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CASOPIS PRO PESTOVANI MATEMATIKY

Vyddvd Matematicky astav CSAV, Praha
SVAZEK 96 * PRAHA 12. XI. 1971 * CISLO 4

r-ROZMERNE KONFIGURACE

JaroMir Krys, Hradec Kralové
(Doslo dne 10. prosince 1969)

1. Uvod. V této praci odvodime dva typy konfiguraci v r-rozm&mném projektivnim
prostoru S, nad télesem komplexnich &isel.

r-rozmérna konfigurace je mnoZina, jejiZ prvky jsou vlastni podprostory projek-
tivniho prostoru S, nad télesem komplexnich &isel a pro néz plati tato podminka:
Kazdy s-rozmérny podprostor je incidentni vzdy s tymZ poétem k-rozmérnych
podprostort.

Konfigurace se pro r = 3 obvykle zadava matici:

4gos o1, eomey aO,r—l
a0, aiy, vy 1
ar-1,00 r-1,15 > Ar—1,r-1

kde a;; je pfirozené ¢islo o kterém plati:

1) i = j, potom &islo a;; oznaGuje podet i-rozmé&rnych prostorti dané konfigurace.
2) i # j, potom ¢&islo a;; udava podet j-rozm&rnych prostori S; dané konfigurace,
které jsou incidentni s i-rozmérnym projektivnim prostorem S; dané konfigurace.

Dale plati: a;a;, = a,;a,.-

2. r-rozmérné konfigurace s body U;;. Zavedeme nyni body U,;. Necht S, je r-roz-
mérny projektivni prostor nad t&€lesem komplexnic héisel. V tomto S, je dana projek-
tivni soustava soufadnic. Bod U;; je bod tohoto S, jehoZ i-ta soufadnice je rovna 1,
Jj-ta soufadnice je rovna —1 a ostatni soufadnice tohoto bodu jsou nulové. Je zifejmeé

U;; = Uj; a dale zfejmé plati, Ze v daném S, je pravé (r ; 1) vesmés riznych

bodi Uy;.
Oznaéme w nadrovinu tohoto S,, kterd ma v dané soustavé soufadnic rovnici:
Xy + X3 + ... + x, + x,4y = 0. Ziejm& kazdy bod U;; leZi v nadrovin€ w.
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Véta 1. KaXdym bodem U,;; prochdzi (r-; . vesmés navzdjem riznych pod-
2
prostori: S, nadroviny o takovych, Ze v kaZzdém z nich leZi prdvé <s ; ) riznych
bodi U,;.

Dikaz. Prostor S, je uréen témito rovnicemi:

(1) Xp + Xy + X+ e+ X, +Xx.,,=0, x,,,=0,
Xispe =0,..,x;,,, =0.
ProtoZe U;; leZi v S,, musi byt i, j n&které z &isel i; , i;,, ..., i; ,,. Proménnych v prvé

rovnici rovnic (1) je s + 2 a vybirdme je z r + 1 promé&nnych. ProtoZe viak mezi nimi
musi byt x; a x; vybirdme tedy jenom z r — 1 &isel s Cisel. Zfejmé& na pofadi nezaleZi
a jsou to tedy kombinace s-té tfidy z r — 1 prvkti a podle zndmého vzorce plati, Ze

pocet prostorit S, je (r _s- 1). Snadno nahlédneme, Ze vSechny tyto prostory jsou

navzajem riizné, nebot jinak by musela prva rovnice z rovnic (1) byt pro dv& riizné
kombinace stejnd, to viak nemiiZe nastat. Ur€ime nyni poéet bodut U;; leZicich v S..
Mohou to byt jedin& body U, jejichZ soufadnice anuluji prvou rovnici z rovnic (1).

Téch je viak (s ; 2).

Zavedeme nyni timluvu, Ze misto k-rozmérny podprostor ve kterém leZi pravé

2
tor S;.

(k b 2) vesmé&s riiznych bodil U;;, budeme fikat ,,pfipustny* k-rozmérny podpros-

DokaZme nyni, Ze kazdy ,,pfipustny* S, se da vyjad¥it rovnicemi (1). Z (k ; 2)

bodit Uy, které leZi v Sy zvolme k + 1 bodi linedrné nezévislych tj. takovych, ze
dany S, urluji. Nyni utvofime podmnoziny M, M,, ..., M, této mnoZiny bodi.
Necht U;; € M. Do této mnoZiny dame vSechny body U, které maji pravé jeden
index rovny j nebo i tj. body U,; a U,;. Tak dostaneme h; + 1 téhto bodi, jejichZ
indexy vybirame nejvySe z h, + 2 pfirozenych &isel. Obdobné vytvofime M,, ..., M,
Cislem h; + 1 budeme oznalovat podet bodii U;;j v M,. Z ptedchézejiciho je ziejmé,

Ze mnoZiny M,, ..., M, jsou po dvou navzijem disjunktni a plati )’ h; + n = k + 1.
i=1

Hledejme nyni viechny linedrni kombinace zvolenych k + 1 bodi U;;. Je zfejmé, Ze

takovy bod Uj;, jehoZ aspoti jeden index nepatfi do Z4dné mnoZiny indexd mnoZin

M, M,, ..., M,, nemiiZeme touto linedrni kombinaci dostat. Viechny uvaZované

body maji totiZ tuto soufadnici nulovou. MiiZeme tedy dostat nejvyse: (h’ ;- 2) +

+ (hz ; 2) + ...+ (h" ;- 2) bodd U;;. Toto &islo je jedin€ pro n = 1 rovno &islu
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(k ; 2). V ostatnich pfipadech, jak &tenaf snadno spodita, je toto ¢islo men3i neZ

(k ;_ 2) . V prvém ptipadé se viak jedné o prostor, ktery se d4 vyjadfit rovnicemi (1).

Ostatni ptipady tedy nemohou nastat. Z toho vyplyva zpfesnéni véty 1:

, . s c e [T v = o o o
KazZdym bodem U,;; prochdzi prdvé ( ) vesmés navzdjem ruznych ,,pFi-

pustnych* podprostori S; nadroviny w.
Véta 2. Necht's > k. KaZdym ,,pFipustnym** podprostorem S, prostoru w prochdz{

pravé (r ;f ; 1) riiznych ,,pFipustnych‘ podprostorit S;.

Dtukaz. Podle pfedchazejiciho se da kaZzdy ,,pfipustny* S, vyjadfit rovnicemi:

@ xj, +x;,+...+x;,,,=0, x

k42

=0, m=k+3, k+4,..,r+1

Jm

a S, je dan rovnicemi (1). Zfejm& musi platit, Ze mnoZina {x;, x;,, ..., X;,,,} je
podmnoZinou mnoZiny {x;, X, ..., X;,,,}. ProtoZe k + 2 proménnych bylo jiZ
zvoleno, miZeme mé&nit pouze s + 2 — (k + 2) = s — k promé&nnych. Té&chto
s — k proménnych budeme vybirat z r + 1 — (k + 2) = r — k — 1 proménnych.

o ~ 3 o . I3 wr == = 1
Jde opét o kombinace, takZe pocet prostorti S je dan Cislem (r s f K )

+ 1
Véta 3. V prostoru w existuje prdvé (; I 2) s-rozmérnych ,,pripustnych* pod-

podprostorii S;.

Dikaz. Bodd U, je celkem ("} 1), Podle véty 1 kazdym timto bodem prochéizi

pravé (r : 1> ruznych ,,pfipustnych* S;. Je tedy téchto S; v w:

r+1 (r -1
2 s _(r+1
s + 2 s+ 2 )
2
. v ; yi el 2
Véta 4. Necht's > k.V ,,pFipustném* podprostoru S, prostoru w leZi prdvé

- - 3 5 k+2

k-rozmérnych ,,pfipustnych‘ podprostori S, prostoru S,.

Dikaz. S, je dan rovnicemi (1) a S, rovnicemi (2). S, je podprostorem S, kdyZ
prvni rovnice z rovnic (2) obsahuje jenom proménné obsaZené v prvé rovnici z rovnic
(1). Jedna se tedy zfejm& o kombinace k + 2 tiidy z s + 2 prvkd a podle zndmého

vzorce plati, Ze poCet S; je (i :_ ;) ;
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Véta 5. Necht K je mnoZina, kterd jako své prvky obsahuje vSechny ,,pFipustné‘
podprostory S, < . (0 <s=r-— 2.) Potom mnoZina K je r — 1-rozmérnou
konfiguraci typu:

(39 (7 (5 G5
8 > (5 () ()

Diikaz této véty bezprostiedné plyne z pfedchazejicich vét a proto ho nebudeme
provadét. Popisme v3ak konstrukci matice této konfigurace. Na hlavni diagonéle jsou
podle véty 3 &isla (r ; 1), (r;— 1), i i (r-: 1). Cisla pod hlavni diagonalou

dostaneme uZitim véty 2 (resp. 1) a &isla nad hlavni diagonalou dostaneme uZitim
véty 4 (resp. 3).

Poznamka 1. Nechf r = 4, potom dostavime konfiguraci v trojrozmérném
prostoru typu:

10, 3,3
(4) 3, 10, 2
6, 4,5

Matice (4) viak obsahuje jedno &islo 2. UvaZme, Ze toto &islo bude v matici (3) vzdy.
V roviné takové konfigurace, kde jedno z &isel charakterizujici danou konfiguraci je
mensi neZ t¥i, nepfipoustime. V prostorech vy$si dimense viak miiZeme takové kon-
figurace uvazovat. '

3. r-rozmérné konfigurace s body U;; a J;. Oznaéme J; bod jehoZ i-ta soufadnice
je rovna —r a ostatni jsou rovny jedné. Tedy x; = 1,j = 1,2,...,i — Li+ 1,...
weo? 4+ 1, x; = —r pro i + j. Zfejm& existuje v daném S, pravé r + 1 navzajem
vesmés ruznych bodi J,. Dale plati, Ze v§echny J; leZi v .

Véta 6. KaZdd skupina s + 1 vesmés riuznych bodii J;, kde s < r — 1 je linedrné
nezdvisld tj. uréuje s-rozmérny prostor S,.

Dikaz. Oznaéme tyto body J;, i = 1,2,...,s + 1. Pfedpokladejme, Ze neplati
tvrzeni véty. Potom musi platit napf. pro J,:

Ji =00+ 4303+ oo+ AgviJenr -
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Tato symbolicka rovnice se d4 zapsat rovnicemi mezi jednotlivymi soufadnicemi.
NapiSeme je jenom pro x; a x,,,. Dostavame:

_kr=).2 +A3 + ... +)‘s+1
k=Ady 4+ A3+ oo + Ayy

ProtoZe k musi byt riizné od nuly, jsou tyto rovnice splnény jen pro r = —1. Tedy
dochazime ke sporu s pfedpokladem.

Véta 7. Necht mnoZina Lobsahuje jako své prvky vSechny s-rozmérné prostory S,
kde S;c w,s =0,1,2,...,r — 2, které jsou urceny s + 1 vesmés riiznymi body J,.
Potom mnoZina M = K U L, kde K je mnoZina z véty S, je r — 1-rozmérnou
konfiguraci typu:

(3 @ @) (L)

Tuto vétu dokaZzeme pomoci nasledujicich vét.

Véta 8. Kazdy s-rozmérny prostor S; € Lobsahuje jediny s — 1 rozmérny prostor
S,-1€K.
Diikaz. Zfejmé plati, Ze na kaZzdé spojnici dvou riznych bodu J; a J;, leZi pravé

jeden bod U;; a je to zfejmé ten bod U;;, kde i = i, j = i'. ProtoZe v S, € L je pravé

2

(S ® 1) téchto pfimek, leZi tedy v S, pravé (s ; 1) bodii U;; a pro indexy i, j mame
jenom s + 1 moZnosti a tedy tyto body U;; v poctu (s ; 1) uréuji jediny S,_, € K.

Véta 9. Pro kaZdy S;e K plati J; ¢ S,.

Dukaz. Necht S, je dan rovnicemi (1). Protoze s < r — 2 je vZdy v t&chto rovni-
cich aspoii jedna rovnice x; = 0. Tuto rovnici nemize J; anulovat.

Véta 10. Kazdy S, konfigurace M obsahuje prdvé (; 1_ ;) k-rozmérnych pod-
prostorit S, e M.
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Dikaz. Necht S,;e K, potom toto plati podle véty 4. Necht S,e L. ProtoZe
kazdy S, je ur€en s + 1 vesmés rliznymi body J; a S je ur€en k + 1 vesmés riznymi

body J,, dostavame (li i i) riznych S, = S,. Podle véty 8 viak kazdy k + 1.rozmér

ny Sy, € L obsahuje k-rozmérny prostor S, € K. S; € M obsahuje (I: * ;) Si+1€L

: s+ 1 s+ 1 s+ 2 5
a tedy S, € M obsahuje celkem (k + 1) + (k + 2) = (k 4 2) podprostori S,.

Véta 11. Necht's > k. KaZdym S, € M prochdzi pravé (: : l/i) vesmés ruznych
S;eM.

Diikaz. Necht S, € L. Potom S, je uréen k + 1 vesmés riiznymi body J; a S, je
uréen s + 1 vesmés riiznymi body J;. Z té€hto s + 1 bodl je viak jiZ pevné urdeno
k + 1. MiZeme ménit pouze s — k bodi, které budeme vybirat z r — k bodil. Jde

s—k
chazejicich S;. Podle véty 9 vSak S; e K neobsahuje zZadny bod J; a tedy také ne
Sy € L. Tim je véta pro S, € L dokazana. Necht S; € K. Podle véty 2 timto S, e K
- k-1
s—k

S, € K. Podle véty 8 plati, Ze v kazdém S, ., € L leZi jediny S, € K. Podle véty 6

zfejm&€ o kombinace a tedy existuje celkem (r - k) vesmés ruznych S; e L a pro-

prochazi pravé (r ) S, € K. Hledejme nyni pocet S, € L, které prochézeji

- . 1 . , « s ,
existuje v L pravé (,: I 2) navzajem riznych S;,; a podle véty 3 existuje v K pravé

(l: I ;) vesmés ruznych S, a tedy kazdy S, € K leZi v jediném S,,, € L. Timto

Sy +1 € L prochézi, jak jsme dokézali v prvé ¢asti ditkazu této véty, pravé <: : : : i)

vesmés riznych S,e L. Tedy (: ~ i ~ i) + (r ;f ; 1) = (: ~ :) je podet

vesmés riznych S, € M, které prochazeji danym S, € K.

r+2

Véta 12. V w existuje prdvé (k +2

) vesmés riznych S, € M.

Diikaz této véty je zcela obdobny ditkkazu véty 10 a proto ho nebudeme provadét.

Pomoci vét 8 —12 je dok4zana véta 7. Cisla na hlavni diagonale matice konfigurace
z véty 7 dostavame podle véty 12. Cisla pod hlavni diagonalou podle véty 10 a &isla
nad hlavni diagonélou podle véty 11.
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Poznimka 2. Nechf r = 4, potom dostavime konfiguraci v trojrozmé&rném
prostoru typu:

15, 4, 6
3,20, 3
6, 4,15

Poznamka 3. Nechf r = 3, potom dostdvime znamou rovinnou konfiguraci
(104, 10,).

Adresa autora: Hradec Krilové (Pedagogickd fakulta).

Zusammenfassung

r-DIMENSIONALE KONFIGURATIONEN

JaroMiR KRrYs, Hradec Kralové

In der Arbeit werden zwei Konfigurationstype im r-dimensionalen projektive Raum
iiber dem Korper der komplexen Zahlen hergeleitet.

345



Casopis pro péstovini matematiky, ro¥. 96 (1971), Praha

ALTERNATING CONNECTIVITY OF TOURNAMENTS

BOHDAN ZELINKA, Liberec
(Received February 2, 1970)

This paper continues to investigate the concepts introduced in [2] in the case of
tournaments. A tournament is a digraph in which any two different vertices u, v are
joined exactly by one directed edge (either uv, or Eﬁ) and no loops exist. The concepts
of (+ —)-path, (— +)-path, (+ —)-connectivity, (— + )-connectivity and alternating
connectivity were defined in [2].

Theorem 1. Let a tournament T with the vertex set V have a source u and no sink.
Then T is (+ —)-connected, but not (— +)-connected. The equivalence classes of
the relation of being (— +)-connected are {u} and V = {u}.

Remark. A tournament can have at most one source and at most one sink.

Proof. Let v, w be two vertices of T. As T has no sink, there exist vertices v’, w’
so that vv’, ww' are edges of T. As u is a source, there exist edges uv’, uw'. Thus
P = [v, 00, ', U'u, u, uw’, w', w'w, w] is a (+ —)-path between v and w. As the ver-
tices v, w were chosen arbitrarily, the tournament T'is (+ —) connected. The source u
forms an equivalence class of the relation of being (— +)-connected, because it
cannot be joined by a (— +)-path with any other vertex; the first edge of such a path
would be incoming into ¥ which is impossible. If v, w are two vertices of T both
different from u, then there exist edges uv, uw and P’ = [v, bu, u, uw, w] is a (— +)-
path between v and w. Thus ¥V = {u} is an equivalence class of the relation of being
(- +)-connected.

Theorem 1'. Let a tournament T with the vertex set V have a sink u and no source.
Then T is (— +)-connected, but not (+ —)-connected. The equivalence classes of
the relation of being (+ —)-connected are {u} and V = {u}.

Proof is dual to that of Theorem 1.

Theorem 2. Let a tournament T with the vertex setV have a source u and a sink v.
Then the equivalence classes of the relation of being (+ —)-connected are {v} and
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V = {v} and the equivalence classes of the relation of being (— + )-connected are {u}
and V = {u}.

Proof is analogous to the proof of Theorem 1.

Theorem 3. Let T be a tournament without a sink which is not strongly connected.
Then T is (+ —)-connected.

Proof. The reduced graph R [1] of the tournament T'is evidently an acyclic tour-
nament. An acyclic tournament is evidently also transitive. Thus the vertices of R,
i.e. the quasicomponents of T, are totally ordered so that for two quasicomponents
04, Q, we have Q, < Q, if and only if Q, + Q, and there exists and edge in T
outgoing from a vertex of Q, and incoming into a vertex of Q,. (As Tis a tournament,
from any vertex of Q, an edge goes into any vertex of Q,.) Assume that there exists
no greatest element in this ordering and consider two vertices u and v of T. Let Q,
and Q, be the quasicomponent of T containing u and v respectively. There exists
a quasicomponent Q4 such that @; < Q;, Q, < Q5. Choose a vertex w of Q;. There
exist edges uw, ow and P = [0, vw, w, wu, u] is a (+ —)-path between u and v. Now
assume that the above defined order has the greatest element; let this quasicomponent
be Q,. Consider again two vertices u and v. If none of them is in Q,, the proof is the
same as in the preceding case. Let u be in Q, and v in some Q, + Q,. If Q, consists
of a single vertex, this vertex is a sink; this is excluded by the assumption. Thus Q, is
a strongly connected subtournament of T with more than one vertex; therefore there
exists an edge uw such that w is contained also in Q. As Q, = Q,, wehave Q, < Q,
and there exists also the edge yw. Then P = [u, uw, w, wo, v] is a (4 —)-path
between u and v. Now let both u and v be in Q,. As Q, is a strongly connected sub-
tournament of T, there exist vertices w, x in Q, such that uw, vx are edges of T.
If w = x, the proof is finished. If w % x, we choose a vertex y not belonging to Q,.
There exist edges yw, yx in T and P = [u, uw, w, wy, ¥, yx, X, X0, v]is a (+ —)-path
between u and v.

Theorem 3'. Let T be a tournament without a source which is not strongly con-
nected. Then T is (— +)-connected.

Proof is dual to that of Theorem 3.
Before presenting the last theorem we shall prove some lemmas.

Lemma 1. Let T be a tournament which is not acyclic. Then T contains at least
one cycle of the length three.

Proof. As T is not acyclic, we may choose a cycle C, in it. If the length of C, is
three, the proof is finished. Assume that this length is I, > 3. Let u,, ..., u;, be the
vertices of C, and uju;4; fori = 1,...,I; — 1 and u, u, be the edges of C,. Consider
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the vcrtlces u, and u;. As Tis a tournament, it contains either the edge u1u3, or the the
edge uzu;. In the second case the vertices u,, u,, u; with the edges u u,, u s, u3u1
form a cycle of the length three. In the first case there exists a cycle C, of the length
I, =1, — 1 with the vertices uy, us, ..., u;,. If I, = 3, the proof is finished; if not,
we repeat the procedure with C, instead of C,. In this manner we proceed until we
obtain a cycle of the length three, which occurs after at most /; — 3 steps.

Lemma 2. Let T be a tournament with the vertex set V without sources and sinks.
Let u € V be such a vertex that {u},V = {u} are equivalence classes of the relation of
being (+ —)-connected. Then the outdegree of u in T is 1 and the indegree of the
vertex v such that uv is in Tis also 1. The equivalence classes of the relation of being
(= +)-connected are {v}, V = {v}.

Proof. The outdegree of u cannot be zero, because T does not contain sinks.
Assume that there exist two vertices vy, v, such that v, + v, and uv; and up, are
edges of T. As Tis a tournament, the vertices v; and v, must be joined by an edge.
Without any loss of generality let this edge be v,v,. Let w be an arbitrary vertex of
V = {u}. As the set V = {u} is an equivalence class of the relation of being (+ —)-
connected, the vertices v, and w are (+ —)-connected. There exists a (+ —)-path
P =[v,...,w] between v, and w. The path P, = [u, uvy, vy, 0301, Vg, ..., W] is
a (+ —)-path between u and w and the vertices u and w are (+ — )-connected, which
is a-contradiction with the assumption that {u} and V = {u} are the equivalence
classes of the relation of being (+ —)-connected. We have proved that the outdegree
of u must be one. Let v be the terminal vertex of the unique edge outgoing from u.
Assume that there exists a vertex x eV = {u} such that xv is in T. Then P, =
= [u, uv, v, px, x] is a (+ —)-path between u and x and x is (+ —)-connected with u,
which is again a contradiction. Thus also the indegree of v must be one. The vertex v
is (— +)-connected with no vertex except itself, because any (— +)-path from v can
only have the form [v, tu, u, uv, v, ..., v]. Thus {v} is an equivalence class of the
relation of being (+ —)-connected. Now let a, b be two vertices of V' = {v}. As T
is without sinks, there exist vertices a’, b’ of V such that a’a, b'b are edges of T.
If a’ = u or b’ = v, then according to the above proved a = v or b = v respectively,
which was excluded. Thus a'eV = {u}, b’eV = {u} and these two vertices are
(+ )-connected Let P, =[a’,...,b'] be a (+—)-path between a’ and b’. Then
Ps =[a,ad, a,...,b',b'b, b] is a (—+)-path between a and b and these two
vertices are (— +)-connected As a, b were chosen arbitrarily from ¥ = {u}, this set
is an equivalence class of the relation of being (— +)-connected in T.

Lemma 2'. Let T be a tournament with the vertex set V without sources and sinks.
Let veV be such a vertex that {v}, V = {v} are equivalence classes of the relation of
being (— +)-connected. Then the indegree of u in T is 1 and the outdegree of the
vertex u such that uv is in T is also 1. The equivalence classes of the relation of
being (+ —)-connected are {u}, V = {u}.
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Lemma 3. Let T be a tournament with the vertex set V with at least four vertices
without sources and sinks. Let u, v be two of its vertices such that {u}, V = {u}are
equivalence classes of the relation of being (+ —)-connected and {v}, V = {v} are
equivalence classes of the relation of being (— +)-connected in T. Let T, a be tourna-
ment obtained from T by adding a new vertex w and joining it by exactly one
directed edge with any vertex of V so that w is neither a source nor a sink in T;.
Then either T, is alternatingly connected or {u}, (VL {w}) = {u} are equivalence
classes of the relation of being (+ —)-connected and {v}, (VL {w}) = {v} are
equivalence classes of the relation of being (— +)-connected in T;.

Proof. According to Lemmas 2 and 2’ the outdegree of u and the indegree of v
are equal to 1 and uv is an edge of T. At first assume that wu and pw are edges of T;.
Then the outdegree of u and the indegree of v also in T are equal to one. Analogously
as in the preceding lemmas we can prove that {u} is an equivalence class of the rela-
tion of being (+ —)-connected and {v} is an equivalence class of the relation of being
(— +)-connected also in T;. Any two vertices of V = {u} remain (+ —)-connected
also in T;. Now le let x eV = {u}. If x # v, then xu is in Tand also in T;. The path

Py = [x, xu,u, uw,w] is a (+—)-path in T, and therefore x and w are (+—)-
connected in T,. If x = r, then for any x’ €V = {u} the edge xx' is in T. We have
x' % v, thus x" eV = {u}. The vertex u is also in V = {v} and the edge wu is in T;.
The vertices x’ and u are therefore (— +)-connected and there exists a (— +)-path
P, =[x,..,u] in T and also in T,. The path P, = [v, VX', X'y ooy Uy uw, W] s
a(+ —)-pathin T, and therefore v and w are (+ — )-connected in T;. We have proved
that (V U {w}) = {u} is an equivalence class of the relation of being (+ —)-connected
in T;. Dually we prove that (V L {w}) = {v} is an an equivalence class of the relation of
being (— +)-connected in T;. Now assume that uw is an edge of T. If v ow is also in T,
then P, = [u, uw, w, ow, v] is a (+ —)-path in T, and the vertices u, v are (+—)-
connected. Now let x be a vertex of ¥ such that wx is in T}; such a vertex must exist
because w is not a sink. We have x #+ u, x % v. The edge vx is also in T}, thus P5 =
= [w, wx, x, xv, v] is a (+ )-path in T, and the vertices v and w are also (+ —)-
connected. As V = {u} is an equivalence class of the relation of being (+ —)-con-
nected in T and the vertices u and w are both (+ —)-connected with the vertex
veV =~ {u}, the set VU {w} is an equivalence class of the relation of being (+ —)-
connected in T, and the tournament T is (+ —)-connected. According to [2] it is
also (— +)-conneéted and thus it is alternatingly connected. If wo is in T}, the path
P = [u, uv, v, ow, w] is a (+ —)-path in T; and therefore u ar and w are (+ —)-con-
nected in T,. L Let x € V = {u; v}; there exists the edge vx. If wx is in T}, then P, =
= [v, vx, x, xw, w] is a (+ —)-path in T; between v and w and these vertices are
(+ —)-connected. If xw is in Ty, then Py = [u, uw, w, wx, x] is a (+ —)-path between
u and x and these vertices are (+ —)-connected. This means that either u or w is
(+ —)-connected with some vertex of ¥ = {u}. As V = {u} is an equivalence class of
the relation of being (+ —)-connected, we see that one of the vertices u, w is (+ —)-
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connected with all vertices of ¥ = {u} and so is the other, because u and w are (+ —)-
connected. Thus the tournament T, is (+ —)-connected and also alternatingly
connected.

Lemma 4. Let T be an alternatingly connected tournament with the vertex set V.
Let T, be a tournament obtained from T by adding a new vertex w and joining it by
exactly one directed edge with any vertex of V so that w is neither a source nor
a sink in T,. Then T, is also alternatingly connected.

Proof. It suffices to prove that w is (+ —)-connected in T, with an arbitrary
vertex u of T. Both u and w are not sinks; thus there exist vertices u’, w’ in ¥V such
that uu’, ww’ are edges of T;. The vertices u’ and w’ are (— +)-connected in T and
also in T}. Thus there exists a path P, = [u’, ..., w']. The path P, = [u, uu’, ', ...
.oy W, w'w, w] is a (+ —)-path between u and w in T;.

Lemma 5. Let {T,},, be a transfinite sequence of alternatingly connected tour-
naments of the limit ordinal number a such that for ¢« < » < o the tournament T,
is a proper subtournament of T,. Then the tournament T, = \J T, is alternatingly
connected. $=a

Proof. Let u, v be two vertices of T,. According to the definition there exist ordinal
numbers ¢, » less than a such that u is in T, and v is in T,. Let A = max (t, x). The
vertices u, v are both contained in T, and are (+ — )-connected in it. Therefore they
are (+ —)-connected also in T, whose subtournament T, is.

Lemma 6. Let {T,},<, be a transfinite sequence of tournaments without sources
and sinks of the limit ordinal number a such that for ¢« < x < o the tournament T,
is a proper subtournament of T,. Let u, v be such vertices of T, that for any ¢ < «
the equivalence classes of the relation of being (+ —)-connected in T, are {u},
vV, ~ {u} and the equivalence classes of the relation of being (— +)-connected in T,
are {v}, V, = {v} whereV, is the vertex set of T,. Then in the tournament T, = U T,

<a
the equivalence classes of the relation of being (+ —)-connected are {u}, V, = {u}
and the equivalence classes of the relation of being (— +)-connected are {v},
V, = {v} whereV, is the vertex set of T,.

