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ON THE DIFFERENTIAL EQUATION
FOR THE GENERALIZED HYPERGEOMETRIC FUNCTION

JOZEF DANCO jr.—ANTON HUTA jr., Bratislava

Introduction

As itis known, one of the solutions of the Gauss’s differential equation of the
form

@)) X(1=x)y"+[y—x(y+ &+ 1]y —aa,y =0

is the hypergeometric function

() y(x) =,F(x) =

i (@, +k —1)(a + k= l)kil\;
k=0 (n+k—=1) k!

(cf [1] or [2]), where (2), denotes the product z(z — 1)...(z—n+ 1) for n > 0
and (z), = 1 (cf [4]). The hypergeometric function is a very general function with
three free parameters and in special cases can represent many elementary and
transcendental functions.

The well-known confluent hypergeometric function can be one of the solu-
tions of the differential equation of the form

) '+ (n—x)y —ay=0
ie.
> _ _k

K=o (v, + k— 1), k!

where @, y, are two free parameters (cf [1] or [2]).
The generalized hypergeometric function can be written in the form

- (y+k—1)...(a,+ k — 1), x*
5 F(x) = I _
©) == k; 4k =Dy, +k = 1) k!




(cf [1] or [3]). The explicit form of the differential equation corresponding to this
function is not known from current available literature. ,

The purpose of this paper is to derive the differential equation for the
generalized hypergeometric function. The results are formulated in three theo-
rems.

1 Special case one

Theorem 1. Let ¢ be a nonnegative integer. The solution of the differential
equation of the form

q
(6) Y, B JF x) = (F(x)

i=0
where

B, =1,
i—1
B,_i=A. 7 ¥V)— 2 sg—j,g—DB,_;

(7) =0

fori=12,..¢g-1
and B, = AV Vas oos V)

where A(y,, ..., 7,) are elementary symmetrical polynomials of variables
Yis wsox T

AN Y Y)=n+nrn+..+7,
(8) A (Vs Yoy s BY=HB+ s+ oo + 1i¥y+ oo T ¥ —iY
Aq(yh Yo aees 7‘1) =NY-.. 71/

and s(i, j) are the Stirling numbers of the first kind (cf [4]), is a special case of
the generalized hypergeometric function
* l k

(9) F(y)= Y - L
" A-;)(y,+k—l)k..‘(y,,+k—l)kk!

Proof. Let us suppose the differential equation is in the form (6), where

0 < j < ¢. then for its j-th member we can write
Jpti= e I x!
(10) Byx'Fy'~"(x) = Bx' ) - g Ll
i=0 (N + i+ Dis e oo ¥y A+ iy 41
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l xi+j
B — =
ji=0(7’|+i+j)i+_f+|'--(?’q+i+J)i+/+1 i!

i 1 x' .
B x : ‘.,‘(’).i

i=in+ i1 (¥, + i)y 0!

The coefficients on the right-hand side are known, but those on the left-hand
side are not. From the equation (10) we see that the coefficients are to satisfy

(11) (n+dn+d..(p+ D=0+ 40, ...7)0 "+
+ A7, )T+ L+ AN Y,)

and the following identity is valid

"

(12) D= Y stw, )i

=0
Comparing the coefficients with equal powers of i and substituting w = g we
obtain B, = 1 and repeatedly using the identity (12) forw=¢q,g—1, ..., 1 we
obtain (7). [To clarify the method of obtaining the coefficients B, Table 1 in
Appendix was constructed.]

2 Special case two

For another special case, when ¢ = 0 and p is an integer, we can formulate
the following theorem.

Theorem 2. Let p be a nonnegative integer. Then the solution of the differen-
tial equation

P
(13) Dx' ,F” (x) = ,Fy(x)
j=0
where ’
D,=1,
i—1
D,_,=A(a, ....a)— Y s(p—j,p—iD,_;
(14) j=0

fori=1,2,..,p—1
and Dy = A4,(a,, ..., @)
is a special case of the generalized hypergeometric function

k

(15) JFo(x) = i(a,+k— Do (0 + & — D ==
K=o k!
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Proof. The proof is analogous to the proof of the Theorem 1. Let us consider

that
(16) Dpx' FP(x) = Dx' Y (@ + i+ 1= 1), (@, + i+ [ — 1),+,’f—,=
i=0 l:

1

x

=D, (e, +i— 1)...0a, +i— 1),-)—‘('—'-(1'),
- i!

i=1

and repeatedly using the identity (12) for w = p, p — 1, ..., | the coefficients D,
can be obtained in the same way as in the Theorem 1.

