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CASOPIS PRO PESTOVANI MATEMATIKY
Vyddvd Matematicky dstav CSAV, Praha
SVAZEK 98 * PRAHA 14.2, 1973 * &IsLO 1

ON THE ZEROS OF GENERALIZED JACOBI’S
ORTHOGONAL POLYNOMIALS

" FRANTISEK PUcHOvsKkY, Zilina

(Received December 15, 1970)

1. INTRODUCTION

1,1. We employ the following notation:

1. I is the closed interval [ -1, 1].

2. ¢;(i=1,2,...) are positive constants independent of n as well as of xel
or of x in the interval in question.

3. ¢fx) (i = 1,2, ...) are functions of the variable x such that

led(x)| < ey .

The numbering of ¢; a ci(x) is independent for every section.

1,2. In this paper the zeros of the orthonormal polynomials
1,2a 0,(x) =Y a"x" %, a® >0, n=0,1,...
k
k=0

associated with the function
(1,2v) 0(x) =1 — x)*(1 + x)f "® = J(x). "™

on the interval I are investigated. Here « > —1, § > —1 and u(x) is a real function
satisfying the following conditions:

1. u”(x) exists in the interval [ -1, 1].



2. If we put for brevity
A5(0) = f("z_%{(_‘) o) = A, ) = =2 A, wi) = 4470,

thenfori=1,2,3

(1,20) min (2, B) 2 = J"(t — PP o d)] dt = 3(x)
and
(1,2d) min (a, f) < 3 = 4,0(t) = c,(x).

1,3. In my paper “On a class of generalized Jacobi’s orthonormal polynomials*)
I have established the following differential equation for the above polynomials Q,(x):

(1,3a)

Q"(x)d—d;c [(1 = x%) @u(x) Q(x) + (1 — x%) by(x) Qs(x) + [42 + a(x)] Qulx) = 0.

Herein
(1,3b) A= J(n(n + o + B + 1))
(We suppose n to be so large that 4, is real.)

Further
(1,3¢) a,(x) = ncy(x),
(1,3d) by(x) = n71 c4(x),

b,(x) exists in the interval [—1, 1] and
(1,3¢) \ by(x) = n! cs(x) .

1,4. We denote by J,(x) the orthonormal polynomial associated with the function
J(x) on the interval [—1, 1]. J,(x) are normalized Jacobi’s polynomials.

1,5. The results of my investigations are contained in the second chapter. The

theorems on the zeros of the polynomials J,(x) are a generalization of the known
results of Szeg® (See [7] p. 9 and [1] pp. 135—136).

1y See Cas. p&st. mat. 97 (1972), 361—378.



2. THEOREMS ON THE ZEROS OF THE POLYNOMIALS Q,(x)

2,1. Let {x,,};>, be the increasing sequence of the zeros of Bessel function I(x)
of thefirst kind and of order v.

Let {x{}z_ . be the increasing sequence of zeros of the polynomial Q,(x).
Let k = 1,2, ... be independent of n. Then for n - +

2
(2,1a) X = —1+ ’2‘_"; [1 + O(n~Y)]
n
and
2
(2,1b) X = 1= 222 [1+ 0(n7Y)].
n

(The constants in O depend on k.)
The proof of this theorem is contained in Chapter 5.

2,2. Let Q,(x) = J,(x) where J,(x) is defined in Section 1,4. If we put
(2,2a) jlo, B) =j = Ho? + 3ap + 30 + 38+ 2), j, =j(B a) ,
then

2 2 .
(2,2b) x;;->=_1+m1_'d+ﬂ+l_(a+p+1) +jy
2n2 n n2

CEYES | CEY X 1)2]] _ i [1 _ %LM] +0(n™)
. 24n* n

and

2 2 4 s
(2>2c) xsl,,_)k+1=1__3_€}i‘1_a+ﬂ+1_(a+ﬁ+l) tJ_
2n? n n?

@+ B2+ e+ xeu [ _ A+ B+ 1)
n? 24n*

] + 0(n~9).

n

The proof is in Chapter 6.

2,3. Theorem on the distance of the consecutive zeros of the function Q,(sin z).

Notations.
(2,30) ) 3=, =0; |o| >3=0a = 3 (@3- 1);
(2.3b) Bl <3=8,=0; || >+=p = -3 /(4> - 1).



do > &5, Bo < B, are arbitrary real numbers independent of n;

(2,3¢) ’ a,e(ag, n), bye(—n,po)
are arbitrary numbers which may depend on n;
(2,3d) Jomf-E, E_ %Y g _F .5 EY

" 4’2 n " 2 n’ 4
(2,3¢) Ay =J(n(n + « + B + 1)) ;

1 — 4q? 1 — 482

2,3f x) =2+ : X)=A24+—;
( ) ‘ Q( ) 4x2 Ql( ) 4x2

(2,3g) =z, and z,, z; < z, are arbitrary two consecutive zeros of the function

Q,(sin z) .

Assertion.
(2,3h) [z1,22] € Ty =2, — 2z, = mp~ /2 (g - z,) + o™
and
(2,3i) [21,2:] € TP = 25 — 2, = mp; 12 (— g + z,) + 6 .
Herein
(2,3)) |60 < en™%(na,® + 1),
(2,3k) |69°] < en~*(n|b,|™2 + 1),

where ¢ is a constant independent of n, a,, b,, z, and z,, that is, ¢ is the same num-
ber for any two consecutive zeros z,, z, located in J, and JV respectively.

For the proof see Chapter 7.

2,4. Let 6 € (0, /4) be a constant independent of n and

T T
2,4a Js=—-=-+06,-—9).
(2.42) v=(-3+83-9)

Then in terms of the notation of Section 2,3

(2,4b) [znz:] e Jy=> 2z, — 2, = Liw,
n

where

(2,4¢c) , |9, < en™2,

c is a constant with the same properties as that in (2,3]) and (2,3k).
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For the proof see Chapter 7.

2,5. For the zeros of the function J,(sin z) the following inequalities hold if we
employ the notation introduced in Section 2,3

(2,5a) | [60"] < en~*(na, > + n7Y),
(2,5b) |69°] < en™2(n|b,|73 + n™?),

where 6, 65" are defined by (2,3h) and (2,3i) respectively.
For the proof see Chapter 7.

3. A TRANSFORMATION OF THE FUNDAMENTAL DIFFERENTIAL EQUATION

3,1. We shall employ the following notations

(3,1a) z = arcsin x ,

(3’1b) y’ = %f s .y” = % { ]

(3,1¢) o(z) =(1 + o+ p)tgz + (¢« — B)secz,
(3,1d) J(x) = (1 — x)* (1 + x)P,

G19) 4] = J{gos = H{gin2]) = exp [- : J :co(t) dt],
(3.1f) 1z) = Ho'(2) — 30(2)],

(3.1g)  a,(z) = 42 + a,(sin z) + ¥(z) — 4[b;(sin z) + u"(sin z)] cos® z —
— 3[b(sin z) + w'(sin z)] {[b,(sin z) + u'(sin z)] cos® z — 2w(z) cos z — 2sin z} .

(Here b,(x) = d_l;,gc) , u®(sin z) = % (k=1, 2))

G old) = 02 al)ere {é jz/z[b,(sin {) + w(sin )] cos ¢ dt}.

3,2. In the above notation the function Q,(sin z) is a solution of the differential
equation

(3,2a)  y" + {[u'(sin 2) + b,(sin 2)] cos z — w(2)} ' + [AZ + a(z)] y =0



and the function q,(z) satisfies the differential equation
(3,2b) V' +az)y=0.
Proof follows from (1, 3a).

3,3. Remark. In the following all the assertions are derived for x € [0, 1], that is
for z € [0, n/2]. The same assertions hold for z € [ —x/2, 0] if we replace a by .

34. For{ - 0+

(3,4a) . q(g — C) = 2f-a)/2 C¢+1/2[1 + O(Cz)] ,
(3.:4b) w(g—z)=(1 +20) 7 — 3 (x + 38 + 2) L + 0(%),

(3,40) : (1‘2- _ c) — 1(L— 43 4+ O(0),

where j is defined by (2,2a).

Proof. Trivial.

3,5. For brevity, put

n 49> — 1
(3,5a) () = «, (E - () -2+ e
Then :
(3,5b) Le [o ’2—‘] = |o,0)| < en.

The proof follows from (3,5a), (1,3c), (1,3d), and (1,3e).

3,6. Let |o| > 1. Denote by o™ the greatest real zero of the function %,(z) defined
by (3,1g). Then for n - +©

(3.62) a® = —2’5 = i:—‘[l +0 (i)]

where for brevity
(3,6b) a = 1./(4a® - 1).

Remark. For almost all values of n there exists one and only one positive zero
of a,(z) (provided |«| > 1).

6



Proof. According to (3,5a) and (3,5b) it is

g — o™= &%i {(40:2 - 1)/[1 + A %w, (7—; - a("))]}”2= Eng [+ o(n™)].

3,7. Let |¢| > % and let ay > «, be a constant independent of n, where a, is defined
by (3,6b). Then for z € [0, n[2 — ao/n]

(3,7a) 0<a(z)<en™?

for almost all values of n.
If a < —1, then (3,7a) holds for every o > 0.

Proof. Put
1 — 4a?
x) = .
/) 4x?
Hence f(«;) = —1. Since f(x) is an increasing function for x > 0, there exists in

virtue of (3,5a) and (3,5b) a constant ¢ > 0 independent of n such that for almost all
values of n

e(%, g) =, (g = c) = 410 + 0,0) > 2 + n[/(a) — f(m)] +
+n?f(y) —cn =47 —n® —cn + % —af(4a2— 1) n* > u@aﬁ — 1) n?.
ool T
3,8. For brevity, put
(3,82) Va(x) = 4, (g - x) ;
Then for x - 0+
(3.80) () = 207212 0 (1) [1 + 0(x?)]
where .
(3.8¢) Q,(1)>0.

Proof. For brevity, put

(1) | e(x) = exp {— % j. :/2 [b4(sin £) + u'(sin t) cos ¢ dt} =

/2-x

= exp {— %J‘ [ba(cos t) + u'(cos t)] sin tdt} =1+ O(x?*) for x—-0+.
0



Further
(2 * Qucosx) = Q1) + O(x?).

Since
W(x) = Qulcos x) g (g - ) o),

(3.8b) follows from (1), (2) and (3,4a).
By a well known theorem

0.x) 0 for x=1

and in virtue of (1,1a) it is Q,(+0) = + co. This shows that (3,8¢c) is true.

4. LEMMAS

4,1. In the following we employ the Bessel functions I,(x) of the order « and of the
first kind as well as the Bessel functions Y,(x) of the order & and the second kind.

It is well known that

(4.1) ()= m

v=ovIl(a + v + 1)

and provided « = 0 is an integer,

@41b)  Y,(x) = % [c +1g g] L(x) — i T (;l)ii)_ o, — S,x).

v=0 v!(v + a)!

Herein C is the Euler constant and

o>0=0, = 1, a=0=0,=1,
k=1 k
vl v+¢1
v>0=0, = -+ -,
‘ =1k kglk

Lt @= V= 1) (g) |

So(x) =0, a>0=>5,(x)=-Y
T v=0 v!

4,2. Put '
(4.20) o(x) = (x) I(x)
8



and if « is not an integer,

(4,2b) w(x) = /(%) I-o(x) -

If « is an integer, then
(4.20) w(x) = (x) Yfx) -

v(x) and w(x) are linearly independent solutions of the differential equation

: ” 1 — 442
(4.24) y +(1+ - )y=0.

(See [I] pp. 29—-30.)

It is easily seen that for any real number k the functions v(kx) and w(kx) are linearly
independent solutions of the differential equation

) 1 — 4a?
(4.2¢) y +[k2+ = ]y:O_

(See [1] p. 31.)

4,3. The following theorem will be used:

Let p(x) and q(x) < O be real functions continuous on the interval (a, b) and let
¢(x) be a solution of the differential equation

(4,3a) y + p(x) y +4q(x)y=0.

Then the function ¢(x) . ¢’(x) has at most one zero in the closed interval [a, b].
Herein a or b are also zeros of ¢(x) ¢'(x) if for i = 0,1

lim ¢®(x) =0 or lim¢?(x) =0.
x=b—

x—a+

Proof. (See [2] pp. 164—165.)

4,4. Let {x,,}:>, and {x,};>, be the increasing sequences of all the positive
zeros of the functions v(x) and v'(x) respectively.

Let {,}nx0 and {{;}3o be the increasing sequences of all the positive zeros of
the functions y,(x) and y,(x) respectively.?)
If || > 3, then

(4,4a) Xgg > Xgq > 3 /(40 — 1) = a; %)

2) See (3,82).
3) See (3,6b).



and

(4,4b) &, (g - c,) > a, (g - c;) >0.

Proof. Since
o0) = $(0) = 0

and y = v(x) is a solution of the equation (4,2d) our assertion is a consequence of
theorem in Section 4,3.

4,5. Let v(x) and w(x) be the functions defined by (4,2a), (4,2b) and (4,2c) respec-
tively and let y,(x) be defined by (3,8b).

For brevity, put

(4,5a) W(x, t) = v(x) w(t) — o(f) w(x),
(4,5b) 171 = o'(x) w(x) — v(x) w(x),
(4.5) L o=@ + 1),

where 4, = \/(n(n + « + B + 1)) and

(459 0 = O{n)

is a real number depending on n.
Further, put

v(l,,x) B 2—(a+p)/zl:+ 1/2

i#39 Va =,Lil§1+ Ua(¥) T+ 1) Q1)
(4.5f) (%) = Wn Valx)

and '

(4.58) Bu(t) = w,(t) — 74

where w,(t) is defined by (5,5a).
Then for x € (0, 1)

(4’5h) xn(x) = v(llx) - Qn(x)
where
(45) o) = 117" j “Ba(i) W, 1) 2:(1) .«

Proof. 1. Denote by k; (i = 1,2, ...) positive constants independent of x and ¢
in the interval [0, 1]. (They may depend on n.)

10



In virtue of (3,8b) and (3,5b) we may write for ¢ € (0, 1)
(1) ()] < ka2, [B(1)] < ks -

By applying (4,1a) and (4,1b) we deduce that for x € (0, 1) and 1€ [0, 1) and x > ¢
@) Wl L) < ks 6(x ) = ks[(xt™ ) + (2™ J(xt) Ig™ |it’£| ,

where my = 1if ¢« = 0, and my = 0 if « + 0.
From (1) and (2) it follows for x € (0, 1)

x
(3) IQ,,(X)I < k4j pr2 5(x’ t) dt < ksxa+5/2 .
0

2. The function y,(x) defined by (4,5f) is a solution of the differential equation

y”+a,,<§—x>y=0.

Hence

@ 26 + [+ 5 10 = A .
By (4) we derive the equation

(5) 1(%) = Cyv(lx) + C; w(lx) — (%),

where C, and C, are constants.

Let o be non integer. Making use of (3,8b), (4,1a), (4,5¢) and (3) we deduce by (5)
that for x - 0+

a+1/2 a+1/2 —a+1/2
(1x) + O(x**5/%) = Cy(lx) + O(x**5/%) 4 Ca(lux [1 + 0(x?)].

2I(a + 1) 2T(x + 1) 27°I(1 — «)
Hence

©) c, + 2;{1(;“_:)9 172531 4 0(:3)] C; = 1 + O(x?).
From (6) it is easily seen that

@) «>0=C, =0(x*=>C, =0, C, =1

and

a<0=>C1=1+0(x_2a)=C1=1, C2=O(x2—2¢)=>C2=0-

11



If « is an integer, then by (3,8b), (4,1b) and (3) we deduce that for x — 0+

(%) i + O(x*+5/%) = Cy(lyx)+12

+ O xtx+5/2 +
2 I« + 1) 2Tz + 1) =)

* _11;[2’151:"]?‘;—__&_1.%2_1) lgx + za(a - l)! (lnx)’““‘lll] [1 i O(xZ)] C; .

Hence we deduce C, = 1, C, = 0 by a similar argument as above.

4,6. Let a > 0 be an arbitrary number independent of n and

(4,6a) ‘ I, = (0, 5)-

n
Further denote by y,(x) a real function defined in the interval I, such that

(4.6b) tel, = |y < y,.
Put

(4,60) o) = ry,(t) W(l,x, L) (0) dt ,

where x,(x) is defined by (4,5f).
Then

(4,6d) xel, = |o,(x)] < cyn™y,.

From (4,51) and (4,6d) we deduce that
(4,6¢) xel, = |o(x)| < e;n7t.

Proof. 1. For brevity, put (
(1) (%) = xT 2 (%), S, = sup |L(x)]-

e xelq

Making use of (4,6b) and (2) in Section 4,5, we obtain from (4,6c)

(2 x€l, = |o,(x)] < 37, xS, 312 < cqpnTiSx* 12,

2. Put y,(t) = B,(t), where (1) is defined by (4,5g). In this case we may put y, =
= csn so that we obtain from (4,5i) and (2)

©) x€l, = |0 (x)] < cen™nn"x**12S, < e~ ix*tU2S,
Since .
4 x el = |o(l,x)] < cg(lx)*!/?

12 -



and by (4,5h)
%) (%) = [o(l) — ea(x)] x77172
we deduce by (2) and (5)
S, < con**V? 4 ¢,on71S, =S, <c, 0?2,

Applying this result we obtain (4,6d) from (2) and (4,6¢) from (3).

4,7. Let v(x) be defined by (4,2a) and let x,; (k = 1,2, ...) be the zeros of v(x)
introduced in Section 4,4. Let A, > 0 satisfy the condition

(4,7a) A, =o(1) for n—> +o.
1y

(475) Xa0 = 0, %,k + N € (Xgpmy + €1, Xops1 — €1) and |v(x, . + nn)| < 4
then

no

(4,7¢) In| < cn'4,.

Proof. For brevity, put x, ; = x; and x, + np = b.

Let I, be the interval (b, x;) if n < 0 or (x;, b) if n > 0. By (4, 7a) and (4,7b) we
deduce

(1) « xed, = [u(x)| < 4, .
Further

2 v(b) = nn v'(x,) + n®n* V"(¢),
where:

3) ¢el,.

From the equation (4,2d) we obtain

@) v(8) = [““2 =T 1] ")

4¢2

Making use of (4), and (1) we deduce
() [o"(&)] < es[ol€)] < cadn
Since v'(x,) # 0 it follows from (2), (5) and (4,7a) that
Ay > [o(b)] > nln [(xe)| — es|o"(@)] > mnlv'(x)] — coda

for almost all values of n.

13



4,8. Following the notation of Section 4,6 we put

(4.8a) ’ h(x) = v(lx) + n,(x),
where 1, is defined by (4,5c)

(4,8b) xel, = |n(x)| < 4,.
Here A, satisfies (4,7a).

Let {&})_, be the increasing sequence of all the zeros of the function h,(x)
contained in the interval I,. Then the following assertions are true:

a) For every positive integer k there exists an integer r > 0 such that for
n— 4o

(4,8¢) & = "l [1+ 0(4,)].

b) For every integer m > 0 there exists an integer s such that for n - + o0

(4,8d) T i‘l—'" [1+ 0(4,)].

Proof. 1. Let {x, ,}.> be the increasing sequence of all the positive zeros of the
function v'(x).

From (4,8b) and (4,7a) we deduce the following assertion A: For every. integer
v > 0 there is at least one zero of the function h,(x) in the interval (x; /1y, Xq,y+1/ln)-

2. Put

(1) & = 22r 4 171y,
I

where x,, is the zero of the function v(l,x) nearest to the number &,. From the above
proposition

X, X,
(2) ék < a,k+1 < a,k+_2 EI,, .

Ill n

From (2) it is obvious that r < k + 2.
If a > x, 4+, it follows from (4,8b) that

(3)- [n(Ce)| < 4, -
By (4,8a) and (1) we deduce that :
“4) 0 = hy(&) = v(x, + nn) + (&) -

Hence we obtain as a consequence of (3) and (4,8b) that
) |o(x, + nn)| < 4, .

14 -



The proposition of Section 4,7 yields
|n] < A;n=t.
This inequality shows that (4,8c) is true.
3. Let

(6) xa,m = fs _ nl"—l ’ ,

where £, is a zero of the function h,(x) nearest to the number x, ,,/l,. From the above
assertion A we see that

’
xa,m+2

(7) a> x;,m+2 = Es < l

el,.

Making use of (4,8a) we obtain
0 = (&) = v(xXem + nn') + n(&) -
Hence, in virtue of (7) and (4,8b)
(8) |o(xm + nn')| < A4,
Hence by the statement of Section 4,7
] |n| <n'4,.
(7) and (9) establish (4,8d).

5. PROOF OF (2,1a) AND (2,1b)

5,1. In the notation introduced in Section 4,4, for k = 1,2, ... independent of n
it is

(5,13) Ck =

xa,k

[t +0(m")] for n> +w.
n

Proof. 1. The zeros of the function y,(x) coincide with the zeros of the function
Xa(x) defined by (4,5f). Let I, be defined by (4,6a) and choose a sufficiently large.

In virtue of (4,5h) and (4,6¢) the theorem of Section 4,8 yields for k = 1,2, ...
and m = 1,2, ... provided that {, €I, and x, ,[n €,

(1) =21+ O(n™")]
and
@) b= if [1 + o(nY)].
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Herein x, /I, is the zero of v(l,x) nearest to the number {, and {; is the zero of y,(x)
nearest to the number x, /1,

2. Putin (1) k = 1 and in (2) m = 1. Then

(3) nly 2 Xg1 + O(n™)
and
4) nly < %, + 0(n7?).
From (3) and (4) we see that
5) ' ¢ =11 4 o(nY)].
n

Hereby (5,1a) is established for k = 1.
3. Let w,(x) be defined by (3,5a) and put

(6) sp = sup |w,(x)|.

xe[0,n/2]
In virtue of (3,5b) we may choose k, > 1 independent of n and g, such that

(7 kiyn >0, >s,.
Put

(®) L=0n — o).

(5) enables us to choose g, so that

©) sk

Since the functions v(4x) and y,(x) are solutions of the differential equations

s 1 — 4a?
(10) y +[/12+_—_-4x2 ]y=o
and
1 — 4a?
(11) v+ [A,f + 4x2a + w,,(x)] y=0

respectively it follows by the well-known Sturm’s comparison theorem in virtue
of (9) that in the interval [0, {,] there are at most (k — 1) zeros of the function v(4x).
Hence we obtain for the number k and r in (1)

(12) rsk.
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3. Further, put
(13) kot > p > 5., p=J(A2 +m),
where k, does not depend on n and s, is defined by (6). Choose p, so that
Xa,1
u
Then there are at least (k — 1) zeros of v(ux) in the interval [0, ,]. Hence by (1)

(14) ¢ >

(15) G =221 + o(n7Y)],
n

where

(16) t=>k.

From (1) and (15) we deduce that

0=1x,,— X+ O(n™").
Hence

(17) Xep = Xgys=>T=1.

(12), (16) and (17) show that r = k.
5,2. The proof of (2,1b). By (5,1a) we deduce
x™, = sin e =1 = Faktiry 4 o(p-?
, (2 » 21 [1 4 0(n™)
forn -» + .

5,3. For the proof of (2,1a) see Remark 3,3.

6. PROOF OF (2,2b) AND (2,2¢)

6,1. 1. Put Q,(x) = J,(x). Then by (3,5a)

" o) = o) - L2
Put in (4,5c) and (4,5g) |

2) b= (A2 + )2,

3) Bal) = @(t) —J -

where j is defined by (2,1a).
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Let I, be defined by (4,6a) and a sufficiently large. It is easly to see from (3,4c)
and (1) that -

@ tel, = |B,()| < ein™2.
Then by (4,5i) and (4,6d)
(%) xel, = IQ,,(x)I <c,n4

for in this case y, = c;n~ 2.

Denote by {{;};-, the increasing sequence of all the zeros of J,(sin z).

By the theorem of Section 4,8 and by (5) we deduce that for every k = 1,2, ...
there exists an integer r > 0 such that

(6) G =2+ 0(n"%).
By (5,1a) we have

(7) G = ’-‘;'f +0(n"?).
From (6) and (7) it follows that

0=x,, — X4 + O(n~").
Hence
Xep = Xgp=>r =k
so that by (6)

®) Le==2%+ 0(n"%).
2. Let Q,(x) = J,(x). Then
2 4
() X\pay = oSy =1 — %" + —2% + 0(n~°).

From (2) it is obvious that

(10) ,
nzl,,‘2=1_ﬂu_%~[§_+_w+%]2_(a+ﬁ3+1)3+0(n_4)=
n . n n n . n
_q_etB+1l (@Bt D+ (@+p+D[H+@+B+DT
n n? )

+ 0(n™%).
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Further

(11) nrt =1 - A2+ B +1)
n

+ 0(n7?).

From (8)—(11) we may deduce (2,2c).
As for (2,2b), see Remark 3,3.

7. PROOF OF THE INEQUALITIES IN SECTIONS 2,3; 2,4 AND 2,5

7,1. In the notations introduced in Section 2,3

(7,1a) ze J, = c;n? < o,(z) < c,n?.
Proof. (7,1a) is a consequence of (3,5a), (3,5b). See also (3,7a).
7,2. Let z, and z, be defined by (2,3g). Then

(7,2a) (z1,2) € Jy=> 2, — 2y < ¢yt

Proof. Employing Sturm’s comparison theorem we obtain from the differential
eugation )" + a,(z) y =0

(1) z, — z; < msup o, V(2).

zedn
Now, (7,2a) is a consequence of (1) and (7,1a).
7,3. In the notation of Section 2,3

(138) [z 25] < [20 2] = |e (g - ) . (5 - )

< ¢yn’a,’?

Here ¢, does not depend on z,, z; (i = 1, 2).

Proof. For brevity, put

e
Il

(1 =1,2).

N[

From (2,3d) it follows

’ a'l
éi > .
n
Now, (7,2a) yields

|g(€’1) _ Q(é‘:!)l — |a2 l(él fz) (51 + fz) < g i< csn?a?

1'2
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7,4 According to the notation introduced in the preceding chapter
(7,4a) 8, = |y 113(z1) — oy V3(z5)| < eyn*(na;? + 1).
Proof. Making use of (7,3a), (3,5a) and (3,5b), we obtain )
lon(z3) — oa(z2)] = le(€2) — e(€1) + @u(82) — @u(&1)] < can(na,” +1).
Further, it follows from (7,1a) and (7,2a) that
Oy = [m(81) — an(E2)] [(€1) o(€2)] "% [Voul2) + Veu(E2)] " <

< cyn(na,? + 1).

7,5. The proof of (2,3i).

Put

s; = sup a, *(2), s, = inf o, '?(z).
ze(z1,22) ze(z1,22)

Making use of Sturm’s comparison theorem, we deduce by the differential equation
(3,2v)
Sy < Zy — zy < WSy .
Hence

(1) Zz — Zl = TCSZ + 9(31 - S2)
where 9 € (0, 1). Put

(7,52) sy =0, (zy) + I, sy =, P(zy) + 9, sy — s, = 9.
From (7,4a) it follows for i = 1,2,3
(2 || < eyn~?(na,® + 1).

By (7,5a), (7,1a), (3,5a), (3,5b), (1) and (2) we deduce that
(7,55)  z, — z; = ma; 3(zy) + 8 = ng'*(’—zr - kl) + 0(n~?) + 9
where 99" satisfies (2) for i = 4.

7.6 The proof of (2.5a). It follows from (3,5a) for the polynomials J,(x) that

1) @, (§) = 7 (g - C) + 4“:{: Ly

Hence

) : ’-2‘ —led,=|w(Q)] < e -
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From (2) we deduce by a similar argument as in Section 7,4 that in this case

(3) S, < conYa,? +n7t),

where 8, is defined by (7,4a).
By (2) we deduce

4 |9| < esn™'a,? (i=1,2,3,4),
where 9{” is defined by equations (7,5a) and (7,5b). (2,5a) is a consequence of (7,5b)
and (2).

7,7. The proof of (2,4b).
(2,4b) is a consequence of (2,3h) and (2,3i) for

Goa) e (=503 = 8)= e i) = + 0
and

a - e
d="=a,=0n=a,*=63n"3.
n
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O JEDNOM ZOVSEOBECNENi MENELAOVEJ A CEVOVEJ VETY

ToMAS KLEIN, Zvolen

(Doglo diia 27. decembra 1970)

V préci [2] ukézali autori kratky analyticky dokaz Menelaovej a Cevovej vety
pre normélny (n + 1)-uholnik v n-rozmernom priestore. V tomto &lanku sa pridrZi-
me oznadenia z [2] a ukéZeme jedno zovieobecnenie obidvoch viet.

Veta 1. Nech A,A, ... A,y je normdlny (n + 1)-uholnik v euklidovskom priesto-
reE,(n = 2). Zvolme n + 1 éisel k; (0 + k; + 1) a zostrojme na strandch uvaZova-
ného (n + 1)-uholnika n + 1 bodov B, tak, aby

(1) (4i4;41B;) = k; .1)

Oznaéme V| resp. V, objem simplexu A A, ... A ., resp. BB, ... B,.,. Potom
plati

-nt+1
1 -] ki
(2) Vz = ,TEL——' 'Vl'

-

n+1

Dékaz. Body B, z (1) mdZeme vyjadrif v tvare B; = Y. c;;Aj, kde c;; = 1/(1 — k;)
; “

ac;;+q = —k[(1 — k;). Pre objemy V,, V; plati V, = |det. (c;;)| V;.2) Lahko zistime,
Ze ‘

1) Vietky indexy, prebiehajice vZdy prirodzené &isla, budeme désledne brat mod (n + 1),
pri om A,,, = A4 a pod.

2) Pozri [6] vzfah (5.41) na str. 174.
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1, ,» 0 oy O 0
11—k, ot
n
T Sa.. N T 1=k
det. (Cu) = 1 = kz 1 = k2 —

a tym je veta 1 dok&zana.

Vetu 1 mdZeme chapaf ako zovieobecnenie Menelaovej vety z [2].%) Plati totiz:
ak k;k, ... k,.; = 1, potom V, = 0 a body B; st linearne zavislé; obritene ak st
body B; lineirne z4vislé potom je V, =0ajel — k;k, ... k,.q = 0.

Poznamenajme, Ze pre normalny (n + 1)-uholnik 4,4, ... A,+;, zo vzfahu (2)
plynie:

a) Ak body B; z (1) sa stredmi jeho stran dostaneme pre n parne resp. neparne,
Ze objem simplexu BB, ... B, je V, = V;[2" resp. ¥, = 0, tj. pre n nepérne leZia
stredy stran normalneho (n + 1)-uholnika v jednej nadrovine.*)

b) Ak na strane 4;4;,, miesto bodu B; zvolime bod B}, pre ktory plati
(Ai4;4,B}) = k;,, kde kj, ... k;, ... k;,,, je IubovoInd permutacia &sel k; z (1),
potom simplex BIB ... By, ; m4 rovnaky objem ako simplex ByB, ... B, ;.

¢) Ak k bodu B, zostrojime bod B; symetricky podla stredu strany 4;4,, (s delia-
cim pomerom 1/k;), m4 simplex B}Bj ... B, rovnaky objem ako simplex BB, ...
cen B’l+ ll

d) . Ak na strane 4;4,,, miesto bodu B; zvolime bod Bj s deliacim pomerom 1/k;,
kde 1/k;, ... 1/k;, ... 1/k;, ,, je Tubovolnd permuticia &isel 1/k;, potom simplex
BiB; ... B, ma rovnaky objem ako simplex B;B, ... B, ;.

