x]| £ 0, 9 2 & + 14(0t, ), ue U,
(stax, 8) € domain ¥ = V(stex, 9) < x,.

Dukaz. Necht {t“:u e U} je na E stejn& asymptoticky omezeny vzhledem k m.
Pak z v&ty 6 plyne, Ze existuji parcidlni zobrazeni (9) s vlastnostmi 6(i), 6(ii), 6(iii).
PoloZme %, = » a zobrazeni 7, :# x R* —» R™ definujme pfedpisem 7o(et, w) =
= 1(2, w), kde x a 7 jsou z (4). Pak pro kazdé (3, x,)e D, (x,%)€E, ||x| £ o,
ueU, 9 2 a+ to(x, ) je ||stux|| < %o a vzhledem k (7) také V(5t2x, 9) < x,. Odtud
plyne, Ze parcidlni zobrazeni ¥ ma vlastnost (iv).

Necht existuji parcialni zobrazeni (9) s vlastnostmi 6(i), 6(ii), 6(iii), konstanta
%o € R™ a zobrazeni 7, : # x R* — R* majici vlastnost (iv). Z vlastnosti 6(i), 6(ii),
6(iii) vyplyva podle véty 6, Ze {t*:u e U} je na E stejné omezeny vzhledem k m.
Definujme konstantu » > & tak, aby byl splnén vztah a(x) = %, a za zobrazeni t
zvolme 7,. UkaZme nyni, Ze x a 7 spliiuji (4). Necht jsou dany (9, x, «) € D, (x, «) € E,
|x|| £ @, 8 = « + 7(«, w), u € U. Pak pro (stix, 9) € domain V plati

a[stix])) < V(stix, 9) < %o < a(x),

takZe [gfix| < x. Je tedy {f*:ue U} na E stejné asymptoticky omezeny vzhle-
-dem k m.

11, Diisledek. Necht {t*:u e U} je globdlni linedrni regulovany tok na P" nad

R x U, kde P" je n-rozmérny linedrni normovany prostor. Necht {t*:ueU}

jena E = (P"— {o}) x R stejnomérné omezeny vzhledem k m a nechf pro ka*dou

trojici ue U, ae R, xe P" je lim [stix| = 0. Potom existuji ljapunovskd funkce
8->+

V:(P" — {0}) x R—> R*, zobrazeni a:R* — R*, a rostouci, a(y) > +co pro
Y - +00 aly:RY > R* s vlastnosti 8(ii), konstanta x, € R* a zobrazenit, : R x
x R* — R™ majici vlastnost:

(x,x)edomain ¥V, x| £ w, 92 a+ 10, 0), IeR,

ueU=V(sex, 3) < %o.

Dukaz vyplyva z véty 2.14 prace [1] a z prvnich &asti dikazi vét 8 a 10.

12. Véta. Linedrni regulovany tok {t*:u e U} je na E stejnomérné asymptoticky
omezeny vzhledem k mnoZiné m, prdavé kdy% existuji parcidlni zobrazeni (11)
s vlastnostmi 8(i), 8(ii), konstanta x, € R* a zobrazeni v, : R* — R* majici vlast-
nost

(iii) (x, ®) € E, |x| S ¥, 9 = a + 14(¥), ueU,
(stex, 9) € domain V = V(4tx, ) < x,.
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Ditikaz vyplyva z véty 8, diikkazu véty 10 a z toho, Ze zobrazeni t a 7, nezévisina a.

13. Disledek. Nechf jsou splnény predpoklady diisledku 11 a necht {t* : u € U} je
staciondrni. Potom existuji zobrazeni (12) s vlastnostmi 9(i), 9(ii), konstanta
%o € R* a zobrazeni 1, : R* - R* majict vlastnost

(iii) (x, @) e domainV, [|x| S ¥, 9 2 a + 1(¥), SR, ue U = V(ytix, 9) < xo.
Diikaz vyplyva z disledku 2.15 prace [1], z pfedchézejici véty a z disledku 9.
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Summary

LIAPUNOV’S METHOD IN THE THEORY OF THE BOUNDEDNESS
OF LINEAR CONTROL FLOWS

FRANTISEK TUMAIJER, Liberec

The properties of the boundedness of the linear control flow which is an immediate
generalization of the notion of the linear control system of differential equations
which is studied in the paper by J. Ku&era, I. Vrko&: Note on stability of a linear homo-
geneous control system are studied. Various types of boundedness are characterized
by means of Liapunov’s functions. Furthermore, some sufficient conditions for certain
types of the boundedness of the linear control flow with respect to a given set are given.
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A

ON THE LINE GRAPH OF THE SQUARE AND THE SQUARE
OF THE LINE GRAPH OF A CONNECTED GRAPH

LADISLAV NEBESKY, Praha
(Received April 4, 1972)

Let G = (V, X) be a nontrivial connected graph with p points and g lines. The
square of G is the graph (V, X’) where uv € X’ if and only if the distance between u
and v in G is either 1 or 2. The line graph of G is the graph (X, Z) where xy € Z if
and only if x and y are adjacent lines in G. The square of G and the line graph of G
will be denoted by G and L(G), respectively. Consequently, the line graph of the
square of G and the square of the line graph of G will be denoted by L(G?) and (L(G))?,
respectively. In the present paper we shall prove that if p > 3, then L(G?) is hamil-
tonian, and that if g = 3, then (L(G))? is hamiltonian. (For the terminology of graph
theory, see HARARY [1]; for some results relative to the present paper, see [1], [2],

and [3].)

Lemma 1. Let G be a connected graph with p = 3 points and such that it contains
a point u of degree 1 and a point w of degree p — 1. If v is a point of G such that
u =% v % w, then there exists a spanning path in L(G) joining the points uw and vw
of L(G).

Proof. The case when p = 3 is obvious. Assume that p = n = 4 and that for
p = n — 1 the lemma is proved. The case when G is a star is simple. Assume that G
is not a star. Then there is a point ¢ of G such that ¢ has degree at least 2and v & t +
+ w. By vy, ..., vy we denote the points of G different from w and adjacent to ¢.
Obviously, there is a spanning path S in L(G — t) joining the points uw and vw.
There is a point rs of (G — t) such that (rs) (vyw) is a line in S. It is evident that
either v, € {r, s} or w e {r, s}. If v, € {r, s}, then by P we denote the path (rs) (tv,) ...
... (tv) (tw) (vyw). If we{r, s}, then by P we denote the path (rs)(tw)(tv,)...
... (tvy) (vyw). If in S we replace the line (rs) (v;w) by the path P, we obtain a spanning
path in L(G) joining the points uw and vw.

Theorem 1. Let G be a connected graph with p 2 3 points. Then L(G?) is hamil-
tonian.
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Proof. The case when p = 3 is obvious. Assume that p = n = 4 and that for p =
= n — 1 the theorem is proved. The case when G = K, is simple. Assume that .
G # K, Then there is a point w of G with degree not exceeding p — 2 and such that
G — wis connécted. By d and d’ we denote the distance in G and in G — w, respec-
tively. By F we denote the graph with the points t of G such that d(t, w) < 2, and with
the lines #f such that either we {7,7} and 1 < d(7,7) £ 2, or i + w + fand d(7, ) =
= 2 < d'(1, 7). Notice that the graphs (G — w)? and F are line-disjoint and that x
is a line in G? if and only if it is a line either in (G — w)? or in F. There are points u
and v of G such that v is adjacent to w in G, u is adjacent to v in G and d(u, w) = 2.
Obviously, u and v are points both in (G — w)? and in F, and u has degree 1 in F.
By Lemma 1, there is a spanning path S, in L(F) joining uw with vw. Similarly, there
is a spanning path S, in L(F) joining vw with uw. By the induction hypothesis, there
exists @ hamiltonian cycle H in L((G — w)?). Consider a point rs of L((G — w)?)

-~ such that (rs) (uv) is a line in H. If u € {r, s}, then by P we denote the path (rs) Sy(uv);
if v e {r, s}, then by P we denote the path (rs) S,(uv). It is easy to see that if in H we
replace the line (rs) (uv) by P we obtain a hamiltonian cycle in L(G?).

Lemma 2. Let T be any tree with q > 3 lines. Then (L(T))* is hamiltonian.

Proof. The case when g = 3 is obvious. Let ¢ = n = 4 and assume that for any g,
3 £ q < n, the lemma is proved. The case when T'is a path is simple. We shall assume
that T is not a path. Then T contains distinct points vy, ..., v, such that 1 < k <
< q— 2, vgadjvy, ..., v,_ adj v, v, has degree at least 3, v, has degree 1, and if
0 < j <k, then v; has degree 2. By T, we denote the tree which we obtain from T’
by deleting the points vy, ..., v;. By uy, ..., u; we denote the points which are adjacent
to v in Tp; obviously, i = 2. There is a hamiltonian cycle H in (L(T,))?. It is easy to
verify that H contains such a line xy of (L(Ty))? that x is incident with one of the points
Uy, ..., u;, and y is incident with v,. By P we denote the path in (L(T))? such that
if k =1, then P = x(vov;) y, and if k = 2, then P = x(vov,) (v203) ... (v,-30,-2) -
- (v5-19;) (V404—1) - .. (v2v1) ¥, Where g is the greatest odd integer not exceeding k
and h is the greatest even integer not exceeding k. If in H we replace xy by P, we obtain
a hamiltonian cycle in (L(T))>.

Theorem 2. Let G be a connected graph with q > 3 lines. Then (L(G))? is hamil-
tonian.

Proof. Consider a spanning tree T, of G. Color the lines of T in blue. Subdivide
each,uncolored line of G (if any) into two new lines and color one of them in blue and
the other of them in yellow (the choice is arbitrary). By T, we denote the graph con-
sisting of the blue lines. Obviously T, is a tree with at least 3 lines. It is easy to see
that I(T;) is isomorphic to a spanning subgraph of L(G). This implies that (L(T5))?
is isomorphic to a spanning subgraph of (L(G))?. By Lemma 2, (L(T))? is hamiltonian.
Hence the theorem follows.
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AN APPLICATION OF HALLS’ THEOREMS TO MATRICES

ANTONIN VRBA, Praha
(Received July 10, 1972)

INTRODUCTION

It is the purpose of this paper to simplify proofs and to extend results of K. Culik’s
paper [1] in which matrices which are singular (non-singular) together with all the
matrices of the same combinatorial structure of zero elements are characterized. The
well-known theorem of P. Hall concerning the existence of a system of distinct repre-
sentatives of a system of sets and its quantitative refinement of M. Hall, Jr. are
exploited.

PRELIMINARIES

Let A = (a,) be a matrix the elements of which belong to a given integral domain I
of the characteristic h. Denote by P(A4) the class of all the matrices B = (by,) over I
of the same size as A such that, for each pair of indices, a;; = 0if and only if b;;, = 0.

Let A be square. Then it is said to be absolutely singular if each matrix from P(A)
is singular. If P(A) consists entirely of non-singular matrices then A is said to be
absolutely non-singular. A is said to be pseudo-triangular if it arises from a triangular
matrix with non-zero elements in-the main diagonal by permutation of its rows and
columns.

Let n be a positive integer. Denote N = {1, 2, ..., n}.

Let A be an n x n matrix. Then for each permutation {p,, p,, ..., p,} of N the

product [] a,,, is called a diagonal product of A. Let r, c e N. Denote by A, the
i=1

submatrix obtained from A4 by deleting the r-th row and the c-th column. Let @ + R <
& N, 0 + C < N. Denote by Ay the submatrix of A obtained from A4 by deleting
the rows and columns with indices from N — R and N — C respectively. Thus
A = Ayy, A;e = Ay—y N- (o) ’

Let S = {S,, S5, ..., S,} be a system of sets. An n-tuple {sy, s,,-..., s,} such that
s, € S, for each i € N is usually called a system of distinct representatives of S. Denote
the cardinality of a set Z by |Z| and ¢t = min |S,|.

ieN
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A system S possesses a system of distinct representatives if and only lfl U S; ] =
> |K| for each K < N. (P. Hall 1935.)

Assume a system S possessing a system of distinct representatives. If t is infinite
then there exist at least t systems of distinct representatives of S. If t is finite and
t > n then there exist at least t![(t — n)! systems of distinct representatives of S.
For t < n there exist at least t! systems of distinct representatives of S. (M. Hall,
Jr. 1948)

Proofs of these well-known theorems are available e.g. in [2] or [3].

Given an n x n matrix 4, denote by S(4) the system {S(A4), Sy(A), ..., S,(4)
where S,(A4) = {ke N | a; + 0}. Evidently, systems of distinct representatives of
S(A) are in one-to-one correspondence with non-zero diagonal products of A
Notice that Agc = 0if and only if C € N — U S(4).

ieR

If h =2 the concepts of absolute singularity (absolute non-singularity) and
singularity (non-singularity) merge and so this case is not of considerable interest.
Moreover, the considerations in what follows are not valid for h = 2. Thus assume
henceforward h + 2.

COMBINATORIAL CHARACTERIZATIONS

The following properties of an n x n matrix A are equivalent:

1. A is absolutely singular.,
2. Each diagonal product of A is zero.
3. A contains a zero p X q submatrix such that p + q > n.

Proof. 1 —» 2. The case n = 1 being obvious, suppose that n > 1 and that the
implication is true for (n — 1) x (n — 1) matrices. Let some diagonal product of
n

A, say []a;,, be non-zero. Then, according to the induction hypothesis, there
i=1

exists B € P(4) such that det B,, =+ 0. It is easy to see from the expansion of det
B by the n-th row that non-zero elements of this row could have been chosen such
that det B + 0.

In the case h = 0 the following simpler proof is valid: If []a;,, + O then put
i=1

ipy
b;,, = 1 for each ie N and b;, = 0 or b, = 2 otherwise in such a way that B =

= (by) € P(A). Evidently, det B is odd.

2 «» 3. (This equivalence is due to G. Frobenius or D Konig.) Each diagonal pro-
duct of A is zero if and only if the system-S(4) does not possess a system of distinct
representatives. According to the theorem of P. Hall, this takes place if and only
if |U S(4)| < |K| for some K < N. Further, this is equivalent to the existence of

1eK
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@ + K N such that N — US(4) + 0 and |[K| + |[N — US(4)| > n, the sub-
ieK ieK

matrix Ag y_ y s,4) being zero.
iex

2 — 1. If each diagonal product of A4 is zero then so is each diagonal product of
each B € P(A), hence det B = 0.

The following properties of a square matrix A are equivalent:

1. A is absolutely non-singular.
2. Exactly one diagonal product of A is non-zero.
3. A is pseudo-triangular.

Proof. Denote by n the order of A4.

1 — 2. The case n = 1 being obvious, suppose that n > 1 and that the implication
is true for (n — 1) x (n — 1) matrices. If 4 is absolutely non-singular then there is
a row of A containing exactly one non-zero element, say a;. (Otherwise it is easy to
construct a matrix B e P(A4) such that all its row sums are zero.) Then det A =
= +a, det A,, hence A, is absolutely non-singular and, by the induction hypothesis,
exactly one diagonal product of A;, is non-zero. It follows that 4 has exactly one
diagonal product as well.

2 — 3. The case n = 1 being obvious, suppose that n > 1 and that the implication
is true for (n — 1) x (n — 1) matrices. Assertion 2 is equivalent to the fact that S(A4)
possesses exactly one system of distinct representatives. According to the theorem
of M. Hall, there exists i € N such that S,(A) consists of exactly one element, say k,
i.e., a; is the only non-zero element of the i-th row of 4. Exactly one diagonal product
of A, being non-zero, A, is pseudo-triangular by the induction hypothesis. Ac-
cordingly, A is pseudo-triangular as well.

3 = 1. Obvious.