Proof. If x, y are two vertices of ¥, = {u}, we prove analogously to the proof of
Lemma 5 that they are (+ —)-connected. Now assume that u and some vertex
x €V, are (+ —)-connected in T,. There exists a (+ —)-path P between u and x in T,
Let V(P) be the set of vertices of P and for a given y e V, let f(y) be the least ordinal
number such that y € Vj,); such a number must exist because cof the well-ordering of
the set of ordinal numbers less than a. Let B(P) = max B(y). As V(P) is a finite set,

yeV(P)

this maximum exists. The path P is contained in Ty, and therefore Ty p, is (+ —)-
connected, which is a contradiction. The rest of the assertion can be proved dually.
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Theorem 4. Let T be a tournament with three vertices. Then only two cases can
oceur:

(1) Tis a cycle of the length 3 (Fig. 1a). Then any equivalence class of the relation
of being (+ —)-connected, as well as of the relation of being (— + )-connected,
consists only of one vertex.

(2) Tis acyclic (Fig. 1b). Then if u, v, w are vertices of T and u < v < w, then the
equivalence classes of the relation of being (+ —)-connected are {u}, {v, w} and
the equivalence classes of the relation of being (— +)-connected are {u, v},

{w}.

The assertion is evident.

v

¢ = u® . *w

Fig. la. Fig. 1b.

Theorem 5. Let T be a strongly connected tournament with at least four vertices
Then either T is alternatingly connected, or there exist two vertices u, v in T such
that the equivalence classes of the relation of being (+ —)-connected are {u},
V = {u} and the equivalence classes of the relation of being (— +)-connected are
{v}, V = {v} whereV is the vertex set of T.

Proof. We shall carry out the proof by the method of transfinite induction. At
first we shall investigate tournaments with four vertices. Let T be such a tournament.
If a tournament is strongly connected, it is not acyclic. Therefore according to
Lemma 1 it contains a cycle of the length 3. Consider the vertex of T not belonging
to this cycle. It is neither a source nor a sink, because of the strong connectivity of T.
Thus either its indegree is 1 and its outdegree is 2, or its indegree is 2 and its outdegree
is 1. We see that in both these cases we obtain a tournament isomorphic to the
tournament on Fig. 2. In this tournament the equivalence classes of the relation of
being (+ —)-connected are {u}, V = {u} and the equivalence classes of the relation
of being (— +)-connected are {v}, ¥ = {v} which can be easily verified. Now let T
be a strongly connected tournament with more than four vertices. It contains a cycle C
of the length three; let a, b, ¢ be its vertices, ab, be, ca its edges. If C does not belong
to any subgraph of T isomorphic to the graph on Fig. 2, then for any vertex x of T
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not belonging to C either the edges ax, bx, cx or the edges xa, xb, xc exist. If for
each vertex x not belonging to C the edges ax, bx, cx exist, the circuit C is a quasi-
component of T, which is a contradiction with the assumption that T is strongly
connected. The same holds if for each vertex x not belonging to C the edges xa, ;I;, xc

v

o— <+

Fig. 2.

exist. Therefore, if X is the set of all vertices x of T not belonging to C such that the
edges ax, bx, cx exist and Y is the set of all vertices y of T not belonging to C such
that the edges JT&, }_l;,}_f' exist, then both X and Y are non-empty. As T is strongly
connected, there exists at least one x € X and y € Y such that xy is in T. Thus a, x, y
form a cycle in T and the edges @b, bx, yb exist. The subgraph of T induced by the
vertices a, b, x, y is isomorphic to the graph on Fig. 2. We have proved that such
a graph is a subgraph of every strongly connected tournament with more than four
vertices. Thus we use the transfinite induction according to the number of vertices;
this proof follows from Lemmas 3, 4, 5, 6. Obviously if we consider infinite tourna-
ments, the Axiom of Choice is used.
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&asopis pro péstovini matematiky, roZ. 96 (1971), Praha

O AUTOMORFISMECH DEFINOVANYCH
NA OKRUHU ENDOMORFISMU HOMOGENNIHO
TOTALNE ROZLOZITELNEHO MODULU

FRANTISEK MACHALA, Olomouc

(Doslo dne 13, Gnora 1970)

Necht je M unitarni levy modul nad libovolnym asociativnim okruhem R s jednot-
kovym prvkem. Monogenni podmodul modulu M generovany prvkem x € M ozna-
¢ime Rx, U + V soufet podmoduld U,V a U @ V jejich direktni soufet. MnoZina
viech podmoduld modulu M je vzhledem k inklusi, kterou oznac¢ime =<, Castecné
uspofadana. Vzhledem k operaci priniku n a souctu dvou podmodulit vytvari
svaz M.

Oznaéme @ okruh endomorfismit modulu M. Jednotkovy prvek ¢ tohoto okruhu
je identicky automorfismus. Obraz podmodulu U £ M v endomorfismu ¢ € @
oznatime U¢ a jadro tohoto endomorfismu Ker (¢). Levy (pravy) hlavni ideal
okruhu @ generovany prvkem ¢ oznalime ®¢(¢®). Soudet dvou levych (pravych)
idealt I, I, okruhu @ oznaéime I, + I, a direktni soudet I; @ I,. MnoZina vSech
levych (praV}'lch) idedli okruhu @ je vzhledem k inklusi < &asteCné uspofadana
a vzhledem k operaci priiniku a soutu levych (pravych) ideald vytvafi uplny svaz @,
®p, ([4], str. 25). JestliZe je n libovolny automorfismus svazu @, ale @, 1 =) I,,

veJ

1, € @, kde J je jista mnoZina indexd, pak I = (Y I,)* = Y I}. Stejn& pro libovolny
veJ veJ

automorfismus svazu ®@p. ([4], str. 27.) Jestlize na mnoZinach viech automorfismi
svazli @;, @, definujeme obvyklym zplisobem sklad4ani automorfismi, obdrZime
grupy P(®.), P(®p).

Prvek x € M se nazyva volny, jestlize ze vztahu rx = o, r € R plyne vidy r = o.
Oznadme L(M) mnoZinu t&h podmoduli modulu M, které jsou generovany konec-
nym poétem prvkd. Automorfismus w svazu M se nazyva projektivni zobrazeni
modulu M, jestliZe plati:

P;: (L(M))® = L(M).

P,: Pro libovolny m € M existuje n € M takovy, Ze (Rm)® = Rn.

P,: Pro libovolny n € M existuje m € M takovy, Ze (Rm)® = Rn.

P,: Existuje volny element u € M takovy, Ze (Ru)® = Ruv, kde v je opét volny element

(1it. [5])-
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Automorfismus p aditivni grupy modulu M, pro ktery plati (rx) u = r*(xp),
reR, xe M, kde u’' je automorfismus okruhu R, se nazyva pololinearni zobrazeni
modulu M. -

Modul M se nazyva pfipustny, jestliZe jsou splnény nasledujici dva pozadavky:

1. Ke kazdym x, y, ze M existuje volny we M takovy, Z¢ (Rx + Ry + Rz) n
N Rw = o.

2. Méjme libovolny t € M, volné x, y, u € M a pfedpokladejme, Ze Rx N Ry * o,
Ru n Rt % o. Pak existuje volny we M takovy, Z2 Rwn Rt = Rwn Ry = Rwn
N Rx = Rwn Ru = o.

V daldim se budou vyskytovat okruhy R s jednotkovym prvkem 1 nasledujici
vlastnosti:

(V) Jestlize ab = 1 pro a, b € R, pak existuje c € R takovy, Ze ca = 1 .

Podle [5] plati: M&me okruh R vlastnosti (V). Kazdé projektivni zobrazeni pfi-
pustného R-modulu M je indukovano pololinedrnim zobrazenim tohoto modulu.

Modul M, ktery je direktnim souétem svych jednoduchych podmoduld, se nazyva
totaln& rozloZitelny. Soudet viech navzajem isomorfnich jednoduchych podmodult
modulu M se nazyva homogenni komponenta. Totalné rozlozitelny modul, ktery ma
pravé jednu homogenni komponentu, budeme nazyvat homogenni totalné& rozloZi-
telny modul. Zvlastnim pfipadem tohoto modulu je napf. vektorovy prostor libovolné
dimense nad libovolnym télesem. V dal§im budeme vZdy pod modulem M rozumét
levy unitarni homogenni totalné rozloZitelny modul nad okruhem R, aniZ to budeme
zdiraziiovat. Pokud nebude vyslovné& nic fe€eno, budeme predpokladat, Ze okruh R
je obecny okruh s jednotkovym prvkem. VSechny pojmy a oznadeni, které jsme
zavedli pro obecny modul, zachovame i v naSem specialnim pfipad€.

Ke kaZdému podmodulu U modulu M existuje podmodul V takovy, Ze M =
= U @ V. ([3], teorém 2, str. 96.) Kazdy levy (pravy) hlavni ide4l okruhu @ endo-
morfismi modulu M je generovéan idempotentnim prvkem (lit. [6]). MnoZina vSech
levych (pravych) hlavnich idealti okruhu @ je inklusi &astedn& uspofadana a vytvaii
vzhledem k tomuto uspofadéni svaz Q,(Qp). Oznaéme N, U pfisluiné svazové opera-
ce. Podle [6] a [1] plati pro libovolné ¢, dg rovnost Pp U P = D¢ + Pg a pro
libovolné @®, o® rovnost @ U @ = @ + oP. Svaz Q,(Q2p) je proto podsvazem
svazu &, (Pp). Grupy automorfismi svazi Q,, Q, oznalime P(,), P(2p). Libovolny
automorfismus ¢ okruhu @ indukuje automorfismus 7, svazu @, pfedpisem I° =
= I"*, I € ;. ProtoZe plati (Pp)” = P¢°, je (P9)’ € ;. Automorfismus o indukuje
také automorfismus 7, svazu Q;. TotéZ plati také pro svazy @p, Q2p.

Zobrazeni f, definované pfedpisem (P9)’ = Mo je isomorfismem svazi Q;, M.
Zobrazeni g definované pfedpisem (Y @)’ = Ker (¢), je dudlni isomorfismus svazi
Qp, M. ([6], [1], hlava 5.)

Lemma 1. KaZdy monogenni podmodul modulu M je generovdn konecnym poctem
Jjednoduchych moduli.
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Dukaz. Monogenni podmodul Rx je totdln& rozloZitelny a proto Rx = ) Ru,,
veJ
kde Ru, jsou jednoduché podmoduly. Existuji v;€ Ru;, i =1,...,n;j,eJ, v, % o

takové, Ze x = ) v;. ProtoZe Rv; = Ru;, pro viechna i, je ). Rv; < Rx. Pro ka?dé
i i=1

i=1

n n n
reRjerx =) rv, &liRx <Y Rv;a Rx = ) Ro,.
i=1 =1

i=1

Lemma 2. Necht modul M obsahuje volny prvek. KaZdy automorfismus o svazu M
Je projektivni zobrazeni modulu M.

Dukaz. DokaZeme, Ze w spliiuje poZadavky P, — P,.

P,: Obrazem jednoduchého podmodulu Ru v automorfismu o je jednoduchy
podmodul (Ru)®. Pfedpokladejme, Z¢ podmodul U < M je generovan konednym

poétem prvkil uy, ..., u,, &li Ue L(M). Pak U = Y Ru;. Podle lemmy 1 miZeme
1 i=1
psat Ru; = Y Ruj, i = 1,...,n, kde Ruv} jsou jednoduché moduly. Pak U® =
k=1
= Y (Rvj)*, kde (Rvj)® jsou jednoduché podmoduly. Podmodul U® je generovin
ik
kone&nym podtem prvki, &ili U® € L(M). Z toho, Ze o je automorfismus svazu M,
plyne (L(M))” = L(M).

P,: Zvolme si libovolny me M. Pak miZeme psit Rm = Ru, & ... ® Ru,,
kde Ru; jsou jednoduché podmoduly a (Rm)® = (Ru,)* @ ... @ (Ru,)”, kde (Ru,)®
jsou jednoduché podmoduly. Podle [2], str. 154, v&ta 12, jsou moduly Rm, (Rm)®
isomorfni. JestliZe je « jejich isomorfismus, pak (Rm) @ = R(ma) = (Rm)®.

P,: Zvolme libovolny x € M. Podle P, je modul (Rx)*~" monogenni, &ili existuje
m e M takovy, ¢ Rm = (Rx)*™" a (Rm)® = Rx.

P,: Podle pfedpokladu existuje volny u € M. Podle P, je (Ru)® = Rv a Ru, Rv
jsou isomorfni. To znamena, Ze Rv je volny element.

Poznimka. Lemma 2 plati pro pfipustny modul M, nebof pak existuje volny
ueM.

Lemma 3. Bud o automorfismus okruhu @ endomorfismit modulu M. Ndsledujici
torzeni jsou ekvivalentni:

a) Vsechny levé hlavni idedly okruhu & jsou o-pFipustné.

b) VSechny pravé hlavni idedly okruhu ® jsou o-pFipustné.

c) Pro kady idempotentni prvek w € @ je »° = w.

Dikaz. a —» b. Podle pfedpokladu plati (®¢)° < D¢ pro kazdy ¢ € . Jestlize
zvolime automorfismus ¢!, pak dostavame @9 = ((P¢)°)° " < (P9)’, (Pp)° = Po.
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Z toho plyne, Ze (®¢)° = Do pro kazdy ¢ € &, ¢ili také P’ = Pg. Z definice zobra-
zeni f dostavame

-

(1) (P9) = (P¢°) = Mo = M¢° .

Zvolme si libovolny pravy hlavni ide4l y@®. Existuje idempotentni prvek we @
takovy, Ze Y@ = w®. Pak také ¢ — w, 0’ (¢t — @)° = ¢t — 0’ jsou idempotentni
endomorfismy a plati M(: — w) = Ker (0), M(t — 0°) = Ker (0°) = M(: — w)’.
([2], v&ta 1, str. 119.) Podle (1) je M(: — w) = M(: — w)’ a proto Ker (w) = Ker (°).
Pak (Ker ()" = (Ker (0%))' = 0 = 0’® = (w®) a kazdy pravy hlavni ideal
okruhu @ je g-pfipustny.

b — a. ProtoZe je ¢ automorfismus okruhu &, plati (p®)° = @@ pro kazdy prvek
¢ € d. Pak

(2 (p@) = (¢°®)° = Ker (¢) = Ker (¢°) .

Zvolme si libovolny levy hlavni ideal a pfedpokladejme, Ze je generovany idem-
potentnim prvkem w. Plati Ker (¢ — w) = Mw a Ker (« — w)° = Mw’. Podle (2)
je Mo = Mo” a proto (Mw) ™' = (Mw®) ™' = dw = (Pw)’ = dw°. Kazdy levy
hlavni ideal je o-pfipustny.
~a — ¢. Kazdy idempotentni endomorfismus ® je jednoznacné& uréen dvojici pod-
modult P = Mw, Q = Ker(w), P @® Q = M. ProtoZe plati a —» b, dostdvime
podle (1), (2): P = Mo = Mw’, Q = Ker (w) = Ker («°) a z toho 0’ = .

¢ = a. JestliZe w’ = w pro kaZdy idempotentni w € @, pak také dw = P’ =
= (Pw)’. KaZdy levy hlavni ideél je o-pfipustny, protoZe je generovan idempotent-
nim prvkem.

Lemma 4. Necht modul M neni jednoduchy. Jestlize automorfismus o okruhu &
spliiuje ekvivalentni poZadavky a), b), c) z lemmy 3, pak je identicky.

Dikaz. Nechtf mi automorfismus ¢ poZadované vlastnosti. Zvolme si libovolny
a€P.

1. Necht je x € M libovolny prvek takovy, Ze podmodul Rx je jednoduchy. Pak je
bud R(xa) N Rx = o nebo R(xx) = Rx.

a) Ptedpokladejme, Ze R(xx) N Rx = o. Zvolme libovolny u € R(x — xa)
N R(xa). Pak existuji r, 7 € R takové, Ze u = r(x — xx) = ryxa, &ili rx = ryxa
+ rxa. Podle pfedpokladu R(xa) N Rx = o0 je rx = o. Pak také rxa = 0 a u =
Plati tedy R(x — xa) n R(xa) = o. Existuje podmodul Q < M takovy, Ze M
= R(xx) ® R(x — xa) @ Q. Zvolme idempotentni endomorfismus o : Mo =
= R(xx), Ker (w) = R(x — xa) @ Q. Pak x — xa e Ker (w) a sw = s pro kazdy
s € R(xa). Dostavame tedy (x -- xa) @ = xw — xa = o, &ili x € Ker (w — a). Podle
(2) v dikazu lemmy 3 je Ker(w — o) = Ker ((w — )”) a podle ¢) v lemm& 3
Ker ((w — a)”) = Ker (w — a°). To znamena, Ze plati x(w — o) = x(w — «°) = 0
a z toho xo = xa’.

e+ >
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b) Pfedpokladejme, Z¢ Rx = R(xx). ProtoZze M neni jednoduchy, existuje jedno-
duchy podmodul Ry’ < M takovy, Ze Ry’ n Rx = o. ProtoZe je M homogenni total-
né rozloZitelny modul, jsou Rx, Ry’ isomorfni. Necht je y' isomorfismus moduli
Rx, Ry’ a necht xy’ = y. Pak Ry = Ry'. Podle [3], v&ta 1, str. 185 je moZno iso-
morfismus y’ prodlouZit do automorfismu y modulu M. Pak xy = y. Stejné jake
v pfipadé a) ukéZeme, Z¢ R(x — y) n Ry = 0 a Ze je moZno zvolit idempotentni
endomorfismus o takovy, ¢ Mw = Ry, x — yeKer(0), €ili xo = yo = y.
Zvolme libovolny u € Rx n Rx(a + w). Pak existuji r, r, € R takové, Ze u = rx =
= ryxa + ryxo, &li rx — ryxa = r,y. ProtoZe r,xa € Rx, plati podle pfedpokladu
Rx n Ry = o,Ze r;y = r;xy = o. ProtoZe je y automorfismus modulu M;je r;x = o
a také ryxa = o, &ili u = o. Plati tedy Rx n Rx(x + ) = o. Pro endomorfismus
a + o miZeme pouZit vysledku &asti a) a dostavame xa + xw = xo° + xw°. ProtoZe
je w idempotentni prvek, je xw’ = xw a xa = xa’.

2. Zvolme libovolny x € M. ProtoZe je M direktni soucet jednoduchych podmo-
dulti, existuje kone¢ny podet prvkl x, ..., x, takovych, Ze Rx; jsou jednoduché
podmoduly pro vSechna i = 1,...,ma x = x; + ... + x,. Podle ¢asti 1 plati xa° =
=(x; + ... + %) 0% = %07 + ... 4+ X,0° = x;0 + ... + X0 = Xt

Pro libovolny x € M plati tedy xa” = xa, ¢ili a° = a. Automorfismus ¢ okruhu @
je identicky.

Poznamka. JestliZze je M jednoduchy, pak je @ téleso a lemma 4 neplati. Pf¥ipustny
modul M neni jednoduchy a proto spliiuje podminky lemmy 4.

Véta 1. BudiZ ddn pripustny homogenni totdlné rozloZitelny modul M nad okru-
hem R vlastnosti (V). KaZdy automorfismus svazu Q, je indukovdn automorfismem
okruhu ®. Grupa P(Q;) je isomorfni s grupou A(®) automorfismi okruhu ®.

Dukaz. ProtoZe je pololinearni zobrazeni u automorfismus aditivni grupy modu-
lu M, plati pro libovolny ¢ € ® vztah Mou = Mpu~*u. Snadno zjistime, Ze u~ou €
€ &. Podle definice isomorfismu f svaz Q;, M dostavame

(1) (P9) u = Mop = Mu™'ou = (op"'op) .

UvaZujme zobrazeni o, : ¢’ = u lou, @e®. Jestlize zvolime libovolny ye &,
pak uyu~' e @ a (uyn~')’* = y. Zobrazeni g, je zobrazenim na . Plati (¢ + ¢)™* =
=p o+ u=pop+ptop= 0"+, (pe)’* = 'pop = n” ouu"'op =
= ¢°#¢°*. Zobrazeni o, je tedy automorfismus okruhu @. Automorfismus o,
okruhu @ indukuje automorfismus 7’ svazu Q, pfedpisem

) (P9)™ = Do = dp~ op = (Po)" .

JestliZe je n libovolny automorfismus svazu Q,, pak je zfejmé f ~ ' nf automorfismem
svazu M. Podle lemmy 2 je f~'nf projektivni zobrazeni modulu M. Plati tedy
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podle [5] U/™" = U, pro kaZdy podmodul U modulu M, kde u je pololinearni
zobrazeni modulu M. ProtoZe pro libovolny ®¢ je (D)) < M, dostavame
(P@)" = (Pp)T "' = ((Pp) u) ™. Podle (1), (2) pak dostavame (Pp)* =
= (Pp~'ou)’ " = (®p)°. Automorfismus m svazu Q, je indukovan automorfis-
mem o, okruhu &.

JestliZe oznalime 7, automorfismus svazu €, indukovany automorfismem o
okruhu &, pak zobrazeni ¢ — =, je podle pfedchozi ¢asti diikazu homomorfismem
grupy A(®P) na grupu P(Q,). Pfedpokladejme, Ze =, je identicky automorfismus
svazu Q. Pak (®¢)* = (D)’ = P pro kaidy ¢ € ®. ProtoZze modul M splituje
podminku lemmy 4, je o identicky automorfismus okruhu @. Zobrazeni ¢ — 7, je
isomorfismus grup A(®), P(Qy).

Poznamka. V nésledujicich vétach pfedpokladame, Ze modul M ma4 stejné vlast-
nosti jako ve vété 1.

Véta 2. KaZdy automorfismus svazu Qp je indukovdn automorfismem okruhu ®.
Grupa P(Qp) je isomorfni s grupou A(®).

Dukaz. Zvolme pololinearni zobrazeni g modulu M a g€ ®. Pak pu~lgue @
a nasledujici tvrzeni jsou ekvivalentni: x e (Ker (¢)) p, x = yu a soudasn& yg = o,
xp~'op = o, xeKer (u~'op). To znamena, Ze (Ker (¢)) p = Ker (1™ ou). Podle
definice zobrazeni g dostavame

(1) (@) 1 = (n'on®y .

Automorfismus ¢, okruhu @, uvaZovany ve vé€té 1 indukuje automorfismus =’
svazu Qp pfedpisem

) (02)* = ¢7® = p~oud = (¢2)" .

Jestlize je = automorfismus svazu Qp, pak je zfejm& g ~'ng automorfismus svazu M.
Podle lemmy 2 je g~ 'ng projektivni zobrazeni modulu M a podle [5] je indukovano
pololinedrnim zobrazenim u modulu M, ¢&ili

3) U?"'™ = Up pro kazdy podmodul U < M.

Podle (3), (1), (2) dostavame pro libovolny @@ e Qp:(@p®)" = (p@)* """ =
= ((p?Y uyf™" = (n 'ou®)* " = (¢p®)"*. Automorfismus n svazu €2, je indukovén
automorfismem ¢, okruhu &.

JestliZe oznadime =, automorfismus svazu- Q, indukovany automorfismem o
okruhu @, pak je podle lemmy 4 zobrazeni ¢ — =, isomorfismem grup A(®), P(2p).

Véta 3. KaZdy automorfismus svazu @, je indukovdn automorfismem okruhu &.
Grupy P(®.), A(®) jsou isomorfni.
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Duikaz. ProtoZe je kaZdy levy hlavni ideal okruhu @ generovan idempotentnim
prvkem, plati podle [3], hlava III, § 7: K levému idealu I, okruhu @ existuje levy
ideal I, takovy, ze I, @ I, = @, pravé kdy? je I, hlavni ideal.

Zvolme libovolny automorfismus w svazu @, a libovolny @y € Q;. Existuje Py
takovy, Ze Y @ Py = ®. Zfejmé také (®yY)” @ (Py)° = @. To viak znamena, Ze
(P)° je hlavni ideal, &ili (Py)° € Q. Proto Qf < Q. Z toho, %e w je automorfismus
svazu @, plyne Qf = Q, a w indukuje automorfismus @’ svazu ;. Automorfismus o’
je podle véty 1 indukovan automorfismem o okruhu @ predpisem (®y)° = (Py)*" =
= (DY) pro kazdy &y e Q,. Kazdy levy ideal I okruhu ¢ miiZeme zapsat jako soucet
hlavnich levych ideali: I = Y @y,. ProtoZe je @, Uplny svaz, plati I° = Y (®y,)° =

veJ veJ
=Y (®y,)” = I°. Automorfismus w svazu @, je indukovan automorfismem o
veJ

okruhu &.

Zobrazeni ¢ — w,, kde 7, je automorfismus svazu @, indukovany automorfismem o
okruhu &, je homomorfismem grupy A(®) na grupu P(®,). JestliZe je m, identicky
automorfismus svazu Q;, pak ur&ité (®y)* = (Py)° = &y pro viechny levé hlavni
idealy okruhu &. To podle lemmy 4 znameni, Ze ¢ je identicky automorfismus
okruhu ®. Zobrazeni ¢ — =, je isomorfismus grup P(®,), A(®).

Véta 4. KaZdy automorfismus svazu ®p je indukovdn automorfismem okruhu &.
Grupy P(®p), A(®) jsou isomorfni.

Diikaz. Provedeme podobné& jako dikaz véty 3.
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Zusammenfassung

UBER AUTOMORPHISMEN, DIE AM ENDOMORPHISMENRING
DES HOMOGENEN VOLLSTANDIG REDUZIBLEN MODULS .
DEFINIERT SIND

FRANTISEK MACHALA, Olomouc

Unter einem homogenen vollstindig reduziblen Modul verstehen wir einen voll-
stindig reduziblen Modul mit einer einzigen homogenen Komponente. Definieren
wir nach der Arbeit [5] einen zuldssigen Modul und betrachten einen Ring R mit
Einselement folgender Eigenschaft: Ist ab = 1 fiir a, b € R, so besteht ¢ € R derart,
dass ca = 1. Bezeichnen wir mit @, bzw. &, einen Verband, der von den Links- bzw.
Rechtsidealen des Endomorphismenringes @ eines zuldssigen homogenen vollstindig
reduziblen Moduls iliber dem Ring R erzeugt ist.

In der Arbeit ist bewiesen, dass jeder Automorphismus der Verbinde &;, $p durch
einen Automorphismus des Ringes @ induziert ist. Die Automorphismengruppen der
Verbédnde &,, &, und des Ringes @ sind isomorph.
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Casopis pro péstovini matematiky, ro¥. 96 (1971), Praha

ZOVSEOBECNENE EULEROVE LINEARNE DIFERENCIALNE
ROVNICE DRUHEHO RADU

JarosLAvV KRBILA, Zilina

(Doslo diia 18. marca 1970)

Majme linearnu diferencialnu rovnicu druhého radu, Jacobiho typu:
(@ Y =4y,
ktorej nosi& g(t) € Co(j), kde j = (a, o), pri€om méze byt aj a = — co.
Funkcia off), ktord ma vlastnosti:
«t) e C;(j)‘, «'(f) + 0 pre vietky tej,

lim a(t) = —sgna’o0, lima(f) = sgno’o0 ,
t—a+ t= o

ako to vyplyva z vlastnosti kruhovych fiz, teériu ktorych vybudoval O. BorRUVKA
v knihe [1] str. 31 —100, resp. z vlastnosti hyperbolickych faz, vid napr. [4] veta 3, je
kruhovou fazou oscilatorickej diferencialnej rovnice (q) s nosiom:

(g, 1) q(t) = — {0 1} — o',

resp. hlavnou hyperbolickou fazou neoscilatorickej diferenciélnej rovnice (q) s no-
si¢om:

(@1) q(f) = — {u 1} + a7,

kde symbol {a, t} znamend Schwarzovu derivaciu funkcie « v bode t, definovani
nasledovne:

{o, t} = (a"[2a') — (o"[2a')? .

Uvedené skutoénosti umoZiiuji konstruovanie linearnych diferencidlnych rovnic
(q) oscilatorickych s bdzou rieSeni:

(1) yi(t) = ()| sina(t), ya(r) = |o'(2)] "/ cos «(t)
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resp. neoscilatorickych s bazou rieSeni:

) yi(f) = ()] 7 exp [a(t)], ya(t) = |'(5)] /% exp [-a(r)] -

V tomto ¢lanku budeme konitruovat diferencidlne rovnice (q), ked fazy «(t) budu
iterovanymi logaritmickymi funkciami. Kvéli zjednoduseniu z4pisu ozna¢ime:

lo(t) = 1, ln+1(t) = 108 [ln(t)] ’

MO(‘) = 1, Mn+l(t) = Mn(') In(t) ’

K_i(t)= -1, KJ() =[K,-s(t)+1](),

L_y(t) = -1, L(t) =[Ly-y(t)+1]0,(t), pre n20, celé.
Dalej ozna¥me symbolom e™2 = —c0, ™! =0, ¢" = exp [¢""'], n 2 0.

Veta 1. Diferencidlna rovnica

(E) Y= [(@K* — 1 - K,y ())/4M; (9] » ,

kde k je Iubovolné redine cislo, n = 0, celé ¢islo, s nosicom spojitym na intervale
(e"~2, ) md v pripade k + 0 bdzu riefent:

©) () = My"*() exp [k ()], ya(t) = M,"2(t) exp [ kI, (1)] ,
v pripade k = 0 bdzu riefeni:

) () = [MO L1, ya(f) = [M() B™(0],
kdee = +1.

