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SOME TYPES OF CONVERGENCE OF SEQUENCES
OF REAL VALUED FUNCTIONS

ZUZANA BUKOVSKA, Kosice — TIBOR SALAT, Bratislava

1. Introduction

We shall deal with some types of convergence of sequences of real valued
functions. We recall some of them (see [2], [3], [6]).

Definition 1.1. Let X be a non-empty set, f, f,: X - R,n = 1, 2, ... being real
valued functions defined on X.

a) We say that the sequence {f,};"_, quasinormally converges to f on X
(= equally in [3]) if there exists a sequence {g,};"_, of positive reals, lim g, = 0

n— oo

such that
(VxeX)@n)(Yn=n)|f,(x) — f(x)| <&,

b) We say that the sequence {f,}_, quasiuniformly converges to fon X if
Jf.—fon X (i.e. pointwise) and the following holds

(V&> 0)(Ym)@p) (¥ x€ X) min{|£,(x) — f(x)], ... |fm+p(¥) = ()|} < &

c) We say that the sequence {f,}7_ , discretly converges to fon X if for every
x€ X there is an integer n, such that f,(x) = f{x) for every n > n,..

We shall investigate the relationship between quasinormal and quasiuni-
form convergence and the metrizability problem of all convergences from
Definition 1.1.

2. Relationship between quasinormal and quasiuniform convergence

There is the natural question whether the quasiuniform convergence im-
plies the quasinormal one and conversely. The following simple examples show
that in general the answer is negative.
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Example 2.1. It is known that there exists a sequence of continuous func-
tions pointwise converging to a continuous function but not quasinormally (see
[2], [3]). E.g. for X = R such a sequence can be constructed as follows (see [2]).
Let {r,, r,, ..., 1, ...} be a one-to-one enumeration of the set Q of rationals. Set

k

fi(r) = Zl for k <n,

fx)=0for x¢ () (rk—l, r, +l)
k=i 2" 2"

are extend f, piecewise linearly to a continuous function on R.
One can easily see that f, — f pointwise, where

1
fr) = ok =1,2, .

f(x) =0, for x¢Q.
The sequence {f,}7_, does not quasinormally converge (see [2]). We set
gn=fpon=12,.

1
2n + 1

Enmsy=f+ ,h=0,1,2, ...

Evidently the sequence {g,}_, pointwise converges to f'and {g,, , ,};_ , uniform-
ly converges to f. Thus, {g,}s_, quasiuniformly converges to f. Since every
subsequence of a quasinormally convergent sequence quasinormally converges,
we obtain that {g,}_, does not quasinormally converge to f.

Example 2.2. Let X be the closed unit interval <0, 1), f,(x) = x" forn =1,
2,.... The sequence {f,}"_, quasinormally converges to the function f, where

fix) =0 for xe 0, 1)
f()=1.

Evidently, it does not quasiuniformly converge.

3. Topology on C(0, 1) and convergences of continuous functions

An L-space is a set X endowed with the following structure. To some
sequences of points of X a point, called the limit of this sequence, is assigned in
such a way that
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1. if x,=xforalln=1, 2, ... then lim x, = x,

n—oc
2. if lim x, = x and {n,};_, is a strictly increasing sequence of integers then
n— oo

lim x,, = x (sce [5], p. 84).

If Y is a non-empty set then the set X = 'R of all real valued functions
defined on Y with the pointwise convergence is an example of an L-space.
Similarly, X endowed with the quasinormal or uniform convergence is an
L-space, but the quasiuniform convergence does not make of X an L-space.

If Y is a topological space then the set C(Y) of all real valued continuous
functions endowed with the pointwise or the quasinormal or the uniform
convergence is also an L-space. J. Ewert remarked that C(Y) endowed with the
quasiuniform convergence is not an L-spacse in general, i.e. for an arbitrary Y.

It is an L-space if Y is compact. Given an L-space X one can naturally ask
whether there is a topology ¢ on X which generates the L-structure, i.e.
lim x, = x if and only if {x,}_, converges to x in the sense of the topology €.

In general, such a topology need not be determined uniquely.

If X is the set of all real valued function defined on 0, 1), i.e. X = <R,
then the Tychonoff product topology on X generates the pointwise convergence
on X. Similarly this topology relativized to C(0, 1) generates the pointwise
convergence on C(0, 1). Can we find some nice topology on C(0, 1) generating
this convergence? M. K. Fort [4] has proved that such a topology cannot be
metrizable. We prove a little stronger result for all considered types of conver-
gences.