ALGEBRAIC CHARACTERIZATIONS

Let r < n be positive integers. Then the following properties of an n x n matrix
are equivalent:

1. A is absolutely non-singular.

2. For each BEP(A‘) there exist )+ Rc N, 9+ Cc N, |R| = |C| such that
det Bgcdet By_gn—c + 0 and either det Brgdet By_g y-o =0 for each
Q< N, |Q| =|R|, @+ C, or det Bycdet By_gy_c =0 for each Q =N,
ol =[], ¢ + R. |

3. A arises by permutations of rows and columns from an A’ such that for each
matrix from P(A’) the product of its r x r minor by the complementary minor
is non-zero if and only if these minors are principal.



4. A arises by permutations of rows and columns from an A’ such that for each
matrix from P(A') the product of its proper minor by the complementary
minor is non-zero if and only if these minors are principal.

Proof. 1 » 4. A is pseudo-triangular according to the above combinatorial
characterization. The triangular matrix 4’ with non-zero diagonal elements has the
property 4.

4 - 3, 3 » 2. Obvious.

2 — 1. The Laplace expansion yields
detB = idet BRC det BN'—R,N—C 5#: 0 for CaCh BEP(A).

In [1], K. Culik has conjectured that algebraic characterizations of the above type
of absolutely non-singular matrices remain true even when the conditions concerning
all the matrices from P(A)(P(A’)) are restricted to the matrix 4(A4’) only. This is
confirmed in the following special case.

Letr < n be positive integers and A be a hermitian positive semi-definite(complex-
valued) n x n matrix. Suppose that for each R< N, C< N, |R| =|C|=r it
holds det Agc det Ay_g y—c F 0 if and only if R = C. Then A is diagonal.

Proof. In the Hadamard inequality
det Agg det Ay_gy—g = det 4,

equality is attained for each.R = N, |R| = r. Accordingly, the matrices Ag y_g,
Ay—g g are zero for each such R (v. [4]). Hence the off-diagonal elements of A4 are
zero.
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AN INVERSION FORMULA, MATRIX FUNCTIONS,
COMBINATORIAL IDENTITIES AND GRAPHS

ANTONIN VRBA, Praha
(Received July 10, 1972)

INTRODUCTION

In the present paper an elementary proof is given of the combinatorial inversion
formula (2.1) which can also be deduced from the M&bius inversion formula (cf. [1],
[2]). The proof makes use of the properties of common matrix functions. Conversely,
this formula is applied to obtain some expressions of these matrix functions in terms
of each other; especially, the permanent is expressed in terms of the principal minors
of the same matrix and vice versa. These formulae yield some combinatorial identities.
Further, the close relationship between graphs and matrices makes it possible to
express the number of hamiltonian circuits of a non-directed finite graph in terms of
the principal minors of its incidence matrix.

I wish to thank Professor M. FIEDLER on whose suggestion these matters were dealt
with.

1. PRELIMINARIES

Let M be a set. Denote by M/M, ... M, the partition of M into My, ..., M,, i.e.
the (non-ordered) k-tuple of non-void mutually disjoint sets My, ..., M; whose union
is M. By |[M| denote the cardinality of M. Denote by M/[M ... M, the partition of M
into My, ..., M, such that |M,| > 1 for each 1 < i < k. By S(M) denote the family
of all non-void subsets of M. Denote by s( |M |, k) the number of partitions of M
into k parts. This number is usually called the Stlrlmg number of the second kind
(v. [3]).

Let n be a positive integer. Denote N = {1, 2, ..., n}.

Let A = (ay) be an n x n matrix. As usual, denote by det A4 the determinant of 4

and by per A the permanent ' [] a;,, of 4 (summation is extended over all permuta-
i=1
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tions {py, ..., p.} of N). Further, consider the matrix functions

cyd 4 = (=17~ E L ay,

and
Cyp A = Z'l:[laipg L)

where summations extend over all cyclic permutations {p,, ..., p,} of N. Let Ve S(N).
Denote by A(V) the principal submatrix obtained from A4 by deleting the rows and
columns with indices from N — V. Thus, under this notation, A = A(N), a; =
= A({i}). Observe that there are the following connections between the above
matrix functions:

(1.1) det 4 = Z Y. cyd A(M,)...cyd A(M,)
k=1 N/M;...Mj
(1.2) per A = Z Y. cyp A(M,) ... cyp A(M;)

k=1 N/M;.. My

They are based on the fact that each permutation is, roughly speaking, a composition
of cycles.

Denote by I the n x n identity matrix and by J the n x n matrix each element of
which is 1. The number of cyclic permutations of N being equal to (n — 1)!, it holds
cypJ =cypJ —1=(n— 1)! for n > 1. The number of permutations {py, ..., p,}

of N such that p; # i for each zeremgd = n! Z( 1)¥/k!, it holds per (J — I) =
= d,. Obviously, det (J — I) = (=1)""!(n — 1)

2. AN INVERSION FORMULA

r
(2.1) Let N be a finite set. Let c, d be two function defined on S(N) such that

aon) = . 2 oM Y

k=1 M/M
for each M € S(N). Then

o(M) =:§(—l)"“(k—-l)!M Y d(M,)...d(M,)

for each M € S(N).
Proof. First of all, prove that
IM]|
(% M) =Y aq Y dM,)..dM,)
k=1 M/M;i...My
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for each M € S(N), the coefficients g, satisfying the recurrence

dy = 1

K
Qvy(--- 4wy for 1 <k Z|N|.

=2 (1.KV1. Vs

9 = —

The case [M| = 1 being obvious, suppose that 1. < [M| < |N| and that the last state-
ment is true for each M’ such that [M’| < |M]|. It follows

(M) = d(M) —klgl M/Mz‘;..MkC(MI) oMy =

M|

—ap) =% % (Sa ¥ d)..dw)..

k=2 M/M,..Mks=1 M,;/V..Vs

(S0 T dv) ).

k/V1...Vs

Further,

M) =dM) =% T Ty T A A,

k=2 s=2 {1..k}/V1...Vs focd

which completes the first part of the proof. Thus the coefficients g; in (*) are
independent of M.

To compute them, notice that according to (1.1), the relation (x) is true for the
functions ¢(V) = cyd A(V) and d(V) = det A(V) for each n x n matrix A. The
substitution 4 = J yields g, = (—1)!™!"*(|M| — 1)! for each M e S(N).

(2.2) Let N be the a finite set. Let d, p be two functions defined on S(N) such that
IM]| _
Y- k— D T M) d(M) -
k=1 . M/My...Mj
L M|-k
=kz_:l(—1)| =k(k = 1)1 Y p(M,)... p(M,)

M/M;.. Mg

for each M € S(N) Then

(M) ;lg'l(- DU S (M) (M)

for each M € S(N).

Proof. First of all, prove that

(%) p(M) =;l§("l)'m_k R Y d(M)...d(My)

M/M,y...My
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for each M e S(N), the coefficients r, satisfying the recurrence
r 1 = 1

k
rk = (k - 1)! + Z(—l)s (S - 1)! Z rlyll cee rly.l fOl‘ 1 < k é INl.
s=2 {1..k

NV 1...Vs

The case |[M| = 1 being obvious, suppose that 1 < |M| < |N| and that the last
statement is true for each M” such that [M’| < |[M|. It follows

p(M) =:§1(—1)'M|"‘(k - 1)!M/ Y dMy)...d(M,) +

M;...M,

+:§l(—l)k (k - 1)!M/ b kP(Ml) .- p(My) =

M;...M,

='§'(_1)wu—k(k_1)1 Y dM,)...dM,) +

= Leoe

+:§l(—l)*(k—1)sM T (R Y d).d).-..

IMi..My s=1 M/Vy1..Vs

(‘fgi(_l)wu—s Y dV,)...dV) =

My/Vi..Vs
=k'§1'(_1)lMl-k((k - 1) +§2(—1)s (s - 1)!(1...“/2;;1..},r""'

er,,)M/M;Mkd(Ml) .. d(My)

which completes the first part of the proof. Thus the coefficients r; in (**) are in-
dependent of M.

To compute them, notice that according to (1.1) and (1.2), the relation (*) is true
for the functions ¢(V) = cyd A(V), d(V) = det A(V) as well as for the functions
(V) = cyp A(V), d(V) = per A(V) for each n x n matrix 4. Further, according to
(2.1), the relation (#*) is true for the functions d(V) = det A(V), p(V) = per A(V).
The substitution A = J yields r = [M|! for each M € S(N).

3. MATRIX FUNCTIONS
Besides of and owing to (1.1) and (1.2), there are the following connections between

the functions of an arbitrary n x n matrix A. They are an easy consequence of the
results of the preceding section.

(1)  cyd4 =k<=;;1(-1)"-1 (=10t 3 detAQM,)...det A(M)
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(32)  cypd =k=i1(_ D7 (k= 0! T per QM) ... per A(My)

k

(3.3 det A=Y (—-1)""%k! Y perA(M,)...per A(M,)
k=1 N/My...Mj

(3.4) per A=Y (=1"* k! Y det A(M,)...det A(M,).
k=1 N/Mj.. My

4. COMBINATORIAL IDENTITIES

The substitution of the matrices I, J and J — I into (1.1), (1.2), (3.1)—(3.4) yields
the follewing combinatorial identities. Many of them can be, of course, rewritten and
proved in a more natural way.

él(—l)kw;.m(wq — ) (M) -1)!=0 (n>1)

Y (Mg =D (M| - 1) =n!

k=1 N/M;...My

él(—l)k_ﬂlN//M;“Mk(lMll — ) (M =)t =n—1

Y (M| = 1) (M) - 1) = d,

k=1 N//M1..Mi

kil(—l)" (k= 1)!s(n,k) =0 (n>1)

N/My...My

él(—1)k—1 (k — 1)!N/ lzka|M1|! v Myt = (n = 1)
él(k — 1)!N/M§.M,‘(lMll ). (M| -1)=(n—-1)! (n>1)
k;(_l)k_l(k =0 Y dyyy-dpyy = =10 (n>1)

(=1)"*k!s(n, k) =1

SV M =0 (1> 1)

N/M;y..M

M= iM= 1M

k! z (lMll - 1)"'(|Mk| - 1) = dll
k=1 N/M;..Mj

Z(_l)k_'1 k! Z dlM:l d|M,‘| =n-—1.
k=1 N/M;...My
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5. GRAPHS

Let G be a finite non-directed graph of n vertices. Having chosen a fixed ordering
of its vertices, assign to G an n x n matrix 4 = (ay) such that a;, = 1if G contains
an edge between the i-th and the k-th vertices, a; = O otherwise. This matrix is
usually called the incidence matrix of G.

(5.1) Let G be a finite non-directed graph of n vertices and Ag its incidence matrix.
Then the number of hamiltonian circuits of G is equal to

Y (=1 (k= 1)1 Y det Ag(M,) ... det Ag(M,) .
k=1 N/Mi...My
Proof. Let G’ be a directed graph obtained from G by replacing each (non-directed)
edge of G by a pair of oppositely directed edges. Evidently, cyp A, coincides with the
number of cycles of the length »n in G’. Pairs of oppositely oriented cycles of G" are
in one-to-one correspondence with hamiltonian circuits of G. The required expres-
sion is obtained by combining this with (3.1).

(5.2) Let G be a finite non-directed graph of n vertices and Ag its incidence matrix.
Leti,je N, i & j. Denote by Ay the matrix obtained from Ag by deleting the i-th
row and the j-th column. Then the number of hamiltonian paths between the i-th
and the j-th vertices of G is equal to

3Y (=1 (k = 1)1T det A4(M,) det Ag(M,) ... det Ag(M,)
k=1

where summation extends over all the partitions My, ..., M, of N such that i,je M,.

Proof. Differentiate (3.1) with respect to a;;. The obtained formula implies the
required result similarly as (3.1) implies (5.1).
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ON POWERS OF NON-NEGATIVE MATRICES

ANTONIN VRBA, Praha
(Received July 10, 1972)

1. INTRODUCTION

Denote by p(A) the number of positive elements of -a matrix 4. Let 4 be square
non-negative. Then, obviously, the behaviour of the sequence {p(4")} is fully deter-
mined by the combinatorial structure of the positive elements of 4. In the paper [1],
Z. S1DAK has noticed that this sequence is not necessarily non-decreasing even when A
is primitive. Further, the following theorem was deduced there:

Let A be an irreducible non-negative matrix containing at most one zero
element in its main diagonal. Then p(B) < p(AB) for each non-negative matrix B
of the same size as A and, consequently, the sequence {p(A")} is non-decreasing.

It is the purpose of this note to strengthen the quoted results.

2. PRELIMINARIES

Let A = (ay), B = (b;) be matrices of the same size. Write A < B if for each pair
of indices b;, = 0 implies a; = 0. Let A be square non-negative. If A" £ A"*! for
each positive integer r then the sequence of matrices {4} is said to be non-decreasing,
the sequence of integers {p(A")} being obviously non-decreasing.

Let A =(a;;) be an n x n matrix. For each permutation {p,, p,, ..., p,} of N =

= {1,2, ..., n} the product i]:[la,-‘,i is called a diagonal product of A. The well known

Frobenius-Konig theorem states that all diagonal products of A are zero if and
only if A contains an p x g zero submatrix such that p + g > n (v. [2]).

Given an n x n matrix A = (a;;), denote by G(A4) the directed graph consisting of
vertices {1, 2, ..., n} and edges {i, k} for each a;, * 0. This graph is frequently used
to describe combinatorial properties of 4. A sequence {v, v}, {vy, v,}, ..., {v,=y, W}
of edges of G(4) is called a connection from v to w of the length 1. Denote A” = (a(p).
Notice that if 4 is non-negative then there exists a connection from v to w of the
length I in G(A) if and only if a{}) > 0.
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Let A be a non-negative square matrix. If A contains at most one zero element in
the main diagonal then the sequence {A'} is non-decreasing.

Proof. Denote by n the order of 4. The case n = 1 being obvious, suppose n > 1.
Let r be a positive integer. AA" = A"A implies

+1) _ _ (
aftV = a,a) + Y aijayl? = afPay, + Y ai;')ajk
Jj*i Jj*k

for each i, ke N.

Suppose first either i # k or a;; > 0. Then the above equation yields that a{p > 0
implies a;*" > 0.

Suppose now a;; = 0, a{? > 0. Then there is a connection ¢ from i to i of length r
in G(A4). G(A) does not containanedge {i,i } and so in c there is a vertex j # i. Accord-
ing to the assumption, {j, j} is in G(A4). Hence, there is a connection from i to i of
length r + 1, thus a$;*? > 0 which completes the proof.

ii
Let A be a non-negative square matrix. Then p(B) < p(AB) for each non-negative

matrix B of the same size as A if and only if A possesses a non-zero diagonal
product.

ip. > 0. Then, obviously, the i-th

Proof. Denote by n the order of A. Suppose [] a
i=1
row of AB contains at least as many positive elements as the p-th row of B does,
for each i e N.

Suppose that all the diagonal products of A are zero. According to the Frobenius-
Konig theorem, there exist perinutation matrices R, S such that RAS containsa p x g
zero submatrix in the lower left corner and p + g > n. Choose an integer ¢, 1 <
<t <n and an n X n matrix C the elements of which are positive except the
(n — q) x t zero submatrix in the lower left corner. Put B = SC. It holds p(B) =

= p(C) = n* — (n — q) tand p(4B) = p(RAB) < n* — pt,as RAB = RASS™'B =
= RASC contains the p x t zero submatrix in the left down corner. Accordingly,
p(B) — p(AB) = t(p + g — n) > 0 which completes the proof.

As an immediate consequence the following corollary is obtained.

Let A be a square non-negative matrix possessing a non-zero diagonal product.
Then the sequence {p(A")} is non-decreasing.
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Casopis pro p&stovini matematiky, ro&. 98 (1973), Praha

UBER GEWISSE EIGENSCHAFTEN DER OPTISCHEN GLEICHUNG

PAVEL BARTOS, Bratislava

(Eingegangen am 4. October 1972)

In diesem Artikel versteht man unter dem Begriff Zahl (wenn ausdriicklich nicht
etwas anderes vorausgesetzt wird) immer natiirliche Zahlen. Es werden fiir n > 2
folgende Symbole benutzt:

P(x) =jlj1xj; Mx) = [%1s %5, cos %) 3 DX = (3005 X5 v %) §
S(x) = z:lxj.