Dokaz. a) Pre k + 0 dostaneme zo vzfahu (q, 1) a z hlavnej hyperbolickej fazy
a(t) = kl,(t) pre n 2 0, celé, nosic:

(%) q(t) = MM, — M;? + 4k*)[4AM?,

o ktorom ukéZeme, Ze je totoZny s nosi¢om diferencialnej rovnice (E). Sta&i dokézaf,
Ze pre vietky n = 0, celé &isla, plati rovnost:

(6) 2MIM, — M* = -1 - K,_, .

Pre n = 0, 1 je to evidentné a za predpokladu Ze plati vzfah (6) dostavame na zéklade
vzorcov I, = M, ', I, = — M,[M? pre prirodzené &slo n + 1 rovnosti:

(7) 2M:+1Mn+1 '_Ml’lil =(—1 —Kn-l)lnz_ 1= -K, -1,

&im je platnost vzfahu (6) dokézana pre TubovoIné celé islo n > 0. Bazu rie3eni (3)
diferenciélnej rovnice (E) dostaneme z fazy a(f) = kl,(f) zo vztahov (2).
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b) Ak vezmeme hlavni hyperbolicki fazu off) = (g/2) I,+,(f), kde & = +1,
dostavame podla &asti a) nosic:

‘I(t) = (ZM:+1Mn+1 -MZ+ 1)/4M:+1 s .

odkial, ked zoberieme do tuvahy tpravu v (7), dostaneme nosi¢ diferencialnej rov-
nice (E) v pripade ked k = 0. Bazu jej riedeni (4) dostaneme zo vzorcov (2) z fazy
a(t) = (¢/2) I,+1(f). Tym je dokaz vety ukon&eny.

Diferenciélna rovnica (E) je v pripade n = 0 diferencialnou rovnicou s konitant-
nym koeficientom y” = k%y, v pripade n = 1 Eulerovou diferencidlnou rovnicou
y" = [(4k* — 1)[4t*] .

Na zdklade uvedeného je prirodzené nazvat diferencidlnu rovnicu (E) zovseobec-
nenou neoscilatorickou Eulerovou diferencidlnou rovnicou n-tého druhu, n = 0
celé Cislo.

Ak je 0 < |k| < 1/2, resp. |k| > 1/2, nazyvdme neoscilatorickit Eulerovu diferen-
cidlnu rovnicu (E) rovnicou prvého, resp. druhého rodu.

Ak je ,kl = 1/2, resp. k =0, n 2 0, n celé ¢islo, tak nazyvame neoscilatoricki
Eulerovit diferencidlnu rovnicu (E) n-tou hornou, resp. n-tou dolnou hranicnou
diferencidlnou rovnicou.

Z platnosti vztahu K,M? = MZ,(K,_, + 1) pre n 2 0, n celé, dostavame tvrde-
nie: n-t4 dolna hranitné diferencidlna rovnica je na intervale (¢"~', o) totoZna
s n + 1-vou hornou hrani¢nou diferencialnou rovnicou.

Lahko sa vidi, Ze o priebehu nosiCov diferencialnych rovnic (E) platia nasledujice
tvrdenia:

KaZdy nosi¢ neoscilatorickej Eulerovej diferencidlnej rovnice (E) n + 1-ho
" druhu, druhého rodu, je pre vietky te(e"”*, o0) (od istého 1€ (e"”*, o) po&nic)
vadsi (mensi) ako nosi¢ n-tej dolnej (hornej) hrani¢nej diferencialnej rovnice.

Kazdy nosi¢ neoscilatorickej Eulerovej diferencialnej rovnice n-tého druhu, prvého
rodu, je pre vietky ¢ € (¢"~2, o0) men3i (va&si) ako nosi€ n-tej hornej (dolnej) hranig-
nej diferencialnej rovnice.

Z vlastnosti hlavnych hyperbolickych faz vyplyva ([5], veta 6) Ze baza rieSeni
diferencialnej rovnice (E) dana vzfahom (3) je hlavnou bazou. Pripominame, Ze je to
taka baza, ktorej jedno riesenie je hlavnym, t.j. Ze pre vietky ¢ vacsie ako nejaké &islo
plati y(f) + 0 a integral [* y~(f) dt diverguje.

Ak je k > 0 (<0), je hlavnym rieSenim v (3) rieSenie y,(¢) (y,(f)). V pripade ked
k = 0ae = 1(—1), je hlavnym rieSenim v (4) y,(1) (»,(1)).

V dalom sa obmedzime na pripad pozitivnej hlavnej bazy (y,, y,) diferencidlnej
rovnice (E), v ktorej je hlavnym riedenim rieSenie y,, t.j. fiza «(f) mé derivaciu a’(t) >
> 0. Derivovanim z (2) v tomto pripade dostavame:

®) v =ewp ][t + (122)], v = —exp[—a] w21 — (1]20)],
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odkial vidief, Ze funkcia h(f) = (1/2«') ma pri vySetrovani monotonnosti béazy

(y1, y,) dolezita rolu. V pripade diferencialnej rovnice (E), ak k # 0, resp. k = 0,

tak plati: h(t) ={(L,-,(f) +1)2k, resp. h(t) = L,(t) + 1, odkial dostdvame tvrdenia:
L] .

a) V pripade diferencidlnej rovnice (E) nultého a prvého druhu, okrem prvej
dolnej hrani¢nej diferencilnej rovnice, je funkcia h(f) konstantnou a to:

1. ak je diferencidlna rovnica (E) nultého druhu a k > 0, tak je h = 0,
2. ak je diferencidlna rovnica (E) prvého druhu, druhého rodu, tak plati: 0 < h < 1,

3. ak je diferencialna rovnica (E) prva horna hraniéna diferencialna rovnica, tak
h=1,

4. ak je diferenciélna rovnica (E) prvého druhu, prvého rodu, tak je h > 1.

b) Ked je diferencialna rovnica (E) n-tého druhu, n = 2, prvého, resp. druhého
rodu, alebo n-td dolnd hrani¢na diferencidlna rovnica, n = 1, ma funkcia h(r)
limitu: lim h(f) = co.

t—o0

Z uvedenych vlastnosti funkcie h(t) a vzorcov (8) vzhladom na monoténnost
hlavnej bazy (y,, y,) dostavame tri pripady: 1° @) 1, a) 2; 2° a) 3; 3° a) 4, b) podla
ktorych mame klasifikaciu zovieobecnenych neoscilatorickych rovnic (E) pri t — oo:

Veta 2. Ak je diferencidlna rovnica (E) bud 1° diferencidlnou rovnicou nultého
druhu, okrem nultej dolnej hranicnej diferencidlnej rovnice, resp. diferencidlnou
rovnicou prvého druhu, druhého rodu, alebo 2° prvou hornou hranicnou rovnicou,
alebo 3° diferencidlnou rovnicou n-tého druhu, n prirodzené, okrem prvej hornej
hranic¢nej diferencidlnej rovnice, potom md pozitivnu hlavni bdzu (y,, y,) pricom y,
je hlavnym rieSenim a v jednotlivych pripadoch pri t — oo plati:

104 leCI), yZlO’
27 4 yito, y,=¢>0, cjekonstanta,
3. yiloo, y;T1o0.

Poznamenivame, Ze zapis y, T co znamend, Ze funkcia y,(f) je rastica a Ze
lim yl(t) = oo. Analogicky vyznam maju aj ostatné zapisy v tvrdeni vety 2, ktoré sa

t— \
zhoduje s vysledkami klasifikacie v praci [ 7], ktora je viak prevedend inym spdsobom.
Podobne, ako sme dokézali vetu 1 sa pouZitim vztahov (q, —1), (1) a fazy «(f) =
= ki,(t), kde k + 0 dokaze: :
Veta 3. Diferencidlna rovnica:

(Eo) Vo= [-( + 1+ K, (9))[4M,(9)] »,
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kde k + 0 je lubovolné redlne ¢islo, n = 0, celé éislo, s nosi¢om spojitym na intervale
("2, o), md bdzu rieseni:

yi(t) = My(t) sin [k1(£)],  ya(f) = ML/3(¢) cos [k1(1)] -

Diferencialna rovnica (E,) je v pripade n = 0 diferencialnou rovnicou s konstant-
nym nosi¢om: y” = —k?y a v pripade n = 1 Eulerovou diferencidlnou rovnicou:
y" =[—(4k* + 1)/41*] y.

Diferencidlnu rovnicu (E,) nazyvame zovSeobecnenou oscilatorickou Eulerovou
diferencidlnou rovnicou n-tého druhu.

Zovseobecnené Eulerove neoscilatorické aj oscilatorické diferencidlne rovnice
nazyvame zovseobecnenymi Eulerovymi diferencidlnymi rovnicami n-tého druhu.

Vidime, Ze nosite zovSeobecnenych Eulerovych diferencidlnych rovnic n-tého
druhu si vzhladom na parameter k spojité a ak k konverguje k nule, tak ich limitou
je nosi¢ n-tej dolnej hraniénej diferencidlnej rovnice.

PouZitim porovnavacej vety, podobne ako Kneser v praci [3], ktory pouZil prvu
dolnu hraniénu diferencialnu rovnicu, dostivame zovSeobecnenie Kneserovej vety
ked za porovnavaciu rovnicu zoberieme n-tii dolnti hraniéni diferencialnu rovnicu,
n prirodzené Cislo:

Veta 4. Ak pocinajic niektorym t € j stdle plati pre nosi¢ diferencidlnej rovnice
(q) nerovnost:

— (1 + K,—4(0)/4M,(9) = (1) ,

kde n je prirodzené éislo, tak je diferencidlna rovnica (q) neoscilatorickd, ak plati
nerovnost:

q(t) < — (6 + 1 + K,—(1)/4M2(e),

kde n je prirodzené cislo a 6 > 0 je Iubovolné redlne dislo, tak je diferencidlna
rovnica (q) oscilatorickd.

Poznamenavame, Ze podobna problematika ako v tomto ¢lanku, ale z iného hla-
diska je 3tudovana v praci [2], [6] a [8].
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Zusammenfassung

VERALLGEMEINERTE LINEARE EULERSCHE
DIFFERENTIALGLEICHUNGEN ZWEITER ORDNUNG

JarosLAv KRrBIrA, Zilina
Im Artikel werden mit Hilfe der Haupthyperbolischen Phasen bzw. der Kreis-

phasen, welche iterierte logarithmische Funktionen sind, die verallgemeinerte
Eulersche Differentialgleichungen

(E) y' = [@Kk* -1 - K, ,())[4AM;()] v,
bzw.
(Eo) Y= —[@k* + 1 + K,_,(1))/4M(1)] ¥

und deren Losungsbassisen konstruiert, wobei n 2 0 eine ganze Zahl ist (Satz 1 bzw.
Satz 3). '

Spezialfalle der angefiihrten Gleichungen sind Differentialgleichungen mit konstan-
ten Trigern: y” = +k%y und auch die Eulerschen Differentialgleichungen: y” =
= —[(1 F 4k*)[4k*] y. Es wird das Verhalten der Gleichungen (E) mit Riicksicht
auf den Parameter k untersucht und es wird deren Klassifikation fiir den Fall t - oo
durchgefiihrt (Satz 2). Wenn in der Differentialgleichung (E) und auch (E,), wo n
eine natiirliche Zahl ist, k - 0 sein wird, dann bekommt man eine Differential-
gleichung, welche einer Verallgemeinerung des bekannten Kneserschen Satzes (der
Fall n = 1) zum Grunde liegt (Satz 4).
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Casopis pro péstovini matematiky, rot. 96 (1971), Praha

O RIESENi ROVNICE
Xy + Xy F oon + Xy = Y[Xgs X2y 0005 %]
A ROVNICE
Xy + Xy F oo+ Xy =YX X5 .00 X,
V PRIRODZENYCH CISLACH

PAVEL BARTOS, Bratislava
(Doslo diia 20. marca 1970)

V tomto ¢lanku bude re¢ o rieSeni rovnice

(1) Xy + Xy + e+ X, =YXy, X2, 000 X,], B2,

v prirodzenych &fslach x,, x,, ..., X,, y, priom [x,, X,, ..., x,] zna¢i najmen3i spo-
loény nasobok ¢&isel x,, x,, ..., x,. Vysledok uvahy pouZijeme aj na rieSenie rovnice

v

(2 Xy 4 X 4 ois F Xy =YXy %3 .0.%,, B2,

v prirodzenych &islach xy, x5, ..., X,, y.!)
V dal$om rieSenia v§etkych rovnic sa rozumeju v obore prirodzenych cisel.

Veta 1. Vietky riefenia x,, X,, ..., X,, y rovnice (1) dostaneme nasledovne:
Ak cisla &, &,, ..., &, tvoria rieSenie tzv. optickej rovnice

(3) e, + 18, + .o + 18, = 1

potom

4 x;=L€i—éz—é'—ﬁ'Jt, i=1,2..n,
: i

kde t je lubovolné prirodzené Cislo a
4) y=(xg +x2+ .. + %) [X, X5 000y %]

1y O rovnici (2) vo zvld§tnom pripade y = 1 pojedndva sa v knizke [1], str. 171—4.
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Dékaz. Ak &isla x, x5, ..., X,, y spliiuja rovnicu (1), potom x; | X+ xp + ...
veo + x,, i = 1,2, ..., n. Teda existuju prirodzené &isla &,, &,, ..., &, také, Ze

-

(5) X, + x4 .. +x,=¢x;, i=1,2,..,n.

Obratene, ak x,, X,, ..., X, vyhovujl rovniciam (5), priCom ¢; su ¢&isla prirodzené,
potom plati x; | x; + X3 + ... + X, i =1,2,..,m,ateda x; + X, + ... + X, =
= y[x1, X2, ..., X,], kde y je prirodzené &islo. Cisla x;, X5, ..., X, ¥ = (X1 + X5 + ...
oo + x,)/[x15 X2, ..., X,] tvoria teda rieSenie rovnice (1).

Riesenim sistavy rovnic (5) v &islach x4, x,, ..., X,,, &1, &, ..., &, sa zaobera €lanok
[2], z ktorého vyplyva, Ze jej vietky rieSenia dostaneme tak, Ze vezmeme Tubovolné
rieSenie &, &,, ..., &, rovnice (3) a potom (4) a (4') davaju rieSenie ststavy rovnic (5),
a tym aj rovnice (1). Tym je veta dokazana.

Poznamka. Zo (4) a (4') vyplyva, Ze ku kaZdému rieSeniu x,, X,, ..., X,, ¥ rovnice
(1) existuje nekonetne mnoho rieSeni tejto rovnice, a to tx,, tx,, ..., tx,, y, kde t je
Tubovolné prirodzené ¢islo. Obratene, ak rovnica (1) ma rieSenie tx,, tx,, ..., tX,, ¥,
ma aj rieSenie x,, X,, ..., X,, y. Y dalSom sa preto obmedzime na tzv. primitivne
rieSenia, pre ktoré plati

(6) (%45 Xzs X2y s Xp) =1, X Sx; Sx35... £ X,.

Zrejme je podet primitivnych rieSeni rovnice (1) koneény (va&si neZ nula), zhodny
s potom vSetkych rieSeni &, ¢,, ..., &, optickej rovnice (3), majucich vlastnost
§izér2... 246

Priklad. Hladajme vSetky rieSenia rovnice
(7) X; + Xy + X3 + X4 = Y[xy, X3, X3, X4]
v prirodzenych &islach x4, x,, X3, X4, .

RieSenie. Najprv treba riesit rovnicu

) e + &, + 1) + &, = 1.

Voliac &, = &, = &3 = &,, je 2 < &, < 4. Treba teda riesit

1) pre &, = 2 rovnicu 1/&, + 1/&;, + 1/&; =14
a

2) pre &, = 3 rovnicu 1/¢; + 1/, + 1/¢5 = 4%
Pre {, = 4 mame jediné rieSenie &; = &, = &; = 4. _

V pripade 1) mame riedenia uvedené v knizke [3] str. 74 a v pripade 2) v &lanku [4].
V pripade 2) dostaneme niektoré rieSenia ktoré nespliiaji podmienku ¢, = &, >
2 &3 = &,. Tieto vo vypolte neuvadzame, lebo sa so spravnym poradim dostali
v pripade 1). Z rie3eni rovnice (8) dostaneme potom v3etky primitivne rieSenia rovnice
(7). Vypoget obsahuje tabulka &. 1.
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Tabulka 1

¢ 421812121024 15|20 |8|6| 4|6| 6|4

& 70 912 6| 5| 8|10| 5|8 6| 4|6/| 4|4

& 303 3] 4| 5| 3| 3| alale| 3|3]| 4|4

¢ 2| 2| 2| 20 2| 2| 2| 2|2|2] 3|3] 3|4

M= &, &, &3 &4 4218|1212 |10]24 |30 (20 |8 |6|1216|12]4
X, = M¢, vl a2 bl 2
Xy = M/, 6| 2| 1| 20 2] 3| 3| al1|1] 3]|1] 3|1
x3 = ME, 14| 6| 4| 3| 2| 8|10 5|21 4a]2] 3|1
Xy = MJE, 2| 9| 6| 6| 5|12]15/10]4 3| 4|2 4]1
_atxetxstxal bbb o o 1] 1] a2l 13| 1]

[xy, x5, x3, x4]

Veta 2. Pre vSetky primitivne rieSenia x,, X,, ..., X,, y rovnice (1) plati y < n
a y = n prdve vtedy, ked x; = x, = ... = x,,.

Dokaz. Hodnota y bude pri uréitom x; = Max {x,, X,, ..., X,} najvacsia prave
vtedy, ked bude mat [x,, X,, ..., x,| najmensiu a sicasne pri tej istej podmienke
x; + X3 + ... + X, najvacSiu hodnotu. KedZe x;, x,, ..., X, £ x; je [xy, X2, ..., X, ]
najmensie prave vtedy, ked x, x5, ..., X, | xjax, +x; + ... + x, najvacSiu hod-
notu prave vtedy, ked x; = x, = ... = x, = x;. Tato podmienka zahrfiuje v sebe
predoslu, teda extrémny pripad v pripade x; = x, = ... = x, skuto¢ne nastane a ino-
kedy nie. KedZe vtedy [X, Xy, ..., %,] = X;, X; + X, + ... + X, = nx;, je y =
= nx; [ x; = n pri kaZdom x;. Tym je veta dokazana.

Poznamka. Otvorenou zostava otazka,kedyjey = laciprekazdé y,1 S y < n
skuto&ne existuje n-tica ¢isel x,, x,, ..., X,, ktoré s nim spolu tvoria rieSenie rovnice (1)

Na zaklade predoslych vysledkov moZno tieZ najst vSetky rieSenia rovnice (2) Je
totiz

9) XyXg aer X = k[ X35 Xy 0005 Xy

kde k je prirodzené &islo, takZe rovnica (2) je ekvivalentné s rovnicou
(10) Xp + X3+ oo + X = ky[xg, X35 0005 X, ]

kde k zavisi od x,, X3, ..., X,, ktora je tvaru (1). Zrejme plati veta:

Veta 3. MnoZinu vsetkych rieSeni rovnice (2) tvoria prdve tie riesenia rovnice (1)
v ktorych plati :
X1Xg oo Xp | Xy + X3 F i F X,
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Z vysledkov prikladu teda poznavame, Ze rovnica
(11) 3 Xy + Xy 4+ X3 + X4 = PXX2X3X,

m4 prave tieto rieSenia (rieSenia rovnice (1), v ktorych y = 1 si treba viimnut len
v tom pripade, ak x,, X,, X3, x4 sl po dvoch nesudelné &isla)

(x> X2, X3, %4, ¥) = (1,1,2,4,1), (1,1,1,3,2), (1,1,1,1,4).

Veta 4. Vsetky rieSenia rovnice (2) si pre n > 2 primitivne (1. j. plati (xy, X5, ...
cees %) = 1).

Doékaz. Predpokladajme, Ze tx,, tx,, ..., tx,, y je rieSenim rovnice (2), takZe — po
deleni ¢islom t —
Xp 4+ Xy + oo+ X, =y Xy X500 X,
PodTa (9) je potom
X+ X + oo+ X, = kyt" x5, ... %,]

a podla vety 2 plati kyf"~! < n, teda aj "~! < n, & vSak v pripade n > 2 plati
prave vtedy, ked t = 1. Tym je veta dokazana.
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Zusammenfassung

UBER DIE LOSUNG DER GLEICHUNG x;+ X, + ... + X, = y[xy, X, ...y X,]
UND DER GLEICHUNG x; + x; + ... + X, = yX;X; ... X,
IN NATURLICHEN ZAHLEN

PAVEL BARTOS, Brapislava
Im Artikel wird die Losung der Gleichungen (1) und (2) im Gebiet der natiirlichen
Zahlen behandelt. Deren Lésung wird zu der Losung des optischen Gleichung (3)
in demselben Gebiet iiberfiihrt.
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FREDHOLM ALTERNATIVE FOR NONLINEAR OPERATORS
IN BANACH SPACES AND ITS APPLICATIONS TO DIFFERENTIAL
AND INTEGRAL EQUATIONS

SvaTtoprLuk Fucik, Praha
(Received March 23, 1970)

1. INTRODUCTION

This paper deals with the 'solution of nonlinear operator equations in Banach
spaces and with the nonlinear generalization of the Fredholm alternative. Theorems
of the following type are obtained: If T'is an operator (generally nonlinear) defined
on a real Banach space X with values in a real Banach space Y, then T(X) =Y
provided that the equation Tx = 0y has the solution x = 0y only and X, Y, T satisfy
some additional conditions.

Similar results were obtained by S. I. PocHoZAJEV [15] for real Banach spaces
and for homogeneous operators and, by J. NeCas [11], for complex Banach spaces
and for operators which are ‘‘near to homogeneous” ones. M. KUCERA [20] proved
a result similar to that in [11] for the real space, his conditions concerning ‘“‘being
near to homogeneity” bzing stronger than those in [11]. Preceding papers discourse
only on the operators the domain of which is a Banach space X, the range beingin its
dual space X*. Hence, the integral operators defined on L,(®) (p # 2) with values
in L,(R) are not included in the abstract theory established in [11], [15], [20]. Such
a problem is solved in Section 7 on the base of Section 3.

We generalize the preceding results for the case of the operators “‘near to homo-
geneous”’, acting from a real Banach space to another real Banach space. The main
result is obtained in the third section of the paper. In Sections 4 and 5 we investigate
the notion of the approximation scheme and the A-operator, given in Section 3.
These notions are a slight modification of those introduced by W. V. PETRYSHYN
[12, 13,14], S.I. PocHoZasev [15], D. G. DE FIGUEIREDO [5, 6, 7] and F. E. BROWDER -
W. V. PETRYSHYN [2]. '

Section 6 deals with the set of eigenvalues of homogeneous operators. The hypo-
theses of Theorem 6.1 are very difficult to verify in infinite dimensional Banach space.
Theorem 6.2 can be used to “‘near to linear’” operators only.
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Finally, in the last section, we apply the abstract Fredholm alternative to the
Dirichlet problem for partial differential equations and to some integral equations.
In these applications it is necessary to know that the corresponding Banach spaces
have a Schauder basis. This concerns particularly the space W(®)(p % 2). This
fact is proved in Section 4 for 2 < E,. Unfortunately, we do not know the cor-
responding proof in the case of E, (n = 2). But if this is true, then our main result
can be directly applied to more general partial differential equations, such as in [11].

2. TERMINOLOGY, NOTATION AND DEFINITIONS

Let X be a real Banach space with the norm " . " x> Oy its zero element; then X*
denotes the adjoint (dual) space of all bounded linear functionals on X. The pairing
between x* € X* and x € X is denoted by (x*, x). We shall use the symbols “—”,
“>"" to denote respectively the strong and the weak convergences in X. For a finite
dimensional space X, dim X denotes the dimension of X.

Let M be a subset of X, M its closure in X, M its boundary in X. M is said to be
compact (weakly compact) if for any sequence {x,}, x, €M there exists a sub-
sequence {x,,} and an element x, € X such that x, — x, (x,, & X,) with k > co.

The following assertion will be referred to as Eberlein-Smuljan Theorem: A Banach
space X is reflexive if and only if every bounded subset of X is weakly compact.

Let T be a mapping (nonlinear, in general) with the domain M < X and the range
in the Banach space Y (we write T: M — Y). Then

(1) Tis said to be continuous on M if x, = x, in X implies Tx, — Tx, in Y for all
Xq Xo € M.

(2) Tis said to be demicontinuous on M if x, —» X, in X implies Tx, & Tx, in Y
for x,, xo € M.

(3) Tis said to be strongly continuous on M if x, & x, in X implies Tx, — Tx,
in Y for x,, x, € M.

(4) Tis said to be weakly continuous on M if x,  x, in X implies Tx, > Tx, in Y
for x,, xo € M.

(5) Tis said to be strongly closed on M if x, & x, in X and Tx, - y in Y implies
TxO =Y. '

(6) T'is said to be completely continuous on M if T'is continuous on M and for
each bounded subset D = M, T(D)is a compact set in Y.

(7) Tis said to be contractive with the constant a € <0, 1) on M, if |Tx — Ty|y <
< afx — y||x for all x, y e M.

(8) T:X — Yis said to be regularly surjective from X onto Y if T(X) = Y and
for any R > 0 there exists r > 0 such that x|y < r for all x € X with | Tx|y < R.
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3. MAIN THEOREMS

Definition 3.1. Let K > 0 be a real number, X and Y Banach spaces, {X,} and {Y,}
two sequences of finite dimensional subspaces such that X, < X, Y, < Y. For each
positive integer n let Q, : Y — Y be a bounded linear operator from Y onto ¥,, Q2 =
= Q, (i.e. linear projection).

We shall say that the couple (X,Y) has an approximation scheme [{X,}, {Y,},
{Q.}]k for the operators from X into Y (briefly speaking, <X, Y) has an approxima-
tion scheme [{X,}, {¥,}, {Q,}]x) if the following conditions are satisfied:

(1) XieX,c...eX,c X, =...,
R Y e cu.el e¥hy S og

() UX, =X,
n=1
(4) dim X, = dimY,,

(5) || @ufcx~r) < K, where (Y > Y) is the space of all bounded linear operators
from Yinto Y,

(6) @,y > yinYforeach yeY.

Definition 3.2. Let X and Y be two Banach spaces, let {X, Y have an approximation
scheme [{X,}, {¥,}, {Q,}]xand T: X - Y.

(a) Tis said to be an A-operator with respect to a given approximation scheme
[{X.}, {Y.}, {Q.} ]k (briefly speaking, Tis an A-operator) if for any sequence {n;} of
positive integers satisfying n; - o0 and a bounded sequence {x. j}, X,, €X,, such
that 9, Tx,, - y € Yin Y for some y €Y, there exists an infinite subsequence {n;0}

and x, € X such that x, . — xoin X and Tx, = y.

(b) Let Tbe an A-operator. Tis said to be an A*-operator if the following condition
is satisfied: Let R > 0, h € Y. If for some a > 0 and a sequence {k;} of positive integers
satisfying k; — oo, |Qhﬂ¢ - tQ,,jh”,. 2 a holds for ueX,, "u"x = R and any
t€ €0, 1, then there exists xo € X, [|xo]x < R such that Tx, = h.

Lemma 3.1. Let X and Y be two Banach spaces such that X is a reflexive space
and {X,Y) has an approximation scheme [{X,}, {Y,}, {Q,}]x- Let T: X — Y be an
A-operator, he Y, R > 0. Suppose that for all ue X, ”u"x = R and any te 0, 1)
there is | Tu — th|y > 0.

Then there exist o > 0 and a sequence {k;} of positive integers, k; > oo such
that "Qk!’m - tQ,‘,h”,, 2 a for any k;, allue X, , "u"x = Rand te {0, 1).

Proof. To prove the assertion, let us suppose the contrary. Then u, €X,,
|un,|x = R and t,,€<0,1> with |Q,, Tu,, — t,, @, klly = O (as n; — o) exist.
According to the compactness of <0,1) and to Eberlein-Smuljan Theorem the

373



subsequences {t, .} = {1, } and {u, , } = {u,} suchthat 1,  — to,u,,, =>u,eX
in X can be chosen. Since Q,,, i — h by Definition 3.2.a) there is {u, ..} <{tn,,}
such that u,,, s — uo in X and Tug = h. Thus ||ue|x = R, ||Tuy — toh||y = 0. This
is a contradiction with our assumptions.

Theorem 3.1. Let X and Y be two Banach spaces, let X be a reflexive space and let
<X, Y) have an approximation scheme. Let T: X — Y be an A*-operator satisfying
lim |Tuly = +oo.

[lu]l x—o0

Then T is regularly surjective from X onto Y.

Proof. For h € Ythere exists R > 0 such that || Tuny > [ h"x forallueX, | u||x =
= R. Thus for any t€<0, 1) and all u e X it is || Tu — th|y = |Tu|y — t||y > 0.
By Lemma 3.1 and Definition 3.2b there is x, € X, ”xo”x < R such that Tx, = h,
hence T(X) =Y.

It can be easily shown that T'is regularly surjective.

Proposition 3.1. Let X be a reflexive Banach space, Y a Banach space, let {X,Y)
have an approximation scheme. Let T: X — Y be an A-operator and let S : X —» Y
be completely continuous.

Then T + S is an A-operator.

