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CONTINUITY PROPERTIES OF MULTIFUNCTIONS

KATARINA SAKALOVA, Bratislava

The quantity of generalized continuity notions caused that many attempts
have been done to find a general approach to generalized continuity. We do not
give the review of such studies. The aim of our note is to give some remarks and
some extensions of the approach presented in [2]. We involve multivalued
mappings in our considerations.

1 Preliminaries

In what follows we deal with multifunctions F: X — Y, where (X, &) and
(Y, 7) are arbitrary topological spaces. First we introduce some useful and
important families of sets, which we can define in an arbitrary topological space.
In the following table we show, besides symbols and definitions of these systems,
also their essential properties. Majority of them are known and others are easily
provable.

Remark 1. Let X be an arbitrary topological space and 4 = X any subset of
X. In what follows let 4~ denote the closure of a set 4 in X and let Int_4 denote
the interior of 4 in X. If there is no misunderstanding, X will be omitted.

Remark 2. The family of all e-open sets in (X, &) is a topology, so we use also
the symbol &#“ instead of %,. Similarly we use the notion % instead of Z.

2 Continuity properties of multifunctions

Multifunction F: X — P(Y) is a mapping defined on X with the values
in the power set of Y, but we write F: X — Y for shortness. Throughout the
paper, if nothing else is said, we use the symbols X, Y instead (X, &), (Y, 7))
respectively for topological spaces which are the domain or the range of F. For
the well known notion of upper or lower semicontinuity of F see [6]. One can
also define upper and lower semicontinuity by means of inverse images of
an open set V (notation F*(V) and F~(V)): F is upper (resp. lower) semi-
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Table 1
Let (X, %) be an arbitrary topological space

Svrithol Used An open set U belongs to the system if The system is
¥ terminology and only if invariant under
Z, [3] U is complement of a compact set arbitrary unions, finite in-
tersections
Z, [S] U is complement of a countably com- | arbitrary unions, finite in-
pact set tersec.
¥, [2] U is complement of a Lindelof set arbitrary unions, finite in-
tersec.
Zy 2] U is complement of a connected set - | finite intersec.
Zs [2] there exists an open set U such that the | arbitrary unions, finite in-
complement of U is boundary of U tersec.
Ze [2] s. of U=IntT finite intersec.
regular
open sets
Z, [2] s. of for any xe U there exists an open V such | arbitrary unions, finite in-
@-open sets | that: xeVec Vc U tersec.
Iy [2] U is the complement of an almost com- | finite intersec.
pact set
Z, system of A set A belongs to the system if and only | arbitrary unions, finite in-
a-open if 4 < IntintA4 tersec.
[4] sets

continuous if and only if for any open set’ in Y we have
F*(V)={xeX; F(x) < V}(resp. F- (V) = {xeX; F(x)n V # 0}) is open in X.

Definition 1A. Let X, Y be arbitrary topological spaces and let F: X — Y be
a multifunction. Let P be some property of F. P is called an upper continuity
property if there exist topologies ¥* on X and Z* on Y such that
F: (X, ¥*)— (Y, 7*) is upper semicontinuous (we omit the prefix “semi” for
shortness) if and only if F has a property P.

Definition 1B. The property P is called a lower continuity property, if there
exists topologies ¥* on X and 7 * on Y such that F: (X, ¥*) > (Y, J%) is
lower continuous if and only if F has the property P.

Example 1. Fis upper a-continuous if for any Ve 7 we have F*(V)e ¥ (see
[7] and Remark 2). Upper a-continuity defined in this way is an upper continu-
ity property. because upper a-continuity of F is equivalent to upper continuity
of F: (X, ¥£*)— (Y, 7*) where #* is identical with the topology & of all
a-open sets in (X, &) and 7 * is identical with 7.
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In many cases the corresponding property may be obtained in such a way
that * =9 or 7*=7. If $* =% we call these continuity properties
(because of changing only the topology ) more precisely J — continuity
properties. If 7* = 7 we call the corresponding continuity properties ¢-con-
tinuity properties.

Example 2. F is faintly upper continuous (see [2]) if for any Ve.J @ (see
Remark 2) we have F*(V)e%. Faintly upper continuity of F is an upper
g — continuity property because faintly upper continuity is upper continuity
if & is topology on X and .7 * is the topology 7 © of all @-open sets in (Y, I).

Definition 3. Let (X, &), (Y, 9) be topological spaces and F a multivalued
mapping of X to Y.

‘3.1. [3] Fis upper (resp. lower) c-continuous if and only if for any Ve 7 such
that the complement of V is compact we have F*(V)e ¥ (resp. F (V)€ ¥).

3.2. [S] F is upper (resp. lower) c*-continuous if and only if for any Ve J
such that the complement of V is countably compact we have F*(V)e & (resp.
F-(Me¥).