Im Artikel [3] wurde die Formel M(x) = D(x) M(M(x)/x) abgeleitet und bei
Losung der Gleichung S(x) = y M(x) benutzt. Dazu hat Herr ANDRZE] MAKOWSKI
(Warszawa) den Autor aufmerksam gemacht, dass diese Formel bekannt war (s.
[1]. [2))- -

In dieser Abhandlung werden mittels dhnlicher Formeln, die ganz einfach und
wahrscheinlich auch schon bekannt sind, Losungen gewisser Gleichungen auf die
Losung der optischen Gleichung

(1) ' s<1> =1
b3
zuriickgefiihrt.

Satz 1. Fiir n = 2 gelten die folgende Formeln:

x D(x)’ M(x)

e u(G)-3 @ o55)-t-
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Beweis. Wir bestétigen die Formel (2a), der Beweis der iibrigen ist analog.
Es sei x; = H pi", i =1,2,...,n, wo p; untereinander verschiedene Primzahlen

und «; ; mchtnega’uvc ganze Zahlen sind so, dass fiir jedes i wenigstens eine a; ; positiv
ist. Sodann ist

M (P(")) Texp (Max [ 3, ~ 2,]1n ) =

= jli[lexp {[iz;otu Mm o;]1n p;} _ggx;

Satz 2. Wenn (a) eine beliebige Lisung der Gleichung (1) ist, so haben die Glei-
chungen in der Tab. 1 die dort angegebene Ldsungen.

Beweis. Wir bestétigen den Fall No 1, analog sind die Beweise aller iibrigen und
darum werden sie da nicht angefiihrt. Nach (1) ist S(P(a)/a) = P(a) S(1/a) = P(a)
und nach (2a) ist D(a) M(P(a)[a) = D(a) (P(a)/D(a)) = P(a).

Hiemit ist bestétigt, dass die Zahlen

P(a)

x;=—>, i=12,..,n; y= D(a)

a;

eine Losung der Gleichung S(x) = y M(x) darstellen.
Satz 3. Wenn (a) eine beliebige Lisung der Gleichung (1) ist, so bilden die Zahlen
P(a)

i ]
a;

i=1,2,..,n

eine Losung (in natiirlichen Zahlen) der Gleichung

[T = P(J3).

Beweis. Die Zahlen x; sind tatsichlich natiirliche Zahlen. Wegen der Symmetrie
geniigt es den Beweis fiir i = n anzugeben. Nach (1) ist

n—1
aa,...a,
Qs ... 0y + Z —— = 4445 ... Ay,
i=1

a;

woraus sichtbar ist, dass a, | a;a, ... a,_ gilt.

Weiter haben wir

[s(LAN] - [vens ()] - vetar
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Tab. 1

- Losung
No Gleichung
Xpi=1,2,..,n y z
1| S(x) =y M(x) 1_’;;-) D(a) —
i
P
2| S(x) = y D(x) 7(“—) M(a) =
P(a) P(a) D(a) B
: a; M(a)
3| S(x) D(x) = y M(x)
M(a) D(a) _
a;
P(a) M(a) P(a) _
a; D(a)
4| S(x) M(x) = y D(x)
M(a) M@] _
a; D(a)
5| (St = P) %") _ _
6| zZ[SCOI" "2 M(x) = P(x), n > 2 I%“) — D(a)
i
7| ZS)" "2 D(x) = P(x), n > 2 1%“) — M(a)
i
n—3 P(a)
8| z[S(x)] M(x) D(x) = P(x), n >3 . — M(a) D(a)
P(a) D(a) P(a) _
a i M (a)
9| S(x) = y M(x) D(x)
M(a) D(a) _
a;
10| 2 () =  P(x) el P (M@~
i
11| z.5() M) = y P(), n>2 Af"’ P(a) D(a) [(M(@)I"~2
. i
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Tab. 1 (Forsetzung)

Losung
No Gleichung
xp,i=12,..,n y z
12| 2 S(x) PG = y M(%) Af") D(a) IM@T" P(a)
i
13| z.8(x) D(x) = y P(x) Ma(a) P(a) M(a)" !
i
14| z S(x) P(x) = y D(¥) M:") M@+ P(a)
15| zs (1) = y M(x) A [D@@)1? M(a)
x D(a)
6] s() =, bpw N D
2] =7 D= Da (a) ==
17 s(2) Moy =y 0 i M
~) M@ = y D) 6 @ -
18 z§ (1) D(x) = y M(x) =L (D@ " M)
X D(a)
19| zS (1) = y M(x) D(x) S [D(a)]? M(a)
x D(a)
20| z8 AN y P(%) . (D@1 *! P(a)
R X D(a)
1 a; n P (a)
21| z§ (;) M(x) = y P(x) o [D(a)] Y
2|zs (1 P() =y M(x), n>2 i P(a) M(a) [D(@)]"~2
x D(a)
23z 8 (1> D(x) = y P(x) ih [D@p*! P(a)
x D(a)
24| z S (1) P(x) = y D(x) a3 P(a) (D@1 !
x D(a)
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und ebenfalls auch

) (JP(a)) _WP@Y ey,

a P(a)
Satz 4. Wenn () die sogenannte extreme Lisung der Gleichung (1) ist, dann bilden

die Zahlen
iP_(a), i=1,2,.

x,-= A— 1}
al

eine ga‘nzzahlige Losung der Gleichung

(ST = P().
[s(“)] - rear-

p (20 - WPY _ -

o P(x)

und somit ist die Gleichung befriedigt. Wie bekannt, hat die extreme Losung der
Gleichung (1) die Eigenschaft

Beweis. Es ist

und

o, = alaz cee Oy g

aus der hervorgeht, dass /P(«)/o;, i = 1,2,...,n — 1 ganze Zahlen sind, weiter ist
leicht zu erkennen, dass x, = 1 ist. So ist der Beweis vollendet.

Mit den angegebenen Ergebnissen sind keinerfalls alle Moglichkeiten erschopft.
Die Losungen der optischen Gleichung liefern in Verbindung mit den Formeln (2)
sehr mannigfaltige Beziehungen.
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ON CONNECTED GRAPHS CONTAINING EXACTLY TWO POINTS
OF THE SAME DEGREE

LApisLAV NEBESKY, Praha
(Received September 15, 1972)

Following BEHZAD and CHARTRAND [1], we shall say that a graph G with p = 2
points is quasiperfect if it contains exactly two points v and w of the same degree.
The points v and w will be called the exceptional points of G. (For basic notions of
graph theory, see HARARY [2].)

By D, we shall denote a line. If p is an integer and p = 3, then by D, we shall
denote the complement of a graph obtained from D,_, by adding an isolated point.
As it immediately follows from Theorem 2 (and from its proof) in [1], for any
integer p > 2 it holds that: (i) G is a connected quasiperfect graph with p points if
and only if G is isomorphic to D,; (ii) G is a disconnected quasiperfect graph with p
points if and only if G is isomorphic to the complement D, of the graph D,,; (iii) each
exceptional point of D, has degree [ p/2]. (If x is a real number, then [x] is the greatest
integer n such that n < x; similarly, {x} = — [—x].)

Let p be any integer such that p = 2. We shall investigate properties of the
graph D,

Proposition. D, has [p[2] . {p[2} lines.

Theorem 1. Let t and u be points of D, having degree d and e, respectively. Then t
and u are adjacent if and only if d + e = p.

Proof. The case p = 2 is obvious. Assume that p = n = 3 and that for p =
= n — 1 the theorem is proved. Let d < e. -

The case when e = p — 1 is obvious. Assume that e < p — 2; then ¢t and u lie
in D,_,. The points ¢t and u are adjacent in D, if and only if they are not adjacent
in D,_,. The points t and u are not adjacent in D,_y if and only if (p — 1 — d) +
4+ (p — 1 — €) < p — 1. Hence the theorem follows.

Corollary 1. Let i be an integer, 1 < i < [p[2]. By t; and u; we denote points of D,
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with degree i and p — i, respectively, such that t;, 5y # U,y Then t; and u; are
adjacent for any i and the set {t,u,, ..., t“,mu[pm} is a maximum matching of D,.

Theorem 2. Let v be an exceptional point of D,. If p = 3, then D, — v is iso-
morphic to D,_ ;.

Proof. Let u be a point of D,, u + v. By d and d’ we denote the degree of uin D,
orin D, — v, respectively. From Theorem 1 it follows that if d < {p[2}, then d’ = d,
and if d 2 {p/2}, then d' = d — 1. This means that D, — v contains exactly two
points of the same degree. As {p/2} = 2, D, — v is connected.

Theorem 3. Let p = 3. The graph G obtained from D, by identifying its ex-
ceptional points is isomorphic to D,_,.

Proof. Let v and w be the exceptional points of D, and u be any point of D, such
that v & u + w. From Theorem 1 it follows that u is adjacent to v if and only if u is
adjacent to w. This means that G is isomorphic to D, — v. Hence the theorem
follows.

Lemma. Let m be a positive integer. Then D, contains a subgraph isomorphic
to K,, if and only if m < {(p + 1)/2}.

Proof. The cases when p = 2, 3 are obvious. Let p = n = 4 and assume that for
p = n — 2 the lemma is proved. If from D, we delete simultaneously the point of
degree 1 and the point of degree p — 1, we obtain D,_,, which contains a subgraph
isomorphic to K,, if and only if m < {(p — 1)/2}. Obviously, {(p — 1)[2} + 1 =
= {(p + 1)/2}. Hence the lemma follows.

Corollary 2. D, is planar if and only if p < 7.

Theorem 4. The chromatic number of D, is {(p + 1)[2}.

Proof. The case when p = 2 is obvious. Let p = n > 3 and assume that for p =
=n — 1 the theorem is proved. From the lemma it follows that {(p + 1)/2} <
< x2(D,). It is easy to see that x(D,) = x(D,-,) = {p/2}. From one of the inequal-
ities of NorDHAUS and GappuM [3] it follows that x(D,) < p + 1 — x(D,) =
=p+ 1 —{p[2} = {(p + 1)/2}. Hence the theorem follows.
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EMBEDDING THE POLYTOMIC TREE INTO THE »n-CUBE

IvaN HAVEL, PETR Li1EBL, Praha
(Received October 13, 1972)

In the whole paper a ‘“‘graph” is a nondirected, possibly infinite graph without
loops and multiple edges, expressed as an ordered pair ¥ = (¥, E), where V is the
set of vertices and E is the set of edges, a subset of V(?), the set of all unordered pairs
of elements of V. ¥’ = (V’, E) is said to be the subgraph of ¢ = (¥, E) induced
by VVif V eV, E=EnV'®. & = (V' E) is said to be a partial subgraph
of  =(V,E)iff V' =V, E' =« EnV'®. (Cf [3].) By ][ we denote the post-office
function.

Definition 1. Let S be a set, by 25 denote as usual the set of all subsets of S. Put
E(S)={(4,B)|A = S, B = S, card (A ~ B) = 1}. (4 ~ B) denotes here the sym-
metric difference of 4 and B. By the S-cube we understand the graph 4(S) =
= (25, E(S)).

Definition 2. By R(S) denote the class of all graphs isomorphic to some partial
subgraph of 2£°(S). If S = {1, 2, ..., n}, write R(S) = K,. Put R = {¢ | 35, ¥ € K(5)}.
By K denote the class of all graphs ¢ such that for any finite partial subgraph %’
of 9,9 eR.

Trivially, if ¢ € R(S) and ¢ is a partial subgraph of ¥, then ¥’ € K(S).

Definition 3. Let 4 = (V, E) be a graph, F a set. Assume there exists a mapping
Y : E - F such that

(i) if (ey, e, ..., €,) is the sequence of edges of a finite open path in &, then there is
an element of F that appears an odd number of times in the sequence (Y(e,),

Y(ey), ..., ¥(e,)).

(i) if (fy, f5, ..., f5) is the sequence of edges of a finite closed path in %, then all the
elements of F appear an even number (possibly null) of times in the sequence

W), ¥(f2)s - ¥(£))-
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Then we call § a C-valuation of 4. Let n be a natural number. If card (Y(E)) <n,
we call  a C,-valuation of 4.

Definition 4. By T denote the class of all graphs ¢ such that there exists a C-
valuation of ¢, by € denote the class of all graphs ¢ such that for any finite partial
subgraph ¥’ of ¢, ¥’ € €. Let n be a natural number. By €, denote the class of all
graphs ¢ such that there exists a C,-valuation of 4.

Remark 1. If 4 € T is finite, then for some n, € @, Further, €, =« € < €.
Theorem 1 in [2] asserts that

(2) &, < G,
(b) ¥ €€, connected = Y€ &,
(c) €=8.

Remark 2. Let 7 be an arbitrary tree. Then condition (ii) of Def. 3 is empty and
moreover, putting F = E, y the identity map, we have 7 € € and hence 7 € ].
Also, T e &, <« 7 €(Q,.

In what remains, we shall be concerned with trees only, and with the problem to
find to a tree J the smallest n such that 7 € &,. We shall denote this n by dim (7).

Fig. 1.
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To study trees the vertices of which have their degree bounded from above by
a given number, we introduce three infinite classes of trees, closely related to each
other. 7P, the “polytomic tree”, is a straightforward generalization of the dichoto-
mic tree 9, of [1]. 7 may be considered to be a star of k rays, each endpoint of
a ray being again the center of a new k-star, and this procedure repeated I times. So,
there are vertices of “level” 1 to (I + 1), where the (single) vertex of level 1 has
degree k, the vertices of the outermost level (I + 1) have degree 1 and the remaining
vertices have degree (k + 1). "7 and *7" arise from 77§ if it is completed in such
a way that all its vertices have either degree 1 or degree (k + 1).

Definition 5. Let kK = 2 and I = 1 be natural numbers. Define
T = VP, EPY, TP = OV, ED, TP = VP, D)
as follows:
Put
VP ={0pP|15ig1+1, 1555k
R =P |1sisli+)v(=lgis-1), 1<)k
WP =P |12i| 1+, 155 <k

Further, for o{? e ¥, +{7e WP, (o2, o)) e EP = (|¢| = |i| — ) & (' =
=1j[k*[ v ((i = 1) & (i’ = —1)). Denote (v, v{"") by e{” and further (v{’,
v§{7) e E® by e, if |i| < |i"]. T resp. 7 are defined as the subgraphs of *7{"
induced by *V{® resp. V.

Fig. 1a, b, c shows *7°(, ' (M and 799,

As is seen, *7{) consists of two trees 7 (¥ with their “roots” joined by a new edge
whereas "7 arises in a similar manner from one 7 and one 7, (for I = 2).
As for the number of vertices, card *V® = 2(k'*! — 1)/(k — 1), card "'V =
= (k"' + k' — 2)/(k — 1) and card VP = (k'*! = 1)[(k — 1). In [1], T§? is
denoted by 9,. Theorem 3 of [1] asserts that for I = 2,dim 7 =1 + 2(dim 7 =
= 2 being trivial). Another partial result of the general problem of dim I is sup-
plied by the following theorem. But first a

Remark 3. *7 Ve, =" Ve, =>TPeQ, =7 PeK,,,. The first two
implications being trivial, consider for the third the two constituent 7 of *77®
as having a C,-valuation with the same F and the joining edge being assigned a,new
element f, , ;.