3 The general case

The next Theorem 3 will be a generalization of the Theorem 1 and Theo-
rem 2.

Theorem 3. Let p and g be nonnegative integers. then the generalized hyper-
geometric function (5) is one of the solutions of the differential equation of the
form

r q
(17) Y Dx' F'(x)— Y Bx' ,Ff*"(x)=0
i=0 i=0
where B; and D, are coefficients defined in Theorem 1 and Theorem 2.
Proof. The proof can be realized by substituting the generalized hyper-
geometric function (5) into the left-hand side of the equation (17).
Corollary. Two interesting cases of the generalized hypergeometric function
are the cases when p =¢ + 1 and p = ¢q. The differential equation in these
special cases is of the form

(18) (B, —xD,,\)x*,, \F'* " (x) + (B, — xD)x*~" , \F}P(x) +

+ ...+ (BO - xDl)r[+ IF(;(x) - DO(/-Q»!E](X) =0
and

(19) B,x" ,FyP* " (x) + (B, — xD,) x" ™' F\P(x) +
+(B,_y—xD,_)x" " F' "V (x) + ... + (By — xD,) ,F,(x) — Dy ,E(x) = 0

Only in these two cases for g = 0 the differential equation is of the first order.
The Table 2 in Appendix gives the survey of the order of the differential
equation (17) in dependence on parameters p and q.

Remark. A brief survey concerning the properties of the discussed differential
equation cf. e.g. [5].
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Table 1

i S P2 i A
B, =1 s(g.g—1) s(g.9—-2) s(g.q—3) s(g.9—-4)
-s(¢.q—1) | B,_;s(g—1,9—2) | B,_s(g—1.9—3) B,_s(g—1,q9—4)
A1 0 7,) B, B, 5(¢—2,9-3) | B,_»s5(g—2,9—4)
Ax(n, %) B,_, B,_ys(g—3,9—-4)
As(Yis 0 1) B, .
Ay s YY)
Table 2
p
0 1 2 3 4
q p
0 1 1 2 3 4 p
1 2 2 2 3 4 p
2 3 3 3 3 4 p
3 4 4 4 4 4 p
4 5 5 5 5 5 P
q q+1 q+1 q+1 q+1 qg+1 r*

(the order “r” of the differential equation for (X))
*)ifpzgthenr=g+ lelser=p.
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SUHRN

O DIFERENCIALNEJ ROVNICI PRE ZOVSEOBECNENU
HYPERGEOMETRICKU FUNKCIU

DANCO JOZEF, ml.—HUTA ANTON, ml., Bratislava

Z literatiry je znama Gaussova diferencialna rovnica (1), rieSenim ktorej je hypergeometricka
funkcia (2) a diferencialna rovnica (3), rieSenim ktorej je konfluentna hypergeometricka funkcia (4).

V praci je odvodeny tvar diferencialnej rovnice (17) a jej koeficientov, rieSenim ktorej je
zov$eobecnena hypergeometricka funkcia (5). Pritom s odvodené $pecialne pripady pre p = 0 ((6)
a(8)) aqg=0((13)a(15)) a tieZ uvedené Specialne pripady pre p=q + 1 (18) a p = ¢ (19).

PE3IOME

O ANPOEPEHLIUAJIBHOM YPABHEHUM [Ji OBOBLIEHHOW
TMIEPTEOMETPUYECKOW ®VHKLWU

JAHYO MO3E®D, Mn.—XYTS AHTOH, mn., Bpatucnasa

U3 nurepatypsl u3BectHo auddepenumansHoe ypasHenne "aycca (1), pemienneM koToporo
ABNAETCA runepreomerpuyueckas ¢yskums (2) u auddepeHunanpHoe ypaBHeHHe (3), peleHHEM
KOTOPOrO SBJISETCS BLIPOXIEHHAA rUnepreoMeTpuyeckas GpyHkuus (4).

B paGore npousBeaeH Bua auddeperunanbuoro ypasHenus (17) u ero xo3hp¢puuneHToB, pe-
UIEeHHEM KOTOpOro ssisercs obobiuenHas runepreoMerpuyeckas ¢ynkuus (5). [lpurom npous-
BeZleHbl crneuuanbHbie caydau 1 p =0 ((6) u (8)) m ¢ =0 ((13) u (15)), a Taxxe MpPUBEACHbI
cneunanbHeie cay4an A p=q + 1 (18) u p = g (19).
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