V normélnom (n + 1)-uholniku 4,4, ... A, bodmi
Ags Aoy oo Ay 15 By Ay oy Agioq
prechadza prave jedna nadrovina, oznaéme ju v;. PoloZme
(3) Ki=1—ky+kk,—...+(=1)"ky...k,; cyel.

Jednoduchou uvahou (pozri [2]) sa d4 dokazaf, Ze nadroviny vy, vz, ... Vas1 S V¥-

o Menelaovej vete pozri tiez [1], [3], [4], [7]; podrobn4 citdcia dalsich pric je v [2].
4) Pozri vetu 1 v [5].
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nimkou nadroviny v; maji spoloény bod Q; prave vtedy, ak K; + 0; pri K; = 0 ma
tychto n nadrovin spolo&ny smer. Podobne ako v [2] zistime, Ze pri K; =+ 0 je

1
(4) 0, = 2 [A; — kyd, + ...+ (1) kg ... kyApiq] s cyel.

1

Veta 2. Nech AA, ... A,y je normdlny (n + 1)-uholnik v E,. Zvolme opdt
n + 1 Cisel k; tak, aby ka%dé z n + 1 éisel K; v (3) bolo nenulové. Oznacme V,
resp. V3 objem simplexu AA, ... A, resp. Q1Q, ... Q... Potom plati

[1+ (- 1)1_1: k]

V, = V.

n+1

[1X;
i=1

n+1
Dékaz. Vyjdeme opit z rovnic Q; =) d;;Aj, V3 = |det. (d;;)| V;. Vzhladom
k (4) moézZeme pisat 4=

1, _kl’ ey (—1)'l klkz...kn
det. (dij) = 1 (_1),l k2...k,l+1, 1, ey (—1)"_1 kz...k”
KiKg oo Kot | oo oo e .
“Rn+1> kn+1k1’ ’ 1

Matematickou indukciou sa da dokazat, ze

det. (d;;) = [L+ (K_;() k1k12<--- kn+1] )
1482 -oo Dy

Vetu 2 mdZeme ponimaf ako zovieobecnenie Cevovej vety z [2]. PretoZe, ak
predpokladdme, Ze kqk, ... k,+1 = (—1)"**, potom podIa (4) Tahko zistime, Ze vietky
body Q; splyvaji. A naopak, ak vSetky nadroviny v; maju spoloény bod, tj. ak
Qi =0,=...=0Q,,, potom V3 =0 a teda aj 1 + (—1)"ksk, ... kyyy = 0. Je
teda Cevova veta Specialnym pripadom vety 2.

Za podnet k tejto praci dakujem autorovi prace [1].
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Zusammenfassung

UBER EINE VERALLGEMEINERUNG DER SATZE
VON MENELAOS UND CEVA

TomAS KLEIN, Zvolen

In der vorliegenden Arbeit ist eine Verallgemeinerung des Satzes von Menelaos
im n-dimensionalen Euklidischen Raum E, (wenn alle Punkte B, fiir die (1) gilt,
nicht in einer Hyperebene liegen) und eine Verallgemeinerung des Satzes von Ceva
in E, (wenn alle Hyperebenen v; nicht durch einen Punkt gehen und keine gemeinsa-
me Richtung haben) gezeigt.
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GENERAL BOUNDARY VALUE PROBLEM
FOR AN INTEGRODIFFERENTIAL SYSTEM AND ITS ADJOINT

MiLAN TVvRDY, OTTO VEIVODA, Praha

(Received January 19, 1971 — in revised form February 10, 1972)*)

(Continuation)**)

4. WEAKLY NONLINEAR BOUNDARY VALUE PROBLEM

Notation. Given a B-space # with the norm |.
{ue®:|u— uo|e < o} is denoted by %(u,, ; A).

|@ o€ # and @ > 0, the set

Definition 4,1. Let #,, #, be B-spaces and let &, > 0. An operator F :ue %,,
e€[0,g,] - F(€) (u) € @, is said to be locally lipschitzian in u near & = 0 if, given
an arbitrary u, € 4#,, there exist auo) > 0, o(4o) > 0 and &(u,) > O such that

[F(e) (u2) = F(e) (u1)]a, = o) [u2 = ui]a,

for all uy, u, € U(uo, o(uo); #,) and € € [0, &(ug)].
Hereafter we suppose

() Ac 2, Ge L [@V], Le@V,, (m=n).
The mappings

®:xecH€, ce[0,g] > DE)(x)e L,
A:xed€, c€[0,8] - Ale) (x)e 2,

are locally lipschitzian in x near ¢ = 0 and continuous in & € [0, g0 for any
x € L€ fixed, g, > 0.

. *) The last paragraph (§ 5) was added.
**) The first part was published in this Cas. p&st. mat. 97 (1972), 399—419.
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Let us consider the weakly nonlinear boundary value problem (2,)
4.1) %= A()x + J "[4,6(t, )] x(5) + £ 0(e) (x) (1)
42) j "TALE)] %(6) + £ Ale) () = 0,

where € = 0 is a small parameter.

We proceed formally as in § 3 and write the problem (£,) in the equivalent form as
the system of equations for x € #%, he £* and ce &,

43)  —x(i) + X(c + | X(0) X~'(s) h(s) ds + ePofe) (x) (1) = 0.

i)+ (e + (KG9 Hs)ds  +ePy(e) (9 () = 0,

Co+ [Hy)h()ds  +eP(e)(x) =0,

where X(f) has the same meanir:; as before ((3,3)) and
69 = [TaoeNxe, 1m0 = ([ we1xe) o,
k() = ([Tse N x@), c = [T xe.

P () (O = X [ X000 (99 ¢,
P O = [ 10.66.91 (x0) [ X710) 96 (9 () 40) =
- [ ([t o x0)) x40 06 0 @) s = [ KG9 90 0 085,
P = A + | :[dL(sn (x6) [ ¥~ 0 €92 do) =
=20 + | ( | :[dL(cn X(9)) X716) 86) () () ds =
- A () + [ 7 06) () (s
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By assumptions of this paragraph K € #,, H, and H, € 2:,,, and P,, P, and P, are
mappings of #€ x [0, g,] into /€, £ and &, respectively, locally lipschitzian in x
near € = 0 and continuous in € € [0, &,] for any x € &% fixed. For example, in the
case of P, we have for x,, x, € &%, te J and g, &, € [0, ]

|1P1(e2) (x2) (1) = Pilesr) (x1) ())]] < B varg G(1, ) [[@(e2) (x2) — ®(ey) ol

where B = sup || X(¢) X ~'(s)||. Hence
t,seJ

1P1(e2) (x2) — Piey) ()] = a|@(e2) (x2) — D(ey) (x1)]1 »

a = B||vark G(¢, )| -

Let Koe %,, K, € £;, and K, € £7., be again such that K(t, 5) = K(t, s) +
+ K;(t) K,(s), |||Ko||| < 1. Let " be the resolvent kernel of K, and let i, and K, be
again defined by (3,10). (Fe %,, H, € %2, and K, € £}, of course.) Then the
system (4,3) becomes

(4,5) —x(t) + U(t) b + €Ry(e) (x) (1) = 0,
Bb + ¢R(g) (x) =0,

where

where B is given by (4,4), (3,9), (3,10) and (3,12),

t

46)  U(t) = (X(t) [1 + J X~(s) fy(s) ds], (1) J‘:X'l(s) R(5) ds),

a

Re(e) (x) () = Pofe) (x) (1) + X() j X71(5) Pye) (5) (5) ds

( j "Raf9) Pule) () (5) ds
R() () = [ , ,
Po(e) (x) + f B,(5) P(e) (x) () ds

Hy(1) = Hy(t) + J‘bl-}z(s) I'(s,1)ds, K,(t) = K,(t) + ‘er(s) I'(s, t)ds,
W) = Hy(f) e + Ri(i)d + ¢ [Pl(e) 9 () + _[ "T(t, ) Py(e) () (5) ds],

d= J.sz(s) h(s)ds, b =(c',d")".

Clearly, U(?) is absolutely continuous on J, A, € %2, K,e £}, R, and R are
mappings of ¢ x [0, €0 into #% and &,,,, respectively, locally lipschitzian in x
near &€ = 0 and continuous in € € [0, €] for any x € #/¥ fixed.
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The further investigation of our problem rather depends on whether det B + 0
or det B = 0. In the former simple (so called noncritical) case the following theorem
holds.

Theorem 4,1. Let the boundary value problem (2,) be given and let the assumptions
(s#) be fulfilled. Let the limit problem (2,) have only the trivial solution. Then
there exists €* > 0 such that for any ¢ € [0, €*] there exists a unique solution x
of (2.), while ||x¥| ¢ — 0 for e > 0+.

Proof. Let (g’o) have only the trivial solution. Then by Corollary 1 of Theorem 3,1
det B # 0 and (4,5) becomes

x(1) = e[Ro(e) (x) (1) — U(t) B™" R(e) (x)] = £T(e) (x) (1) -

It follows immediately from the above argument that the operator T: o% x
x [0, &y] = % is locally lipschitzian in x near ¢ = 0 and continuous in € € [0, &, ]
for any x € /% fixed. Hence the fixed point theorem for contractive operators ([8])
can be applied.

Remark 4,1. The given boundary value problem (2,) is certainly noncritical e.g.
if in (4,3) '

a) det C #+ 0 and 1 is not an eigenvalue of K(t, s) — H,(t) C™* H,(s),

b) 1 is not an eigenvalue of K and

det (c + j "Hy(5) [Hl(s) + f :Q(s, o) Hy(0) dc] ds) +o0,

where Q is the resolvent kernel of K.

In the critical case (det B = 0) some further notations are needed.

Notation. /", denotes the naturally ordered set {1, 2, ..., n + n'}. If & is a natural-
ly ordered subset of A"y, then &* denotes the naturally ordered complement of &
with respect to Ao. The number of elements of a set & < A", is denoted by y(&).
Let C = (¢;,;)i,jew, b€ an (n + n’) x (n + n’)-matrix and let & <= N, ¥ = N,
then C , denotes the matrix (¢; ;)ics, jey- Similarly if b is an (n + n’)-vector (b =
= (b;)jexo) and & <= N, then by = (b))jcs. (Analogously for matrix or vector
functions and operators.) A~ denotes the naturally ordered set {1, 2, ..., n}. The
sign 4 is defined by b = by + bge.

Let x, = rank (B) < n + n’, while

(4.7) det Byeye 0 and By y, — WB gu4,= 0,
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v(#*) = v(¥*) =y and Wis an (n + n' — ) x x-matrix. Let us put v=n +
+n - x> Bx = By.'fo,‘Bz = By.'y, Y = bg/. and § = b.‘,‘. Then (4,5)2 yields

(4.8) ¥y = —B7'B,8 — eB7 'Ryu(e) (x) .

Inserting (4.8) and b = y + & into (4,5); we obtain that (4,5) is equivalent to the
system of equations for x € /% and d € #,,

(4.9) —x(t) + V() 8 + &S(e) (x) (1) = 0,
T(e) (x) = 0,

where

(4,10) V() = Uy y(t1) — Uy 4o(t) B{ 'B,,

S:xedE, &;e [0, €] = S(€) (x) = Ro(€) (x) = Usyo(.) Bf 'Ryu(e) (x) € #€ ,
T:xe A€, c€[0,g] > T(e)(x) = Ry(e) (x) — WRyu(e) (x) € &, .

V(t) is absolutely continuous on J and it is easy to verify that the operators S and T
have the same smoothness properties as @, A, P,, P, etc.

Let &€ > 0, then x € &% is a solution to the boundary value problem (2,) iff (x, 8),
where :

*{(a)
Ky(0) ([ Ta.Gte 9149 )|~

x(a)

f b [d'j :K‘(s) G5} ds] x(1) |’

is a solution to (4,9). (All solutions X, of the limit problem (2,) are given by x,(t) =
= V(f) 8, where 8 is an arbitrary v-vector.) To investigate further the existence of
a solution (and its dependence on €) to (2,) various principles in accordance with the
smoothness of the operators ® and A may be used. Below we state two existence theo-
rems which can serve as models. The first one is obtained by the use of the Newton
method for equations in B-spaces.

d=b>b, and b= J‘

Proposition 1. Let #, and Q; be B-spaces and let €, > 0. Let % < #, and let F
be an operator: (u,€) e % x [0, &,] — F(€) (u) € #,. Let us assume that

(i) the equation F(0) () = O possesses a solution uy € U;

(ii) there exists Qo > O such that F is continuous in (u,€)e ¥, x [0, €] =
= U(uo, Qo; #,) x [0, &] and for all (u, &) € %, x [0, &] possesses a G-derivative
Fi(€) (u) with respect to u which is continuous in (u, €) € %, x [0, g];

(iii) Fy(0) (uo) possesses a bounded inverse [F;(0) (uo)]~".
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Then there exist ¢* > 0 and * > 0 such that for any €€ [0, €*] the equation
F(g) (u) = O possesses one and only one solution u*(g) in U(uy, *; #,). The
mapping € € [0, *] > u*(e) € &, is continuous and u*(€) > u, in B, if € - 0+.

(For the proof see [19], p. 355. Similar theorems are proved also in [8] or [16].)

Remark 4,1. Let us notice that the assertion of Proposition 1 can be equivalently
reformulated as follows.

There exists €* > 0 such that for all € € [0, €*] there exists a unique solution
u* = u*(e) e %, of the equation F(g)(u) = 0 continuous in €€ [0, €*] and such
that u*(0) = u,.

To be able to apply Proposition 1 to the boundary value problem (2,) we have to
add some further assumptions concerning the differentiability of ® and A to those
used until now. It is easy to verify that if # — /% and ® and A are continuous in
(x,€)e % x [0,&] and for all (x,€)e¥ x [0, €,] possess a G-derivative with
respect to x which is continuous in (x, &) € % x [0, €], then the same holds also for
the operators S and T.

Theorem 4,2. Let the boundary value problem (2,) fulfilling the assumptions ()
be given. Let the limit problem (2,) admit a nonzero solution (i.e. det B = 0).
Let the matrix function V and the operators T and T, be defined by (4,7), (4,10) and

(4.11) To: 8 R, —>.Ty(3) = T(0) (V(.)8) e &, .

Suppose

() the limit problem (2P,) possesses a solution x, such that To(8,) = 0 for
8o = (bo)y» where

Xo(a)
|yl

(IT) there exists gy > O such that ® and A are continuous in (x, €) € U, X
x [0, &g] = ¥(xo, 0o; #€) x [0,8,] and for all (x,€)e ¥, x [0, possess
a G-derivative with respect to x continuous in (x, €) € %, x [0, &];

(III) the Jacobian
DT,
det (=2 (5
(Te )
is nonzero.

Then there exists €* > 0 such that for all € € [0, e*] there exists a unique solution
x*(g) to (2,) continuous in €€ [0, €*] as a mapping [0, e*] - #€ and such that
X*(O) = xo.
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Proof. Let us denote & = /¥ x %, and

-

. N —-x +V(.)8 + &S(e) (x) .
Fimied. celoa] (ot T oo

(48 is a B-space with the norm |(x, 8)||s = [|x| ¢ + [|3].)
We shall verify that the operator F fulfils all the assumptions of Proposition 1.
(i) For (x, 3) € # we have
F(0) (x, 5) = (—x + V(.)8> _ (-—x + V(.)8>.
: T(0) (V(.) 3) To(3)

Let x, be a solution to (2,) such that To(8,) = 0 for 8, = (bo)y» where

xo(a)

=\ [To [0 600 8]0 |

Then x, = V(.) 8, and hence F(0) (xo, 8o) = 0.

(i) Since the operators S and T have the same smoothness properties as ® and A,
there exist &, > 0 and ¢, > 0 such that F fulfils the assumption (ii) of Proposition 1
on %; x [0,&,] = %((x0, 8), ©1; %) x [0, €,] while for (x,8,¢)e#, x [0,¢,]
and (X, 8) € &,

[Fiese) (x 8)] (%, 8) =

( —% + V()8 + g[Si(e) (x)] x )
[T:(e) (V(.)  + &S(e) (x))](V(.) 8) + e[ Tu(e) (V(.) 8 + &S(e) (x))] [Si(e) (x)]

In particular

B U -X+V()d _[-X+V()3
2459 = Flnl® e 1= (110 1) [2% e]s)

(ili) Given an arbitrary coup]e (x,8) e 2,

xn=()

- DT, -1 -
=== 8 and Xx=V(.)6 + x.
B ()

iff

32.



Thus the operator J, possesses an inverse
DT, =1
x+V()|— (8 )
SIESS]

e

Applying Proposition 1 we complete the proof.

ol (x,8)e® > €,

the boundedness of J; ' being obvious.

The system (4,9) can be simplified by means of the following

Proposition 2. There exists €, > 0 such that for every ¢ e [0,€,] and 3eR,
there exists a unique solution x = E(g) (8) e A% of the equation

(4.9), —x+V(.)8 +&S(e)(x) =0,

the operator Z: R, x [0,&,] > ¥ being continuous in (8, €) and locally lip-
schitzian in & near € = 0.

Proof. The existence and uniqueness of the desired solution x = Z(g) (8) for all
de R, and e €[0, €,] with some &, > 0 and the continuity of E in (3, €) e &, X
x [0, &,] are evident. Given an arbitrary 8, € ,, let us denote

xo = V(.) 8o = E(0) (3,) -
Let B = B(8p) > 0, €3 = &(8y) > 0 (g3 < &,) and @ = @(8y) > 0 be such that
I5(e) (x1) = S(€) (x1) | e < B2 — %1 | are

for all x;, x, € %(x,, @; #%) and € € [0, €5]. In virtue of the continuity of Z in (3, €)
there exist o = o(8p) > 0 and &, = £4(8,) > 0 (¢4 < €5) such that Z(g)(8) e
€ U(xo, @; #€)for all 5 € U(S,, o; R,) and € € [0, €,]. Hence for 8,, 5, € %(3y, o; R,)
and € € [0, g,]

IZ(e) (32) — E(e) (81)]ure = V]| 182 — 84]) + B[ Z(e) (32) — E(€) (8:)] e -

Wherefrom, putting &, = €,(8,) = min (g4, (2B)~") our assertion follows.

Remark 4,2. It could be shown that if 8, € #,, x, = V(.) 8, and S possesses for
all (x,€)e¥(xo, Qy; #€) x [0,8,] (g1 >0) a G-derivative with respect to x
continuous in (x, €) € %(x,, y; F€) x [0, &,], then there exist €, > 0 and @, > 0
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such that for all (3, €) € %(8, 025 #,) X [0, €,] E possesses a G-derivative with
respect to & continuous.in (3, €) € %(8y, 02; #,) x [0, &;]. (For 5 € &,
[=3() (8)]8 = (i — e[Si(e) (B() (BN ~* (V() 9) »
where i denotes the identity operator in &/%.)
Inserting x = E(g) (3) into (4,9), we get

(4.12) 0(e) (8) = T(e) (E(e) (3)) = 0.
The second existence theorem for the critical case is based on the notion of the
Brouwer topological degree and does not require any assumptions of the differen-

tiability of @ and A. It follows from the following proposition. (For the definition
of the Brouwer topological degree see J. CRONIN [4].)

Proposition 3. Let 4 be a bounded open set in &, and let f be a continuous mapping
of the closure  of 9 in R, into R,. Let f(8) + 0 on the frontier 8% of % in R, and
let the degree d(f, 9, 0) of f with respect to 0 € &, and 9 be nonzero. Then the equa-
tion f(8) = O has at least one solution in ¥ and there exists 1 > 0 such that for
every continuous mapping g : 9 — R, with sup | £(8) — g(3)]| < m there exists in ¢

ded

at least one solution of the equation g(3) = 0.
Proof. The mapping
h:8ed, te[0,1] - h(3,1) = f(8) + (1 — 1) (g(3) — f(3))

is a continuous mapping of % x [0, 1] into %, with h(8, 0) = g(8) and h(3, 1) =
= (3). I
@] 22050 and [5E) - g@) <n on 9.

then for all § € 9% and t € [0, 1]
[h@, O]l 2 17G)] - 17() - ¢(®)] > n > 0.

Proposition 2 is now an immediate consequence of Existence Theorem ([4]. p. 32)
and of Theorem of Invariance under Homotopy ([4], p. 31).

Theorem 4,3. Let the boundary value problem (2,) fulfilling the assumptions (&)
be given. Let the limit problem (2,) admit a nonzero solution (i.e. det B = 0).
Let the matrix function V and 'the operators T and T, be given by (4,7), (4,10) and
(4;11). Suppose ‘

(I) the limit problem (2,) possesses a solution x, such that To(3,) = 0 for
8o = (bo)y, where

xo(a)

[[o o]

I

bo



(IT) there exists a bounded open subset 4 of R, such that To(3) * 0 for & € 0%
and d(T,, %, 0) + 0.

Then there exists €* > 0 such that for every € € [0, €*] there exists at least one
solution to (2,).

Proof. It is easy to verify that the operator Tj : R, x [0, g] — £, is locally
lipschitzian in 8 € £, near € = 0 and continuous in & € [0, n; | with some n; > 0
small enough for any & € #, fixed. By Heine-Borel Covering Theorem we may
assume that there exists n, > 0 such that © is uniformly continuous in (3, &) e Z x
x [0, m,]. Applying Proposition 3 to the equation (4,12) we complete the proof.

Remark 4,3. The methods of this paragraph can be also applied if Le 47, , and
A : AC — R, where generally m £ n. Of course, the situation is no more prede-
termined so largely by the fact whether the limit problem (97’0) admits a nonzero
solution or not. Let the (m + n’) x (n + n’)-matrix B be defined by (4,4), (3,9), (3,10)
and (3,12). Let the n x (n + n’)-matrix function U and the operators R, : 4% x
x [0, 80] = 4% and R : 4% x [0, €,] = &,+, be given by (4,4) and (4,6). Then
again an n-vector function x € &% is a solution to the boundary value problem (2,)
iff a couple (x, b), where

_ x(a)

) f " [d, f :Kz(s) 6(s, 1) ds] (1)

is a solution to the system of operator equations ((4,5))

bl

—x + U(.) b + €Ry(e) (x) =0,
Bb + eR(g)(x) =0.

Let m < n and rank (B) =m + n'. Let us denote # = {1,2,...,m + n'} and let
¥~ < A be such that v(¥") = n — m and det B 4 4. + 0. Putting y = by, 5 = by,
B, = B4 4+ and B, = B4y, (4,5) becomes

(4,13) -x+V(.)8 +£S(e)(x) =0,

where the n x (n — m)-matrix function V and the operator S are given by (4,10).
Given an arbitrary 8, € #,_,, the function x, = ¥(.) 8, is a solution to the limit
problem (#,) and by Proposition 2 there exists ¢* > 0 such that for all €€ [0, e*]
there exists a unique solution x*(g) to (#,) continuous in € € [0, e*] as a mapping
[0, e¥] - % and such that x*(0) = x,. The given boundary value problem ()
can be treated similarly as the noncritical case for m = n, although the limit problem
(2,) possesses a nonzero solution. On the other hand, if¢ > 0, m > n and rank (B) =
= n + n’, then (4,5) is equivalent to the system

(4,14) —x +eS(e)(x) =0, T(E)(x)=0
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with S and T defined analogously as in (4,10). Now the function x is uniquely deter-
mined by (4,14), and ta be a solution to the given problem (£,) with € > 0 it has to
satisfy (4,14),. Hence the boundary value problem (£,) has generally no solution,
though the limit problem (£,) has only the trivial solution (cf. Corollary 1 of Theorem
3,1). In the other cases we meet an analogous situation.

5. LINEAR BOUNDARY VALUE PROBLEM — FUNCTIONAL
ANALYSIS APPROACH

Let us turn back to the linear boundary value problem (£) given by
’ b
(5.1) % — A(l)x — I [4,6(t, 8)] x(s) = /(1).
b
(52) [Toense) =1,

where Ae &, ,, fe %', Ge $*[#YV], Le BY,,, and | € R,,. Without any loss of
generality we may assume that for all te J G(¢, .) and L are continuous from the right
on the open interval (a, b).

In [20] D. Wexler derived the true adjoint (in the sense of functional analysis) to
the boundary value problem

x—A)x=f(), Lx=1,

where A € ..‘6’:,,,, fe 2, Lis a continuous linear mapping of &% into some B-space A
and [ € A. In this paragraph we apply his ideas to the boundary value problem (2).
The special form of the operator L and the different choice of a dual space to the space
% of continuous functions on J (measures are replaced by functions of bounded
variation) enables us to prove that the problem (2*) derived in § 3 ((3,16), (3,17)) is
equivalent to the true adjoint of (2).

First, we have to introduce some new notations.

£ denotes the B-space of all row n-vector functions measurable and essentially
bounded on J. It is well-known that #* is a dual B-space to the B-space #! = .5,”,}'1
of column n-vector functions L-integrable on J. The value of a functional y'e £*®
on x € #! is given by

‘ b
(%9 De = J‘ y'(s) x(s) ds

and the norm of y' is ||y'[|, = sup ess | y'(¢)|. Functi;)ns from £ which coincide
teJ

a.e. on J are identified with one another.
#v"" is the B<space of all row n-vector functions of bounded variation on J and
continuous from the right on (a, b) (27" * < #7°,,). ¢* denotes the dual B-space
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to the space ¢ of column n-vector functions continuous on J, i.e. ¥* is formed by
all functions from #¥"* which vanish at a. Given an arbitrary functional y‘ € ¥*,
its value on x € ¥ is given by

(5 7'y = j "Tdy' (9] *(0)

and ||y*[l¢» = var) y'. The zero element of €* is the function vanishing everywhere
on J.

A €* denotes the dual B-space to the B-space &/% of column n-vector functions
absolutely continuous on J. The value of a functional y'e o/%* on xe€ A¥ is
denoted by <x, y*)4¢. Let us notice that we can consider ([20] 2,1) ¢* = F/%*
and {x, ¥'D ¢ = (%, ¥ D¢ for xe ¥ and y' € €*. Moreover, since the topology of #/¥
is stronger than that induced by (||x|¢ = sup |x()|) and /% is dense in €, the
zero elements of &/%* and * coincide. !

The operators

D:xed€—>xe', A:xed€ — A(t) x(f) e £,

b
G:xe.z"ﬁ—»J‘[dsG(t,s)]x(s)e.S,”l, RB,:xe A€ » Dx — Ax — Gxe &!
and

B, xeAC > 'r[dL(s)] x(s) € R,

are linear and continuous. Hence the operator

Bix

B,x

(5.3 Q:xed‘f—»( )e."t"xﬂm

is linear and continuous, too. Its adjoint #* is a linear continuous operator £* x
X R — A€* defined on (y',A") e L x &, by
(B%, Ve + L'(Byx) = {x, B*(y", A" ))uye forall xeA€.

The boundary value problem (P) can be now written in the form

(5.4) B = (JI’ ) .

Let us derive an explicit form for #*. For x € #/% and (y',A')e £ x A, we
have

<x; -@*(y" )"‘)>d‘£ =(B1x,y Ve + X‘(.@?zx) = (Dx, yDg — {AX, yDe —

— {Gx, ¥ D + L\(B,x) = {x, D*y" — A*y' — G*y' + BN
and
B*(y',\') = D*y' — A*y' — G*y' + B3\,
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where D*, A*, G* and @3 are adjoint operators to D, A, G and 4&,, respectively.
Thus the adjoint equation to (5,4) is

(5,5 D*y' — A*y' — G*y' + B\ =0

(where 0 means the zero element of /%*, of course).
Given an arbitrary x € /% and y' € £*, it holds by Lemma 2,7

J' :y‘(t) ( J.:[d,G(t, 9] x(s)) dt = f ' [d, f :y‘(s) (G(s, 1) — G(s, a)) ds] ().

As a consequence, since [5 y'(s) (G(s, ) — G(s, a)) ds € €*, we have

b
<mcanu«=«hwvz=<mjyﬁx«a0—6@a»m>
a 4
and

(5.6) Gty e e o f "36) (G(s, 1) — G(s, a)) ds e 6* .

By a similar argument the operators A* and 23 are defined by

(5,7 A*: y' e L° J“y‘(s) A(s) ds e €*
and ’

(5.8) B3 : A e gy > M(L(t) — L(a)) e €*.
Furthermore,

(5,9 D*:y‘e%* > —y'(t) + R(y") (1) e €*,
where /

(5,10) y'(a) for t=a,

R(y")(t) =10 for a<t<b,
y'(b) for t=5b.

The operator Dx — Ax maps &% onto #'. Hence y'e€ #> being an arbitrary
solution to D*y' — A*y' =0, y'(t) = 0 a.e. on J. Moreover, given an arbitrary
g' € €*, the equation

(5.11) D*y' — A*y' =g

has a solution in Z® iff

(5.12) - fwwmhm
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where X denotes again the fundamental matrix solution of Dx — Ax = 0 (cf. (3,3)).
Suppose g* € €* and (5,11) has a solution in £ . Then this solution is unique in £.
Let us put for te J

20 =~([ a'[dg%s)] X() X1,

Since z' € ¢* and R(z") (f) = 0 by (5,10) and (5,12), we have by (5,7), (5,9), Lemma
1,1 and (3,3)

D*z' — A*z}

() + j ([[1e0 o x(@) x40 49 a5 =
= =) + [T (x0) | X71(0) 4(0) o) = ).

It follows that z* is the unique solution of (5,11) in £*. Applying this to (5,5) and
taking into account (5,6)—(5,8), we obtain that to any solution (y',A') € £* x %,
of (5,5) there exists a solution (1", A") of (5,5) such that n* e #7°*, " is continuous
at a from the right and at b from the left and y'(f) = 1'(f) a.e.on J (y* = ' in £*).
Consequently, to find all solutions of (5,5) in £® x %, it is sufficient to consider
instead of Z8* its restriction 83 on ¥~ x 2, where ¥~ is formed by all functions
from #¥"* which are continuous at a from the right and at b from the left. By

(5:6)—(5.9)
B, 0) = —y'() + R(Y) (1) - f 'Y(s) A(s) ds + ML) — La)) —

- fby‘(s) (G(s, 1) — G(s, a)) ds e &*.

In other words, the equation (5,5) for (y', A') € £ x &, is equivalent to the
equation

619 =0+ REYO ~ [0 46 s + 10 - Ua) -

- [by‘(s) (G(s,t) — G(s,a))ds =0 on J

for (y',A") € ¥ x %m. In particular, (5,13) yields

y'(@) - y'(a)=0 for t=a,
619 v =~ | Y(5) As) ds + A (L) — Lia) - j "16) (665, ) = 6(s, @) ds
for te(a,b),
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and
(5,15 0= — ry*(s) A(s) ds + V' (L(b) — L(a)) - .ry‘(s) (G(s, b) — G(s, a)) ds

for t=5b.
Furthermore, from (5,14) we have

(516 ¥(0) = yla+) = 1 (ta+) - 46) - [ (0 (6o, a+) = (o, ) s

and consequently (5,14) becomes

G1) YO =@~ [ YO A + 0 - at) -
- J :y‘(s) (G(s, i) — Gls, a+))ds for te(a,b).

