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AN ERGODIC PROPERTY
OF BOCHNER INTEGRABLE FUNCTIONS

[ ERVIN HRACHOVINA, | Bratislava

In this paper we are interested by ergodic properties of a subset of Bochner
integrable functions (see [1]). We shall consider integrable functions with values
in a regular boundedly o-complete vector lattice.

Throughout the paper, R will denote the set of all real numbers, N the set
of all positive integers, Y a regular boundedly o-complete vector lattice (see [5])
and Y* the set {ye Y:y > 0}. We shall denote the r-convergence of a sequence

(Vwnen of elements of Y by lim y, = y.

Let X be a non-empty set. We say that a sequence of functions (f,),.r, /.
X — Y, uniformly r-converges to f'iff there exists u€ Y * such that the following
condition holds: given ee R*, we can find n,e N such that, for each n = n, and
x € X, we have the inequality: |f,(x) — f(x)| £ &u.
We shall denote by u — lim f, = f the uniform r-convergence of a sequence of
functions (f,), to f. "

Let (X, &, P) be a probability space. A function f: X — Y is said to be a
simple integrable function if there are pairwise disjoint sets 4,, ..., 4,€ ¥ and
elements q, ..., a,e Y such that

f= iail’A,-

i=1

The element I(f) defined by

1) = Y aP(4)

i=1

is called the integral of the function f. If (f,),, (g,), are sequences of simple
integrable functions such that

u—limf,=u— limg,=/,

n—



then there is ce Y such that

lim I(f)) = lim I(g,) = c. (1)

The value ¢ from (1) is called the integral of the function f and we shall
denote it I(f), too.
We denote

FE={f: X->Y,; there are simple integrable functions f, such that
u— limf, = f},
F={f: );::JY; there is ge F| such that f=g a.e.}.
We define for fe F
1(f) = 1(g).

The value I(f) is called the integral of the function f, too, and the family F
denote the family of integrable functions.
The following proposition is evident.

Proposition. If f, ge F, ceR, then f+ g, cf, |f], sup{f, g}, inf{f, g} are
integrable functions and

I(f + g) = I(f) + I(g),
I(cf) = cI(f)
(NI = I(/D).
If f < g then I(f) < I(g). Further, if T is a measurable P-preserving trans-
formation and fe F, then fo Te F, too.
Recall that (X, &, P, T) is called an ergodic system if (X, &, P, T) is a
dynamical system and T is an ergodic transformation. Put
l n—1 )
S.(f, x) == Y. f(T'x)
ni=o
for fe F, xe X, neN.
Theorem. Let (X, &, P, T) be an ergodic system and fe F. Then

lim S,(f, x) = I(f) a.e.

Proof. (i) For a simple Y-valued function the proof of this theorem follows
from the individual ergodic theorem for a real valued function.
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(ii) Let fe F, be arbitrary, then there is a sequence of simple Y-valued measur-
able functions (f;), and u€ Y * such that for each e R* there is k, such that for
each k = k,and xe X

Silx) — eu < f(x) = fix) + eu. (2
By Theorem 5 in [2]

lim S,(f, x) = f*(x), f*€ F and I(f) = I(f*).
From (2) we have
*(x) = I(fy)| S eu a.e.

for k= k,, i.e. f*(x)=weY a.e. Since u— lim f,=/f, so w=1(f) and

therefore Theorem holds for fe F.

(iii) Let fe F be arbitrary. Then there are ge F, and A€ ¥ with P(A°) = 0 such
that f(x) = g(x) for xe A. Put

= UAC’ h = 8Xs>
i=0
then P(B°) = 0 and I(h) = I(f). According to (ii) we have Ce ¥
with p(C°) = 0 and for each xeC

lim S,(h, x) = I(f)

and therefore

lim S,(f, x) = I(f)

for xe Bn C.
The theorem is proved.

Remark. An individual ergodic theorem in vector lattices is proved in [2] (see
Theorem 5).
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PE3IOME

SPFOAUYECKUE CBOMCTBO BOXHEPOBCKHUX MHTEMPUPYEMbIX ®YHKLIUU

DpsuH XpaxoBuHa, Bpatucnasa

B 3To# CTATHHM MBI 3aHUMAEMCS OJJHHM IPrOJAMYECKHM CBOWCTBOM (QYHKLHMH CO 3HAYECHHSMH
B PEryJsipHON YNOPANOYEHHOH O-TIOJIHOHW CTPYKTYpe.

SUHRN

ERGODICKA VLASTNOST BOCHNEROVSKYCH INTEGROVATELNYCH
FUNKCI{

Ervin Hrachovina, Bratislava

Clanok sa zaobera ergodickou vlastnostou funkcie s hodnotami v regularnom usporiadanom
o-uplnom vektorovom zvize.
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