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A hypercomplex proof of the Jordan- Kronecker’s‘
sPrinciple of reduction®.

ftefan Schwarz, Bratislava.
(Received November 1st, 1945.)
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This important theorem of the Galois’ theory can be proved
very simply by means of only elementary facts known from the -
theory of algebras.

Let f(x) and g(x) .be two .separable irreducible polynomials of
degree m resp. n over a commulative field P. Let x, B be the roots of
f(z) = 0 and g(x) = O respectively. Let us denote Py = P(cx) and

Pz = P(ﬂ) Let
f(x) = fi(x) . fz(x) e el x). . (1)

9(z) = g1(2) - o) ... gs(2) . - (2)
be the decomposztzons of f(z) and g(x) mto irreducible‘factors of degree
mi (t=1,2,..,r)and n; (1 =1, 2. i Py and Py re.spectwel'y.,
Then, the J ordan Kronecker’s Pmnczple of reduction says: It is

1) r=s,

11) by a suitable arrangement of the /actor % =— ( for everyi).

The proof is as follows. We form the hypercomplex system ~
6—hxh
over P:

- We can write S in two different manners.
It is first (we use the usual notation)

S =Pip,= Py + Pox + Pya + ... + Ppa™ 1 P2[‘,z]/(f(?))‘\.
On the other hand we have also

S =Pp =P+ P+ P+ .+ P PRIGE),
where P,[z], Py[z] denpte rmgs of polynomlals in one va.na.ble z over
Py and P, re: pectlvely : e
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The structures of the rmgs of rema.mder-c]asses on. the rlght
_side of the last relations can be easily given. Writing the factori-
/ B&tlon of j(z) in Py[z] as above, we have

[6 = Pz[z]/(/\z )) = Pz[z]/ (f- fn 2

But, this ring ‘can be written as a direct sum of the flelds (Dl,
. ., @, corresponding!) to the irreducible factors £(2), fao(2), -

fr(") m Py[2].

 Therefore

S=0,0P®...0 P,
<1>,~P,[z]/<f.<z>) i=.1,2,.

" where - <

In the same manner we treat the second equa,tlon (2) and we
- obtain the direct decomposition

6 P1OP2O @Fh

by = Pi[2]/(9:(2)), 1=1,2,

S The decomposmon of a ring,’ possessmg a unit, in two-sxded
dlrect irreducible components is uniquely determmedz) Therefore,
“itis

: i) r = ¢ and ' '
‘ ii) by a suitable arrangement I'; = &; (for every ¢), °

wh‘_ere ‘

e
P[21/(g4(2)) == Pyl2]/(fi(2))-

The order of the field P,[z] (g.(z)) over the field P is ewdently
‘m . n;.- The order of P,[z]/(/;(z))over Pisn.m.

From that isomorphisme follows therefore
: mn; = nm;,

m mg

e\ T e . \ _— == —

/n'.
\

3

Cged | |

From the momorplusme just proved o

&f) C Pz)(ed@) == Pz /((2).

"7 1), Bese. g.: Van der Wasrden, Moderns Algebra I, Berlin 1931.p i,
’) Beee g.: Van der Wwerden, ibid., p. 162. _
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follows an interesting and";fery‘ easy proof of the following theorem
due to A. Loewy (M. Z., 15,1922, p. 266) ).

Let — ‘under the same supposztwns as above — the explicite
factorisation of f(x) and g(x) in Py and Py respectively be

f(x) = fl(a’, ﬂ) . f2 z, ﬂ) fe(x; ﬂ)’
9(2) = q(2, &) . 9o(, &) ... gu(2, ).

lf we write gi(x, x) in the form of an integral function in « of the
lowest degree (what is possible because P(x) = P[«]) and replace in
gi(x, o) the variable x by the number § and the number o by the inde-
terminate -x, we obtain a polynomial g;(f, x) possessing the following
propriety: ]‘l (z, B) is the greatest common divisor of f(x) and gi(B, x).

Proof: We shall transform the left side of the isomorphisme

Pulx]/(gi(», &) = Pol2]/(fi(=.B)). - *)
First it is evidently

Pi[2]/(gi(x, «)) =~ P[x, 5]/(/ ), gil, &),

where P[z, &] is the polynomial domain of all polynomials in two
variables x and & with coefficients in the commutative field P. In
fact, « satisfies the equation f(£) = 0, which is irreducible in P.
Applying the transformatlon z— & &— x we have the further
isomorphisme

Pilz]/(9i(x, x)) = Plz, £/(f(x), gi( (£, 2))..

Accordmg to the second theorem of lsomorphlsme ((g(&)) 18
a sub-modul of the ideal (f(z), gi(¢, x))) we obtain :

P,€]/(f(x), gi(&, @) == P, E/(9(€))/({(2), gi(&, 2))/(9(£))-
But the last, expression is evidently isomofphjc with
, Palz]/((2), gi(8, 2)).
Tt'is therefore

Pi[2]/(gi(2, x)) == Py[]/(f{%), g:(B, ).

Comparing it with the relation (*) we have

Po[2]/(f(x), 9:(B, 2)) == P[]/ (fi(=, B))- -

’l‘herefore (in the sense of division!)

fiz, B) = (f(2), gi(B,.2),
q. e. d. i

\

3) This theorem enables us to find the po}ynommal gi(z) corrqspondmg
to f,(«) and inversely. '
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