Making use of (5,15), (5,14) can be modified as follows

(5.19) v = [y 46 a5 = 200) - 1) +

+ be‘(s) (G(s, b) — G(s,1))ds for te(a,b).
Thus ’
(519) y()= () = -2 - Lp-) + | "3(5) (665, ) = G(s, b)) ds
and

62) YO =0+ [ O AE) s+ 1) - Le-) -
_ J"y\(s)(c(s, ) — G(s, b-))ds for te(a,b).

Let us define
G(t,a+) for teJ and s = a, L(a+) for s = a,
Go(t,s) =4{G(t,s) forteJand a<s<b, Lys)={Ls) fora<s<b,
G(t,b—) for teJ and s = b, L(b-) for s =b,

C(t) = G(t,a+) — G(t, a) and D(t) = G(t, b) — G(t, b—) for te J and

M = L(a+) — L(a), N =L(b) — L(b-).
Then from (5,16), (5,17), (5,19) and (5,20) we can conclude that the equation (5,13)

(and hence also (5,5)) is equivalent to the system of equations for (y', v") € £* x
X Ay (v = —2")
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(521) ¥ (0) = »(@) - j () A(5) ds — v'(Lo(t) — Lo(a)) —
- f "1'(5) (Gols, 1) — Gls, @) ds on 7,

(5.22) y'(a)= —y'M - Iby‘(s) C(s)ds, y'(b)=7vy'N + ry‘(s) D(s)ds .

v a

In the introduced notation, the original boundary value problem (%) assumes the
form

% = A(f) x + C(t) x(a) + D(t) x(b) + J’b[d,Go(t, 5)] x(s) + f(1),
M x(a) + N x(b) + J "TdLo(5)] x(s) = !

and (5,21), (5,22) is exactly its adjoint (2*) derived in § 3 ((3,16), (3,17)).
As a consequence we have that the adjoint (2*) of (2) from §3 and the true
adjoint (5,5) of (?) are equivalent.

From the fundamental ‘alternative” theorem concerning linear equations in B-
spaces ([5] VI, § 6) and from Theorem 3,1 it follows that the operator 4 of the
boundary value problem (2) defined by (5,3) has a closed range in ' x &,

Remark. The closedness of the range #(/%) of the operator 2 can be also shown
directly in a similar way as D. Wexler did in [20] § 3 for the operator

xe.szl?ﬁ—»(x—A(t)x)eg" X R, ,
Lx

where Lis a continuous linear mapping of &% into some B-space A. In fact, let the
matrix B and the operator

‘P:(lf)e.?" X B> V() =WeERpsn

be defined by (4,4), (3,9), (3,10) and (3,12). Let us put
®:beR,,, > Bbe Ry -

Given fe %! and Il € &,,, the corresponding boundary value problem (9’) possesses
a solution (i.e. (f', I')' € B(#¥)) iff ¥(/, I) € O(&,,). Hence

B(AC) = ¥_,(O(Ry1r)) -

Since ¥ and @ are continuous linear operators and dim ©(%,.,.) < oo, the set
Y _,(O(#,,)) is certainly closed.
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ON BOUNDEDNESS OF THE WEAK SOLUTION FOR SOME CLASS
OF QUASILINEAR PARTIAL DIFFERENTIAL EQUATIONS

Jozer KACUR, Bratislava

(Received January 28, 1971)

Introduction. This paper is connected with my paper [1]. The main aim of this paper
is to find a bounded weak solution of the Dirichlet boundary value problem for the
equation of the form

(1) — i < ai(x, g—;‘) + ag(x, u) = f(x)

i=1 ax"

where the growth of a,(x, p) in p (p ==(py, ..., py)) and ay(x, u) in u satisfies con-
ditions (3), (4) given below.

Let us consider a bounded domain Q = EV (N-dimensional Euclidean space)
with the Lipschitzian boundary Q2. We shall suppose

(2 f(x) el (Q).

Let us consider real functions g(u) € C'(— o0, o0) for which there exists a positive
number u, so that

I. u g(u) is even and. convex for |u| 2 u, and
liilzo (ug'(u) + g(u)) = .
II. For each I > 1 there exists a constant ¢(I) such that
g(lu) £ c(l) g(u) foreach u = u,.
II1. There exists I > 1 such that
g(u) < 4g(lu) foreach u = u,.

Now, we shall denote by M,; M,; M; the classes of the functions g(u) satisfying I;
I and II; I, IT and III respectively.
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The functions a(x, p)for i = 0, 1, ..., N are real and defined for x € Q and |p| <
< 0. They are continuous in p for almost all x € Q and measurable in x at fixed p.
(If i = 0, then pe E').

Let us have g,(u) e M, for i = 1,2, ..., N and suppose g,(u) = g;(u) (or g{(u) <

< gju)) foralli,j =1,2,...,N and u 2 u,. Then, the conditions for the growth
of a(x, p) in p are of the form

(3 lagx, p)| < ¢ (1 +jZN:lmin (lgdp))\> [gj(pj)|)> for i=1,2,..,N.
Now, let go(u) € M, such that
©) ' lao(x, u)| < e(1 + go(u)) .

In paper [1], the existence of a weak solution of equation (1) is proved — under
the assumption of monotonicity and coerciveness — only if go(u) € M in the con-
dition (4). In this case a weak solution is found in the space W, (). In this paper
we shall also work in the space W, () and therefore we sketch its construction —
for details, see [1].

First we construct Orlicz spaces L¢,(22) by means of functions G(u) = u g,(u),
where g,(u) for i = 0,1, ..., N are those from conditions (3) and (4). More exactly,

G (u) = ugiu), for |ul =u,
: Cilulp‘ o for |ul _S: u;

where u;; ¢;; p; > 1 are suitable constants. For the construction of Orlicz spaces,
see [3]. Then, we construct the space W, ¢(€2) of Sobolev type, see [1], as follows:
W, o(2) =W, ¢ ={uelf(R), for which the distributive derivatives ou/dx;e
el¢(R)fori=1,2,...,N}. The norm in this space is defined by

du

0x;

N
lulwi.c =%

i=

+ |u|G° y
Gi

where ||. ||, is the norm in the Orlicz space L¢,(€2). Let us denote by ° W, g the sub-
space of all functions u € W, ¢ satisfying

"Ian =0
in the sence of traces.

Af g,(u) €M, for i =0,1,...,N, then the corresponding space W,  is reflexive
(see [1]). In the general case g/ (u) e My, fori =0, 1,..., N, W, ; need not be refle-
xive (see [5]) and in that case it is impossible to apply the methods known from the
reflexive spaces for seeking the weak solution. In this case the functional (potential)
is constructed in paper [1] and its minimum is found.

Considering the growth conditions (3) and (4), we shall proceed analogously, even
if the conditions are more general, and we shall prove that the minimum of the
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functional is attained for a bounded function. Then, it will be easy to prove that
this minimum is at the same time also the weak solution.

We shall suppose that the Dirichlet’s boundary value condition is given by the trace
of a function u, € W, ¢, where

() u(s)|ag = #o(s)|on € L(02)
in the sense of traces.

u e W, ¢ is called to be a weak solution of the Dirichlet boundary value problem
(1), (5),if u — ug e °W, gand forall ve °W, ¢

N

Y Qv a;( x, %Y 4y + vag(x, u)dx = | of dx

i=1 J o 0x; 0x 2 Q
holds.

By means of the class M; we can describe a growth, which is near to polynomials,
e.g.u’,u’ln (|u| + 1) etc. However, we call the attention to the fact, that the class M,
is essentialy larger then the set of polynomials Iul". If g(u) € M; then there exist
p, g > 1 and constants c,, c,, u, such that (see [1], Assertion [1])

¢ |ul” £ ugu) £ cyful* forall |u] 2 u,.

On the contrary, for all p,q > 1 with g > p there exists g, ,(u) € M5 such that
previous inequality holds, while this inequality does not take place for any p’, ¢' > 1
withp<p <q <gq.

By means of the class M; we can describe a larger scale of the growths, e.g.

sgnu.In(|u| +1), wuexp(u?) etc.

If g(u) e M, and g(u) ¢ M;, then the Orlicz space Lg(R) (G(u) = u g(u)) is not
reflexive, which requires a different method to find a weak solution then in the case
of reflexive spaces.

Let us denote by E;(£2) the closure of the set of all bounded functions in the norm
of the space Lg(%). If g(u) e M, and g(u) ¢ M,, then E(Q) is a nowhere dense set
in Lg(Q). If g(u) € M,, then E(Q) =Lg(Q). Let us denote by P(v) the conjugate
function to G(u) (see [3]) and by L;(2) the Orlicz space constructed by means of the
generating function P(v) (P(v) = max (uv — G(u)). For u € L§(Q) and ve L;(Q) the

Hoélder inequality |fg u(x) v(x) dx|“ < |ulg - ||o]» hlods.

The results obtained here can be transferred without essential difficulties to more
general boundary value problems.

Let us denote
u(x) for x such that |u(x)| < ¢
c sgn u(x) for all other x.

() =u = {
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Lemma 1. If u € W, ¢(Q), then u]* € W, ¢(2) for each constant ¢ 2 0.

Proof. As L¢,(Q) c Ly(2) algebraically and topologically for i =0,1,...,N,
it is u e W}(Q). Thus, u]°e Wj(Q) — see [2] (Theorem 2.2, Lemma 2.3). Let us
denote by du[0x, the derivative in the sense of distribution of the function u(x)
and by [du/dx,] the derivative in the ordinary sense. From the results of B. LEv
(see [2], Theorem 2.3),

_314_ = [6_u almost everywhere in Q, i=1,2,..,N.
0x; 0x;

From this fact easily we deduce the lemma.
On the basis of this lemma it is possible to suppose that u(x) is bounded and

(6) i‘:!l)’ ess [u(x)| < [uo]|L.con)

in the sense of traces.
For the construction of the functional to equation (1), we suppose the symmetry

) da(x, p) _ 0a A%, p)
Op; op;

in the sense of distribution for i,j = 1,2, ...,N.

Supposing (3), (7), we define

&,(u) = fd:le wa (x tz—x>dx.

The functional @,(u) is continuous on the space W ¢ and has a Gatteaux differential
at every point equal to

.
Doy(u,v) = | ¥ v a‘( ZZ) dx ;

ei=10x;

for the proof of this assertion see [1] (Lemma 1 and 2, § 2). The functional correspon-
ding to equation (1) is of the form (see [4])

. 1
(®) D(u) = D,(u) + I dt.[ uao(x, tu) dx — '[ uf dx .
o Ja - Ja
To obtain the convexity of the functional &,(u) we shall suppose
N
6] ' ‘Zl(pa — q;) [alx, p) — afx,9)] 2 0.
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The coerciveness of ®(u) will be guaranteed by

N N

(10) ‘_leiai(x’ P) = Z,lpigi(Pi) —C
and

(11) uag(x, u) = c,u go(u) — ¢;, uek!

where c,, ¢, are constants and g,(u) fori =0,1,..., N are functions from (3) and (4)

We shall consider such equations (1) for which there exist g(u)e M, for i =
=1,2,...,N, and go(u) € M, satisfying (3), (4), (10) and (11).
In general, for the functional

(12) %@=£&k%@mﬂx

we admit the value + oo on the space L§ ().
We shall look for the minimum of the functional ®(u) on the convex and closed
set ug + Wy 6.

Lemma 2. If (2), (3), (4), (7), (10) and (11) are satisfied, then

lim P(u) = o, where ueu, +°W;g.
lullw, G~

Proof. First we prove that &,(u) - oo, if

du

13 —_

(13) ox,
Let us set

(14) M@=[§

- 0 .
Gi

J L5

Using Hélder’s inequality in (14) and regarding [1] (Lemma 1, § 2) we find easily that
Mu) is a continuous functional on W, ¢, bounded from below on bounded sets.
We shall show that A(u) — oo if (13) holds. For this purpose it suffices to prove that
from every sequence {u,} satisfying (13) a subsequence {u, } can be extracted such
that A(u, ) = oo with k — co. From (10) we obtain

N
Z x,au dx = ¢, Oty g; Oty - cy.
5xi ni 1 ax‘ ax,

As g(u) e M;, for i = 1,2, ..., N, it follows from [1] (Theorem 1, Assertion 5) that
it is possible to choose a subsequence {u,,} from {u,} such that

N
Oty g (Ome — o0 with k— o0.
Gi nl l ax‘ ax,

i=1

au

X

6x‘
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Thus, we conclude that A(u,,) = oo for k — 0o. Now, let {u,} be an arbitrary sequence
satisfying (13). From the definition of A(u) we have

&)= I :A(m,) dt.if:

du,
0x;

=1 Gi

A(tu,) is a continuous function in ¢ and so the integral is well-defined. There exists
a constant ¢ such that A(u) = —c for all ue W, ¢. Let K > 0. With regard to the
properties of (), there exists L > 0 such that A(u) > 2K + cif
N
ou

0x;

> L.

i=1 Gi

Let us choose N, such that
Ou, > 2L
Gt

Y

i=1

Xi
for n > N,. Then, we conclude
1 1/2 1
J- AMtu,) dt =J Mtu,) dt + J. Mtup)dt > —4c + K + ¢ =K
0 0 1/2

for n > N,. Thus, ®,(u,) - oo with n - oo and hence ®,(u) — oo if (13) is satisfied.
Now, we prove that

1
lim (J‘ dtJ' uao(x, tu) dx — j- ufdx) = 00 .
llullgo== \J o o] Q

For this purpose we prove that there exists a constant ¢ such that
Il u u

(15) aq(x, s)ds — cafu| = 3¢, —go (=) — ¢
0 2 2

where ¢y = ||f||..ca)- Let us suppose that u > 0. Then we obtain from (11), (4)

J‘ ao(x,s)ds — cau 2 ¢, J. go(s) ds — cqu .

0 0

Because of go(u) € M, there exists s, > u, such that go(u) is increasing, odd for
|u| = so and satisfies lim go(u) = co. For u > 2s, we obtain
u—ow

[aoras = 2wz [ qu)as —esuz T ou (5) = e

] 1 u/2 2
and hence

_so that (15) is proved for u > 0.
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If u < 0, then conditions (11), (4) imply
—ay(x, —s) = ¢; go(s) — ¢; forall s>0.

Using the above estimates we deduce

J- ao(x, s) ds — c3lu| = I- —ag(x, —s)ds — c;lu| 2
0

o
e 1u u
=>c s)ds — cglu| = - — -} —cy.
= 1.“0 go() s‘ |_2290<2> 9

Using (15) we deduce

1 u(x)
j dtj uay(x, tu) dx — I uf dx = j j ao(x, s)ds — c3f |u| dx =
1] 2] 2 Q2J0 2

u(x) u u
=j (J ao(x, s) ds — c3|u|> dx = %clf - 9o (——) dx — c.
o\Jo a2 2

J @ do <u—2§))dx o0, if |ufg—

2 2

Finally,

holds (see [1]) and the proof is complete.
In the space W, ¢ we introduce the *X-convergence as follows (see [1]):

Un U for u,ueW,gq,

f u,v® dx —»f u® dx and f ou, v dx _>J ou o® dx
2 (2] 0 axi naxi

with n - oo, for all v(x)eE,(Q) and alli =0, 1,2, ..., N. P(v) is the conjugate
function to G(u).

if

Lemma 3. Let us suppose (3), (7) and (9). Then, the functional ®,(u) is lower
semicontinuous with respect to the *X-convergence and it is bounded from below
and from above on bounded sets of uy + Wi g.

Proof. Suppose {u,}, ueu, + °W; g and u, = u with n - co. From (9) we
deduce X
@,(u,) — ®4(u) = DD, (u, u, — u).

With regard to the *X-convergence and to g,(u) € M, for i = 1, 2, ..., N we conclude
that du,[0x; —~ duox; with n — oo in Lg,(Q) (the weak convergence in the space
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L&,(R)). On the other hand, from [1] (Lemma 1, § 2) and with respect to (3) we
conclude . 2
u td
a(m o) eth =)
ox

(the dual space to L¢), i = 1,2, ..., N. Thus,
lim D®,(u, u, — u) = 0 and hence lim inf &,(u,) = P,(u).
n— o

n— o

The space °W, ¢ is closed with respect to the *X-convergence (see [1], Lemma 1,
§ 3) and hence also u, + °W/ ¢ is closed with respect to the *X-convergence. Further,
from every bounded sequence fromW, . We can choose a subsequence convergent with
respect to the *X-convergence to some element from W, ¢ (see [1], Lemma 1, § 3).

Now, let us assume that @,(u,) = — oo for some bounded sequence {u,} in u, +
+ °W, g. Then, there exist u eu, + °Wy ¢ and a subsequence {u,} such that
Uy, ;> u. Because of the lower semicontinuity, ®,(u) = — o0, holds. On the other

hand, ®,(u) is well-defined on u, + °W, ¢ (see [1], Lemma 1 and Lemma 2, §2)
which is a contradiction. Regarding the Holder inequality we deduce from [1]
(Lemma 1, § 2) that &,(u) is bounded from above on bounded sets.

Theorem 1. Let us suppose (2), (3), (4), (7), (9), (10) and (11). Then, the functional
@(u) attains its minimum on the set uy + °W g.

Proof. Evidently, the functional from (15) is bounded from below on LZ (<)
(Go(u) = u go(u)) and with regard to Lemma 2 also ®(u) is bounded from below on
the set u, + °W, ¢. Let us consider a minimizing sequence {u,} € u, + °W, g.
This sequence is bounded in the norm of the space W, g, because of Lemma 2.
There exist a subsequence {u,, } and u € uy + °W, ¢ such that u,, o if k — oo.

Since W, ¢ = Wj(Q) (algebraically and topologically), we conclude by means of
Theorems on imbeddings that there exists a subsequence {z,} from {u,,} such that
z, = u in the norm of the space L,(2) and, moreover, z,(x) — u(x) almost every-
where in Q, with n — co. There exists a constant ¢ such that &(z,) < c. &,(v) and
o vf dx are bounded from below and from above on bounded subsets of W, g-see
Lemma 2 and [1] (Lemma 1, 2 § 2) so that the functional @,(v) from (12) is bounded
on the sequence {z,}. As a consequence of Fatou’s lemma we obtain

1 . 1
I dtf lim inf z,a4(x, tz,) dx < lim inf J‘ dtJ. Z,80(%, tz,) dx .
o Ja o Jo

n->o n—> o

Finally, Lemma 2 implies:

1
&(u) < liminf &,(z,) + lim inf J- dtj z,ao(, tz,) dx — limj z,f dx < liminf &(z,).
o Jo Jo

n=* o0 n=o o . n-»o0

Thus, &(v) attains its minimum on the set u, + °W), ¢ at a point u.
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In the following theorem we shall prove that every point of the minimum of &(u)
is from L (). To that end we shall suppose additionally

N
(16) Y pafx,p) 20 forall p.
i=1

Theorem 2. Let the assumptions of Theorem 1 be fulfilled and in addition to it let
us suppose (6) and (16). Then, every point of the minimum of ®(u) is from L (2).

Proof. With regard to Theorem 1, we can suppose that &(v) attains its minimum
at a point u € uy + °W; . We prove the theorem by contradiction. Suppose that u
is not from L,(R). Let us consider an increasing sequence {C,}, C; > ||uol.coay
with C, = oo for n — co. Further, let us consider the sequence u(x)]". In accordance
with Lemma 1, u]c" € uy + °W, ¢. Using the notation from Lemma 1, we get

Cw Cn
M = a_u , or g’fl =0
0x; 0x; 0x;
almost everywhere in Q, for i =1, 2, ..., N.
Let us denote

Ke, ={xeQ; |u(x)] > C,}.
From (16) we deduce

,(u]") = J dt L o %“;]C")dx -

ilxi

Jdtj —a,(,t@)dx§d>1(u).
2-Kc,, x‘ 0x

Now, it suffices to prove that there exists an N, such that
(17) ,(u]*) — j u]of dx < () — f ufidz
2 Q

holds for all n = N,.

Using the mean value theorem for the integral we deduce
(18) y(u) — B5(u]%) — f (4 — u]®) fdx 2
2
u(x)
_Z_I J' ao(x, s)ds — cj | — u]®| dx =
2J u)Cn : 2
- f (4 — u]%) a0l 8]0 + 9(x) (u — u]®) dx — e J‘ I — u]o dx.
7] Q
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The function 9(x) satisfying 0 < 9(x) < 1 can be determined in such a way that it
is measurable — see [7] (footnote at the lemma 5,1).
Condition (11) implies that
sgn (u — u]) = sgn aq(x, u] + 9(x) (u — u]"))
for sufficiently large n and
lao(x, u] + 9(x) (u — u]™))| > 0 with n— oo.

From this and from (18) we deduce (17). Thus, for sufficiently large n we obtain

D(u]c,) < B(u)

which gives a contradiction with the minimum property of u. Hence the proof is
complete.

Theorem 3. Let the assumptions of Theorem 2 be fulfilled. Then, there exists
a bounded weak solution of the boundary value problem (1), (5)

Proof. Theorem 2 guarantees the existence of the minimum at a point u € u, +
+ °W; ¢ N L(). We shall show that this minimum is the weak solution. Let us
take v € 2(Q) (2(Q) is the set of all functions which have all the derivatives in Q and
possess a compact support in Q.

&(u + t) is a continuous function in ¢ and has the derivative at the point t = 0.
" Asu + tveuy + °W, g and u is a point of the minimum,

d
— ®(u + t)|;—g =0
S ofu + 1)y

must hold. This means that

(19) j i Ho a, (x, gg) dx + f vao(x, u) dx =J of dx
2 X Q Q

i=1 0x;

for all ve 2(2). But 9(Q) = °W, ¢ n E¢,, where the closure is with respect to the
norm of the space W, ¢ (see [1], [2]). Since go(u) is bounded, go(u)e Ep, = Ly,
(Po(v) is conjugate to Gy(u)). Further,

ou »
a, ( —) eLf, =(L2)
0x .

(P{(v) being conjugate to G(v)).

Thus, we obtain (19) for ve °W, ¢ N E;, by a limiting process (see Hélder’s
inequality). Now, let us take v € °W, ¢. Let us consider the sequence v]°" (the nota-
tion is that from Theorem 2). With regard to Lemma 1, v]° e °W, ¢ n E¢,. It is
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evident from the definition of the *X-convergence that v]“" v As a(x, ou[ox) € E,,

and go(u) € E,, we obtain (19) for v e °W, ¢ by a limiting process. It means that u
is a weak solution.

In the sequel we replace condition (16) by other conditions. Let us suppose the
existence of da(x, p)[ox; and

(20) fﬁi_a(x,__O) €Ly(Q) forall i=1,2,..,N.

i

Theorem 4. Let us suppose (2), (3), (4), (6), (7), (9), (10), (11) and (20). Then there
exists a bounded weak solution of the boundary value problem (1), (5).

Proof. Let us consider aj(x, p) = a|(x, p) — a(x, 0), aj(x, p) satisfying all the
assumptions of Theorem 3. Really, condition (9) implies (16). With respect to (20)
and Theorem 3, there exists a bounded weak solution of the equation

—i ia;(x,a—”>+ ao(x, u) = f+z
0x

i=1 0x;

da (x 0)

1.€.,

(21) z J ( )dx + j (s, ) dx =

N
j(f+zlaa(x 0)> dx, forall ve°W,g¢.

Using Green’s theorem, we obtain

- [ 32D 0 - [ 3ot 0) L ax

i=1

and then the identity (21) implies the required result.

We give now conditions for the uniqueness of the weak solution.

Assertion 1. Let us suppose that the assumptions of Theorem 3, or Theorem 4, are
fufilled. Then, there exists a unique weak solution of the problem (1), (5), if (i),
or (ii), is satisfied:

(i) (51 — s2) [ao(x, 51) — ao(x,5,)] >0 for sy %s,.

(ii) In condition (9), the equality holds only when p = q; and further (s; — s,) .
- . [ao(x, 51) — ao(x, 5,)] = 0.
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Proof. If u; # u, were two solutions of (1), (5), then

mzl"’(“xax‘ uz)[ ,(x, %%‘) _ (x’ 661; )] .
+ fn(ul — 105} [olxs 1) — gl 1] e =0

which yields a contradiction in case (i), as well as in case (ii).

Now, we present some consequences of Theorem 3, or Theorem 4, considering
the known results about the regularity of the bounded weak solution — see [6], [2].

We shall suppose more special conditions instead of (3), (10)
N
@) izlp afx, p) Z ¢ |p|" -

N .
(23) iZ:lla,(x, pl(L + |p|) £ c2(1 + |p)™, where m > 1.
C%%(£) is the space of the Hdlder functions with the norm

"“"co @@ = max |u(x)| + sup |u(x) - u(y) .
x,yed |x — yIu

We shall suppose that the boundary value condition is given by the function
(24) ug(x) € Wh(Q) n C®%(Q) forsome 0 <a<l1.

Assertion 2. Let the assumptions of Theorem 3, or Theorem 4 with (24) be fulfilled.
Let us suppose (22), (23) instead of (3), (10). Then, there exists B, 0 < B < a such
that the weak solution is from W, n C>#(Q).

This assertion is a consequence of [6] (Theorem 1.1, Chap. 4) and Theorem 3,
or Theorem 4.

Now, let us consider the equation

(1) _y 2 (au(x) 2+ e ) = 162

i,j=1 0x

Ltj,t us suppose
(29) a,(x) e C4(Q)
(26)  fWe o).

C!'%(£) being the set of all functions the first partial derivatives of which are
from C*({2).
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Further, let us suppose

(27) ao(x, s) e C}(2 x (—K,K)) foreach K> 0.

Assertion 3. If the conditions of Theorem 3, or Theorem 4 are fulfilled and
moreover if (27), (24), (25), (26), (i), or (ii), are satisfied, then there exists a classical
solution of the problem (1'), (5) from C*¥(2),0 <y < a.

With regard to Assertion 2, there exists a weak solution u € W3 n C%? of (1), (5).
Because of (27), ao(x, ) € C®#(Q2). Then the assertion 3 is a consequence of Schauder’s
theorem — see [6] (Theorem 1.1, Chap. 3).

Examples.

1 - %, 210 (2] + oo =7

where I(x) 2 ¢ >0 for i =1,2,..,N and g(u)eM; for i=1,2,...,N,
go(u) e M,.

2 —Adu + ag(x,u) =f

particularly,
—du + ag(x)uexpu® =f.
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ON SOME GRAPH-THEORETICAL PROBLEMS OF V. G. VIZING

BOHDAN ZELINKA, Liberec

(Received January 28, 1971)

In [2] V. G. VI1zING suggests a number of unsolved graph-theoretical problems.
Here we shall solve partially two of them.

L

The first problem we shall investigate is the following one:

Which is the maximal number of edges that a graph with n vertices and with
a given Hadwiger number can have?

Here this problem is solved for Hadwiger number 3.

We say that a graph G can be contracted onto a graph H if and only if the graph H
can be obtained from G by a finite number of the following operations:

(a) deleting an edge;

(b) deleting an isolated vertex;

(c) identifying two neighbouring vertices, i.e. replacing of two neighbouring
vertices x and y by a new vertex neighbouring to exactly all vertices which were
neighbouring to at least one of the vertices x and y.

We consider only finite undirected graphs without loops and multiple edges.

The Hadwiger number 7(G) of a graph G is the maximal number of vertices of
a complete graph onto which G can be contracted.

By Ak(n) for any positive integer n we shall denote the maximal number of edges
of a graph of Hadwiger number k with n vertices.

"The graphs with Hadwiger number 3 are graphs which can be contracted onto
a triangle, but not onto a complete graph with four vertices. '

If G is a graph, C a circuit in G, then a diagonal arc of C in G is an arc joining two
vertices of C whose internal vertices do not belong to C. Two vertex-disjoint diagonal
arcs P, and P, of C will be called topologically crossing if and only if the circuit C
and the arcs P, and P, cannot be drawn in the plane so that the arcs P, and P, might

56



be drawn in the interior of the drawing of C without crossing each other. (This term
is defined only for the use of this paper.)
The following lemma is evident.

Lemma 1. A graph G has Hadwiger number not exceeding 3 if and only if no
circuit C in G has two vertex-disjoint topologically crossing diagonal arcs.

We shall prove another lemma.

Lemma 2. For every positive integer n = 2 any graph of Hadwiger number 3
with n vertices and maximal possible number of edges is connected and without
articulations.

Proof. Assume that such a graph G is disconnected. Then we join two vertices of
different connected components of G by an edge e; the graph thus obtained will be
denoted by G’. The edge e is a bridge in G’, therefore it belongs neither to a circuit,
nor to a diagonal arc of some circuit in G’. This means that all circuits and their
diagonal arcs in G’ are those of G and G’ has also Hadwiger number 3, which is
a contradiction with the maximality of G.

Now assume that G is connected and contains an articulation a. Let L,, L, be two
lobes whose common vertex is a. Let u, and u, be vertices of L, and L, respectively
joined by an edge with a. Let G” be a graph obtained from G by adjoining an edge &
joining u, and u,. Let C be a circuit in L,, let P be a diagonal arc of C in G" not
contained in G and joining the vertices v, and v, of C. Then P consists of an arc P,
from v, (or v,) to a, an arc P, from a to u,, the edge h and an arc P, from u, to v,
(or v,). Then there exists an arc P’ in G joining v, and v, and consisting of the path P,
the edge au, and the path P;. This is either a diagonal arc of C, or an edge of C (if
the vertices v,, v, are identical with uy, a). If some other diagonal arc P” of ¢ vertex-
disjoint with P forms together with P a pair of topologically crossing diagonal arcs
of C in G”, then P” is in L,, because it contains neither a nor h. This means that P”
forms a pair of topologically crossing diagonal arcs of C also with P’ and this pair
is also in G, which is a contradiction. Analogously we can consider any circuit in L,.
A circuit in G which is neither in L, nor in L, evidently cannot have a diagonal
arc in G” not contained in G. We have proved that by adjoining the edge k no pair
of topologically crossing diagonal arcs of any circuit of G is obtained. Now consider
a circuit C’ in G” not contained in G. Evidently it consists of an arc R, from a to u,
in L,, the edge h and an arc R, from u, to a in L,. Any diagonal arc of C’ joins either
two vertices of Ry, or two vertices of R,. As L, is a lobe, there exists an arc R}
joining a and u, in L, and having no vertex in common with R, except for a and u,.
The arcs R,, R} form a circuit C, in L,; any diagonal arc of C joining two vertices
of R, is also a diagonal arc of C, and any two such arcs which would be topologically
crossing in G” would be topologically crossing also in G. Analogously for R,. Finally,
a diagonal arc of C joining two vertices of R, and a diagonal arc of C joining two
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vertices of R, cannot evidently be topologically crossing. Therefore G” has also
Hadwiger number 3, which is a contradiction with the maximality of G.

Lemma 3. Let G be a graph of Hadwiger number 3 with n vertices. Let u be its
vertex and G, the graph obtained from G by deleting u. Let G, be a connected graph
with p lobes. Then u is joined in G at most with p + 1 vertices.

