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TRANSITIVITY OF EXPANDING MAPS OF THE INTERVAL

KATARINA JANKOVA-—MARCEL POLAKOVIC, Bratislava

1 Introduction

We show that for any continuous piecewise expanding self-mapping f of a
real compact interval  with a finite number of turning points there is an iterate
f",neN, and an interval J = I'such that f": J — Jis transitive in J. Consequent-
ly, fis chaotic in the sense of Li and Yorke.

2 Notations and notions

Throughout this paper f denotes a continuous self-mapping of a real compact
interval /, /" denotes the n-th iterate of f. A point p € I is periodic point of period
n if n is the least integer with the property that f/”( p) = p. The basic notions used
in this paper are the notions of expanding and transitive self-mapping.

Definition 1. A self-mapping f: I — I is piecewise expanding with expansion
constant A > 1 if fis piecewise monotonic and |f(x) — f(y)| = A|x — y| when-
ever both x and y belong to some interval on which f is monotonic.

Definition 2. A self-mapping f: I — Iis transitive in [ if there is x € I such that
the set Orbx = {x, f(x), ..., f"(x), ...} is dense in I.

Transitivity is characterized by the following well-known

Lemma 1. A self-mapping f: I — I is transitive in / if and only if, for any
interval K< I, I = () f4(K).

k>0
For completeness, we present here a proof of this result.

Proof. Assume that /= () f*(K) for any interval K = I. Let {I,},.y be a
k=20

sequence of all subintervals of 7 with rational endpoints. Then there is a natural

number n(1) with the property that ""(I,) n I, is an interval, hence there is a

closed interval J, < I, with the property that f"V(J,) = I,. Similarly,

f"@(J,) 0 I is an interval for some n(2), hence f"?(J,) < I, for an appropriate
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closed interval J,c J,. We obtain a sequence of closed intervals
J,>J,>J,> ... with the property that f""(J)<1I,,, i=1, 2, .... For

X€ ﬂ J,, f"(x)el,, ,, hence Orbx is dense in /.

i=1

The converse implication is trivial.

3 Results

Our main result is the following.

Theorem. If f: I — Iis piecewise expanding, continuous, with a finite number
of turning points then there exists ne N and a closed interval J < I such that
S": J - J is transitive in J.

As a consequence of this theorem we obtain another proof of a result from

- [6], according to which any expanding self-map f'with a finite number of turning
points has a cycle of order # 2", n = 1, 2, ..., and consequently, f is chaotic in
the sense of Li and Yorke (cf. also [1], [2]).

Recall that a continuous function f: I — I is chaotic (cf. [3]) if there is an
uncountable set S < I such that for any x, ye S, x # y and any periodic point
poff:

(1) limsup|f"(x) — f"(»)| >0

n—x

(@) liminf|f"(x) —f"(y)] =0

(3) lim sup|f*(x) - f*(p)l > 0.
Corollary. Let f: I - I be piecewise expanding with a finite number of
turning points. Then f is chaotic in the sense of Li and Yorke.
Proof. Transitivity implies the existence of a cycle of order # 2", n= 1,2, ...,
(cf. [S]) and hence by [4] fis chaotic in the sense of Li and Yorke.
The following lemmas will be useful in the proof of our result. By an interval
we always mean a non-trivial interval and | . | denotes the length of the interval.
Lemma 2. Let f: I — I be piecewise expanding with a finite number of turning
points and expansion constant A > 2. Then the following holds.
(1) There exists d(f) >.0 such that for any interval J = [
() |J1 = d(f) implies | f(J)| = d(f)
(i) |J] < d(f) implies | (/)| > J
(i) f*(J) <= J, k > 1 implies |f'(J)| > d(f), i=0, 1, ..., k.
(2) Theset P(f) = {k: there exists an interval J < I with f*(J) < J and any two
intervals J, f(J), ..., f* ~'(J) have at most one point in common} is bounded.
Proof. (1) Let I/ =[a, b] and let a=a,< a, < ... <a, = b be the turning
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points of f together with the endpoints of /. Put d(f)=min{a, —a,_,,i=1,
2, ..., n}

(1) If |J] = d(f) then J contains at least two pointsaq; #a,_,,i=1,2,....n
and consequently |f(J)| > |a, — a,_,| > af).

(i) Assume that J < [, |f(J)| < J. Since A > 2, J must contain at least two
points a; # a;, 0 < i, j < n, hence |J| > d(f).

(iii) Let J < I, f(J) = J, k > 1. Since f*(J) = J, by (ii) there is some i,
0 <i<k—1, with |f'(J)| > d(f). But then by (i) |f ()| = d(f) for all n,
hence |J| > | f*(J)| = d(f) and by (i) /(D =d(f),i=0,1, ..., k.

(2 LetJ < I, f“(J) = J and let any two of the intervals J, £(J), N L 5
have at most one point in common. Then by (iii) for any 0 <<k

- 1
(DI =d(f), h k< ——.
If (D) = d(f), hence 20

9

For f: I - I, n(f) denotes max P(f), where P(f) is the same as in Lemma 2.

Lemma 3. Let f: I — I be expanding with a finite number of turning points
and expansion constant A > 2. Then there is a minimal invariant interval J = I,
i.e. an interval with the property that f(J) = J and for any interval K ¢ J,
S(K) £ K.

