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A REFINEMENT OF SIERPINSKI'S INEQUALITIES
HORST ALZER, FRG

Abstract. We prove: If 4,, G, and H, denote the unweighted anthmetlc geometric and
harmonic means of the positive real numbers x,, ..., x, (n > 3), then

LGy (G, — H) <4,y 'H,— G,y
n

and
Ly (4, - G) < (G — AHy,
n

with equality holding if and only if x, = ... = x,.

In this note we designate by 4,, G, and H, the unweighted arithmetic,
geometric and harmonic means of the positive real numbers x,, ..., x,, i.e.

Z ,,=I_[x,!/"andH,,=n/Zl/x,-.

i=1

:I'—'

For the classical double inequality
H,<G,< 4, (1

one can find many proofs in literature. We refer to the recently published book
“Means and Their Inequalities” by Bullen/Mitrinovi¢/Vasi¢ [4] which contains
more than fifty approaches to (1). Besides different proofs for (1) a lot of
interesting generalizations, sharpenings and variants have been published [4]. A
very remarkable refinement of (1) was discovered by W. Sierpinski [7] in 1909.
He proved the inequalities

A(H,) ' < (G) < (4,)'H,, 2

where the sign of equality holds forn > 3ifand onlyif x, = ... = x,. Ifn =1, 2,
then (2) reduces to identities. In the last years Sierpinski’s result has evoked new
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interest among several mathematicians and diverse proofs as well as extensions
and sharpenings of (2) were published [1—3, 5, 6, 8]. The aim of this paper is
to prove a new refinement of Sierpinski’s inequalities. We establish the follow-
ing.

Theorem. For all positive real numbers x,, ..., x, (n > 3) we have
l(G.,)" “NG.— HY= 4y 'H,—G) (3)
n
and
l(Hn)" "4, = G) < (G — A(H,) . Q)
n
The sign of equality holds in (3) as well as in (4) if and only if x, = ... = x,,.
Proof. If we replace in (3) the numbers x,, ..., x, by 1/x,, ..., 1/x,, then we
obtain (4). Hence it suffices to establish inequality (3). If x, = ... = x,, then the

sign of equality holds in (3). Without loss of generality we may assume
0<x,<x,<..<Xx, x < X,,

and we shall establish (3) with “ < instead of “ <. We use induction on n.
To prove (3) for n = 3 we investigate the function

f:M=1{a beR|0<a<b<l}-R,
fa, b) = (a — b)* — 2(a + b) + 1 + 3(ab)*”.

We denote the absolute minimum of /' by (x, y). If (x, y) is an interior point
of M, then

Vfx,y)=0
and we obtain the equations
S ) = x =y =1 )y =0, ®)

' %fb(x, PD=y—x—1+(xy) "x=0,
which lead to

(y =2y =21=0.

Since x # » we get (xy)~'? = 2 and equation (5) yields x + y = 1, which
implies x = 1/2 — l/\/§ and y = 1/2 4+ 1/4/8; and because of f{x, y) = 1/4> 0 =
= f(0, 1) f attains its minimum at a boundary point. If x = 0, then

f0,y)=(y—1)20.
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If x =y, then
flix, x) =3x*" —4x + 1
is strictly decreasing on [0, 1] and we get
fix, x) =f(1,1)=0.
Finally, if y = 1, then
fx, 1) =2 _ 4x + 3x2°
is concave on [0, (1/3)**] and convex on [(1/3)**, 1]. Because of
ﬂl,l)anndM =0
dx lx=1
we conclude
fix, 1)>0o0n [0, 1].
Hence we have proved:

If0<a<b<1,a< 1, then fla, b) > 0. (©6)

Setting a = x,/x; and b = x,/x,, implication (6) leads to (3) with » = 3 and
with “ < instead of “<”.
Next we assume that (3) is valid for n — 1 with n > 4. We define

p: [An—l’ (XD)—*R,

n— 1
p(x)=n [n 1 A, + f] + (G, _ )"~ VPinxln = in
n
2 J. n—1
_n l(Gn—l) x—n+1(G"_l)"_|
n Hn—-l n
and we will show:
p(x,) >0 )
which is equivalent to (3) with “ <" instead of “<”.
We prove:
p'(x)>0forx>4,_,, ®)
p(4,_) =0, )
and
p(An— l) Z O. (10)
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Because of x, > A4,_,, inequalities (8), (9) and (10) imply (7). In what
follows we use the following abbreviations:

a=A4, ,,g=G,_,andh=H,_,.

A simple calculation yields

-3
n—1 x| i
a+_:| xl+|/n_g(n 1)%/n

nz |
—_—x'? ”"p"(X) = n(n - 2)
n n

n—1
and from the arithmetic mean-geometric mean inequality we conclude

2
- n n X' (x) > n(n — 2)a”~ W g~ DS, 0.
This proves inequality (8).
From the induction hypothesis:
gty T e Lo )
n n
we obtain
— 2 —
pa@=mn-1) a4+ ug("— |)2/na—l/n _ i’___lgn— 1h-!
n n

> a1 a=""[a" = Vi 4 pgn=Vn _ (n 4 1) g"~2a"").

2
n
If we denote the term in square brackets on the right-hand side by g(a), then

we have
na'~'""g(@=m—-1ya""*—(n+1)g " *>0

and
q(a) =q(g) =0

which implies (9).
Finally we verify inequality (10).
From (11) we obtain
_]gn—lh—la_n+1g,n—l

p(a) — nan—l +gn—1)2/na(n—l)/n _ n
n n

2—
"_t_lg"—l_gagn—l_ (12)

2
n +n_ l an—l +a(n—|)/ng(n—l)2/n_
n n

n2

We designate the right-hand side of (12) by ¢(a).
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From

n2

1 al+l/n(pn(a) — (nz +n—1)n-— z)a(n— 2n __ g(n— Dn <, 0,
n —

(n — 1)(n2+n—2)g,,_2

n2

9'(g = >0,

and

»(g) =0

we conclude ¢(a) > 0 and hence p(a) > 0.
This completes the proof of the Theorem.
Remark. If n = 2, then in (3) and (4) the inequalities must be reversed.
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PE3IOME

YTOYHEHUWE HEPABEHCTB HIEPITMHBCKOI'O
Iopct Anrep, ®PIC
B pa6ote nokasbiBarotca Hepasenctsa (3) u (4) (cM. Teopemy) ans 4,, G, u H,, rae A,, G,

1 H, 03Ha4aioT apuPMETHYECKOE, FEOMETPUYECKOE H TAPMOHHYECKOE HEB3BE/LIEHHOE CPE/IHEE U3
NEHCTBHTENbHBIX YHCEN X, ..., X, (n > 3).

SUHRN

ZJEMNENIE SIERPINSKEHO NEROVNOSTI
Horst Alzer, SRN
V praci sa dokazuji nerovnosti (3) a (4) (vid Teorému) pre A,, G,a H,, kde 4,, G, a H,

znamenaju po rade aritmetickii, geometricka a harmonick nevyvazena stredna hodnotu z realnych
disel xy, ..., x, pre n > 3.
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