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ON THE SUM OF INDEPENDENT RANDOM VARIABLES

MARTIN KALINA, Bratislava

In his paper [1] D. Laugwitz has introduced an alternative approach to
non-standard analysis using ‘““€-calculus”. Our aim is to show that, using

“£2-calculus”, each random variable can be considered to be “discrete” (in a
non-standard sense). The discrete probability distribution of the sum of two

independent random variables is also presented in this paper.

Let T be a consistent theory, containing the theory of real analysis and L be
its language. Add a new extra-logical constant £2. A new theory 7(£2), with
language L U {42}, is obtained adding to T the following scheme of axioms

SA: Let S(n) be a formula in the language L. Then the following formula is
an axiom of the theory T'(£2):

3k)(Vn) (n =k — S(n)) > S(£).

For the consistency and further properties of 7'(£2) see [1].

Denote Z, N and R the sets of all integers, natural and real numbers,
~ respectively and put B(n, y) = {xe{—n; y); (Ame Z)(x = m/n)} and for any
function k: N> N

A(k(n)) = {xe<{—n; n); Gme Z)(x = m/k(n))}.

Theorem 1. Let G be a distribution function, y its continuity point and /4 any

7]

function with bounded variation such that j h dG exists and is finite. Denote
20

£,(x) = G(x + 1/n) — G(x). Then there holds
a) foreach e>0|G(y)— Y go®l<e

X€ B(2. y)
b) there exists a function k: N — N such that for each ¢ > 0

<EéE.

j hdG— T () gua®)
—ou xe A(k(£))




Proof. a) There holds
Y &= ) (Gkx+1/n)—G(x) = G(a)— G(—n),

NE B(n, ) x€eB(n. y)

whereae(y — 1/n;y + 1/n). Fix an & > 0. Since G is a distribution function and
y its continuity point, there exists an me N such that for all ne N, n > m

IG(Y) — Y &I =IG(y) - G+ G(—n)| <&

x€eB(n. v)
Hence, since & was arbitrary, SA implies Statement a).

P

b) Since I - h dG is finite, for each ie N there exists an me N such that for

f~ hdc—f hdG

Fix for each i such an n. Then there exists a k(n) such that

alln>m

< Vi, (1)

Jm hdG — Y h(x)G(x + 1/k(n)) — G(x))

—-n x€ A(k(n))

f hdG — ) h(x)gim(x)

xe A(k(n))

<1/i, 2)

since A(k(n)) is a partition of {( —n; n) having norm 1/k(n).
Take an ¢ > 0. (1), (2) and SA imply

<Eé.

j “hdG— Y M) gua®)

- xe A(k(£))

Since & was arbitrary, Statement b) follows.

Definition. Function g,, mentioned in Theorem 1, will be called the discrete
probability distribution.

Theorem 2. Let £ and 7 be independent random variables with their distribu-
tion functions F and G, respectively. Denote H the distribution function of
&+ nand f,(x) = F(x + 1/n) — F(x), g,(x) = G(x + 1/n) — G(x) and h,(x) =
= H(x + 1/n) — H(x). Then for each increasing sequence (m,)/~, of natural
numbers there exists a function k: N — N such that

lho(p) — Y fa(y — %) gua(X)| < 1/mq.

xe A(k(Q2)



x

Proof. Obviously H(y) = j F(y — x) dG(y), hence

-

h(y) = H(y + 1/j) — H(y) = f Sy — ) dG(x).

Fix an increasing sequence (,); ,. Since A, are finite functions, for each je N
there exists an k(j) such that

k()

"'_i(}’) = fi(y — x) dG(x)

—k())

< 1/2m;.

Obviously there holds

k()

f(y - x»dGx)— Y f(y— X)gw)(X)i < 1/2m,
—k(j) xe Ak(j))
hence

Ihj(}’) - Z f/(y - x)gk(j)(x)l < l/mj
xe AK()

and SA implies the assertion of this Theorem.
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SUHRN
O SUCTE NEZAVISLYCH NAHODNYCH PREMENNYCH
MARTIN KALINA, Bratislava
Ciefom ¢lanku bolo ukazat, Ze pouZitim ,,£2-kalkulu* moézeme kazdd nahodni premenni

povazovat za diskrétnu (v neStandardnom zmysle). V ¢lanku sme odvodili aj ,,diskrétne rozdelenie*
suctu dvoch nezavislych nahodnych premennych.



PE3IOME
OB CYMME HE3ABUCHUMBIX CJIVUANHbIX MEPEMEHHbIX

MAPTUH KAJIMHA, Bpatucnasa
B cTaTbM MOKA3aHO, YTO MCMOJb3YA «(2-KaJbKyJ», KaXIAYIO CIy4aiHyl0 NEPEMEHHYIO MOXHO

CYNTATh JMCKPETHO#M (B HECTAHAAPTHOM CMBbICTE). B cTaThH JaHa Toxe popMyia Uil AMCKPETHOTO
pacripezie/ieHHsi CyMMbl IByX HE3aBHCHMBbIX CIIyYaHHbIX NEPEMEHHBIX.
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