Proof. We use Zorn’s lemma. Let & be the system of all subintervals L of /
with f(L) c L partially ordered by the inclusion . By Lemma 2, |L| > d(f) for
any Le¥. Take a linearly ordered family {L,},., of members of &. Denote
L =)L, Since

teT

(L) =f(m L,) <N fL)c L =L

teT teT teT

L is an interval from %. Thus by Zorn’s lemma, there is a minimal member J
of &.

We show that f(J) = J. Let J = [q, b]. First consider the case that b¢ f(J).
Put H ={xeJ: f(x) > x}. Clearly H # 0. Let x, = max {f(x), xe H}. Then
J(x) <x, and f(x) > a for all a< x < x,. Hence for J, = [a, x,] 'we have
S(J)) = J,, which is impossible. In the case that a¢f(J) the argument is similar.

Lemmad.Letg =/* k> 1, fbe expanding with a finite number of turning
points. Let J be a minimal invariant interval of g = f*. Then there is r < k, rlk
with the property that any two of the intervals Lf(J), ....f"~'(J) have at most
one point in common and f'(J) = J.

Proof. First consider the case that Jfi(J) is not an interval for all
0 <i<k—1. Assume that f"(J)nf"(J) is an interval for some 0<m,
n <k — 1, m < n. Then since f is expanding and

[EUMD L) € AU AfF =Ty = Tafr-md)
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we obtain that Jn f"~"(J) is an interval, which is impossible. Hence any two
of the intervals J, f(J), ..., f*~'(J) have at most one point in common and the
lemma holds for r = &.

Now consider the case that J nf(J) is an interval for some 0 <i< k — 1.
We can suppose that i is the minimal positive integer with this property. Since

fUnfI) ednf(J)

we have Jnf'(J) =J = f'(J). We show that i|k. Really, if k =gqi+/, ¢, j
positive integers, j < i, then we have

S = FISH) = 4 = O = ) =

which is a contradiction with the minimality of i. Hence f'(J) = J, i|k and J,
f(J), ...,/ '(J) have at most one point in common. Thus the lemma is true for
r=i

Lemma 5. Let f: I — I be expanding with a finite number of turning points
and expansion constant A > 2. Then there is such m that n(f™) = 1. (For the
definition of n(f) see Lemma 2.)

Proof. Put m = n(f)!. Let J< I, f*(J) = J, k> 1 and any two of the
intervals J, f"(J), ..., f*~""(J) have at most one point in common. By Lem-
ma 3 there is a minimal invariant interval of g = f*". Denote it by J,. Then by
Lemma 4 there is r|km such that any two of the intervals J,, f(J,), ..., /" '(J))
have at most one point in common and f"(J,) = J,. Clearly r < n(f), hence r|m
and f"(J,) = J,. Hence k = 1, q.e.d.

Proof of Theorem. We may assume that the expansion constant A of f is
greater than 2, since otherwise we replace f by an appropriate iterate. We show
that g = /', where m = n(f)!, is transitive in its minimal invariant interval J.
Now the condition from Lemma 1 will be used. Let K = J be any interval. We

show that ( ) g"(K) = J. Lemma 2 implies that |g"(K)| > min{d(g), |K|} and it

n=0
is easy to see that | ) g"(K) = K,uK,u ... UK,, where K|, K;, ..., K, are
nz0
pairwise disjoint closed intervals. Since g< U g"(K)) < [ g"(K), there is
n>0 n=0

natural number r < s such that for some ie{l, ..., s} g"(K,) = K,. Again by
Lemma 2, [g'(K})| > d(g) and also |g"(K,)| > d(g) for all neN. Put
L=()g"(K,). Since K;> g"(K)> ... 2g"(K) > ..., L is a closed interval,

nz0

|L] > d(g). Further g’(L) = L and n(g) = 1 (Lemma 5) implies r = 1. Thus L is

an invariant interval of g, L < J, hence L = J. Since L c () £"(K) we obtain

n>0

that | ) g"(K) = J and by Lemma 1 g is transitive in J.
n=0
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SUHRN
TRANZITIVITA EXPANZIVNYCH ZOBRAZEN[ INTERVALU
K. JANKOVA-—M. POLAKOVIC, Bratislava
Ukazuje sa, Ze pre spojité expanzivne zobrazenie kompaktného intervalu do seba. pozostavajuce z

kone¢ného podtu monotonnch Easti existuje iteracia f", ne N, a interval J < I tak. ze f*: J — J je
tranzitivne v J.

PE3IOME
TPAHCUTUBHOCTb PACTATMUBAIOIWNX OTOBPAXXEHWUW UHTEPBAJIA
K. AHKOBA—M. [NOJJAKOBUY, Bpatucaapa
IMoka3biBaeTcs, 4TO A8 JHOOOro HEMPEPLIBHOTO PACTATMBAIOLLErO OTOOPAXEHHS f KOMMAKT-

HOro UHTepBana / B cebs, COCTOAIETO U3 KOHEYHOrO YHUCIIA MPOMEKYTKOB MOHOTOHHOCTH, CYLLIECT-
ByeT utepauus f” v untepsan J < I Tak. uto f": J — J TPaHCHTHBHO B J.
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