A. V. Archangelskij (see [1]) considers five properties of L-spaces. The
weakest one of them reads as follows (4): If for every n the sequence {%, a}iat

is one-to-one (i.e. x, , # x, ,for k # /) and klim X, » = x then there exist sequen-
— 0

cesm <m<..<mn..,k,k,..,k, .. such that

lim Xy k, = X.
J—®©

In [1] A. V. Archangelskij has proved the following

Theorem A. If the convergence of an L-space X is generated by a topology
satisfying the first axiom of countability, the X has then property <(4).

The purpose of this paper is to prove '

Theorem 3.1. None of the pointwise, discrete quasinormal quasiuniform
convergences on C (0, 1) has the property <4)..
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Corollary. The L-space C(0, 1) with the discrete, quasinormal and quasiuni-
form convergence is not generated by a first-countable topology, hence, it is not
metrizable.

Proof of the theorem. We shall slightly modify and simplify the argument
given in [4].

For given natural numbers n, k, we define a function f, ,: <0, 1) > R as
follows:

fn.k(x)=0f0rxe<i,i+_l_>u<_l_+ 1 ’,+1>,
7’ (k+3)2 » gon’ om

i=0,1,..,2"—1,

ﬁ.k(x)=1forxe<i+____1__’i+__1_>
2 (k+2)272 (k+1)2

i=01,..,2"-1

and we extend f, , in piecewise linear way to a continuous function.

One can easily see that for given n the sequence {f, ,}- , discretly converges
to f, where f(x) = 0 for any xe <0, 1). Hence, it converges to f also pointwise,
quasinormally and by some well-known facts ([6], p. 143) also quasiuniformly.

Let n, <n, < ... and k,, k,, ... be natural numbers. We show that there
exists an x,€ {0, 1) such that

lim £, () # 0.

Thus the sequence {f, ,}iZ, does not converge pointwise to zero and hence

neither quasinormally, nor discretly.
To find such an x,e (0, 1), let, 1, be a closed interval such that f, , (x) =1

for xel, (e.g we can set)

I, = < L 5 . > Let m, = 1. If m, is sufficiently large then
(k, +2)2" (k,+ D2

<I_2 ﬁ> c 1‘
Pm’ Q'm

for some i,. Set

12=<l2 ———1_—’ 12 +__1—>_
2" (km, +2) 2Am Q= (km, + 1) 2"
Evidently fn...z‘ k,,(X) =1 for xel,.
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Going on by induction we construct a decreasing sequence I, 2 I, 2 ... of
closed intervals and an increasing sequence {m;}_, of integers such that

Jo k. (X)=1forxel,j=1,2, ..

By the Cantor theorem (see [5], p.5) there is an x,e (), for which

j=1

limf, ., (x))=1.
jo oo mj “mj

g.ed.
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PE3IOME

O HEKOTOPBIX BUAAX CXOAUMOCTH IMOCJIEAOBATEJBHOCTEM
JNEVICTBUTEJIbHBIX ®YHKLIAN

3ysana Bykoscka, Kowmue — Tu6op Illanat, Bpatuciasa
B pabote uccienoBaHel OTHOIIEHHS MeXAy CIHEAYIOIMMHM BHAAMH CXOOMMOCTH MOC-
7Ie10BATENIbHOCTEH NEACTBHTENILHBIX QYHKIMNA: KBA3HHOPMaJIbHa, KBa3UPABHOMEDHAA M IMCKpPET-

Has cxoaumMocTs. Ha npensbinyroume BuIbI CXOAHMOCTH PaCLIMPEHHBIH 3HAKOMBIH pe3yibTaT M.
K. ®opra (cM. [4]) 0 HEMETPH3YEMOCTH TOUEHHON CXOOUMOCTH B Kiacce C O, 1).
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SUHRN

O NIEKTORYCH TYPOCH KONVERGENCIE POSTUPNOSTI REALNYCH FUNKCI|
Zuzana Bukovska, Kosice — Tibor Salat, Bratislava
V praci sa $tuduju vzajomné vztahy medzi tymito typmi konvergencie postupnosti realnych
funkcii: kvazinormalna, kvazirovnomerna a diskrétna konvergencia. Na predoslé typy konvergen-

cie je roz§ireny znamy vysledok M. K. Forta (pozri [4]) o nemetrizovatelnosti bodovej konvergencie
v triede C (0, 1).

220



	
	Article