3.3. [2] Fis upper (resp. lower) /-continuous (if and only if for any Ve J such
that the complement of V is Lindelof we have F*(V)e Z(F~ (V)e %)).

3.4. [2] Fis upper (resp. lower) s-continuous if and only if for any Ve J such
that the complement of V is connected we have F*(V)e ¥ (resp. F~(V)e ).

3.5. [2] F is weak upper (resp. lower) continuous if and only if for any Ve J
for which there exists V' € 7 such that the complement of V is the boundary of
V' we have F*(V)e & (resp. F~(V)e ).

3.6. [2] F is almost (Singal) upper (resp. lower) continuous if and only if for
any Ve such that V = Int ¥ we have F*(V)e ¥ (F~(V)e ).

3.7. [2] F is faintly upper (resp. lower) continuous if and only if for any
VeJ ®we have Fr (M e L (F~-(V)e ).

3.8. [2] Fis upper (resp. lower) h-continuous if and only if for any Ve J such
that the complement of V is almost compact we have F*(V)e% (resp.
F~(V)e). _

Remark 3. Any of the properties from Definition 3.1, 3.2, 3.3, 3.5, 3.7 are
upper and also lower J — continuity properties. It similarly follows from
Table 1 and Definition 2.

The following theorem gives a sufficient condition for an arbitrary lower
property P of F to be a lower J — continuity property.

Theorem 1. Let P be some property of Fand .o/ < 2" a family (of nonempty
subsets of Y) which is a base such that: F has the property P if and only if for
arbitrary Ve we have F~(V)e&. Then P is a lower J — continuity
property.

Proof. Since the topology generated by the base </ (notation J (&/)) satisfies
conditions for topology  * from Definition 2, it remains to show that the
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following equivalence is fulfilled: F: (X, %) — (Y, 7 («)) is lower semicon-
tinuous if and only if for arbitrary Ve.o7 we have F~(V)e . It suffices to show
(the converse implication is obvious) that if for arbitrary Ve.o/ we have
F~(V)e ¥ then for arbitrary Ve 7 (/) we also have F~(V)e . Let V be
arbitrary Ve 7 (). Then there exists family of sets {}}},_, from the base .o such

that: () ¥, = V. But for arbitrary ¥, from this family we have F~(V;)e <. Since
iel

F‘(U V,> = (J F (V), we have: F~ (V) = | ) F~(V)e .
iel iel iel

Then using Table I we have the following Corollary.

Corollary. Any of lower properties from Definition 3.4, 3.6, 3.8 are lower
7 —— continuity properties.

Similar theorem to Theorem 1 for upper .7 — continuity properties does not
hold as the following example shows.

Example 3. Let X = Y = {1, 2, 3} and ¥ = {{l}, {1, 3}, X, 0} be the topology
on X and 7 = {{1}, {2}, {1, 2}, Y, 0} be the topology on Y. Let F be defined as:
F(1) = {3}, F(2) = {1, 2}, F(3) = {3}. Then F is almost upper continuous (see
Definition 3.6). Indeed. The family .o = {{1}, {2}, Y, 0} is the family of all
regular open sets in Y (see Table 1). For any Vevo/ we have F*(V)e <. But the
topology 7 (/) generated by the base .o/ contains also the set {1, 2}. Then from
the definition of F it follows that the equivalence from Definition 1 does not
hold: For any Ve.7 we have F*(V)e.% but at the same time there exists
=11, 2}e 7 (&) such that F* (V) = {2} ¢ .¥.

Now let us introduce some .% -— continuity properties:

Definition 4. Let P be some property of F: X — Y. P is called a upper (resp.
lower) ¥ — continuity property, if there exists a topology %* on X such that
F: (X, #$*)- (Y, 7) is upper (resp. lower) continuous if and only if F has the
property P.

Definition 5.1. F is upper (resp. lower) strong @-continuous if and only if for
any Ve .7 we have F* (V) (resp. F~(V))e #°.

5.2. F is upper (resp. lower) a-continuous if for any Ve we have F* (V)
(resp. F~(V))e &“.

Remark 4. It follows directly from Definition 5 and Table I that upper (resp.
lower) strong @-continuity (see [2]) and upper (resp. lower) a-continuity (see [7])
are upper (resp. lower) & — continuity properties.

3 Non-continuity properties

Note that in case of a single valued function f: X — Y both the upper and
lower continuity properties are identical. So we introduce the following defini-
tion.
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Definition 6. Let f: X — Y be a single valued function. A property P is called
a continuity property of f'if there exist topologies &* on X and  * on Y such
that f: (X, ¥*) - (Y, 7 *) is continuous if and only if f has a property P.

In this section we shall discuss some non-continuity properties i.e. the proper-
ties which are not continuity properties. To show that a property P of a
multifunction F is not a continuity property, it suffices to prove only that a
property P of a single valued function f'is a non-continuity property.