~ Theorem 1.
dim (*7¢P) = dim ("7¢?) = dim(F$?) =3p + 1,
dim (*FE**V) = dim ("T V) = 3p + 3,
dim (F73?*Y) =3p + 2.
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Proof. In view of Remark 3, it is sufficient to prove
2 2 2p+1 2 2p+1
ygp)eﬁ3p+l’ '7—(21, )ER3p+29 '7—(2p)¢R3p: ‘7-(2p )¢Rap+x,
b 2p+1
TGV ¢ R4z

1. To construct a C,,,,-valuation y of *7 P, put

F={a} 1,542, ..., B3y @y, Gz, ..0y Bapyq} -
Further define
(‘) .p(eS.O)) = aZp+1 ]
W) =a; (1=j=2p),
Uei™) =af (1=j<=2p),

where we write for short
ay=a,(1=t<p), al=a;(p+1=1=2p), alyuy=as,,.

Instead of proceeding by defining explicitly y/(e{®) and y(e{~?), observe that the
edges e{® and e{~? are classified naturally into groups of 2p by the j of the (") they
are adjacent to:

GV ={eP|2p(j - 1) +1=t=2pj}, 1=js=2p,
GV ={e"?|2p(j —1)+1=t=<2pj}, 1<j=2p.

Obviously a permutation of the valuation y inside one group is immaterial. So, we:
define merely a set of 2p values for each group putting

(*%) W(G) ={a|j+1<t<min((j+ p),(2p + 1))} U
v{a|1lst<j—-p—-1}ufa|p+1=1t=2p},

Y(GS™) ={a}|j +1 <t <min((j+ p),(2p + )} U
vial[t1stsj—-p-1jufa|p+1=1=2p).

(One such valuation y is shown for p = 2 on Fig. 2, where for transparency we write
1 for a,, 3 for a} etc.) (Observe that considering the valuation induced by y on *7Z?
and looking at e{” as “e$),,” and at {e{"" |1 < j < 2p} as “GS),,”, ¥ on them
meets the rules () and (x#).)

Let us now show that y so defined is a C-valuation. For paths of odd length the
condition (i) of Def. 3 holds trivially, so we concern ourselves only with paths of length 2
or 4 in 7P, The paths of length 2 being well valuated by inspection, assume there
is a path p of length 4 such that two elements of F, say x and y, appear on it twice
each. The center of any path of length 4 in 7P is either in v{" or in v{~ ). Assume
for p the former happens. Hence x and y must be both unprimed a’s, say a, and a,.
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So it must simultaneously be a, € G*?, a, e Gi", with possible r = k + 1 ors = k+
+ 1. That however is impossible by definition of y(G"). What concerns the case
that the center of p is in v{™"), observe the symmetry in  which permits us to repeat
the former argument with interchange of a; and aj (p + 1 £ j < 2p). QE.D.

31 4’ 3 4
4 5/

] 2 3| 13 =
3l o 4! O
7 1 Y 4

5
5 1 A 4
o 4 3!
2 2/ 3 1
3l
4 N
3 !
1
o 4 3'\g 4 \5
Fig. 2.

2. To construct a Cj,,,-valuation of F$?* "), consider the valuation used for
*T 2P, specifically that induced on " ¢ZP. 7PP*Y arises from 73 by adding
one e{?) in each G{". The desired Cj,, ,-valuation is simply obtained by modifying yr
in the way that to each mentioned new e{® the new value a}, ., is assigned. Obviously
this does not spoil the property (i) of Def. 3. Q.E.D.

3. We proceed now to show that "7 7+ " ¢ &, . ,. Assume the contrary. Consider
g ZP* 1 as a partial subgraph of X ;,,,. Without loss of generality assume v{") is
in the vertex @ of J5,,,, and the 2p + 2 neighbours of v{" in *F**V are
in the vertices {j} for1 < j < 2p + 2 of A5, ,. It is now necessary to place the
(2p + 1) (2p + 2) = 4p*> + 6p + 2 vertices of degree 1 of the "7?* ! into the
(31’; 2) - (’2’) = 4p* + 5p + 1 vertices {i,j} of H'3,s, with 1 < i < 3p + 2,
1 £j<3p+ 2,i = j, such that not both i and j are >2p + 2. As this is not pos-
sible by reason of numbers, the proof is complete.

4, To complete the proof of the whole theorem, we have to show 7 P ¢ R,
FTEP*D ¢ K, ,,4. To that purpose we show that from 7 € &, follows 2n = 3k + 1.
Indeed, if 7 is a partial subgraph of i, there are certain k? vertices of 7 to be

placed into (g) - (” ; k) vertices of J,, hence k? < ('2') - (n '2_ k) and the

desired inequality follows.
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To be able to derive statements about much wider classes of trees than 9,
*TP, 278, we observe that ' and *7( are in a sense the most general trees
with given diamgter and given maximum degree of the vertices. Strictly speaking, the
following holds:

Lemma 1. Let the maximum degree of the vertices of the tree I be k + 1. If the
diameter of  equals 21 resp. (21 + 1), then I is a partial subgraph of *J{
resp. *T".

Proof is obvious.

Corollary 1. Suppose the maximum degree of the vertices of the tree 7 isd = 1
and the diameter of J is <5. If d = 2a then dim J < 3a, if d = 2a + 1 then
dim J < 3a + 1. There is, on the other hand, to any d 2 1 a tree 7 with maximum
degree of the vertices equal d and diameter <4 such that dim I = 3a for d = 2a
resp. dm 9 = 3a + 1 ford = 2a + 1.

Proof. The inequalities follow, for d = 3, from L 1 and Th 1. O n the other hand
observe that 79 has diameter 4 and maximal degree of its vertices (k + 1). The
cases d = 1 and d = 2 are trivial.

For 7 and JP the results obtained are exact. For k > 2, | > 2 we are only
able to give bounds for dim 7). From one side, we only succeeded in finding trivial
bounds:

Remark 4. dim 7 < kI. The proof of this rests on the following C,;-valuation
of 7. For the edges of each level of ), k different elements of F are reserved
and distributed in such a way that adjacent edges are assigned different values. In
fact, an insubstantially better bound is obtained by using Th 1. for the first two levels,
and applying a slightly finer reasoning to the remaining ones. For k > 2, I > 2 it
holds that dim 7 < 32k + 1 + (I — 2) (k — 1).

Theorem 2. dim (" > kife where e = 2,71 ...

Proof. Assume I to be isomorphic to some partial subgraph of ",. Then com-
paring the number of vertices, 2" > card V(¥ > k'and hence

(1) n > llog, k.

Consider first 2'< k < 8 Here we have e log, k > k and hence n > Ilog, k > klfe
and the desired inequality holds. Assume now k > 8. It follows from (1) that

) n>3l.

The isomorphism may be assumed such that to the vertex v{") of (" the vertex 0
of o, corresponds. Then to the k' vertices of distance I from v{" in 7 there must
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correspond vertices of ', whose cardinalities are either | or less than ] by an even
number, hence

) k'<<'l')+(l:2)+(lf4)+...

where the sum at the right is finite, ending either with n or 1 depending on the parity

AN NEATO

for p < 1, we may write

(4) ('l’>+<l_"_2)+(lf4)+...< ('I')(l+q+q2+...)=(';)/(1—q).

Using (2) we have, however,
g=I1-1D[((n=1+D)(m—-1+2) <l =12 +1)Q2l +2)<1/4
and this yields together with (3) and (4)

Fs) k' < g(';)

For estimating <';> we use the trivial n(n — 1)...(n — I + 1) < n and Stirling’s

formula
It = /(2nl) (I]e)" exp (8;)
where |6,| < 1/(12) and get from (5) »
k' < 4 exp (—0,) (ne/l)! (2rl)~ 1%,
Finally

(H)> 3y/(2nl) exp (6) = V/[9/8n! exp (20)] > /[9[8nl exp (~1/6)] > 1,
Q.E.D.

Corollary 2. Suppose the maximum degree of the vertices of the tree 7 isd = 3
and the diameter of J is D > 5. Then dim 7 < 4(d — 1) D. On the other hand,
given d = 3 and D > 5, there is a tree I with maximum degree of the vertices
equal d and of diameter <D such that dim 7 > |(D — 1)[2[ . (d — 1)/e.

Proof. The first inequality follows from Lemma 1, Remark 4 and Remark 3.
The proof of the second statement follows by observing that for the tree ~ we may
take 7 for I = (D — 1)[2[and k = d — 1.
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Compared with Theorem 3 in [1] and Theorem 1 of this paper, the result of
Remark 4 and Theorem 2 is much less satisfactory. It would be desirable to narrow
the bounds, if pot find an equality — which, however, seems difficult. It appears to
us that while the lower bound is rather close to the actual value of dim 7{" there is
much space for improvement with the upper bound. '

One remark more. It may be noted that we mention dim "Z{® or dim *7{»
nowhere. Trivially, there is an inequality following from Remark 3 and from Theorem
3 of [1], namely I + 2 £ dim"7{? < dim*7{» <1+ 3. We have, however,
a conjecture, which we were not able to prove and only succeeded in verifying for
1=234:

Conjecture. dim *7{® = [ + 2.

Added in proof. Meanwhile, L. NEBESKY in a paper to appear has proved the Con-
jecture. Also, F. OLLE in his M. Sc. thesis has substantially improved Remark 4,
proving dim 7 < 4(kl + 21 + k — 2).
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Casopis pro péstovini matematiky, ro¢. 98 (1973), Praha

STRUCNE CHARAKTERISTIKY CLANKU OTISTENYCH V TOMTO CISLE
V CIZIM JAZYKU

DRrAGoS M. CveTkoviC, Beograd: On a graph theory problem of M. Koman. (O jednom problé-
mu M. Komana z teorie grafi.)

V ¢lanku autor nejprve zlepSuje své drivéjsi vysledky tykajici se po&tu cest v grafu. ObdrZené
vysledky aplikuje na fe§eni jedné zobecnéné varianty problému M. Komana.

STEFAN SCHWABIK, Praha: On the relation between Young's and Kurzweil's concept of Stieltjes
integral. (O vztahu mezi Youngovou a Kurzweilovou koncepci Stieltjesova integrédlu.)

Clanek obsahuje popis integrali uvedenych v titulu. Je ukazano, Ze z existence jednoho z nich
obecné neplyne existence druhého. Jsou ddny dodate¢né podminky, které spolu s existenci Youn-
gova integrélu zaruduji existenci Kurzweilova integrélu.

STEFAN SCHWABIK, Praha: On a modified sum integral of Stieltjes type. (O modifikovaném sou-
¢tovém integralu Stieltjesova typu.)

Je uvedena jistd modifikace Kurzweilovy sou¢tové definice integrilu a je ukdzdno, Ze modifi-
kovany souétovy integrél je obecnéj$i neZ ptivodni KurzweilGv integral a Younglv a-integral.

LApIsLAV NEBESKY, Praha: On the line graph of the square and the square of the line graph of
a connected graph. (O hranovém grafu &tverce a &tverci hranového grafu souvislého grafu.)

Necht G = (V, X) je netrivialni souvisly graf s p uzly a ¢ hranami. Ctverec grafu G je graf
(V, X'), kde uv € X’, pravé kdyz vzdélenost mezi # a v v G je bud 1 nebo 2. Hranovy graf grafu G
je graf (X, Z), kde xy € Z, pravé kdyZ x a y maji v G jeden uzel spole¢ny. V &ldnku je dokézéano,
ze kdyz p = 3, tak hranovy graf &tverce grafu G je hamiltonovsky a Ze kdyZz ¢ = 3, tak &tverec
hranového grafu grafu G je hamiltonovsky (graf se nazyva hamiltonovsky, kdyZ obsahuje kruz-
nici prochézejici viemi jeho uzly).

ANTONIN VRBA, Praha: An application of Halls’ theorems to matrices. (Jedna aplikace vét P.
a M. Hallii na matice.)

V préci jsou vySetfovdny matice, jeZ jsou reguldrni (singuldrni) spolu se viemi maticemi majici-
mi stejné rozloZeni nulovych prvki. Podstatné je vyuZito zndmé véty P. Halla o existenci repre-
zentace systému mnozin a jejtho M. Hallova kvantitativniho roz3ifeni.

ANTONIN VRBA, Praha: An inversion formula, matrix functions, combinatorial identities and
graphs. (Jedna véta o inverzi, maticové funkce, kombinatorické identity a grafy.)

V préci je poddn elementdrni dukaz jedné kombinatorické véty o inverzi. V diikaze je vyuZito
vlastnosti obvyklych maticovych funkci. Obracené, véty je vyuzito k odvozeni vzdjemnych vztahi
mezi témito funkcemi, zejména je permanent vyjddien pomoci hlavnich minoru téZe matice
a naopak. Z téchto vzorci plynou kombinatorické identity. Kromé& toho tzké4 souvislost mezi
maticemi a grafy umoziiuje vyjadfit potet hamiltonovskych kruZnic v kone¢ném neorientovaném
grafu pomoci hlavnich minora jeho incidenéni matice.
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ANTONIN VRBA, Praha: On powers of non-negative matrices. (O mocninach nezdpornych matic.)
V préci je vySetfovan podet kladnych prvkil v mocnindch nezdpornych matic.

PAVEL BARTOS, Bratislava: Uber gewisse Eigenschaften der optischen Gleichung. (O istych vlast-
nostiach optickej_rovnice.)

V préci s uvedené isté vzfahy medzi veli¢inami P(x), M(x), D(x), ktoré prevadzaji rieSenia
niektorych diofantickych rovnic na rieSenie optickej rovnice. '

LapisLAv NEBeskY, Praha: On connected graphs containing exactly two points of the same
degree. (O souvislych grafech obsahujicich pravé dva uzly stejného stupné.)

Grafy G, které spliiuji podminku, Ze pravé dva uzly v G maji stejny stupefi, sestrojili Behzad
a Chartrand. V ¢&ldnku autor vySetfuje nékteré vlastnosti souvislych grafu spliiujicich uvedenou
podminku.

IvAN HAVEL, PETR LIEBL, Praha: Embedding the polytomic tree into the n-cube. (Vnofeni poly-
tomického stromu do n-dimensionélni krychle.)

Clanek navazuje na pfedchozi &linek autord. Ozna¢me jako dim ¢ nejmensi n takové, 7e ¢
je astetny podgraf grafu n-dimensiondlni krychle. Oznaime dale jako 7 tzv. k-tomicky
strom o ! trovnich. Pak plati k! > dim 7{® > kife, kde e = 2,71 ... Hodnota dim I
je nalezena presn, stejné jako dim 7Y a dim %7, jez jsou uritymi modifikacemi I,
Tyto vysledky jsou pouZity pro odhad dim J v zdvislosti na priméru a maximalnim uzlovém
stupni libovolného stromu 7.
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&asopis pro péstovini matematiky, ro¥. 98 (1973), Praha

RECENSE

Stefan Fenyo: MODERNE MATHEMATISCHE METHODEN IN DER TECHNIK,
Band 2, Internationale Schriftenreihe zur Numerischen Mathematik, Vol. 11, Birkhduser Verlag,
Basel und Stuttgart, 1971, stran 336, obrazka 79, cena neuvedena.

Toto je druhy dil trojsvazkového celku, ktery vydavd nakladatelstvi Birkhduser. Dil prvni
vysel jako osmy svazek téZe edi¢ni fady a napsal jej Stefan Feny6 spolu s Thomasem Freyem.
Zavérecny tfeti dil je zfejmé teprve ve stadiu pfiprav.

Druhy dil, kterého si chceme poviimnout v téchto fddcich a ktery je vénovén finitnim metodam
aplikované matematiky, se d4 studovat celkem nezdvisle na dilu prvnim. Povézme si stru¢né o jeho
obsahu. Prvni tietina je vénovédna linedrni algebfe a jsou v ni vyloZeny jak pojmy teoretické
(matice, nasobeni matic, charakteristicky polynom, Cayleyho a Hamiltonova véta atd.), tak je
naznadeno i uziti praktické (linearni elektrické obvody). Jest& bliZ3i praxi je druhd tfetina knihy
vénovana teorii optimalizace. Bude zajimat &tendfe ekonomy a rozpadd se na dvé &asti, z nichZ
prvni pojedndvd o optimalizaci linearni (simplexovd metoda, dopravni problém a jeho feleni
madarskou metodou, véta Konigova a Egervaryho atd.) a druhd o optimalizaci konvexni. Z4vé-
reénd tfetina podava struény uvod do teorie grafi. Jsou uvedeny zdkladni pojmy a véty o grafech
neorientovanych a orientovanych a pfihliZi se i k aplikacim (elektrické obvody, véta Fordova
a Fulkersonova). .