Proof. Let {n;} be a sequence of positive integers, n; » oo, {x,} a bounded
sequence with x, € X, such that Q, I(T + S) x, ;> yeY in Y. Eberlein-Smuljan
Theorem and the complete continuity of the operator S imply that there is a sub-
sequence {x,,,} = {x,} such that x,,, > X,€X in X and SXp,0, > WEY in Y.
The uniform boundedness of {Q,} implies Q, J05%n;q, N Y since ||Q,, 10X
- w", =< K"Sx,”(k) - w“, + "Q,,m)w - Wlly. Thus Q, ., Txy,,, = ¥y — win Y and
by Definition 3.2a there is a subsequence of {x,,, } (we denote it by {x,,, } again)
such that x,,, — xo in X, Txg = y — w and Sx,,, — Sx,. This implies Tx, +
+ Sx, = y, and the proof is complete.

njey T

Proposition 3.2. Let X and Y be two Banach spaces, let (X, Y) have an approxima-
tion scheme. Let A + 0 be a real number and T: X — Y an A-operator.
Then AT is an A-operator.

The proof follows immediately from Definition 3.2.

Lemma 3.2. Let X and Y be two finite dimensional spaces, dim X = dim Y. Denote
Kr = {x; x€X, |x|x < R}, Sg = 0Kp.

Let heY and f:Kg — Y be a continuous mapping such that f(—x) = —f(x)
for arbitrary x e Kg and "f(x) - th“, > 0 for each t € {0, 1) and all x € S.

Then there exists xo € Kg such that f(x,) = h.
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Proof. Let E be a linear homeomorphism Y — X. Then for the Brouwer degree d
of mappings Ef — Eh and Ef on the set Kz with respect to the point 8y the relation

d[Ef — Eh; Kg,0,] = d[Ef; Kz, 85] + 0

holds. (See [3], [8].) This property of the degree of the mapping Ef — Eh implies the
existence of x, € Ky such that Ef(x,) = Eh and thus f(x,) = h.

Proposition 3.3. Let X and Y be two Banach spaces, X reflexive, T: X — Y such
that T(—x) = —T(x) for arbitrary x € X (the so called odd mapping). Let {X,Y)
have an approximation scheme and let T be a demicontinuous A-operator.

Then T is an A*-operator.

Proof. Let R > Oand h € Y. Let for some « > 0and some sequence {k;} of positive
integers, k; - o
1Ok, Tu — 1 Qush|ly 2 =

hold for each t € €0, 1) and all u € X; ,

Lemma 3.2 implies that there is a sequence {u,}, uy,€ X, [u,,[x £ R with
Ok, Tuy, = Q4 ,h. According to Eberlein-Smuljan Theorem we can suppose u; ,BUg€
€ X in X. Since Q; h — hinY we have Q,, Tu,, — hin Y. By Definition 3.2a there is
a subsequence {u,, } < {u,} such that u,,  — uoin X, Tug = h and thus T'is an
A*-operator.

u”x = R.

Corollary 3.1. Let X and Y be two Banach spaces, X reflexive and let (X, Y) have
an approximation scheme. Suppose that T: X — Y is an odd demicontinuous A-
operator with

lim | Tuly = +o0.

]l x =0

Then T is regularly surjective from X onto Y.

_ Definition 3.3. Let X and Y be two Banach spaces, T: X - Y, T, : X —» Y and
a > 0 a real number. '

(a) T, is said to be a-homogeneous if Ty(tu) = 1* To(u) holds for each ¢ 2 0 and
all u e X. :

(b) Let T, be an a-homogeneous operator. T is said to be a-quasihomogeneous
with respect to T, if t, 0 (i.e. t;, 21, 2... 21, > 0 are real numbers and
limt, = 0), u, &> uq in X, 13 T(u,/t,) > g € Yin Y, then Touo = g.
n—aw .

(¢) T is said to be a-strongly quasihomogeneous with respect to T,, if t, \ O,
u, o ug in X imply 13 T(u,/t,) - Touo in Y.
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Proposition 3.4. Let X and Y be two Banach spaces, T: X - Y, T, : X - Y.

(@) If T is a-homogeneous and strongly closed, then T is a-quasihomogeneous
with respect to T.

(b) If T is a-homogeneous and strongly continuous, then T is a-strongly quasi-
homogeneous with respect to T.

(¢) If Tis a-strongly homogeneous with respect to Ty, then T, is a -homogeneous.

Proposition 3.5. Let X and Y be two Banach spaces, S : X - Y, Sg: X > Y. Let S
be an a-strongly quasihomogeneous operator with respect to S,,.
Then S, is strongly continuous.

Proof. For u e X itislim ¢* S(u/t) = Sou in Y. Suppose that there exists a sequence

t\O
{u,}, u, € X and & > 0 such that u, & u, in X and |Sou, — Sottoy = &. For each n

there exists t,, 0 < t, < 1/n such that

Sou, — 1S (’—‘3) < £,
t,/ly 4

Soly — ta S (ﬁ) + |t S(ﬂ) — Solp
tn Y tn

Souo - t: S (ﬁ> .
tn Y

Letting n tend to infinity we obtain & < }e. This is a contradiction proving the
proposition.

<

Then

g < [|Sous — Soutofy <

<-+

Hilm

Definition 3.4. Let X and Y be two Banach spaces, T, : X - Y, S, : X - Y a-
homogeneous operators and A + 0 a real number.

A is said to be an eigenvalue for the couple (To, So) if there exists ug € X, uy + 0y
such that ATyu, — Souy = 0y.

Lemma 3.3. Let X and Y be two reflexive Banach spaces T: X - Y, T, : X - Yan
a-homogeneous operator, S:X - Y and Sy:X - Y. Let T be an a-quasihomo-
geneous operator with respect to T, and let S be an a-strongly quasihomogeneous
operator with respect to Sy. Suppose that there exists a constant ¢ > 0 such that

| Tully 2 cluf
holds for each u € X. ’
Let A #+ O be a real number.If A is not an eigenvalue for the couple (T, S,), then

lim [ATu — Suly = .

lull x— o0
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Proof. Let us assume the contrary. Then there exist a sequence {u,,}, u,€X and
a real number K > 0o that |u,|x — oo and [|ATu, — Su,|y < K. Set v, = u,/||u,|x.
By Eberlein-Smuljan Theorem we can suppose that ATu, — Su, =g eY in Y and
v, =1 € X in X. We have

1T(Julx8) - S(lwle ) =g

and
1
T(||tn]x 0a) — 7 S(|tta|x a) = 8y in Y.
” "X "“u"x Y
Hence
S(||#a])x va) = Sovo in ¥
[Jualls "x
and
A— T("u "x vs) = Sovp in Y.
Jlu "x

Definition 3.3b implies ATyv, = Syv, and the proof will be complete if vy, + 0. It
is clear that

[Ty 2 il > 0.

|| gy, T,

T ”x

Hence Syv, + 0y and v, + 0y4.

Theorem 3.2. Let X and Y be two reflexive Banach spaces, let {(X,Y) have an
approximation scheme, T: X — Y let be an odd operator, T, : X - Y an a-homo-
geneous operator, S : X — Y an odd completely continuous operator, Sy : X — Y.
Suppose that T is demicontinuous and a-quasihomogeneous with respect to T,
A-operator, and S is a-strongly quasihomogeneous operator with respect to S,.

Suppose that there exists a constant ¢ > O such that ” Tu"y c”u”x holds for
allueX.
Let ) # O be a real number which is not an eigenvalue for the couple (To, S,).

Then the operator AT — S is regularly surjective from X onto Y.

Proof. See Lemma 3.3, Propositions 3.1 and 3.2 and Corollary 3.1.

Theorem 3.3. (This theorem is a generalization of the results in [15] for the case
Y #+ X*. The proof is analogous to that in [15].) Let X and Y be two reflexive Banach
spaces, let (X, Y) have an approximation scheme [{X,}, {Y,}, {Q.}]x- Let T: X - Y
be an odd a-homogeneous and continuous A-operator. Let S : X — Y be an odd
completely continuous a-homogeneous operator. Let A % 0 be a real number such
that A is not an eigenvalue for the couple (T, S). Then the operator AT — S is
regularly surjective from X onto Y.
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Proof. It is ”ATu - Su||y
exist a > 0 and a sequence {k;} of positive integers, k; — oo such that

-

|4 Qc,Tu — Q,Suly = «

holds for each k; and all ueX,, [u”x =
exist u,, € X, , u;, = o in X and we have

s [ror(men) - os (g,

+ |4 Qi Tug — Q,Suoy +

< |4 vy +

O, T <—L‘) = Oy, Tu,
s |
QS .38 e Oy, Suo
AN T '

K “ <_:_> — Sup
l“"f"x Y

- K”}. Tuy, — S"o”r

Y

a2

+ K||A Tug — Sugly -
l“h”x

for k; - co. Hence ||,1 Tu, — Suolly 2 a/K holds for each uy € X, H“ONX =1, and
thus, for arbitrary u € X there is

[T = sul 2 uls &

By the previous statement itis lim ",1 Tu — Su ",, = oo and according to Corollary
llu)l x>

3.1, the proof is complete.

4. APPROXIMATION SCHEME

Proposition 4.1. Let X be a reflexive Banach space and let (X, X) have an ap-
proximation scheme [{X,}, {X,}, {Q.}]x and Q,+10, = 0,0+ ;-
Then (X, X*) has an approximation scheme.

Proof. For each integer n let QF : X* — X* be the operator adjoint to Q, and set
Y, = Q5(X*). Then dim X, = dim Y,,

XlCX2C...CXnCX"+1C...,

e, c...c¥, ¥y <...,

and || Q|| xe=x+) = || @nfx=x) < K. To show that [{X.}, (Y.}, {Or}]« is an ap-
proximation scheme for (X, X*) we must prove that for each x* € X* it is Q¥x* —

o0
— x*in X*. It is easy to show that Qyx* o x* in X* (i.e. | Y, is weakly dense in X*)

n=1
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@ =] o0
and Q¥x* e | Y,. The set |J Y, is a convex one and by the well-known theorem |J Y,

n=1 n=1 n=1

2]

is weakly closed. Hence |J Y, = X*. For each x* € |J Y, there is an integer n, such

n=1 n=1
that x*eY, for n = n, and x* = Qnx* = QFx*. Thus Qyx* — x* in X* for all

© )
x*elUY,UY,=X*and ]| or ”(x'-»xt) < K and according to Uniform Boundedness
n=1 n=1

Theorem (see [4]) the proof is complete.

Proposition 4.2. Let X and Y be two infinite dimensional Banach spaces. Suppose
that X is a separable space and (Y,Y) has an approximation scheme [{Y,}, {Y,},

{Qn}]K'

Then {X,Y) has an approximation scheme.

(This Proposition shows that whether the couple (X, Y) has an approximation
scheme depends only on the space Y.)

Proof. Let x4, X,, ... be a dense sequence in X. Let X, be the linear hull of {xl,
..., X,}. Then there exists a subsequence {X;,}such that [{X;.,}, {Y.}, {@.}]x is an
approx:mation scheme for the couple <{X, Y).

Definition 4.1 ([1], [5], [6], [7]). Let K = 1. A separable Banach space X is said
to have Property (mx) if there exists a sequence of finite dimensional subspaces X, = X
such that

(@) X;eX, €, €X, € X4y €

) UX, =X,

cey

(c) each X, is the range of continuous linear projection Q, : X — X with the norm
<K.

Definition 4.2 ([4]). A separable Banach space X is said to have Schauder basis
{ea}, e,€ X if for each x € X there exists a unique sequence {a,, a, ...} of real

n
numbers such that ) a;x; > x in X (with n - 0).
i=1

Proposition 4.3. A Banach space with a Schauder basis has Property (ny) for
some K.

Proof. See [7].

Proposition 4.4. Let X be a Banach space with Property (ny).
Then (X, X) has an approximation scheme.
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Proposition 4.5. Let X be an infinite dimensional Banach space with a Schauder
basis. Then the couple (X, X) has an approximation scheme.

Moreover, if Yis a separable infinite dimensional Banach space, then (Y, X) has
an approximation schenie. -

If X is a reflexive Banach space with a Schauder basis, then {X, X*) has an
approximation scheme.

Proposition 4.6. Let X be a Banach space with Property (n,), such that dim X, = n.
Then X has a Schauder basis.

Proof. See [10].

Remark 4.1. A separable Hilbert space, C[0, 1], L,[0, 1], C¥[0, 1]), c*([o, 1]")
(see [17]) all have an approximation scheme (they have a Schauder basis).

Remark 4.2. Let Q be a bounded open subset of the Euclidean N-space Ey. Then
L,(2) is linearly homeomorphic to L,[0, meas 2], where meas Q is the N-dimensional
Lebesgue measure of Q (see [9, Chapter II, § 12]). Hence L,(<2) has a Schauder basis.

Remark 4.3. Let X be a Banach space with Schauder basis {e,, e,,...}. For xe X
there exists a unique sequence {a,} of real numbers such that x = ) ae;. Set a; =
= a,(x). Then a; € X*. =t

Definition 4.3. Let I = (0, 1), k > 1 integer and p = 1 real number. By Sobolev
space W¥(I) we mean the set of all functions f such that f and its derivatives f up
to the order k — 1 are absolutely continuous functions in I and the derivative of the
order k (which exists almost everywhere) belongs to L,(I). The norm in W*(I) is

k
"f "Wp“"(l) = (:Z‘;"f (i)"ip(l))l/' .
We set ’

W) =
={f;feWP(1),f(0) = f'(0) = ... = f&V(0) = f1) = ... = f* (1) = 0}.

Proposition 4.7. W*(I) has a Schauder basis.

Proof. We prove the proposition by induction with respect to k. Suppose that
{f%} is a Schauder basis in W®(I) and {o}} is a sequence of continuous linear func-

tionals such that for each fe W(I) there is f = f: «(f) fx (see Remark 4.3). Set
n=1
fiY'x) =1, o (f) = £(0)
00 = [ @, &70) = i)
o
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for n 22, xel, fe W (I). Then ff*' e W**(I). For arbitrary fe W&* (1),
I = 1 we have

1 1 ,
If = Z ™ NS s e = f i
n= 0

5x) — (0) - 3. 2A() f’f: (9 dt

n=1 0

-1 -1
+ 17 = SA0) Rl S 2087 = S0 Sl
and hence

1
lim ||f — Zla:H(f)fr1""’""‘“)(” =0.
1= n=
Let

1
lim " Z C,,f:+1|lwp(k+l)(]) =0
I n=1

for some sequence {c,} of real numbers, i.e.
1

0 = lim
1= 0

1
0 = lim " Z c”-f:_lllwp(k)(l) .
I-® n=2

p
dx

1 x
¢ + chn‘ fr’:—- 1(‘) dt
n= Jo

and

Since {5} is a Schauder basis in W{(I) we have ¢, = Ofor n = 2 and lim 3 |c,|? dx =
-

=0, i.e. ¢, = 0 for each positive integer n. We obtain that the sequence {f}*'} is
a Schauder basis in W**")(I) and, since for k = 0 the space L,(I) = W°(I) has
a Schauder basis (see Remark 4.1), we proved our assertion.

Proposition 4.8. W "(I) has a Schauder basis.

Proof. Let us construct the basis {f, } in W{)(I) from the basis {f} in L,(I) as
in Proposition 4.7 where {f;} is a Haar orthogonal system in L,(I). Set f} = f1,,,
a5 (f) = ap44(f) for each positive integer n and all fe W (). Then f}e W (1),
{f1} is a Schauder basis in W"(I) and {a}} are functionals coresponding to {f!}.

5. A-OPERATORS

Definition 5.1. A Banach space X is said to be strictly convex if for each x, y € X,
x %y, |x|x = ||y|x = 1 and all t&(0, 1) there is [jtx + (1 — #) y|x < 1.

Definition 5.2. A Banach space X is said to have Property (H) if X is strictly convex
and if x, & xo in X and || x,|x = |xo| x implies x, = x, in X.
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Remark 5.1. L,(Q), 1,(p > 1), Hilbert spaces all have Property (H).

Propositiomr5.1. Let X be a reflexive Banach space, Y a Banach space, T: X — Y,
S: XY, f:X>E, &:X - Y* Let {X,Y) have an approximation -scheme
[{X.}, {Y.}, {Q.}]k- Let S be a completely continuous operator, let f be a weakly
upper semi-continuous functional (i.e. X, = xo in X implies lim sup f(x,) < f(xo)),
f(8x) = 0 and let ® be a weakly continuous operator, ®(0y) = 0y,.

Suppose that vy, ¢ are continuous real valued strictly increasing functions on
<0, ) such that y(0) = 0.

Let p : (0, 0) x X — (0, o) and suppose that Q) &(x) = &(x) for each positive
integer n and all x € X,,.

Then Tis an A-operator provided that one of the following conditions is satisfied:

(5.1) Tis continuous and
(P(x = ¥), Tx = Ty) + f(x — y) 2 3(||x = y[lx)
for each x, ye X.

(5.2) Tis continuous and
(®(x = »), Tx — Ty) + (2(x — y), Sx — Sy) + f(x — y) = 3(|x — ¥|x)
for each x, y e X.

(5.3) T is demicontinuous, ®(X) = Y*, ®(tw) = p(t, w) ®(w) for t > 0 and all
weX and
(@(x = y), Tx = T9) 2 o(|x — »[x)

for each x, ye X.
(5.4) T is demicontinuous, ® is the same as in (5.3) and
(@(x = y), Tx = Ty) + (8(x = ), Sx = Sy) 2 #(|}x — y[x)
for each x, ye X.
(5.5) X has Property (H), T is demicontinuous, & is the same as in (5.3) and
(@(x = ). Tx = T) 2 (o([x]x) — @(|¥]0) (Ix]x = [¥]x)
for each x, ye X.
(5.6) X has Property (H), Tis demicontinuous, ® is the same as in (5.3) and
(D(x — ), Tx — Ty) + (®(x — y), Sx — Sy) 2
2 (o(xlx) = @(lyl0) (lxlx = [¥]x)

for each x, y € X.
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Proof. Let x, € X, , x,, &> Xo in X, @, Tx,, — yin Y. Then for x € X, we have
(D(x,, — X), Qu,Tx,, — O, Tx) = (D(x,, — x), Tx,, — Tx).

Let condition (5.1) be satisfied. Then for x € X,, n; = [ there is

V(llxnj - x”X) = ((p(xnj - X), Qn,-Txn_, - anTx) +f(xnj - X)
and

lim sup y(||x,, — x||x) < (®(xo — X), y — Tx) + f(xo — x).

nj— oo

The last inequality holds for each x € X. Set x = x,. We obtain 0 < lim sup y(”x,, S
- xo”x) < 0 and nj=a

|@n, T, = Txolly = K| Txa, — Txoly + [, Txo = Txo]v-

Thus Tx, = y and x,, = x, in X.

Let condition (5.3) be satisfied. We obtain x,, — xo in X and 0 < (B(xo — x), y —
— Tx) for each x € X. Set x, = xo — twfor t > 0 and we X. Then

0 < (B(tw), y — T(xo — tw)) = u(t, w)) (®(w), y — T(xo — tw)),
0 < (D(w), y — T(xo — tw)).

Letting ¢ tend to zero we obtain

0 < (®(w), y — Txy)

for each WEX and ®(X) = Y* implies y = Tx,.
Let condition (5.5) be satisfied. Then ||x, ||x = ||%o|x and x,, = x, in X. Hence

X, = Xo in X and 0 £ (®(xo — x), y — Tx) for each x € X and similarly as in the
previous part one obtains y = TXx,.

Let condition (5.2) or (5.4) or (5.6) be satisfied. Then the assertion is a consequence
of Proposition 3.1 and condition (5.1) or (5.3) or (5.5) respectively.

Remark 5.2. Let X be a reflexive Banach space and let the couple <X, X*) have an
approximation scheme. We identify X with X** and set Y = X* and ¢ the identity
operator on X. Then @ satisfies the assumptions of Proposition 5.1.

Definition 5.3. 2) A gauge function is a real-valued continuous function p defined
on the interval (0, co) such that

(1) W0) =0,

(2) lim p(t) = oo,

t— o0

(3) pis strictly increasing
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b) The duality mapping in X with a gauge function p is a mapping J from X
into the set 2** of all subsets of X* such that

Jx = {{ex.} sy X = eX’

{x*, x* e X*, (x*, x) = ||x|x [x* xe = p(|x[|lx)}, + By .

x*

X*s

For next two remarks see [1], [5], [6] and [7].

Remark 5.3. a) The set Jx is non-empty.

b) Let X be a Banach space with a strictly convex dual space X*. Let J be the

duality mapping in X with the gauge function u. Then the set Jx consists of precisely
one point.

c) Let X be a Banach space with a strictly convex dual space X*. Let J : X — X*
be the duality mapping with the gauge function p and ¢t > 0.Then J(tw) = B(t, w) . Jw
where § is a positive function on (0, o) x X.

d) Let X* be a strictly convex Banach space, J : X — X* the duality mapping in X
with the gauge function u and [{X,}, {X,}, {Q.}]x an approximation scheme for
(X, X). Then QF Jx = Jx for each x € X, and all positive integers n.

Remark 5.4. Let X be a Banach space with a strictly convex dual space X*, J : X —
— X* the weakly continuous duality mapping in X with the gauge function u (for
example, there exist a gauge function pu and the duality mapping J which is weakly
continuous in the spaces [, 1 < p < o). Set Y = X and ¢ = J. Then @ satisfies the
assumptions of Proposition 5.1.

Proposition 5.2. Let X be a Banach space, [{X,}, {X,}, {Q.}]x an approximation
scheme of {X,X), T:X - X, T=1 — S where I is the identity operator and S is
a contraction mapping with the constant o € <0, 1). Let oK < 1.

Then T is an A-operator.

Proof. According to Banach Contraction Mapping Fixed Point Theorem there
exists one and only one x, € X for each y € Ysuch that Tx, = y.

LetR > 0, x,,€X,, ”x,,J”X < R, 0,,Tx,, > y = Txo in X. Then
(1 - aK) lenj - ‘Qner”X é "xuj - QnJXOHX - "ansx’lj - Qn,SanxollX é
é ”QnJTan - Qn,TanxOHX =
é "Qn,Tan - .VUX + “Txo - Qn;TanxOHX é
s ”Q;.,Txn, - .V"x + K"Txo - TQn,xo”x + ”Qu,Txo - Txo”x -0.

Thus x,, — Q, %o = Ox in X and x,, —» x, in X.
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Corollary 5.1. Let X, S, K, a satisfy the assumptions of Proposition 5.2. If X is
a reflexive Banach space and U : X — X is a completely continuous operator,
then T=1— S — U is an A-operator.

Proof. See Propositions 5.1 and 3.1.

6. THE SET OF EIGENVALUES

Definition 6.1. Let X be a Banach space, T, : X —» X*, S, : X —» X* two potential
operators (i.e. there exist functionals f, g such that T, = grad f, S, = grad g in the
Gateaux sense — see [18]). Let f(x) = 0 iff x = 0 and set ¢(x) = g(x)/f(x) for
x =+ Oy.

uo€ X, uy + 0y is said to be an R-eigenvector of (Tp, S,) if De(ug, h) = 0 for
each he X. (D@(uq, h) is the linear differential Gateaux at the point u,). 1, =
= @(u,) is said to be an R-eigenvalue.

Proposition 6.1. Let X be a Banach space, T, : X - X* and S, : X - X* two
a-homogeneous potential operators. Suppose that there exists a constant ¢ > 0
such that

(Tox, x) = c|x|5"
for each x € X.
Then every eigenvalue of the couple (To, S,) is an R-eigenvalue.

Proof. There is

) = (Tpx, x) -

1 1
. x) = (Sex, x) - .
a+1 9(x) = (5o )a+1

Let 4, + 0 be an eigenvalue of (T, Sy), i.e. there exists u, + 0y such that Ao Tou, —
— Soug = Oxs.
Thus
Ao(Toug, h) = (Souq, h)
for each h € X so that
do = (Sotto, o)

(Toum “o) .
Hence

(Souo, uo) (Touo, h) - (Touo, uo) (Souo, h) = 0
(Touo, uo)?

for each h € X, i.e. D ¢(uq, h) = 0 where

q’(u) _ (Sou, u) - Q(_“)

(Tou, u)  f(u) )
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Lemma 6.1. Let X be a separable and reflexive Banach space, G = X an open
subset, f : G » E, a functional of the class C™ (i.e. there exists the Fréchet deriva-
tive D’ f(x) up to the order m which is continuous — see [18]). Let the following
conditions be satisfied:

(6.1) sup dim Ker D* f(x) = 1 < o

xeG

where Ker D? f(x) = {h; he X, (D? f(x) h, w) = O for each w e X},
(6.2) m 2 max (1, 2),
(6.3) D?f(x)(X) is closed subset of the space (X — X*) for each x € G.

Set M = {x; x€G, D f(x, h) = 0 for each h e X}.
Then meas f(M) = 0. (For proof see [16)].

Proposition 6.2. Let X be a reflexive and separable Banach space, T, : X = X*,
So : X = X* be two potential operators. Let the functional ¢ (see Definition 6.1)
satisfy the assumptions of Lemma 6.1.

Then the set of R-eigenvalues of the couple (T,, S,) has the Lebesgue measure
zero.

Theorem 6.1. Let X be a reflexive Banach space such that (X, X*) has an ap-
proximation scheme. Let T:X — X* be an odd A-operator, T, :X — X* an a-
homogeneous operator, S : X — X* an odd completely continuous operator and
So : X — X*. Suppose that T is an a-quasihomogeneous operator with respect to T,
and S is an a-strongly quasihomogeneous operator with respect to S,. Suppose that
there exists a constant ¢ > 0 such that

“ Tu

xe Z cfulk
and

(o) 2 efuls
for each u € X.
Let T, =gradf, S, =gradg and set ¢(u) = g(u)/f(u) for u + 6x. Suppose

that the functional ¢ satisfies the assumptions of Lemma 6.1 on some neighborhood
of the unit sphere in X.

Then there exists a set N = E;, meas N = 0 such that (AT — S) X = X* for
each Ae E, — N. )

Lemma 6.2. Let X and Y be two Banach spaces, Ty : X - Y, Sy : X — Y be linear
operators such that T, is continuous, Sy is completely continuous, T,X = Y. Suppose
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that there exists a constant ¢ > 0 such that

| Toxly 2 e|x]x
for each x € X.

Then the set of eigenvalues for the couple (T,, S,) is at most denumerable and if
it has a limit point A, then A = 0.

Proof. For the problem Al — T, 'S, we have well-known theorems (see [4])
about the set of eigenvalues. A is an eigenvalue for (Tp, S,) iff 4 is an eigenvalue for
(I, Ty 'So) (I is the identity operator in X).

Theorem 6.2. Let X and Y be two reflexive Banach spaces such that {X,Y) has an
approximation scheme. Let T: X — Y be a demicontinuous and odd A-operator,
S : X — Y be a completely continuous and odd operator, Sy : X - Yand Ty: X - Y
linear operators. Suppose that T is an 1-quasihomogeneous operator with respect
to T, and S is an 1-strongly quasihomogeneous operator with respect to S,. Suppose
that there exists a constant ¢ > 0 such that

[Tuly 2 cfu]x
and

| Touly = culs
for eachueX.

Let T,X =Y.

Then there exists a set N = E,, N is at most denumerable and if N has a limit
point A, then A = 0 and N is such that (AT — S) X = Yfor each A€ E; — N.

7. APPLICATIONS

a) Let Q be a bounded domain in Ey and W$"(22) the Sobolev space (for definition
see [19, Chapter 1]). The space W$"(Q) is a Hilbert separable space. Denote 4 the
Laplace operator. We seek the weak solution of the Dirichlet problem

—AAu-—u——L— =f (s>0)

1+ |ulf

u=0 on 0dQ

for f € (WED(Q))*, i.e. we seek ue WV(Q) such that for each v e W")(Q) the identity

N ( s
lj Zg—l-‘-ﬁdx-—j —-ll—‘l—uvdx=J.fvdx
Q Q

i=1 axi 0xi 1 + lul'
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holds. This equation has a solution for each f e (W§"(€2))* if the equation

N
).J‘ Y 22dx—J.uvdx=0
2

i=1 axi axi )

-

(for all ve W§"(Q)) has zero solution only (see Theorem 3.2), i.e. for A # 1[4,
where {4,} is the spectrum of the Dirichlet problem for the equation

—Adu — Au=0.

b) Let Q be an open bounded subset of Ey. It is known (see [7]) that <(L,(9Q),
L,(2)> has an approximation scheme with K = 1.

Let p > 1 and let hu be N&émyckij’s operator (for the definition and properties see
[18]) generated by the function f(x) (u*/(1 + u?)) where f € L,(Q). Let 4 € (L(Q) -
- L,(Q)) with the norm ||A||.,-1,) Suppose that there exists a constant m such
that |f(x)| £ m almost everywhere in Q and

o = "A”(Lp"L,) .m .% < 1 .

Then the operator U = Ahu is a contraction with a constant & < 1 and moreover,
U is 1-quasihomogeneous with respect to Uou = Ahyu where hou is Némyckij’s
operator generated by the function f(x)u. By Propositions 5.2, 3.2 and 3.3 the
operator T =1 — U is an A*-operator which is 1-quasihomogeneous with respect
to the operator T, = I — U,,.