Proof. First assume that three vertices of a lobe Lof G, are joined with u in G.
Then there exists a circuit in this lobe containing all of them; it can be contracted
onto a triangle, whose vertices are these three vertices. This triangle together with u
and the edges joining u with its vertices form a complete graph with four vertices and
n(Go) = 4, which is a contradiction. Therefore u can be joined at most with two
vertices of the same lobe. Now let u be joined with two vertices v,, v, of a lobe L,
none of which is a cut-vertex. If there exists at least on vertex v, in G, which is joined
with u in G and different from v, and v,, then let a be the cut-vertex belonging to L
and separating v, from v, and v,. In Lthere exists a circuit containing v,, v, and a.
The subgraph of G consisting of this circuit, of the edges uv,, uv,, uv; and of an arc
joining a and v in G, (none of whose edges is in L) can be contracted onto a complete
graph with four vertices. Therefore if G, has cut-vertices, at most three vertices of G,
are joined with « in G and two of them belong to one lobe, not being cut-vertices, the
graph G has not the assumed property. We shall continue by induction with respect
to p. For p = 1 the assertion holds, because G, consists of one lobe and we have
proved that no three vertices of one lobe can be joined with uin G. Let r = 2, let the
assertion hold for p < r. If we delete one lobe L except for the cut vertices in it
from G, so that the resulting graph G, is connected (this is always possible), then G,
has r — 1 lobes and u is joined in G with at most r vertices of G,. Now at most.one
vertex of Lwhich is no cut-vertex may be joined with u. The lobe Lcontains only one
cut-vertex which is in G, (because it is a common vertex of Land some other lobe),
thus at most r + 1 vertices of G, can be joined in G with u.

Now we shall prove

Theorem 1. Let A,(n) be the maximal number of edges of a graph G of Hadwiger
number k with n vertices. Then

Ilg(”) = 2n — 3
for any positive integer n = 2.
Proof. We shall prove the assertion by induction. The graphs with two or three
vertices evidently cannot be contracted onto a complete graph with four vertices. The
maximal number of edges of a graph with n = 2 vertices is 2n — 3 = 1, the maximal

number of edges of a graph with n = 3is 2n — 3 = 3. For n = 4 only the complete
graph with 4 vertices has Hadwiger number 4, no other can be contracted onto it.
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Thus the graph of Hadwiger number 3 with four vertices and the maximal possible
number of edges is the graph obtained from the complete graph with four vertices
by deleting one edge. Now let n = r = 5 and let the assertion hold for 2 < n < k.
Let G be a graph with k vertices and 1,(r) edges for which n(G) = 3. Delete one
vertex u from G and denote the obtained graph by G,. According to Lemma 2 G, is
connected. According to Lemma 3 the number of vertices of G, joined by edges
with u in G is at most p + 1, where p is the number of lobes of G,. Let the lobes of G,
be Ly, ..., L,, let I; be the number of vertices of L, for i = 1, ..., p. For the number
r — 1 of vertices of G, we have

P

(1) r—1=21,—p+1.

i=1

Any lobe of G, is a graph with Hadwiger number not exceeding 3 (because this
property is evidently hereditary). According to the induction assumption the number
of edges of L; does not exceed 2I; — 3 fori = 1, ..., p. For the number m, of edges
of G, we have

M

my =
i

P
1 i=1

As u is joined with not more than p + 1 vertices of G,, for the number m of edges
of G we have

14
m<my+p+1=<2)1,—2p+1.
‘ i=1

From (1) we have

M~

l,-=r+p—2,

i=1

therefore
mZ=2r-—3.

We have proved that 2n — 3 is the upper bound faor the number of edges of a graph
with Hadwiger number 3 with n vertices. It remains to prove that for every n = 2
this bound is attained. For any given n = 2 we construct the “fan graph” F, as follows.
The vertices of F, are vy, ..., v, and its edges are vv;,, fori = 1,...,n — 1 and v,v,
forj =3,...,n. If n > 2, a contraction of any edge leads either to F,_,, or to the
graph with two lobes isomorphic to F, with 2 < r < n. If n = 2, then F, is a graph
consisting of two vertices and one edge. Thus by induction one can prove that F,
cannot be contracted onto a complete graph with four vertices, g.e.d.

In the end we shall consider also 4,(n) and 1,(n). Any graph containing at least one
edge can be contracted onto a complete graph with two vertices. Thus n(G) = 1if and
only if G contains no edges and

a(m) =0.
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Any graph containing at least one circuit can be contracted onto a complete graph
with three vertices. Thus n(G) = 2 if and only if G is a forest with at least in edge ‘and

An)=n-—-1.

Comparing 1,(n), 4,(n), 1;(n) leads us to a conjecture.

Conjecture. For the maximal number %(n) of edges of a graph of Hadwiger
number k with n vertices we have '

2an) = (k = 1) n — (’2‘)

for any two positive integers k, n = 2.

1L

The other problem which will be studied here is the following one:

Which is the maximal number of edges of a connected undirected graph with n
vertices, none of whose spanning trees has more than k terminal edges?

We shall denote this number by (n, k). We shall give the solution for some special
cases, namely fork =2,k =3,k =n — 3,k =n — 2,k = n — 1. We study graphs
without loops and multiple edges.

Evidently we can define neither t(n, 1) nor 7(n, n), because a spanning tree of
a graph with »n vertices has at least two and at most n — 1 terminal edges.

Before investigating concrete values of k, we shall introduce an auxiliary concept.

If G, is a connected subgraph of G, then the degree of G, in G is the number of
vertices of G not belonging to G, which are joined with a vertex of G,. If G, consists
only of one vertex, its degree is equal to the degree of this vertex.

Now we shall prove a lemma.

Lemma 4. Let G be a connected undirected graph. Then the maximal number of
terminal edges of a spanning tree of G is equal to the maximal degree of a con-
nected subgraph of G.

Proof. Let G, be a connected subgraph of G with the maximal degree k. Let
uy, ..., u; be the vertices not belonging to G, and joined by edges with vertices of G,,.
Choose a spanning tree T, of G,. Then for any i = 1, ..., k choose an edge e;
" joining u; with a vertex of G,. The graph Ty consistirig of all vertices of G,, vertices
Uy, ..., Uy, all edges of G, and all edges e, ..., ¢ is a tree in which e, ..., ¢, are
terminal edges. This tree T, is-a subtree of a spanning tree T of G which has also at
least k terminal edges. (Evidently the number of terminal edges of a subtree of a tree T
is less than or equal to the number of terminal edges of T.) On the other hand, let [
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be the maximal number of terminal edges of a spanning tree of G. Let T, be a spanning
tree of G with [ terminal edges. Let G, be the subgraph of G generated by all vertices
which are not terminal in T;. Then G, has the degree 1.

Now we shall prove theorems on the numbers (n, k).

Theorem 2. (n, 2) = n for every n = 3.

This assertion is evident; we leave the proof to the reader.

Theorem 3. t(n, 3) = n + 2 for every n 2= 4.

Proof. Let G be a graph with n vertices (n = 4) such that none of its spanning
trees has more than three vertices. At first assume that G has a Hamiltonian circuit C
consisting of the vertices u, ..., u, and theedges u;u;,, fori = 1,...,n — 1and u,u,.
Assume that there exists an edge u,u; where |i — j| = 3 (the difference is taken
modulo n). Without any loss of generality let i = 1; then j %2, j % 3,j+n — 1,
Jj # n. Let T, be a subgraph of G consisting of the vertices u,, uy, u;_, uj, u;i,, ,
and of the edges wuu,, u u,, uyuj, u;_ u;, uu;,q; it is a tree in which all edges
except uu; are terminal, therefore with four terminal edges. The tree T, is a subtree
of some spanning tree T of G which has at least four vertices, which is a contradiction.
Therefore any edge not belonging to C is uu;,, for some i, 1 < i < n (the sum
i + 2 is taken modulo n). Let there exist an edge u,u; (without any loss of generality)
and some other edge u;u;,, (wl}ere j #1). Evidently j #+ 3, j + n — 1, because
otherwise u; or u;,, would have the degree at least four. Assume 4 < j < n — 2.
The there exists a subgraph T, of G consisting of the vertices uy, ..., ;. , and of the
edges u uz, uju;,, and uu;,q for i = 2,...,j. It is a tree with four terminal edges
Uy, Ulis, U4, UU; 4, and we obtain a similar contradiction as in the preceding
case. Therefore an edge of G not belonging to C and different from u,u; can be only
u,u, Or u,u,; they cannot exist both, because u, would have the degree at least four.
Therefore G has at most n + 2 edges. Now assume that G has no Hamiltonian circuit.
Let C, be the circuit of the maximal length [ in G, let its vertices be vy, ..., v; and its
edges vv;,4 for i = 1,...,,1 — 1 and vp,. Let there exist two vertices wy, w, not
belonging to C and joined by edges with vertices of C. If the length of C is at least 5,
we can choose an edge e of C such that w, and w, are joined with the vertices v;, v;
which are consequently not incident with e. The tree whose edges are all edges of C
except e and v;w,, v;w, (We may have v; = v;) is a subtree of G with four terminal
edges. Thus if the length of C is at least 5, there may exist only one vertex w not
belonging to C and joined with a vertex of C. For the edges joining two vertices of C
and not belonging to C the same holds as in the case of a Hamiltonian circuit. So
assume that there are two such edges; let one of them (without any loss of generality)
be v,v; and the other v;v,. There exist two subtrees of G with three terminal edges not
containing w, namely T, with the edges v,v;,, for i = 2,...,1 — 1 and v,v; and T,
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with the edges v, for i =3,...,1 — 1, vjv;, v,v,. If w is joined with some v,,
where 4 < i £ 1 — 1, then by adding the vertex w and the edge u;w to T, or to T,
we obtain a tree with four terminal edges. If w is joined with v; or v,, then by adding w
and vyw or v;w to T, or T, respectively we obtain also a tree with four terminal edges.
If w is joined with v, or v,, then v, or v, has the degree at least four. We have proved
that if there are two edges joining vertices of C and not belonging to C (for C of the
length at least 5), then C must be a Hamiltonian circuit of G. Now assume that there
exists one edge joining two vertices of C and not belonging to C; analogously to the
case when C is Hamiltonian this edge is (without any loss of generality) v;v;. Then
there exist two subtrees of G not containing vertices outside of C with three terminal
edges, namely T; with the edges v;v;,, fori =4,...,1 — 1, v, v;v,, v,v; and T,
with the edges v, for i = 2,...,1 — 1, v,v;. If w is joined with v; for 4 < i <
< | — 1, then by adding w and v,w to T; or T, we obtain a tree with four terminal
edges. If w is joined with v, or v, then by adding w and v;w or vyw to T; or T,
respectively we obtain also a tree with four terminal edges. Thus w can be joined only
with u,. If there are two vertices x,, x, joined with w and not belonging to C, then by
adding the edges v,w, wx,, wx, to T or T, we obtain again a tree with four terminal
edges. Thus w can be joined only with one vertex w; not belonging to C; analo-
gously w, can be joined only with one vertex w, not belonging to C and different
from w etc.; therefore the subgraph of G generated by v, and all vertices not belonging
to C is an arc. We have proved that the subgraph generated by the vertices of C has
at most ! + 2 edges, if C is Hamiltonian, or at most I + 1 edges, if there are some
vertices not belonging to C. In the former case C is Hamiltonian and I = n, thus
1 + 2 = n + 2. In the latter case the number of vertices not belonging to Cis n — 1
and, as they generate an arc, the number of edges joining vertices not belonging to C
is n — I — 1 and there is one edge joining a vertex not belonging to C, namely w,
with a vertex of C, namely v,. The total number of edges of G is at most n + 2.
From the proof it follows that this bound can be always attained. It remains to discuss
the case when the length of the longest circuit in G is less than 5. If it is 3, then any
circuit of G is a lobe of G, therefore any lobe of G is either a triangle, or a bridge.
Assume that two lobes L,, L, of G are triangles. If they have a common vertex, it
has the degree at least-4, which is impossible. Otherwise we take an arc joining
a vertex v, of L, with a vertex v, of L, and having no edge in common with L, and L,.
The tree consisting of this arc, of two edges from L, incident with v, and of two edges
of L, incident with v, has four terminal edges, namely the edges of L, and L, incident
with v; or v,. Therefore G can have at most one lobe which is a triangle, the others
being bridges. The cyclomatic number of G is at most 1, thus G has at most n edges.
If the length of the longest circuit in G is 4, then any lobe of G is either a bridge or
a triangle, or it consists of a system of at least two edge-disjoint arcs of the lengths 1
or 2 joining two vertices a and b. Analogously to the preceding case we can prove
that there is at most one lobe which is not a bridge. According to the assumption it
cannot be a triangle, thus it is of the last type. The number of paths joining a and b
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can be at most three, otherwise a and b would have the degree greater than three. If
they are two or three, the cyclomatic number of G is 1 or 2 respectively, and the
number of vertices of G is n or n + 1, respectively.

Theorem 4. t(n, n — 3) = 4n> — $n + 5 for every n 2 5.

Proof. Let G be a graph with n vertices (n = 5) such that none of its spanning
trees has more than n — 3 terminal edges. Investigate the complement G of G. The
graph G has the following properties:

(a) the degree of any vertex of G is at least two;
(b) the diameter of G is at most two;
(c) the complement G of G is connected.

If G had not the property (a), there would exist some vertex u of G of the degree 0 or 1.
This vertex would have the degree n — 1 or n — 2 in G, therefore the star with the
center u would be a subtree of G with more than n — 3 terminal edges. If G had not
the property (b), then there would exist two vertices u,, u, of G with the distance
greater than two. There would not exist any vertex joined with both u, and u, and
these two vertices also would not be joined together. This means that in G any
vertex would be joined at least with one of the vertices u,, u, and there would exist
the edge u,u,. For any vertex of G different from u, and u, we choose one edge
joining it with u, or u,; these edges together with u,u, would form a spanning tree
of G with n — 2 terminal edges. The condition (c) follows from the text of the problem,
because only connected graphs have spanning trees.

We can construct a graph G, satisfying the conditions (a), (b), (c) and having
2n — 5 edges. This is the graph whose vertex set is u;, u,, vy, ..., V,—4, Wy, W, and
whose edges are u,v; and u,v, for i = 1,...,n — 4, and further u,wy, wyw,, u,w,.
This graph G, contains.n vertices and 2n — 5 edges. We shall prove that there does not
exist any graph with less than 2n — 5 edges satisfying the conditions (a), (b), (c).
Assume that there exist a graph G, with n vertices and less than 2n — 5 edges
(n = 5) satisfying the conditions. At least one of the vertices of G, must have the
degree less than four; in the opposite case G, would contain at least 2n edges. Thus
also the vertex connectivity degree of G, is at most 3. Let R be a cut set of G; with
the minimal number of vertices. At first assume that |R| = 1, thus R = {a}, where a
is some cut vertex. If u, v are two vertices of G, separated by a, then they must be both
joined with a, because their distance cannot be greater than two and any arc joining
them must contain a. As these vertices were chosen arbitrarily, this implies that a is
joined with all other vertices of G,. Then a is joined with no other vertex in the
complement of G, and is an isolated vertex; therefore this complement is not
connected, which contradicts (c). Assume |R| = 2, thus R = {a,, a,}. Let K;, ..., K,
be the connected components of the graph obtained from G, by deleting the vertex
set R and all edges incident to it. Assume that in K, (without any loss of generality)
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there exists a vertex u, joined with a, and not with a, and a vertex u, joined with a,
and not with a,. Let v be a vertex of some K, for i # 1. It must have the distance at

most 2 from both u, and u,, therefore it must be joined with both a, and a,. As v
]

U K; must be joined with both a,; and a2;

was chosen quite arbitrarily, any vertex of
. i=2

I
Let m be the total number of vertices of {J K;; then the number of edges not incident

i=2

with vertices of K, is at least 2m. The component K, contains n — m — 2 vertices.
It must be connected, thus it contains at least n — m — 3 edges. Each vertex of K,
must be joined with some vertex of R, therefore there are at least n — m — 2 edges
joining vertices of K, with vertices of R. The graph G, has then at least 2m +
+(n—m=2)+(n—m—3)=2n — 5 edges. Now assume that in K, there is
a vertex u, joined with a, and not with a,, but all vertices of K, are joined with a;,.
Then in K; for each i = 2, ..., ] also all vertices are joined with a, and there may
also exist in it some vertices joined with a, and not with a,. Let M be the set of vertices
of G, not belonging to R joined with a, and not joined with a,. Let M; for i =
= 1, ..., | be the intersection of M with the vertex set of K, Consider a connected
component of the subgraph of G, generated by the set M;; let p be its number of
vertices. As this component C is connected, it contains at least p — 1 edges. As any
of its vertices is joined with a,, we have further p edges incident with vertices of this
component. This component C is a subgraph of some K; and evidently a proper
subgraph; otherwise no vertex of K; would be joined with a, and a, would be a cut
vertex separating vertices of K; from other vertices of G;. Therefore there exists at
least one edge joining a vertex of C with some other vertex of K;. We have at least 2p
edges incident with vertices of C and with no other vertices of M. Therefore if |[M| =
= g, then there exist 2g edges incident with vertices of M (this number was obtained
as a sum over all such components C). Any of the vertices not belonging to M U R
are joined with both a, and a,. As the number of vertices not belonging to M U R
isn — g — 2, we have 2n — 2q — 4 edges joining these vertices with the vertices of R.
Thus G, has at least 29 + (2n — 2g — 4) = 2n — 4 edges. If all vertices not be-
longing to R are joined with both a, and a,, the graph G, has evidently also at least
2n - 4 edges. .

Finally assume that |R| = 3, thus R = {ay, a,, a;}. We shall prove that in each
of the components K, ..., K,, except at most one, either there exists a vertex joined
with all vertices of R, or there exist two vertices, each of which is joined with two
vertices of R. Assume that K, has not this property; i.e. that at most one vertex of K,
is joined with two vertices of R, any other vertex being joined exactly with one vertex
of R. If each vertex of K, is joined only with one vertex of R, there must exist three
vertices uy, u,, u3 of K, so that u; is joined with a; for i = 1, 2, 3, and with no other
vertex of R (otherwise the vertex connectivity degree of G; would be less than three).
Any vertex of K, for i = 2, ..., | must have the distance at most two from all three
vertices uy, u,, u3, therefore it must be joined with all the vertices a,, a,, a;. If there
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exists a vertex v of K, joined with two vertices a,, a, (without any loss of generality)
of R and not with a, and all other vertices are joined only with one vertex of R each,
then there exists a vertex u; of K, joined with a; and with no other vertex of R. Any
vertex of K; (i = 2,..., 1) must have the distance from both v and u, at most 2,
therefore it must be joined with a; and one of the vertices a,, a,. If this K; contains
only one vertex, it must be joined with all vertices of R, because we have assumed that
the vertex connectivity degree of G, is 3 and therefore each vertex has the degree at
least 3. If K; contains two different vertices wy, w,, any of them must be joined with a,
and one of the vertices a,, a,. Any of the components K; (i = 1, ..., ]) must contain
at least k; — 1 edges, where k; is the number of its vertices, and there are at least k;
edges joining its vertices with vertices of R; therefore there are at least 2k; — 1 edges
incident with vertices of K;. But if for some K; this number is exactly 2k; — 1, this
means that any vertex of K, is joined exactly with one vertex of R; then any vertex
of K; for j = i is joined with all vertices of R. Then the graph G, contains at least
3(n — k; — 3) + 2k; — 1 = 3n + k; — 10 vertices, which is more than 2n — 5,
because n > 5. If exactly one vertex of K; is joined with two vertices of R and any
other vertex of K; is joined only with one vertex of R, then there are at least 2k;
edges incident with vertices of K; and any vertex of K; for j & i must be joined at
least with two vertices of R; if such K consists only of one vertex, it is joined with all
vertices of R, otherwise there exists at least one edge of K;. Thus there are at least
2k; + 1 edges incident with vertices of K; for j = i (k; is the number of vertices of K )
and the total number of edges of G, is at least 2n — 5. If in each K either there are
two vertices joined with two vertices of R, or there is a vertex joined with all vertices
of R, then there are 2k; + 1 edges incident with vertices of K; and G, has at least
2n — 4 edges. We have proved that there does not exist any graph satisfying (a), (b),
(c)and havingless than 2n — 5 edges. The existence of such a graph with exactly 2n — 5
edges had been proved before. The graph G with the property that none of its spanning
trees has more than n — 3 terminal edges and with the maximal possible number of
edges is a complement of such a graph. Therefore its number of edges is 4n(n — 1) —
—(2n - 5) =1n® — 3n + 5,qed.

Theorem 5. t(n, n — 2) = 4n*> — n for n even, 1(n,n — 2) = 4n*> —n — % for n
odd, n = 4.

Proof. The only tree with n vertices and n — 1 terminal edges is a star. A star can
be a spanning tree of a graph G if and only if G contains a vertex u joined with all
other vertices, i.e. of the degree n — 1. Therefore we look for a graph G with n
vertices with the maximal number of edges, in which no vertex has the degree n — 1.
For n even such a graph is a regular graph of the degree n — 2; it contains 3n* — n
edges. For n odd such a graph does not exist, but there exists a graph, one of whose
vertices has the degree n — 3 while all others have the degree n — 2. This is evidently
the required graph and its number of edges is 4n> — n — 1.
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Theorem 6. 7(n, n — 1) = 4n® — n for every n 2 3.
Proof is easy, it is left to the reader.

Remark. The English terminology of the graph theory used in this paper is that
of [1].
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DEGENEROVANA n-ROZMERNA CENTRALNi AXONOMETRIE

VAcLAV PECINA, Liberec
(Doslo dne 2. dubna 1971)

Budeme se zabyvat nékterymi vlastnostmi degenerované centrilni axonometrie,
zejména pak tim, zda pro degenerovanou axonometrii plati existen¢ni véty obdobné
znamym existenénim vétam centralni axonometrie nedegenerované. Nékteré zakladni -
uvahy tykajici se uvedené problematiky jsou provedeny L. DRSEM v préci [1].

Oznaéme E* k-rozmérny rozsifeny eukleidovsky prostor a L(oy, oy, ..., &) linearni
obal linearnich prostori ay, a5, ..., .. Konfiguraci navzijem riiznych bodt O, 4;, B;
i=12,.., n) nazveme n-ramennd, k-rozmérnd polyedrickd konfigurace a ozna-
&me Kt = {0, A;, B}, jestlize kazda trojice O, A;, B; (i = 1,2,...,n) je tvofena
kolinearnimi body, jestlize body O, A4; jsou vlastni a jestliZe pro pfimky x; = 0A,
plati L(x,, x,, ..., x,) = E*(k, n, r jsou pfirozena &isla, 2 < k < n).

Konfiguraci K} = {0, 4;, B;} nazveme kartézskd, jestlize body B; (i = 1,2, ..., n)
jsou nevlastni a soustava vektorl (_).A>i (i =1,2,..., n) je ortonormalni.

Konfiguraci bodit 0, 4;, B; (i = 1, 2,..., n) nazveme degenerovand n-ramennd,
k-rozmérnd konfigurace (k < n) a oznagime D} = {0, 4,, B;}, jestliZe O = 4, = B,
a body O, A;, B; (i = 2,3, ..., n) tvofi (n — 1)-ramennou, k-rozmémou polyedric-
kou konfiguraci.

Analogicky jako v pfipadé nedegenerované centralni axonometrie budeme dale
zkoumat, zda lze danou degenerovanou konfiguraci °D] (podrobenou eventueln&
n&jaké linearni transformaci) uvést do perspektivni polohy s danou polyedrickou
konfiguraci K.

Véta 1. Nechf je ddna polyedrickd konfigurace K, = {0, A;, B;} = E" a degene-
rovand konfigurace °D}~' = {°0, °4,, °B;} = °E"™* (n = 3). Necht S * O je libo-
volny bod primky x, = OA, a E""! < E" libovolnd nadrovina neprochdzejici
bodem S. Pak existuje centrdlni projekce 2 s basi [S, 'E"~1] a projektivni transfor-
mace & : °E"~1 - 1E""1 tak, e PKT = #°D} 1.

Dukaz. Necht IT : °E"~! —» E"~! = L(x,, X3, ..., X,) je projektivni transformace,
pro kterou °4; - A4;, °B; - B; (i = 2,3, ..., n); pak je O = IT°0. V kaZdé centralni
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projekci 2 s basi [S, 'E""!], kde Sex, = 04, je vlastni bod (S + 0) a 'E"™!
libovolna vlastni nadrovina (S ¢ 'E"""), je 2K = 211°D;™", tj. 2K, = 2°D;7,

kde # = 21T : °E*~! - 'E""! je projektivni transformace,

Véta 2. Necht je ddna polyedrickd konfigurace K, = {0, 4;, B;} = E" a degene-
rovand konfigurace °D} ™! = {°0, °4,,°B;} = °E"~! (n = 3). Pak existuje centrdl-
ni projekce 2 s basi [S,'E""'] (Sex, = OA, je vlastni bod, S + 0) a afinita
o :°E""1 o E""1 5 libovolnym kladnym modulem tak, e K% = o°Di™".

Dukaz. Pfifazenim °0 —» 0, °4;, > 4;, °B, > B, (i =2,3,...,n) je stano-
vena projektivni transformace IT : °E""! - E"™! = L(x,, X3, ..., X,), kde x; = OA,.
Je-li °V;” nevlastni bod ptimky °x; = °0°4,(i = 2,3,...,n)aV, = 0%, (i = 2,3, ...
..o n), pak je L(V,, Vs, ..., V,) = E*"2 Zvolime-li libovoln& vlastni bod Sex; =
= 0A,(S # 0), pak v disledku S ¢ E*"2 je L(S, E""%) = 'E"~!. V centralni projek-
ci 2 s basi [S, 'E""!], kde 'E""! je libovolna nadrovina rovnob¥&Zna s nadrovinou

'E"(S ¢ 'E"Y), je (podle véty 1) 2K = #°D, ", kde # : °E"~' — 'E"~! je projek-
" tivni transformace. Z rovnob&Znosti 'E*~! | *E"~* nadrovin 'E"~!, 'E"~! plyne, Ze
podprostor 'E"~2 = #E"~? je nevlastnim podprostorem nadroviny 'E""! a po-
névadz 'E""% = R°E""2, kde °E""2 = L(°V;", O3S, ..., °F,°) je nevlastni podprostor
nadroviny °E""1, je # afinita. Bude-li pfi pevném S priim&tna 'E"~! nabyvat viech
moznych poloh rovnob&Znych s 'E"~* (S ¢ 'E*~') budou si centralni projekce konfi-
gurace K? odpovidat v homotetii # : E* — E", a tedy 2K} = ##°D.~'. PonévadZ
koeficient homotetie s nabyva vSech nenulovych hodnot, nabyvd modul afinity
o = H R viech kladnych hodnot.

Véta 3. Necht je ddna polyedrickd konfigurace K = {0, 4;, B}} < E" (n 2 3)
a degenerovand konfigurace °D}~' = {°0,°4,,°B;} = °E"~'. Nechr (OA;B) *
#+ (°0°4,°B), i = 2,3,...,n, a necht V(°W)) je ubénik pFimky x(°x;) v projek-
tivnosti bodovych Fad x(0, A;, B;, ...) A °x(°0,°4,,°B;,..), i =2,3,...,n.

Nutnd a postaéujici podminka pro existenct centrdIni projekce 2 s basi [ S, 'E"™1],
v ni PK; = °D;", je existence vlastniho bodu Sex, = 0A, (S + O) takového,
Ze simplexy S""Y(S, V,, Vs, ..., V), °S" (%0, °W,, °Ws, ..., °W,) jsou podobné.

Diikaz. (obr. 1 pro n = 3; v obr. nejsou vyznageny viechny body A4;, B; a neni
vyznaCena dana °E"~'). Nejprve ukéaZeme, 7¢ podminka je postadujici. Necht tedy
existuje vlastni bod Sex, (S % 0) tak, ze S""! ~ °5""! Pfifazenim °0 - S,
'W,-V, (i=2,3,...,n) je stanovena podobnost IT:°E"~! - 'E*~! ('E""! =
= U(S,V,, Vs, ..., V,)). Sestrojme konfiguraci 'D}~* =.{0’, 4}, B} tak, aby 'D}~! =
= I°D:~!. UvaZujme nyni translaci 7 : E" —» E", uréenou vektorem 5_-5, ozname
"D~ = {0”, A}, B} degenerovanou konfiguraci 7'D}~" a zvolme centrélni pro-
jekci 2 s basi [S, 'E*'], kde 'E"~! je nadrovina rovnob&na s nadrovinou 'E*~!
(LEn—l * lEn—l). ’
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Ukézeme nejprve, ze je 2K} = 2'D;~!. Oznatme 2K} = 'D}™! = {'0, '4,, 'B}.
Je PO" = PO = PA, = PB, = 10. Px, = ‘W V", kde ‘W, = PW>, V& = PV,
i=23..,nJeli W/ =9V, (i=23,...,n), je W/S=Ix, atedy W/S | x;
odtud plyne ZW° = W, ='W, (i = 2,3,...,n). Je-li dale V;*(V/®) nevlastni

Obr. 1.

bod ptimky x; = 0"A] (x; = SAj)), i =2,3,..., n, pak v disledku O"W; = TSV,
a’E"" || 'E"! je 2V, = V{® = 'V{°, kde 'V° je nevlastni bod piimky 'x; = 10" 4,
(i=23,..,n); je tedy Px; =Px;='x;, (i=23,...,n). Qzmatme 'A7 =
=24 (i=23,..,n). V disledku 20" = 10, PW, ='W, PV/= V2 (i =
=2,3,...,n)plati

(1) (O"WVI2A)) = (10'WIVEIAY), i=23,...,n.

Pondvadz 0" = FI1°0, W/ = TII°W,, V{® = TO> a A} =JII°4, i=

=2,3,...,,n,je (vdisledku S'W, || x;, i = 2,3,...,n)
() (0"WV=A;) = (CO°WOV°4,), i=2,3,...,n.

PongvadZ body °W(V;) jsou wb&niky v projektivnosti bodovych fad °x; & x;
" (i=2,3,.., n) a centrélni projekci 2 se zachova dvojpomér, plati

(3) (OOOWiOV‘woAl) = (OWiniAi) = (101 WiIV‘CDlA') s i= 2, 3, e (3
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Z (1), (2) a (3) plyne (10' WV 4) = (10'WV14Y), a odtud 4, = 'A%, i =
=2,3,..,n Je tedy 24, = PA] (i =2,3,...,n). Analogicky ukaZeme, Ze téZ
PB; = #B (i = 2,3, ..., n). Pak je oviem 2K} = #'D;"".

Pon&vad? konfigurace "D}~ a 'D2™! le#i v rovnob&’nych nadrovinach, jsou po-
dobné. Bude-li primétna 'E"~! nabyvat pfi pevném S viech moZnych poloh (S ¢
¢ 'E"" 1) rovnob&Znych s 'E"~*, pak centralni projekce !D}~! konfigurace K" ze stfe-
du S do nadrovin 'E"~! budou homotetické (koeficient homotetie bude nabyvat
viech nenulovych hodnot), a ponévadz "D}~ ~ °Di™', lze vybrat 'E""! tak, Ze
1=t = Opp=t,

Nyni dokaZeme nutnost podminky. Nechf existuje projekce 2 s basi [S, 'E""!]
tak, ze 2K} ='D,"' = {'0,'4,,'B;}, D)~ = °D}~'. Pak nutné Sex, = 04,
(S + 0). Nadrovina 'E""! je rovnobézna s nadrovinou 'E*~! = I(S, V,, Vs, ..., V,)
a nevlastni body W;° ptimek x; = OA; se promitaji pfimkami S'W; | x; (i =
= 2,3,..., n), pti¢emz 'W, = PW, (V}) je Gb&Znik pfimky 'x; = 2x, (x;) v projek-
tivnosti bodovych fad 'x('0,'4,'B,,...) A x(0, 4;,B;,...), i = 2,3, ..., n. Po-
névadz simplexy 'S"71(*0, 'W,, ‘W3, ..., 'W,), S"7X(S, Vo, Va, ..., V,) jsou fezy trsi
ptimek S(x, S'W,, S'W;, ..., S'W,), O(x,, x,, ..., x,) rovnob&Znymi nadrovinami
BB, e (v dbisledku S'W; | x)) STt ~ S"TE Z 1S~ 9" pak plyne
Sn—l ~ Osn-l'

Véta 4. Necht je ddna kartézskd konfigurace K, = {0, A;, BY} = E" a degenero-
vand konfigurace °D;"! = {°0,°4,,°B;} = °E"" ' (n = 3), a necht°B; (i = 2,3,...
..., n) jsou vlastni body. Oznaéme A; = 1 — (°0°4,°B)), i = 2,3, ..., n.