Pro matematika je tato kniha snadnym &tenim a odhaduji, Ze bude pfistupnd i inZenyrtm,
ekonomim a dal§im praktik@im, ktefi v ni budou hledat poudeni. Z4kladni pojmy jsou totiZ
dobfe motivovany a ilustra¢ni pfiklady jsou zjednoduleny tak, aby jim bylo dobfe rozumét.
Jednoduché véty jsou dokdzany a nékolik slozZit&j§ich vysledkiise poddva bez ditkkazu (napf. véta
o dudlnim grafu — str. 291). Mému vkusu trochu vadi, Ze tu nejsou cviéen{ pro &tendfe. Myslim,
Ze je bude zvlast postradat &tendf technického zaméfeni a cvi€eni jsou ostatn& dobrou pomiickou,
jak si ovéfit, Ze jsme ucebnici porozuméli. Tiskovych chyb je malo a &tenaf si je snadno opravi.
Myslim, Ze je to dobra kniha a ndzorné ukazuje, jak se i aplikovanid matematika za poslednich
né&kolik desetileti zmodernizovala. Jifi Sedldéek, Praha

J. L. Lions: OPTIMAL CONTROL OF SYSTEMS GOVERNED BY PARTIAL DIF-
FERENTIAL EQUATIONS, Springer-Verlag Berlin, Heidelberg, New York, 1971, XI + 396
str., cena 78,— DM.

Plvodni francouzské vydani knihy, které vy$lo v roce 1968, recenzoval v tomto &asopise
A. Kufner (viz Cas. p&st. mat., 96 (1971), str. 110—111).

Tento anglicky preklad (pfekladatelem je S. K. Mitter) se 1i8i od originalu pouze v drobnych
detailech: je v ném roz§ifena bibliografie a jsou pfipojeny nékteré nové poznidmky.

Teorie optimalni regulace byla pfi svém vzniku uzce svdzdna s obylejnymi diferencidlnimi
rovnicemi. Tato kniha obsahuje vysledky o optimalni regulaci pro systémy, jejichZ stav je popsdn
parcialni diferencidlni rovnici. Je pozoruhodnym dokladem usili odborniki, zabyvajicich se
parcidlnimi diferencidlnimi rovnicemi, v tomto smé&ru. Je tfeba zddraznit, Ze hlavni vysledky po-
chazeji z pomérné krdtkého Easového useku let 1964—1968 a Ze jsou v mnoha piipadech zhruba
ve stejném stadiu jako vysledky zndmé pro pfipad oby&ejnych diferencidlnich rovnic.

Stefan Schwabik, Praha
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J. M. Souriau: STRUCTURE DES SYSTEMES DYNAMIQUES. Vydavatelstvi Dunod,
Paris, 1970, 414 stran, 68 F.

Necht /(g, g) je Lagrangeova funkce jistého dynamického systému. Pfedpoklada se, 7e g je
sloupcovy vektor [xy, X5, ..., X, t], kde x; jsou prostorové soufadnice a ¢ je asova soufadnice.
q je derivace g podle jistého parametru s. Hamiltoniv princip nejmensi akce 1ze vyjadrit

‘gl——i ?—l 0gds =0.
wl0q ds|oq

Jestlize ozna¢ime p = 0l/dq, lze tento princip vyjadtit

jl 5pd—g—5d—péq}ds=0.
% ds ds

Vyrazy dp, 6q znamenaji diferencidly veliin p, g podle pole (definovaného v R, ), které je
oznadeno stejnym pismenem J. Necht y oznaduje sloupcovy vektor [g, g]. V R,, 1, lze definovat
linedrni formu (dy) timto zpiisobem: necht je dén bod y € R,,, , anechtje v R,,, , , ddno pole y.
Toto pole generuje jisté pole dg v podprostoru R, , ; soufadnic g. Polozme @(8y) = p . 6q (ska-
14rni souin). Hamiltonlv princip nejmensi akce lze pak zapsat ve tvaru

(¥) j "va(sy) (j-f) ds =0,

So

kde V@ je vngjsi diferenciél linedrni formy @. Vyraz V@ ma tyto vlastnosti: 1) Je to bilinearni
antisymetrick4 forma definovand v R,, . 2) V(V(@)) = 0. 3) Jestlize funkce q(s), #(s) popisuji
pohyb daného dynamického systému, pak y(s) = [4(s), q(s)] spliiuje dy/ds € ker (Vo), kde
ker (V) je jadro biline4rni formy V. 4) Odpovidajici vyrazy lze definovat i pro variety. Zapis
Hamiltonova principu ve tvaru (*) je invariantni pfi transformaci variet.

Tyto vlastnosti jsou podkladem pro vySetfovani symplektickych variet. Varieta je symplekticka
(presymplektickd), jestliZe je na ni definovana bilinedrni, antisymetrickd forma o (viz vlastnost 1)),
takov4, ze Vo = 0 (viz 2)), ker ¢ m4 dimensi 0 (konstantni dimensi £ > 0).

Z matematického hlediska je nejzajimavéj$i druhd kapitola nazvana symplektickd geometrie.
Tato kapitola se tykd vySetfovani symplektickych a presymplektickych variet. Jde zde o vysetio-
vani ortogonélnosti, kanonickych soufadnic, kanonickych zobrazeni, symplektickych Lieovych

_ grup, (tj. grupa zobrazeni variety ¥ do sebe, vii¢i niZ je bilinedrni forma o invariantni) a odpovi-
dajicich Lieovych algeber. Nejzavazn&jsi véty této kapitoly jsou véty o momentu a o symplektic-
kych varietdch uréenych Lieovou grupou.

V dal8ich kapitolach se aplikuje (dosti netrividln€) tato metoda. Kapitola III se tyka mechaniky.
Nejprve se studuje soustava hmotnych bodii v euklidovském prostoru v pfipadé klasické mechani-
ky. Zde autor dochézi k poznatku, Ze metody nelze pouZit napt. v pfipadé pohybu magnetickych
téles. Pozdé&ji viak ukazuje, jak tuto obtiz piekonat zavedenim spinu. Rozvinutou metodu viak
muZe aplikovat i v pfipad€ teorie relativity. K ucelenym vysledkiim dochézi pfi popisu chovani
jedné &astice s nenulovou hmotou a spinem, s nenulovou hmotou a beze spinu, s nulovou hmotou
a spinem a ddle pro pfipad nabité ¢astice v elektromagnetickém poli.

Vhodnym polem aplikace je statistickd mechanika, zvl4§té v okruhu problémt, kdy plyn Ize
chépat jako soustavu volné se pohybujicich ¢astic se zanedbanim vzdjemnych kolisi. Zde se viak
autor vénuje jen né&kolika otdzkdm: Odvozeni Mariotteova— Gay-Lussacova— Avogadrova
zdkona a s tim souvisejicich vztahi mezi teplem, praci a entropii, otdzkdm rovnovahy plynu
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v klasické i relativistické mechanice a statistické rovnovahy systému fotoni. V poslednich kapi-
toldch autor ukazuje moZnosti aplikace této metody v kvantové mechanice.
Ivo Vrkoé, Praha

Murray Rosenblatt: MARKOV PROCESSES. Structure and asymptotic behavior. Springer-
Verlag, Berlin— Heidelberg— New York 1971. Str. XIII + 268.

Prakticky celd kniha je vénovana Markovovym procesim v diskrétnim &ase s obecnym systé-
mem stavid; o pfipadu spodetného systému stavli pojednava jen nékolik paragrafii a o procesech
ve spojitém ¢ase jen nékolik okrajovych zminek. V8imné€me si stru¢n€ obsahu jednotlivych
kapitol.

V uvodni kap. I jsou shrnuty nékteré zdkladni pojmy a poznatky a nékolik jednoduchych
ilustrativnich piikladu.

V kap. II se popisuji tfi nasledujici zajimavé modely z aplikaci, které vedou k Markovovym
procestim a které zde slouZi jako motivace pro teoretické studium nékterych problémi v dalsich
kapitolach: model systému N molekul ve statistické mechanice, model u¢eni se v psychologickych
experimentech a model toku zdsob v ekonomii.

Vlastni jadro knihy pak za¢ina v kap. III, kde se studuje tvar procesu, které jsou funkcemi
Markovovych procesi, a otdzka, kdy tyto funkce opét tvoii Markoviv proces.

Kap. IV se zabyva problémy ergodicity a predikce, zejména se zde dokazuje Chaconova-Ornstei-
nova ergodickd véta pro operdtory v L, a studuje se asymptotické chovani mocnin Markovova
operatoru v L,.

Kap. V pojednéva o limitnich vétach pro ndhodné prochazky a konvoluce na grupich a semi-
grupach.

V kap. VI se studuji nelinearni representace Markovovych procesii pomoci nezavislych ndhod-
nych veli¢in; tento problém vznikl v souvislosti s problémem line4rni predlkce a Woldovy linearni
representace pro slabé stacionarni posloupnosti.

Posledni kap. VII se zabyva siln€ promichdvajicimi a stejnomérné ergodickymi Markovovymi
procesy, aproximaci jejich limitnich rozloZzeni pomoci nekone¢né délitelnych rozlozeni a centralni
limitni vétou pro tyto procesy.

Nasleduje pét dodatkli, obsahujicich piehled potiebnych zdkladnich véci o teorii pravdépo-
dobnosti, o topologickych prostorech, o Kolmogorovové vété o rozsifovani miry, o Banachovych
prostorech a operatorech, o topologickych grupéch, dale pak literatura, index autor®i, pifedméti
a oznaceni a postskriptum o né€kolika novéjsich pracich.

Z podaného piehledu o obsahu knihy je tedy vidét, Ze vybér témat je dosti svérazny a netradi¢ni
a ne piili§ souvisly; jde vét§inou o problémy, v nichZ autor, vyzna¢ny specialista v teotii pravdé-
podobnosti, sam pracoval, a z nichz mnohé nejsou doposud v Z4dné knize zpracovany. Kniha
tedy neni uebnici ¢i né€jakou zdkladni monografii o Markovovych procesech; spiSe by bylo
mozno ji charakterisovat jako sbornik pfehlednych stati o nékterych specidlnich otdzkich z teorie
Markovovych procesti. Tim viim oviem nepopirdme, Ze jde o otdzky skutedné zajimavé, aktudlni
a zpracované v knize na vysoké urovni.

Vyklad v knize je zna¢né abstraktni a uziva fady pojmu a metod z funkcionélni analysy. Kniha
se viak asi mnohym ¢tendfim bude &ist dost obtizné jesté z jiného diivodu — pro ponékud ne-
pfehledny styl vykladu: nap¥. definice jsou formulovany pribézné v textu, takZe nékdy je trochu
nesnadné je vyhledat; dikazy jsou umistény nékdy za pfislu$nou vyslovenou vétou, nékdy pired
vétou, a n€kdy dokonce &4st dikazu pfed vétou a ¢ast za ni (viz napf. Lemma 2 v § 1.2, Theorem 2
v § 1.3, atd.); n€kdy byva i ponékud netrividlni nalézt zad4tek &i konec diikazu patficiho k urélte
vété a odlisit jej od ostatniho textu.

Jinak oviem kniha m4 vysokou védeckou uroveii a bude zajisté velmi zajimava pro specialisty
v teorii pravdépodobnosti a zvla§té€ v teorii Markovovych procesu.

Zbynek Sidik, Praha
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S. Fligge, PRACTICAL QUANTUM MECHANICS, Vol. I, XII + 287, 1971, §$ 19,30,
Vol. II, XIV 4 341, 1971, $ 16,50, Springer-Verlag, Berlin—Heidelberg— New York. Vyslo jako
177. a 178. svazek sbirky Die Grundlehren der math. Wissenschaften in Einzeldarstellungen.

Toto &tvrté vy'/d{mi se podstatné 1i§i od predchézejicich tfech (1947, 1953 a 1965) nejen tim,
Ze bylo pfeloZeno do anglidtiny, ale hlavné rozsahem, ktery se zvétsil na dvojnasobek. Pfitom
ulohy, které byly pfevzaty z piedchoziho vydani, byly podstatné pfepracovany. Zato byl vynech4n
uvod, kde byly probirany zakladni rovnice kvantové mechaniky. Tim byl podtrZen specificky cha-
rakter knihy; obraci se totiZ na &tendfe obeznameného s obecnou teorii, kterou mu ilustruje
(a rozsifuje) konkrétnimi tlohami. Kazd4 takova uloha je formulovdna, pak ndasleduje fefeni
(uplné) a piipadné pozndmky a literarni odkazy. Litka postupuje od obecnych pojmi (prvni
dloha je zdkon zachovani pravdépodobnosti) a tloh o &asticich bez spinu v prvém dilu, pfes
tlohy o &asticich se spinem, tlohy o né€kolika &asticich, nestaciondrni ulohy (poruchovy pocet),
Diracovy relativistické rovnice a konéi kvantovou teorii elmag. pole (ve druhém dile). Pfipojen je
matematicky dodatek, kde se probiraji hlavné specidlni funkce, které se vyskytuji v pfedchozich
tloh4ch pfi feSeni Schrédingerovy rovnice.

To, ze kniha vychdzi ve &tvrtém vyddni, je nejlep$im sv&dectvim uspéchu u &tenéfe. Jisté i toto
podstatné roziifené vydani najde pfiznivé pfijeti.

Viclay Alda, Praha

R. Balescu et al., LECTURES IN STATISTICAL PHYSICS. Vyslo ve sbirce Lecture Notes
in Physics jako Vol. 7. Springer-Verlag 1971, IX + 462 str., $ 7,70.

Jedn4 se o zdpis péti pfednédSek z kursi statistické mechaniky a thermodynamiky pofddanych
universitou v Austin (Texas, USA) (¢tyfi pfednéasky jsou z r. 1969, jedna z r. 1970).

Statistick4 fysika je v sou¢asné dobé& pfedmétem intensivniho studia; sta¢i nahlédnouti do obo-
rového indexu v Journal of Math. Physics. Jednak se zpfesiiuji metody a nalézaji podminky, za
kterych plati tvrzeni — pfehled v tomto sméru davd neddvno vyila kniha D. Ruella — jednak se
aplikujf metody statistické fysiky na nové obory. Recensovany svazek pod4dva piehled o obou
tendencich.

Z matematického hlediska je nejzajimavéj$i posledni lekce, kterd pojednédva o integraci rovnic
pro &asovy priib&h s ohledem na odvozeni ,,master equation®. Ctvrt4 lekce je struénym piehledem
rigorosnich vysledk, kterych bylo dosaZeno v oblasti fizovych pfechodi a existence thermodyna-
mické limity. Prvni tfi lekce jsou vice zaloZeny na makroskopickych velitinch a pojednavaji

(1) o dissipativnich strukturach (které se mohou udrZovat jen vymé&nou energie s okolim),
(2) o fazovych pfechodech, ’ .
(3) o dynamickych jevech u kritického bodu v kapalindch a ferromagnetikach.

Literdrni odkazy jsou dovedeny do r. 1969 (ve &tvrté lekci do r. 1970), tak¥e pfednesené lekce
representuji aktualni stav discipliny a je zdsluhou pofadatele kursti a nakladatelstvi, Ze umoznili
Jjejich rychlou publikaci.