Let K(x, y), L(x, y) be continuous functions on @ x € and s = 0. Set

s

J. L(x, y) u(y)dy
[ e ucray

2

Su =

: f K(x, y) u(y) dy.
1+ @

The operator S is strongly continuous and 1-strongly quasihomogeneous with
respect to the operator

Sou = J. K(x, y)u(y)dy.

By Theorem 3.2 the equation
(1) ‘ Mu(x) — Ahu) — Su = F(x)
has a solution u € L(®) for arbitrary F e L,(Q) provided the equation
(2 Mu(x) — Ahgu) — Sou = 0

has the trivial solution only.
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According to Theorem 6.2 there exists a set N = E,, N being at most denumerable
and if A is a limit point of N, then 4 = 0 and N is such that (1) has a solution u €
€ L,(Q) for each Fe L(Q)and all A€ E, — N.

REMARKS

1. Preliminary communication was published in Comment. Math. Univ. Carolinae
11, 1970, 271 —284.

2. W. V. Petryshyn (Arch. Rat. Mech. Anal. 30, 1968, 270—284 and same Arch.
33,1969, 331 —338) solved this problem for the linear operators using similar methods.

3. When the preliminary communication had been published the author obtained
a reprint of the paper by W. V. Petryshyn: Nonlinear Equations involving Noncompact
Operators, Proc. Symp. Pure Math., Nonlinear Functional Analysis, Vol. XVIII,
Part 1, 1970, Providence, Rhode Island, pp. 206 —233. W. V. Petryshyn dealt with
the same problem and his Theorem 1.4 on the p. 216 is essentially the same as Theorem
3.3 in this paper.

4. Author is very much indebted to the reviewer for his advice and comments.
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REMARKS ON DENJOY PROPERTY AND .#; PROPERTY
OF REAL FUNCTIONS

TiBoR SALAT, Bratislava
(Received March 31, 1970)

In the whole paper the interval means a normal non-degenerate interval on the real
line E; and the measure means the Lebesgue measure on the real line. In what fol-
lows |M | denotes the measure of the set M.

The real function f : €0, 1) — E, is said to have the property .#; if for each a € E,
and each closed interval I = €0, 1) each of sets I n E(f), I n E*(f),

E(f) = {xe0,1); f(x) > a}, E(f) ={xe<0,1); f(x) < a}

is either void or it has a positive measure (cf. [6]).

Further, the function f: <0, 1> - E, is said to have the Denjoy property if for
each two numbers a, b e E, and each closed interval I< <0, 1) the set I n EX(f),
E)f) = {x€<0,1); a < f(x) < b} is either void or it has a positive measure (cf.
[1]).

It is obvious from the previous definitions that each function f : {0, 1) — E; with
the .#; or Denjoy property is Lebesgue measurable.

It is easy to see that each function with the Denjoy property has the .#; property,
too. L. MiSik has shown the equivalence of these two properties for functions of the
first Baire class (cf. [2]).

The function f : (0, 1> — E, is said to have the Darboux property if f maps each
interval I = {0, 1) onto an interval or a one-point set.

Denote by F the set of all functions f: {0,1) - E,. For S = F we put CS =
= F — S. Denote by M3, D*, D the set of all fe F with the .#), Denjoy, Darboux
property, respectively. Further B, (x = 0) denotes the set of all functions f € F of the
Baire class .

We have already remarked that D* < M; and D* n B, = M} n B,. L. Mi8ik has
shown (cf. [2]) that the set

S; =B, n[Mj — (DU D¥)] = B, n Mj A CD n CD*
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is non-void and he asked whether the set T, = B, n M3 n D n CD* is non-void,
too. J. LipiNski has given an affirmative answer to this question (cf. [1]). He showed
by using some properties of Kpcke derivatives that each of the sets S,, T, is non-void.

In this paper we shall give new proofs for the non-voidness of each of the sets S,, Ty,
the proof of the non-voidness of T, being based on some properties of certain func-
tions which were defined in the paper [5] by means of subseries of divergent series.
Further we shall study some properties of the sets S,, T, as subsets of the metric
space M(0, 1) of all bounded functions f € F (see Theorem 7 below).

At first we show a simple construction of functions fe S,. Let A = {0, 1) bean F,
set with the following property: For each interval I < <0, 1) each of the sets
AnI, A nI(A" =<0,1) — A) has a positive measure (cf. [3], p. 244). R denotes
the set of all rational numbers r€ {0, 1). Put B =4 — R, B’ = A’ — R. Let t be an
arbitrary positive real number. Put g,(x) = ¢ for x € B, g/(x) = —t for x € B’ and
gd{x) = 0 for xeR.

Theorem 1. The function g, belongs to S,.

Proof. 1. We shall show at first that g, e B,. Let a € E,, E%(g,) = {x €0, 1);
g{x) < a}. Then we have

0 for as —t,
. B’ for -t <a=<0,
Eg,) = B UR for 0O0<aZgt,

{0,1) for t <a.

Since 4 is an F, set, B’ is a G,, set and we see at once that the set E%(g,) is a G, set
for each a. It can be shown analogously that for each a € E, the set E(g,) = {x €
€40, 1>; g(x) > a} is a G,, set.

2. The function g, has not the Darboux property since g,(<0, 1)) = {0, ¢, —1}.

3. The function g, has not the Denjoy property since the set E' (g,) = {xe
€(0,1); —t < g(x) < t} is non-void and its measure is 0.

4. The function g, has the .#, property. Indeed, let ae E, and let I = <0, 1) be
a closed interval. If I n E%(g,) + 0, then a > —t and therefore the set I N B’ is
contained in the set I n E%(g,). In view of the properties of the set A we have |I N B'|>
> 0 and so |[I n E%(g,)| > 0. It can be shown analogously that if I N E,(g,) + 9
then |I N E,(g)| > 0. This completes the proof.

Remark. From the previous theorem we obtain a set of the power ¢ (c is the
power of the continuum) of functions from S,. Since S, = B, and the power of the
set B, is c, we see that the set S, has the power c.

In what follows we shall use some functions defined in [5] by subseries of divergent

series. Let Y |a| = + 0, x€(0,1), x =Y g(x)- 27* (non-terminating dyadic
k=1 k=1
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expansion of x, sk(x) = 0 or 1 and for an infinite number of k’s we have g(x) = 1).

Denote by f = f(Za) the function defined on (0, 1) in the following way: If the
series

o0

(1) Y a(x) o

converges and has the sum S(x), then we put f(x) = S(x)/(1 + |S(x)|). If i alx) a, =
@ k=1

= +00 (Y &(x)a; = —), then we put f(x) =1 (f(x) = —1). If (1) oscillates,
k=1

then f(x) = 0.

It is well-known (cf. [6] Theorem 1, p. 6) that each function fe F of the first
Baire class with the .#; property has the Darboux property. So the inclusion B, N
N M}, = B, n D holds. In the connection with this fact we shall show that for the
functions of the second Baire class the inclusion B, n D = B, n M} is not true.

o
Theorem 2. Let a; — 0 and let the series Y. a, fulfil one of the following conditions:
=1

1) Y a=+o, Y |a| < +ow;

k;ax 20 k;ax <0

2) Y ag=-0, Y a < +oo.

k:ax<0 k;ar 20

Define the function g : {0, 1) — E, in the following way g(0) =1 in the case 1)

and g(0) = —1 in the case 2). Further we put g(x) = f(Za ») (%) for x€(0,1) (in
both cases).
Then ge B, n (D — M3).

Proof. Let % a, fulfil the condition l) (in the case 2) the theorem can be proved in
an a.nalogousszlty) We know that f| (Za ) is a function from the second Baire class
(see [5], Theorem 2,6). From thls it follows easily that g € B,.

F urther it is known that f (Za ) has the Darboux property and the set {x € (0, 1);
7 (Za .) (x) = 1} is dense in (0 1) (see [5], Theorem 2,4 and 1,10). From this it can

be eas11y deduced that g € D.
Since a, — 0 there exists a sequence k; < k, < ... of natural numbers such that

Ylaw| < +oo. Put xo =Y 27" =¥ g(x0)27* (a(xo) =0 for k + k, and
n=1 n=1 k=1

&(x0) =1, n = 1,2,...). Then it follows from the definition of g that g(x,) < 1
and so E'(g) = {x e (0 1); g(x) < 1} # 0. From the theorem 1,10 of the paper [5]

we get |{xe(0,1); Z &(x) a, = +o}| =1 and so we have |E'(g)| = 0. Hence
g ¢ M5 and so ﬁnally g € B, n (D — M3). This completes the proof.
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Remark. In view of Theorem 2 there exists a function f, eU,, U, = B, n
n (D — M}). Itis easy to check that each of the functions f, + a (a € E,) belongs to
U,, too. From this we see at once that the set U, has the power c.

We shall prove now the non-voidness of the set T,. The proof of this fact will be

based on some properties of functions f(3a,).
1

Theorem 3. T, = B, n M, n D n CD* + 0.

Proof. Let C, denote the Cantor set in <0, 1). In the closure of the longest com-
ponent interval J, of the set {0,1) — C, we construct again a Cantor-like set C,.
Thus the only common points of C;, C, are the end-points of the interval J;. In the
closure of the longest component interval J, of the set <0, 1) — (Co U C,) we con-
struct again a Cantor-like set C,. Thus the only common points of C,, C, U C, are
the end-points of the interval J,. We continue this construction by induction. Hence

we obtain the set C = | C,. Obviously |C| = 0 and the sets C,(n > 0), Co U C, U...
n=0

... U C,_y have only two common points (inf C, and sup C,). If I = €0, 1) is an

arbitrary interval, then there exists an m such that C,, = I. Let ¢,:C, = (-1, 1)

denote the function which maps C, onto {—1, 1), ¢, being continuous and non-

decreasing on C, (this function is analogous to the well-known Cantor function - see
[3] p. 410).

Further we construct an F, set A = 0, 1) such that for each interval P = (0, 1)
we have

* |[AnP|>0, |[4/nP|>0(4 =(01)— 4)

(cf. [3], p. 244). Put G = €0, 1) — C. Then €0, 1> = C U GA U GA’, the summands
on the right-hand side being pairwise disjoint. Let

o o0
ak>0, a,,->0, Zak=+00; bk<0$ bk—*O, Zbk=—00.
k=1 k=1

Define the function g in the following way: g(x) = ¢o(x) for xe Cy = C3, g(x) =
= @,(x) for xeC, — Co =Cf},...,g9(x) = @,(x) for xeC,— (Cou C, v ...

...UC,-y) =C;,... Further we put g(x) = f(Ya,)(x) for xe GA and g(x) =
L 1
= f(3b,) (x) for xe GA'.
1
1) We show that g € B,. For a € E, we have E%(g) = M, U M, U M, where

M, ="§°{x eC* odx) < a}, M, ={xcGa; f(ia,,) (%) < a},

M; = {xeGA’; f(ib,,) (x) < a}.
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Owing to the continuity of ¢, on Cy the set {x € Cy; ¢,(x) < a} is open in C; and
therefore it is a G,, set. So the set M, is a G,, set, too. Further M, = GA n {xe

€ (0, 1); f(ia,,) (x) < a}. Since GA is a G, set and {x€ (0, 1); f(ia,,) (x) < a}
1 1

is a Gj, set, too (see [5], Theorem 2,6), the set M, is a G,, set. In an analogous way
we can verify that M, is also a G,, set. So E%(g) is a G,, set. Analogously it can be
shown that E,(g) is a G,, set.

2) We shall show that g has the property .#;. Let aec E, and let I = <0, 1) be
a closed interval. If

)] InE(g)+9,

then a > —1 and the set I n E%g) contains the set I n {x e <0, 1); g(x) = —1}.
According to the theorem 1,10 from [5] we have g(x) = —1 for almost all x e GA’
and so owing to the property (*) of the set 4 we obtain |I ) E“(g)| > 0. In an analo-
gous way we can show that also the set I n E,(g) is either void or it has a positive
measure.

3) We shall show that g has the Darboux property. If I < <0, 1) is an interval
then there exists an m such that C,, = I and so

(3) g(I) = 9(Cn) = u(Cp) = (=1,1).

In view of (*) and |C| = 0 we have |(GA) N I| > 0, |(GA') N I| > 0. But for almost
all x e GA(x € GA') we have g(x) = 1 (g(x) = —1) (see[5], Theorem 1,10). Owing
to this fact there exist two points x,, x, €I such that g(x,) = 1, g(x,) = —1. This
together with (3) gives g(I) > {—1, 1). But g(0, 1)) = {—1, 1), therefore g(I) =
={-1, .

4) We shall prove that g has not the Denjoy property.

Let us choose a = —1, b = 1,1 =<0, 1). Then I n E¥(g) = {xe 0, 1); —1 <
<g(x) <1} #+ 0 and I n E)(g) = C U M where M denotes the set of all such

@ @
x € GA U GA’' for which at least one of the series ) &(x) a;, Y. &(x) b, converges.
k=1

It follows from the theorem 1,10 of the paper [5] that |M| = 0 and since |C| =0,
we have |I n E}(g)| = 0. This completes the proof.

Remark. It is easy to verify that T, has the power c.

It is easy to check that if f € M} or f € D*, then for each k € E, also the function kf
belongs to M3, D* respectively. In connection with this fact the question arises
whether the sum of two functions from M3 or D* is again a function belonging to M}
or D*, respectively (i.e. whether M}, or D* is a linear function space). The following
example gives a negative answer to this question.
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Example. Let C = (0, 1) be the Cantor set, C' =<0,1> — C. Let 4 = (0, 1)
be such an F, set that for each interval P < <0, 1) we have |4 A P| > 0, |4’ n P| > 0
(4" =<0,1) — A). Then <0,1) = C U C'Au C'A’, the summands on the right-
hand side being pairwise disjoint. Put hy(x) = 1 for xe C U C'4 and hy(x) = -1
for x € C'A’. Further put h,(x) = 1 for xe C U C’A’ and h,(x) = —1 for xe C'A.
If we put h = h; + h,, then h(x) = 2 for x € C and h(x) = 0 for x € C'. It is easy to
verify that h,, h, € D*. Since {x € {0, 1); h(x) > 0} = C, the function h does not
belong to M;.

In what follows we shall study the structure of the space M(0, 1) (with the metric
e(f,g) = sup |f(r) — g(1)]) from the point of view of the Denjoy and Zahorski’s

0sts1

property 5. Let D*(0, 1) and M5(0, 1) denote the set D* ~ M(0, 1), M3 ~ M(0, 1),
respectively. Let us remark that if (X, ¢) is a metric space, then the symbol S(p, )
(pe X, 6 > 0) denotes the spherical neighbourhood of the point p in the space X,
ie. S(p, 8) = {xe X; o(p, x) < 6}.

Theorem 4. Each of the sets D*(0, 1), M5(0, 1) is a perfect non-dense set in M(0, 1).

Proof. We shall prove the theorem for D*(0, 1) (the proof for M(0, 1) being analo-
gous). It suffices to prove the following assertions:

1) D*(0, 1) is a closed subset of the space M(0, 1);

2) D*(0, 1) has no isolated point;

3) D*(0, 1) is non-dense in M(0, 1).

1) Let f,e D*(0,1) (n = 1,2,...) and let {f,},>, uniformly converge to f. Then
it is known that f € D*(0, 1) (cf. [7], Theorem 15).

2) Let fe D*(0, 1) and & > 0. It is easy to check that each of the functions f + ¢,
|t| < & belongs to S(f, §) and f + t e D*(0, 1).

3) Since each of the functions fe D*(0, 1) is measurable, we have D*(0,1)
< L(0, 1), L(0, 1) being the set of all Lebesgue measurable functions from M(0, 1).
But L(0, 1) is a non-dense set in M(0, 1) (see [4]) and therefore D*(0, 1) is non-dense,
too. The proof is complete.

In an analogous way we can prove the following

Theorem 5. Each of the sets Z n M(0,1), Z = S,, T,, U, is a perfect non-dense
set in M(0, 1).

Proof. It follows from the inclusions S, = M3, T, = M; that S, n M(0, 1),
T, n M(0, 1) are non-dense. Further U, = D and D n M(0, 1) is non-dense in
M(0, 1) (see [4]), so that U, n M(0, 1) is non-dense, too. The perfectness of the sets
Z A M(0,1), Z = S,, Ty, U, can be proved in an analogous way as the perfectness
of D*(0, 1) was proved in Theorem 4.
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O NIEKTORYCH DALSICH VLASTNOSTIACH KRIVIEK TRIEDY P

Jozer OBONA, NIKOLAJ PODTJAGIN, Bratislava
(Doglo diia 2. aprila 1970)

V tejto praci sa uvadzaju niektoré dalSie vlastnosti kriviek triedy P, definované
v préci [1]. Tieto vlastnosti sa odvodzujii z rovnic dotyénic k tymto krivkédm.
V praci [1] krivky triedy P boli definované rovnicami

(1) x=a.cosqw + b.cos(p + q)w
y=a.sinqo + b.sin (p+q)o

kde w je parameter, meniaci sa v intervale [0, 21t), konstanty p, g st celé nesudelitelné
disla, ani jedna z konStant a, b, p, g nie je rovna nule, pritom a, b, g st ¢isla kladné.

V spomenutej praci bolo dalej doké4zané, Ze pre ag + b(p + g) = O rovnice (1)
uréuja prosti hypocykloidu a pre ag — b(p + g) = 0 prosta epicykloidu; pre a = b
a p + 2q + 0 urdujii ruZicu; pre a = b, p + 2g = 0 Gisecku na osi 0X, dizky 4a so
stredom v poéiatku suradnicovej sustavy, ktoru nepokladame za krivku triedy P
a teda pre a = b Ziadame p + 2q #+ 0.

V préci [1] bolo dokézané, Ze kazda krivka triedy P ma |p| bodov vzdialenych od
pociatku suradnicovej sustavy na vzdialenost a + b, ktoré odpovedaji hodnotam
parametru d

) o= 1,3, 0]~ 1

||

a |p| bodov, vzdialenych od potiatku suradnicovej sustavy na vzdialenost [a — b,
ktoré odpovedaju hodnotdm parametru

o) a=HEEUE 4 _oi 1.
|p|
Pre ag — b(p + q) = 0, tj. u prostych epicykloid, body vzdialené od pociatku
siradnicovej ststavy na |a - b| st singularne body (body zvratu).
Pre ag + b(p + q) = 0, tj. u prostych hypocykloid, body vzdialené od pogiatku
suradnicovej stistavy na vzdialenost a + b st tieZ singularne body (body zvratu).
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Vsetky krivky triedy P st simerné vzhladom na os OX. Ak konstanta |p| je parne
gislo, tieto krivky st sumerné (aj vzhladom na os OY).
Pre smernicu doty&nice krivky triedy P v jej fubovolnom bode (x, y) mame

(4) d_.V__aQ-Cosqw+b(p+q)cos(p+q)w

dx aq.sinqw+b(p+q)sin(p+q)w.

Smernica dotyénice v bode @ = 0 mdZe byt kone&na len pre aq + b(p + g) = 0.
Z toho vyplyva, Ze dotyénica ku krivke triedy P v podiatoénom bode w = 0, okrem
prostych hypocykloid je vZdy kol- )
ma na os 0X.

Podiatoény bod w = 0 prostej y
hypocykloidy je singularny bod
zvratu, v ktorom doty&nica je os
OX. Ak |p| je parne &islo, aj do-
tyénica v bode siimernom s bo-
dom w = 0 vzhladom na os OY
je tiez os OX.

Obr. 1. Obr. 2.

Priklad 1. Na obr. 1 je zndzornen4 prosta hypocykloida, dané rovnicami (1) pre
p= —3,9=2,a=16; b =33 PretoZe |p| je nepéarne &islo, os OX je doty&nicou
len v bode @ = 0.

Priklad 2. Krivka na obr. 2 je tieZ prostd hypocykloida pre p = —8, ¢ = 1,
a = 8,75, b = 1,25. PretozZe Ip] je parné ¢&islo, os OX dotyénicou nielen v bode
o = 0, ale aj v bode s nim simernom podla OY.

Body, vzdialené od poliatku stradnicovej sustavy na vzdialenost a + b si dané
hodnotami (2) parametra w, pre ktoré mame cos pw = 1. Vzfah (4) pre tieto body
bude :
dy __ [aq + b(p + g)] cos g0
dx [aqg + b(p + g)] sin g |
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Nema zmysel pre prosté hypocykloidy. Pre vetky ostatné krivky triedy P v spomina-
nych bodoch mame :

: dy _ _cosqw
dx sin qw'

Pre doty&nice v tychto bodoch dostavame

2
Xcosq&r+Ysinq——klr

|| ||

kde X, Y st premenné stradnice bodov dotyénice a x, y st pevné body na krivke
triedy P (podobne aj v dal3ich ivahach). Po dosadeni hodnét (2) parametra , pre
doty¢nice v bodoch, vzdia'enych od podiatku suradnicovej stistavy na a + b, pre
vietky krivky triedy P, okrem prostych hypocykloid, mame

= X COS qw + y sin qw

(5) Xcosq2—k—73+Ysinq2—k“=a+b, k=0,1,---,|P|—1-

|p| ||

Pri |p| neparnom ani jedna z doty¢nic, okrem doty¢nice v pociatocnom bode
o = 0, nemdZe byt kolma ani na jednu zo stiradnicovych osi.

Pretoze &isla g a |p| nemaju spoloénych delitefov, pri |p| parnom (|p| = 2k,),
dotyénice v spomenutych bodoch su kolmé na os OX len v tom pripade, ked &islo
t = kfk, je celé. A pretoze k < |p| — 1, musime mat
2k, — 1 1

=2—-—<2
ky ky

t

IIA

a teda t moze maf len dve hodnoty 0 a 1. Z toho plynie, Ze pri | p' parnom kazda krivka
triedy P, okrem prostej hypocykloidy, ma dva a len dva body, vzdialené od pociatku
suradnicovej sustavy na a + b, v ktorych dotyénice si kolmé na os OX. Tieto doty¢-
nice st dané rovnicami (5). PretoZe potom je g neparne &islo, sii teda dané rovnicami

(6) X = +(a+b)

Priklad 3. Pre p = 3,9 = 1,a = 4, b = 1 rovnice (1) uréuji prostii epicykloidu,
zndzornenu na obr. 3, vytvorenu rotaciou kruhu o polomere r = 1 po obvode
pevného kruhu R = 3. PretoZe p je neparne &islo, krivka ma len jeden bod, vzdialeny
od potiatku suradnicovej sustavy na a + b = 5 (po&iato&ny bod w = 0), v ktorom
doty¢nica je kolma na os OX.

Priklad 4. Krivka na obr. 4 pre p= —2, g =3, a =2, b =3 podla (1) je
predlZend hypocykloida. Pretoze | p| je parne &islo, krivka ma dva body (x = +5),
vzdialené od pociatku stiradnicovej ststavy na a + b =5, v ktorych doty&nice
(X = £5) su kolmé na os OX.
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Ak aj }|p| je parne &islo (|p| = 4k,), doty&nica v bode, vzdialenom od potiatku
stradnicovej stistavy na a + b, je kolmé na os OY vtedy a len vtedy, ked t = k/k, je
celé neparne Cislo. Pretoze k < | p| — 1, musime mat

™
»

Obr. 3. Obr. 4.

odkial teda t m6Ze mat len hodnoty 1 a 3. Z toho plynie, Ze pre }l p| parne, kazda
krivka triedy P, okrem prostych hypocykloid ma aj dva body, vzdialené od pociatku
suradnicovej stistavy na a + b, v ktorych doty¢nice sii kolmé na os OY. Su dané rov-
nicami (5) pre k = k, a k = 3k, tj. rovnicami

() Y=t(a+b)

Priklad 5. Pre p = —4, g = 1,a = b, b = 4 rovnice (1) uréuji krivku uvedent
na obr. 5. }|p| je &islo parne. Krivka mé dva body, vzdialené od pogiatku stradnico-
vej stistavy na ¢ = a + b = 10, v ktorych doty¢nice si kolmé na os 0X, a dva body
rovnako vzdialené od pociatku suradnicovej stistavy, v ktorych doty¢nice su kolmé
na os OY. Podla vzorca (7) st dané rovnicami Y = +10.

Body, vzdialené od potiatku suradnicovej sustavy na ¢ = [a — b| > 0 s dané
vztahom (3). U nich mdme cos pw = 1. Vzorce (4) pre tieto body potom nadobudnu
tvar

dy _ _ [ag — b(p + g)] cosqo

dx [ag — b(p + g)] sin qo

Nemaju zmysel pre prosté epicykloidy. Pre vietky ostatné krivky triedy P v spome-
nutych bodoch mame

dy  cos qw
dx sin qw )

Pre doty&nice v nich potom plati rovnica

X cos qw + Ysin gw = x cos qw + y sin qo .
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Po dosadeni hodnét (3) parametra w pre doty&nice v bodoch, vzdialenych od pogiatku
suradnicovej stistavy na ¢ = |a - bl > 0, u vietkych kriviek triedy P, okrem pros-
tych epicykloid, dostaneme potom rovnice

(8) XcoquE—+—1)—E+Ysinq(2k+—l)n=a—b, k=0,1,....|p| - 1.
|l ||
y
X
Obr. 5.

Ak |p| je &islo neparne (|p| = 2k, + 1), tieto doty&nice nemdZu byt kolmé na os 0Y,
St kolmé na os OX, ked &islo t = (2k + 1)/(2k, + 1) je celé. PretoZe k < |p| — 1.
musime mat _

¢ < 4k, + 1 _9 1

< - <2.
2k, + 1 2k, + 1

MoZe sa teda t rovnaf len jednotke. Z toho plynie, Ze pre | p| neparne kazda krivka
triedy P, s vynimkou prostej epicykloidy, mé4 len v jednom bode, vzdialenom od
potiatku stiradnicovej sistavy na ¢ = |a — b| > 0, doty&nicu kolmi na os OX,
danu rovnicami (8) pre k = k,. Pri g pArnom doty&nica bude

9) X=a-b
a pri neparnom
(10) X=b-a
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Priklad 6. Na obr. 6 je znazornena krivka, dana rovnicami (1) pre p = —1,
g =2,a=3,b = 2;|p| je &islo neparne, q je &islo parne. Krivka ma len jeden bod,
vzdialeny od pociatku stradnicovej siistavy na ¢ = |a — b| = 1. Doty&nica je
v tiom kolma na os OX a je dana rovnicou X = 1.

y 4

ARV
N g

Obr. 6. Obr. 7.

Priklad 7. Krivka, dana rovnicami (l) pre p=3,qg=1,a=45,b=0,5je
uvedena na obr. 7. Obidve Cisla p a q st Cisla neparne. Len v jednom bode, vzdiale-
nom od pociatku stradnicovej slistavy na ¢ = |a — b| = 4, doty¢nica je kolma na
os OX. PodIa vzorca (10) je dana rovnicou X = —4.

Ak |p| je &islo parne, potom z rovnic (8) vyplyva, Ze doty&nica ani v jednom bode,
vzdialenom od potiatku siradnicovej sistavy na ¢ = |a — b| nemdze byt kolma
na os OX. Na os OY je kolma len v tom pripade, ked |p| je &islo pérne, ale 3|p| je
&islo nepérne (|p| = 2(2k, + 1)). To bude v tom pripade, ked t = (2k + 1)/(2k, + 1)
je celé neparne &islo. Pretoze k < |p| — 1, musime mat

1
ok, + 1

t<4-—

<4

Nevyhovuje teda len ¢ = 1 a ¢t = 3. Z toho plynie, Ze pri |p| parnom a sucasne 3|p|
neparnom, kazda krivka triedy P, s vynimkou prostej epicykloidy, ma len dva body
vzdialené od podiatku suradnicovej sistavy na ¢ = [a - b], v ktorych dotyénice st
kolmé na os OY. St dané rovnicami

(11) Y=+(@—b).

Priklad. 8. Na obr. 8 je znidzornena krivka, dand rovnicami (1) pre p = —6,

=1, a=4, b=6. Cislo 4|p| je neparne. Krivka ma dva body, vzdialené od
pociatku suradnicovej sustavy na g = |a - bl = 2, v ktorych st doty¢nice kolmé
na os OY. St dané rovnicami (11), teda Y = +2.

Pre a — b = O, kaZzda krivka triedy P, tj. kaZda ruZica prechadza podiatkom
stradnicovej sustavy, ktory je jej | p|-nésobn)"m bodom. Doty¢nice v fiom si dané
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rovnicami
(2k + 1) +Ysinq(2k + l)n _

|| ||

Podmienky kolmosti ich doty&nic v tomto bode st tie isté ako v pripade v|a —b| >
> 0.

X cos g 0, k=0,1,...,|p| - 1.

Priklad 9. Krivka, znazornena na obr. 9 je dana rovnicami (1) pre tie isté hodno-
ty pa q akov prikl. 8,lena =
= b = 5. Tato krivka mé dva
body, vzdialené od podiatku
suradnicovej sustavy na ¢ =
=a + b = 10, v ktorych do-
tyCnice st kolmé na os 0X.
Pociatok suradnicovej ststa-
vy je Sestnasobnym bodom,
v ktorom dve doty&nice su

kolmé na os OY. Su splynuté
s osou OX.