Nutnd a postacujici podminka pro existenci takového bodu Sex; = OA,
(S + 0) a takové nadroviny 'E"~! < E", %e v centrdlni projekci 2 s basi [S, *E'™ ']
plati PK: = °D:™1 je: existuji redlnd cisla p >0, k > 0 takovd, %e °0°B; =
= k(1 + (1/42)),°BB; = k J((1/2?) + (1/A3)), i * j; i,j = 2,3,...,n.

Dukaz. Nejprve ukaZeme nutnost podminky. Necht v centralni projekci £ s basi
[S,'E""1] je K] ~ °D;~'. Pak v disledku véty 3 je S vlastni bod takovy, Ze S e
€x, = 0A, (S + 0) a simplexy $"~'(S,V, V3, ..., V,), °""*(°0, °B,, °B,, ..., °B,)
jsou podobné, pfi¢emZ V; (°B;) je tib&znik piimky x; (°x;) v projektivnosti bodovych
fad x(0, A;, BY,V,,..) & °x(°0,°4,,°B;, V>, ...), i=2,3,...,n. Z rovnosti
dvojpomérii (04;BV;) = (°0°4,°B,°V{°) pak plyne

1. 0poy0 1 _
| I =(°0°4°B) =1 — 4,,
a odtud . . . .
1-p=20 W04, 04
ov, ov, ov,

i =2,3,...,n. Z pfedchozi rovnosti pak plyne 4; = (74}/617, a odtud v dusledku
IOA,I = 1lje |0V = 1/]A| pro i = 2,3, ..., n. Pon&vadz K] je kartézsk4 konfigurace,
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musi byt V,¥; = /((1/A?) + (1/27)) a z podobnosti simplexi §""! ~ "~ plyne
existence &isla k > 0 takového, %e °B°B; = k. /((1/4}) + (1/A})), i *j; i,j =
= 2,3,..., n. Oznadime-li |_0_§| =pu>0,je SV, =1+ (1/A}), i =2,3,...,n,
a v disledku S""! ~ °5"~! je tedy °0°B; = k. /(u* + (1/A})), i = 2,3,...,n.

Nyni dokaZeme, Ze podminka je postalujici. Necht existuji redlna &isla u > 0,
k > 0 tak, Ze

©) °0°B; = k/(u* + (1/47))
(2) °B°B; = k. J(1/A}) + (1/23)), i+j; 4j=23,..,n.

Zvolme bod S ex, = 04, tak, aby |6‘S_’| = p a sestrojme ub&Zniky V, pfimek x,
v projektivnostech bodovych fad x40, 4;, BY,...) & °x,(°0, °4,,°B,,...), i =
=2,3,...,n (zfejm& je pfitom °B; ub&Znikem pfimky °x, v téZe projektivnosti).
PongvadZ K} je podle pfedpokladu kartézska konfigurace, nalezneme (analogicky
jako v prvé &asti diikazu) ViV; = /((1/A}) + (1/43)), SV; = J(p* + (1/4})), i j;
i,j =2,3,...,n Pak v disledku (1) a (2) plati °0°B, = k SV, °B,°B; = k V¥,
(k>0, i%+j;ij=23,...,n) a simplexy S"" (S, V,,Va,..., %), °(°0, °B,,
°Bs, ..., °B,) sou podobné. Pak v disledku v&ty 3 existuje centrilni projekce 2
(s basi [S, *E""1]) tak, Ze 2K} ~ °D;™ 1.

Véta 5. Necht je ddna polyedrickd konfigurace K = {0,4,,B;} = E* a degenero-
vand konfigurace °D} = {°0, °4;, °B;} = °E™ (2 £ m < n). Pak existuje centrdlni
projekce 2 v E* s basi [E*™™"', 'E™] a afinita o : °E™ > 'E™ 5 libovolnym kladnym
modulem tak, Ye K] = o/°D].

Dikaz. a) Necht n > m + 1. Vzhledem k rozm&ru konfigurace °D}} musi existo-
vat takové &islo i z posloupnosti 2, 3, ..., n — m + 1, Ze L(®x;, ®%;0 45 ooy OXppyioy) =
= %E", kde °x; = °0°4;. Bez ujmy na obecnosti miZeme predpoklidat i = 2,
a tedy °E™ = L(°x,, °x3, ..., ®X,+,). UvaZujme konfiguraci K] 1] = {0, 4,, B;}, ktera
je &asti') konfigurace K a konfiguraci °Dj,; = {°0, °4,, °B,}, ktera je Casti konfi-
gurace °D}’. Podle vty 2 existuje v prostoru E™*! = L(xy, X,, ..., X+ 1) (i = 04))
centralni projekce & s basi [S, 'E™] (Se x, = 04,, S + 0) a afinita & : °E™ — 'E™
s libovolnym kladnym modulem tak, %e¢ ZKGi = #°Dh,., = 'Dph., = {10,
14,, 1Bi}.

Sestrojme nejprve v 'E™ konfiguraci &#°D] = D} = {*0, '4,, 'B;} (obsahuje
zfejm& 'DJ,,, jako svoji &st), zvolme 'E™ za primé&tnu centralni projekce 2 v E"
a hledejme stfed projekce 2 tak, aby 2K = DT. Dvojice pfimek . I -
'BpiaBpiw @ =2,3,..,n —m, jsou tvofeny mimob&inymi pfimkami, leZicimi

') Konfigurace K = {0, 4,, B;} je sti konfigurace ki = {0,4,B;} w<gq, r<3),
jestlize ob& konfigurace maji spole¢né body O, 4 » By i=1,2, ..., v; analogicky pro degenero-
vané konfigurace. .
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vidy v témZ trojrozmérném prostoru s bodem S a lze tedy sestrojit jejich pficky g,
(x=2,3,. m) prochizejici bodem S. Pro n — m — 1 p¥imek q,, qs, ...
i U o plati (jak se snadno piesvédeime) L(qy, g3, ... Gu-m) = E*™™"1 (kdyby
tOtlZ dn-m < (425 G35 --.s Gn-m—-1), Pak v disledku (g, g3, ..., Gpm-1) < L(xy,
X35 ees Xp—q) = E"7! by té% 4,4, < B! a tedy i 4, < E'”Y, coZ je ve sporu
s pi‘edpokladem o rozméru konfigurace Kj; analogicky ani Zadné jind p¥imka g,
nemilZe le¥et v prostoru vytvofeném zbyvajicimi). Vezmeme-li nyni centralni pro-
jekci 2 v E" s basi [E"™™"1, 'E™], je nejprve v dusledku S < E"™""! 2K"i] =
= PKnii = 'Dpsy. Oznalime-li An,, = 'ApiaAmia N o> Buta = 'BuiaBmia N
n /P (a = 2 3! cees B — m)’ je gAm+a = Arcn+¢Am+a n lEm = 1Am+¢v gBm+a =
= B ,.B,..,N'E"=1B,,,a=23,..n—m Jetedy K" = D" = o/°D".
b) Je-lin = m + 1, plyne tvrzeni bezprostfedn& z véty 2.

Véta 6. Nechf je ddna kartézskd konfigurace K} = {0, A,, BY} < E" a degenero-
vand konfigurace °D; = {°0,°4,,°B;} = °E" (2 £ m < n). Necht°B; (i = 2,3, ...,
...sm + 1) jsou vlastni body a necht L(°0°B,, °0°B,, ..., °0°B,,,,) = °E™. Oznaé-
med; =1 — (°0°4,°B), i =2,3,...m + 1.

Postacujici podminkou pro existenci centrdlni projekce 2 v E" s basi [E*"™"!,
1E™], v niz 2K}, = °D}, je existence redlnych cisel u > 0, k > 0 takovych, Ze v kon-
figuraci °Df plati °0°B; = k \/(u* + (1/42)), °B°B; = k \/((1/22) + (1/43)), i * J;
ihj=23,..,m+ 1

Dikaz. a) Nech{ n>m + 1. Uvazujme konfiguraci K}1] = {0, 4, B},
ktera je &asti konfigurace K] a konfiguraci °Dj,, = {°0, °4;, °B;}, ktera je &asti
konfigurace °DJ. PonévadZ podle pfedpokladu existuji &sla k > 0, u > 0 tak, Ze
°0°B; = k /(p* + (1/42)), °B,°B, =k J((12D) + (1A3), i *j; i,j =2,3,.
...,m + 1, lze na konfigurace K"t} a °D7,, uZit v&tu 4 a v prostoru E"*! =
= L(xy, X2, ..y Xms1) (X; = O4,) existuje tedy centralni projekce 2 s basi [S, 'E™]
(Sex;, S+ 0) tak, Ze °Dj,, = ZK}t] ='Dh.y = {*0,'4,,*B;}. Sestrojme
v 'E™ konfiguraci D] = {10, '4,, 'B;} shodnou s °D} tak, aby obsahovala ‘D,
jako svoji ¢ast. Analogicky jako v diikazu pfedchozi véty pak nalezneme, Ze v central-
ni projekci # s basi [E"~™"!, 1E™], kde E""™"! = L(q,, 43, ..+, Gn—m) j€ Prostor
vytvofeny piitkami g, mimob&¥ek 'A,.,Amias ‘BmiaBmia (@ =2,3,....,n — m)
vedenymi bodem S, je K} = DT =~ °Dr.

b) Je-lin = m + 1, plyne tyrzeni bezprostfedn& z véty 4.
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Zusammenfassung

DEGENERIERTE #-DIMENSIONALE ZENTRALAXONOMETRIE

VAcLAV PECINA, Liberec

Im Artikel werden einige Existenztheoreme der degenerierten Zentralaxonometrie
gefunden. Gegeben sind notwendige und hinreichende Bedingungen fiir die Existenz
der Zentralprojektion £ aus einem Punkt in eine Hyperebene (im n-dimensionalen,
erweiterten euklidischen Raum E” (n = 3)), bei der die Projektion der n-schenkeligen,
n-dimensionalen polyedrischen Konfiguration K mit der gegebenen degenerierten
Konfiguration °D?~! kongruent ist. Die hinreichenden Bedingungen sind dann fiir
den Fall der Zentralprojektion von dem (n — m — 1)-dimensionalem Zentrum im
m-dimensionalen Unterraum E™ (2 £ m < n) verallgemeinert.
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ON THE RELATION OF SOLUTIONS AND COEFFICIENTS
OF LINEAR DIFFERENTIAL EQUATION

Jikf JArRNIK, Praha
(Received April 8, 1971)

0. Let be given k functions

(1 x4(2), x5(8), ..., (%)

with continuous derivatives up to the n-th order in the interval I = (a, b), k < n.

Denote
x4(1), coes X2)

© O

194, - .., xF N
for t e I and assume

3) rank H(t) = k

for all t e I. The following theorem is proved in [1], p. 210 and in [2] by different
methods: There is a differential equation

4 YO+ p()y* P+ .+ pi()y + P()y =0

with coefficients py(¢), ..., p,(f) continuous in I such that functions (1) are its solu-
tions. It can be easily verified step by step that the method presented in [2] (i.e.,
completing the family of functions (1) to a system of n functions whose wronskian
is different from zero for all ¢ € I) yields all such equations. On the other hand, Ascoli
in [1] constructs just one equation. It is the aim of this paper to show that by an
obvious generalization of Ascoli’s method it is possible to obtain again all the equa-
tions of the required properties provided there is no ¢ € I such that x{”(f) = 0 holds
simultaneously for i = 1,2,..., k. :

1. Theorem. Let functions (1) be defined and have continuous n-th derivative in the
interval I = (a, b). For every teI let there exist i€ (1,2, ..., k) such that x{"(t) +
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# 0. Let (3) hold. Then functions (1) are solutions of equation (4) if and only if
there exists a positive definite (n x n)-matrix A(t) defined and continuous for all
tel so that

(5) p = —AH(H*AH)™' x®

where p = p(t) = (p,(t), ..., ps(t)), x® = x(t) = (x{(2), ..., x"(t)) and the
asterisk denotes transposition of the matrix. (All vectors occuring in the paper are
to be considered column vectors.)

Remark 1. Matrix H*4AH is obviously regular, even positive definite:
(H*AHu, u) = (AHu, Hu) = (Av,v) >0, v = Hu.

Remark 2. Let us mention the relation of Theorem to the result of Ascoli [1].
If ¢ is the solution of H*He = —x™ (which is unique), then putting p = Hop we
obtain an equation (4) with solutions (1). (This is Ascoli’s result.) Taking the solution
of H*AHp = —x™ instead, then p is expressed by (5).

Proof. If (5) holds, then H*p = —x™, i.e.

PuXj + PuciX) + oo 4 pyxPTY = —x

for j = 1,2, ..., k. Hence functions (1) are solutions of (4).

To prove that (5) is a necessary condition, let us establish

2. Lemma. If u, v are n-vectors, (u, v) > 0, then there is a symmetrical positive
definite matrix A such that v = Au.

Proof. Consider first n = 2, u = (uy, 0), v = (v, v;). By an elementary calcula-
tion we obtain from v = Au that

s S )
b
u; U
(6) A=
L
’
Uy

with an arbitrary c. Since in this case (u, v) = u,v; > 0, det 4 = vycfu; — (v5[uy)?, it
is sufficient to choose ¢ > v3[(u;v,) > 0 in order that the matrix A be positive
definite.

If now u, v are general n-vectors, then a rotation maps them onto vectors p =
=(p1,0,...,0), ¢ = (41, 42, 0, ..., 0). The matrix B of the rotation is orthonormal
ie. B™! = B* and hence (p, q) = (Bu, Bv) = (u, B*Bv) = (u, v) > 0.
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According to the first part of the proof there is a symmetrical positive definite
(2 x 2)-matrix C, § = Cp where p = (p;,0), § = (q,, q,). Put

0,...,0
€ ...,0
M= |00,
0,0, P

where D is an arbitrary symmetrical positive definite matrix of order n — 2. Then
obviously ¢ = Mp. As B~! = B*, the matrix A = B"'MB = B*MB is symmetrical
positive definite and v = Au which completes the proof.

3. Proof of Theorem (continuation). Now let p(f) = (p,(£), ..., p1(¢)) be the vector
of coefficients of equation (4) which is satisfied by functions (1). We shall show that
there is a matrix A with the required properties such that the equation

" Hp = A7'p

has a solution and hence (5) holds.

Denote by 5 the space of all n-vectors H(t) ¢(f) where ¢(f) is an arbitrary k-vector.
Obviously H*(t) p(f) = —x™(¢) (cf. the preceding part of the proof). Hence p(t) is
not orthogonal to 5 since

(p, Hp) = (H*p, 9) = (—x, ¢)

and x™ = x®(t) + 0. We can write p = ¢ + n where 7 is orthogonal to # and
0 # ¢ € o is the orthogonal projection of p to 5. Consequently

PO =Y+ =(E>0

and according to Lemma there exists a positive definite matrix A = A(f) such that
p = A& Hence A™'p e s which means that (7) has a solution ¢ = ¢(f). It holds
H*AH¢ = H*p = —x", p = AHp = —AH(H*AH)™' x™ and (5) is established.

It remains to prove that the matrix A(f) (which is not uniquely determined) may
be chosen so that it is continuous in I. Since the matrix H(t) is continuous in I, there
exists a continuous basis of the space #. It is evident that the continuity of p(r) then
implies the continuity of the projection £(r).

From the proof of Lemma it is easy to see that the matrix A(f) mapping &(r)
onto p(f) may now be chosen as a continuous function. In fact, this is obvious for the
matrices B (representing a rotation) and D (which need not depend on ¢ at all). The
continuity of the matrix C follows from (6) and from the fact that u,(f) + 0. Hence
the proof is complete.
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Remark 3. If x(i'"(t) =0 for some teland foralli=1,2,...,k, then only those
vectors p(1) satisfying p/(t) = 0, j = 1,2, ..., n can be written in the form (5) (with
a positive definite matrix A4). Particularly, if x{"(f) = 0inI, i = 1,2, ..., k, then the
single equation y™ = 0 is obtained independently of the choice of the matrix A.
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UBER AUTOMORPHISMEN DES ENDOMORPHISMENRINGES
EINES VEKTORRAUMES

FRANTISEK MACHALA, Olomouc

(Eingelangt am 12. Mai 1971)

Es sei A ein Vektorraum iiber einem beliebigen Korper F, dim A > 2. Der Ring
aller Endomorphismen des Raumes A sei mit T bezeichnet. Als den Rang r(g) des
Endomorphismus ¢ € T benennen wir die Dimension des Bildes 4¢9 des Raumes A
beim Endomorphismus ¢. Alle Endomorphismen, deren Rang kleiner als x, ist,
wo x, eine gewisse unendliche Kardinalzahl ist, bilden einen Ring T,. Dieser Ring ist
ein beiderseitiges Ideal im Ring T (vgl. [1]).

Satz 1. Es seien Endomorphismen &, 9 des Vektorraumes A gegeben und sei
Eo € T,. Dann existieren &', o' € T,, so dass £g = &9 = &g’ ist.

Beweis. Bezeichnen wir P = A¢ n Ker (g), wo Ker (o) der Kern des Endo-
morphismus ¢ ist. Wahlen wir einen Unterraum Q =< A, der in A¢ komplementar
zu P ist, kurz P @ Q = A¢. Dann ist Q N Ker(g) =0 und dim @ = dim Qp.
Ferner ist Afg = Qp, d. h. dim Q < x,.

Erwiégen wir soeinen Unterraum W < A, fiir welchen W @ Ker (é) = A ist. Dann
ist W¢ = A¢ und man kann Unterrdume U, V < W derartig wihlen, dass U¢ = P,
V¢ = Qist. Esgilt A = U @ V@ Ker (£) und jedes Element a € A kann in der Form
a = u + v + k geschrieben werden, wobei ue U, veV, ke Ker (6) ist. Wenn man
den Endomorphismus o mittels der Vorschrift aa = —ué angibt, dann ist Ax = P
und daher folgt Aa < Ker (¢) und g = o. Legen wir &’ = ¢ + a. Dann ist A&’ = Q,
(&) < »,und & € T,. Dabei ist &' = (¢ + «) ¢ = &o.

Wihlen wir den Unterraum S derartig, dass 4 = Ker(0) @ Q@ @ S ist. Dann
kann jedes Element a € A in der Form a = k + q + s geschrieben werden, wobei
ke Ker (g), g € Q, s € S ist. Wenn man den Endomorphismus # durch die Vorschrift
af = —sp angibt, dann ist A¢ < Ker (B) und éf = o. Legen wir ¢’ = ¢ + . Dann
ist ag’ = go und Ag’ = Qg, d. h. ¢’ € T,. Dabei gilt &o’' = &(o + B) = &o.

Satz 2. Es seien To, oT die durch die Elemente g, w € T generierte Hauptideale
des Ringes T. Dann ist T = To n T,, oT, = 0T N T,.
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Beweis. Nachdem T, ein beiderseitiges Ideal in T ist, gilt T,o < T, oT, < T,
und To £ Ton T, oT, £ oTn T,. Wahlen wir beliebig &o € T,. Dem Satz 1
zufolge existiert &’ € T, derartig, dass g = &'g ist, daher also ist £g € T,0 und Tp N
n T, £ T,e. Soeben zeigt man, dass auch TN T, < oT, ist.

Bemerkung. Wenn g, w € T, ist, dann ist Tp = T\, oT = wT,.

Wenn man auf der Menge der Linksideale (Rechtsideale) des Ringes T iiblicher-
weise die Summe I, + I, zweier Ideale und deren Durchschnitt I, n I, definiert,
dann bildet diese Menge zusammen mit den Operationen N, + einen Verband, der
mit &;(Pp) bezeichnet wird. Nachdem T ein regulirer Ring ist, bilden die linke
(rechte) Hauptideale des Ringes T einen Teilverband Q,(2p) des Verbandes @ ,(®5).
Ahnlicherweise kann man mit Hilfe der Operationen N, + den Verband ¥, (¥;)
definieren, welcher durch alle Linksideale (Rechtsideale) des Ringes T, erzeugt wird.
Erwégen wir die Menge aller linken (rechten) Annulatoren im Ring T,, welche mittels
der Inklusion teilgeordnet ist. Auf dieser teilgeordneten Menge kann iiblicherweise
die Vereinigung U und der Durchschnitt n zweier Elemente definiert werden und
man bekommt dann den Verband IT,(IT). Fiir beliebige H,, H, eIT,(J,, J, €ITp)
gilt offenbar H; + H, < Hy UH,(J; + J, S J; U J,).

Wihlen wir einen beliebigen Unterraum S < A4 und bezeichnen L(S) die Menge
aller ¢ € T, fiir welche Ap < S und R(S) die Menge aller ¢ € T, fiir welche S¢ = o ist.
Nach dem Theorem 2,8 in [4] ist die Abbildung S — L(S) ein Isomorphismus der
Verbandes A4, welcher durch Unterrdume in A gebildet ist und des Verbandes IT,
und die Abbildung S — R(S) ist-ein dualer Isomorphismus des Verbandes 4 auf den
Verband ITp.

Satz 3. T,p ist ein linker Annulator im Ring T, fiir jedes Element g € T. Es sei H
ein beliebiger linker Annulator im Ring T,. Dann existiert ein Hauptideal Tp
des Ringes T, so dass H = T, ist. Der Annulator H = T,g im Ring T, ist genau
dann ein Hauptideal des Ringes T,, wenn g € T, ist.

Beweis. Es sei Tp ein beliebiges linkes Hauptideal des Ringes 7. Dann ist a € Tp
genau dann, wenn Aa < Ag ist. Tp ist ein linker Annulator der Menge oT, wo Ag =
= Ker () ist. Wir zeigen, dass T, ein linker Annulator der Menge T, im Ring T,
ist. Offenbar ist (T,¢) (wT,) = 0. Wihlen wir y € T, y(wT,) = o beliebig. Setzen wir
voraus, dass a € 4, aym *+ o existiert. Nachdem T, dicht im Ring T ist, existiert
e T, so dass (ayco) o = ayw =+ o ist und dieses liefert einen Widerspruch. Darum
ist yo = o0, Ay £ Ker (co) und y € Tp. Nach dem Satz 2 gilt y € T,p.

Es.sei H ein beliebiger Annulator des Ringes T,. Dann gibt es genau einen Unter-
raum S £ A, fiir welchen H = L(S) ist. Wenn wir ein ¢ € T erwégen, fiir welches
Ag = S ist, dann ist H = T,p. -

Es sei T,0, o € T ein Hauptideal in T,, d. h. T,¢ = T,y, y€ T,. Dann ist Ay = S,
dim.S < x,. Setzen wir voraus, dass Ag > § ist und wihlen se€ Ag, s¢ S. Dann
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existiert a € A, ag = s. Da der Ring T, dicht in T ist, existiert £ € T, derart, dass
a¢ = a ist. Dann ist gé¢ = s. Es existiert aber a € T,, so dass &g = ay und aay = s
ist; dieses liefert einen Widerspruch. Es ist also 4¢ < S und demzufolge ist r(g) < x,,
d.h.g€eT,. . '

Bemerkung. Vom Beweis des Satzes kommt hervor, dass man fiir einen beliebigen
linken Annulator H des Ringes T, die Gleichheit H = L(S) = T,o, wo Ag = § ist,
bekommt.

Satz 4. oT, ist ein rechter Annulator im Ring T, fiir jedes ¢ € T. Es sei J ein
beliebiger rechter Annulator im Ring T,. Dann existiert ein Hauptideal T des
Ringes T, so dass J = gT, ist. Der Annulator J = gT, im Ring T, ist genau dann
ein Hauptideal, wenn ¢ € T, ist.

Beweis. Es sei ¢T ein beliebiges rechtes Hauptideal des Ringes T. Dann ist a € T
genau dann, wenn Ker (¢) < Ker («). Das Ideal T ist ein rechter Annulator der
Menge Tw, wo Aw = Ker (¢). Wir zeigen, dass ¢T, ein rechter Annulator der Menge
T,w ist. Offensichtlich ist (T,w) (¢T,) = o. Wihlen wir beliebig y € T,, fiir welches
T,wy = o ist. Dann ist wy = 0, Aw < Ker (y) und y € ¢T. Zufolge des Satzes 2 ist
dann y € ¢T,.

Es sei J ein beliebiger rechter Annulator des Ringes T,. Es existiert genau ein
Unterraum S < 4, so dass J = R(S) ist. Wenn wir ¢ € T'so wihlen, dass Ker (¢) = S
ist, dann ist J = ¢T,.

Es sei ¢T,, ¢ € T ein Hauptideal des Ringes T,. Dann existiert y € T,, so dass
oT, = yT, ist. Wenn wir S = Ker (y) bezeichnen, dann ist fiir jedes w € yT, Ker (y) <
< Ker (w). Nach der Voraussetzung ist dim A/S = dim Ay < x,. Es sei Ker (¢) < S.
Wihlen wir s€ S, s ¢ Ker (¢). Nachdem T, dicht in T ist, existiert £ € T, so dass
so¢ = sg ist. Da g& € yT, ist, gibt es ein a € T,, so dass ¢ = ya gilt. Dann ist spé&=
= sya % o und dieses ist ein Widerspruch. Es gilt also S < Ker (g) und dim d¢ <
< dim 4y, d. h. g€ T,

Bemerkung. Vom Beweis ergibt sich, dass fiir einen beliebigen rechten Annulator J
im Ring T, die Gleichheit J = R(S) = T, gilt, wobei Ker (¢) = S ist.

Satz 5. Die Abbildungen Tg — T,0, oT —» ®T, sind Isomorphismen der Verbdnde
Q,,IT, und Qp,IIp. '

Beweis. Die Abbildung To — S, wo S = Ap ist, ist nach [1] ein Isomorphismus
der Verbande 2, 4 und die Abbildung S — L(S) ist ein Isomorphismus der Verbin-
de A, I1;. Nach dem Satz 3 ist L(S) = T, und daher ist die Abbildung Tg — T, ein
Isomorphismus der Verbande ©,, IT;.

. Ahnlicherweise ist nach [1] die Abbildung @T — S, wo S = Ker (w) ein dualer
Isomorphismus der Verbiande 25, 4 und S — R(S) ist ein dualer Isomorphismus der
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Verbinde 4, ITp. Nach dem Satz 4 ist R(S) = T, und demzufolge ist die Abbildung
oT - wT, ein Isomorphismus der Verbande Qp, ITp.

Bemerkung. Bezeichnen wir der Reihe nach P(®), P(®p), P(2.), P(Qp), P(IT}),
P(ITp), A(T) die Gruppen der Automorphismen der Verbande @, ®p, 2y, Qp, IT;, IT
und die Gruppe der Automorphismen des Ringes 7. Nach [3] und dem Satz 5 sind
alle angefiihrten Gruppen isomorph.

Satz 6. Der Verband II (IT) ist ein Teilverband des Verbandes ¥ (¥ p).

Beweis. Wir wihlen zwei linke Annulatoren H,, H, eII; und beweisen, dass
H, + H,ell,, H, n H, €Il ist. Nach dem Satz 3 existieren g, w € T derart, dass
H, = T,0, H, = T,w ist. Nachdem T ein reguldrer Ring ist, existieren y,0€ T
derartig, dass Tg + Tw = Ty, T, n Tw = Té ist. Wir zeigen zuerst, dass T,o +
+ T,w = T,y gilt. Wahlen wir beliebig n = é,0 + é,0we T,o + T,w. Dann ist
ne T, und zugleich ne Tp + Tw, d. h. ne Ty. Nach dem Satz 2 ist n € T,y und
T,0 + T,w £ T,y. Wahlen wir umgekehrt o« = &y e T,y beliebig. Nach dem Satz 1
kann vorausgesetzt werden, dass & € T, ist. Es existieren ¢’ € Tp, @’ € Tw, so dass
0 + @ = yist. Dann ist & = &' + éw’. Offenbar ist £o' € T, N Tp, ¢’ € T, N Tw
und daher ist a € T,0 + T,w. Es gilt also T,y < T,o + T,w und T,y = T,¢ + T,w.
Nach dem Satz 3 ist T,y = H ein linker Annulator des Ringes T, und es gilt H; +
+ H, = H. Ahnlich zeigt man, dass H, n H, = T,0 = H’ ist. Gleicherweise zeigt
man, dass auch IT, ein Teilverband des Verbandes ¥ ist.

Bemerkung. Nach dem Satz 5 folgt von der Beziehung Tg + Tw = Ty die Beziechung
T, v T,w = T,y, vom Beweis des Satzes 6 ergibt sich T,0 + T,w = T,y und daher
ist T,ou T,w = T,0 + T,w. Ahnliches gilt auch fiir die rechten. Annulatoren.

Satz 7. Es sei H ein Linksideal des Ringes T,. Dann ist AH ein Unterraum des
Raumes A.

Beweis. Jede zwei Elemente von AH kénnen in der Form a'i’, a"i” geschrieben
werden, wobei a’, a” € A4, i’, i” € H ist. Bezeichnen wir mit H’' das durch die Ele-
mente i, i” generierte Linksideal. Nach dem Theorem 4,4 in [4] ist H' ein linker
Annulator. Nach dem Lemma 2,7 in [4] ist AH' ein Unterraum des Raumes A.
Nachdem H’ £ H ist, gilt a’i’ + a"i" € AH. Nachdem ferner noch AH = FAH
gilt, ist AH ein Unterraum des Raumes A.

Satz 8. Das Linksideal H des Ringes T, ist genau dann ein linker Annulator,
wenn ein Linksideal H' so existiert, dass H @ H' = T, ist.

Beweis. 1. Setzen wir voraus, dass H < T, ein linker Annulator ist. Dann ist
H = L(S) = T,0, wo Ag = S ist. Wahlen wir den Unterraum U S 4, S® U = 4
und we T, so dass Aw = U ist. Dann-ist To @ Tw = T und nach den Sétzen 5,6
ist T, ® Tyw = T,
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2. Es seien Linksideale H, H' < T, derartig gegeben, dass H@® H' = T, ist.
Nach dem Satz 7 sind S = AH, S’ = AH’ Unterriume des Raumes A. Es existiere
s + 0e S N §'. Dann existieren oeH, o’eH’; a,a’ € A, so dass ag = a’g’ = s ist.
Das bedeutet, dass 4o N Ag’ =+ o und L(de n A¢") = T,¢ n T,@' # o ist und auch
H n H' % o; dieses ist ein Widerspruch und darum ist S n S’ = 0. Wihlen wir
o,0' €T, so dass Aw = S, Ao’ = §' ist. Dann ist L(S) = T,0, L(S’) = T,0’ und

(1) LSnS)=TonTe =o.