Viclav Alda, Praha

N. Bourbaki: ELEMENTS DE MATHEMATIQUE. Algebre I, Chap. 1 a 3. Hermann, Paris
1970, 635 str., cena 140 F.

Bourbakiho algebru (tivod do teorie algebraickych struktur a linedrni algebry) zna na¥ &tenaf
patrné nejlépe z ruského pfekladu z r. 1962. Recensovand kniha se vyznaduje pfepracovanim
plvodniho textu. ’

Prvni kapitola se opét nazyva Algebraické struktury, od starého textu se lidi prakticky jen
jinym uspofdddnim materidlu a novym paragrafem o projektivnich a induktivnich limit4ch.
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Paragraf o grupich je obséhlejsi a obsahuje teorii nilpotentnich a fefitelnych grup. Rovné&Z cvi¢eni
jsou prepracovéna.

Druhd kapitola je modernéjsi a podrobné&j§i versi starého textu; zabyvd se opét linedrni al-
gebrou. Prvni paragraf je vénovan definici a zdkladnim vlastnostem moduld a podmoduld. Druhy
paragraf se zabyvd moduly linedrnich zobrazeni a dualitou, tfeti tensorovymi soudiny. Ctvrty
paragraf navazuje vykladem o vztahu mezi tensorovymi sou¢iny a moduly homomorfismi, paty
je vénovén roz§ifeni okruhu skalard, $esty projektivnim a induktivnim limitdm modulid. Nasleduji
tii paragrafy o afinnich prostorech, zuZeni télesa skaldrii a o prostorech projektivnich. Deséty
paragraf obsahuje teorii matic, kone¢né jedenacty se zabyva graduovanymi okruhy a moduly.

Treti kapitola je vénovana tensorovym, vn&j§im a symetrickym algebrdm vé&etn& teorie deter-
minanti.

Bourbakiho texty je obtizné recensovati. Styl je dokonaly, vSe je zcela piesné, ale pfesto mé
¢teni knihy (rozhodné nejtlust$i v mé knihovné) nechdva chladnym. Zajimavé4 jsou oviem cviceni;
jejich soustavné propocitdvani miZe ¢tenafi pfinésti misty docela dobrou zdbavu.

Alois Svec, Praha

GROUP REPRESENTATIONS IN MATHEMATICS AND PHYSICS. Battelle Seattle
1969 Rencontres; edited by V. Bargmann. Lecture Notes in Physics, No 6. Springer-Verlag,
Berlin— Heidelberg— New York 1970. Stran 340, cena DM 24,—.

Svazek obsahuje nasledujici pfispévky: C. C. Moore, Restrictions of Unitary Representations
to Subgroups and Ergodic Theory: Group Extensions and Group Cohomology; L. Michel, Ap-
plications of Group Theory to Quantum Physics — Algebraic Aspects; L. O’Raifeartaigh, Unitary
Representations of Lie Groups in Quantum Mechanics; B. Konstant, On certain Unitary Representa-
tions Which Arise From a Quantization Theory; 1. T. Todorov, Derivation and Solution of an
Infinite-Component Wave Equation for the Relativistic Coulomb Problem; W. Riihl, Tensor
Operators for the Group SL (2, C); G. A. Goldin - D. H. Sharp, Lie Algebras of Local Currents and
Their Representations; R. Hermann, Infinite Dimensional Lie Algebras and Current Algebra.

Alois Svec, Praha

Jean-Pierre Ramis: SOUS-ENSEMBLES ANALYTIQUES D’UNE VARIETE BANACHI-
QUE COMPLEXE. Ergebnisse der Mathematik und ihrer Grenzgebiete, Bd. 53. Springer-Verlag,
Berlin— Heidelberg— New York 1970. Stran XI + 118, cena DM 36,—.

Teorie analytickych podmnoZin komplexni variety kone¢né dimense je dobfe zndma a kniZné
zpracovana, viz napf. u nds v ruském pfekladu b&€zné dostupnou knihu od Gunninga a Rossiho.
Ramisova kniha se nyni prakticky zabyva pfipadem nekone&né dimense.

Prvni kapitola je pfipravna; studuje se v ni okruh formdlnich a konvergentnich fad (Weier-
strassovy véty) a elementy banachovskych analytickych funkci.

Necht U je komplexni banachovskd analytick4 varieta. MnoZina X = U se nazyvé analytickd,
jestliZe pro kazdy bod x = U existuje (V,, f;, F) tak, ze V, < U je oteviené okoli bodu x, F,
komplexni Banachiiv prostor, f, : ¥, — F, analytické zobrazenia X N ¥, = f;’(O); X se nazy-
vé konené definovan4, jestlize dim F, < co pro kazdé x € X. Jinak fedeno, X je kone¢né defino-
vand, jestliZe lokalng je ddna konenym poétem skalarnich analytickych rovnic. Bod x € X se
nazyva reguldrnim, jestliZe existuje jeho okoli V' v U tak, ¢ X N V je podvarieta ve V. Nejprve
se dok4i elementarni fakta o analytickych podmnozinich a véty o prodlouZeni zhruba tohoto
typu: JestliZze X < U neni moZno v kazdém bodé x € X ani lokdln& definovati jedinou rovnici,
pak kaZdou analytickou funkci na U — X s hodnotami v Banachové prostoru je mozno jedinym
zpusobem roziifiti na U. Kone&né definovatelné analytické podmnoZziny maji je$t& dosti dobré
vlastnosti, naproti tomu libovolné podmnoZiny mohou byti velmi divoké. Tak napf. kazdy

321



metrizovatelny kompakt je homeomorfni s analytickou podmnoZinou né&jakého Banachova
prostoru; existuji podmnoZiny, které maji bod, v jehoZ okoli existuji reuldrni body libovolné
kodimense.

Technika zkouméni analytickych podmnoZin je v podstaté zndmd z kone&né-dimensionédlniho
pfipadu, kdy kazdému germu ¢ podmnoZiny X se pfifadiidedl J(£) germu analytickych funkci, které
se anuluji na &. Naléza se struktura idealti typu J(&) a tzv. Nullstellensatz. Pfedchozich vysledki
se uziva ke geometrickému studiu analytickych a kone¢n& definovanych podmnoZin X. Tak napf.
plati: Jestlize X = U je navic i souvisla, pak kazda skalarni analyticka funkce na X, jejiZ absolutni
hodnota mi maximum na X, je konstantni. V dal§im se studuji ireducibilni slozky kone¢né kodi-
mense analytické podmnoziny. Uvedme ilustraci. Necht E je komplexni Banachiv prostor. Pod-
mnozina X < E se nazyva kuZelem, jestlize pro kazdé x'e X a kazdé komplexni ¢islo 4 je 1, € X.
Je znamo, Ze analyticky kuZel v prostoru kone¢né dimense je algebraicky. DokdZe se, Ze kone¢né
definovany analyticky kuZel je algebraicky pro obecné E; libovolny analyticky kuZel viak nemusi
byt algebraicky. Necht napf. 2 je komplexni Hilberttiv prostor posloupnosti (Zs o5 Zys we s )h
Yz} < o, a f:1%2 1% budiz definovdno takto: fo(zp,...) = 0, fy(Zo,...) = [(2m)'1~1.
(22" 1z,,,, — z2™; mnotina X = £ ~1(0) je nealgebraicky analyticky kuzel.

Posledni &ast knihy se zabyvd prodluZovdnim analytickych podmnoZin. Jako aplikace je
dokazdno zobecnéni Chowovy véty: Necht E je komplexni Banachiiv prostor, P(E) pfisluiny
projektivni prostor. Potom kazd4 analytickd podmnoZina v P(E), jejiz kodimense je omezena na
P(E), je algebraickd a kone¢né definovand. V zdvéru se studuji singuldrni body S(X) analytické
podmnoziny X < U. Jestlize X je kone¢né definovand, pak S(X) je analytickd podmnoziny v U
a codim, X 4 1 < codim, S(X) pro x € S(X). Jestlize v§ak X neni konen& definovana, nemusi
S(X) byti analytickou podmnoZinou. ’

Knihu je moZno doporudit jako cenny piehled vlastnosti analytickych podmnoZin banachov-
skych variet. Zisk z ni bude mit ov§em jen ten, kdo ji bude chapati jako prohloubeni studia kone&-
né-dimensiondlniho pfipadu.

Alois Svec, Praha

S. Lopez de Medrano: INVOLUTIONS ON MANIFOLDS. Ergebnisse der Mathematik und
ihrer Grenzgebiete, Bd. 59. Springer-Verlag, Berlin—Heidelberg—New York 1971. Str. 103,
15 obr., cena DM 36,—.

Kniha obsahuje pfevazné& autorovy vysledky z let 1967— 70 o involucich bez pevnych bodii na
variet4ch (tedy zobrazenich f: M— Msf? = id.), dosaZené pod vedenim W. Browdera. Hlavnim
studovanym problémem je klasifikace involuci a existence invariantnich podvariet s pfedepsany-
mi vlastnostmi. Varietou se rozumi kompaktni varieta (s hranici nebo bez hranice), kterd je bud
kombinatorick4 a f je po &astech linearni nebo je hladka a f je také hladka involuce. Klasifikovat
involuce bez pevnych bodii na homotopickych sférach je totéZ jako klasifikovati variety s tymz
homotopickym typem jako m4 redlny projektivni prostor P" jestliZe totiz f: M— M je involuce
na homotopické sféfe M, je M/f homotopicky ekvivalentni s P". PfevaZn4 &4st prace je vénovéna
préavé roz§ifeni tohoto problému. Kniha je uréena vyhradné specialistiim.

: Alois Svec, Praha

Viadimir Kohout: DIFERENCIALNf GEOMETRIE. Matematicky seminif SNTL, &. 2.
SNTL, Praha 1971. Str. 165, 31 obr., cena K¢&s 18,—.

Redakce tvrdi na str. 4, Ze ,,kniZka je dobfe promy3lenym vykladem diferencidlni geometrie
rovinnych i prostorovych kfivek a ploch v euklidovském prostoru i prostorech, které nejsou
euklidovské*. A dile: ,,Vyklad dopliiuji technické a fyzikalni-aplikace. Kniha je uréena prede-
viim poslucha&im vysokych kol viech oboril, kde se diferencidlni geometrie pfedn4si, technickym
pracovnikiim v praxi a oviem také fyzikim*. Autor ve své pfedmluvé uvadi, Ze jeho kniha ,,je
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uréena matematikim, ktefi ovlddaji zdklady matematiky asi v rozsahu béZného kursu na naSich
technickych vysokych $koldch*.

Musim poznamenati, Ze zndm oviem také fyziky, ktefi nejsou matematiky. Ale vazné. Vyklad
rozhodné nedopliiuji technické a fyzikalni aplikace, redakce to jen piedstird. Svym poslucha&im
bych knihu také pfili§ viele nedoporucil. Rozbor dalSich tvrzeni si vyZ4dda vice mista.

Knizka se sklad4 ze sedmi kapitol. Uvedme nejprve bez komentaie jeji obsah. 1. Geometrie
euklidovského prostoru. Rozsahle se definuje pojem euklidovského prostoru. Pro rovinné a prosto-
roveé kfivky se vypisuji Frenetovy formule, pro plochy se zavadéji dvé zdkladni formy a paralelni
pfenos. II. Kleinovo pojeti geometrie. Definuji se grupy transformaci na mnozing€ a tim Kleinovy
prostory. Jako pfiklady se uvadéji projektivni prostory a neeukleidovské geometrie. III. Diferen-
covatelné variety. Definice topologickych prostorti prechdzi v definici diferencovatelnych variet
pomoci atlasti, vektorovych poli, diferencidlti zobrazeni a vnofenych podvariet. Probiraji se in-
tegrabilni distribuce, z teorie vnéjsich forem je uvedeno vnéjsi ndsobeni a diferencovani, kapitola
konéi uvodem do tenzorového poctu. IV. Zak¥Fivené prostory a tenzorovy pocet. Definuje se Rie-
manniv prostor a jeho tenzor kfivosti. V. Lieovy grupy. Zavadi se pojem Lieovy grupy a jeji
Lieovy algebry a vyloZi se obecné schéma pro studium podvariety homogenniho prostoru. VI.
Metoda pohyblivého repéru. VyloZi se zdkladni vlastnosti invariantnich forem na Lieové grupé
a mechanismus specialisace reperti podvariety homogenniho prostoru. VII. Lokdini a globdini
diferencidlni geometrie. V jednostrankové kapitole je uvedena véta o tom, Ze ovdl md nejméné
&tyfi vrcholy.

Obsah knihy vypadd mohutné. Chyb je velmi mdlo; nepfijemné nedopatfeni je na str. 12 pfi
uvadéni vlastnosti 1—3 vzdélenosti. Hlavn€ mi v§ak neni jasné, komu m4 kniha slouZit a kdo si ji
ma s potéSenim pfe&isti. Konkrétnich vysledki je v ni uvedeno velmi malo, prakticky celd je
vénovana definicim a po¢etnimu apardtu. Neumim se vZit do my$leni onoho matematika (a oviem
také fyzika), ale emu budou rozumét? Autor ukazuje, Ze sim zvl4dl moderni terminologii a mo-
derni metody, ale vyklad je velmi sloZity a zamotany. Ji viibec prvni definice (a to euklidovského
prostoru) je pfesnd a zcela nezdZivna. Treti definici (vdzaného vektoru) sdm moc $patné rozumim,
také dokonce nevim, co jsou to rizné euklidovské prostory (str. 11). Tfeti a &tvrty paragraf tfeti
kapitoly je na mé& rovnéZ pfili§ sloZity hlavn& v mistech, kde je pro ndzornost opatfen obriazkem
& 27. Nebo citujme ze str. 107: ,,Pfedstavme si ndzorné oby&ejnou kruZnici, neustile objiZdénou
kolem dokola. Neni-li uddn né&jaky vyzna¢ny okamZik, od n&hoZ poéitdme obéhy, 1ze vétfinou
tézko funkci na kruZnici n&jak rozumné zadat*. Musim se pfiznat, Ze do pfe¢tenf t&chto v&t jsem
zil 1épe, protoze jsme umél docela rozumné zadat funkci tiebas i na jinych kfivkach. Obdobnych
véci — mnohdy ale zcela podstatnéjSich — je v knize velkd fada. Vim dobfe, co chtél autor svymi
definicemi a pozndmkami Fici a musim uznati, Ze mé&l dobry Gimysl i koncepci. Pro znalce je viak
kniha zbyte¢nid. Mdm nejvaznéj$i obavy, Ze onen matematik (a podle minéni redakce SNTL
ovsem také fyzik) nepiejde pfes né€kolik prvnich stranek o euklidovském prostoru.

Citim v8ak povinnost zastati se autora v nasledujicim. Obvykle se fik4, Ze kritik popisuje, jak
je kniha $patna a jak by ji napsal saim, kdyby to oviem umél. Chci totiZ fici, Ze na probirané téma
bych asi popularni knizku o mnoho 1épe také nenapsal. Pfitelé topologové mi jisté odpusti, ale na
hodinové pfedndsce o mnoZinové, algebraické nebo diferencidlni topologii je moZno populdrné
(ale naprosto srozumiteln€ a pfesné) vyloziti velmi hluboké a poutavé vysledky: pojmy i véty
jsou totiz pomérné jednoduché a nazorné, obvykle pouze diikazy jsou nesmirné komplikované
a jejich aparit je technicky velice naro&ny. Diferencidlni geometrie je pfi popularisovani ve zna¢né
nevyhodg, nebot jiz samotné definice zdkladnich pojmi jsou zna&né sloZité. Co prace d4 napf. jiZ
definice plochy v euklidovském prostoru, zavedeni jejich dvou zdkladnich forem a jejich podminek
integrability a ditkaz toho, Ze plocha je obéma formami jednoznaéné uréena. A to je$té neni Zddna
zajimava véta; pfitazlivé vysledky touto vé&tou teprve zacinaji. Nechci tvrditi, Ze autor se nemohl
vyjadfovati jasnéji, ale omylem je patrné téma knihy. Nevim ovSem, jak4 je koncepce celé sbirky
matematického semindfe SNTL. V knize se chce prosté mnoho vyloZiti a je$t€ k tomu populdrné&.
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Nejsem odbornik na inZenyrském poli, oviem také fyzikiim by v8ak patrné lépe svéd¢ila knizka
tieba jen o diferencovatelnych varietdch nebo o Lieovych grupich nebo o representacich grup
nebo o mnoha specidlné&jich partiich diferencidlni geometrie.