Obr. 8. I

Obr. 9.
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Résumé

SUR QUELQUES PROPRIETES NOUVELLES DES COURBES
DE LA CLASSE P

NikoLAJ PODTIAGIN, JozEF OBONA, Bratislava

Dans cet article, on étudie des propriétés nouvelles des courbes de la classe P.
La définition de ces courbes se trouve dans l’article [1], donnée par les équations

x =acosqw + beos(p + q)w,

=asin qw + bsin (p + q) @

ol w figure comme paramétre qui varie dans I'intervalle [0,27) a et b sont des con-
stantes positives arbitraires, p et g étant de plus positif.

On trouve les équations des tangentes aux points situés a la distance a + b de
I’origine

. 2
Xcosq%ﬁ+Ysmq—l—(E=a+b, k=0,1,....]p| = 1.

|| ||

Czs équations ont lieu pour toute courbe de la classe P, sauf pour les hypocycloides
simples. De cela il résulte que, dans le cas ou |p| est impair, les tangentes définies par
elles, sauf la tangente au point w = 0, ne pouvent pas étre perpendiculaires aux
axes de coordonées. Si |p| est pair, toute courbe de la classe P, a I'exception des
hypocycloides simples, a deux points situés a la distance a2 + b, de I’origine et ou
les tangentes sont perpendiculaires a I'axe 0X. Mais si &|p| est pair aussi, la courbe
en plus deux points situés distance a + b, a la de I'origine ou les tangentes sont
perpendiculaires a I’axe OY.

On trouve les équations des tangentes aux points situés a la distance |a - b| de
P’origine

(2k+1)7r+Ysinq(zk+1)n=a

-b, k=0,1,...,|p| - 1.
el |p|

X cosg

Ces équations ont lieu pour toutes les courbes de la classe P, sauf pour les épi-
cyckloides simples. Il en résulte que pour | p| impair les tangentes aux points situés
a la distance la — b| de 'origine ne peuvent pas étre perpendiculaires a I'axe OY. La
courbe posséde un de ces points, ou la tangente est perpendiculaire a ’axe 0X. Dans
le cas, ou [ p| est pair, les tangentes & ces points ne peuvent pas étre perpendiculaires
a 'axe OX. Mais si |p| est pair, |p| impair, la courbe posséde deux points situés a la
distance |a - b|, de I'origine ou les tangentes sont perpendiculaires a ’axe OY.
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Casopis pro péstovini matematiky, ro&. 96 (1971), Praha

PERTURBATION NUMERIQUES
DES EVOLUTIONS PARABOLIQUE ET HYPERBOLIQUE

MIROSLAV SOVA, Praha
(Regu le 23 avril 1970)

On consideére le probléme suivant d’évolution abstraite.
Soit donné une solution w de I’équation abstraite:
(A) w(t) + Aw(t) =0, ou
(B) w'(t) + Aw(t) =0

ou A est un opérateur, en général non-borné, dans un espace de Banach E.

Il s’agit de construire une solution u de I’équation perturbée:
(A) w(t) + Au(t) + cu(r) =0, créel,
(B) u'(t) + Au(t) £ u()=0, ¢>0,
A partir de la solution donnée w de I'équation non-perturbée (A), (B), les valeurs
initiales restant les mémes.

Le probléme est trivial pour (A), (A’) — cfr. la section 3 — mais assez compliqué
pour (B), (B’) — cfr. la section 4.

Les sections 1 et 2 sont préparatoires, la section 5 contient des cas spéciaux de la

théorie générale qui sont connus de la théorie classique des équations aux dérivées
partielles.

1. PRELIMINAIRES

1,1. Dans tout I’article, soit

(1) R le corps des nombres réels,
(2) R* I'ensemble des nombres positifs,

(3) E, E, E,, ... des espaces de Banach quelconques.
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1,2. Soit E un espace de Banach. On désignera par

(1) 27(E) I'ensemble des opérateurs linéaires (A4, B, ...) dont les domaines (D(4),
D(B), ...) sont des sous-ensembles non-vides de E et dont les valeurs (R(4),
R(B), ...) demeurent dans E,

(2) Q(E) I'espace de Banach de tous les opérateurs de L¥(E), partout définis et
continus, avec la norme usuelle.

1,3. On désignera par I P'opérateur identique de L(E). Les multiples al, a € R,
seront appelés opérateurs numériques de Q(E) |

1,4. Si M,, M, sont des ensembles quelconques, on désignera par M, - M,
I'ensemble de toutes les transformations (fonctions) de M, dans M,.

1,5. On utilisera la théorie de I'intégration des fonctions vectorielles au sens de
Bochner-Lebesgue.

1,6. Dans ce qui suit, on admet seulement la dérivabilité continue. Donc, le mot
dérivable signifie toujours continiment dérivable.

1,7. Proposition. Soient a, be R, a < b, g €(a, b) x (a, b) > E. Si

(a) la fonction g est continue sur 'ensemble {(t,7) :a <t <t < b} et g(t,7) = 0
poura <t <1t<b,

(b) les fonctions g(t, .) sont intégrables sur (a, t) pour tout a < t < b,

(c) les fonctions g(., ) sont continiiment dérivables sur (z, b) pour tout a <
<1<b,

(d) pour tout a <t <b, il existe un 6 > 0 et une fonction ¢ €(a, b) > R,
intégrable sur (a, b), tels que

(1) ||§;g(s, 7)

< ¢(1)

pourtouta <s<b,|s—t|<deta<t<s,

alors la fonction

t
[*] t—»G(t)=Jg(t,1:)d’t, a<t<b,
est contintiment dérivable sur (a, b) et

i,
(2) G'(1) = J o g(t, ) dr + g(t, 1)
pour tout a <t < b.
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La preuve est fondée sur le théoréme de Fubini.

Ecrivons g,(t, ©) = (9/t) g(t, t) poura <t <t < betg,(t,7) = Opoura <t <
<t<b

11 résulte aisément de (a), (c) que
(3) g, est mesurable sur (a, b) x (a, b).
En outre, on déduit de (c), (d) que
(4) g4(., 7) est continue sur (z, b) pour tout a < 7 < b,

(5) g.(t, .) est intégrable sur (a, t) pour tout a < t < b,

" t
(6) t —» I g.(t, 1) dr, a < t < b, est continue sur (a, b).

Maintenant, soient a < « < f < b. On obtient sans peine de (d) qu’il existe une
fonction ¢, € R* — R intégrable sur (a, b) telle que, pour tout ¢ < t < et a <
<t<b,

lg:(t. 7)< @u(2).

Par conséquent, en vertu de (3),
(7) g, est intégrable sur («, B) x (a, b).

Le théoréme de Fubini est donc applicable. On en déduit, compte tenu de (4)—(6)
et de (b), que

J: (J:g;(t, 7) dT) dt = Jf (j:gl(t, 7) dr) dt = Jf (thl(t, 7) dt) dr =
B J (J ﬂ a:(t: ) "‘) de + r (fgn(n ) dt) dr + j:[g(ﬂ, 9 - o(e, ] de +

" j:[g(ﬂ, 9 - o(e91¢ = | g8, ) dx [[oteae - | "o(e.9) e

a a a

d’ou

f’ (] 3ot 0e)ar = 6~ o9 - | "o(c. 94

ce qui, avec (6), implique notre énoncé.

1,8. Proposition. Soient Ae *(E), A un intervalle ouvert et fe A — E. Si
Popérateur A est fermé, la fonction f est intégrable sur A, f(t) € D(A) pour presque
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tout t € A et la fonction Af est intégrable sur A, alors
(1) J‘ f(z) dr e D(4),
A
@) A 'f f(e)dr = j Af(z)dr.
A A

1.9. Proposition. Soient A, A et f comme dans 1,8. Si 'opérateur A est fermé, la
fonction f est dérivable sur A, f(t)e D(A) pour tout te A et Af est dérivable
sur A, alors

(1) f'(t)e D(A) pour tout ted,
(2 (Af) (1) = Af'(t) pourtout teA.

Pour les preuves de 1,8 et 1,9, voir [1] chap. III.

2. PROBLEMES DE CAUCHY

2,1. Soient 4 € 8*(E), u e R* — E. On dit que la fonction u est une propagation
de I’évolution parabolique pour l'opérateur 4 si
(I) u est dérivable sur R¥,
(I1) u(0,) existe,
(1I) u(f) € D(A) pour tout t € R*,
(IV) w'(f) + A u(f) = O pour tout t € R*.

La propagation u telle que u(0,) = 0 s’appelle déviation.

2,2. Soit A € 2*(E). L’opérateur A4 s’appelle paraboliquement exact si toute dé-
viation u de I’évolution parabolique pour A est identiquement nulle.

2,3. Soit A€ 8*(E). L’opérateur A s’appelle paraboliquement correct s’il existe
un sous-ensemble linéaire Z < E et deux constantes M, w € R tels que

(1) Z 2 D(4),

(IT) pour tout x € Z, il existe une propagation u de I’évolution parabolique pour 4
telle que

(1) “(0+) =X,

2 [u()]] = Me™"|x|

3

quel que soit te R*.



2,4. Soient A € 2*(E), ue R* — E. On dit que la fonction u est une propagation
de I’évolution hyperbolique pour 'opérateur A si

(T) u est deux fois dérivable sur R,
(11) u(0,), u'(0,) existent,
(1) u(t) € D(A) pour tout t e R*,
(V) u"(t) + A u(t) = 0 pour tout e R*.
La propagation u telle que u'(0,) = 0 [u(0,) = 0] s’appelle propagation cosinus

[desinus].
La propagation telle que u(0,) = u’(0,) = 0 s’appelle déviation.

2;5. Soit A € 2*(E). L’opérateur 4 s’appelle hyperboliquement exact si toute
déviation u de I’évolution hyperbolique pour A4 est identiquement nulle.

2,6. Soit A € 8*(E). L'opérateur A s’appelle hyperboliquement cosinus [desinus ]
correct s’il existe un sous-ensemble linéaire Z < E et deux constantes M, w € R tels
que

(1) Z 2 D(A),

(I1) pour tout x € Z, il existe une propagation cosinus [desinus] de I’évolution hyper-
bolique pour A4 telle que

1) u(0.) = x [w(0,) = x].

&) [u)] = Me*|x]| [Ju()] < Mre"]x|

1,

quel que soit te R*.

2,7. Proposition. Soient Ae 8*(E), ve R* — E. Si I'opérateur A est fermé et u
est une propagation cosinus de I’évolution hyperbolique pour A, alors la fonction

[+] t—>u(t) = J:v(r) dr, teR',

est une propagation desinus de I’évolution hyperbolique pour A telle que

(1) u'(0,) = v(0,).

La preuve est simple.

2,8. Proposition. Soient A€ 8¥(E), ve R*-— E. Si v est une propagation desinus
de I’évolution hyperbolique pour A, alors la fonction

[‘] - u(t) - 2t \l/m

o0
J. ae~ %14t v(x)da, teR™,
0
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est une propagation de I’évolution parabolique pour A telle que

[1] u(0,) = v'(0,).

La preuve est un peu dificile et sera publiée ailleurs.

2,9. Théoréme. Soit Ae L*(E). Si l'opérateur A est hyperboliquement cosinus
correct, il est aussi desinus correct.

La preuve s’ensuit de 2,7.

2,10. Proposition. ] existe un espace de Banach E et un opérateur A e 2*(E)
tels que A est hyperboliquement desinus, mais non cosinus correct.

Preuve. Oa prend pour E I'espace C(R®) des fonctions bornées, uniformément
continues de R® — R avec la norme usuelle — supremum. Soit 4 'opérateur laplacien
au sens des distributions. On prend pour A4 la restriction de 4 dans C(R?).

Maintenant, on démontre aisément notre énoncé en se servant de la formule
classique de Kirchhoff.

2,11. Théoréme. Soit A € *(E). Si 'opérateur A est hyperboliquement desinus
correct, il est aussi paraboliquement correct.

La preuve est fondée sur 2,8.

2,12. Proposition. I] existe un espace de Banach E et un opérateur Ae 2*(E)
tels que A est paraboliquement, mais non hyperboliquement desinus correct.

Preuve. On prend E = C(R), espace analogue a C(R*®) dans 2,10. Soit D 'opéra-
teur de dérivation au sens des distributions. On prend pour A la restriction de D
dans C(R).

3. PERTURBATIONS NUMERIQUES DANS LE CAS PARABOLIQUE

3,1. Proposition. Soient A € L*(E), ce R et we R* — E. Si la fonction w est une
propagation de I’évolution parabolique pour A, alors la fonction

[*] t>u(t) =e"w(t), teR*,
est une propagation de I’évolution parabolique pour A + cl telle que

8] u(0,) = w(0,).

La preuve est triviale.

3,2. Théoréme. Soient Ae 8*(E) et ce R. Si 'opérateur A est paraboliquement
exact, alors Popérateur A + cl est aussi paraboliquement exact.

La preuve résulte sans peine de 3,1.
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3,3. Théoréme. Soient A € 8*(E) et c € R. Si 'opérateur A est paraboliquement
correct, alors A + cl est aussi paraboliquement correct.

La preuve s’ensuit de 3,1 et 3,2.

4, PERTURBATIONS NUMERIQUES DANS LE CAS HYPERBOLIQUE

4,1. Ecrivons pour ¢ € R*:

(1) 11(5) =k§0 ﬁ%ﬁ s
@ Kl(é) = E: i

KSo 22k! (k + 1)1

& (k+2)e*
(3) M) =2, 2%k + 1)! (k + 2)!

4,2. Lemme. Les fonctions I, K,, L, sont indéfiniment dérivables sur R* et, pour
tout £ e R,

(1) EI(8) + eI — (& + 19 =0,
©) JEK(8) = I,(¥),
3) E M (&) = 4K;(¢) -
4,3. Lemme. On a
(1) K,(0) = M,(0) = 1,
(2) Kj(0) = M5(0) =0,
© e 2 HL2 o

4,4. Lemme. Pour tout £ € R,

(1) @) s ¢4, [K(O)] s e, My ()] < e,
@) [Ki(Q) < [¢] e, [MiQ)] = [¢] .

4,5. Lemme. Pour tout0 <t <tetc>0
d 2 2 i 2 2
(1) a—trK,(c\/(t —-r))=:ttMl(c\/(t - 1%)).
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Preuve. Nous avons d’aprés 4,2

1(0 \/(t = 1'2)) = ¢2tt 5,‘_(6_1/_(!2_—1.2.)) —

d
a—tKl(c J(E = 1%) = P

NG
= 4Pt M,(c J( = 1%).
4,6. Lemme. Pour tout0 <t <tetc>0

(1) < “Kile(* -~ ) =

c~/(12-r2)

(2) \/(tz - 12)) (c 2+ 1) V(=)

Preuve. Il suffit de se servir de 4,5 et 4,4.

4,7. Lemme. Pour tout0 <t <tetc>0
2
() Lere =) = Ki(e e = ) = & < Me (¢ - )
Preuve. On utilise 4,2(3).

4,8. Lemme. Pour tout0 < t <tetc >0

2.2
é <1 + C4T ) ecJ(,z_,z),

t (3 + c*7?) V=)

(1) ii ¢ Ky(c /(% — 1)

) — le(c V(- 2) <

Preuve. On calcule directment les dérivées en question et on se sert de 4,4.

4,9. Lemme. Pour tout0 < t <tetc>0

(1) ::2 (tz )Il\c J( = 1) =
= -—I,(c (2 = 1%) + ¢ (t 3 ,(c J(@ =),
(2 — 1Ky J(?* =) = — rK (e J( = 1) + Pt K,(c /(1* = 17)).

Preuve. L’identité (1) résulte aisément de 4,2(1) par un calcul direct, I'identité
(2) est une conséquence de (1) et 4,2(2).
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4,10. Proposition. Soient A€ 2*(E), ¢ > 0 et we R* — E. Si I'opérateur A est
fermé et w est une propagation desinus de I’évolution hyperbolique pour A, alors
la fonction -

[ - o)) = w(t) + cJ'

T
o V(= %)
est une propagation desinus de I'évolution hyperbolique pour A — c*I telle que
1) v'(0,) = w(0,).

Preuve. Tout d’abord, il résulte de 4,2(2) que, pour tout t € R¥,

t

Ii(c J(1* = #))w(r)dr, teR*,

3) - o(t) = w(t) + CZ—ZJ”T K,(lc V(2 = ) w(r)dr.

0

En vertu de 4,2-4,5, nous sommes & méme d’utiliser la propostion 1,7 et nous en
déduisons, pour tout a = 0

(4) J"t Ki(e (1 = ) w(z) dx

est deux fois dérivable sur (a, ),
(5) d—d; J':T KI(C \/(lz = 1:2)) w(‘t) dr = J:: (—;d—t [1- K1(C \/(t2 _ 12))] W(T) dr+t W(t) _

_ %zt J e My(e (2 = 9) w(e) de + 1w(s),

©) ;‘:_:3 ‘T Ki(c (£ — 7?)) w(r) dr =
- [l e - D]t G w0+ ) -

= J‘t :—;— [t Ki(c y(* = )] w(z)dr + %ztz w(t) + w(t) + t w'(1)

pour tout ¢t > a.
11 s’ensuit de (4)—(6) et de 4,6 que

() % j:rK,(c J(E = ) w(R)dr >0, (1-0,),

(8) di:; J} Ki(c J(t* = ) w(r)dt -0, (t-0,),
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) % L:r K(cJ(t* — ) w(r)dt > % J.;r K,(c /(= ?) w(r)dz,
O<a<t a=0,)),
dz ' 2 2 dz ! 2 2 ;
(10) EELTKI(C J(E = 1) w(z) de d—tiJOTK,(c J( = ) w(z) dr,
O<a<t, a—>0,)

En outre, on obtient de (4), (6) et 4,9(2), pour tout 0 < « < t,

(i :—; J}K,(c P — (s = I [:—:2 T Kyfe JF - 12))] w(e) de +

a

t

+ ¢ J"t Ki(e (2 - ) w(r)dr + ;—2 2 w(t) + w(t) + tw'(r).

Maintenant, en intégrant par parties, on obtient en vertu de 4,8, 4,7 et 4,3, pour
tout0 < a <t

(12) j [;Tzz N 12))] e =

-[r [(% Ky(e (& — %) - :—zad;tz M (c J(* - tZ))] ) e =

o

a

- j ' [Kl(c S =) — 04—212 Mie (¢ — 12))] w(z) dt + w(t) —

- %z 2 w(t) — Ky(c /(£ - o?)) w(a) + g;oz2 M (c J(* ~ &?)) w(x) =

- f ' [a‘f_ctxl(c NG 12))] w(z) de + w(t) — %th w(t) —

a

— Kale (= ) w(a) + & o My (e (1~ o) ) =

J.’T Ki(c J(f* — D) w'(x)dt — tw'(t) + a K (c /(£? — o?)) w'(x) +

+ w(t) — CZZ 2 w(t) — K (c /(£ —a?)) w(x) + czza: M (e /(P —a?)) w(x).

Nous savons que, cfr. 2,4 et 1,5,
(13) w” est intégrable sur tout intervalle (a, b), 0 < a < b,

(14) w’(f) = —A w(t) pour tout te R*.
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Rappelons encore que I'opérateur A est supposé fermé. Il résulte donc de (13)
et (14) a I'aide de 1,8 que, pour tout 0 < « < t,

-

(15) J T K (e (12 — 1) () dr e D(A),

14

(16) Aj'rxl(c S = ) w(e) de = .[rK,(c J(E = ©)) A wlz) de.

11 résulte de (11), (12), (14) et (16) que, pour tout 0 < o < 1,

g 2~ 1)) w(r)de =
(7 g [ v~ @) a

— 4 f TKy(e (2 - ) () de + & J’z Ki(e J(# — 1)) w(e) dr + 2w(t) +

a a

+ a Ky(c /(2 = ) w(a) — Ky(c /(1 = «2)) w(e) +

+ %2 o M(c J(* — 1%)) w().

Si I'on fait tendre « — 0, dans (10) et (17), on en obtient a I'aide de 4,3 pour
tout re R*:

(18) j;tK,(c J(2 = 1)) w(e) dr e D(4),

(19) ;—:2 J} K,(c J(* = ) w(r) dt =

- -4 f "TKy(e (= 7)) w(r) de + CZJ} Ki(e J(F—2)) w(z) dt + 2w(s).

0 0

Maintenant, nous sommes & méme d’achever la preuve.
Il résulte de (3) et (7) que

(20) 00,) =0, v'(0,) =w(0,),
En outre, d’aprés (3) et (4):

(21) v est deux fois dérivable sur R*,
d’apres (3) et (18):

(22) v(r) € D(A) pour tout € R*
et d’aprés (3) et (19):
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(23) v"(1) + A v(t) — ¢ vf) = O pour tout te R*.
Alors, (20)—(23) impliquent I’énoncé de la proposition.

4,11. Ecrivons pour £ € R

(1) () =3 =t

k=0 22"(k!)_2 '

4,12. Lemme. On a I,(0) = 1.

4,13. Lemme. La fonction I, est indéfiniment dérivable sur R et
(1) Iy=1,.

4,14. Lemme. Pour tout ¢ € R™,
(1) [1o(¢)] = €'

4,15. Proposition. Soient A€ 2*(E), ¢ > 0 et we R* — E. Si Popérateur A est
fermé et w est une propagation cosinus de I'évolution hyperbolique pour A, alors
la fonction

t
[*] t—o(t) = flo(c V(@ = ) w(r)dr, teR*,
0
est une propagation desinus de I’évolution hyperbolique pour A — ¢’I telle que

(1) v'(04) = w(0,).
Preuve. Soit, pour te R*,

[=] o(r) = j ;w(a) do + ¢ .[ ;J—(ﬂfzy)z,(c J(E = 12) j o'w(a)da dr.

1l résulte de 4,10 et 2,7 que v est une propagation desinus de 1’évolution hyperbolique
pour A — ¢?I telle que v'(0,) = w(0).

La formule [*] s’obtient de [*#] par intégration par parties en vertu de 4,12 —4,14.

4,16. Proposition. Soient Ae 2*(E), ¢ > 0 et we R* — E. Si I'opérateur A est
fermé et w est une propagation cosinus de I’évolution hyperbolique pour A, alors la
fonction

1

] & ufii= wli) + ct L T eV ) war, rer,
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est une propagation cosinus de I'évolution hyperbolique pour A — c?l telle que

(1) u(0,) = w(0,).
Preuve. ‘Ecrivons, pour te RY,
) oft) = f To(e J(F — 1) w(z) dr.
D’aprés 4,15 °
(3) v est une propagation desinus pour A — ¢?I telle que
(8 v(0,) = w(0,).
Nous allons démontrer que
(5) v est trois fois dérivable sur R* ,
(6) v"(0,) =0.

Il résulte de 1,7 4 I'aide 4,12 —4,14 et 4,2—4,4 que (5) est valable et que:

v'(t) = ct er T+ w(t) =
7) v = e | LTS D e b wl)

< J Kife (= ) ) de + ().

8) o'(f) = ”2_2 j ;Kl(c J(E = 1)) w(z) dr +
+ E; IZJ:%——W(t)dT i 5 tw(t) + w(r) =

- %’ '[ (:Kl(c J(2 = 7)) w(z) de +
+ E;tz J:Ml(c V(= ) w(r) dr + %2 tw(t) + w(1)

pour tout t € R*,

©) W)= L f‘___—i(\;(;/z(‘ )‘)) o) e+ & i) +

— tJ‘ M, (c /(*—7?)) W(T) dz + ‘M (\C/Et/(tz ) w(t)dr +

+ S+ () + S ow() + w()
8 2 2
pour tout € R*.
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11 est clair que (7)—(9) impliquent (6) en vertu de 4,2—4,4.
Nous avons d’aprés (3):

(10) u(f)e D(A) pour tout teR*,
(11) v"(f) + Av(t) — ¢ v(t) =0 pour tout teR*.
Alors on obtient aisément de (10), (11), (5) et de 1,9, vu que A est fermé,
(12) v'(t)e D(A) pour tout teR*,
(13) v"(f) + Av(t) + *v'(t) = 0 pour tout teR™.
En outre, on voit de (7) que
(14) vV =u.
Ceci étant, notre énoncé s’ensuit de (14), (12), (13) et (4), (6).

4,17. Ecrivons pour £ € R*:
© ( _ l)k £2k+ 1

(1) Ji(&) =2

Ko 22+ 1k (k + 1)1

®) N =3 (D

=0 2%(k + 1)! (k + 2)!

4,18—4,24. Lemmes. Ces lemmes sont des paralléles des lemmes 4,2—4,8 si l'on
y remplace I, K,, M, par J, L, N, resp., avec certains changements des signes.
Leur formulation précise et leur vérification sera laissée au lecteur.

4,25. Lemme analogue a 4,9, ot 'on écrit J,, L, au lieu de I,, K, et —c* au
lieu de +c>.

Remarque. On peut trouver des estimations plus fines pour la croissance des
fonctions J;, L;, Ny que celles des lemmes 4,4, 4,6 et 4,8.

4,26. Proposition. Soient Ae 8*(E), ¢ > 0 et we R* — E. Si lopérateur A est
fermé et w est une propagation desinus de I’évolution hyperbolique pour A, alors
la fonction

[*x] t-0(t) =w() - cJ: \/(tz—T—-'c;) Ji(e J(t* — ?*)) w(r) dr, teR*,
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est une propagation desinus de I'évolution hyperbolique pour A + c?I telle que

(1) v'(0,) = w(0,).

-

4,27. Ecrivons pour £ € R

(1) s =3 CIE

22k(k|)2
4,28.—4,30. Lemmes analogues a 4,12—4,14.

4,31. Proposition. Soient A€ 8¥(E), ¢ > 0 et we R* — E. Si 'opérateur A est
fermé et w est une propagation cosinus de I'évolution hyperbololique pour A, alors
la fonction

t
[*] t—u(t) = .[ Jo(e J(t? = ?)) w(r)dt, teR™,

V]
est une propagation desinus de I’évolution hyperbolique pour A + ¢2I telle que
) v'(0,) = w(0,).

4,32. Proposition. Soient A€ 2*(E), ¢ > 0 et we R* — E. Si l'opérateur A est
fermé et w est une propagation cosinus de I’évolution hyperbolique pour A, alors
la fonction

[}t u(t) = w(e) - ctj \/(2 S D =) e, reR,

est une propagation cosinus de I'évolution hyperbolique pour A + c?I telle que

(1 u(0,) = w(0,).

Les preuves des propositions 4,26, 4,31 et 4,32 peuvent étre construites a l'instar
des preuves de 4,10, 4,14 et 4,15 sous I'usage des lemmes 4,18 —4,25 et 4,28 —4,30.

4,33. Lemme. Soit ¢ € R* — R. Si la fonction ¢ est non-négative, continue sur R*,
intégrable sur (0, 1) et qu’il existe deux constantes non-négatives K, » telles que,
quel que soitte R*,

t

(1) \ o(t) £ Ke’“J- o(r)dr,
0

alors ¢(t) = 0 pour tout te R*.

Preuve. Il résulte de (1) que, pour tout ¢ eR*
t t t
;—i;Ke"‘J' o(r)dr = Kxe"'J‘ o(t) dt + Ke* ¢(1) £ (x + Ke**) Ke’“j o(7) dt
0 0 0
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ce qui implique, quel que soit ¢ > 0,

2) %Ke"’ J' "o(2) dt < (% + Ke¥) (a + Kex J' "o(%) d-c)

0 0

On trouve aisément de (2) que, pour tout t€ R* et & > 0,

t
dg-[lg (8 + Ke""[ o(1) dr)] < x + Ke**
t 0

t t
Ig (s + Ke“'I (1) dr) —lge < xt + KJ. edr,

0 0

ce qui entraine

t t
(3) e+ Ke’“'[ ¢(t)dt < sexp [xt + KJ. e d‘t] .

0 0

Comme ¢ > 0 est arbitraire, on obtient de (3) pour tout te R*

t
Ke“'f ¢(r)dt <0
0
d’ou, en vertu de (1),
o(f) <0

ce qui, vu la non-négativité de ¢ implique notre énonce.

4,34. Théoréme de Pexactitude. Soient A€ L*(E) et ¢ > 0. Si l'opérateur A est
fermé et hyperboliquement exact, alors les opérateurs A — c*I et A + ¢*I sont
aussi hyperboliquement exacts.

Preuve. Considérons d’abord ’opérateur 4 + c?I.
Soit donc w une déviation de I’évolution hyperbolique pour 4 + ¢?I.

Posons maintenant pour ¢t € R*

(1) ot) = j;zo(c S — ) w(x)dr.

Il résulte sans peine de 3,15 que v est une déviation de 1’évolution hyperbolique
pour A ce qui entraine, compte tenu du fait que A est exact, pour tout t € R,

@) I ;Io(c S = 1)) w()de = 0.

421



Il résulte de 4,2—4,4 et de 4,12—4,14 que 1,7 est applicable a (2). On en obtient
sans pzine que, pour tout € R*,

4 T (1 — %) w(r) dt =
& | eV =) wa a

0

! 1 2 2 _
s j S e =) w8+ ) =

cz—zt J ;Kl(c J( = ) w(e) dt + w(i) = 0

d’oli en vertu de 4,4

[w(®)

c2
—f

IIA

J‘(:K,(c V(2 = ) w(r) de

C2 t
<— tec'-[ [w(z)] dr <
2 0

IIA

e (ot ne |
= J [w(@)] de
0

ce qui entraine, a ’aide du lemme 4,33, que ” w(t)]l = 0 pour tout te R*.
La preuve du premier cas est donc compléte.