Definition 7.1. A function F: X — Y is simply continuous if for any VeJ
there exist Ue% and Rc X, R nowhere dense (Int R =0) such that
7' (V) = UUR. (see [2]).

7.2. A function f: X — Yis rarely continuous if for any xe X and any }y'e 7
with f(x)e V there are B < Y and Ue % with xe U such that B is somewhere
dense (Int B=0), Vn B=0 and f(U) = V u B. (see [8]).

Neither simple continuity nore rare continuity are continuity properties. We
show this statement by contradiction.

First we suppose that simple continuity and rare continuity are continuity
properties.

i) In both cases we find some family of functions {f}};., and a function f'such
that we have: If for any topologies & on X and 4 on Y, all functions in {/3},.,
are continuous, then also f is continuous for these topologies.

ii) Then we find the topologies & on X and Z; on Y, such that all functions
from {f},., (fi: (X, %)— (Y, 7,)) are simply (resp. rarely) continuous but
[ (X, %)= (Y, %) is not simply (resp. rarely) continuous.

From Definition 6 we obtain then topologies & * on X and .7 * on Y such that
for any iel f:(X,9*)—>(Y,7*) is continuous if and only if
fii (X, %K) - (Y, ) is simply (resp. rarely) continuous. However from the
above definition of { f;};., and f we have that also /: (X, ¥*) — (Y, J *) must be
continuous and this is equivalent (Definition 6) to the fact that
[ (X, %) - (Y, %) is simply (resp. rarely) continuous. Contradiction.

Example 4. Simple continuity:

Let X = Nand Y = {1, 2}. Let family {f}};,., and f be defined as follows. For
any ieN: fo,_ (n)=1ifn=2i—1land f;,_ (n) =2ifn#2i— 1, fo(n) = 1 if
n#2iand f5;(n) =2ifn=2i,f(n)=1ifn=2i— 1 and f(n) = 2 for n = 2i for
i=1,2, ..

i) If {f}};c, are continuous for any topology & on X and any topology .7 on
Y, then f'is continuous under the same topologies. Inded: If V' is arbitrary subset
of Y, then we have four posibilities:

1. 1¢V and 2¢ V then f'(0) = e &.

2. leV and 2eV then f~'(V) = Ne &.

3. leV an;i 2¢ V then f~'(V) is the family of all odd natural numbers that
is [7'(V) =) f5L.(V).

i=1
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4. 1¢V and 2€V then f~'(V) = () f5'(V) that is the family of all even
i=1
natural numbers.

(i) Let % be the family consisting of @ and of all subsets of N that have finite
complements. Let 7; = {X, 0, {1}}. It remains to show that all elements of family
{f}ie; are simply continuous functions of (X,%) into (Y, .J,), but
S (X, £) - (Y, Z) is not simply continuous. Let us note that for arbitrary
ieN:

£t (1) = {2i — 1}, where Int{2i — 1} = 0,

L' (1)) = N — {2i}, where N — {2i}e %

But f~'({1}) is the family of all odd natural numbers which cannot be written
in the form U U R = D where U is open (because Int D = @) and R is nowhere
dense (because Int D = X).

Example 5. Rare continuity.

Let X = {a, b} and Y = {a, b, c}. Let family {f},., consist of two functions f;,
/> which are defined as: f,(a) = a, f,(b) = c; fy(a) = (b), f>(b) = a and fis defined
as: f(a) = b, f(b) = c.

1) For any topologies on X and Y for which the functions f, and f, are
continuous, the function f is also continuous. Indeed: f~'({a}) =0,
ST =£71AbD, ' {e) = /7' (D).

ii) Functions f|, f, are rarely continuous with respect to the topology
% =1{0, X} on Xand F; = {0, Y, {b}, {c}, {b, c}}on Y, but f: (X, %) - (Y, F;)
is not rarely continuous.

First let us take f,: Because the only nonempty open set U in X is U = X, it
suffices to show that f,(U) = V' U B, where V is an arbitrary open set in Y such
that V'n f,(X) # 0 and B is somewhere dense in X. There are two possibilities:
If V= {c}, then £,(U) = {a, ¢} = {a} U V. However {a} is nowhere dense in Y. If
V =1{b, c}, then again f,(U) < {a} U{b, c} = {a} U V. Further let us take f;:
Making the same consideration as for f; it remains to show: If ¥ = {b}, then
HU) ={a, b} ={aj U V. If V ={b, c}, then £,(U) = {a} U {b, c} = {a} U V.

Let us take now f'and prove that f'is not rarely continuous at the point a.
Because f(a) = b, let V = {b} contain f(a). Then for the only nonempty open
U= Xin X we have f(U) = {b, ¢} = {b} U {c} = VU {c}. But {c} is not a some-
where dense set in Y. ‘
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