» ) Alois Svec, Praha

M. Constam: FORTRAN FUR ANFANGER, Springer-Verlag, Berlin—Heidelberg— New
York 1971, 145 str., DM 16,—.

Tato kniha, resp. skripta, je uréena, jak plyne jiZ z ndzvu, ¢tendfium, ktefi se s programovacim
jazykem FORTRAN chté&ji teprve seznamit. U &tenafe se pfedpokladaji zakladni znalosti o &isli-
covych pocitacich a o sestavovani blokovych schémat.

Mezindrodni definice uvadé&ji tfi drovné jazyka FORTRAN: 1. zdkladni FORTRAN
(Basic FORTRAN) — nejniZ8i uroveii, odpovid4 star8i verzi jazyka FORTRAN II, 2. stfedni
FOTRAN (Intermediate FORTRAN), 3. iplny FORTRAN (FORTRAN) — nejvétsi uroven,
odpovidd svétové normé iplného jazyka FORTRAN IV. Nejjednodussi verse jazyka FORTRAN
(bod 1) je vhodna pro mens$i pocitate, programy v ni psané lze viak piekladat na vétsiné preklada-
¢t z jazyka FORTRAN IV. Kniha obsahuje vyklad této verse a to do té miry, aby &tenar byl
schopen sestavit jednoduchy program s pouzitim podprogrami, se ¢tenim dérnych $titki a tiskem
vysledki.

Kniha je rozdélena do péti kapitol. Prvni kapitola ,,Zdkladni prvky jazyka FORTRAN*
seznamuje &tendfe s pouzivanymi symboly, fortranskym slovem, vyrazem a operdtorem, vétou
a se stavbou fortranského programu. Ve druhé Kkapitole ,,Vykonné prikazy jazyka Basic
FORTRAN* jsou postupné popsdny jednotlivé pfifazovaci pfikazy, fidici pfikazy a pfikazy
pro vstupy a vystupy (Cteni dérnych §titkd a tisk). Tfeti kapitola ,,Dva nevykonné prikazy*
popisuje ptikaz DIMENSION A EQUIVALENCE. Ctvrta kapitola ,, PFiklady tiplnych progra-
mii* je vénovédna ukdzkdm hotovych programii. P4t4 kapitola ,,Podprogramy ve FORTRANU*
pojedndvéd o formdlnich a aktudlnich parametrech, o funk&nich piikazech, o funk&nich a obec-
nych procedurdch (FUNCTION, SUBROUTINE) a o nékterych dalsich specidlnich piikazech.
Na konci knihy jsou v pfiloze zafazeny dvé& tabulky: Syntaktické pofadi pifikazii a Seznam
piikazii v knize pobranych. Déle je vypracovan ,,Zdznamnik‘‘ pro zaznamendvani odchylek
a omezeni jazyka pro jednotlivé konkrétni po&itate. Knihu uzavird podrobny rejstiik.

Vyklad proviazi fada velmi nazornych obrdzkt a konkrétnich pifikladu. To pfispiva k lepsi
srozumitelnosti a soudasné k zkrdceni vykladu. Ve shod¢€ s tim je i velmi péknd grafickd tprava.
Chyby, které se v knize vyskytly (napf. na str. 72 u pfikladu PRINT 2041 je pfeklep u navésti)
nenaru$uji srozumitelnost a &tendf si je snadno opravi sdim. Chybné je také strankovéni v obsahu.

Zéivérem lze Fici, Ze kniha je vhodnou pomtckou pro Siroky okruh zdjemct o programovani
v jazyku FORTRAN.!)

Irena DoleZalovd, Praha

J. Dérr, G. Hotzz AUTOMATENTHEORIE UND FORMALE SPRACHEN. Tagungs-
bericht, Mathematisches Forschungsinstitut Oberwolfach-Berichte 3, vyddno Bibliographisches
Institut — Mannheim— Wien— Ziirich, broZ. 505 stran.

Kniha obsahuje pfednidsky (v nékterych pfipadech pouze jejich resumé) pfednesené na kon-
ferenci ,,Automatentheorie und formale Sprachen‘, konané ve dnech od 12. 10. do 18. 10. 1969
v zdpadon&émeckém Oberwolfachu.

l) Upozoriiujeme &tenafe, Ze v r. 1971 vySla v SNTL kniha Jifiho Vogela ,,Programovani

v jazyku FORTRAN®, kterd :seznamuje &tenafe s nejvy$si urovni jazyka FORTRAN a je urena
i za¢inajicim programétorim.
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Referaty v celkovém poctu 35 reprezentuji téméf vSechna v té dob& aktuilni témata z teorie
automati, jejich aplikaci i pfibuznych oblasti a sbornik dokumentuje vzristajici zdjem o tyto
otdzky v NSR. Obsahuje jednak price, které zobectiuji jiZ zndmé vysledky, nebo zjednodusuji
jejich odvozeni, ale téZ mnoho praci pojednavajicich o aktudlnich otdzkich s ,,obecné kybernetic-
kym* vyznamem (zde je nutno zejména upozornit na referaty z teorie algoritmické sloZitosti i na
referdty tykajici se stochastickych automati). Dilezité je zminit se i o §irokém spektru aplikaci
a piibuznych otazek, jeZ byly v knize zahrnuty (nap¥. referdty o programovacich jazycich, aplikace
na teorii her, teorii &isel, algoritmus pro nalezeni vychodu z labyrintu aj.).

Na tomto misté nelze uvadét nazvy jednotlivych pfedndsek a tim spiSe je nelze referovat,
avSak pro podrobné&;jsi pfedstavu o sborniku, uvddime jeho obsah podle tématického rozdéleni:

1. Automatentheorie [a) Endliche Automaten, b) Lineare Darstellung von Automaten, c) Sto-
chastische Automaten und Informationstheorie].

2. Formale Sprachen [a) Algebraische Theorie, b) Spezielle Sprachen, c) Analyse und Synthese,
d) Programmiersprachen].

. Komplexititstheorie.

. Logik und rekursive Funktionen.

. Spezielle Algorithmen.

. Informationssysteme.

A AW

Jaroslav Mordvek, Praha

B. Budinsky, B. Kepr: ZAKLADY DIFERENCIALNf GEOMETRIE S TECHNICKYMI
APLIKACEMI; Nakladatelstvi technické literatury, Praha 1970. Str. 342, obr. 118. Cena
41,— Kés.

Nepotitdme-li Sobotkovy litografované piednaiky, je Budinského a Keprova kniha tfeti
&eskou uvodni uéebnici lokalni diferencidlni geometrie kfivek a ploch.*) Prvni byla Hostinského
s»Diferencidlni geometrie krivek a' ploch* (1915, 1942, 1950), druhou Hlavatého ,,Diferencidini
geometrie krivek a ploch a tensorovy poéet* (1937). Budinského a Keprova udebnice se vice pfibli-
¥uje Hlavatého knize, aviak se zfetelnym zaméfenim na $iri ¢tenaisky okruh. Je psdna velmi
piistupné i podrobné a Stendaf vystadi s malymi pfedb&Znymi znalostmi. Proto bude jist& oblibena.
R4di po ni séhnou zijemci, ktefi potfebuji lehce srozumitelné poudeni o tivodnich oblastech
diferencidlni geometrie. Jist& mnohé z &tenafd podniti k hlubiimu studiu.

Piipojme nazvy kapitol a hlavnich oddilt. Uvod — zéklady vektorového poétu (str. 11—35).
1. Zaklady teorie k¥ivek (37—131): Vyjadfeni k¥ivky, délka oblouku k¥ivky; te¢na a oskula¢ni
rovnice k¥ivky; Frenetovy vzorce; styk k¥ivek, oskuladni kruZnice; n&které dileZité druhy kfivek;
rovinné kfivky. II. Zéklady teorie ploch (133—256): Vyjadieni plochy; te¢né vlastnosti ploch;
vektory na plose; prvni zdkladni forma plochy; druh4 zékladni forma plochy; soustavy kfivek na
plose; pseudoparalelni pfenos vektorii na plo¥e a geodetické kiivky plochy. III. Aplikace (257 az
321): Mechanika hmotného bodu; plochy stavebné inZenyrské praxe; kartografické sité. B.
Budinsky napsal kapitolu II a prvni oddil kapitoly 1II, ostatni pak B. Kepr.

Pfekvapuje, Ze kapitola II je jen o mélo vét¥i neZ kapitola I. Velmi ucelna je kapitola III.
Aplikace diferencidlni geometrie ve fyzice a technice jsou matematikiim malo povédomé. Je
sympatické, ¥e prvni oddil kapitoly III (str. 257—275: Pohyb bodu volného a vazaného na kfivku
nebo plochu a jeho kinetick4 energie, diferencilni principy mechaniky — d’Alembertiiv, Gaussiv
a Lagrangeovy rovnice) souvisi s ptivodnimi pracemi prvniho autora, takze kniha je vyrazné
poznamendna jeho védeckou &innosti. Oddil o mechanice hmotného bodu je z aplikaci nejvyznam-
n&jii a nejzdafilejsi. Skoda, Ze geodetické aplikace jsou omezeny na velmi tradi¢ni kartograficka

*) Pozndmka pfi korektufe v bfeznu 1973: Kdy2 jsem psal tuto recensi, nevysla jeité kniha
V. Kohouta: Diferencidini geometrie, Praha 1971. :
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zobrazeni, a&koliv uplatnéni diferencidlni geometrie ve vys$s$i geodézii je daleko vétsi. Treti
kapitolou se recensovand kniha vyrazné a k prospéchu odliSuje od Hlavatého dila; Hostinského
udebnice je v tomto smyslu nékde uprostied.

Piibuznost mezi plochamij, ktera zachovava obsah, se na str. 198 nazyv4 ,,rovnoploché zobra-
zeni*, na str. 308 v3ak ,,plochojevnd, spravnoplochd, ekvivalentni projekce‘. Nestor ¢eskych
kartografti F. Fiala v knize ,,Matematickd kartografie** (CSAV, Praha 1955) mluvi o ,,stejnoplo-
chém zobrazeni*. Za&dtednik bude mit co délat, aby se vyznal v téchto synonymech. Nemyslim,
Ze bylo nutné z francouzského ,,repére* vytvofit ,,repér* (str. 66). Ctenaf se nedozvi, co se na str.
71 a 72 mysli ,,Frenetovym trojhranem* a zda ,,privodni trojhran‘ t,n, b na str. 73 je totéz.
AZ na str. 237 &teme: ,,V teorii kiivek jsme pfifadili kazdému bodu kfivky tfi jednotkové navza-
jem kolmé vektory 7, v, § a nazvali jsme je Frenetovym trojhranem.

Podle definice rota¢nich kandlovych ploch na str. 305 neni jasné, zda by se k nim poc¢ital anu-
loid — ten totiZ nelze cely vytvofit jako obdlku kulovych ploch se stfedy na pfimce. (Jednopara-
metrov4 soustava kulovych ploch, jejichZ st¥edy vyplni k¥ivku, nemusi mit za obalku kandlovou
plochu — to je v ptikladu ze str. 305 situace pii (dr/dc)2 = 1.) Podobné véci 1ze oviem snadno
odstranit.

Obrazky jsou velmi p&kné, vystizn& dopliiuji a prostorové& znazoriiuji text. Vyjimkou je obr. 33
na str. 89, ktery podrobnym popisem je nezietelny. Autofi s oblibou uZivaji stejného pismene s in-
dexy nebo znatkami rozmanité umisténymi, a&koliv riznymi pismeny by byli usnadnili tisk i etbu
zat4iteénikovi. Plati to zvlagt€ o soudasném studiu dvojice k¥ivek nebo ploch. Na str. 190 jsou plo-
chy x a A4 s pruvodidi x ay, na str. 191 jiZ plochy x a 3;5 pruvodi&i ): a :; Na str. 80 maji kfivky k4

1

a k, privvodide 1p a 2p a pro kfivosti k¥ivky k s pravodiem p bylo disledn uzito 'k a 2k.

V knize je mnoho uplné propocitanych prikladii a je§té pres dvé sté uloh s vysledky, pfipadné
i s ndvody. Jimi autofi vyznamné& podepieli sviij metodicky pfistup a zdmér, napsat ivodni uceb-
nici pro riizné pfipravené &tenéfe.

V z&véru je na str. 335 a 336 seznam kniZni literatury a est vybranych dél v pofadi podle
obtiZnosti, ve kterém je autofi doporuéuji pro dal3i studium. Prvni uvadéji Hostinského knihu —
ale jeji druh4 &4st uZ predpokldd4 jisté znalosti o diferencidlnich rovnicich oby&ejnych i parciél-
nich. Ctvrt4 je Blaschkeho ,,Differentialgeometrie I a $estd Hlavatého udebnice. Aviak na tu se
s jistou villi a trpélivosti miZe odvaZit i &tendf s menSimi pfedb&Znymiznalostmi — na Blaschkeho
knize by vSak uplné ztroskotal. Blaschke psal velice usporné& a hodn& pfedpokladal, tfeba z va-
ria¢niho poé&tu, analysy, konvexnich utvara**).

Budinského a Keprova kniha bude mit mnoho vdé&nych &tenafi i uspéch v $irokych kruzich.

Zbynék Nddenik, Praha

**) Srovnej recensi knihy J. J. Stokera: Differential Geometry (1969) v Apl. mat. 15 (1970),
465—469.
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&asopis pro péstovini matematiky, roé. 98 (1973), Praha
ZPRAVY

SEDESAT LET PROFESORA KARLA HAVLICKA

Avors Svec, Praha

Prof. KAREL HAVLICEK se narodil 4. zaFi 1913 v Praze v rodiné Zelezni¢niho ufedni-
ka. Vyrostl v ideadlnim rodinném prostiedi a stile vdé€né vzpomina na své rodice.
Po maturit€ na realce v Praze Vinohradech v r. 1932 vystudoval pfirodovédeckou

fakultu Karlovy university, kterou ukongil v r. 1937 statnimi zkouskami pro uditelstvi
matematiky a deskriptivni geometrie na stfednich $kol4dch; v bfeznu 1939 se stal
doktorem ptirodnich v&d. Béhem universitniho studia na n&ho mé&li nejvétsi vliv pro-
fesofi B. BynDZovskY, V. HLAVATY, V. JARNIK a F. KADERAVEK. V listopadu 1937
zadal pracovat jako v&decky pomocnik na fakult& speciélnich nauk CVUT, soudasng
nepravideln& vyudoval jako vypomocny profesor na redlce na Zizkov& a na real.
gymnasiu v Libni, pozdé&ji v Chrudimi. Od roku 1940 ug&il na méstanskych §kolach na
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Letné a ve Stra¥nicich, kde nakonec piisobil jako uditel na obecné §kole. V poslednim
roce valky byl totaln& nasazen na stavbé vinohradského tunelu. Po celou vélku byl
ve styku se svymi byvalymi profesory. V revoluci 1945 se zapojil do tzv. ,,Provozni
a informag&ni koncelate vysokych $kol*, ktera pod vedenim prof. Kadefavka uvedla
do chodu &eské vysoké §koly, za okupace uzaviené. Dnem 15. kvétna 1945 se stal
Havli¢ek asistentem na pfirodovédecké (dne$ni matematicko-fyzikalni) fakulté KU,
kde piisobil jako docent v letech 1951 —1967; od 1. 9. 1967 je mimofadnym profeso-
rem pro deskriptivni geometrii na téze fakulté.