Pour I'opérateur A — c2I, on remplace I, par J, dans (1) et en utilisant un raison-
nement analogue a celui de ci-dessus, on se sert de la propostion 4,31 au lieu de 4,15
et des lemmes correspondants pour Jg, Jy, L,.

4,35. Théoréme de la correction. Soit A€ 2*(E) et ¢ > 0. Si I'opérateur A est
fermé et cosinus [desinus] correct, alors les opérateurs A + ¢l et A — c*I sont
aussi cosinus [desinus] corrects.

Preuve. La correction cosinus [desinus] de 4 — ¢?I résulte sans peine de la pro-
position 4,16 [4,10] et du lemme 4,4. Dans le cas de 4 + c?I, on se sert de 4,32
[4,26] et du lemme 4,20.

5. EXEMPLES

5,1. Soit C(R) = C(R") I’espace des fonctions bornées et uniformément continues
x € R > R avec la norme ||x| = sup |x(¢)|.
* &R

Définissons I'opérateur 4, € 2*(C(R)) comme suit: x € D(4,) si et seulement si
x € C(R) et la seconde dérivée D? au sens des distributions appartient aussi a C(R),
puis on pose 4,x = D?x. '

On vérifie aisément que

(1) 4, est fermé.
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Maintenant, soit x € D(4,) et posons pour te R*, £e R

) w(t) (&) = 3[x(¢& + 1) + x(¢ — 1)].
Il est manifeste que

(3) w est une propagation cosinus de I'évolution hyperbolique pour — A, telle que
w(0,) = x.

Soit ¢ > 0.

Définissons maintenant pour x € D(4,), te R*, £eR

_ [ Lle J( = (= )
@ w0© =40 + 0+ 56— 01 + 2 [ HRIETE I i an

1 (et
) 0@ =3 [ Hlev( = (¢ =) <t .

-t
En vertu de (2), on peur écrire (4) et (5) sous la forme:

LN =)y ) a,

o V(=17
() v@@=£MwW—ﬂW®©®,

(6) u(t) (€) = w(r) (¢) + et

ou sous la forme équivalente:

(8) u(t) = w(t) + et J ‘Tle 8 — )] g,

NP

©) dlf) = I'Io(c J(# = 1)) w(x) de .

0

Les formules (6), (7) se vérifient par substitutions simples.
Donc, les propositions 4,16 et 4,15 impliquent, en vertu de (1), (3), (8) et (9) que

(10) u[v] est une propagation cosinus [desinus] de I'évolution hyperbolique
pour — A, —c*I telle que u(0+) = x [v'(0,) = x].

Il est simple de démontrer que

(11) Popérateur — A4, est hyperboliquement cosinus correct.
Par conséquent, le théoréme 4,35 entraine que

(12) Popérateur —A; —c’I est aussi hyperboliquement cosinus correct.

Les résultats analogues s’obtienent aussi pour ’opérateur —4, + c’I.
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5,2. Soit C(R®) I’espace des fonctions bornées et uniformément continues x €
€ R?® - R, avec la norme ”x!! = sup |x(&)|.
&eR3

-

Définissons I’ opérateur 4; € 2+(C(R3)) comme suit: x € D(4,) si et seulement si
x € C(R%) et la distribution Dix + D3x + D3x appartient a C(R®); puis on pose
Ayx = Dix + Dix + Dix.

On vérifie aisément que
(1) 45 est fermé.

Maintenant, soit x € D(45) et posons pour et 1€ R* et & € R®
@) w(t) (@) = -[ j *(¢ + to) da.
lell=1

C’est le fait classique que

(3) w est une propagation desinus de I'évolution hyperbolique pour — A4, telle que
w'(0,) = x.

Soit ¢ > 0.

Définissons maintenant pour x € D(4;), te R* et £ e R?
t
@ o= I J S{E + e +
A JJ jon=1

T _m e =) X6 .

te-nnse V@ = 1€ = n]?)

En vertu de (2), on peut écrire (4) sous la forme:

) o)) =)@ +e e e = ) @)
ou sous la forme équivalente:
©6) o) = wli) + CJ \/( S e = ) ) dr
Pour vérifier (5), rappelons d’abord que, quel que soit ¢ € C(R*) et r e R*

Il omon= (] otmaose
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En vertu de cette formule, nous obtenons pour te R*:

L JE— ) Ii(e J(* = ) w(z) (€) dt =

_L%___ N iﬁuon:lx(uw)dadm

'l'l-—fl’z e J(t2 = lln = &l?) x
" dn? HLM sV~ n ~€l|2)11( VI = = &%) (o) dn

car 7 = ”(f + 10) — -f” = ”n - ¢&l.
Donc, la proposition 4,10 implique en vertu de (1), (3) et (6) que

(7) v est une propagation desinus de I’évolution hyperbolique pour —A; —c?I
telle que v'(0,) = x.

1l est possible de démontrer que

(8) T'opérateur —4; est hyperboliquement desinus correct.
Par conséquent, le théoréme 4,35 implique que

(9) Tropérateur — Ay —c*I est aussi hyperboliquement desinus correct.
Les résultats analogues s’obtiennent aussi pour I'opérateur — A, +c?I.

Remarque. Les formules 5,1(4), (5) et 5,2(4) sont classiques. On les déduit par
diverses méthodes. Dans [2] on utilise systématiquement la méthode, ,,de descente*
(§ 185 et 188), dans [3] en outre la méthode de l'intégrale de Fourier. Dans le présent

article, ce sont des conséquences simples des formules abstraites générales cfr.
4,16 [*], 4,15 [*] et 4,10 [*].
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Casopis pro p&stovini matematiky, ro&. 96 (1971), Praha

O JEDNE EXISTENCNI VETE
n-ROZMERNE CENTRALNI AXONOMETRIE

VAcLAV PECINA, Liberec
(Doslo dne 22, kvétna 1970)

Ozna¢me E" n-rozmérny roziifeny eukleidovsky prostor a L(a;, «,,..., o,) linearni
obal linearnich prostord o, a,, ..., &,. Budeme déle uZivat oznadeni a pojmii zave-
denych v [5]; pfipomefime v3ak alespoii nasledujici definici:

Necht k, n jsou pfirozena &isla (2 < k <n, n 3). n-ramennou, k-rozmérnou
polyedrickou konfiguraci Kf = {0, A;, B;} rozumime konfiguraci navzajem riiznych
bodi O, A,, A,, ..., 4,, B, B,, ..., B,, jestliZe:

1) 0, 4;, B; (i = 1,2, ..., n) je trojice kolinearnich bodd, body O, 4; jsou vlastni.

2) Pro pfimky x; = 04; (i = 1,2,..., n) plati L(x,, x,, ..., x,) = EX

Jsou-li dany konfigurace K} = {0, A4, B;} < E" a °K;™!' ={°0,°4,,°B;} =
< OE"~! (pfidemz (OAB) + (°0°ALB), i =1,2,...,n;n = 3) a jsouli "~ X(¥,,
Vy, ..., V,) resp. °S"~1(°Wy, °W,, ..., °W,) simplexy tvofené ib&zniky V,(°W;) pfimek
x{°x;) v projektivnostech bodovych fad x(0, 4,, B;,...) & °x(°0, °4,, °B,, ...),
i=1,2,..., n, pak podobnost simplextt $"~! a °S"~! je nutnou a postadujici pod-
minkou pro existenci takové centralni projekce 2 (z bodu do nadroviny v E"),
v niz j: P(K}) = °K:~* (viz [2], [5])-

Jsou-li dany dv& libovolné konfigurace K"a °K"™', nemusi byt $"~! ~ 0§"~1
a nelze tedy vidy dosdhnout toho, aby centralni projekci konfigurace K} byla kon-
figurace shodn4 s konfiguraci °K"~*; p¥.fazenim odpovidajicich si vrcholti simplexi
0gn=1 3 $"~! je viak stanovena jistd afinita o : °E"~! - 'E""!, Budeme se dale
zabyvat souvislosti této afinity s centrélni projekci konfigurace Kj a konfiguraci °K};~ 1

Véta 1. Necht jsou ddny konfigurace K = {0, 4, B} < E", °K}™" = {°0, °4,,
°B} < °E"! (n = 3) a nechf (0A,B)) + (C0°A°B), i = 1,2, ..., n. Necht V(°W))
je ub&znik pFimky x(°x;) v projektivnosti bodovych fad x(0, A;, B, ...) & °x,(°0,
°4,°B,,..), i=1,2,...,n, a L(°W,,°W,,...,°W,) = °E""'. Ozna¢me 'E""! =
=LV, V..., V,) a o afinitu °E""* - 'E""', stanovenou pfifazenim °W, -V,
i=12,...,n.
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Pak existuje vlastni nadrovina *E"~' < E" a vlastni bod S e E" (S¢ 'E"™1), jeX
tvoFi basi [S, 'E"~*] centrdlni projekce P v E" tak, 2e P(K]) = (°K;™").

Dikaz (obr. 1 pro n = 3). Sestrojme v nadrovin& 'E"~! konfiguraci #/(°K}™") =
='Ki"! = {0, A}, Bj} a zvolme S = «(°0) za stfed (S je nutn& vlastni bod,
S < 'E""! < E")a libovolnou (vlastni) nadrovinu E""!(*E""! & ‘E""1, 'E"! < E7)

Obr. 1.

rovnob&Znou s 'E"~! za primé&tnu centrélni projekce 2 v E”. Sestrojme dale konfigu-
raci 2(K}) ="'K;"' = {*0,'4,,'B}. Pro x| = 0'4; = #(°x)), 'x; ='0'4; =
= P(x;) plati x| 'x;, i =1,2,...,n (je totiz L(°V>) = PV) = VP e'x, i =
= 1,2, o siny, n).

Vezméme nyni translaci J : E" — E", uréenou vektorem 0S a ozna¢me "E""1 =
=J(EY), "K' = {0", 4], B]} = 7('K;""). Pondvadz P(W°) = 'W, e 'x,, je
zfejm& F(x;) = S'W, (i = 1,2,...,n) a jisté je "K} ™' = 'KI™!, Dokazeme dale, Ze
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P(K}) = 2("K,™'). Ponévad? W' = T A("W)) e S'W,, je P(W}) = "W, i=1,2,...
..yt a vzhledem k x] = O"W/ (i = 1,2,...,n) a Z(0") = 10, je P(x}) = 'x; =
= P(x,), i=1,2,..., n. Pondvadz A € x, B} ex}, je P(A]) = 14} € 'x;a #(B]) =
=1Ble'x;, i=1,2,...,n Projekce 2 zachovava dvcjpomér a tedy (04 VW) =
= (10'4,'V{°'W,). Z projektivnosti bodovych fad x,(0, 4;, B, ...) & °x/(°0, °4,,
°B;,...) plyne (04 VW) = (°0°A.°V°W,), i = 1,2, ..., n. Je tedy

(1) (C0°4 VW) = ("0 A VI, i=1,2,..n.

Pondvadi 'A* = #74(°4), '0 = PTA(°0), WV = PTA(VF), W, =
=PT L(°W)proi=1,2,...,n, plati

2)- (°0°4vow) = (10*'ATWVI'W) pro i=1,2,..,n.

Z (1) a (2) plyne (10'4, W1 W,) = (*0' AV W) a odtud 1A* = 14, = P(A),
i=1,2,....n Analogicky 'Bf ='B, = 2(B,), i =1,2,...,n. Je tedy 2(K}) =
- oK)

Ponévadz konfigurace "K!™"' a 2(K!) = 'KI™' leZi v rovnob&znych nadrovinach,
jsou podobné. Protozz "K!™' ~ ‘K27, je také ‘K"~ ! ~ 'K2~!, Bude-li pti pevném S
nadrovina 'E""'(*E""! % 'E""!) nabyvat vSech moZnych navzajem rovnob&inych
poloh, budou konfigurace K] ~' = P(K!) homotetické, pfi¢emZ koeficient homotetie
nabude vSech nenulovych hodnot. Konfigurace 'KZ~! a !K?~! pak budou podobné,
pfi¢emz koeficient podobnosti nabude viech kladnych hodnot. Lze tedy uréit polohu
et tak, 7e 'K}~ = L(°KI71) = 2(KD).

Poznamka 1. Z diukazu véty 1 je ziejmé, Ze pfi zachovani viech pfedpokladii
véty 1 plati nasledujici tvrzeni:

Existuje centrdlni projekce ? s basi [S,'E"~'] a podobnost 2 :'E"~* — 'g"~!
s libovolnym kladnym koeficientem tak, ze P(K]) = 2(°K;™1).

Afinita 24/ z pfedchoziho tvrzeni ma ziejmé libovolny kladny modul a z véty 1
tedy plyne (pro n = 3) v&ta Beskinova (aZ na omezeni (04,B;) + (°0°4,°B))).

V piipadé, Ze afinita o z véty 1 je podobnosti, obdrZime z véty 1 jednoduchou
uvahou postadujici podminku pomocné véty z [5]

Zobecnime nyni vétu 1 pro pfipad centralni projekce z (n — m — 1)-rozmérného
centra do m-rozmérného podprostoru.

Véta 2. Necht jsou ddny konfigurace K. = {0, A, B;} = E* a °KI" = {°0, °4,,
°B} = %E™ (m 22, n=m+1). Necht (0A,14B,+i) + (°0°4,:,°B, 1), k =
=0,1,...,m; a pevné, « = 1,2,...,n — m a necht V,,,(*W,,,) je ubéznik pfimky
Xz+i(®Xo+x) U projektivnosti bodovych Fad xu41 (0, Agixs Brsis---) K °x,44(°0,
%At °Beynr--.) k=0,1,...,m; o« pevné, « =1,2,...,n — m. Necht L(°W,
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OWistsee Wism) = ™ Vi, Viers oos View) = 'E7, i =, a o, °E" > 'E] je
afinita stanovend pfifazenim °W; >V, (j=o,a + 1,...,a + m), & nevné, a =
=1,2,...,n — m.

Pak pro kaZdé «=1,2,...,n — m existuji prostory B le ', B P,
jeZ tvori basi [EZ~™"", YEM] centrdlni projekce P, tak, fe P, (K;) = o,(°K}).

Diuakaz. Bez Gijmy na obecnosti staci zfejmé provést diikkaz pro a = 1.

a) n > m + 1. UvaZujme nejprve CasteCnou konfiguraci Kmtl < Ko, lezici
v " = L(xy, X5y ..oy Xpiq) < E" @ Cistenou konfiguraci °K7., < °K}' le¥ci
v °E™ Ponévadz K711 a °K",, spliuji pfedpoklady véty 1, existuje vlastni bod
S € E"*1 a vlastni nadrovina 'ET < E™*!, jeZ tvofi basi [ S, 'ET] centralni projekce 2
(v prostoru E™*1) tak, ze Z(KI11) = *Ki,, = {*0,'4,, 'B;} = #,(°K};.,,). Sestroj-
me v 'ET konfiguraci ‘KT =~ o/ ,(°KY) tak, aby 'K}, <= 'KJ. Zvolme nyni 'EY za
pramétnu centralni projekce 2, v E" a hledejme jeji stfed tak, aby 2,(K}) = K.
Ssstrojme E7""' = L(q,, 43, - --» Gu-m)> kde g; je pfitka mimobdZek A, .;'A4,.;
By i'Bny; (i =2,3,...,n — m) vedena bodem S. Snadno zjistime, Ze v centrélni
projekci 2, (v E") s basi [E] " ', 'ET] je 2,(K}) = 'K = o ,(°K]) (pFislusna
tivaha je obdobna jako v diikazu véty 2 v [5]).

b) n = m + 1. Véta je totoZna s vétou 1.

Poznamka 2. Bude-li primétna 'E™ z véty 2 nabyvat pfi pevném stiedu EZ~™"!
viech navzijem rovnob&znych poloh (E; ™' n 'E} = 0), budou konfigurace 2,(K?)
podobné, pfi¢emZ koeficient podobnosti nabude viech kladnych hodnot. Plati tedy
pfi zachovani vSech pfedpokladt véty 2 nasledujici tvrzeni:

Pro kaZdé a =1,2,....,n — m existuji prostory EI"™ ! < E" 1ET < E", je
tvori basi [Ex~™" ", 'EJ] centrdlni projekce #, a podobnost 2, :'E; — 'E} tak, Ze
2K} = 2,94 ,(°KY), pFicem? koeficient podobnosti je libovolné kladné islo.
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Zusammenfassung

. UBER EIN EXISTENZTHEOREM
DER n-DIMENSIONALEN ZENTRALAXONOMETRIE .

VAcLAV PECINA, Liberec

In der Arbeit zeigt man zuerst, dass zwei gegebene Polyederkonfigurationen K
und °K""! eine gewisse Afinitit o/ und Zentralprojektionen 2 (aus einem Punkt
nach Hyperebzne im n-dimensionalen erweiterten euklidischen Raum) so bestimmen,
dass 2(K}) ~ o#(°K;™ ") ist. Das Resultat ist dann auf den Fall der Zentralprojektion
von einem (n — m — 1)-dimznsionalen Zsntrum in einen m-dimensionalen Unter-
raum (2 £ m < n) verallgzmeinert.
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Casopis pro p&stovani matematiky, ro&. 96 (1971), Praha

STRUCNE CHARAKTERISTIKY CLANKU UVEREJNENYCH V TOMTO CiSLE
V CIZiM JAZYKU

BOHDAN ZELINKA, Liberec: Alternating connectivity of tournaments. (Alternujici souvislosti pro
turnaje.)

Pojmy (+ —)-souvislosti, (—-)-souvislosti a alternujici souvislosti orientovanych grafu,
které autor zavedl ve svém pfedchozim ¢lanku, se vySetfuji pro pfipad, kdy dany orientovany graf
je tzv. turnaj.

SvaTtorLuk FucCik, Praha: Fredholm alternative for nonlinear opeartors in Banach spaces and
its applications to differential and integral equations. (Fredholmova alternativa pro nelinedrni
operatory v Banachovych prostorech a jeji aplikace na diferencidlni a integrdlni rovnice.)

Préce pojednava o existenci feSeni rovnice A Tx — Sx = fv zavislosti na redlném parametru 4.
Predpokladejme, ze T a S jsou nelinearni operdtory definované na redlném Banachové prostoru X
a s oborem hodnot v redlném prostoru Y. Operator T ma vlastnosti ,,identického operatoru‘
a S je totdlné spojity. V préci jsou dok4zany véty nasledujiciho typu: Za jistych pfedpokladu
na X, Y, T,S je (A\T— S)(X)= Y, jestlize rovnice ATx — Sx = 6 ma pouze trividlni FeSeni. -
Tyto abstraktni véty jsou pouzity k diikazu existence fefeni Dirichletova problému pro parcidlni
diferencidlni rovnice a jistych integralnich rovnic. V aplikacich je potfebné véd&t, ze pFisluiné
Banachovy prostory maji Schauderovu basi. Tato vlastnost Sobolevovych prostord W{)0,1)
a WE(0,1) je dokézéna ve &tvrté Easti préce.

TiBorR SALAT, Bratislava: Remarks on Denjoy property and 4 property of real functions.
(Pozndmky k Denjoyovej vlastnosti a k vlastnosti .4 redlnych funkcii.)

V praci sa vySetrujii urdité systémy redlnych funkcii z druhej Baireovej triedy, definované
pomocou Zahorského vlastnosti .45, Denjoyovej a Darbouxovej vlastnosti.

MIRroSLAV Sova, Praha: Perturbation numériques des évolutions parabolique et hyperbolique.
(Numerické perturbace parabolickych a hyperbolickych evoluci.)

Bud ddno néjaké fefeni rovnice (A) w'(t) + A w(t)= 0, (B) w”(t) + A w(t) = 0. V préci se
ukazuje, jak z tohoto fefeni zkonstruujeme fedeni p¥islu§né rovnice perturbované (A’) u'(¢) +
+ Au(t)+ cu@®)=0,(B) u"(t) + Au(t)+ cu(t)= 0 se stejnymi poateénimi podminkami.
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Casopis pro p&stovini matematiky, ro&. 96 (1971); Praha
RECENSE

Constance Reid: HILBERT. With an appreciation of Hilbert’s mathematical work by Hermann
Weyl. Springer-Verlag, Berlin— Heidelberg— New York 1970, XI + 290 str., portrét a 28 obraz-
ki. Cena 32 DM.

,,PFi analyse velkého matematického talentu musime rozlisovat mezi schopnosti tvoFit nové kon-
cepce a darem odkryt hluboké souvislosti a zjednodusujici zdkladni pojmy. Hilbertova velikost
spoéiyd v jeho mocném hluboko pronikajicim dusevnim vidéni. Vsechny jeho prdce pFindseji pFiklady
ze vzddlenych oblasti, jejich? vnitini pFibuznost a souvislost se studovanym problémem mohl objevit
jenom on; z toho vseho vytvoFil syntézu, své umélecké dilo. Pokud jde o tvorbu novych véci, cenil
bych vyse Minkowského a z velkych klasikii napf. Gausse, Galoise, Riemanna. Ale ve smyslu pro
odkryvdni syntézy jen velmi mdlo z téch nejvétsich se vyrovnalo Hilbertovi.*. Tak vyliCil a ocenil
Hilbertiv tviréi typ O. Blumenthal v Zivotopisném ¢lanku o Hilbertovi uvefejnéném v poslednim
svazku sebranych spistt D. Hilberta v r. 1935. W. Heisenberg napsal ,,Neprimo mél Hilbert velmi
silny vliv na rozvoj kvantové mechaniky v Géttingen. Tento vliv miize plné postihnout jen ten, kdo
v Gottingen studoval ve dvacdtych letech. Hilbert a jeho kolegové vytvoFili zde zvldsni matematickou
atmosféru a mladsi matematikové byli tak vytrénovdni v myslenkovém okruhu Hilbertovy teorie
integrdlinich rovnic a linedrni algebie, Ze kazdy projekt v této oblasti mohl byt vykondn v Géttingen
lépe nez kdekoliv jinde. Byla to mimo¥ddné p¥iznivd shoda okolnosti, e matematické metody kvanto-
vé mechaniky byly pFimou aplikaci Hilbertovy teorie integrdlnich rovnicif. A. Tarski shledava, ze

"D. Hilbert mél silny a velice vyznamny vliv i v nékterych oblastech matematiky, v nichZz sam
nedosahl vyjime&ng vyznamnych vysledkii. Jako ptiklady takovych oblasti uvadi zaklady geomet-
rie a metamatematiku a soudi, Ze ,,...ackoliv Zddny uréity vyznamny vysledek neni spojovdn
s Hilbertovym jménem, pFece Hilbert zaslouzi byti nazvdn otcem metamatematiky.* Také K. Godel
povazoval Hilbertiiv program pro zdklady matematiky za ,,vysoce zajimavy a dileZity i pFes své
vlastni negativni vysledky* a dodal ,,dokdzdno je jenom to, Ze specificky epistemologicky cil, ktery
mél Hilbert na mysli, nemiize byt dosazen. Timto cilem bylo dokdzat bezespornost axiomii klasické
matematiky na zdkladé tak konkrétnim a bezprostfedné piesvédéivém jako elementdrni aritmetika“.

Té&mito n&kolika vyroky vynikajicich védci chci naznadit, pfed jak obtiznym kolem stéla autor-
ka, aby postihla nejen Hilbertovu Zivotni drahu a védecké dilo, ale také jeho plisobeni, dobu v niZz
piisobil a jeho osobnost. Pravé na tyto véci se autorka soustfeduje; na mnoha mistech s taktem
vyuzivd svédectvi Hilbertovych soudasnikii, vyvolava tak silny pocit autenti¢nosti a dosahuje
zatazeni do ¥ir§ich souvislosti. O vlastnich matematickych vysledcich Hilbertovych piSe na drovni
obecné a spfSe popularizaéni; proto je kniha dopln&na stati H. Weyla ,,David Hilbert and His
Mathematical Work* pieti§ténou z Bulletin of the American Mathematical Society 50, 612— 654
(1944), Boletin da Sociedade de Matemdtica de Sdo Paulo 1, 76—104 (1946) a 2, 37—60 (1947)
a na ni odkazuji &tendfe, ktery se zajima o odborny vyklad a zhodnoceni Hilbertovych matema-
tickych vysledki. Zde jen pfipomenu nékteré rysy Hilbertovy osobnosti a nékteré okolnosti jeho
Zivota.

Hilbert byl zcela oddan védé a jejimu rozvoji. ‘Matematiky rozdé&loval na ty, kteti doséhli
usp&chu pii feSeni nékterého zajimavého, diilezitého a obtizného problému a na ty, ktefi takového
ispéchu nedosahli. Jakykoliv pfedsudek, at povahy naciondlni, rasové nebo sexudlni byl mu vzdy
zcela cizi. Hilbert napf. prosadil proti tehdej§im predpisim udéleni doktordtu n€kterym studen-
tam, ktefi sice nesloZili maturitni zkousku, ale pfedloZili vynikajici diserta¢ni préaci. Dnes si snad
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uz nedovedeme predstavit, co to znamenalo probojovat (koncem druhého desetileti tohoto stoleti),
aby v Gottingen byla jmenovdna soukromou docentkou Zena, i kdyZ to byla tak vynikajici
matemati¢ka jako Emmy Noetherova. Na namitku, ze jako soukroméa docentka mohla by se
E. Noetherova stat &lenkou akademického senatu, odpovidal Hilbert se sarkasmem: ,,Pdnové,
nevidim pro¢ by to, Ze jde o Zenu mohlo byt ditvodem, aby nebyla jmenovdna soukromou docentkou.
Koneéné sendt nejsou ldzné.** A dokud se nepodafilo dosdhnout jmenovani Emmy Noetherové,
Hilbert nevahal obchézet pfedpisy tim, ze ohlasil pfednasku a tu pak konala Emmy Noetherova.

15. 10. 1914 némecka vldda uvefejnila prohlaseni kulturnimu svétu. Podepsani nejslavnéjsi
umélci a védci prohlasovali, Ze stoji pevné za cisafem tak jako cely némecky narod, vypocitavali
,,1Zi a pomluvy nepfitele‘ a vyvraceli je fadou tvrzeni jako ,,Neni pravda, Ze Némecko vyvolalo
tuto valku* nebo dokonce ,,Neni pravda, ze Némecko porusilo neutralitu Belgie*“. Na prohlaseni
byli podepséni mimo jiné Ehrlich, Fischer, Klein, Nernst, Planck, Roentgen, Wassermann, Wien.
Hilbert odmitl podepsat toto prohlaseni; podobné je nepodepsal Einstein, ktery v té dobé ptisobil
v Ustavu cisafe Viléma v Berling a byl §vycarskym stdtnim pifslusnikem.

Kdyz se Hilbert v r. 1917 dozvédél, Ze ve Francii zemfel G. Darboux, napsal ¢lanek o ném,
o jeho matematickém dile a o jeho vlivu na mategatiku ve Francii pro ,,Nachrichten. KdyZ byl
¢lanek v tisku, pfed Hilbertovym domem se shromdzdil dav rozvd$nénych studenti, ktefi poza-
dovali, aby Hilbert ¢lanek stahl a aby viechny hotové vytisky ¢ldnku byly zni¢eny. Hilbert odmitl.
Navstivil rektora a pohrozil resignaci, pokud se mu nedostane omluvy. Omluva ndsledovala
okam?ité a ¢lanek o G. Darbouxovi zustal v tisku.

Po prvni svétové vélce némeéti matematici nebyli zvani na mezinarodni konference. V r. 1928
ital$ti matematici pofddali Mezindrodni matematicky kongres v Bologni (pfedchazejici se konal
v r. 1912) a rozeslali pozvani téZ na vysoké $koly v Némecku a némeckym matematickym organi-
zacim. Ludwig Biberbach poslal dopis némeckym vysokym $koldm a gymnasiim, vnémz apeloval,
aby némed¢ti matematici bojkotovali bolognsky kongres. Na to Hilbert rozeslal dopis, v némz
prohlasil, ze cesta doporu¢ovand panem Biberbachem pfinese ne$té€sti némecké véde€ a ze je véci
spravného usudku i elementérni zdvofilosti zaujmout ke kongresu v Bologni pfiznivy postoj.
V srpnu 1928, a& nemocen, Hilbert vedl delegaci 67 némeckych matematiki.