Es sei a € H. Von der Definition des Raumes S folgt, dass Ada < Aw ist. Daher ist
T, < T,w und darum ist H < T,w. Soeben zeigt man, dass auch H' < T,w’ ist.
Nachdem H @ H' = T, ist, gilt auch T,w + T,0’ = T,. Von der Bezichung (1)
bekommen wir dann T,w @ T,w’ = T, und demzufolge ist H = T,o, H' = T,w'.
Die Ideale H, H’' sind nach dem Satz 3 linke Annulatoren des Ringes T,.

Satz 9. Das Rechtsideal J des Ringes T, ist genau dann ein rechter Annulator,
wenn ein Rechtsideal J' so existiert, dass J @ J' = T, gilt.

Beweis. 1. Setzen wir voraus, dass J ein rechter Annulator des Ringes T, ist.
Dann ist J = R(S) = ¢T,, wo Ker(g) = S ist. Wahlen wir einen Unterraum
USA,S®U = Aund we T, so dass Ker (0) = U ist. Dann ist ¢T, @ oT, = T,.

2. Es sei J < T ein beliebiges Rechtsideal und bezeichnen wir K(J) die Menge
aller x € A, fiir welche xJ = o ist. K(J) ist ein Unterraum des Raumes A. Setzen wir
zuerst voraus, dass K(J) = o ist und es existiere (T = o, so dass ETn J = o gilt.
Offensichtlich ist J + o. Wenn fiir die Rechtsideale I,,I, < T die Beziehung
I, ® I, = Tgilt, dann sind I,, I, Hauptideale, da T der Ring mit einem Einselement
ist. Es existiert also ein Hauptideal oT, J < ¢T, so dass ET @ T = T ist. Dann ist
K(J) = Ker (g), also K(J) # o, was einen Widerspruch liefert und darum ist (T = o.
Wenn J @ J' = T,, K(J) = oist, dann ist T, = oT, oT n J = o fiir ein beliebiges
we J’ und daher ist wT, = o. Es gilt darum J = T, und J = R(o). Es sei nun
J® J =T, K(J) + o, K(J') # o. Es existiert soein o € J, dass Ker (¢) < K(J) +
+ K(J’) ist. Im umgekehrten Fall wiirde K(J) + K(J') < Ker () fiir alle a e J
gelten, aber dieses widerspricht der Definition des Raumes K(J). Gleicherweise kann
gezeigt werden, dass ein o' e J' so existiert, dass Ker («') < K(J) + K(J') gilt.
Wiahlen wir ¢ € T, beliebig, so dass (K(J) + K(J')) ¢ = o ist. Dann ist Ker («) <
< Ker (), Ker (¢) < Ker () und ¢eaT,, gea'T,, oder auch g eaT, n a'T,. Der
"Voraussetzung nach ist J n J’ = o und darum ist ¢ = o. Daher folgt, dass K(J) +
+ K(J’) = A ist. Bezeichnen wir R[K(J)] = «T,, R[K(J')] = o'T,. Dann T, n
N o'T, = o. Offenbar ist J £ 0T, J' £ @ T und demzufolge auch oT, @ o'T, =
=T, und 0T, = J, &'T, = J'.

Satz 10, Es sei ein Automorphismus o des Ringes T, gegeben und ¢,y € T,.
Dann ist Ap < Ker (V) genau dann, wenn Ap° < Ker (Y°) ist.
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Beweis. Die folgenden Behauptungen sind dquivalent: Ap < Ker (¥), Apy = o,
oY = o, (pY)° = 0, Y’ = 0, AP"Y° = o, Ap® < Ker (¥°).

Satz 11. Es sei o ein Automorphismus des Ringes T,. Die folgenden Behauptungen
sind dquivalent:

a) Alle linken Hauptideale des Ringes T, sind o-zuldssig.
b) Alle rechten Hauptideale des Ringes T, sind o-zuldssig.
c) Fiir jedes idempotentes Element x € T, gilt x* = x.

Beweis. a) — b). Fiir ein beliebiges ¢ € T, gilt nach der Voraussetzung (T,0)" =
= T,0° < T,0. Von der Tatsache, dass ¢ ein Automorphismus ist, folgt T,0° = T,o.
Nach der dem Satz 3 folgenden Bemerkung ist Ap® = Ag. Wihlen wir we T,
a € Ker () beliebig. Es existiert ¢ € T, so, dass Ap = Faist. Nachdem 4¢ < Ker ()
ist, ist auch A¢” < Ker (). Es ist aber Ap° = Ap = Fa und a € Ker (w°), d. h. es
ist auch Ker (0) < Ker (»”). Wihlen wir umgekehrt a € Ker (0°) beliebig. Wenn
wir ¢ € T, so wiahlen, dass Ap = Fa ist, dann ist auch A¢° = Fa < Ker (w°) und
Ag < Ker (w), d. h. esist a € Ker (w). Darum ist Ker (0°) < Ker (w) und Ker (0°) =
= Ker (w). Nach der dem Satz 4 nachfolgenden Bemerkung gilt T, = 0T, =
= (wT,)’ und jedes rechte Hauptideal des Ringes T, ist ¢ — zuldssig.

b) — a). Der Voraussetzung zufolge ist (¢T,)° = ¢°T, < ¢T, und daher ist ¢°T, =
= T, fiir jedes ¢ € T,, d. h. Ker (¢) = Ker (¢°). Wihlen wir beliebig w € T,. Setzen
wir voraus, dass a € Aw’, a ¢ Aw ist und wihlen wir einen Unterraum Q, so dass
Fa ® Aw @ Q = A ist. Betrachten wir ferner den Endomorphismus ¢ =+ o, fiir
welchen Ker (¢) = Aw + Q ist. Offensichtlich ist ¢ € T,. Nachdem Aw < Ker (¢)
ist, ist auch Aw’ < Ker (¢) und dieses ist ein Widerspruch. Es gilt also 4w° < Ao.
Setzen wir umgekehrt voraus, dass a € Aw, a ¢ Aw?’ ist, betrachten wir den Unter-
raum @, fiir welchen Fa @ Aw® @ Q = A ist und den Endomorphismus ¢ #* o, fiir
welchen Ker (¢) = A(w°) + Q gilt. Dann ist ¢ € T, und Aw® < Ker (¢°) oder auch
Aw < Ker (¢), und so ergibt sich ein Widerspruch. Also gilt Aw < Aw°. Von den
angefiihrten Beziehungen folgt Aw = 4w’ und T,w = T,w° = (T,w)°. Jedes linke
Hauptideal ist also ¢ — zuléssig.

a) - c). Es sei x € T, ein beliebiger idempotenter Endomorphismus. Da a) gilt,
gilt zugleich auch b) und es ist Ax = Ax°, Ker (x) = Ker (x°). Daher folgt schon
x = x°,

c) - a). Setzen wir voraus, dass ¥ = %° fiir einen beliebigen idempotenten Endo-
morphismus gilt. Nach [4] ist jedes linke Hauptideal des Ringes T, durch einen idem-
potenten Endomorphismus generiert. Sei also beliebig T,x gegeben, wo x ein
idempotenter Endomorphismus ist. Dann ist (T,x)” = T,x" = T,x und a) gilt.

Satz 12. Wenn der Automorphismus o des Ringes T, die dquivalenten Bedingungen
vom Satz 11 erfiillt, dann ist dieser identisch.
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Beweis. Der Beweis kann soeben wie der Beweis des Lemmas 2, S. 231 in []]
durchgefiihrt werden. '

Satz 13. Jeder Automorphismus ¢’ des Ringes T induziert einen Automorphis-
mus o des Ringes T,.

Beweis. Nachdem T, ein beiderseitiges Ideal des Ringes T ist, ist auch T ein
beiderseitiges Ideal diesen Ringes. Von der Struktur der beiderseitigen Ideale des
Ringes T folgt, dass im Falle T, = T° entweder T, < T°, T° = T,. oder T° < T,,
T? = T, gilt. Die Kardinalzahlen x,, x,., x,. sind dann voneinander verschieden und
die Mengen T,, T,., T, sind nicht d4quivalent. Da ¢’ ein Automorphismus des Ringes T
ist, gilt T, = T° und ¢’ induziert einen Automorphismus des Ringes T,.

Satz 14. Jeder Automorphismus des Ringes T, induziert einen Automorphismus
des Verbandes I1,(ITp) und umgekehrt jeder Automorphismus des Verbandes IT(ITp)
ist durch einen Automorphismus des Ringes T, induziert.

Beweis. Es sei ¢ ein Automorphismus des Ringes T,. Wenn H €I, ein linker
Annulator der Menge M im Ring T, ist, dann ist H? ein linker Annulator der
Menge M° und es ist H° € IT;. Daher ist IT; < IT,. Ferner ist H°~' ein Annulator
der Menge M°”" und es gilt H = (H°™")’. Darum ist IT{ = II;. Der Automorphis-
mus o induziert einen Automorphismus ¢ des Verbandes ¥;. Nach dem Satz 6 ist
der Verband IT; ein Unterverband des Verbandes ¥, und nachdem IT] = IT, ist,
induziert ¢ auch einen Automorphismus des Verbandes IT;. Das gleiche kann fiir
den Verband IT, gezeigt werden.

Es sei ¢ ein beliebiger Automorphismus des Verbandes IT;. Dem Satz 3 zufolge
kann man T,o — (T,o) fiir T,¢ eIT, schreiben. Betrachten wir nach dem Satz 5
den Isomorphismus x der Verbande IT;, Q;, welchen ist durch die Vorschrift (T,¢)* =
= To bestimmt. Die Abbildung 6': (Tg)”" = (T,e)’* ist dann ein Automorphismus des
Verbandes ;. Der Vektorraum ist ein homogener total zerlegbarer Modul, der
Korper F ist ein Ring mit der Eigenschaft (V) von [3] und ein Vektorraum mit der
Dimension grosser als drei ist ein zuldssiger Modul. Fiir den Verband Q;, welcher
dem Raum A gehort, gilt also der Satz 1 von [3]. Nachdem sich der Beweis diesen
Satzes nur auf den sog. Fundamentalsatz der projektiven Geometrie stiitzt, gilt
dieser auch fiir Vektorriume der Dimension grosser als zwei. Es existiert also ein
einziger Automorphismus ¢’, des Ringes T, welcher den Automorphismus ¢’ des
Verbandes @, induziert, oder mit anderen Worten es gilt (Tp)” = (Tp)®  fiir jedes
¢ € T. Nach dem Satz 13 induziert ¢’ einen Automorphismus ¢ des Ringes T, mittels
der Vorschrift ¢° = @° fiir jedes g € T,. Fiir beliebiges w € T gilt (T o)’ =
Wahlen wir beliebig (¢w)’ € (T,w)". Dann ist ({w)” = (bo)” = & @” und (éw) €
€ T,w’ . Wihlen wir umgekehrt fw € T,w’ . Dann existiert y € T}, so dass y° = ¢
ist und wir bekommen {0’ = " 0” = (yw)° = (yw) und also auch (¢w)’ € (T,w)".
Daher ist (T,w)" = T,0”. Fiir ein beliebiges H eI, ergibt sich: H™* = (T,w)"™ =
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= (T")* = Tw" = (Tw)” = (Tw)* = (T,w)’™ = H®*. Da x ein Isomorphismus
ist, ist H® = H° fiir jedes H e IT; und der Automorphismus ¢ des Verbandes IT ist
durch den Automorphismus o des Ringes T, induziert. Gleicherweise kann gezeigt
werden, dass jeder Automorphismus des Verbandes IT, durch einen Automorphismus
des Ringes T, induziert wird.

Folgerung 1. Die Gruppe P(I1,) der Automorphismen des Verbandes IT L ist mit
der Gruppe A(T,) der Automorphismen des Ringes T, isomorph: Nach dem Satz 14
induziert jeder Automorphismus ¢ € A(T,) einen Automorphismus & € P(IT;) und
die Abbildung ¢ — & ist ein Homomorphismus der Gruppe A(T,) auf die Gruppe
P(IT,). Es sei ¢ > ¢, wo ¢ der identische Automorphismus des Verbandes IT,, ist.
Dann gilt H' = H = H° fiir jedes linke Hauptideal des Ringes T, und dieses Ideal
ist o-zuldssig. Nach dem Satz 12 ist o der identische Automorphismus des Ringes T,
und die erwigte Abbildung ist ein Isomorphismus der Gurppen P(IT;), A(T,).
Soeben kann gezeigt werden, dass die Gruppe P(ITp) der Automorphismen des
Verbandes IT, mit der Gruppe A(T,) isomorph ist.

Folgerung 2. Die Gruppen A(T), A(T,) sind isomorph und jeder Automorphismus
des Ringes T, kann in genau einen Automorphismus des Ringes T erweitert werden:
Nach der dem Satz 5 folgenden Bemerkung sind die Gruppen A(T), P(I1,) isomorph,
nach der Folgerung 1 sind dann die Gruppen A(T), A(T,) isomorph. Wenn wir die
Bezeichnung vom Satz 14 behalten, dann sind die Abbildungen ¢ — g, ¢ — &,
¢’ — ¢’ Isomorphismen der zugehdrigen Gruppen und die Abbildung o — ¢’ ist
ein Isomorphismus der Gruppen A(T,), A(T). Setzen wir voraus, dass ¢’ € A(T) den
Automorphismus n € A(T,) induziert, d. h. dass ¢° = g" fiir ¢ € T, gilt. Wihlen wir
beliebig w € T,. Dann ist (Tw)* = (T,0)* = (T,w)™ = (T,0°)* = (To°) = T,0° =
= (Tw)” = Tw" = To" = T,0". Daher ist (T,0)° = (T,0)" und (T,0)"" ' = T,o.
Nach dem Satz 12 ist on~! ein identischer Automorphismus und daher ist o = #.
Der Automorphismus ¢’ € A(T) ist eine Erweiterung des Automorphismus o € A(T,).
Nachdem die Abbildung ¢ — ¢’ ein Isomorphismus der Gruppen A(T.), A(T) ist,
ist ¢’ die einzige Erweiterung des Automorphismus o.

Feolgerung 3. Der Automorphismus ¢’ des Ringes T, in welchem »° = x fiir ein
beliebiges idempotentes Element endlichen Ranges gilt, ist identisch (eine Verallge-
meinerung des Lemmas 2, S. 231 in [1]): Der Automorphismus ¢’ induziert einen
Automorphismus ¢ des Ringes T, aller Endomorphismen endlichen Ranges, wobei
%" = u° = x fiir ein beliebiges idempotentes Element x e T, gilt. Nach dem Satz 12
ist ¢ ein identischer Automorphismus des Ringes 7T,. Der Folgerung 2 zufolge ist
dann ¢’ ein identischer Automorphismus des Ringes T.

Satz 15. Jeder Automorphismus des Verbandes W (¥p) induziert einen Auto-
morphismus des Verbandes IT(ITp).
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Beweis. Es sei & ein Automorphismus des Verbandes ¥;. Wihlen wir beliebig
H e IT;. Nach dem Satz 8 existiert H' € IT;, so dass H @ H' = T, ist und nach dem
Satz 6 ist H® @ H'? = T,. Nach dem Satz 8 ist dann H?e IT;, d. h. IT{ < IT,.
Nachdem (H?™")? = H gilt, ist /17 = IT, und der Automorphismus & induziert einen
Automorphismus des Verbandes IT,. Mit Hilfe des Satzes 9 kann dhnliches auch fiir
die Verbénde ¥p, ITp gezeigt werden.

Satz 16. Jeder Automorphismus des Verbandes W, (¥p) ist durch einen Auto-
morphismus des Ringes T, induziert. Die Gruppen P(¥.), P(¥p) der Automor-
phismen der Verbdnde ¥, ¥p sind mit der Gruppe A(T,) isomorph.

Beweis. Es sei ein Automorphismus & des Verbandes ¥, gegeben. Dieser induziert
nach dem Satz 15 einen Automorphismus & des Verbandes IT;, welcher ist ferner
nach dem Satz 14 durch einen Automorphismus o des Ringes T, induziert. Es gilt
H? = H® = H° fiir jedes H € IT;. Wihle man beliebig J € ¥;. Dann kann man J =

= Y T,0, schreiben, wobei ¢, € T,, T,0, € IT, ist. Nachdem ¥, ein vollstindiger
neJ

Verband ist, gilt nach [2]: J? = (Y Tie,)° = Y (T,e)° = J°. Der Automorphis-
peJ ueJ

mus ¢ ist durch den Automorphismus o des Ringes T, induziert. Wenn o € A(T,) ist,
dann induziert o einen Automorphismus G des Verbandes ¥, und die Abbildung
o — ¢ ist nach dem Satz 12 ein Isomorphismus der Gruppen P(¥.), A(T,). Der
Folgerung 1 nach sind die Gruppen P(IT;), A(T,) isomorph und darum sind dann
auch die Gruppen P(I1,), P(¥,) isomorph. Soeben auch fiir den Verband ¥p.
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INDEFINITE HARMONIC CONTINUATION

Joser KRAL and JAROSLAV LUKES, Praha
(Received May 24, 1971)

The purpose of this note is to characterize harmonic spaces whose harmonic
functions admit indefinite harmonic continuation.

In the classical potential theory harmonic functions are defined as continuous
solutions of the Laplace differential equation. In the one-dimensional case these
functions reduce to locally affine functions and any harmonic (=affine) function on
an interval of the real line R! can thus be harmonically continued onto the whole
of R'. We are going to describe all topological spaces which have a similar exceptional
property (analoguous to that of the real line in the classical case) in the framework
of the Brelot axiomatic theory of harmonic functions.

By a Brelot space we mean a locally compact and locally connected Hausdorff
topological space X which is equipped with a sheaf 5 associating with each open
set U = X a real vector — space .#(U) of continuous functions, termed harmonic
functions on U, such that the sheaf axiom, the basis axiom and the Brelot convergence
axiom are satisfied. We shall say that a Brelot space (X, #) has the continuation
property CP if and only if each point x € X is contained in a domain (=open and
connected set) D = X such that each harmonic function defined on an arbitrary
subdomain of D can be harmonically continued onto D. More precisely: Whenever
D, = D is a domain and h, € #/(D,), then there is an h e #/(D) such that hy =
= Restp, h (= the restriction of h to D). It is known that if X is a 1-dimensional
manifold, then every Brelot space (X, #) has CP (cf. [5]), and one may naturally ask
whether there are other Brelot spaces possessing CP, besides those defined on 1-
dimensional manifolds. We are going to show that such spaces can be completely
described and, as shown by the following theorem, cannot topologically deviate
much from 1-dimensional manifolds.

Theorem. A Brelot space (X, 5#) enjoys CP if and only if for every x € X there is

a finite number n 2 2 (depending on x) of arcs') Cy, ..., C, in X such that ) C,
i=1

1) By an arc in X we mean a subspace C — X which is homeomorphic with the segment
{,aeR0<a<1}.
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is a neighborhood of x in X and
C;nC;={x} whenever 1<i<j=<n.

We shall see that the sufficiency of the above condition can be proved quite easily.
Its necessity, however, requires some preliminary investigations (note that X is
a general locally compact and locally connected space which is not assumed to have
a countable base).

We shall first assume in sections 1—5 that (X, #) is a Brelot space with a con-
nected X satisfying the following condition:

(C) For every domain D, = X and every h, € #(D,) there is an h € #(X) such
that Rest, h = h,.

We shall prove several auxiliary results describing properties of such an X. For
M < X we denote by M and M* the closure and the boundary of M, respectively.
%(M) will stand for the Banach space of all bounded continuous real-valued functions
on M with the usual supremum norm. The number (possibly zero or infinite) of all
points in M will be denoted by n(M) (0 < n(M) < ). Let us recall that an open set
U < X is termed regular if it is relatively compact, U* + @ and for each f e ¢(U*)
there is a uniquely determined H} e 4(U) such that Resty H} € #(U), Restye HY = f
and, besides that, H; > 0 whenever f = 0.

1. Lemma. If Dy, D, are regular domains such that

(1) Dy = Dy,
then n(D3) < n(DY). If, moreover,
(2) BO o= Dl N

then n(D3) < 0.
Proof. Assuming (1) we define the mapping T of 4(D?) into €(D3) by
Tf = RestpH}', fe¥%(D}).

Clearly, T is a continuous linear mapping. Given an arbitrary g € ¢(Dg) we may
apply to hy = Restp, H 2o the process of harmonic continuation described in (C) so
as to get an h € o#(X) with Rest, h = ho. Clearly, g = Restp . h = Tf, where f =
= Restp,. he ¢(D}). We see that T maps (DY) onto (D). The assumption
n(D}Y) < n(Dg) would mean that D7} is finite and the dimension of €(D?}) is less
than the dimension of ¢(Dj) (which is the image of (DY) under T) — a contradiction.
Now assume (2) and denote by -

B, = {f:fe%4(D})), |f| <1}

the unit ball in ¢(D?Y). By the Harnack principle, the image of B, under T is a relatively
compact set TB, in €(D3). On the other hand, the Banach theorem assures that T
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is open, because it maps ¢(D?) onto ¢(D}). We conclude that the unit ball in €(Dg)
is relatively compact and this implies n(D§) < oco.

2. Lemma. If D is a regular domain, then 1 < n(D*) < oo and D is contained
in a domain on which there exists a positive potential.

Proof. Fix a regular domain D, y € D and another regular domain D, such that
y€ Dy, Dy = D. Suppose that n(D*) = 1. By preceding lemma also n(Dg) = 1,
say Dg = {z}. Choose x e D\ D, and denote by C, and C, that component of
D~ {z} which contains x and y, respectively. The equality C, = C, = C would mean
that C n Dy = C n D, is open and closed in C and y € C n Dy, x € C\ D,, which
is a contradiction. We have thus

C.nC,=90, zeC,nC,.

Next choose a regular domain D, such that ze D,, D, = D\{x, y}. Then C, n D, *
+ 0+ Cy,n D,and xe C,\ D,, ye C,\ D,, so that the boundary of D, must meet
both C, and C,. Consequently, n(D}) = 2 > n(D*), which violates lemma 1. This
contradiction proves the inequality n(D*) > 1.

Since D* contains at least two points, we may fix two strictly positive linearly
independent functions f;, f, € (D*) and employ (C) to continue H7, and HJ,
harmonically onto the whole of X obtaining thus h; and h, in .%’(X), respectively.
Both h, and h, being positive on D we may fix a domain D, > D such that h, and h,
remain positive on D;. Since h, and h, are non-proportional on D,, we conclude that
there is a positive potential on the harmonic space (D,, Restp, 3#) (= the restriction
of the harmonic space (X, #) to D,). Applying proposition 7.1 of R. M. HERVE [4]
(cf. p. 440) we get a regular domain D, < D, such that D < D, which, by lemma 1,
guarantees n(D*) < co.

3. Lemma. Let D # 0 be a relatively compact domain, F € €(D), Restp, F € #(D)
and suppose that the constant functions are harmonic on D. If real numbers u, v
do not belong to F(D*) and satisfy the inequalities

min F(D*) < u < v < max F(D*),
then the system S of all components of

D, ={z:zeD, u'< F(z) < v}
is finite.

Proof. Denote by d, the distance of u from E, = {v} U F(D*). Similarly, let d,
denote the distance of v from E, = {u} u F(D*). With each x € D,, we associate an
open neighborhood D, as follows. If x € D,, then D, is the component of D,, con-
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taining x. If x € D, then D, will be an open set containing x such that the diameter
of F(D n D,) is less than 4 min (d,, d,). The system

(3 {D,;xe D,}
must contain a finite subcover
4) Dysses Dy,

of the compact D,,. Suppose that there is a component C of D,, such that F(C*) n
N {u,v} = 0. Then C is closed in D and, consequently, C = D = D,,, which is im-
possible, because the inequalities min F(D*) < u, v < max F(D¥*) guarantee that D,,
is a proper subset of D.

We have thus

F(C*) r {u, v} + 0

for every C € S. Consider now an arbitrary C € S and suppose, for definiteness, that
ve F(C*) (the case ue F(C*) may be settled by a symmetric argument). Since
F(C) « F(D,,) = {a;aeR', a < v}, F cannot be constant on C and the minimum
principle together with the inclusions F(C*) = {u, v} U F(D*) imply F(C*)nE, 0.
C being connected we conclude that there is a z € C with

|F(z) — | = 44, .

If xeD}(c D*uU{y;yeD, F(y) =u or F(y) =v}), then F(x)e{v} UE, and
|F(x) — F(z)| = 4d,, so that z ¢ D,. We see that C is the only element of (3) con-
taining z. Thus C must occur in (4) and S < {D,,, ..., D, }.

4. Lemma. Every regular domain (considered as a subspace of X) has a countable
basis.

Proof. Let D be a regular domain. Then there is a (strictly) positive hy € ‘6(13)
which is harmonic on D. Employing the harmonic continuation (see (C)) we get an
h € #(X) with Resty b = h,. There is a domain D; > D such that h remains positive
on D;. Passing from the Brelot space (D, Rest, 3#) to the new space whose
harmonic functions are obtained by the standard procedure of dividing the original
harmonic functions by h, we get a connected Brelot space enjoying (C) on which
constant functions are harmonic; besides that, D is again a regular domain in the
new space. This consideration shows that we may assume for the proof of our lemma
that the constant functions are harmonic on X. We know from lemma 2 that D* =
= {Xy, ..., X,} is finite. '

With each n-tuple of rational numbers [r,, ..., ,] = r we associate an F, e (D)
which is harmonic on D and satisfies

F(x)=r;, 15j<n.
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If, besides that, the rational numbers u, v satisfy the conditions

(5) minr; <u <v < maxr;,
Y i
(6) {u,0} " {ry,...r} =0,

then we denote by S], the system of all components of {z;z€ D, u < F(z) < v}.

r

In view lemma 3, S}, is finite, so that the system
S = USL

(where r = [ry, ..., r,,] runs over all n-tuples of rational numbers and u, v run over
all pairs of rational numbers satisfying the corresponding conditions (5), (6)) is
countable. We are going to prove that S is a basis of D. Let z be an arbitrary point
in D and let U be an arbitrary regular domain such that ze U < U < D. According
to lemmas 1 and 2, U* = {y, ..., y,}, where 2 < s < n. Define g € (U*) by

g(y)) =1, g(yn)=0 for 2<k<s.
Then
0<HJ(z) <1,

because constants are harmonic on D > U. Fix ¢ > 0 small enough to secure
2t <HJ(z) <1 -2

and apply harmonic continuation to get an h e %(D) with Resty, h € #(D) and
Restg h = H;’. Noting that h = Hy on D and making use of the fact that the values
attained by H }’ at the points y, ..., ¥,, z depend continuously on f € ¢(D*), we choose
rational numbers r; approximating the values h(x;) (1 < j < n) in such a way that
the following inequalities hold for F, corresponding to r = [ry, ..., 1]

|F(z) — HJ(2)| <&, |F»)—g(n) <e, 1=kS<s.
Then

(7) F(y))>1—¢>F[(z) >e>max{F(y);2< k <s}.

Further choose rational numbers u, v satisfying (6) and

(8) e<u<F(z)<v<l-eg,

so that u, ve F(D) = {a; aeR', minr; < @ < max r;}. Let C be the component

J j
of {w; we D, u < F,(w) < v} containing z. In view of (7), (8), F,(U*) does not meet
F/(C) c {a; aeR', u < a < v}. Consequently, U* n C = @ and C < U, because
ze Cn U. We have thus found a Ce S with ze C = U, which shows that S is
a basis.
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5. Lemma. If D,, D, are arbitrary domains contained in a regular domain, then

-

D, c D, = n(D}) < n(D}).

Proof. Suppose that n(DY) > n(D}) for a couple of domains D; = D, contained
in a regular domain D. Let D} = {z,, ..., z,}, choose an (s + 1)-tuple of points
X1, ... X541 € DY and associate with every i a connected neighborhood V; of x; such
that V,, ..., ¥, are mutually disjoint. Further choose y,;eV;n D, (i=1,...,s + 1)
and consider the compact K = {y,, ..., y,+1}. By lemma 2, D is contained in a Brelot
space carrying a positive potential. This permits us to apply proposition 7.1 of R. M.
HERVE [4] guaranteeing the existence of a regular domain D, with K = Dy, Dy = D,.
In view of lemma 2, n(Dj) < co. Since every V; meets both D, (note that y;e
€ V; n D,) and its complement (note that x; € V;\ D), we conclude that ¥; n D* % 0
so that Dj must contain at lest s + 1 different points u,, ..., tg, ;.

Define f; € ¢(D3) by
flu) =1, f(Dg — {u}) = {0}

and apply harmonic continuation (see (C)) to H7° so as to obtain an h; e #(X) with
Restpoh; = f; (i = 1,...,s + 1). Since D contains only s elements, we may fix real
constants a, ..., a1, not all zero, such that

= alhl + ... + as+1hs+,

vanishes identically on D}. By the minimum principle (which is applicable, because
D, = D and D is regular) we conclude that h = 0 on D,. In particular, 0 = h(u,) =
=a;(i =1,...,s + 1), which is a contradiction.

Now we are in position to prove the following

6. Proposition. If the space X is connected and the Brelot space (X, #) satisfies

(C), then every xe€X has a neighborhood of the form \J C;, where n = 2 and
i=1
Cy, ..., C, are arcs in X (whose number depends on the choice of x € X) such that

9) C;nC;={x} whenever 1<i<j=<n.

Proof. Consider an arbitrary point x € X and fix a regular domain D, 3 x. It
follows easily from lemma 5 that there is a regular domain D with xe D =« D = D,
such that n(Dj) = n(D*) for every domain D, satisfying x € Dy = D. In view of
lemma 4, D is a metrizable continuum. Let y be an arbitrary point in D* and let D,
be an arbitrary regular domain containing y. Since n(D*) + n(D3) < oo, the bound-
ary of D n D, in the space D is finite. We see that y has in D arbitrarily small
neighbourhoods with a finite boundary, whence it follows (see [6], p. 209) that D is
locally connected at y. Thus D is a locally connected metrizable continuum such that
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every sufficiently small neighborhood of x in D has at least n = n(D*) 2 2 boundary
points. Employing the so-called “n-Beinsatz” of K. MENGER (cf. [6], p. 203) we con-
clude that there are arcs Cy, ..., C, in D satisfying (9). Denote by y; the end-point
of C; different from x and choose a domain U < D containing x such that

Un{y,..oyp=90.
Order C; naturally from x to y; and denote by x; the first pomt on C,; belonging to
C\U (i =1,...,n). Assuming U\ U C; *+ 0 we fix xoe U\ U C; and choose an

i=1
arc C, connecting x and x, in U; thls is possible, because U is arc-wise connected

(see [6], § 45, pp. 182, 184). Let U be the component of U\ {x,} containing x and
denote by C; the component of C;\ {x;} containing x (0 < j £ n). Then

Uc, 0
j=0

and {%g, %ys oo %y} € U*, which contradicts lemma 5, because the domain 0 < D

n n

cannot have more than n boundary points. Thus U = (J C; and {J C; is a neighbor-
i=1 i=1
hood of x.