Vedle normélni ¢innosti na uvedené fakulté vypomahal Havli¢ek v povaleénych
letech vyukou na jinych fakultach, napf. na elektrotechnické fakult¢ CVUT a na
Vysoké 8kole pedagogické. Nejvyznamnéjsi z toho vSak byla jeho ¢innost na Vysoké
§kole strojni a textilni v Liberci v letech 1953—56, kde byl externim vedoucim
katedry matematiky a fyziky. Je nesporné Havli¢kovou zasluhou, Ze nyng&jsi liberecka
katedra matematiky patfi mezi naSe matematicka pracovi$té s velmi dobrou wrovni.

Vzhledem k valeénym nesrdzim a vzhledem k tomu, Ze v povalené dobé byla
Havli¢kovi nejpfednéjsi ucitelska i organisaéni ¢innost, jeho styk se zahrani¢im zacal
aZ v jeho padesati letech. Byl na pfednagkovych pobytech v NDR, Madarsku, Polsku
a Rakousku, dvakrat se Gdastnil konference o zakladech geometrie v Oberwolfachu.
Vyznamné pro jeho dalsi ¢innost bylo vyslani za hostujiciho profesora v zimnim
semestru 1969 —70 na techniku v Cachach; po svém navratu zaloZil v Praze seminaf
z kombinatorické geometrie, ktery dosud pravideln& pracuje.

Havli¢kova desetileta ¢innost na zékladnich a stfednich §kol4ch zpiisobila u ného
trvaly zajem o vyu€ovani viibec a o vyufovani matematice zvlast€; sam fika, Ze se
citi vice uditelem, neZ védeckym pracovnikem. Napsal fadu pojednani s pedagogickou
tématikou, za jednu takovou praci byl vyznamenan II. cenou v celostatni soutézi
SPN a ministerstva Skolstvi v r. 1960. Havlifek se zajimal hlavng o vyvojovou psycho-
logii studentii a o ilohu osobnosti uditele ve vyu€ovacim i vychovném procesu.

Velka uditelské praxe a také potfeba povaleéné doby vedla Havli¢ka k prosloveni
velké fady popularnich pfednédfek-a k napsani popularisaénich ¢lankd a knih. Sem
patfii jeho kazdoroéni exkurse Prahou, pfi nichZ na konkrétnich pfikladech z bohaté
zasoby naSich kulturnich pamatek demonstruje svym studentiim rtizné geometrické
zajimavosti a zakonitosti’ vytvarného uméni, architektury a urbanistiky zvIastg.
Velké popularisaéni uplatnéni nalezl v rAmci byvalé Socialistické akademie a dne$ni
Socialistické spole¢nosti pro védu, kulturu a politiku; zde soudasné pracuje na katedie
matematiky Lidové university v Praze, kterou vytvofil.

U osobnosti typu profesora Havlitka je tém&f samoziejmé, 7¢ mnoho energie
v&noval i praci v JCSMF. Jejim &lenem je plnych &tyficet let. Za valky byl nahradni-
kem vyboru JCMF a podilel se s jinymi kolegy pod vedenim profesora F. VYSICHLA
na zachrané& spolkové knihovny pfed okupaénimi uifady. Po valce pracoval jako redak-
tor Casopisu pro p&stovani matematiky, od r. 1970 je velmi aktivnim &lenem vyboru
pra¥ské poboky a od fijna 1972 &lenem ftstfedniho vyboru JCSMF. Profesor
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Havligek je rovnéz ¢lenem komise pro odborné vzdélavani a zvySovani kvalifikace
pfi Klubu $kolstvi a kultury ROH v Praze.

Havli¢kova prace byla mnohokrat oficiAln€ ocenéna. V r. 1943 dostal cenu Narodni
rady badatelské, v r. 1951 cenu Kralovské &eské spole€nosti nauk, v r. 1960 zminénou
uz cenu SPN a ministerstva $kolstvi a v r. 1968 zvlastni odménu CSAV za publikaéni
&innost v oblasti popularisace matematiky; dale obdrZel celkem deset estnych uzné-
ni z Karlovy university, Lidové university, CSTV a ROH. Koneéné 5. 10. 1972 mu
celostatni sjezd JCSMF udélil titul zaslouZilého &lena této Jednoty.

Védecka prace profesora Havli¢ka je zfejma ze seznamu praci. Hlavnich vysledkt
dosahl v diferencialni geometrii pfimkovych a tzv. kanalovych ploch, v posledni dobé
pracuje intensivné v kombinatorické geometrii a v teorii tzv. koneénych geometrii.
Je pravidelnym recensentem berlinského €asopisu Zentralblatt, fadu recensi vypra-
coval také pro moskevsky PedepaTuBHbIil KypHAIL

Havli¢ek se vzdy netinavné staral o to, aby mladi matematici méli optimalni
podminky ke své praci (sam je vZdy nemél). Hlavni devisou mu pf¥itom bylo, podchy-
tit zajem studentt a dat jim chuf do prace. Rada z nich mu vd&i za citlivé vedeni
v podatcich jejich védecké &innosti. Kontakt s nimi mu umoZiiovala i rozsahla
dinnost pfednaskova, kterd oviem neni zafazena v pfipojeném seznamu jeho praci.
AZ dosud vykonal pfes stodvacet vefejnych odbornych i propagaénich pfednéasek
(doma i v cizing).

Ve svych Sedesati letech je profesor HavliGek stale pln elanu, plant, starosti i zajmu.
Rozmluvy s nim jsou vZdycky pfijemné diky drobnym postfehtim, pfiznaénym praveé
pro ného. V3ichni mu upfimné& pfejeme, aby se nejen doZil mnoha let, ale aby byl
vZdy zdravy, svéZi a typicky havli¢kovsky.

SEZNAM PRACI PROF. K. HAVL{CKA

Zkratky:

Casopis ... Casopis pro p&stovdni matematiky a fysiky, resp. Casopis pro péstovdni ma-
tematiky.

Pokroky ... Pokroky matematiky, fyziky a astronomie.

Rozhledy ... Rozhledy matematicko-pfirodovédecké, resp. matematicko-fyzikalni.

Vé&decké price

[1] O vétach Pelcovych. Casopis, 70 (1941), D6—D11.

[2] Rozvinutelné plochy v piimkové diferenciélni geometrii. Rozpravy II. tf. Ceské akademie,
rod. 53, & 42 (1943), str. 24 a 3 strany némeckého vytahu.

[3] Klein’s Representation of Ruled Surfaces. Spisy pfirodovédecké fakulty KU &. 172 (1939 aZ
1946), 17—20.

[4] Contact des courbes et des hypersphéres dans un espace euclidien & n dimensions. — Courbes
sphériques. Casopis, 72 (1947), 137—146.

[5] Sur les surfaces enveloppes de sphéres. Casopis, 74 (1949), 21— 40,
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[6] Surfaces réglées qui sont enveloppes de sphéres. Czechoslovak Mathematical Journal, I (76)
1951, 187—197. Totéz rusky v ruském vyddani téhoZ Zurnalu 213 —224.
[7] Kandalové W-plochy. Casopis, 78 (1953), 347—357.
[8] Pozndmka k pfimkové geometrii rozvinutelnych ploch. Casopis, 81 (1956), 26— 37.
[9] Prispévek k projektivnimu vyznamu derivovani. Casopis, 81 (1956), 117.
[10] Pfehled zédkladnich pojmii z geometrie zakfivenych prostorti. Pokroky, 117 (1958), 639—659.
[11] Uber eine Konfiguration der Punkte und Kegelschnitte in der projektiven Ebene. Wissen-
schaftliche Zeitschrift der Technischen Universitdt Dresden, 13 (1964), 725—726.
[12] Anamorfosa ve Sté€panského nomogramech s undrnim polem. Acta Universitatis Carolinae,
Mathematica et Physica, Praha 1968, ¢. 2, 67—75.
[13] Zur Konstruktion einer endlichen Ebene. Casopis, 95 (1970), 71—75.
[14] Zur Geometrie der endlichen Ebene der Ordnung n = 4. (Spoluautor J. Tietze.) Czecho-
slovak Mathematical Journal 27 (96), 1971, 157—164.
[15] Prispevok k teorii kone&nych projektivnych rovin. (Spoluautor C. Palaj.) Zbornik vedeckych
prac_drevérskej fakulty Vysokej $koly lesnickej a drevarskej vo Zvolene, 1971, 31—36.

Knizni publikace

[1] Kde Zijeme? Geometricky podklad dne$niho ndzoru na prostor. JCMF 1949,

[2] Technickd geometrie v lékafstvi a strojni prothetice. (Spoluautor F. Kadefdvek.) Pfirodo-
védecké vydavatelstvi 1952.

[3]1 Uvod do projektivni geometrie kuZelosedek. SNTL 1956.

[4] Cesty moderni matematiky. (Spoluautofi K. Drbohlav, F. Fabian, L. Koubek, L. Novy
a J. Sedlaéek.) Mald moderni encyklopedie, svazek 15, Orbis 1960.

[5] Diferencidlni podet pro zacate¢niky. Polytechnickd kniZnice, fada II, svazek 19, SNTL,
Prvnf vydéni 1962, druhé nezménéné vydani 1965. )

[6] Integralni pocet pro zatate¢niky. Polytechnickd kniZnice, fada II, svazek 29, SNTL. Prvni
vydani 1963, druhé doplnéné vydani 1969.

[7] Prostory o &tyfech a vice rozmérech. Skola mladych matematikd, svazek 12, Mlada Fronta
1965.

[8] Analytickd geometrie a nerovnosti. Skola mladych matematiki, svazek 18, Mlad4 Fronta
1967.

Odborné a metodické prace

[1] Nékolik pfikladi nekoneénych fad. Matematika ve $kole, 117 (1953), 166—174.

[2] Geometrické zajimavosti v praZském stavitelstvi. Rozhledy, 34 (1955), 155—159 a 4 ptilohy.

[3] Zhodnoceni dila prof. J. Sobotky. Spolupréce velkého kolektivu pod vedenim F. Vy¢ichla,
rozmnoZeno v Matematickém tstavu CSAV v Praze 1958. Vytah uvefejnén ve Zpravich
Komise pro dé&jiny p¥irodnich, lékaiskych a technickych véd CSAV & 13, Praha 1963,
29—34.

[4] Diskusni pifispévek k novému pojeti zdkladni devitileté §koly. Matematika ve $kole, X
(1960), 246—248.

[5] Zasady J. A. Komenského a nade dneini udebnice matematiky. Matematika ve kole, X7
(1960), 53—63 a 107—115.

[6] K z4véru diskuse o aplikaci zdsad J. A. Komenského ve vyutovani matematice. Matematika
ve $kole, XII (1962), 464—465. .

[71 Ot4zka nazornosti ve vyudovani matematice. Pokroky, VIII (1963), 15—18.

[8] Pofadek v mysleni. Matematika ve $kole, XIV (1963), 115—117.

[9]1 O zach4zeni s matematikou. Pokroky, 71X (1964), 299—301.

[10] O vyznamu a budoucnosti deskriptivni geometrie. Pokroky, XVI (1971), 38—45.
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Clanky prilezitostné

[1] Akademik Bohumil BydZovsky pétasedmdesatnikem. Casopis, 80 (1955), 247—249.
[2] Sedesét pét let prof. Milana Mikana. Casopis, 82 (1957), 497—499.
[3] Pamétce prof. RNDr. Frantiska Vycichla. (Spoluautofi I. Babuska a F. Nozitka.) Casopis,
83 (1958), 374—387.
[4] Védecka ¢innost prof. Dr. Franti§ka Vy¢ichla. Pokroky, 7V (1959), 497—501.
[5] Sté vyro¢i smrti Janose Bolyaie. Pokroky, V (1960), 345—357.
[6] Prof. Dr. Milo§ Kossler zemiel. Matematika ve $kole, X7 (1961), 570—571.
[7] Prof. Dr. FrantiSek Kadefdvek zemfrel. Pokroky, VI (1961), 231—234.
[81 Prof. Dr. Milan Mikan sedmdesatnikem. Casopis, 87 (1962), 386—387.
[9] Osmdesat pét let akademika Bohumila BydZovského. Pokroky, X (1965), 103—104.
[10] Pedagogicka ¢innost akademika Bohumila BydZzovského. Matematika ve Skole, X VI (1966),
314—318.
[11] Prof. Dr. Jan Bilek Sedesatnikem. Pokroky, XII (1967), 165. -
[12] Hrst vzpominek na akademika Bohumila Bydzovského. Skolstvi a véda, Easopis odborového
svazu pracovnikl Skolstvi a védy, €. 11 (kvéten 1969).

Clanky popularni a propagacni

[1] O Pelcovych vétach. Rozhledy, 79 (1940), 105—109.
[2] Geometrie a skute¢nost. Rozhledy, 25 (1946), 14—18.
[3] Pojem nekonecna. Rozhledy, 27 (1948), 79— 86.
[4] Provadite zkousku pfi feSeni rovnic? Rozhledy, 32 (1953), 18—20.
[5] Vicerozmérné prostory v geometrii. Rozhledy, 32 (1953), 65— 80.
[6] Z geometrie zaktivenych prostorti. Rozhledy, 33 (1954), 10—19.
[7]1 Od poéitani k matematice. (Spoluautor J. Sedy.) Véda a Zivot, & 9’z roku 1954, 136—138.
[8] Nevlastni elementy v geometrii. Rozhledy, 35 (1957), 19—23.
[9] O jedné tloze z geometrie kruznic. Rozhledy, 35 (1957), 152—157.
[10] Vypofadejme se se slozenymj zlomky. Rozhledy, 35 (1957), 289—291.
[11] O neeuklidovské geometrii. Vyznam N. I. Lobacevského. Véda a Zivot, ¢. 10 z roku 1957,
553—555. :
[12] Uziti pfimkovych ploch ve stavitelstvi. Rozhledy, 36 (1958), 9—17.
[13] O te¢néch a normalach kfivek. Rozhledy, 36 (1958), 102—106.
[14] O kfivosti &ar. Rozhledy, 36 (1958), 158—161.
[15] Sroubovice. Rozhledy, 36 (1958), 257— 264.
[16] Prostory o ¢tyfech a vice rozmérech. Véda a zivot, €. 8 z roku 1958, 461 —465.
[17] Jazykovédci a matematika. Rozhledy, 36 (1958), 322—325.
[18] Stereografické promitani. Rozhledy, 37 (1959), 160—165.
[19] Utziti stereografického promitdni v kartografii. Rozhledy, 37 (1959), 260—263.
[20] Jak pocitaji kybernetické stroje. Véda a technika mladezi, €. 22 z roku 1959, 696—697.
[21] O komplexnich &islech. Rozhledy, 38 (1959), 145—147.
[22] Matematika viude uzite¢nd. Véda a technika mladezi, ¢. 8 z roku 1960, 244—245,
[23] Nechut k matematice. Osvétova préce, ¢. 8 z roku 1964, 129.
[24] O vyznamu a budoucnosti deskriptivni geometrie. (Spoluautor O. Setzer.) Rozhledy, 49
(1971), 212—214 a 303—305.

V tomto seznamu nejsou uvedeny recenze odbornych knih a praci, ulohy, zprivy, texty pro
televizi a rozhlas a ¢lanky v dennim tisku.
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OZNAMENI

Mezindrodni matematické centrum S. Banacha ve VarSavé pofddd v dobé od ledna do &ervna
1974 semestr o mgtematickych zdkladech informatiky. Na programu semestru je teorie vypo-
&etnich systémil, teorie programovani vypodetnich systémi a programovacich jazyk, teorie proce-
sii, procestt v koopzraci a modelovéni, teorie automatii a formélnich jazyki, matematické aspekty
metodologie aplikaci. Semestr je uréen pro kandidaty véd a pracovniky, ktefi se na vé€deckou
préci pfipravuji. VaZni zdjemci mohou poslat pisemné pfihlasky do 30. z4fi 1973 na adresu:
Matematicky ustav CSAV, Zitna 25, 115 67 Praha 1.

Redakce
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