O pét let pozdé&ji bylo matematické i fyzikalni stfedisko v Gottingen té%ce postizeno nacistic-
kymi rasovymi zdkony, snad nejvice ze vSech védeckych pracoviit v Némecku. Hilbertovi bylo
71 let a byl vazné nemocen. ,,Kdy? jsem byl mlady* svéfil se Hilbert jednou F. Rellichovi, ,,rozhodl
Jsem se, Ze nebudu nikdy opakovat, co jsem slychaval od starych lidi — jak krdsné byly staré casy
a jak zlé jsou nynéjsi. To jsem nikdy nechtél fikat, aZ budu stary. A nyni musim.*

Na jednom banketu otézal se novy nacisticky ministr vychovy Hilberta, jak se rozviji matema-
tika v Gottingen, kdyZz byla zbavena zidovského vlivu. ,,Matematika v Gottingen?* odvétil
Hilbert, ,,ta uz vibec Zddnd neni.*

Cely sviyj bohaty a plodny Zivot David Hilbert hluboce v&fil v poznavaci silu lidského intelektu
a v u¢innost abstraktnich metod. ,,Skuteénd pFicina, podle mého ndzoru, pro¢ Comte nemohl nalézt
neresitelny problém, je v tom, Ze nic takového jako neresitelné problémy neexistuje fekl Hilbert na
své piednasce v Konigsbergu v r. 1930. A jiZz v r. 1914 v dobg, kdy jedinou zndmou elementarni
&astici byl elektron, Hilbert tvrdil, Ze musi existovat rovnice, z niZz plyne existence takové ¢astice.
»»Musime védét. Budeme védét.” Témito slovy zakondil Hilbert svou pfednasku v Konigsbergu
v r. 1930 a tato slova jsou také vytesana na jeho nahrobku v Gottingen.

Jaroslav Kurzweil, Praha

H. G. Garnir, W. De Wilde, J. Schmets, ANALYSE FONCTIONNELLE (Théorie constructive
des espaces linéaires & semi-normes). Tom I: Théorie générale, Birkhduser Verlag, Bassel und
Stuttgart, 1968. X -+ 562 stran.

Tato kniha je u¢ebnici obecné funkciondini analyzy, tj. lokdlné konvexnich prostori a jejich
vlastnosti. Autofi disledné€ uZivaji pojem seminormy (lokdln& konvexnim prostorem se rozumi
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linedrni prostor s jistym systémem seminorem na ném definovanych atd.), coz vyZaduje mensi
&tenafovy znalosti z topologie, neZ je obvyklé. Charakteristickym rysem knihy je konstruktivni
pFistup k celé ldtce. NepouZiva se axiom vybéru ani tvrzeni s nim ekvivalentni (Zermelo, Zorn),
ale jen axiom spod&etného vyb&ru (napf. 1ze vybrat po jednom prvku z kazdé mnoziny posloupnosti
mnozin). Toto ma za nasledek, Ze¢ zde neni dokdzdna fada obecnych tvrzeni vletné tvrzeni
o existenci Hamelovy base v linedrnim prostoru. AvSak to neni na zdvadu, nebof: 1° vétSina
béznych linearnich (lokaln€ konvexnich) prostorli, zejména prostori aplikované matematiky,
spada do tiidy prostorii v této knize uvazovanych, 2° pfislu$nd obecnd tvrzeni se daji obvykle
odvodit pouzitim obecného axiomu vyb&ru (resp. né&jakého tvrzeni s nim ekvivalentniho) stejné
jako jejich zde uvedené ,,spo¢etné* analogy, 3° fada nepéknych vlastnosti lokalné¢ konvexnich
prostori je zpusobena pravé uzitim obecného axiomu vybéru pfi jejich odvozeni.

Nyni uvedeme piehled knihy. Prvni kapitola (148 stran) se zabyva linearnimi prostory se
systémy seminorem na nich definovanych. Jednotlivé paragrafy: linedrni prostory, seminormy,
konvergence (posloupnosti!), oteviené a uzaviené mnoziny, ohrani¢ené mnoziny, prekompaktni,
kompaktni a sekvencidlné kompaktni mnoziny, specidlni prostory (Bairovy, bornologické, tonnelé
atd.), sou¢inovy a podilovy prostor. -

Ve druhé kapitole (240 stran) se studuje dudlni prostor k linedrnimu prostoru, na némz je
definovany systém seminorem. Jednotlivé paragrafy: linearni funkciondly, linedrni ohrani¢ené
funkciondly, slaba topologie, dudlni prostory, nékteré specialni dudlni prostory, nuklearni prosto-
ry, bilinedrni funkciondly a tensorovy soudin, komplexni moduldrni prostor a multiplikativni
funkcionadly.

Tieti kapitola (168 stran) se zabyv4 linedrnimi operatory. Jednotlivé paragrafy: linearni ope-
ratory, prostory ohranidenych linearnich operatori, funkce definované na Euklidové prostoru
s hodnotami v linedrnim prostoru se systémem seminorem na ném definovanych, spektralni teorie
ohrani¢enych linedrnich operatort.

Soupis literatury je omezen pouze na knihy (26 cit.). Na konci knihy je podrobny vécny rejstiik.

Knihu l1ze doporuéit viem, kdo si cht&ji osvojit zdkladni znalosti z teorie lokaln€ konvexnich
prostorii. Ctendf si miZe ovéfit prostudovanou latku na mnoZstvi cviteni umisténych nejen na
konci témeér kazdého paragrafu, ale i vhodné v textu.

Josef Danes, Praha

A. Doneddu, MATHEMATIQUES SUPERIEURS ET SPECIALES. 3. COMPLEMENTS

DE GEOMETRIE ALGEBRIQUES (Spéciales et MP 2), Dunod, Paris (1968), str. XXIII + 348,
cena neuvedena.

Recenzovand udebnice je tietim svazkem &tyfsvazkového uvodu do moderni matematiky (jsou
viak je§té¢ ohldseny dva svazky cvi¢eni a uloh) uréeného pro posluchae matematiky a fyziky
prvych dvou ro¢nikd matematicko-fyzikalnich fakult*). Prvé dva svazky pokryvaji program prvé-
ho ro¢niku a pfinaSeji zdklady moderni vy$§i matematiky. Tieti svazek obsahuje dopliiky al-
gebraické geometrie, ¢tvrty dopliiky analyzy.

JiZ v prvém svazku se &tenaf seznamuje s axiomatickou vystavbou geometrie vychazejici z de-
finice: geometrie je studium bodového prostoru, na némz operuje grupa transformaci.

Treti svazek voli jiny pFistup k axiomatice geometrie. Ctenaf jiz znd z predchozich svazki
zdklady euklidovské, afinni i projektivni geometrie a sezndmil se s riznymi piiklady vektorovych
prostorii, a tedy nova axiomatickd vystavba geometrie zaloZend na struktufe vektorového pro-
storu nemitze mu &init jiz 24dné zvla§tni poti¥e. Systém axiomi je ryze algebraicky (odtud autor

*) Ve Francii je oviem ve skutednosti situace poné€kud odli$nd. Ucebnice vypliiuje totiZ rovnéz

maximdlni program tzv. vy$§f matematiky a specidlnich kursi matematiky na dvouletych piiprav-
kach pro university (pfesné&ji fedeno pro ,,les grandes écoles scientifique type A*).
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voli nazev algebraickd geometrie). Pfi tomto pfistupu se pfirozené nejprve vybudovava afinni
geometrie, potom projektivni geometrie a teprve pak euklidovskd geometrie. Treti etapou by
oviem mély byt geometrie bilinedrnich forem ve vektorovych prostorech nad libovolnymi télesy.
Autor se vSak z mnoha divodi — z nichZ pedagogické nejsou na poslednim mist€¢ — zadmérné
omezuje nejprve jen na euklidovskou geometrii (bilinearni forma euklidovské struktury je jedno-
duchd a k tomu nad télesem redlnych ¢&isel). Teprve pak pfistupuje k prostorum, v nichZ vystupuji
jiné bilinearni formy (nad libovolnym komutativnim télesem). Zavér tvoii zdklady teorie kuzelo-
sedek a kvadrik v projektivni geometrii, teorie kuzeloseéek v afinni a euklidovské geometrii
a teorie ploch v euklidovské geometrii.

Ze struéného nacrtu zdkladni koncepce a obsahu je patrno, Ze knizka v podstaté predklada
v modernim pojeti (tedy $ifeji) dfivéj$i analytickou geometrii linearnich utvarl, zdklady algebraic-
ké geometrie kvadratickych utvart a zdklady diferencidlni geometrie.

Bliz§i predstavu o obsahu a rozsahu knizky muiiZze snad poskytnout nékolik nejvyznamnéjsich
hesel z jednotlivych kapitol.

V 1. kapitole ,,Afinni geometrie‘* (str. 1—33) se vychazi z definice vektorovych prostori, zava-
dé&ji se nékteré elementarni pojmy spojené s linedrnim zobrazenim a studuji se linedrni variety,
afinni zobrazeni a afinni grupa.

2. kapitola ,, Projektivni geometrie* (str. 34— 62) roz$ifuje afinni geometrii vybudovanou v afin-
nim prostoru nad libovolnym komutativnim télesem na pfisluSnou projektivni geometrii nad
tymz télesem. Nalézaji se vlastnosti projektivnich linedrnich variet, definuji se line4rni projektivni
zobrazeni a projektivni grupa.

3. kapitola ,,Dopliiky k afinni a projektivni geometrii*‘ (str. 63—92) je vénovéna dualité v pro-
jektivnich prostorech, vztahim mezi afinni a projektivni geometrii a projektivnostem na projek-
tivni pfimce.

Ve 4. kapitole ,,Euklidovskd geometrie* (str. 93—122) se pfedevsim definuje bilinedrni forma
(symetrickd positivni nedegenerovanid ve vektorovém prostoru nad télesem redlnych ¢&isel),
skalarni souc¢in, norma, vzdédlenost. Zavadi se pojem ortogondlnich vektortt a obecné&ji ortogo-
nalnich podprostori, odvozuji se vztahy pro vzdalenosti nékterych specidlnich linedrnich pod-
prostoru a definuji se izometrie, ortogondlni grupa a podobnosti. Specidlni pozornost je vénovana
euklidovskym prostorim kone¢né dimense a v souvislosti s nimi ortogonalnim maticim.

5. kapitola ,,Bilinedrni a kvadratické formy‘ (str. 123—152) v podstaté jen rozsifuje tématiku
piedchozi kapitoly tim, Ze se systematicky zabyvé bilinedrnimi formami ve vektorovych prosto-
rech nad libovolnymi komutativnimi télesy. Vystupuji zde pojmy kvadratick4 forma pfidruZena
symetrické bilinearni form&€ a poldrni forma kvadratické formy. N&které nové pojmy — jadro,
izotropni vektor, izotropni podprostor — pfispivaji k zachyceni podstatného rozdilu mezi nové
zavedenymi a pfedchozimi bilinedrnimi symetrickymi formami.

V 6. kapitole ,,Rediné bilinedrni formy. Komplexni rozsifeni* (str. 153—179) se zobeciiuji
nékteré vety euklidovské geometrie na piipad geometrie symetrickych bilinedrnich forem (redlnych
positivnich), dokazuje se Sylvesteriiv zdkon setrvanosti a probira se komplexni roziifeni redlného
vektorového prostoru a redlného euklidovského prostoru.

7. kapitola ,,Hermitovské formy* (str. 180—209) vlastné uz jen dovriuje piedchozi vyklady
tim, Ze zavadi zobecnéné hermitovské formy (sesquilinedrnf) a hermitovské formy ve vektorovych
prostorech nad télesem komplexnich &isel. Mnohé piedchozi vysledky se rozsifuji pro p¥ipad
positivnich hermitovskych forem, zvlast€ nedegenerovanych (pfedhilbertovské prostory); studuje
se unitarni grupa.

8. kapitola ,,KuZelosecky a kvadriky v projektivnim prostoru* (str. 210—248) nejprve podava
struény nacrt obecné teorie nadkvadrik v projektivnim prostoru (nad télesem komplexnich &isel),
kterd pak je podrobnéji rozpracovana jednak pro kuZeloseCky (aZ v&etn& Desarguesovy véty)
jednak pro kvadriky.
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9. kapitola ,,KuZelose¢ky v afinni a euklidovské roviné** (str. 249— 274) pokraéuje v podrobnéjsi
studii kuZelose¢ek nejen redlnych, ale i imagindrnich, a to v redlné afinni a euklidovské roviné.

V 10. kapltole ,,Plochy v euklidovské geometrii* (str. 275—317) jsou uvedeny zdkladni pojmy
diferencidlni geometrle ploch a probriany zadkladni vlastnosti vdlcovych a kuzelovych ploch,
piimkovych ploch (specidlné konoidi), rota¢nich ploch a kvadrik.

Vsechny kapitoly jsou dopln&ny fadou cviéeni, v nichZ se tématika probirand v pfisluSné kapi-
tole nejen procvituje, ale hlavné dopliiuje a rozsituje.

Z4vér knihy tvoii ,,Problémy* (str. 318--348). Je to 12 vybranych uloh, které v letech 1965 —
— 1968 byly dany za pisemné prace na nékterych francouzskych vysokych $kolach.

Text se velmi pékné &te. Formulace jsou prehledné, jasné a dobie srozumitelné. Domnivam se,
e po prostudovéni knihy &tenaf bude opravdu solidné seznamen se zdklady moderni algebraické
geometrie (ve smyslu uvedeném autorem).

Na konec recenze se obvykle uvadi seznam podstatngjSich oprav. Myslim, Ze svéd¢i o opravdu
veliké peélivosti autora, kdyZ pfes podrobné &teni jsem nasel jen velmi malo chyb, a to pouze

typografickych; &tenaf si je sim snadno opravi. Alois Urban, Praha

N. Bourbaki: THEORIE DES ENSEMBLES. Nouvelle édition. Vydalo nakladatelstvi
Hermann, Patiz 1970. Cena neudéna.

Neni to jiz tfeti nebo bithvikolikaté vydani. Je to nové vydani. Nejsou to jiz broZované sesity,
ale sli¢nd, v platné vazané kniha. Mode d’emploi, kterym kniha za¢ina, se ptili§ nezménil; dozvime
se, 7e traktat Eléments de Mathématique je rozdélen na knihy, knihy na kapitoly. Kazd4 kniha je
z diivodu snadné citace oznafena symbolem; zatim vysly, aspon zéasti: E, A, TG, FVR, EVT,
INT, AC, VAR, LIE, TS. Prvnich $est knih, tvoficich ve star§ich vydanich prvni &ast Les structures
fondamentales de I’Analyse, je zdkladem pro dalsi.

Obsahové se kniha piili§ nelii od starsiho vydani, jehoz rusky pfeklad je u nds dobie pfistup-
ny. Hlavni zm&nou je vytvofeni nového,sedmého paragrafu tieti kapitoly o projektivnich a induk-
tivnich limitach; v souvislosti s tim se po&et odstavci prvniho paragrafu zmensil na tfinact. Byl
vypustén dodatek ke &tvrté kapitole. Cvi¢eni jsou piesunuta na konec kapitol.

V knize neni prib&Zné &islovani stran; napf. E IIL.5 1esp. E.R.5 znadi patou stranku tieti
kapitoly resp. sesitu vysledki. Rozkladaci listy se seznamem axiomu byly vypustény.

Skoda, Ze novi &tenafi této knihy pfijdou o poté&$eni premyslet o diivodech, které vedly k umisté-
ni plastiky z Diova chrdmu na zadatek celého traktatu; tato fotografie byla také vypusténa.

Karel Kartdk, Praha

A. Ionescu Tulcea, C. Ionescu Tulcea: TOPICS IN THE THEORY OF LIFTING, Ergebnisse
der Mathematik und ihrer Grenzgebiete, Band 48, Springer-Verlag, Berlin— Heidelberg— New
York 1969, str. X + 192, cena DM 36, US $ 9.

Bud X lokaln& kompaktni prostor a u kladnd mira na X. Bud M (X, p) prostor ohrani¢enych
méfitelnych funkci, N° € M® mnozina lokélné g-nulovych funkci, a L® = M®/N®, Bud f
obraz funkce f v kanonickém zobrazeni M® — L*®, a piSme f= g pro f— g € N®.

Uvazujme zobrazeni ¢: M® — M®, které ma nasledujici vlastnosti: 1° o(f) = f, 2° f=
=g=0f)=00),3 e1)=1,4f= 0= o(f) 20, 5° ¢ je linedrni, 6° o(fy) = (/) e(g). Ri-
kdme pak, Ze ¢ je lift na M® (lifting on M, Bourbakl uziva terminu relévement); je-li splnéno
pouze 1°—5°, mluvime o linedrnim liftu.

Hlavnim vysledkem knihy je, Ze lift na M® existuje (to dokézal J. von Neumann jako odpovéd
na Haarovu otdzku uz v roce 1931 pro X = R a Lebesgueovu miru, zatimco obecna teorie byla
vytvoiena aZz kolem roku 1960), kdeXto napf. zobrazeni ¢ : £? — £P vyhovujici podminkdm
1°, 2°, 4°, 5° neexistuje, je-li mira # na n&jaké &asti prostoru X neatomicka.
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Lift je silny (strong lifting), jestlize o(f) = f pro kazdou ohrani¢enou spojitou funkci f. Je-li X
metrizovatelny, pak silny lift na X existuje; obecny pfipad je zatim nevyjasnén. Podobné€ neni
znamo, zda lze napf. pro X = [0, 1] dosdhnout toho, aby ¢(f) byla vidy borelovska.

V knize jsou dale ukazdny souvislosti teorie lifti s topologii hustoty (density topology),
integralnim vyjadfenim linedrniho operatoru z #? do néjakého Banachova prostoru (Dunford-
Pettisova véta) a desintegraci mér; ukazuje se také, ze kazdy automorfizmus prostoru L*(X) je
indukovén bodovym zobrazenim prostoru X. |

Je tfeba zdidraznit, Ze fada vysledkd neni prezentovana v ramci Bourbakiho teorie integralu,
ale ze v prvni kapitole je konspekt zajimavé varianty integrace na abstraktnim prostoru, pfi¢emz
vychozi pojem je axiomaticky pojaty horni integral na mnozin€ nezdpornych funkci.

Vcelku jde o knihu mimofadné zajimavou, napsanou velmi jasné a pfitazlive.

Karel Kartdk, Praha

K. Zeller, W. Beekmann: THEORIE DER LIMITERUNGSVERFAHREN (zweite, erweiterte
und verbesserte Auflage), Springer Verlag, Berlin—Heidelberg —New York 1970, XII + 314 stran.

Prvni vydani této knihy napsal prvni z uvedenych autorti v roce 1956. Vyslo jako 15. svazek
znamé springerovské edice Ergebnisse der Mathematik und ihrer Grenzgebiete v roce 1958. Toto
druhé vydani se li§i od prvniho dodatky, které obsahuji nové poznatky od roku 1956 do roku
1968.

Kniha pojedndva o limitovacich a s¢itacich metodach pro divergentni posloupnosti resp. rady.
Je to velmi pozoruhodné syntetické dilo, tykajici se definici pojmu limity pro obecné posloupnosti
¢isel a davajici prehled vysledkli v tomto oboru. K jednotné charakterizaci a klasifikaci metod je
pouzito pojmu filtru resp. obecné Moore-Smithovy teorie limit.

Pozornost zaslouzi seznam literatury pfipojeny ke konci knihy; je sefazen chronologicky od
roku 1880 do roku 1968, je obsazen na 108 stranach, ke kazdé citaci je pfipojena poznamka o tom,
kde bylo o praci referovano (s presnou citaci). Lze se prdvem domnivat, Ze tento mimoiddné
rozsdhly seznam je témér Gplny v této oblasti.

Pro specialisty bude jisté velmi uzite¢nou piiru¢kou, nespecialistim da zdkladni informace
o tomto zajimavém oboru, podstatné usnadni orientaci v literatufe. V§em zdjemcim je kniha

k dispozici v knihovné Matematického tstavu CSAV v Praze.
Stefan Schwabik, Praha

Gregers Krabbe: OPERATIONAL CALCULUS, Springer Verlag, Berlin— Heidelberg— New
York, 1970, XVI 4 349 stran.

Tato kniha profesora G. Krabbeho z Purdue University v Lafayette ve Spojenych stitech je
rozdifené verze jeho pfednasek o operatorovém poétu pro pokrocilé a graduované studenty.

Pristup, ktery autor zvolil je zaloZen na vlastnostech komutativni podalgebry perfektnich
operatorii v algebie viech linedrnich operdtori v prostoru schwartzovskych testovacich funk-
ci 2. Tato podalgebra je izomorfni se Schwartzovou konvoluéni algebrou 2’,. Operator se
nazyvéa perfektni, kdyZ je aditivni a kdyZ komutuje s kazdym konvolu¢nim operatorem, uréenym
nekoneéné diferencovatelnou funkci, ktera je nulova vlevo od né€jakého bodu na realné ose (testo-
vaci funkce).

Cilem tohoto pfistupu k operdtorovému po¢étu je, stejné jako je tomu v knize J. Mikusifiského
(Rachunek operatorow, Warszawa 1957), pfimé fundovani operatorového poctu, nevyzadujici
zbyte¢nd omezeni. Zejména jde o omezeni, kterd vyplynou z verifikace metod operdtorového
poétu na zdklad€ Laplaceovy transformace. Laplaceovu transformaci nelze napf. pouZit pro
uréeni funkce y(f) z rovnice rexp (t?) = | 6 cos (t — 1) (1) dz, nebot funkce ¢ exp (t?) roste
pfili§ rychle a pfisluSsny Laplacetiv integral nekonverguje. Operdtorovy poc&et odvozeny
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ptimo bez uzit{ Laplaceovy transformace, d4 jediné feeni této ulohy (totiz yz) = exp (t2) +

+ 212 exp (%) + (exp (t2) — 1)[2, —o0 < t < +0o0). Operatorovy polet, o kterém se v knize

pojedndv4, lze aplikovat také na nestandardni problémy, které nemaji fedeni, kdyz se po¢ateéni

hodnoty pro‘t = 0 nahradi hodnotami pro ¢ = 0+. (ReSeni pak maji obecné nespojitost v bods
= 0.) Stejné tak je moZno jej vyuZit v problémech obsahujicich distribuce. :

Celkem Ize fici, Ze operatorovy podet vybudovany v této knize eliminuje nedostatky operato-
rového po&tu zaloZeného na Laplaceové transformaci. MozZnosti jeho vyuziti jsou $ir$i nez
u Laplaceovy transformace. Autor spojil ideje J. Mikusifiského a L. Schwartze; operdtorovy
pocet v jeho pojeti je v podstaté ekvivalentni se,,symbolickym kalkulem* pro distribuce se zleva
omezenym nosi¢em (L. Schwartz). Vysledkem je nové, piesvéd¢éivé zduvodnéni Heavisideova
operatorového poétu a jsou dany dalsi moznosti pouZiti vyhod tohoto aparatu s klidnym svédomim.

Kniha je uréena jak matematikim tak i technikiim; mimofddnou pozornost vénuje autor
piikladiim ilustrujicim uZite¢nost teorie (napf. pouZiti na feeni elektrickych obvodi{, problém
struny, difGzni Glohy, vinové ulohy atp.). Dostate¢na bohatost aplikaci v knize by mohla pfipoutat
pozornost téch, ktefi jsou skepti&ti k metodam ,,moderni* matematiky, aby zjistili, Ze operatorovy
pocet je matematicky fundovan v $iroké mife i bez Laplaceovy transformace, Ze je v tomto
sméru dovoleno dost (i kdyZ ne vie) bez rizika kritiky matematik.

Stefan Schwabik, Praha

DALE VYSLO

MATEMATIKA (Geometrie a teorie grafit). Sbornik Pedagogické fakulty University Karlovy,
uspofddal K. Hru$a. Vydala Universita Karlova, Praha 1970. 136 str. Cena 12,— K¢s.

Sbornik obsahuje tfi prace z geometrie (autofi Z. Dlouhy a J. Ku¢erova) a devét praci z teorie
grafii (autofi: J. BlaZek, M. Fiedler, I. Havel, M. Koman, J. Novdk, I. Rohli¢kov4, J. Sedl4acek,
J. Sedivy, B. Zelinka). Price z teorie grafii vznikly na pra?ském seminéfi z teorie grafi, ktery
pracuje pfi katedfe matematiky nyné&j$i Pedagogické fakulty University Karlovy jiz od r. 1960.

A. Doneddu: MATHEMATIQUES SUPERIEURES ET SPECIALES. Tome 2: Analyse et
géometrie différentielle. Dunod, Paris 1970 (2. vydani), 687 str., cena broz. 58 F.

O prvém vydani této knihy referovali v nagem &asopise J. Kuderov4 a J. Sedlacek!). Druhé
vydéani vychézi bez podstatnych zmén.

A. Kaufmann, D. Coster: EXERCICES DE COMBINATORIQUE AVEC SOLUTIONS II:
Propriétés des graphes et méthodes d’énumération. Dunod, Paris 1970, 220 str., cena broz. 48 F.

Kniha obsahuje 78 piikladi z teorie koned¢nych grafi.
Redakce

1y Cas. pé&st. mat. 93 (1968), 240— 241.
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Casopis pro p&stovini matematiky, roé. 96 (1971), Praha
ZPRAVY

LETNA SKOLA O KOMBINATORICKYCH METODACH

V diioch 24.—28. maja 1971 usporiadala Prirodovedecka fakulta UPJS v spolupraci s koSickou
pobockou Jednoty &. matematikov a fyzikov v Zlatej Idke pri Kosiciach Letnu $kolu o kom-
binatorickych metodach. Zudastnilo sa jej 43 &. matematikov a 3 odbornici zo zahrani¢ia. Zo
zahraniénych predniesli L. LovAsz (Budapest) cyklus prednd$ok o hypergrafoch a H. WALTHER
(Ilmenau, NDR) cyklus prednd$ok o vysledkoch ilmenauskych matematikov z teérie grafov.
Okrem toho odznelo 15 predndfok &eskoslovenskych ulastnikov $koly. Dve zasadnutia boli
venované nerozrieSenym problémom.

Ernest Jucovié¢, KoSice

SJEZD ABSOLVENTU MATEMATICKO-FYZIKALN{ FAKULTY
KARLOVY UNIVERSITY

Deékanat Matematicko-fyzikalni fakulty University Karlovy pfipravuje sjezd absolventl fa-
kulty, ktefi dokon¢ili studia do r. 1969.

Sjezd bude uspofadan podle obort (zaméfeni, specializaci) po¢atkem roku 1972 a bude zamé-
fen hlavné na tyto otazky:

a) pfipominky a ndvrhy k u&ebnim planim reformovaného studia (uebni pldny zdjemcim
za3leme);

b) zkusenosti z uplatiiovdni absolventii v praxi a moZnosti daldiho umistovani absolventi
fakulty.

Protoze d€kanit nemd k dispozici pfesné adresy absolventii, obracime se na v§echny absolven-
ty — zdjemce o sjezd se Ziddosti, aby ndm co nejdiive sdélili své nyné&jsi adresy a obor studia, event.
i adresy daldich absolventii na adresu: D&kanat Matematicko-fyzikalni fakulty UK, Praha 2,
Ke Karlovu 3 s poznamkou ,,Sjezd absolventa‘.

Prof. dr. Alois Svec, DrSc.,
dékan fakulty
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I1ja Cerny

ZAKLADY ANALYSY V KOMPLEXNIM OBORU

1967 — 600 str. — 53 obr. — vaz. 33,— K¢&s

Teorie funkci komplexnf proménné, jejimZ zdkladim je vénovédna tato kniha, je spolu s diferen-
cidlnim a integralnim po&tem zdkladem matematické analysy, jedné z nejdulezit&jsich ¢4sti mate-
matiky. Analysa v komplexnim oboru je oviem tak rozsdhly obor, Ze do této u¢ebnice bylo mozné
zafadit jenom malou jeji &4st.

Autor poddvéa v uceleném tvaru, zcela od zatdtku, nejzdkladn&j§i poznatky. Mél na mysli dojit
ve viech &astech knihy, zejména v partiich tykajicich se po&etnich metod zaloZenych na residuové
vé&t€, analytickych funkci a konformniho zobrazenf, k dobife aplikovatelnym vysledkim, tedy
k vétdm, které jsou dost obecné a jejich predpoklady lze dobfe ové€fovat. V&€noval viak také zna&-
nou pozornost pojmiim a tvrzenim z topologie roviny, kterd ma pro analysu v komplexnim oboru
zésadni vyznam, a podal zcela pfesny a pfitom dostateéné obecny vyklad, takZe &tendf mize
hloubgji proniknout do analytickych metod v komplexnim oboru. Ziklady analysy v komplexnim
oboru jsou u¢ebnici a prvni knihou o teorii funkci komplexni proménné, kteréd byla u nds napsana.
Létka vyloZend v knize je potfebna napf. pfi studiu teorie diferencidlnich rovnic v komplexnim
oboru, teorie tzv. specidlnich funkci, nékterych otazek z teorie rovinného vektorového pole apod.

Ilja Cerny je docentem na Katedfe aplikované matematiky na matematicko-fysikdlni fakultd
Karlovy university v Praze. JiZ fadu let pfednasi teorii funkci komplexni proménné; odtud ply-
nouci zkuSenosti znané& pusobily na vybé&r latky, jeji uspofddani a metodu vykladu.

Kniha je uréena poslucha®im, ktefi studuji matematiku nebo fysiku na matematicko-fysikdlni
fakulté¢ Karlovy university nebo na podobnych fakultich ostatnich vysokych §kol universitniho
zaméfen{ a prosli jiZ zdkladnim kursem diferencidlniho a integrdlniho poétu. Ddle ji 1ze vyuZit
pfi Skoleni aspirantii, v postgradudlnich kursech apod.

Objednavky pfijima:

A

ACADEMIA
nakladatelstvi Ceskoslovenské akademie v&d

Voditkova 40, Praha 1 - Nové Mésto
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