Now it is easy to present a proof of the theorem. Applying proposition 6 locally
one immediately obtains the ““only if” part of the theorem. In order to prove the
“if” part of the theorem consider an arbitrary point x € X and fix the arcs Cy, ..., C,

satisfying (9) such that | C; is a neighborhood of x. We may clearly suppose that the
i=1

interior D of |J C; is a regular domain; the proof will be complete if we show that
i=1

every hy € #(D,) defined on a subdomain Dy, > D can be harmonically continued
so as to yield an h e #(D). This is celar if x € Dy, because then C; = C; n D\ {x}
are one-dimensional manifolds and, by [5] (see lemma 1.21), h, can be continued
harmonically from C; n Do\ {x} onto C; for i = 1,...,n. If x ¢ D, then D, can
meet only one of the arcs, say C,, and we may continue h, harmonically onto C,.
Let C;\ D = {x;} (i = 1, ..., n) and define f,, f, € €(D*) by

£1(D*) = {1} = fo(D*N{x1}) , folx1) = 0.

Then HJ(x) > 0 and H}, H}, are easily seen to be linearly independent on C,.
Consequently, one may choose real constants a,, a, such that h, = a,H}’o +

+ a,H} on C, (see [5], lemma 1.6) and a,H}, + a,H}, yields the required extension
of h.

Corollary. In order that a Brelot space (X, ) possess the following property
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UCP: every x € X is contained in a domain D = X such that for every subdomain
D, < D and every hy € #(D,) there exists a uniquely determined h € #(D)
with Restp, i = hy,

it is necessary and sufficient that X be a one-dimensional manifold.

Proof. It is known that Brelot spaces defined on one-dimensional manifolds
possess UCP (see [5], lemma 1.21). If (X, o) is a Brelot space enjoying UCP then,

by the above theorem, every x € X has a neighborhood of the form | C;, where
i=1

n=2and Cy,...,C, are arcs in X satisfying (9). We have to show that n = 2. We

may clearly suppose that the interior D of | C; is a regular domain. Let C;\ D =
) i=1

= {x;}, 1 £i < n. Assume that n > 2 and define functions h, g € ¢(D) harmonic

on D by the boundary conditions

h(x;) = 0 =h(x;), h(x;)=1 for 2<j<n,
g(x1) =0, g(x)=1, g(x)=0 for 2<j=<n.

Then h(x) > 0 and if we put f = (g(x)[h(x)) h, we get f(x,) = 0 = g(x,), f(x) =
= g(x), so that f = g on C; = C;\{x, x,}. Since f(x,) = 0 + g(x,) we see that
UCP is violated, because the restriction of g to €, has two different harmonic exten-
sions to D.

Remark. Consider a Brelot space (X, #) possessing CP. The above corollary
shows that X must be a one-dimensional manifold provided harmonic functions
satisfy the condition of quasi-analycity of A. DE LA PRADELLE [3].
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ON THE MINIMUM NUMBER OF VERTICES AND EDGES
IN A GRAPH WITH A GIVEN NUMBER OF SPANNING TREES

LADISLAV NEBESKY, Praha
(Received May 31, 1971)

By a graph we shall mean a finite connected undirected graph without loops and
multiple edges (for notions and results of graph theory see, for example, [1] or [2]).
If p, g and r are integers such that 1 < p < g < r and 2 < g then by D(p, g, r) we
shall denote the graph with cyclomatic number 2 and with no separating vertex and
such that its two vertices of degree 3 are connected to each other by arcs ([2]) of
length p, g and r; the graph D(p, g, r) has of course p + g + r — 1 vertices, p + g +
+ r edges and pg + qr + pr spanning trees.

In the following, by x we shall denote a positive integer other than 2. By «(x) we
denote the smallest number y, such that there is a graph having y, vertices and x
spanning trees; by ﬂ(x) we denote the smallest number y, such that there is a graph
having y, edges and x spanning trees. Obviously a(x) < B(x) < x, for any x = 3.
The function o has been studied by J. SEDLACEK [3], who also gave an impulse to the
rise of the present paper.

The very simple generalization of one of the procedures used in [ 3] for the estimate
of the function o leads to the following estimate of the function g which is given by
graphs with at least one separating vertex: if x, and x, are integers and x,, x, = 3,
then

(1) ﬂ(xlxz) = ﬂ(x1) + ﬂ(xz) .

By making use of the graph D(1,2, (x — 2)/3) and a graph with no separating
edge and with two circuits of length 3 and x/3, J. Sedlagek [3] found an upper estimate
of the function « for almost all x = 2, 3 (mod 3). By using the same graphs it is quite
readily possible to find an estimate of the function B for the same values of the
argument:

2 if x=2(mod3), x=8, then B(x)<(x+7)3;
A3 if x=3(mod3), x=9, then B(x)=(x+9)3.

Estimate (3) of course also follows from estimate (1). Upper estimates of the func-
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tion B (and hence also the function «) for almost all x = 1 (mod 3) are given by the
following lemma.

Lemma. It holds that:

(4) if x= 1(mod30), x = 91, then PB(x) < (x + 269)/30;
(5) if x=16(mod30), x =106, then B(x) < (x + 254)/30;
(6) if x= 4(mod30), x2= 64, then P(x) < (x + 206)/30;
) if x=19(mod30), x= 79, then P(x) =< (x + 221)/30;
(8) if x= 7(mod15), x = 37, then f(x)<(x + 98)/15;
9) if x=10(mod 15), x = 40, then PB(x) < (x + 110)/15;
(10) if x=13(mod15), x> 43, then B(x) < (x + 92)/15.

Proof. By G, we denote the graph with 10 vertices a,, a,, a3, a4, by, by, b3, by,
bs, ¢, and 11 edges coay, a,a,, a,as, a3a,, Ascq, coby, byb,, bybs, byby, bybs, bsco;
G, obviously has 30 spanning trees. By G, we denote the graph with 6 vertices
a,,a, as, by, b,, b; and with 8 edges a,a,, a,a;, asa,, b;b,, b,bs, b3by, a,b,,
a3bsy; G, obviously has 30 spanning trees. By G; we denote the graph with 7 vertices
a,, a,, by, by, bs, by, ¢ and 8 edges coay, aja,, acy, coby, biby, bybs, biby, baco;
G, obviously has 15 spanning trees. We now construct graphs Gy, ..., G, such that
in any one of the graphs G;, i = 1, 2, 3, we select vertices v and w, and then complete
the respective graph G; by j — 1 vertices and j edges so that the vertices v and w are
connected to each other by an arc of length j of which every inner vertex is different
from all vertices of the graph G,. We obtain the graph G, ..., G, by selecting
i, v, w and j as follows (j is, of course, always an integer):

Gy i=1, v=a,, w=b, j=(x-61)3021;
GS: i=1, v=4a,, ,w=b2, j=(x—76)/021
66: i=2, U=a1, W=b2, _]=(x—-34)/()gl

G;: i=2, v=a;, w=a,, j=(x—-19)3022;
Gg: i=3, v=ay;, w=by, j=(x—-22)/1521;
Gy: i=3, v=a,, w=a,, j=(x—-10)1522;
G:i=3, v=ay;, w=b,, j=(x-28)/1521.

There is little difficulty in seeing that the numbers of edges of the graphs G, ..., Gyo
give successively estimations (4)—(10).

Theorem 1. If x = 1, then «(x) = 1, f(x) = 0; if x is one of the numbers 3, 4, 5,
6, 7, 10, 13, 22, then

(11) a(x) = B(x) = x;
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if x = 8, then'a(x) = 4, f(x) = 5; if x =9, then «(x) = 5, p(x) = 6. Otherwise

(12) ox) < p(x) = = 1,

2

Proof. The cases x < 10 are easily verifiable; the value of the function a for
x £ 9 have been given by J. Sedlaek [3]. From (2) it follows that (12) holds for
x = 11. The graph D(2, 2, 2) leads to estimate (12) for x = 12. There is no graph
with cyclomatic number 2 which has 13 spanning trees, and any graph with a greater
cyclomatic number has more than 13 spanning trees; hence (11) holds for x = 13.
There is no graph with cyclomatic number 2 or 3 which has 22 spanning trees, and
any graph with a greater cyclomatic number has more than 22 spanning trees;
hence (11) holds for x = 22.If x > 106 it is possible to use exactly one of the estimates
(2)—(10) for it; this one estimate then leads to estimate (12).

Now, let us assume that 14 < x < 106, x % 22. In so far as it is possible to use
for such an x any of estimates (1)—(10), we obtain estimate (12) for it. There remain
the cases x = 19, 31, 34, 46 and 61; for these x it is possible to obtain estimate (12)
by graphs D(1, 3,4), D(1,3,7), D(1,4,6), D(2,3,8) and D(3,4,7) in turn. The
proof is complete.

Now we shall turn to other relationship between the functions « and .

Theorem 2. Let z be an integer such that z = 11 and z + 13, 22. Then there is no
graph having simultaneously «(z*~?) vertices, p(z*~*) edges and z*~* spanning
trees.

Proof. The only graph having' a(z’“z) vertices and z*~ % spanning trees is the
complete graph having z vertices; it has z(z — 1)/2 edges. From (1) and (12) it follows
that B(z*"%) < (z — 2) B(z) < (z — 2)(z + 1)/2 < z(z — 1)/2. The proof is complete.
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CORRECTIONS TO MY PAPERS
“SOME REMARKS ON MENGER’S THEOREM”
AND “ALTERNATING CONNECTIVITY OF DIGRAPHS”

BOHDAN ZELINKA, Liberec

Theorems 4, 5, 6 and 8 from the paper ,,Some remarks to Menger’s theorem”
(Cas. pist. mat. 96 (1971), 145—150) and Theorems 9 and 9’ from the paper ,,Alter-
nating connectivity of digraphs” (Cas. p&st. mat. 96 (1971), 151—163) do not hold
(the proofs are incorrect).
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STRUCNE CHARAKTERISTIKY CLANKU OTISTENYCH V TOMTO CISLE
V CIZIM JAZYKU

FRANTISEK PUcHOVsKY, Zilina: On the zeros of generalized Jacobi’s orthogonal polynomials.
(O nulovych bodoch zobecnenych Jacobiho ortonormélnych polynémov.)

V tomto pojednani sa dokazuju niektoré vety o nulovych bodoch polynémov Q,(x) =

n
=Y a,("')x""‘, ag') > 0 ortonormalnych vzhfadom k funkcii Q(x) = (1 — x)*(1 + x)# e4(®,
k=0

MiLAN TVRDY, OTTO VEIVODA, Praha: General boundary value problem for an integrodifferential
system and its adjoint (Obecnd okrajova uloha pro integrodiferencidlni soustavu a k nf adjun-
govand uloha.) *

V préci je odvozen adjungovany problém k okrajovému problému x = A(f) x + j'z [d,G(z, 9)] .
. x(s) + @), | ,'; [dL(s)] x(s) = I tak, Ze plati Fredholmova alternativa. Déle je uvedeno nékolik
existen¢nich vét pro pfisluiny slab& nelinedrni problém. (Pfitom je také zahrnut tzv. kriticky
ptipad.) ’

Jozer KACUR, Bratislava: On boundedness of the weak solution for some class of quasilinear
partial differential equations. (Ohranienost slabého rieenia pre kvazilinedrne parcidlne diferen-
cidlne rovnice.) )

V prici sa $tuduje existencia, jednozna&nosf a ohran'iéenost slabého rieSenia Dirichletovho
okrajového problému pre nelinedrne eliptické rovnice typu

v ohranienej oblasti 2 = EV, Rasty a;(x,p) v p = (P45 -+, Py) st popisané pomocou funkcii
istej triedy M,, ktoréa je podstatne Sirdia ako trieda vietkych polynémov |u|P. Funkcia ag(x, u)
spliiuje nasledovné obecné podmienky rastu: |aq(x, )| = c(1 + |go(w)|) a uag(x, u) = cqu go(u)—
— ¢, pre vietky u € E!, pritom gow) € Cl(—c0,®)au go(u) je konvexnd, pirna pre dostatecne
velké ua lim (4 go(u))’ = . Ak A je samoadjungovany linedrny elipticky operdtor druhého rddu,
u— o

ktorého koeficienty si holderovské funkcie, ag(x, #) € C1(@ x {(—K, K)) pre vietky K > 0
a (uy — uy) [ag(x, uy) — ag(x, uy)] =0 pre vietky uy, u; € El, potom Dirichletov okrajovy
problém Au + ay(x, u) = f ma klasické riefenie.
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BOHDAN ZELINKA, Liberec: On some éraph-theoretical problems of V. G. Vizing. (O nékterych
Vizingovych problémech z teorie graft.)

V ¢&lanku jsou &astednd rozieSeny dva Vizingovy problémy. V prvé &asti je uréen nejvétsi pocdet
hran grafu s danym po&tem uzli a s Hadwigerovym ¢&islem 3. Druhd &ést se tykd po¢tu hran grafu
s danym poétem uzld, jehoZ kostra ma dany pocet koncovych hran.

Jikf JARNIK, Praha: On the relation of solutions and coefficients of linear differential equation.
(O vztahu mezi fe¥enimi a koeficienty linedrni diferencidlni rovnice.)

Bud dédno k funkci se spojitymi derivacemi n-tého fadu, n > k, jejichz Wronského (n X k)-
matice mé v intervalu I stdle hodnost k. Pak existuje linedrni diferencidlni rovnice n-tého fddu
takova, Ze dané funkce jsou jeji feSeni. V &ldnku je uddna metoda (zobectiujici vysledek Ascoliho),
jak nalézt v§echny takové rovnice.

FRANTISEK MACHALA, Olomouc: Uber Automorphismen des Endomorphismenringes eines Vek-
torraumes. (O automorfismech okruhu endomorfismt vektorového prostoru.)

Viechny endomorfismy vektorového prostoru, jejichz hodnost je mensi neZ jisté nekonedné
kardinélni &fslo, vytvéreji okruh T,. V &ldnku je dokédzdno, Ze kazdy automorfismus svazu levych
(pravych) ideédlti okruhu 7T, je indukovén automorfismem okruhu T,. Pfisluiné grupy automor-
fismi jsou isomorfni. Z toho pak vyplyvaji nékteré algebraické disledky.

Joser KRAL a JAROSLAV LUKES, Praha: Indefinite harmonic continuation. (Indefinitni harmonické
prodlouZeni.)

Je dana charakterisace v§ech souvislych Brelotovych prostori X, pro néZz kazda harmonicka
funkce 4 definovana na libovolné oblasti D — X se d4 harmonicky prodlouZit na cely prostor X.

LApisLAv NEBESKY, Praha: On the minimum number of vertices and edges in a graph with a given
number of spanning trees. (O minimalnim po¢tu uzlii a hran v grafu s danym poétem koster.)

Grafem rozumime kone&ny souvisly neorientovany graf bez smyé&ek a ndsobnych hran. Nechf x
je celé kladné &islo, x + 2, jako a(x) ozna&ime nejmensi &islo y, takové, Ze existuje graf majici y,
uzld a x koster; jako B(x) oznafime nejmensi &islo y, takové, Ze existuje graf majici y, hran a x
koster. Funkci « studoval J. Sedl4&ek. V ¢lanku je dokézano, Ze a(x) < A(x) = (x + 1)/2 pro
skoro viechna celd kladnd x a %e pro skoro Z4dné celé kladné z neexistuje graf majici souasné
a(z*~2) uzlt, B(z*~2) hran a 2%~ 2 koster.
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ULOHY A PROBLEMY

POZNAMKA K JEDNOMU PROBLEMU K. KARTAKA

K. KARTAK poloZil v [1] nasledujici problém:

Bud f konecnd funkce na <0, 1) a necht N = {t, f(t) > 0} md Lebesgueovu miru
nula. Rozhodnéte, zda ke kaZdému ¢ > 0 existuje takovd newtonouvsky integrovatel-
nd funkce g na <0, 1), %e g = fa [3 g <.

Nasledujici priklad ukazuje, Ze se miiZe stat dokonce i v pfipadg, kdyZ N je spocetna
mnoZina, Ze takova funkce g neexistuje.

Piiklad. Je-llix = 2k +1).27" (n=1,2,..;k =0,1,...,2""! — 1), poloZme
f(x) = n; neni-li x uvedeného tvaru, polozme f(x) = 0. UkaZme, Ze viibec neexistuje
newtonovsky integrovatelna funkce g na (0, 1), tak, aby g = f. Kdyby totiz takova
funkce existovala, byla by nutné funkci prvni t¥idy na <0, 1), a tedy pro kazdé pfi-
rozené n by {x € 0, 1>; g(x) = n} byla typu G, (viz [2]). Z nerovnosti 92 > fsnadno

zjistime, Ze tato mnozina by by]a téZ hustd v (0,1, a tedy G = ﬂ {xe €0, 1);

g(x) 2 n} by byla neprazdna mnoZina (viz [2]). Snadno oviem zystlme, ZeproxeG
je g(x) = + o0, coZ je spor.

Vznika otazka, jaka je nutné a postadujici podminka na funkci f, aby problém mél
Jiz feS$eni. Abychom odpovédéli na tuto otazku, musime nejdfive mit moznost, jak
sestrojit funkce (pokud moZno s ,,hodn&* body nespojitosti), které maji Newtoniv
integral. Uspokojivé feSeni tohoto problému podal Z. ZAHORSKI v praci [3], kde
dokéazal, kromé& jiného, nasledujici tvrzeni. (Na citovanou praci Z. Zahorského lze
téZ odkazat tenafe, ktery by mél zdjem o podrobnéjsi informace o funkcich majicich
primitivni funkci).

Lemma. Necht H c E, je Gs mnoZina a necht G = E, je takovd otevfend mnoZina,
Ze G > H. Pak existuje takovd funkce g definovand na E,, Ze plati

(a) g(x) = 0 pro x¢G,

(b) g(x) =1 pro xeH,

(c) 0 < g(x) <1 pro xe G\H,

(d) g(x) md Lebesgueii i Newtoniw integrdl na libovolném omezeném intervalu.

Pomoci tohoto tvrzeni nyni snadno dokazZeme néasledujici vétu.
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Véta. Necht f je libovolnd funkce definovand na {0, 1), necht f = 0 s.v. Potom
ndsledujici tvrzeni jsou ekvivalentni.

(i) Pro ka*dé ¢ > O existuje newtonovsky integrovatelnd funkce g na <0, 1),
g 2 ftak, %e [3 g < e

(ii) Existuje konecnd funkce ¢ proni tFidy na <0, 1) takovd, e ¢ 2 f.

Diikaz. Implikace (i) = (ii) je zfejm4, nebot funkce majici Newtontv integral je
prvni tfidy. DokaZme, Ze (ii) = (i). Necht ¢ je kone&na funkce prvni t¥idy takova,
Ze ¢ 2 f. Polozme H, = f ~((n — 1, n)) pro n pfirozena a necht Ff, (m, k pfirozena)
jsou takové uzaviené mnoziny, ¥e | Fy, = ¢~ !((— o0, m)). Bud &, = U F%. Pak &,

k=1 m<n
k<n

je uzaviena mnoZina, ®, N H, = 0 a mnoZina H, ma miru nula. Z toho lze snadno
dokazat, Ze existuje otevfend mnozina G, tak, ze ¢, G, =90, G, o H, a u(G, n
N (x, %o)) < (¢/n.2") (x — x,)® pro viechna x,€ @, (u znadi Lebesgueovu miru
a pokladame (x, xo) = (xo, X) Pro x > x).

Podle lemmatu nyni zvolme funkce g, tak, Ze

(a) g4(x) = 0 pro x ¢ G,,

(b) gu(x) =1 pro xe H,,

() 0 <gux) =<1 pro xe G,\H,,

(d) g, méa Lebesguetiv i Newton@v integréal na libovolném omezeném intervalu.

Polozme g = ) n.g, Bud G,(x) =n [§g,(f)dt a bud G = Y G,. Z vlastnosti
n=1 n=1

Lebesgueova integralu ihned plyne, Ze G je neurditym Lebesgueovym integralem
funkce g. Je-li x, €40, 1), existuje takové pfirozené n,, Ze x, € &, pro vechna
n = n,. Pak

’ i ng,(1) dt

xo n=ng

= i nfx é,,(t) dt

n=ng xo0

o0
<y -;;(x — Xo)? £ &(x — xo)*,

n=ng

atedy ( ). G,) (xo) =0 =Y ng,(xo). Jelikoz G, = ng,, plyne z toho, 7¢ G’ = g.

n=no n=ng

JelikoZ g je vSude koneén4, je tvrzeni dokazano.
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RECENSE

James W. Daniel, Ramon E. Moore: COMPUTATION AND THEORY IN ORDINARY
DIFFERENTIAL EQUATIONS. Freeman and comp., San Francisco 1970. Stran VIII + 172,
cena $ 7,50. (Edice A Series of Books in Mathematics.)

Moderni programovaci jazyky zjednodusuji programovani do té miry, Ze dnes miZe prakticky
kdokoliv pouzit samod&inny poéita¢ k nékolikahodinovému vypoétu souboru- &isel, jez jsou uréi-
tym druhem ,,numerického fefeni‘“ diferencidlni rovnice. Obecnd praxe je bohuzel takov4, Ze se
nadbytednym pocéitdnim nahrazuje matematick4 analyza problému. Daniel a Moore ve své knize
ukazuji, jak asi md matematicky fundované pocitani vypadat a jak lze vyuZitim informaci, které
jsou o dané uloze k dispozici, sniZit ndklady vynaloZené na vypodet fesen.

Autofi si vytkli jako cil vyloZit stru¢né zaklady teorie oby&ejnych diferencidlnich rovnic,
podat pifehled modernich vypodetnich metod pro feSeni takovych rovnic a klast pfitom diraz na
interakci obou téchto oblasti matematiky. Na prvnim mist& stoji pfitom vZdy pocitani; nejde
tedy o knihu teoretickou ¢i knihu pro teoretiky.

Recenzovana kniha md tfi ¢asti. Prvni &ast je piehled nékterych teoretickych vysledki, které
podle minéni autor maji vztah k numerickému fe$eni oby¢ejnych diferencialnich rovnic. Kapi-
tola 1 popisuje geometrické pojmy v knize dédle uZivané (vektorovd pole, integrilni kiivky).
V kapitole 2 se vySetfuji n&které aspekty po&ate¢nich tuloh, jako existence a jednozna&nost
feSeni, vyjadfeni feSeni vzorci a jeho asymptotické chovani. Je zde téZ né€kolik pozndmek o perio-
dickych feSenich. Kapitola 3 pojednava o existenci, jednozna&nosti a vyjadfeni fe§eni okrajovych
uloh. Popisuje se prevedeni na integrdlni rovnici nebo varia¢ni ulohu; rovnéz je zde zminka
o vlastnostech monoténnich tdloh.

Druha &4st knihy tvoii struénou p¥iru¢ku obsahujici né€které druhy numerickych metod, které
se dnes uZivaji nebo které autofi povazuji za perspektivni. Jednotlivé metody nejsou detailng
popisovany, diraz se klade spiSe na filosofii a diileZité spole¢né rysy metod daného typu. Kapito-
la 4 popisuje standardni diferenéni metody pro polate¥ni a okrajové ulohy, fefeni okrajovych
uloh pfevedenim na integrélni rovnici a struéné se zabyva stabilitou podle Dahlquista a metoda-
mi pro periodick4 feSeni. Méné& b&Zné metody pro po&ateéni ulohy (uZiti Lieovych fad, metody
poskytujici hranice pro chybu) jsou shrnuty v kapitole 5. Specidlni metody pro feseni okrajovych
uloh (variaéni metody, vyuziti monoténie) jsou uvedeny v kapitole 6. Kazd4 ze dvou posledné
imenovanych kapitol kon&i komentafem k vybéru metody pro dany problém.

Viceméné neorganicky je pripojena zdvére&n4 &4st pojedndvajici o transformacich soufadnic
nebo zdménich proménnych, které mohou byt provadény pted vlastnim vypottem, b&€hem vy-
podtu a po n&m tak, abychom obdrZeli piesn&jsi vysledky (nebo vysledky s véti zarucenou
piesnosti) s men3im Wsilim. V kapitole 7 se autofi zabyvaji globdlnimi transformacemi, které
maji byt providdény pfed vypodtem; jde zde pfedeviim o sniZovani f4du systému vyuZitim infor-
maci o prvnich integrilech. V kapitole 8 se vySetifuji transformace lokalniho charakteru, to jest
takové, které m&ni v riiznych &4stech prostoru feSeni sviij tvar. Kratkd kapitola 9 stru¢né probird
transformace z4vislé na &ase. Desata kapitola se svym pfistupem pong&kud li§f od tii pfedchozich
kapitol, nebot popisuje transformace, které se provad&jf aZ po vypo&tu; metody zde uvedené majf
svlij vyznam zejména p¥i hled4ni hranic chyby.
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Kniha neni u&ebnici teorie oby&ejnych diferencidlnich rovnic ani jejich numerického feSeni,
ale spife pfehledem soudasného stavu té€chto obori (vétSina uvddénych tvrzeni nenf dokazovéna).
Ctenéf by proto mél mit zdkladni znalosti z obou vy3e uvedenych oblastf matematiky. Priib&zné
v textu jsou zafazovana cvifeni, kterd v prvnich dvou &astech knihy obsahuji ilustrativni pfiklady
a rutinni vypodty, v &asti tfeti také fadu pfikladii pro vypodet na poé&itadi, jimiz autofi demonstruji
G&elnost navrhovanych postupli. Podotkn&me, Ze tyto priklady i cely text jsou psany s védomim
viech moZnosti, které poskytuji moderni potita&e a programy, jeZ jsou v USA k dispozici. Mam
zde na mysli zejména programy pro manipulaci se symboly umoZiiujici napfiklad formdalni deri-
vovani matematickych vyrazii a pohodiny vypo&et hodnot derivaci. To ma za ndasledek, Ze do
popiedi opét vystupuji metody zaloZené na pfimém uZiti Taylorova rozvoje, které jsou v CSSR
prakticky nepouZitelné. Z tohoto divodu maji také né&které &asti knihy pro &eskoslovenského
&tenafe vyznam spise teoreticky. .

V knize je_celkem bé&Zné mnozZstvi nezdvaZnych tiskovych chyb. Pouze jedna z nich by snad
mobhla &tendfe zmast — na str. 54 v definici D-stability ma viude byt z; misto z,. Bibliografie
obsahuje pfes sto poloZek pfevdZné z poslednich deseti let.

Autortim se podafilo napsat knihu moderni a velmi Zivou. ObsaZeny material zahrnuje snad
vie, co mliZe byt pfi pfiblizném feSeni oby&ejnych diferencidlnich rovnic dileZité. Jedinou mezeru
vidim v tom, Ze do metod pro okrajové tlohy nejsou zahrnuty faktorizaéni metody zaloZené na
pfesunu podminek. Recenzovana prace miiZe slouZit jako kompendium i jako zdroj pouéeni pro
ty, kdo na poéitadich fesi diferencidlni rovnice.

Petr PFikryl, Praha

Leopold Fejér: GESAMMELTE ARBEITEN. Vydavatel P4l Turédn, ¢len Madarské Akademie
Véd, Akadémiai kiadé, Budapest 1970. Svazek 1. 872 stran, svazek II. 850 stran.

Leopold Fejér (1880— 1959) byl nesporné jednou z viidéich postav matematiky v prvni poloviné
tohoto stoleti. Zakladni matematické vzdélani ziskal na technice a pozdéji na université¢ v Bu-
dapesti. Studoval v Berliné (L. Fuchs, Frobenius, H. A. Schwarz), Gottingenu (Hilbert, Min-
kowski), PafiZi (Picard, Hadamard). Plsobil na université¢ v Kluzi a Budapesti — od roku 1911
jako fadny profesor. V této své ¢innosti setrval — s vyjimkou roku 1944 — aZ do své smrti
15. 10. 1959. Od roku 1908 byl ¢lenem Madarské akademie véd.

Vydavatel Fejérova matematického dila, akademik P. Turén, ve stru¢ném Zivotopise L. Fejéra,
ktery pfedchdzi uiplny soubor jeho matematickych praci, uvaddi zdsadu, kterou si L. Fejér postavil
v ml4df: ,,Udélat z komplikovanych problémi veerejska triviality zitika*. Tuto svoji zdsadu
Fejér vyplnil do pismene. Jeho zdsadni vysledek o séitatelnosti Fourierovych fad se stal pro mate-
matiky trividlni samozfejmosti. Abychom ozfejmili vyznam a pronikavost Fejérova objevu,
uvedme stru¢né situaci, jakd byla po¢dtkem tohoto stoleti v teorii konvergence Fourierovych
fad. Bylo zndmo, Ze Fourierova fada

2z © 2z
) l j f@da+ Y 1 f() cos n(x — x) da
2n o' n=17

4]

konverguje bodové k f(x) pro spojitou 2zn-periodickou funkci f's kone¢nou variaci (Dirichlet 1829).
O konvergenci fady (1) pro obecnou spojitou funkci nebyla vic zndmo; zndmé byly oviem expli-
citni ptiklady spojitych 2z-periodickych funkci f takovych, Ze Fourierova fada (1) v n&jakém
bod¥ x diverguje (tyto pomérné slozité piiklady pochézely od du Bois-Reymonda 1873 a H. A.
Schwarze 1880). Tyto pfiklady byly diivodem zna¢né skepse v otdzkich konvergence fady (1)
pro spojitou funkci; nebylo napf. jasné ani jak souvisi funk&éni hodnota spojité 2zn-periodické
funkce f(x) se soudtem fady (1) v ptipadé, Ze tato konverguje, nemluvé o otdzce reprezentovatel-
nosti spojité 2n-periodické funkce jejf Fourierovou fadou (1). V této situaci Fejér jako student
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7. semestru university (po navratu z Berlina) formuluje svoji vétu a v témZe roce 1900 zveiejituje
svij vysledek v kratké podobé v Comptes Rendus v PafiZi. Timto se stdvd rdzem proslulym.
Upln4 verze této prace vychéazi v roce 1902 v Matematikai és Fiz. Lapok madarsky ve dvou pokra-
Covénich (v poradi 5. Fejérova publikace); je obsahem Fejérovy doktorské disertace.

Fejér si klade tuto otdzku: Nechf f je spojitd 2n-periodickd funkce. Existuje jednoduchd sou-
vislost posloupnosti funkci

(03} 5o(x), 51(2), ..oy 55(X), ... s

kde
1 2n n 1 2n

3) 5,(x) = —f f@da+ Y [—- J. f(@) cos k(x — x) da]
2n 0 k=17 |,

s funkéni hodnotou f(x) i kdyz napF. limita lim s,(x) neexistuje? Jeho odpovéd je tato: Bud f konecnd

n— o

a integrovatelnd funkce v intervalu {0, 2n). Necht x je bud bodem spojitosti nebo bodem nespoji-
tosti 1. druhu funkce f. Otdzka konvergence posloupnosti (2) v téchto bodech je obecné nejasnd,
posloupnost

@ So(X), S1(%), .oes Sy, oo s

kde
so(x) + 5¢(x) + ... 4+ 5, _1(0)

n

S,(x) =

v téchto bodech ovsem vidy konverguje k hodnoté 1 [f(x+) + f(x—)1.

Z toho, co bylo fe¢eno vyse, je ziejmé, Ze Fejér timto rdzem odpov&dél na fadu otazek, do jisté
miry ,,vy¢&istil stil* a dal teorii Fourierovych fad a tim také teorii redlnych funkci novy impuls.
V Zivotopise Fejéra je citovan vyrok G. C. Hardyho, ktery v roce 1922 o tomto vysledku napsal:
»--. this fundamental result has been the starting point of a mass of modern research*.

Vstup dvacetiletého Fejéra do matematiky byl, jak je vidét, vskutku impozantni. Pfed &tenidfem
je celozivotni dilo, sestdvajici ze 103 védeckych publikaci L. Fejéra; je svédectvim o mimofddné
védeckeé aktivité a vysoké matematické kultufe autora.

I v daldich pracech zistava Fejér vérny své zdsadé jasné a jednoduse formulovat a dokazovat
pomérné sloZité otdzky. Zminili jsme se uZ o du Bois-Reymondové a Schwarzové piikladu spo-
jité 2m-periodické funkce, pro kterou fada (1) v n€kterém bod& diverguje. Fejér se v 31. praci
z roku 1910 (Journal fiir die reine u. angew. Math.) vraci k pfikladim tohoto typu a ukazuje, Ze:
Sunkce

o) . n3
=3 sin 2" + 1) 4x

n=1 nz

Je v {0, 2n spojitd a jeji Fourierova Fada diverguje pro x = 0, funkce

© i 2%x
fr(x) = 2 ——n—z—

n=1

Jev {0, n) spojitd a jeji kosinovd Fourierova Fada v bodé¢ x = 0 diverguje.

V préci 37. z roku 1911 (Ann. Ecole Normale Sup.) ud4vé Fejér mimo jiné ptiklad Fourierovy
fady spojité funkce, kterad diverguje ve vSech bodech x = mzafn, m=0, £1, £2, ..., n=
= +1, 42, ....
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Odvozeni t&hto pfikladid je velmi jednoduché, lze je uvést napf. v universitni pfednd3ce bez
nebezpedi pfiliné ztrasy Casu i se viemi detaily diikazu. MoZno fici, Ze téméf vie plyne bezpro-

-]
stfedn& z divergence harmonické fady 3 1/n.
n=1

Pro Fejérovy préce je piizna&né, %e své vysledky, mnohdy formulované velmi jednoduse, pouZi-
va pfi aplikacich na sloZité problémy v riznych odvétvich matematiky a zodpovidd oteviené
otazky v té&hto oborech. U&inné se zapojil do vySetfovani dalSich otizek s&itatelnosti Fouriero-
vych fad, trigonometrickych polynomii a teorie aproximace. Napsal price o lokalizaci kofent
algebraickych rovnic, o specidlnich funkcich, konformnim zobrazeni. Velk4 série jeho praci se
tyka teorie interpolace (tyto jsou préace z ,,druhé poloviny* jeho v&decké drahy, tj. prace od roku
1916). Zajimavé jsou jeho pfisp&vky k mechanice a stabilit¢ pohybu — habilitadni spis z ko-
lozsvarské university (KluZ, 1908).

Chronologické rozloZeni Fejérovych praci je pfizna&né pro prvni polovinu naseho stoleti:
50 praci napsal v obdobi 1900—1914; v obdob{ 1915— 1924 vychazi 10 praci, v letech 1925—1938
napsal Fejér 36 praci, v obdobi 1939— 1948 nevychazi 24dn4 jeho prace a svych poslednich 8 praci
zvefejiiuje Fejér v obdobi 1949—1955.

Z celkového poétu 103 praci napsal Fejér 26 ¢lankt madarsky. 11 z té&chto praci uveiejnil také
v cizim jazykil; zbylych 15 madarsky psanych &ldnkh opatfili vydavatelé téchto sebranych spist
némeckym pfekladem.

Vedle struéného Zivotopisu je k vydani pfipojen jesté dodatek, ve kterém jsou uvedeny Fejérovy
vysledky objevujici se v pracich jinych autori; toto jsou vysledky, které Fejér sim nezvefejnil.
Vydavatel rovné&Z pfipojil k né€kterym &ldnkim pozndmky tykajici se ohlasu t&chto &lanki, resp.
popsal dalsi vyvoj dané discipliny.

Vydanim téchto sebranych spisi se &tendfi dostdva uceleny obraz o jednom z pronikavych
analytikd tohoto stoleti, odkryv4 se zdzemi madarské analytické $koly, ze které vyrostli napf.
G. Szegd, G. Poélya, P. Erdds a vydavatel tohoto dila P. Turan.

Stefan Schwabik, Praha

J. Neveu: BASES MATHEMATIQUES DU CALCUL DES PROBABILITES (Matematické
zdklady poé&tu pravdépodobnosti). Vys$lo v nakladatelstvi Masson et Cie v PafiZi 1970; druhé,
opravené vydani, 220 stran.

Kazdy, kdo chce dnes studovat po&et pravdépodobnosti jako matematickou disciplinu, musi
se nutné& seznamit s n€kterymi partiemi matematické analyzy — zvlasté teorie miry a integralu —
a to nejen dikladné&ji a podrobnéji neZli obecné zaméfeny matematik, aviak zarovei i z jistého
specidlnfiho hlediska, s pfihlédnutim k potfebam pravé teorie pravdépodobnosti. Opatfovat si
tyto znalosti studiem knih psanych bez tohoto zvla§tniho zfetele a uréenych bud specialistiim jinych
oborii anebo jen k obecné orientaci neni pravé ekonomické. Neveuova kniha plni proto pravé zde
velmi uzitenou ulohu: je to totiZ vyteény ucebni text téchto vybranych partii matematiky, psany
pro pfisti odborniky v teorii pravdépodobnosti. Celkova uroveni vykladu odpovidé pfiblizné€ po-
Zadavkim kladenym u nds na aspiranty. Je to dilo ve svém oboru skutedné zdafilé, psané struc-
nym, le¢ &tivym slohem; metodické zpracovani probirané latky sv&d¢i o autorovych pedagogic-
kych zku$enostech. Neni moZnéd pravé nejvhodn&jsi ke zcela samostatnému studiu bez moZnosti
konsultaci, pfedpokldda totiZz urdité predb&Zné znalosti (resp. moZnost pfipadného poudeni)
z pribuznych oborl (zvlasté& topologie, funkciondlni analyzy a algebry), jejichz rozsah neni
explixitn€ pfedem ur&en. Jako literatura pro aspiranty je v§ak Neveuova kniha bezpochyby velmi
vhodna. g

O kvalitich Neveuovy knihy sv&€d&i mj. i to, Ze jeji prvni vydéni (vy$lo v r. 1964) bylo pfeloZeno
do angli¢tiny, rustiny a némdiny; rusky pfeklad (XK. HeBé: MaTeMaThYecKHe OCHOBBI TEODHH Be-
posTHOCTelt; Mup, Mocksa 1969) je u nds b&Zné€ dostupny a naiim &tenditm jisté dobfe zndm.
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Druhé vydéani se od prvniho li§i jen nepfili§ podstatn&. Sim autor oznaduje za nejvétsi zménu
pfipojeni nového paragrafu ke IV. kapitole; v ruském vydéni, které bralo vedle origindlu v uvahu
i anglicky pfeklad, je viak tento paragraf uZ obsaZen. Naproti tomu se zd4, Ze autor nezareagoval
na viechny pfipominky pifekladatele do rustiny, a¢ v piredmluvé tvrdi, Ze pfi pfipravé druhého
vydéni zkuSenosti z pfekladl své knihy vyuZil. To je jisté 3koda, i kdyZ celkovéd vysokd hodnota
knihy tim zGstdva nedotéena.

Frantisek Zitek, Praha

A. Rényi: PROBABILITY THEORY (Teorie pravdépodobnosti). Akadémiai Kiado, Budapest
1970, stran 666.

Zminim se nejprve o historii knihy A. Rényiho, nebof jeji diivéjsi verze nebyly v tomto &asopise
recenzovany. Kniha vznikla ze zdznamu universitnich pfedna$ek a jeji prvni verze vy$la ma-
darsky r. 1954. Zcela prepracované vydani vy$lo pak némecky (Wahrscheinlichkeitsrechnung,
VEB Deutscher Verlag der Wissenschaften, Berlin 1962). Némecky text byl zdkladem pro fran-
couzské vydani (Calcul des Probabilités, Dunod, Paris 1966) a pro dalsi madarské vydani (Va-
loszintiségszamitds, Tankonyvkiadd, Budapest 1966). Recenzované anglické vydani vzniklo
z némeckého pfipojenim nékolika novych odstavci. Zcela neddvno vyslo také eské vydani,
(nakladatelstvi Academia, Praha 1972); je zamyS$leno jako standardni vysoko$kolskd udebnice
a proto zkraceno o kapitolu o teorii informace a o n€kolik odstavci s pfili§ specidlnim zamérenim.

Nyni podrobnéji k obsahu knihy. .

V kapitole I je jevové pole vybudovano jako interpretace Booleovy algebry (podobné jako ve
znamé knize Glivenkové). Je vySetfena struktura jevovych poli a dokdzdna Stoneova véta (zde:
o reprezentaci jevového pole mnoZinovou algebrou).

V kapitole II je zavedena pravdépodobnost, nejprve jako kone¢nd aditivni funkce definovand
na jevovém poli. Podrobné jsou vySetfeny jeji vlastnosti zejména na kone&nych polich. Je pro-
poctena fada piiklada z kombinatorické pravdépodobnosti. Pak je teprve poddna Kolmogorovova
definice pravdépodobnosti (a pravdépodobnostniho prostoru), s kterou se nadéle pracuje v celé
knize. Pfi té prilezitosti je uvedena véta o rozsifeni miry a nékteré piibuzné vysledky. Je zavedena
podminéna pravdépodobnost a nezdvislost jevl. Jeden odstavec je vénovan tzv. geometrickym
pravdépodobnostem. V zavéru kapitoly jsou definoviny podminéné pravdépodobnostni prostory,
jejichZ teorie byla vypracovana autorem v fadé praci.

V kapitole III je nejprve zaveden pojém rozdéleni pravdépodobnosti (piislusného k n&jakému
rozkladu jistého jevu) a jsou probrdna klasické rozdéleni (binomické, hypergeometrické, Polyovo
atd.). Teprve pak je zaveden pojem diskrétni ndhodné veli€iny a jejich charakteristik. Podrobné
je vysetfeno Poissonovo rozdéleni a je odvozen aparat vytvotujicich funkci. Zavérem je dokdzdna
Laplace-Moivreova lokalni i integralni véta se zbytkem a Bernoulliova véta.

V kapitole IV je zavedena obecnd nahodna veli¢ina a jeji charakteristiky; totéZ vicerozmérné.
Jsou probrana dileZitd spojit4 rozdéleni (zejména normalni a z ného odvozena).

Kapitola V piedstavuje dodatky ke kapitole IV. Jsou definovany nahodné veli¢iny na podminé-
nych pravdépodobnostnich prostorech, je zavedena podmin&n4 pravdépodobnost a podminénd
stfedni hodnota na zdkladé Radonovy-Nikodymovy véty. V odstavci vénovaném méram sto-
chastické vazby jde vyklad az k velmi netradi¢nim vysledkiim (napf. véta 3). V zavéru je dokézéqa
Kolmogorovova zdkladni véta o existenci posloupnosti ndhodnych veli¢in s danymi kone&né-
rozmérnymi rozdélenimi (neni zde tedy vyslovena pro nespo&etné mnoho ndhodnych veli¢in).

. Kapitola VI je vénovéna charakteristickym funkcim. Kromé tradi¢nich vysledki (zejména vét
o vzijemné jednoznadnosti a spojitosti vztahu mezi distribudnimi a charakteristickymi funkcemi)
jsou zde odvozeny i méné b&Zné véty o charakteristickych vlastnostech normélniho rozdélenf
(Cramérova, Lukacsova, Linnikova-Zingerova aj.). Déle jsou vy$etfovany charakteristické funkce
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nihodnych veli¢in definovanych na podmin&€nych pravdépodobnostnich prostorech; k tomuto
cili bylo nutno zafadit uréity ivod do teorie zobecnénych funkci (dle Mikusinského).

Kapitola VII obsahuje slaby a silny zdkon velkych &isel, vEetné vét pomocnych, jako je Bore-
lova-Cantelliho lemma & Kolmogorovova nerovnost; dile vétu Glivenkovu, zdkon iterovaného
logaritmu, kritérium t¥i fad, zdkon nula-jedni¢kovy a opét né€kolik netradi¢nich témat: posloup-
nosti promichanych jevli (mixing sets), stabilni posloupnosti jevii, posloupnosti permutovatelnych
jevli (exchangeable events) a zdkony velkych ¢&isel na podminénych pravdépodobnostnich
prostorech.

Rozséhld kapitola VIII se tyka limitnich v&t v teorii pravdépodobnosti. Pfitom centrdlnimu
limitnimu problému obecné je vénovano pomérné malo mista — chybi napf. limitni véty zaloZené
na kanonickém rozkladu logaritmu charakteristické funkce nekone¢né délitelnych rozdéleni;
zato je viak probrdna fada specidlnich limitnich vét, které maji praktickou dileZitost: napf. li-
mitni véta pre vybéry z kone&nych populaci, limitni véta pro sou¢ty ndhodného poétu ndhodnych
veli¢in, limitni rozdé&leni v homogennich Markovovych fetézcich s kone&n& mnoha stavy (zde je
také zafazen ivod do jejich teorie), limitni rozd€leni pofadkovych statistik, limitni véty pro empi-
rické distribu¢ni funkce, limitni rozdéleni ndhodnych prochézek. V poslednim odstavci je vyloZzena
operitorova metoda dikazh limitnich vét.

Jako kapitola IX je zafazen dodatek — tivod do teorie informace. Zde se vyklad soustieduje
jen na zékladni pojmy; nestuduji se tedy napf. jejich aplikace v pfenosu zprav Sumovymi kapaly.

Kniha obsahuje témé&f 300 cviCeni, zafazenych vidy na konci kaZdé kapitoly; n&ktera jsou
opatfena podrobnymi ndvody. Do téchto cvieni jsou zafazeny teoretické dopliiky k hlavnimu
vykladu, ilustrativni p¥iklady i pravdépodobnostni problémy z jinych vé€dnich obori. Jen mélo
cvi¢eni lze vyfesit pfimo&arou aplikaci vyloZzenych poudek; vét§ina cviceni je dosti obtiznych a nuti
¢tenafe k dikladnému promysleni prostudované latky.

Na konci knihy jsou pfipojeny tabulky nékterych rozdéleni a historické a bibliografické
poznamky k jednotlivym kapitolam.

Pokud jde o koncepci knihy, snaZil se autor ziejmé spojit tradiéni kurs teorie pravdépodobnosti
s vykladem nékterych specidlnich témat, ktera vybiral pfedevS§im z oblasti své vlastni védecké
price. Vzhledem k uctyhodné $ifi védeckych zajmti A. Rényiho neznamena oviem tento vybér
Z4dnou jednostrannost knihy. (K pracem A. Rényiho a jeho spolupracovnikl se vztahuje i fada
cvienf). Matematickd ndro¢nost knihy je asi uprostied mezi u¢ebnici Gnédénkovou a mono-
grafii Loévovou; zd4 se mi zvla¥t vhodna jako udebnice pro matematicko-fyzikalni fakulty — je
oviem velmi dobie pouZitelnd i pro §ir§i okruh zdjemct. Vyklad je pfesny a jasny; zejména témata,
k nim# mél autor bezprostfedni vztah, mi p¥ipadaji brilantn& podéna.

Profesor Rényi, ktery v inoru 1970 zemiel ve véku 48 let, byl znam na celém svét& nejen jako
vynikajici v&dec, ale také jako vynikajici pedagog a pfednasejici. Jeho kniha, do niZ shrnul své
bohaté pedagogické zkusenosti, tuto povést pln& potvrzuje.

Vdclav Dupaé, Praha

Alois Kufner, Jan Kadlec: FOURIER SERIES. Iliffe Books Ltd. in co-edition with Academia-
Publishing House of the Czechoslovak Academy of Sciences, Prague 1971, 358 stran, 52 obrazky.
Cena Ké&s 50.— (v jinych ménéch neuvedena).

Vzhledem k cené anglického vydani ¢tendf v nasich krajich sdhne asi po &eské versi této knihy
(vy$la v nakladatelstvi Academia, edice Cesta k v&d&ni, Praha 1969). Ceské vydéni se za kritkou
dobu stalo neocenitelnou pomiickou pro techniky a studijnim materidlem pro posluchade nizsich
ro¢niki MFF UK.

Po uvodni kapitole (Basic Concepts) je zaveden pojem trigonometrické fady pomoci fefeni
rovnice struny Fourierovou metodou. Tieti kapitola se zabyv4 Hilbertovymi prostory a obecnymi
ortogondlnimi systémy. (V dodatku je vySetfovan prostor lebesgueovsky integrovatelnych funkci.)
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Ve ¢&tvrté kapitole se na konkrétnich Hilbertovych prostorech (napi. L,, L, s vahou) ilustruji
vysledky predchazejici kapitoly. Praktickym pifikladiim je vénovana pat4 a Sest4 kapitola.

Chovani a vlastnosti Fourierovych fad funkci absolutné spojitych, funkci s kone¢nou variaci
a funkci ze Sobolevovych prostorli jsou vy$etfovany v kapitole sedmé. Kapitola osmd potom
¢tenafe seznamuje s pojmem Fourierova transformace.

Autofi si zfejmé vytkli za cil, aby kniha byla napsdna formou, kterd nevyzaduje hluboké
predb&Zné znalosti, a aby tak byla vhodna nejen pro ty, ktefi se chtéji sezndmit se zdklady teorie
Fourierovych fad, ale i pro praktiky. Toto se jim plné& podafilo splnit, snad aZ na jedinou vyjimku:
Cel4 teorie disledné uZivda Lebesgueova integrdlu a paragraf &tvrty prvni kapitoly, kde jsou
shrnuta potfebnd tvrzeni (v podstaté se jednd o limitni pfechod za znamenim integralu, zdvislost
integrdlu na parametru a Fubiniovu vétu), se vymyka z koncepce knihy. Autofi totiZ (z pochopi-
telnych divodh) Lebesguetv integral nedefinuji'a naskytd se otazka, zda by nebylo vhodnéjsi,
obsirnéji vyloZit podstatu a vyznam Lebesgueova integralu.

Ke kladim knihy jisté patfi, Ze obsahuje celou fadu pfikladt (99), cvi€eni po&etnich a teoretic-
kych (132) a priklady, které varuji pfed formalnim pouZitim dokdzanych vét bez ovéieni viech
predpokladi.

Typografickd vroveii je na vy3i, tiskovych chyb je velmi mdlo a nebrani porozuméni textu.
Jisty zmatek vznikl v kapitole prvni zavedenim pojm ,,integrél existuje‘* a ,,integral konverguje*
(napf. v Theorem 1.12, str. 11, fadek 9 zdola m4 znit takto: Let the integral F(x) exist and be
convergent at least for one a € A).

Vy$e zmin&ny odstavec 1.4 obsahuje nékolik dalSich drobnych nedostatkd, které &tendf
Jisté bez ndmahy opravi.

Jesté je tieba upozornit, Ze vztah (7.33) na str. 254 neni dobie a tudiz diikazy nasledujicich vét
odstavce 7.9 vyzaduji uprav.

Zivérem je mozZno Fici, Ze publikace A. Kufnera a J. Kadlece patii do skupiny méla knih
o Fourierovych fadach, které vypliiuji mezeru mezi vyloZené praktickymi knihami a monografiemi
typu A. Zygmund: Trigonometrical series a G. H. Hardy - W. W. Rogosinski: Fourier series (ne-
davno vysel &esky preklad), které obsahuji matematicky korektni zdklad pro aplikace.

Svatopluk Fuéik, Praha
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Casopis pro p&stovini matematiky, ro¥. 98 (1973), Praha

ZPRAVY

E. C. MILNER PREDNASEL V PRAZE

Na své cesté na kongres v Madarsku se zastavil v &¢ervnu 1972 v Praze E. C. MILNER, profesor
university v Calgary (Kanada) hostujici na université v Cambridge (Anglie). V Matematickém
ustavé CSAV v Praze piednesl 12. &ervna 1972 piedndsku s ndzvem ,,Embedding of tournaments
in simple tournaments*, v niZ informoval o vysledcich, k nimZ dospé&l spolu s madarskymi matema-
tiky P. Erdosem a A. Hajnalem. Turnaj je Gplny asymetricky digraf. Podmnozinu K turnaje T
nazval autor konvexnf pravé tehdy, obsahuje-li X spolu s kaZdou dvojici uzla téz kazdy uzel, jenZ
leZi mezi nimi (ve smyslu orientace). Turnaj je jednoduchy, neobsahuje-li kromé trividlnich Zddnou
daldi konvexni podmnozZinu. Pfitom trividlni jsou jednobodové mnoZiny a mnoZina slozena ze
viech uzli turnaje. Hlavnim G&elem pfedndsky bylo dokdzat, Ze aZ na nékolik vymezenych vyji-
mek lze kazdy turnaj vnofit do jednoduchého tim, Ze se pfida pravé jeden dalsi uzel.

Piednad¥ku vyslechlo asi tficet poslucha&i. V diskusi upozornili studenti MFF, Ze ve svém
semindfi dosli téZ k pojmu jednoduchy turnaj (fikaji mu kiehky) a uvedli nékteré své vysledky.

Jifi Sedldcek, Praha

XXI. ROCNIK MATEMATICKE OLYMPIADY

XXI. ro¢nik matematické olympiddy prob&hl letos ve &tyfech kategoriich, z nichz A, Ba C
byly jako obvykle uréeny pro Z4ky 3kol II. cyklu a kategorie Z pro Zzdky ZDS. Uéast v tomto
ro¢niku byla opét vy3si zvlast€ v obnovené kategorii C. RovnéZ vyssi byl i pocet Gspé&$nych fesi-
telt II. kola, pfedev§im v kategorii A. Po dlouhé dobé& se opét pfibliZil podet pozvanych ucastnikl
v soutéZi III. kola ke stanovené horni hranici — celostatniho III. kola v dubnu roku 1972 se na
Kladné zGéastnilo celkem 73 Z4akia. Z 33 Gsp&nych feSiteld bylo vyhldseno 19 vité€zi. Jako prvni
se umistil MiRosLAv KMOSEx z Brna, druhy byl KArReL HorAk ze Strakonic, IMRICH VRTo
z Rimavské Soboty byl tieti. Z vitézh bylo. vybrano osmi¢lenné druZstvo pro XIV. mezindrodni
matematickou olympiddu.

Tradi¢ni celostatni soustfedéni usp&$nych fesitelti kategorie Ba C MO a FO probéhlo tentokrate
na Slovensku v Trenéin&. Odbornou n4plii zajistili &lenové UVMO pod vedenim dr. I. Korck, CSc.

Pokradovalo rovné? vyddvani daldich svazkt edice Skola mladych matematiki v Mladé
Fronté. Pod ¢&islem 29 vysly ,, VytvoFujici funkce* dr. Franti§ka Zitka, CSc. a pod ¢islem 30 ,,Maly
vylet do moderni matematiky*‘, ktery pfipravili dr. Milan Koman, CSc. a doc. Jan Vysin, CSc. podle
materidlii experimentdlnich matematickych $kol, fizenych Kabinetem pro modernisaci matema-
tiky pfi Matematickém ustavu CSAV.

Vlastimil Machdéek, Praha

MEZINARODNI MATEMATICKA OLYMPIADA

XI1V. Mezindrodni matematickd olympidda (MMO) se konala ve dnech 5.—18. &ervence 1972
v Polsku. Zt&astnila se jf 24kovskd dru¥stva ze 14 zemi: Rakouska, Bulharska, Kuby, Cesko-
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slovenska, NDR, Velké Britdnie, Madarska, Mongolska, Holandska, Polska, Rumunska,
Svédska, SSSR a Jugoslavie; celkem bylo 107 souté&Zicich.

Vlastni soutéZ probfhala ve dnech 10. a 11. &ervence v Toruni. Zici fesili jako obvykle ve dvou
ptldnech po tfech tlohéch. Jejich feSeni byla bodovana; za Giplné a spravné fefeni vech $esti uloh
mohl 24k ziskat maximaln& 40 bodi. Usp&ni Fesitelé byli odmé&né&ni cenami: bylo udéleno celkem
7 prvnich cen ( za maximdlni vykon 40 bodi), 16 druhych cen (za 30— 39 bodii) a 30 tfetich cen
(za 19—29 bod).

Nejlépe si vedli jako obvykle Z4ci z Madarska, SSSR a NDR. Ceskoslovensti Z4ci ziskali &ty¥i
téeti ceny: JAN BRYCHTA z Prahy, IMrRICH VRTo z Rimavské Soboty, JARoMIR SIM8A z Ostravy
a MirosLaAv KmoSex z Brna. Celkem ziskali nasi Zaci 130 bodd a Zaradili se tak v neoficidlni
klasifikaci druZstev na devété misto.

Vedle ryze odborného programu méli uéastnici XIV. MMO moZnost seznamit se téZ s krdsami
Polska a s historickymi paméatkami, a to jednak ve Var$avé a v Toruni, kde se soutéZ konala,
jednak o vyletech uspofddanych do severniho Polska (Olityn, Malbork, Frombork) a do Poznané
(s navstévou Hnézdna a praslovanské osady v Biskuping).

Podrobnéjsi zprava o XIV. MMO bude otidténa jednak v brozurce o XXI. ro¢niku nasi MO
(vyjde v SPN v r. 1973), jednak v &asopise Pokroky MFY.

Frantisek Zitek, Praha

LETNI SKOLA Z TEORIE REALNYCH FUNKCI

Poboctka JSMF v KoSicich uspofadala ve dnech 5.—9. ¢ervna 1972 v Dedinkéch ve Slovenském
raji Letni §kolu z teorie redlnych funkci. Na programu bylo Sest tfihodinovych pfednasek a pét
referatu. )

V uvodni pfednéasce ,,Vyvoj pojmu integrdalu* K. KARTAK nejprve stru¢né pfipomenul pied-
lebesguesovské definice integralu, pak popsal hlavni vysledky Lebesguesovych Legons sur I'in-
tégration a jejich vliv na rozvoj teorie integralu a funcionélni analyzy. D4le podal pfehled neabso-
lutné konvergentnich integrala v R* a jejich aplikaci v teorii trigonometrickych fad. Na zavér
pfipomenul vysledky naSich autord v oboru neabsolutn& konvergentnich integrald v R” (n = 2)
a polozil nékteré problémy.

Prof. J. KurzweIL v piednasce ,,Rehabilitace souctové definice integralu* uvedl soudtovou
definici integralu, ktera vznikne nevelkou modifikaci Riemannovy definice, a definici tzv. variaé-
niho integralu, které jsou ob& ekvivalentni s Perronovym integrdlem, a ukézal, jak se rozviji teorie
integralu na zakladé téchto definici.

Na tuto piednasku navazal S. SCHWABIK, ktery v piednaice ,,0 aplikaci zobecnéného integrdlu
v teorii zobecnénych diferencidlnich a integrdinich rovnic‘* naznatil, jak se di vyuZit zobecnéné
Perronovy definice integralu pfi vySetfovani systému diferencidlnich a integrdlnich rovnic s nespo-
Jjitymi feSenimi. V &4sti o integralnich rovnicich uvedl v&tu z funkcionélni analyzy, kterd umoziiuje
vyslovit véty typu Fredholmovy alternativy také pro pfipad, kdy neni znam dudlni prostor.

V dalsi piedndsce ,, Teorie analytickych mnoZin a redlnych funkci“ 1. VRKOC objasnil zdkladni
vlastnosti analytickych mnoZin v euklidovskych prostorech a zvlasté pak problém uniformizace
analytické mnoZiny pomoci méfitelnych funkci a naznaé&il pouZiti této teorie pii fefeni problémi
representace Carathéodoryho operdtoru pomoci operdtorii Nemyckého.

J. JArNIK v pfedndice ,,Nekteré vlastnosti konvoluce** sezndmil posluchace s integralnimi trans-
formacemi s konvolu¢nim jadrem, které lze invertovat diferencidlnim operitorem nekonedného
fadu. Ukdzal téz priklad spojité funkce, jejiz k-krét iterovan4 konvoluce nemé nikde derivaci.

V z4vére¢né predniice D. Preiss podal novy diikaz Maximovovy véty.

Dile byly ptedneseny tyto referdty: S. SCHWABIK: ,,0 integrdlnich rovnicich se stieltjesovskymi
Jjddry*‘; U, DOBRAKOV: ,,0 subaditivnich operdtorech na C(T)*; L. ZAMCEK: ,,Limitni mnoZiny libo-
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volnych redlnych funkci‘; D..PRrEISS: ,,Pozndmka k polospojitym funkcim* a F. Zitex: ,,0 aditivi-
zaci funkci intervalu‘. i '

Letni $kolu navstivil téZ prof. S1Korsk1 z Varfavy, ktery ve své pfedndSce podal novy ditkkaz
existence analytické finkce, kterd neni borelovsk4, pouzitim véty o pevném bodu.

Srde¢né prostiedi, které se na letni §kole vytvofilo a v neposledni fadé€ i hezké pocasi a okolni
pfiroda, pfispély k dobré pohodé tdastniki a k uspéchu této letni $koly.

Vladimir Dolezal, Praha

OBHAJOBY A DISERTACN{ PRACE KANDIDATU VED

Pfed komisemi pro obhajoby kandiddtskych disertaénich praci obhdjili dne 24. dubna 1972
JaroLiM BURES prdci na téma: ,,Deformace a ekvivalence G-struktur*, dne 24. kvétna 1972
vietnamsky statnf pfisluSnik NGuYEN VAN Ho prici na téma: ,,Probabilities of large deviations
and asymptotic efficiency in the Bahadur sense for the signed rank tests*‘ a inZ. JOSEF MACHEK
préci na téma: ,,Transfer of gas to water flowing in open channel under the conditions of macro-
turbulent surface renewal*, dne 28. &ervna 1972 FRANTISEK KRAL prici na téma: ,,Stochastické
aproximativni metody se zndhodnénou nezdvisle proménnou*, dne 4. Cervence 1972 HANA
PETZELTOVA préci na téma: ,,Periodickd feSeni dvou typl slab& nelinearnich evoluénich rovnic*
a VAcLAv VITEK prici na téma: ,,Periodické feSeni slab& nelinedrni hyperbolické rovnice v E,
a E,* a dne 5. Cervence 1972 IvAN NETUKA préci na téma: ,, Tfeti okrajova tloha v teorii poten-
cidlu.

Redakce

OZNAMENI{

Matematicky tstav CSAV ve spoluprici s Matematicko-fyzikélni fakultou UK a Laboratefi
pocitacich stroji VUT Brno uspofddaji v Praze ve dnech 27.—31. srpna 1973

III. KONFERENCI
O ZAKLADNICH PROBLEMECH NUMERICKE MATEMATIKY

s mezindrodni G&asti.

Tato konference navazuje na konference pofddané v Liblicich v letech 1964 a 1967.
Adresa organiza&niho vyboru: Matematicky ustav CSAV, Opletalova 45, 110 00 Praha 1.

Mezindrodni matematické centrum S. Banacha ve Var§av€ uspofdd4d od 15. zafi 1973 do 15.
ledna 1974 semestr o matematickych otdzkdch teorie regulace. Tématikou semestru budou 1.
Otdzky optimélni regulace pro soustavy diferencidlnich rovfic, pro soustavy parcidlnich diferen-
cidlnich rovnic a pro soustavy se zpoZdénim, 2. Teorie diferencidlnich her linedrnich i nelinearnich,
3. Otazky stochastické regulace. U&ast bude mo2né jen na pozvéni. Informace poskytne Mate-
maticky astav CSAV, 115 67 Praha 1, Zitn4 25.

Redakce
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